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Alexander S. Popov 
IN our Editorial of January 194.8, we referred 

to the Popov memorial number of Elec- 
tritchestvo published in Russia in 1925. It was 

published in both Russian and French, and in 
order that there should be no question of mis- 
translation, we gave several quotations in the 
original French. Among these was the state- 
ment which, according to his colleague Professor 
Lébédinsky, Popov made after visiting wireless 
stations in France and Germany in 1899 ; viz., 
' nous n'étions pas beaucoup en retard sur les 
autres.' V. L. Rastorgoueff has drawn our 
attention to the fact that this is not strictly in 
agreement with the Russian account of what he 
said. This sentence by itself gives the impression 
that Popov was referring to something in the 
past, whereas the Russian statement refers to 
the present. Mr. Rastorgoueff, who has gone 
to considerable trouble in the matter, finds that 
the statement was made in a letter written by 
Popov from Paris to his assistant Rybkin, who 
quoted it in an article published in 1919. Mr. 
Rastorgoueff gives the following translation of 
the quotation : ' I have seen and learnt all that 
was possible. I have spoken to Slaby, seen his 
apparatus, and visited Blondel at the station in 
Boulogne. In a word, I have learnt all that was 
possible and I see that we have not fallen much 
behind the others.' This is supported by the 
fact that Lébédinsky in another part of his 
article says, ' Nous pouvons répéter encore ses 
paroles : " Nous ne sommes pas restés trop en 
arriére ".' It is also supported by the wording, 
' En 1899, ayant visité les premières installations, 
radiotélégraphiques d'Allemagne et de France, 
Popov en tira la conclusion " Que nous n'étion 
pas- beaucoup en retard sur les autres ".' We 
suspect that the quotation marks are here out of 

place and that this is Lébédinksy's account of 
of what Popov said and not a reproduction of 
his actual word:. 

There appears to be no doubt that Popov's 
remark referred to the state of affairs at the 
time of his visit and not in any way to any 
priority of invention three or four years before. 

A Confusion of Dates 
In the Soviet News of March 17 there is a 

reference to the 9oth anniversary of the birth 
of Popov and to an interview with Professor 
Shatelen who as a third year University student 
in 1887 accompanied Popov on a solar -eclipse 
expedition. He is reported to have said, ' In 
the spring of 1895 Popov demonstrated his re- 
markable atmospheric discharge recorder at a 
sitting of the Russian Physical Chemical Society 
at St. Petersburg University. I was present 
at this historic sitting when a telegram was trans- 
mitted by wireless telegraph for the first time 
in the world.' This is not a quotation from 
Professor Shatelen but a reviewer's report, 
worded so as to give quite a false impression, 
by confusing two occasions. Popov certainly 
demonstrated his atmospheric apparatus in 
May 1895 ; in September 1895, he replaced the 
lightning flash recorder by a Morse inker and in 
March 1896, he demonstrated the transmission 
of the words ' Heinrich Hertz ' from another 
part of the University about 250 metres away. 
This was the historic sitting referred to and it was 
in the spring of 1896 and not 1895. It was in 
February 1896, that Marconi came from Italy 
to London in order to take out his patent. 

J. B. Thornton's Letter 
In our April issue we published a letter by 
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J. B. Thornton of Australia containing some 
criticism of our Editorial of January 1948, 
but written, we suspect, without any knowledge 
of the subsequent Editorial of May 1948. If 
he turns to this second Editorial he will find that 
we went to great trouble to fix definitely the 
details and dates of the various steps in Popov's 
experiments and publications. We expressed 
our indebtedness to V. L. Rastorgoueff for 
supplying us with translations from Russian 
documents which threw considerable light on the 
subject. We feel sure that if he studies this 
second Editorial he will find that every effort 
was made to answer the very questions that he 
now raises. He will also see the reasons for the 
doubts and uncertainties in connection with 
Popov's contributions to the subject. 

\Ve can quite understand that Bailey and 
Landecker, writing in Australia, were at a 
disadvantage because of the difficulty of con- 
sulting Russian publications of fifty years ago. 
We do not doubt for a moment that their Paper 
was the result of careful study of the available 
information, but we still think it possible that 
Professor Ashby, who is a botanist, ' may have 
been unwittingly misled by it.' There is one 
statement made by Ashby which we quoted in 
the January Editorial, to which we feel that some 
further reference should be made. It is, ` If 
he did in fact transmit and receive Hertzian 
waves over a distance of five kilometres, and 
publish that fact in January 1896, then it can 
be claimed that he used Hertzian waves to 
transmit a message before Marconi lodged his 
patent application.' 

Now although it has nothing to do with the 
transmission and reception of Hertzian waves 
over a distance of five kilometres, or with any- 
thing published in January 1896, we showed 
in the May Editorial that there is fairly con- 
clusive evidence that something did occur to 
justify the statement that he used Hertzian 
waves to transmit a message before Marconi 
dodged his patent application. Although Marconi 
came to England in February 1896, with the 
object of applying for a patent, the application 
was not lodged until June, and it was in March 
that Popov is reported to have transmitted the 
words ' Heinrich Hertz ' from one part of the 
University to another, a distance of 25o metres, 
and recorded them on a Morse inker. Although 
the recording of distant lightning flashes or 
electric sparks can hardly be described as trans- 
mitting a message or even radio -communication, 
the transmission and recording of the words, 

Heinrich Hertz ' certainly can. As we pointed 
out in the May Editorial, Popov's assistant, 
Rvbkin, in a booklet on the subject, says that 

Popov was warned by the Naval authorities 
not to publish details of the experiment, and no 
mention is made of it in a long letter that he 
wrote to Ducrétet in 1897 describing his experi- 
ments. This is all the more surprising because 
Marconi's experiments and patent were then 
known. It is strange things like this that have 
made it so difficult to determine with certainty 
the dates and details of his experimental demon- 
strations. 

There is an important point, however, that 
the advocates of Popov are apt to ignore, and 
that is, that a month before the transmission of 
` Heinrich Hertz ' over a distance of 250 metres, 
Marconi had brought his experiments in Italy 
to the stage where he felt justified in coming to 
England and taking out a patent. 

We agree with the definition of radio -com- 
munication as ' the process (or method) of 
communicating intelligence at a distance by 
means of free Hertzian waves.' but if the recep- 
tion of a lightning flash or spark is to be regarded 
as communicating intelligence-as it may be 
from one point of view then the claim for 
Popov as against Marconi is very much 
strengthened on the ground of prior publication, 
but at the same time a number of other candidates 
enter the field. The reception of sparks by 
means of free Hertzian waves had been carried 
out by many experimenters since Hertz's pub- 
lication in 1888, but perhaps the words ' at a 
distance' would be said to rule them out. We 
doubt, however, whether the ordinary individual 
would regard a lightning flash or a spark as the 
communication of intelligence or the transmission 
of a message. The transmission and reception 
of a spark a simulated lightning flash-could, 
however, be a pre -arranged signal that some- 
thing had occurred or was about to occur, and 
would then be correctly described as com- 
municated intelligence or a message in a pre- 
arranged code. From this point of view our 
remark in the January Editorial that ` to say 
that Popov has a prior claim over Marconi as 
an inventor of radio -communication is to show 
no conception of what constitutes radio -com- 
munication ' was certainly unjustified ; we were 
using the term radio -communication in the more 
generally accepted sense. 

As we said of Popov in the first Editorial, 
one must honour his memory as that of a 

Russian scientist who did brilliant experimental 
work in connection with Hertzian waves,' but 
whether ' he would be the first to disclaim pre- 
cedence over Marconi as the inventor of radio 
communication ' as we said, would depend on 
his interpretation of ' radio -communication.' 

G. W. O. H. 
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CAR - IGNITION INTERFERENCE 
Nethercot, M.A., B.Sc., F.Inst.P. 

(British Electrical and Allied Industries Research Association) 

1. Introduction 
IT is well known that ignition interference to 

radio reception can be severe and widespread 
in the short-wave bands and, in particular, 

to the television service. Its characteristics 
and its effect on receiving equipment have been 
studied extensively at frequencies up to ioo Mc/s 
and satisfactory methods of suppression have 
been developed.i.2 

At one time it was thought that the strength 
of ignition interference decreased progressively 
with increase of frequency above ioo Mc/s. 
Recent measurements have shown, however, 
that although it varies considerably over relative- 
ly narrow frequency bands, the average level 
remains substantially constant up to 650 Mc/s, 
which is the highest frequency at which measure- 
ments have been made, at least so far as the author 
is aware.3;4 

Eaglesfield has put forward a theory to explain 
the fact that the frequency spectrum of ignition 
interference is extremely wide and without 
gaps.5 He finds the radiated field to be an 
impulse, short compared with the period of 
the carrier frequency up to frequencies of hundreds 
of Mc/s. In the author's opinion, however, there 
are serious objections to Eaglesfield's over- 
simplified treatment of the problem. Further- 
more, some of the implications are at variance 
with experimental observation. An alternative 
theory is presented in this paper which is in at 
least qualitative agreement with experimental 
fact. 

2. The Ignition Circuit 
(2.1) The Spark Current : 

Basically the ignition circuit is as shown in 
Fig. i. L is the inductance of the h.t. winding 
of the coil or magneto and C1 is its self -capaci- 
tance. 11 and 12 are the cables joining the coil 
to the distributor and the distributor to the 
sparking plug. ll is, of course, absent for 
magnetos with integral distributors. G1 is the 
distributor gap and G2 the sparking -plug gap. 
C2 is the self -capacitance of the sparking plug. 
The capacitance associated with the distributor 
gap is not shown. 

The circuit is shock excited by the breakdown 
MS accepted by the Editor, May 1948 

of the gaps G1 and G2. G1 breaks down at about 
3 kV and G2 between about 3 and 12 kV, 
depending on engine conditions. When the 
sparking -plug gap breaks down, the energy 
stored in the capacitances and the h.t. cables, 
all of which are charged to the breakdown voltage 
of the plug gap, is rapidly dissipated giving 
rise to the so-called capacitance component of 
the ignition spark. A succession of such dis- 
charges may occur, due to current chopping, 
before the final inductive or flame discharge 
occurs. The latter makes no contribution to 
the radio interference, except possibly at the 
lowest frequencies, and so can be neglected. 

Fig. 1. Basic circuit of 
ignition system. 

Referring to Fig. i, it is seen that the ignition 
circuit, disregarding for the moment the dis- 
tributor gap and the self -capacitance of the 
sparking plug, reduces essentially to a trans- 
mission line terminated by a capacitor at one 
end and a gap at the other with the engine 
block as an ' earth ' plane. In many engines 
the h.t. cables run more or less parallel to the 
engine block and so, neglecting resistance and 
conductance, the line may be considered to have 
a surge impedance Z =Vile where l is the 
inductance and c the capacitance per unit 
length of line. 

For a conductor parallel to an earth plane 
and whose distance from it is large compared 
to its diameter :- 

1 = {2 loge (2h/r)} ro 9 henry per cm 
and 

c = i/{i8 loge (2h/r)} io -11 farad per cm 
where h is the distance of the conductor from 
the earth plane and r is its radius. 

Hence Z = 6o loge (2h/r) ohms .. .. (i) 
As the h.t. cables do not run truly parallel 

to the engine block their surge impedances are 
not constant. However, from equation (i) 
it is clear that h can be varied considerably 
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without causing much change in Z and so it is 
reasonable to consider Z as constant. 

Now when the plug gap breaks down, current 
flows into it from the charged cable, each element 
of which contributes its share, starting from 
the plug end. In other words, a travelling wave 
is set up in the cable which moves from the 
plug towards the coil. The effect of the break- 
down of the plug gap, assuming this to occur 
instantaneously, can be simulated mathematically 
by injecting a voltage - El across the gap, 
where E is the breakdown value and 1 is the 
Heaviside step operator. This sends a current 
wave of magnitude - E/Z down the cable as 
shown in Fig. 2 (a). When the wave reaches 
point B it is reflected back along the cable, the 
reflection operator being- 

i/pC1 -Z 2oc I/pct+Z-I p+a 
(2) 

where a= r/(ZCI). A x B 

At A it undergoes Z 1 
another reflection, t= Z 1 
the reflection opera- 
tor in this case being 
unity. Successive re- 
flections occur at the 
terminations B and 
A and produce a 
current through the 
gap which is the sum 
of all the incident and 
reflected waves at A. 
This is shown by the t, 

lattice diagram in 3 T 
Fig. 2 (b). T is the 
time for the wave to 14 

travel along the cable 4 T 
and back and is equal 

(a) 

A ö 

T 

2T 

Fig. 2. Reflection of ST 
waves along the 

ignition cable. 

i, 

t, 

(b) 

to 2x/v where x is the length of the cable and v 

is the velocity of light. 
The gap current is therefore :- 

I = i + 2i, (t - T) + 2i2 (t - 2T) + ... . 

+2in(t-nT) .. .. .. (3) 

where i is the initial current at gap breakdown 
and (t - nT) denotes that the function starts 
at time t = nT, counting from the instant of 
gap breakdown. 
Now- 

iI={I-2a/(p+ o)} i, 
i2 = {I - 2a / (p + 4}2 2, 

i ={I-2a/(p+a)}"i .. .. (4) 

Writing 2 a I (p + (x) = ß, in becomes- 
n(n - I) n(n - I) (n-2) 

LI-nß+ ß 

It can be shown that :- 
{I -2a/(p+ awl= 2" I -e-atSl+at+ 

+azt'+a3t3+.... + a"-1 
t 

2! 3! (n-i)!1 
Since i = - E/Z the gap current can be 

computed from Equations (3), (5) and (6) if 
the breakdown voltage of the gap and the para- 
meters of the ignition system are known. Reason- 
able values to assume for the length of cable 
between the coil and sparking plug and its average 
distance from the engine block are 20 in and 
3 in respectively. The diameter of the cable 
conductor is approximately 0.04 in. These give 
Z = 300 ohms and T = 3 x Io 9 sec. The self - 
capacitance of the coil is of the order of 5o pF. 

Fig. 3(a) shows the current through the plug 
gap, using the above values and taking the 
breakdown voltage as 5 kV. The calculation 
becomes laborious after the first few reflections 
and so it has been taken only to the first current 
zero. It is seen that the current consists of a 
series of abrupt steps but that the envelope is 
oscillatory with a frequency of approximately 
3o Mc/s. The current at the first maximum 
is 75 amperes. 

The effect of shortening the h.t. cable is to 
reduce the time interval between the steps, 
increase the peak value of the current and increase 
the oscillation frequency of the envelope. 

Fig. 3(b) shows the current when the length 
of the cable is reduced to co in. Here the peak 
current is approximately ioo amperes, and the 
oscillation frequency about 4o Mc/s. 

A reduction in the surge impedance of the cable 
has the effect of increasing both the peak current 
and the oscillation frequency as is shown in 
Fig. 3(c) which is for a cable 20 -in long and surge 
impedance of Ioo ohms. As mentioned before, 
however, the distance between the cable and the 
engine block has to be varied considerably before 
much change occurs ; for example, if it is reduced 
to 0.5 in the surge impedance is reduced only to 
200 ohms ; conversely increasing it to 6 in raises 
the surge impedance only to 35o ohms. The 
disposition and the lengths of the ignition cables 
in motor vehicles are such that an oscillation 
frequency of the current envelope of 3o to 5o Mc/s 
may be expected. The peak current is a function 
also of the breakdown voltage of the sparking 
plug and so will vary widely ; values up to 
30o amperes are possible. 
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It is interesting to note that the peak current 
as recorded oscillographically by the author' on 
an ignition system whose parameters fall within 
the range considered above is of the same order 
as predicted by the theory. 

So far no account has been taken of the atten- 
uation of the waves along the cable. A reasonable 
assumption is to put the attenuation factor 
equal to e-Yt where y is a constant. This results 
in the attenuation of the envelope in approx- 
imately the same way. 

It is clearly impossible for an oscillograph with 
time sweeps of the order of a microsecond to 
resolve the individual steps in the current wave. 
What is recorded is the peaky oscillatory envelope. 

x=20IN 
Z = 300 n 
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2.2) Radiation from the Spark Current : 

The radiation field from a current of the form 
shown in Fig. 3 is much more complex than 
Eaglesfield's simple pulse, as is also its effect 
on a bandpass receivers. However, it is clear 
that the radiation will have a continuous fre- 
quency spectrum although its intensity will not 
be independent of the frequency. Peaks should 
occur at the envelope frequency, which has been 
shown to be in the region of 30-5o Mc/s, and also 
at the frequency corresponding to the time 
interval between successive steps in the current 
wave. For a cable 20 -in long this time interval 
is 3 x io -9 second so that the frequency is 
approximately 30o Mc/s. 

The above treatment neglects the effect of the 
distributor gap. When this breaks down travel- 
ling waves emanate from it towards the coil 
and the sparking plug. These produce currents 
with different step intervals and envelope fre- 
quencies and so complicate the radiation spectrum. 
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Also most motor vehicles have multi -cylinder 
engines in which the individual h.t. ignition 
cables are not all equal in length. Other factors 
not considered in the simplified treatment, such 
as the screening effect of the vehicle body, have 
also to be taken into account. The latter effect 
is not amenable to calculation and so it seems 
unprofitable to attempt a quantitative correla- 
tion between theoretically derived values of the 
radiation intensity and measurements made 
with interference -measuring equipment. 

However the theory is in at least qualitative 
agreement with experimental observation as 
regards the frequency distribution of the radia- 
tion and in quantitative agreement as regards 

the magnitude and form 
x = 201N of the current through 
Z = loon the sparking plug at gap 

break-down. 
The upper limit of the 

frequency spectrum of the 
radiation is determined 
by the rate at which the 
sparking plug and dis- 
tributor gaps become 
conducting. Theoretical 
considerations indicate 

2 4 6 8 0 14x'l 
TIME (SEC) 

(c) 

that this should take 
place in a very short time, 
probably of the order of 
io -9 second. The collapse 
of voltage at breakdown 
is too rapid for accurate 

Fig. 3. Current through 
the sparking -plug gap. 

measurement, even with a high-speed oscillo - 
graph. Some tests made by the author on the 
breakdown under impulse voltages of a I -mm 
gap (which is of the same order as a sparking - 
plug gap) have shown the time to be certainly 
less than 4 x io- 9 second. 

3. Effect of Suppression Resistors 
(3.i) Single Resistor in the Coil -Distributor Cable 

A single resistor inserted in the coil -distributor 
cable is the simplest method of suppressing 
ignition interference. It is fitted at the distributor 
end of the cable but for the present argument 
it is assumed to be at the coil. Then from Fig. 
2(a), neglecting the distributor gap, the reflection 
operator at the cable end remote from the spark- 
ing plug becomes- 

I+pC1(R-Z) 
r+ pc, (R+Z) 

where R is the value of the resistor. Since 
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R is usually not less than 5,000 ohms, R Z 
and (7) becomes simply - i. This approxima- 
tion is valid for low values of t. Fig. 4 shows the 
gap current for a cable 20 -in long and 30o -ohms 
surge impedance. The 30-50 Mc/s oscillation 
has disappeared and the current consists of a 
succession of square -topped pulses of alternating 
polarity. Although the magnitude of the peak 
current is reduced, that of the steps remains 
unaltered. This will produce continuous radia- 
tion over a wide frequency band, but some 
change in the intensity -frequency character- 
istic from that given without resistance is to be 
expected in view of the change in shape of the 
current wave. The disappearance of the oscilla- 
tory envelope suggests that the intensity of the 
radiation at 3o -5o Mc/s will be reduced. This is 
what actually happens ; extensive measure- 
ments have shown the single resistor to be often 
quite effective in suppressing ignition inter- 
ference at frequencies up to that of television. 
Above this its efficiency falls off rapidly and it is 
usually completely ineffective at frequencies 
above 8o-ioo Mc/s. 

25 

5 0 
12 IB 24 30 36x109 

TIME (SEC) 

Fig. 4. Effect of resistor in the coil -distributor cable 
on the current through the sparking -plug gap. 

The energy stored in the h.t. cable is much less 
than in the self -capacitance of the coil and so 
attenuation will cause the current waves in the 
cable to damp out quickly and leave the low - 
current, comparatively long time discharge of the 
coil self -capacitance through the suppression 
resistor. Thus the gap current, once the waves 
along the cable have died out, becomes 

e -07r 

3.2 Resistor at the Sparking -Plug End of the H.T. 
Cable. 

In the case of a resistor inserted at the sparking - 
plug end of the h.t. cable the magnitude of the 
initial current wave along the cable is EZ/(R + Z). 

s R is large compared with Z the initial current 
is small and so, therefore, are the amplitudes of 
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the successive reflected waves. This means that 
the intensity of the radiation is reduced at all 
frequencies. The larger R becomes the smaller 
is the current and so theoretically the intensity 
of the radiation should decrease progressively 
with increase of R. 

The current waves generated by the break- 
down of the distributor gap can be reduced by 
inserting resistors at the distributor ends of the 
coil -distributor and distributor -sparking plug 
cables. This is why resistors have to be inserted 
at the distributor terminals as well as at the 
sparking plugs in order to obtain maximum 
suppression of ignition interference. 

4. The Residual Spark -gap Radiation 
It has been established experimentally that 

ignition interference decreases progressively with 
increase of resistance only up to a value of about 
25,000 ohms, whereas the theory outlined above 
predicts a continuous decrease. However, the 
radiation from the spark gaps themselves has to 
be taken into account. 

The self -capacitances of the electrode assemblies 
of the gap, although small, are not entirely negli- 
gible and they are charged to a high voltage. 
The very rapid collapse of voltage at breakdown 
is accompanied by high current discharges in the 
localized gap circuits and it is suggested that the 
radiation resulting from these currents is respon- 
sible for the fact that there is a limit to the sup- 
pression which can be obtained with resistors. 

There is evidence to confirm this view for tests 
have shown that a further substantial reduction 
of the radiation can often be obtained by enclosing 
the distributor in a screening can after the maxi- 
mum suppression has been obtained with re- 
sistors. 

5. Conclusions 
The wideband continuous radiation from the 

ignition circuit is due to travelling waves set up 
in the h.t. cables when the distributor and spark- 
ing -plug gaps break down. The current through 
the sparking -plug gap consists of a series of very 
steep fronted steps, the intervals between which 
are determined by the time the waves take to 
travel twice the length of the h.t. cables. The 
envelope of these current steps is oscillatory and 
its frequency lies between 3o and 5o Mc/s. 

The theory is in at least qualitative agreement 
with experimental fact and there is satisfactory 
quantitative agreement between the theoretical 
and experimentally measured values of the 
spark current. 

Resistors at the sparking -plug and distributor 
terminals should give suppression over the whole 
frequency band but a single resistor in the coil - 
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distributor cable is effective only at frequencies 
up to about the television region. 

Remanent interference comes from the local 
circuits in the sparking plugs and distributor 
and normally requires screening for its suppres- 
sion. 
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MEASUREMENT OF MICROWAVE - 
TRANSMISSION EFFICIENCY 

By A. L. Cullen, B.Sc., A.C.G.I. 

SUMMARY.-The transmission efficiency of any transmission device is defined as the ratio (power 
out)/(power in) when the device is inserted in an otherwise matched transmission system. It is shown 
that if the reflection coefficient for waves incident on the normal output end of the device, with the input 
end closed by a movable short-circuiting plunger, is plotted in the complex plane for several positions 
of the plunger, the points so obtained will lie on a circle the radius of which is equal to the transmission 
efficiency as defined above. 

1. Introduction 
ONE of the most important characteristics of 

any transmission device is its transmission 
efficiency, defined as above under normal 

operating conditions, or as the ratio of the powers 
supplied to the load of an otherwise matched 
system with and without the device inserted. 
It may be measured directly if two power indi- 
cators of known relative sensitivity are available, 
but this method is not always convenient, 
particularly if a band of frequencies is to be 
covered, for then the power indicators must be 
calibrated over the whole band. This difficulty 
does not arise with the present method. 

2. Transmission Efficiency 
As far as external characteristics are concerned 

any device inserted in a waveguide-transmission 
system can be completely specified by three 
complex quantities, which may conveniently 
be two reflection coefficients and a transmission 
coefficient. (The reciprocity theorem shows that 
only one transmission coefficient is needed, but 
in general the reflection coefficient will depend 
on the direction of the incident wave, and two 
reflection coefficients will be required.) 

Referring to Fig. i, if a wave E1+ is incident 
on end I of the device, the reflected field will be 
E1- = p1E1i-, and the transmitted field at end 
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2 will be E2+ = TE1 , a pure travelling wave.* 
If for simplicity, we assume that the _incident 

wave carries unit power, the power in the reflected 
wave will be Ipi12, so that the net power input is 
I - Ip112, and the power output is 1T12. 

OSCILLATOR E+1 

--El T 
2 

E2+ 
MATCHED 

LOAD 

Fig. 1. Reflection and transmission coefficients. 

Denoting the transmission efficiency in the 
direction I -- 2 by 77i, we have : 

1T12 
77I I - imp . . 

Similarly, the transmission efficiency 
the direction 2 -' I is given by : 

I,rl2 

112 - - IP212 
. . (2) 

Thus if the magnitudes of the reflection and 
. transmission coefficients are known, the trans- 

mission efficiencies can be found. We shall now 
consider the possibility of finding these quantities 
from the results of measurements of the modified 
reflection coefficients p1' and p2' when ends 2 

*The input and output waveguides need not be identical, provided that 
E is normalized in such a way that incident power varies as IEI' with 
the same constant of proportionality in both guides. 
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and i respectively are terminated by a movable 
short-circuiting plunger in place of the matched 
load. 

3. Calculation of Modified Reflection 
Coefficient 

We shall first calculate the modified reflection 
coefficient p2' at end 2 of the device with a short- 
circuiting plunger connected to end i. 

Q 

PLUNGER 
6 T 

2 Pz 
OSCILLATOR ti 

Pi -. _l rr nigemeof for ureagureme,zf of modified 
reflection coefficient p'2. 

Referring to Fig. 2, let the plunger be situated 
at Q, distant x from end I, and let P, distant d 
from end 2, be any point on the oscillator side 
of the device. If the field at P can be expressed 
in terms of d, x remaining constant, the effective 
reflection coefficient for that particular value of 
x can be found from the resulting formula. We 
shall calculate the field at P by use of the super- 
position theorem in the following way. Let us 
first imagine the plunger to be replaced by a 
non-reflecting termination and consider fields 
at P and Q resulting from a wave incident on 
end 2 from the right, whose value at d = o is 
E2 If these are denoted by E9' and E2' res- 
pectively, then clearly : 

E; = E2 (e+ißd g2 e ipd) 

and E,' = TE, - e is' (3) 

Now interchange the oscillator and non- 
reflecting termination and consider the effect of 
a wave, incident on end I from the left, whose 
value at x = o is E, . The fields Er" and E," 
under these conditions are given by : 

TEI e 

E" EI (e+ip. 
+ e-ip.Y) f .. .. . (4) 

It follows from the superposition theorem 
that any linear combination of equations (3) 
and (4) is also a possible solution, and in particular 
the sum is a solution, and represents a standing - 
wave pattern of the desired character. Accord- 
ingly, if E9 and E2 denote the total fields at 
P and Q respectively with the plunger at Q we 
can write : 

ED= 
E2=E2'+E2 .. (5) 

-and we must then arrange that E9 
Substituting from (3) and (4) in the second equa - 
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Lion (5), this condition gives the following relation 
between EI' and E2+ : 

EI = - TE2 , /(ei2ß` + pi) .. .. (6) 
Substituting this value of E14 in equation (4), 

we get : 

E9" - T2E2 e ipd (02ßx + PI) 
-and combining this result with the expression 
for E9' given in equation (3) we see that the total 
field E9 at the point P as given in equation 
(5) becomes : 

E9 = E2+ [e ipd + p2e-ipd - Tie-i0n1/(ei2Pr + PI 
This expression may be rewritten in the form : 

E = E2+ [e+ißä + p2' e-ipd! 

-where 
P2' = P2 - T2/(ei2ßx + PI) (7) 

and this modified equation clearly exhibits the 
total field at P in terms of the incident and reflected 
components, the effective reflection coefficient 
being given by equation (7) for any position x 
of the plunger. We note that p2' may be regarded 
as a bilinear transformation of ei ßr, and as this 
quantity describes a circle in the complex plane 
as x varies, it follows, by a well-known property 
of such transformations, that p2' also describes a 
circle as x varies. 

4. Circle of Modified Reflection Coefficient 
In the first place, let us rewrite equation (7) 

thus : 

Z e +i'apx 

P2' P2 T2 ,r2 

The locus of in the complex plane is 
P2 P2 

.. (7a) 

2 

clearly a circle of radius -1 and with centre 
T 

at -2 If p2 is determined by a subsidiary 

experiment with a matched load in place of the 
plunger, and p2' measured as described above, 
this procedure would make it possible to deter- 
mine TiI and jpli, and the phase angle between 
pi and 72. If pi is also determined by a subsidiary 
experiment, the phase angle of T can be found, 
so that all three quantities, pI, P2, and T, are 
completely determined, with some additional 
information which may be useful as a check on 
the accuracy of the experimental results. 
However, the calculation of i/(p2' - p2) for each 
experimental point is wasteful of time and it is 
desirable to be able to make use of the circular 
locus of p2' directly. 

We therefore invert the circle of equation (7), 
using the following well-known theorem in com- 
plex algebra : 
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If e = I/z, and z describes a circle of radius 
y with centre at a (y real, a complex) then w 
describes a circle of radius a with centre at ß 
where : 

Q= 

ß =Ia12y2 I 

Applying this result to (7a), it is seen that the 
locus of p2' - p2 as x varies in a circle of radius 
02 and centre ß2 given by : 

y 

lall y2 

2 
(8) 

and 

I ¡al 

a2 1Tl 
2 

1 - 142 
. . 

ßz 
IPI I2 

Pi 
I 

12 

(Io) 

Comparing (g) with (I) we see that the radius 
of this circle is precisely equal to the trans- 
mission efficiency of the device, in the direction 
I- -2, which it is required to find. It is sufficient 
to plot p2' in the complex plane, for the constant 
p2 will not affect the radius of the circle, but only 
the position of its centre. Similarly, plotting 
pi' gives a circle of radius ?72. 

5. Experimental Verification 
In order to verify the theory, measurements 

were made at a wavelength of about io cm in 
I -in x 3 -in rectangular waveguide carrying the 
H0I mode. The device measured consisted of a 
short length of the same size of waveguide with 
a i -in x i -in strip of wood about 6 -in long, 
running diagonally across the broad face of the 
guide, and held in position by a 2 B.A. screw 
passing through a hole tapped in the centre 
of the broad face, and bearing on the i -in edge 
of the wooden strip. A short length of 2 B.A. 
studding passing through a second tapped hole 
near one end of the guide penetrated into the 
guide sufficiently to ensure appreciable asym- 
metry of the device. The two ends of the device 
were arbitrarily designated i and 2, and end I 
was connected to a variable position short- 
circuiting plunger of the non -contact type, 
while end 2 was connected to the oscillator and 
a standing -wave indicator. The standing -wave 
ratio and position of the minimum of the standing - 
wave pattern were measured for various plunger 
settings, mostly in about 0.5 -cm steps, with a few 
intermediate points where necessary. The modi- 
fied reflection coefficient p2' could be calculated 
from these results in the usual way. 
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The experiment was then repeated with the 
waveguide reversed, giving pi', the modified 
reflection coefficient of end I. Fig. 3 shows the 
experimental results, together with the best 
possible circles through the experimental points. 

The asymmetry of the device is exhibited very 
clearly by these results, which show that in the 
direction I->2 the transmission efficiency nI 
is 0.316, whilst in the direction 2-*I the trans- 
mission efficiency 772 is 0.413. 

+joa 

o 

-jars 

i 
p1 

.__. p7 
z 

0,=0 a13 

a'z=0-316 

e 

o 

-o 4 

Fig. 

+0's 

3. Experimentally -determined reflection - 
coefficient loci. 

As a check on the theory we note from 
that 

(9) 

1T12 = u2(I - 142) = 771(1 - 112112) 

Similarly, 
I 71 = 772(1 - IP212), and these two 

values of ITI should agree. A separate measure- 
ment of and 1P21 with plunger replaced 
by a well -matched load gave 1pii = 0.539 and 
1P21 = 0.572. Substituting these figures in the 
above expressions for ITI we get 1T12 = 0.275, 
and 1T12 = 0.278 respectively in the two cases, 
which provides excellent confirmation of the 
theory. 

6. Conclusion 
A method of measuring transmission efficiency 

at microwave frequencies has been described, 
and shown by experiment to be capable of giving 
results of a high order of accuracy. 
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REFLECTION CANCELLATION IN 
WAVEGUIDES 

Junctions of Uniform and Tapered Sections 

By L. Lewin 

Introduction 
ATAPER is a part of a waveguide system 

where the cross-section varies in a uniform 
manner. It is commonly used to provide 

a smooth transition from waveguides of one 
size of cross-section to another. It can also be 
used to enlarge the mouth of a radiating wave - 
guide so as to provide a better termination, and 
also to control to some extent the radiation polar 
diagram. In order to be substantially reflection - 
free, the taper should be at least a half wave- 
length long, and the longer and more gradual 
it is, the better. At the join with the uniform 
waveguide, however, there will always be a small 
reflection, and the taper may have to be in- 
conveniently long if this reflection is required 
to be very small. These reflections show up 
particularly when two different waveguides are 
joined by a tapered section, and the frequency 
of the source is varied. If the far waveguide 
is matched, the input standing -wave ratio of 
the near waveguide will vary rapidly with 
frequency, the variations being the more rapid, 
and their amplitude the smaller, as the length 
of the taper increases. Minima of total reflection 
occur when the taper length is an even number 
of quarter wavelengths, and maxima of reflection 
when it is an odd number. It follows that for 
narrow bands, the reflection can be kept low 
by appropriately choosing the taper length, 
but not so for broad bands. Hence it is important 
to know how long a taper must be in order to 
reduce the reflections at the joins below a given 
value, and also to know in what way these 
reflections can be cancelled, thus permitting 
the use of a shorter taper than would otherwise 
have been required. Both these effects are 
investigated. 

Method of Analysis 
Three separate cases are investigated and 

are shown in Figs. r, 2 and 3. In Fig. r, the 
narrow side of a rectangular waveguide, of cross- 
section a x b, is flared from b to d in a taper of 
length L. The broad side, a, is constant. In 
Fig. 2, the broad side, a, is tapered to a width 
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D in a taper of length L, the narrow side being 
unchanged. In Fig. 3, the cross-section a b 
is tapered to D x d in a length L, it being sup- 
posed, for the time being, that the four tapered 
sides meet in a point, so that alb = Did. In 
each case, a dominant waveguide mode, with a 
reflected mode at the taper, is assumed to exist 
in the uniform guide, while an outgoing wave is 
assumed to exist in the taper. This outgoing 
wave is chosen to be the dominant mode for 
the natural co-ordinate space of the taper under 
consideration ; i.e., cylindrical co-ordinates for 
tapers r and 2, and spherical co-ordinates for 
taper 3. The choice of only the dominant 
modes is permissible provided that the tapers 
are not too abrupt. In practice this means that 

f 
b 

a 

- Ro -re 

z 

rl 

r=n 
Fig. I. Taper in narrow side of waveguide 

d 

a 

the angles of the tapers are assumed small, so 
that the distance Ro from the virtual apex of 
the taper to the cross-section at the join, is 
substantially constant in any one plane parallel 
to the plane of the taper. It follows that the 
equiphase surface defined by the outgoing wave 
in the taper coincides substantially with that 
defined by the waveguide dominant mode at 
the position of the join. It only remains to choose 
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the various amplitudes appropriately in order 
to satisfy the boundary conditions, namely 
continuity of E and H at the join. These con- 
tinuity conditions, which should hold, strictly, 
all over the cross-section, will be applied at the 
centre only. (The effect of applying it at other 
points is to bring into account just that variation 
of Ro over the cross-section discussed above, 
and for which higher -order modes would have to 
be introduced. This is avoided by limiting the 
treatment to those cases for which Ro is sub- 
stantially constant over the cross-section ; i.e., 
to moderate tapers only). 

Fig. 2. 

Taper in broad side of waveguide. 

I il 

B I Ic -io 

. R, L 

zfy -,. 

D 

0 

Taper in Narrow Side 
Referring to Fig. i, let ¢o be the semi -angle of 

the taper, so that R,= b cot ¢o, Ro being 
2 

measured from the virtual apex to the join. 
Defining a reflection coefficient r, and a trans- 
mission coefficient t, we can write for region 
i (waveguide) and region 2 (taper) 

rz 
1E7/ = cos 7 [e-9k'x + rekz] 

1Hz = cos a [e -jk x - 
/ 2 

withk= k'= 27r_ /i - 2 
° N 4 

2E4,= t cos H1 (2j (k'R) 

2Hz = tcos Ho(2) (k'R)j-k' a 
.. (2) 

Let us equate 1E1, = 2E4, and 1H2 = 2H, at x = o 

z=o,R=Ro=b cot ¢o. 
2 

WIRELESS ENGINEER, AUGUST 1949 

This gives I + r = tH I`2) (k' 
a 

cot ¢o) 

I - r == jtHo'2) (k' 
2 

cot 
¢o) 

I + r 
Hi(2) (k' b cot ¢o) 

Hence - 
I - r jHo(2)(k'bcot ¢o) 

2 

(3) 

Since ¢o is assumed small, k' cot ¢ will in general 
2 

be large enough to permit the use of the asymp- 
totic expansions of the Bessel functions, giving, 
after some reduction 

(I + r)/(1 - r) ^ i - j/(k'b cot ¢o) (4) 

If a reactance jX is put across a matched line, 
it can be shown that the reflection coefficient is 
-1/(1 + 2JX/Zo), so that (I + r)/(i - r) =- 
01 + Zo/j X). This can be put equal to i +120/X 
if X is large. Comparing with Equ. (4) we see 
that the effect of the taper is to introduce a 
negative shunt susceptance of value k'b cot ¢o 
relative to the Zo of the waveguide. Hence`Íthe 
standing -wave ratio, given by p = (i - jrI)/ 
(I + Irl) is approximately 

p = i - i/(k'b cot ¢o) .. .. (5) 
Introducing the length of taper, L, we have 
cot ¢o = 2L/(d - b) 

Hence p = i - (d - b)/(4irLbv/1 - Ä2 /4a2) 

= I - a,(d - b)/47rLb .. .. .. (6) 

d .1 
R, > 4 L -Y 

x=o 

Fig. 3. 

Waveguide with 
double taper (alb 

Dld). 

(It should be noted that this formula assumes 
that the far end of the taper is, in some way, 
matched. If this is not so, additional reflections 
are caused which, as explained above, will 
interfere with the reflection at the join, causing 
beating effects). 
As an example, assume a 3 -in X i -in waveguide, 
with the I -in side tapered to 2 -in in a distance of 
4 -in. Let A = io cm, so that 4, = 13.3 cm. 
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13.3 2 - I 
p = i 2.54 4x1x12.56=1-0.1=0.9 

If a matched 3 -in x 2 -in guide is now joined at 
the far end of the taper, the reflection there, 
obtained by interchanging b and d in Equ. (6), 
will be, in this example, half that occurring at the 
1 -in end. Since 4 in is very nearly 3A0/4, the re- 
flections will add in phase, giving a total standing - 
wave ratio of I - 0.1 - 0.05 = 0.85. 

Fig. 4. Expanding 
taper in narrow 
side compensated 
by inductive dia- 

phragm. 

Reflection Cancellation 
Since the reflection is the same as that from a 

shunt capacitance, the provision of an inductive 
diaphragm at the join should provide adequate 
compensation. This can conveniently take the 
form of two thin metal strips protruding into the 
waveguide from the narrow side by a distan e 8. 
The inductance (relative to Z 0) thereby introduced 
is given by' 

XL = (a/A,) cot2 (7r8/a) .. .. (7) 
Equating this to k'b cot ¢ the negative reactance 
introduced at the join, we get an equation for 8 

cot (778/a) = V-4irbL/a(d - b) .. .. (8) 

For moderate tapers, 7r8/a will not be large, 
and we can write 

8 = (a/27r) \/a(d - b)/7rbL .. .. (9) 
This equation shows, since A does not occur, that 
the compensation is, to the order we are con- 
sidering, independent of frequency, and we can 
certainly expect the effect to be very broad- 
band in practice. As an example, let us find what 
depth of diaphragm we need to compensate for 
the I -in to 2 -in taper in a 3 -in x i -in guide, 
with a 4 -in length of taper. Equ. (9) gives 

= 0.234 in. 

The resulting arrangement is shown in Fig. 4. 
At the far end of the taper, if we again go to a 

uniform waveguide, the sign of reflection re- 
verses, as may be seen by interchanging b and d in 
Equ. (6). Hence the effect there is inductive, and 
a shunt capacitance is needed for compensation. 
This can take the form of a diaphragm of two 
strips protruding a distance 8 into the guide from 
th.' broad side. 
For such a diaphragm we have' 

Xe = - 4b/loge (sec 7r8/b) .. (1o) 

8 
3 3 2-I 

6 28 3 14 I 4 

º6o 

so that the equation for 8 becomes, since d now 
replaces b as the narrow side 

b/loe (sec a8 d 27r d cot 

Here cot 4 = 2L/(d-b) as before. 
For moderate tapers, 8 will be small, so that 

we can write loge (sec 7r8/d) ,. loge (I + (778/d)2) 
Fee.i(77-8/d)2 

giving 8 (4/27r)' /(d-b)/21rL .. .. (12) 
This differs from the previous case, Equ. (9), in 
that 8 now depends on frequency, since A0 occurs 
in Equ. (12). For example, if the uncorrected 
taper to a 3 -in broad guide gives a reflection 
coefficient of 0.1 at A = io cm, and this is 
corrected by a capacitive iris at this wavelength, 
then the resultant response will be as curve (b) 
in Fig. 5. Curve (a) shows the response of the 
uncorrected taper. It will be seen that com- 
pensation is possible over a reasonable band. 
Fig. 6 shows the arrangement of the diaphragm. 

Z 

LB .0 
III BB //t/ 
NM\ '`' 

7 n 

\ämni 
Merd .' 

NS"SI 

u n 

(b). 
n 

UNCOMPENSAT 

S 6 0 in i, 

WAVELENGTH (cm) 

Fig. 5. Theoretical frequency response of expanding - 
taper to waveguide combination (d = 3 in): taper 

in broad side. 

Taper in Broad Side. 
Referring to Fig. 2, let 0 be the semi -angle 

of the taper, so that R0 = -a 
cot 00. Proceeding 

2 
as before, we have : 

E = cos (e-ik'x reik'x) 

HZ = cos a (e-ik'x - reik'x) 
k 

2Ea = t COS( 8 ') H4(2) (kR) 

2H0 = jt cos(60) H,y(2)' (kR) 
where 0 = 77/200 

The field forms in region 2 are chosen so as to 
give zero tangential electric field at O = 00; 
i.e., on the metal surface of the taper. 

If we match the fields at x = z = o, B = o, 
R = R0 = (a/2) cot 00 we get 

i + r = t110(2) (aka cot O 

I - r = jt H (2)' (¡ ka cot 00) (15) 

.. (i3) 
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INDUCTIVE DIAPHRAGM 
AS IN FIG.4 

CAPACITIVE 
DIAPHRAGM 

Hence 
I } r (k'/k) Ho(2) (aka cot B°) 

I - r jH,/,(2)' (aka cot 0 0) 
.. (i6) 

Now for B°small,k%2 e0 
cc 

2 -A which is greater 
0 

than, but of order, unity. Also, since a/200 is 
large, this means that we are interested in the 
expansion of Bessel functions of large order, 
whose argument is greater than the order. An 
expression for H (y sec ß) exists2 when y is large 
and ß acute, from which can be derived the 
relation 

H,.(2) (y sec ß) Z + j/(2 V sec ß sin3 ß) 

H,(2" (y sec ß) 
' -j sin ß 

Putting y sec ß = x, sin [3 = v2/x2, we get 
H,(2) (x) ,, i + j/{2x (I - v2/x2)3-`} /Z 
1-1,(m (x)';'' ' \/I - v2/x2 

7) 

In our case y = 7r/200, x = ka cot 00, v/x A/2a ; 

substituting into (16) gives 
I -F r 
i - r ka cot B° (I - a2/4a2)í 

(i8) 

This means that the discontinuity is equivalent 
to an inductive reactance whose value, relative 
to Z0, is 

XE = ka cot 00 (i - A2/4a2)i . . (i9) 

Cancellation of the Reflection. 
As in Equ. (Io) the reflection can be cancelled 

by a capacitive diaphragm, whose insertion, 
8, in the broad side is given by 

A9 

4b log (sec 7r8/b) 
= (27r a/A) (i - A2/4a2)g cot 00 

.. (20) 

Writing log (sec 7r8/b) =Eva/b)2 as before, and 
using the relation cot 00 = 2L/(D - a) we getjan 
approximate equation for 8 

a i j(D - a)b 
(I - Á2/4a2) 27r 27raL 

8 

Ö 

Fig. 6. Compensation for narrow -side taper 
(expanding -taper to waveguide). 

The dependence of the response on,4requency 
is shown in Fig. 7, for the example, of a 3 -in 
waveguide where the uncorrected taper gives a 
reflection of o.i at A = io cm. In Fig. 7, (a) is 
the uncompensated response, and (b) the corrected 

.. (2I) 

Ì 
d 

with a capacitive diaphragm designed according 
to Equ. (21). Although the response is poorer 
than in Fig. (6), a reasonable bandwidth suitable 
for most purposes can now be covered. The 
diaphragm arrangement is shown in Fig. 8. 

In the second case, when we go from taper to 
waveguide of dimensions D x b, the reflection 
is as from a capacitance 

Xe = kD cot 00 (i - A2/4D2)4 where cot 0 

= 2L/(D - a). The compensating inductive 
diaphragm has an insertion in the narrow side 
of amount 8 given by 

(D/A,) cote (7r8/D) = 
2 D 

(Z - A2/4D2)* . 2L/(D - a) . . (22) 

or, approximately 
8 = (D/tar) 1/(D - a)/[2L(I - A2/4D2)] 

This arrangement, is very frequency insensitive. 
since in practice, D is considerably greater than 
A/2. 

0.4 

0.3 

02 

0I 

05 
6 7 8 9 10 II 

WAVELENGTH (cm) 

Fig. 7. Theoretical frequency response of waveguide 
to expanding -taper combination (a = 3 in) ; taper 

in broad side. 

12 13 

Double Taper 
The difficulty in applying the method of the 

previous two cases to the double taper is that 
two contiguous sides of the double taper do 
not constitute a pair of orthogonal surfaces, 
so that the normal method of resolution of the 
wave equation into orthogonal co-ordinate 
systems is not applicable here. It does not seem 
worthwhile to go to generalized curvilinear co- 
ordinates in order to solve this problem, but it 
appears possible to get a reliable result by using 
spherical polar co-ordinates. This method 
suggests itself in the particular case in which the 
four sides of the taper meet at a point, the virtual 
apex of the taper. Actually, the surfaces appro- 
priate to spherical co-ordinates, = constant 
and 0 = constant are respectively planes and 
cones, but if the angle qio is small, the small 
part of the conical surface considered will not 
differ sensibly from a flat surface. In fact, 
the replacement causes a dip at the centre of 
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the horn aperture of (D 2) (I -- cos ¢o), which is 
a second -order correction. Referring to Fig. 
3, the four sides of the taper will be taken as 
O = + Bo and O = + 4 for the broad and 
narrow sides respectively. 

In the waveguide we have as before 
7rz 

IEy = cos 
a 

[e-ik'x -[ reik'x] 

Hz = 
772 

cos 
a 

[e-ilex - Yeihx] k'lk 

+ ka cot 00(i - A2/4a2) 

900 
ka (I - A2/4a2) 

Since, to our order of approximation, cot 00= 
In 00, this means the effect is that of an inductive 
reactance of value, relative to Z0, of 

XL = (A2/4a2) (A00/27ra) /(I-.12/4a2)í (29) 

(24) 

and in the double taper 

24 = [Ri H;2 (kR)] cos ¢ SAP,,' (sin 0) 

+ BQ ,,'(sin 0) 

2H8 = kR dR 
[R# H;2? (kR)] cos 95 

HP,: P,z' (sin 0) + .B Q,,' (sin 0); .. (25) 

Here A and B have to be chosen so that 
AP'n (sin 0) + B Qn' (sin 0) is symmetrical about 
0 = o and n is such that, when A and B have 
been so chosen, AP',, (sin 00) + B Q',, (sin 00) = o. 
This latter is the condition for zero tangential 
electric field at the sides of the taper O = ±0 3. 

A glance at curves of P',, and Q',, shows that, 
for small 0o, n is large, so that it is permissible 
to use assymptotic expansions of P'n and Q'n. 
These expansions3 permit us to write, for large n 

APn + BQn 1/2/(7rn cos 0) sin (n + z 0), 
which, when differentiated, has the required 
symmetry. Since n is large, and 0, small, the 
effect of the variation of cos O relative to that of 
sin (n + 2(9) can be ignored, so that the equation 
for n becomes 

cos (n + 2 00) = o or n 7r/200 .. (26) 

Equating the fields at x = y = z = o, 0 = = o, 
R=R0= fiacotO0= 2b cot 40 

we get, after division 
I + r -j (k'/k) 1/kR0 Hñ2+ (kRo) (27) - r d 

d(kR0) 
[\/kR0 H(2,) (kR,)] 

n being given by Equ. (26). 
Using now the expansion of Equ. (17), we find, 

after some reduction 
i+r 
I - r 

262 

.. (28) 

Corresponding to (21) we have, for the insertion, 
8, of the compensating capacitive iris 

A A i /(D - a) b 
(3 2a I - A2/4a2 27r 27raL 

General Double Taper. 
Since the main use of a double taper will 

probably be to enlarge the mouth of a wave - 
guide into a radiating horn, it is undesirable to 
be tied down to the spherical co-ordinate re- 
quirement, namely alb-Did. Moreover, Equ. (29) 
shows that there is nothing particularly virtuous 
about this combination as the taper is not self - 
compensating, as we would like. 
Now Equ. (28) can be put in the form 

Y 

I - r + ka cot 00 (I 

9 

k'b cot 0 

- n4a2)8 

(31) 

Fig. 8. Expanding taper in broad side compensated 
by capacitive diaphragm. 

by virtue of the relation R0 = 2a cot 00 = ¡b cot 0 
which has so far been assumed. Comparing (31) 
with (i8) and (4) it is apparent that the total 
reflection is simply the sum of the reflections 
to be expected if the two tapers were combined 
independently. It seems reasonable, therefore, 
to assume this to be so in general, (provided 
only that the taper angles are small), and not 
limited to the special case a/b = Did. Assuming 
this to be the case, Equ. (31) gives directly the 
reflection to be expected for the general taper. 
In particular, the taper should be self -com- 
pensating if 

ka cot 00 (1 - .t2/4a2)í = k'b cot (32) 
i.e., 00/00 = bl [a(I - A2/4a2)] 

This relation is substantially frequency inde- 
pendent, except near to cut-off. 

Since cot 00 = 2L/(D - a) and cot ¢o = 
2L/(d - b), this equation can be put in the form 

(d-b)/(D-a) = b/{a(I-A2/4a2)} 
. (33) 

which is ,independent of the length of the taper. 
(The taper length must not, of course, be so short 
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that the flare angles become too large for the 
preceding analysis to remain valid). 

Experimental Results 
Some measurements have been made on a horn 

flared in the narrow side from 0.67 in to 2.75 in 
in a taper length of 2.625 in. The broad side, 2 in, 
was unflared. This arrangement gives a flare 
semi -angle of 0o = 22°, which is rather large. 
The standing -wave ratio, taken between A = 
5.5 cm and 9 cm is shown in Fig. 9(a). It has to 
be noted that the reflection at the mouth may 
change considerably over this band, and some 
allowance has to be made for this. Nevertheless, 
the curve is seen to possess maxima and minima 
separated by the required A,/4 period. According 
to Equ. (9) the reflections should be compensated 
by an inductive diaphragm of depth 

8=2 /2 2.75-0.67 
= 0.195111 27r ̂ l 277-0.67 X 2.625 

The curve when this diaphragm is inserted is 
shown in Fig. 9(b). Apart from the very slight 
ripple that remains, the curve correctly shows the 
variation in standing -wave ratio to be expected 
from the horn mouth. In particular, the violent 
peaks at the half -wavelength and wavelength 
positions have gone, and the minima centred at 
the quarter and three-quarter wavelength posi- 
tions have been filled in. The drop near the 
quarter -wave position is a property of the horn 
itself, since the cut-off wavelength is very close. 
The dip at A = 5.7 cm is common to both curves, 
and does not seem to be directly due to the taper. 

L=Ä9 

°C._ 

L=14Äy L=112ay L=44Xy im Ia 0rmm a MIMI ....41\ Il\ aa 
LI 

ISM 

ía) II 

IS 
133 MN NM 

BB 1113 o o 

7 8 

WAVELENGTH (cm) 

9 

Fig. 9. Experimental response curves from tapered 
horn, (a) without, and (b) with the theoretically - 

designed compensating diaphragm. 

Considering the rather abrupt change occurring 
at the taper in this horn, it is considered that the 
difference in the curves of Fig. 9 due to the in- 
sertion of the diaphragm, is adequate evidence 
that satisfactory compensation is achieved by the 
use of the formulae developed here for the insertion. 
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Conclusions 
The formulae here obtained for the effects of 

small angle tapers would appear to be valid up to 
taper half -angles of about 20°. This probably 
covers the range of tapers most likely to be 
of use in practice. The diaphragm method of 
reflection compensation is seen to be sound, 
and the diaphragm sizes, as obtained from the 
formulae, seem near enough to the optimum to 
warrant their use directly, in most cases. 

The field -fitting method, possible in the simple 
cases first treated, yields results which are 
capable of generalization, particularly to the 
general double taper. Although an independent 
derivation would be desirable, it is believed that 
the results thus obtained, and in particular, 
those for the self -compensating double taper, 
are substantially correct. 

Summary of Formulae 
Taper in Narrow Side. 

Waveguide of dimensions a x b tapered to a X d 
in a taper length L. The half -angle 4, of the taper 
is given by cot co = 2L/(d - b). The reflection 
at the taper is equivalent to that produced by 
a capacitance of value, relative to Zo, given by 

X° = (2-719g) cot 4 
If the rest of the system is matched, the 

resulting standing -wave ratio p, is 
p = i - 4/27Tb cot 0, 

The reflection can be matched out by an inductive 
diaphragm at the taper whose insertion from each 
of the narrow sides of the waveguide is given 
by 

a a d - b 

2rr bL 
When going from an expanding taper back to 
a waveguide of dimensions a X d, interchange b 
and d and change the sign of .o in the previous 
formulae. Since this reverses the phase of the 
reflection, a capacitive diaphragm is needed to 
provide compensation. The required insertion 
from each of the broad sides of the guide is 
given by 

= (49/27r) (d - b)/27rÍ. 

Taper in broad side. 
Waveguide dimensions a X b tapered to D x b 

in a taper length L. The half angle of the taper 
is Bo, so that 

cot Bo = 2L/(D - a) 
The reflection at the taper is equivalent to an 
inductive reactance, of value, relative to Zo, given 
by 

XL = cot 00. (I - A2/02)3 
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If the rest of the system is matched, the resulting 
standing -wave ratio is 

p = I - À/[27ra cot 0,(i - .l2/4a2)3] 

The reflection can be matched out by a capacitive 
diaphragm at the taper, whose insertion from 
each of the broad sides is given by 

À /b(D-a) 
8 

21r (I - a2/4a2) ' 2rraL 
When going from an expanding taper back to a 
waveguide of dimensions D x b, interchange D 
and a, and change the sign of 60 in the previous 
formulae. Since this reverses the phase of the 
reflection, an inductive diaphragm is needed 
to provide compensation. The insertion from each 
of the narrow sides is given by 

8 = (D/27r)1/(D - a)/[7rL(r 

Double Taper 
Waveguide dimensions a x b tapered to D x d 

in a taper length L. The half angles in the 
narrow and broad side are 

- A2/4D2)1 

cot yho = 2L/(d - b) ; cot 0 = 24(D - a) 
The effect of the taper ís that of a susceptance 
given by 

Y = A1`27ra cot 00(i - ,À2/4a2)l] 

- Àg/277-b cot (/)f, 

According to the sign of this quantity it can be 
matched out by a suitable diaphragm of an 
inductive or capacitive nature. 
The taper is self -compensating when 

.1)010,=- bl [a(I - A2/4a2)] 
or (d - b)l(D - a) = blra(r -A'2/4a2) 
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TRANSIENT RESPONSE OF WIDEBAND 
AMPLIFIERS 

Critically -Damped Two -Terminal Load of Infinite -Order 

By W. E. Thomson, M.A. 
(P.O. Research Station) 

SUMMARY. A suitable two -terminal load for a wideband amplifier stage is the ' infinite -order 
critically -clamped load,' derived in a previous article. This load gives the fastest unit -step response 
without overshoot. Any desired approximation to the compensating reactance can be obtained by a 
certain series of networks ; the second approximation, consisting of one inductor and one capacitor, 
gives a result sufficiently near the ideal for most practical needs. 

I. Introduction 
AYRE\'IOUS article' included a discussion 

of the transient response of the circuit 
shown in Fig. r, the criterion being the 

unit -step response (or indicial response) ; i.e., 
the voltage waveform appearing at the anode 
when a unit voltage step is applied to the grid. 
The valve is regarded as a constant -current gener- 
ator so that the voltage step at the grid produces 
a current step through the valve and through the 
load. The resultant voltage across the load can 
be determined from its operational impedance 
(which can be obtained by substituting the opera- 
tor p for ja, in the complex impedance) by inter- 
preting this impedance as a function of time 
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by general methods or by standard forms.` In 
order to obtain a unit -step response free from 
overshoot but with as fast a build-up as possible, 

Fig. s. Effective circuit of wideband' amplifier stage; 
RL = nominal load, resistive ; RLZ = compen- 

sating reactance ; Cs = total shunt capacitance. 

the compensating impedance, in which dissipa- 
tion is neglected, is chosen to give critical damping. 
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The results of this investigation are given in 
Fig. 2, which shows the form of the compensating 
reactance for one, two and three components 
and the corresponding unit -step responses. The 
best possible unit -step response, which is ap- 
proached as the number of components is in- 
creased indefinitely, is also shown. This circuit 
has also been discussed by Elmore,2 who suggests 
that this infinite -order critically -damped load 
is in fact the best possible two -terminal load, 
with shunt capacitance, for achieving a unit - 
step response without overshoot. 

This article deals with the problem of approxi- 
mating to the infinite -order case by a finite 
compensating reactance, the resulting loads being 
not necessarily critically damped. 

1000 
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Fig. 2. Unit -step 
responses-criti- 
cally damped 

loads. 
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2. Infinite -Order Compensating Reactance 
The article referred tot showed that the nor- 

malized infinite -order compensating impedance 
is equal to 

coth x - i/x 
where x = pCSRL,. This impedance may be 
expressed in terms of an infinite network of 

IC 
S s 

(a) 

(b) 

Cs I} Cs 

L=CSR¿ 

APPHÓXÌMATION APPqÓXWÁTION APPRÓ%IMÁTION 

Fig. 3 (a) Ladder form of infinite -order compensating 
reactance, and (b) successive approximations to 

circuit (a). 

inductors and capacitors by the methods of 
Foster and Cauer. Of the possible networks, 
that of Fig. 3(a), determined from the continued - 
fraction expansion of coth x, seems to lend itself 
best to approximation in terms of one, two, 
three, etc., components of the infinite network ; 

the successive approximations are shown in Fig. 
3(b). 

3. Unit -Step Responses of Approximations 
3.1 First Order 

The normalized impedance of the effective load 
of the amplifier, and thus the normalized gain 
of the amplifier stage, is 

r+ x/3 x+3 
r+x+x2/3 x2 + + 3 

This may be arranged as 
x(x + 3/2) 

(x + 3/2)2 + (1/3/2)2 
(\/3/2)x 

1/3{(x + 3/2)2+(1/3/2)2} 
which can be regarded as the Laplace transform 
of the normalized unit -step response of the ampli- 
fier stage, and can be interpreted by standard 
forms3 to give the unit -step response 

z - e-3712{cos T 1/3/2 + (i/1/3) sin T 1/3/2} 
=r - (2/V3)e 3" cos (T 1/3/2 - i7/6) 

where T = t/CSR,,. 
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This response is shown in Fig. 4, where it may 
be compared with the ideal curve. 

no 
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CS RL 

30 

Fig. 4. Unit -step responses, infinite -order critically - 
damped load and approximations. 

35 

j.2 Second Order 

This follows the same lines as the first order 
case, so only the expressions are given. 

Impedance : 

X2 + 5X + 15 

x3 + 6x2 + 15x + 15 

1.142x o.142x(x + 1.839) 
X + 2.322 (x + 1.839)2 + 1.7542. 

0.7928 X 1.754x 
(x + 1.839)2 + 1.7542 

Unit -step response : 

I - 1.142e º.s22r o.142e-1.839, cos 1.7547 - 0.7928e -1.839T sin 1.7547- 

= I -1.142e 2.322r _ 0.8o54e-1.ßs9? sin (1.754T 
- 0.177) 

and is shown in Fig. 4. 
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4. Conclusions 
The two networks dealt with in the previous 

section give responses which are slightly less than 
critically damped, and it seems reasonable to 
suppose that this will be true of all networks in 
the series. The overshoot is very small, being 
o.6% for the first order and 0.4% for the second 
order. 

The second -order response differs from the 
ideal by less than 1% (of the final value) except 
for a small region where it lies between r and 
1.5%. This second approximation, in which the 
compensating reactance consists of an inductor, 
value CRR,,2/3, in parallel with a capacitor, value 
Cs/5, is near enough to the ideal for most practical 
purposes, and is recommended as suitable for an 
amplifier stage whose unit -step response must 
be as fast as possible without appreciable over- 
shoot. 
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INSTITUTION OF ELECTRICAL 
ENGINEERS 

Professor E. B. Moullin, M.A., Sc.D., has been elected 
President of the Council of the Institution of Electrical 
Engineers, while J. Eccles, B.Sc., and Sir John Hacking 
have been elected Vice -Presidents. They take office on 
3oth September. 

As a result of the ballot, H. Nimmo becomes Honorary 
Treasurer and the new Ordinary Members of the Council 
are Professor Willis Jackson, D.Sc., D.Phil., and Sir 
George H. Nelson (Members) ; J. E. L. Robinson, M.Sc.. 
and J. A. Saxton, Ph.D., B.Sc. (Associate Members) and 
Sir Cyril Hurcombe, G.C.B., K.B.E. (Companion). 

The Chairman of the Radio Section Committee will 
be R. T. B. Wynn, C.B.E., M.A., and the Vice -Chairman, 
D. C. Espley, D.Eng. Five Ordinary Members of the 
Committee have been elected : A. W. Cole, H. G. 
Hopkins, Ph.D., J. S. McPetrie, Ph.D., D.Sc., R. A. 

Smith, M.A., Ph.D., and H. Stanesby. 

NATIONAL PHYSICAL LABORATORY 

Professor E. C. Bullard, M.A., Ph.D., F.R.S., has been 
appointed by the Lord President of the Council to be 
Director of the National Physical Laboratory in succes- 
sion to Sir Charles Darwin, K.B.E., M.C., Sc.D., F.R.S. 
Professor Bullard is Professor of Physics in the University 
of Toronto and is expected to take up the appointment 
in January 1950. 
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IMPEDANCE OF COMPOSITE 
CONDUCTORS 

By 1. Rosen, A.C.G.I., Ph.D., M.I.E.E. 
(Siemens Brothers & Co. Ltd., Woolwich) 

Introduction 
COMPOSITE conductors, consisting of a 

layer of one material on another have 
many electrical applications : examples in 

which the high -frequency impedance is important 
are conductors of tinned copper and copper -clad 
steel. Even for homogeneous conductors the 
calculations are elaborate, except in a few special 
cases, and this makes it difficult to form an 
over-all picture of their behaviour with alter- 
nating currents : the extension to composite 
conductors makes the calculations still more com- 
plex, and tends still further to obscure the over- 
all picture. Nevertheless, by considering the 
cases most amenable to calculation, one obtains 
useful working formulae, and may infer the 
probable effects of changing from homogeneous 
to composite conductors in more general cases. 

The circuit which lends itself most readily to 
mathematical treatment is one consisting of 
coaxial tubular conductors, and a theorem for 
calculating the. impedance of composite coaxial 
conductor s is given by Schelkunoff in his paper 
on " The Electro -magnetic Theory of Coaxial 
Transmission Lines and Cylindrical Shields "1 
the problem has also been studied by Carsten2 
and some results based on Carsten's work have 
been published by Mildner.3 In the following, 
the author has developed Schelkunoff's theorem 
into serviceable formulae, and shows that it 
can be deduced by an extension of the method 
devised by Howe,' which may be readily followed 
by those familiar with telephone -line transmission 
formulae. 

R 
L 
wL 
a 
b 

r 

Iv 

I'7I 
a 

LIST OF SYMBOLS 
effective resistance of conductor* 
internal inductance of conductort 
internal reactance of conductor* 
inner radius of tube in metres 
outer radius of tube in metres 
radius of surface facing return conductor in 

metres 
thickness of tube or flat conductor in metres 
width of flat conductor in metres 
length of conductor in metres 
intrinsic impedance of solid metal in ohms 
modulus of 77 in ohms 
intrinsic propagation constant of solid metal 

in nepers/metre 

MS accepted by the Editor, July 1948 

WIRELESS ENGINEER, AUGUST 1949 

a intrinsic attenuation constant of solid metal 
in nepers/metre 

conductivity in mhos/metre 
permeabilityt 
relative permeability 
frequency in cycles per second 
angular frequency in radians per second 

-I 
I(ax), I modified Bessel functions of zero order and res- 
Ko(ax) f pectively of the first and second kind 
II(ax), modified Bessel functions of the first order and 
K1( -,x) f respectively of the first and second kind Z surface impedance, when return is internal* 
Zbb surface impedance, when return is external* 
Z_,., surface impedance of surface of radius r* 
Zb transfer impedance* 
Rab transfer resistance* 
Lb transfer inductancet Z' surface impedance of composite tube when 

return is internal* 
Zbb' surface impedance of composite tube when 

return is external* 
Zb' transfer impedance of composite tube* 
L inductance of hypothetical linet 
G leakance of hypothetical line in mhos/metre 
W, X series arms of equivalent T network 
Y shunt arm of equivalent T network 
Z' impedance of composite conductor of negligible 

curvature* 
R' resistance of composite conductor of negligible 

curvature* 
inductance of composite conductor of negligible 

curvature t 
surface material of composite conductor 
base material of composite conductor 
tanh_1 (77B/77s) 
tanh I (r78/77B) 

gs/gB 
resistance of thick slab of base material* 
inductance of thick slab of base materialt 
resistance of thick slab of surface material* 
inductance of thick slab of surface materialt 
resistance of thick slab of copper* 
inductance of thick slab of coppert 

g 
µ 

f 
9 

L' 

s 
B 
B 

B' 

h 
RB 
LB 
Rs 
Ls 
R c 
L 

* ohms/metre t henrys/metre 

Homogeneous Tubular Conductors 
Consider a tube of inner radius a metres and 

outer radius b metres forming one conductor 
of a coaxial pair ; the return conductor may be 
internal as in Fig. i (a) or external as in Fig. r(b). 
If R is the effective resistance and L the internal 
inductance of the conductor under consideration, 
then R ja,L is equal to the surface impedance, 
defined by Schelkunoff' as the ratio of the 
longitudin al electromotive intensity on the sur - 
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