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PREFACE , 

The title of this book, " The Electrical Fundamentals of Corn-
munication," defines its scope. It presents the electrical funda-
mentals upon which communication, including the three divisions 
telegraphy, telephony, and radio with its allied branches, is based. 
The book is designed for the student of communication and the 

worker in the communication industry. It considers electrical 
phenomena, using explanations and illustrations taken from the 
communication industry itself. In this respect, it differs from 
other books on electrical fundamentals which include explanations 
and illustrations largely drawn from the power industry. 
Care has been taken to keep the book well balanced. Illustra-

tions and examples are included from all branches of communica-
tion. The theories and explanations given will withstand rigid 
examination. However, the terminology used and the method of 
presentation are simple and direct, adapting the book for beginning 
students and communications workers rather than for advanced 
students and engineers. Nevertheless, many of these will find the 
book useful in reviewing fundamentals. 
Those examining the book may be surprised to find hydraulic 

and mechanical analogies missing. Here lies one great advantage 
of this book. The reader is presented the facts in electrical 
language and will learn them correctly the first time, instead of 
being obliged to study vague and inadequate analogies taken from 
other fields. 
There is no substitute for sound training. If a student desires 

to become proficient in communication, or if a worker in the 
industry aspires to raise his knowledge to a higher plane, it can 
be done only by gaining a true knowledge of electrical fundamentals 
based on the explanations accepted as being technically correct. 
It is contended, however, that such explanations can be made 
readily understandable and interesting as well. 

It is recognized that some readers will not want to go so far as 
others and that this book will be used by groups with wide indi-
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vidual interests. Thus the book has been written so that certain 
chapters may be omitted and so that the material may be studied 
in a sequence different from that given. 

Industrial organizations have been of great assistance in pro-
viding illustrations and in other ways, and this service is grate-
fully acknowledged. Among those who have been helpful are 
General Electric Company, Westinghouse Electric and Manu-
facturing Company, American Telephone and Telegraph Com-
pany, .Bell Telephone Laboratories, General Radio Company, 
RCA Manufacturing Company, Thomas A. Edison Company, 
Weston Electrical Instrument Corporation, National Carbon Com-
pany, Leeds and Northrup Company, International Resistance 
Company, and Electric Storage Battery Company. 
Some of the illustrations used in this book have appeared in 

substantially the same form in other books by the author. He is 
indebted to John Wiley. & Sons, Inc., and to The Macmillan 
Company for permission to use these illustrations. 
The author is deeply indebted to his colleague Prof. H. B. 

Cockerline for making a detailed check of the manuscript and for 
suggesting many improvements. Appreciation is also expressed 
to R. H. Dearborn, dean of the School of Engineering, and to 
F. O. McMillan, head of the Department of Electrical Engineer-
ing, for approving this project and for their encouragement. The 
assistance of others who helped in numerous ways is acknowledged. 

It is a distinct pleasure for the author to express his gratitude 
to his wife for her care in typing the manuscript and for the many 
helpful suggestions made. 

ARTHUR L. ALBERT. 
• OREGON STATE COLLEGE, 

Augud, 1942. 



CONTENTS 
PAGE 

Preface   V 

CHAPTER 

I. The Fundamentals of Electronics   1 

II. Direct Current   15 

III. Conductors, Resistors, and Insulators   45 

IV. Direct-current Electric Power and Energy   68 

V. Alternating Currents   104 

VI. The Magnetic Field and Inductance   133 

VII. The Electric Field and Capacitance   175 

VIII. Electric Measuring Instruments   209 

IX. Alternating-current Circuits   242 

X. Algebraic Representation of Alternating-current Quan-
tities   284 

XI. Electric Networks  303 

XII. Bridge Circuits   343 

XIII. The Transmission of Electromagnetic Waves 369 

XIV. Fundamental Principles of Vacuum Tubes   405 

XV. Vacuum Tubes as Circuit Elements   442 

XVI. Electroacoustics   500 

Appendix: Natural Trigonometric Functions   523 

Index  547 



‘ 



ELECTRICAL FUNDAMENTALS 

OF COMMUNICATION 

CHAPTER I 

THE FUNDAMENTALS OF ELECTRONICS 

In many fields of applied science it is easy to observe what is 
happening. It is possible to see the action taking place. Of course 
this is also true of certain electrical phenomena, such as an elec-
tric arc discharge in air or in a glass-enclosed gas-filled rectifier 
tube. But under most conditions, switchboard wiring, radio-set 
wiring, and other electric circuits appear the same whether or not 
they are carrying an electric current. 

It is, however, possible to visualize what is happening in elec-
tric circuits even if the current and voltage cannot be seen. The 
practical electrical worker and the student of electricity alike have 
gone far in the mastery of electricity when a wire or a circuit carry-
ing electric current appears (mentally) to them to be different from 
a circuit that is not energized. Thus, in beginning a study of elec-
trical theory, the student must learn to form mental pictures of 
what is occurring. The word theory has a stigma attached to it in 
the minds of many, but theories are merely word expressions of 
mental pictures, at least in one sense. 

Remember that "there is nothing as practical as a good sound 
theory," and let the mind form its mental pictures instead of try-
ing to remember word laws and algebraic formulas. But, be sure 
that the pictures drawn are the correct ones, at least as electricity 
is known today. Also, if the following few pages should seem to be 
involved, keep in mind that the explanation of modern communica-
tion is based on electronics. 
The Nature of Matter.—It is often erroneously thought that a 

battery or an electric generator actually generates or makes elec-
tricity. This is definitely not correct from the present viewpoint. 

1 



2 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

It is more correct to say that electricity makes up all matter. At 
least electric charges are found in all the matter comprising the 
physical objects of which this universe is composed. Before study-
ing the electric current, it is, therefore, advisable to study the 
nature of matter. 

Suppose that a piece of some solid object—a piece of copper wire 
for instance—is examined beneath a very powerful microscope. 
The image seen will be as shown in Fig. 1. The copper appears to 

FIG. 1.— A photograph of copper, taken by microscopic means. This is called a 
photomicrograph and shows the grain or crystal structure of the copper (Courtesy 
of Profs. S. H. Graf and C. E. Thomas, Oregon State College). 

be composed of grains held together in some mysterious manner.' 
These are crystals of copper, and under certain conditions a single 
crystal may be made quite large. 
Now as is well known, ordinary light will not pass through a 

metal, but a beam of X rays will penetrate thin sheets quite 
easily. Of course, X rays are fundamentally of the same nature as 
visible light. They are much shorter in wave length, however, 
contain much more energy, and thus have greater penetrating 
power. Hence if a beam of X rays is directed on one of these single 

" It would be very interesting at this point to study further the effect of 
mechanical treatment and heat-treatment on the grain size and other physical 
characteristics of a metal such as copper. Also, it is fascinating to reflect on 
the atomic forces that hold these particles together, for the grains or particles 
are not "glued" together in the usual sense of the word. 
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crystals of a metal, the X rays will pass through and emerge from 
the other side. By photographically studying the directions from 
which the rays emerge, it can be ascertained that the crystal of 
the metal iS composed of rows upon rows of smaller particles ar-
ranged in the form of a lattice structure. An example of this is 
shown in Fig. 2. Each of these little submicroscopic particles is 
thought tole an atom of the metal. 
To summarize: A metal such as copper can be examined with a 

microscope and shown to consist of crystals of copper. When these 
are further examined by X rays, the 
individual crystals are found to be 
composed of rows upon rows of par-
ticles or atoms. These atoms will now 
be. further studied. 
The Atom.—The reader is asked to 

study carefully the following state-
ments regarding the structure of the 
atom. These paragraphs must be 
referred to time and again throughout 
the book. 

In the crystals of the solid matter 
(copper) considered in the preceding 
section, the atoms were considered to 
be held rigidly fixed in definite posi-
tions within the copper crystal. In a gas, on the other hand, the 

atoms are • not fixed in position but move about freely within 
the containing enclosure. But whether in a solid or a gas, the 
individual atoms themselves are made up in a definite way which 
will now be considered.' 
An atom is pictured as being composed of positive charges of elec-

tricity called protons and negative charges of electricity called 
eleztrons. The electric charges on the proton and the electron, 
although differing in sign (one positive, the other negative), are of 
the same strength, or magnitude. Furthermore, the normal atom 

The atoms are thought to vibrate slightly in these fixed positions. The 
greater the temperature of a solid, the larger will be these atomic vibrations. 

2 Of course modem physics has gone far beyond the simple picture given 
here of the internal atomic structure. The explanations here given are, how-
ever, sufficient for explaining most of the electrical phenomena encountered in 
the practical fields. 

2.—Most of the common 
metals consist of crystals com-
posed of atoms arranged some-
what as shown. The small cir-
cles represent the atoms. 



4 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

contains equal numbers of positive protons and negative electrons. 
As a result, a whole, or normal, atom is electrically neutral; that is, 
the normal atom contains no resultant electric charge. 
The positive protons and negative electrons constituting the 

atom are not at all uniformly distributed within the space occupied 
by the atom. The atom consists of a central nucleus composed of 
all the protons and some of the electrons. The nucleus accordingly 
has a resultant positive charge. About this nucleus the remaining 
electrons (necessary to neutralize the excess positive charge of the 

nucleus and thus make the whole atom 
Orbit neutral) may be pictured as revolving 

in orbits. 
Although the protons and electrons 

have equal electric charges, the proton 
is massive but the electron under ordinary 
conditions is not massive. The nucleus 
contains all the protons and is, accord-
ingly, dense and massive. The rest of 
the atom, containing the electrons 
moving in orbits, is relatively light, 
consisting largely of space. A typical 
gas atom is pictured in Fig. 3. 
To summarize: An atom contains a 

nucleus considered for practical pur-
poses to be composed of massive positive protons and light 
negative electrons. Because there are fewer electrons than pro-
tons in the nucleus, it has a resultant positive charge. The 
remaining electrons revolve in orbits about the nucleus, neutraliz-
ing the excess positive nuclear charge and thus making the atom as 
a whole neutral. 
Laws of Electric Charges.—The reader will recall that he has 

heard much about electrons and very little about protons in his 
electrical studies to date. There is a very good reason for this. In 
general, protons are not detached from the atomic nucleus and 
they are accordingly less familiar, but the electrons in the outer 
orbits are readily separated from the rest of the atom, and their 
effects may be more easily observed. Although these electrons 
and protons are very minute electric charges, they obey the funda-
mental laws governing charges of electricity which will now be con-
sidered. 

3.—Bohr model of a he-
lium atom. The central nucleus 
consists of four protons and two 
electrons. Two electrons are in 
orbits. The electrons are the 
small circles with the negative 
sign within and the protons are 
the circles enclosing the posi-
tive sign. 
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One of the fundamental laws of electricity is that like charges repel 
and that unlike charges attract. Thus if two bodies are suspended 
by strings as in Fig. 4 they will not be deflected as in Fig. 4a if 
there is no resultant charge on them. But they will swing apart 
as in Fig. 4b if the charges are alike (either both positive or both 
negative), and they will swing together as in Fig. 4c if the charges 
are unlike (that is, one positive and one negative). These are 
laws which have long been known and which can be readily 
demonstrated by almost anyone with such simple equipment as 
an ordinary pocket comb, bits of paper, and a silk cloth. 

(b) (c) 
4.—No forces will exist between two neutral bodies as in a. Bodies with 

like charges will be repelled Etei in b, and bodies with unlike charges will be attracted 
as in C. 

Electrons are minute electric charges. They may be thought 
of as discrete negatively charged particles of matter. Since they 
are charged particles, they will follow the laws outlined in the pre-
ceding paragraph and illustrated by Fig. 4. This law, stated in 
other words and applying more specifically to electrons, is as 
follows: Electrons themselves, being like charges, will repel each other; 
also, if an electron (negative charge) is free to move, it will move 
toward a place that is positively charged; that is, a place where there 
is a deficiency of electrons.' 
To summarize: Two neutral bodies exert no resultant force on 

each other and may be placed side by side as in Fig. 4a with no 
apparent effect. However, two like charges repel as in Fig. 4b, and 
two unlike charges attract as in Fig. 4c. From the usual viewpoint, 
a body is positively charged if it has too few electrons and negatively 
charged if it has too many. In general, explanations of electrical 
phenomena are based on electrons and their effects because (ac-

To say that a body has a deficiency of electrons is equivalent to saying 
that it has too many protons. But as previously mentioned, the proton ja little 
used in explaining ordinary electrical effects. 
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cording to the accepted viewpoint) electrons are readily (as com-
pared with the proton) separated from an atom and their actions 
are more readily observed. 
The Electric Current—Electrons are not only readily separated 

from an atom but as a matter of fact there is much evidence to show 
that in a metal such as a copper conductor free electrons appear to 
exist. That is, experiments show either that free electrons un-
attached to atoms must exist, or that there is such a free inter-
change of the orbital electrons between adjacent atoms that the 

Copper wire 

Electrons Electrons 

Positive 
body 

o 

Negative 
body 

5.—If a positive body (one containing too few electrons) is connected with a 
piece of copper wire to a negative body (one containing too many electrons), free 
electrons progressively flow from segment to segment of the copper wire until the 
electron deficiency of the positive body is supplied. At the end of the action both 
bodies are neutral and the electron current ceases to flow. 

result is the same; that is, at any instant the copper seems "full of 
free electrons." Thus, let it be assumed that there are electrons 
freely drifting about within a metal and that the circuit of Fig. 5 
is to be considered. 

In this figure is shown a positive body (having too few negative 
electrons) and a negative body (having too many negative elec-
trons). These two bodies of unlike charges are connected with a 
copper wire which was shown to contain free negative electrons. 
At the instant the two bodies are connected, the positive body 

will attract the free negative electrons from the end of the copper 
and will pull some of them out. This will provide the positive 
body with the electrons it needs, and this body will become 
neutral (have equal positive and negative charges). Pulling free 
negative electrons from the end of the copper wire will however 
tend to leave the next segment of wire positive. This segment or 
portion of the copper wire will, therefore, pull free negative elec-
trons from the next segment, and so on until the distant end is 
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reached. Here the wire will take electrons from the negative body 
which has an excess of them. This action will, therefore, maintain 
the copper wire neutral and will also cause the negatively charged 
body to become neutral, that is, to contain equal numbers of posi-
tive and negative charges. 
A review of the action accompanying Fig. 5 shows this: At the 

instant the copper wire was attached between the two unequally 
charged bodies (and for a brief period thereafter) electrons moved 
within the copper wire. The direction of their motion was from the 
negative body to the positive body. Also, it was seen that the motion 
of electrons or electronic flow soon ceased, because when the 
charges on the bodies were equalized, there was no attractive force 
left to cause the electrons to flow.' The flow of electrons just con-
sidered was an electric current. Thus, in quite simple terms, a 
current of electricity may be defined as a progressive flow of electron& 
To summarize: Electrons, constituting an electric current, flow 

for an instant when a conductor such as a copper wire is connected 
between a positively and a negatively charged body. This electric 
current soon becomes zero, however, because the flow of current 
neutralizes the differences in charges, and thus there is no attractive 
force left to cause electrons to move. The current flowing through 
the connecting wire consisted of the free electrons which are nor-
mally within a metal such as copper. 

Potential Difference.—In the preceding section it was shown 
that an instantaneous electric current consisting of electrons flowed 
from one electrically charged body to another if their electric 
charges were different. This action was attributed to the attractive 
force the positively charged body had for the negative electrons. 
Another way of explaining the current flow would have been to 
say that the excess electrons on the negatively charged body 
repelled the free electrons within the copper wire. Or, perhaps it 
should be said that a combination of the two actions exist. 
Any conflicting theories being neglected for the moment, one 

fact remains: A current of electricity flowed along the wire for an 

Perhaps it should be added that at all times (that is, before as well as after 
neutralization) there is a random motion of electrons within the copper. There 
is, however, no resultant motion of negative electric charges (electrons) toward 
the positive terminal after neutralization of the two bodies is complete. It is 
the resultant motion of electrons which is considered to constitute a flow of 
current in a given direction. 
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instant, and then the current died out to zero. Thus, there was an 
effect (the current flow) so there must have been a cause. The cause 
was the difference in the charges on the two bodies. 

Instead of always speaking of differences in electric charges, it 
is quite common to speak of difference of potential. Now the word 
potential has several meanings, and perhaps the best one to use 
here is inherent ability. Thus, when two bodies have unequal 
electric charges as just considered, they have a difference of 
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6.—Showing the similarity between elevations above and below sea level and 
electrical potentials above and below some zero potential. 

potential; that is, they have the inherent electrical ability to cause a 
current to flow through the copper wire, because this was precisely 
what happened when the copper wire was connected between the 
two bodies. In simple terms, a potential difference may be defined 
as the electrical condition., or force, that causes (or tends to cause) an 
electric current to flow. 

In measuring altitudes, sea level is used as a reference, and cer-
tain localities are referred to as being above or below sea level. 
Similarly, in electrical work, a body (such as the earth) may be 
taken as a reference and electrically charged bodies may be speci-
fied as so many units above or below this zero potential.' These 
relations are shown in Fig. 6. 

Of course the potential of a body may be expressed with respect to any 
object, etc., but this does not at all falsify the above statement. The unit of 
measure is the volt, but since it has not been defined, it is not used here. 
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To summarize: When two bodies have unequal charges, a differ-
ence of electrical potential exists between them. This potential 
difference causes or tends to cause a current to flow. Thus, when 
the two bodies of Fig. 5 were connected, an instantaneous current 
flowed because of the existence of the potential difference caused 
by the unequal charges. The current flowed until the two charged 
bodies were neutralized and the potential difference disappeared. 

Electromotive Force.—In the preceding section it was shown 
that an electric current would flow through a conductor such as a 

Copper wire 

(rle.ctrons Electrons 

Posifi've 
body 

Device for mainbinkg 
 o bodies positive o  
and negative 

Negative 
body 

Fm. 7.—When a device such as indicated in this figure continuously maintains a 
difference of potential between two bodies (one positive and one negative) a con-
tinuous electric current will flow through the wire circuit connecting the two bodies. 

copper wire if the two ends of the wire were maintained at a differ-
ence of potential. In Fig. 5 and the accompanying discussion the 
potential difference was provided by two unequally charged bodies, 
but as soon as the unequal charges were neutralized, the current 
ceased to flow. Of course this was because after neutralization no 
difference of potential was present to force the free electrons along 
the wire. 

It at once follows that if the circuit of Fig. 5 were extended as in 
Fig. 7 a continuous current would flow. Here a third element has 
been connected to the positive (-I-) and negative (—) bodies, and 
this new device maintains the bodies at unequal charges, and hence 
a continuous difference of potential exists between them. By an 
extension of the action previously explained, it is readily seen that 
this continuous potential will cause a continuous current to flow 
through the copper wire. 
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When a device such as shown in Fig. 7 maintains one body posi-
tive and another negative, it is good practice to state that the two 
bodies are maintained at a difference of potential because of the 
electromotive force that the device generates. These words elec-
tromotive force are often abbreviated emf. 
To summarize: A current of electricity (composed of electrons) 

flows through a conductor when the two ends of the conductor are 
maintained at a difference of electrical potential, such as when a 
  wire is connected between two 

ctrons Electr unequally charged bodies. This Eleo 
current will tend to equalize the 
unequal charges, after which the 
current ceases to flow. If a device 
that continuously generates an 

Dry cell electromotive force is connected be-
tween the two bodies, so that they 

  are continuously maintained at a 
FIG. 8.—Here the positive plate or difference of potential, then a con-

electrode of the dry cell represents the tinuous current will flow. positive body of Fig. 7, and the nega-
tive electrode represents the negative Generation of Electromotive 
body. The applied electromotive force Force.—An electromotive force may which maintains the electrodes at a 
difference of potential and which causes be defined as an electric force gen-
the current flow is generated chemi-

erated by a device (such as an elec-eally within the cell. 
tric dry cell) that causes a differ-

ence of potential to exist between the terminals of the device. This 
established difference of potential will cause a current to flow 
through a wire or other electric circuit connected across the ter-
minals. It is not necessary for the present to be concerned with the 
exact nature of the force (it is rather hard to "visualize" a force) ; 
instead, the student should concentrate on the statement in italics 
just given. 

Further to explain these statements, suppose that Fig. 7 is de-
veloped into Fig. 8. Here the positive body of Fig. 7 is replaced by 
the positive plate or electrode marked +; also the negative body is 
replaced by the negative electrode marked — . These two elec-
trodes are continuously maintained at a difference of potential by 
the electromotive force that is generated chemically within the dry 
cell. The long thin line and the short heavy line drawn parallel 
to each other as shown represent electric cells and batteries. 
An electromotive force can be generated by other means, such as 
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rotating machines called electric generators. In any event, how-
ever, the electromotive force maintains the terminals of the ma-
chine at a difference of potential, and by virtue of this a current 
flows through the connecting wire when the external circuit is 
closed. 
To summarize: The electromotive force that is produced by elec-

tric generators and chemical cells is the electric force which in 
the final analysis forces an electric current through the externally 
connected circuit. Of course it 
does this by establishing a differ-
ence of potential between its 
terminals. However, the action 
is usually simplified by merely 
stating that the generated electro-
motive force 1 forces the current 
through the circuit. 

Direction of Current Flow.—In 
the preceding pages it has been 
repeatedly stated that an electric 
current consists of a flow of elec-
trons. This is the present ac-
cepted view in electrical work. In 
Figs. 7 and 8 it is shown that the 
electrons flow in the connecting 
wire (representing the external circuit) from the negative to the 
positive terminal. This must be true if the current consists of 
negative electrons, because these negative particles of electricity 
would be attracted by the positive electrode (or terminal) and 
repelled by the negative electrode in accordance with the fun-
damental law given on page 5. 
Now those students who have had some electrical experience 

may question these statements, because it is generally assuriled 
that the electric current flows (in the external circuit) from the 
positive electrode (or terminal) of the electric cell or electric gen-
erator to the negative electrode. _ 
Here the reader is confronted with one of the few inconsistent 

laws of electricity. The generally accepted viewpoints will be 

' Differences of potential resulting from an electromotive force are measured 
in volts. Hence in practical work it is ordinarily stated that the generated 
voltage forces the current through the circuit. 

Conventional current 

Electron current 

Dry cell 

 +11  
Fm. 9.— The purely fictitious "con-

ventional current' is assumed to flow 
from positive to negative in the ex-
ternal circuit. Actually, a current of 
electricity consists of an electron flow 
in the opposite direction. 
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stated. (1) The conventional electric current is considered to flow 
(in the external circuit) from the positive to the negative terminal. 
(2) The electron current is thought to flow in the opposite direction. 
In this connection, it should be remembered that the conventional 
direction of current flow was assumed to be from positive to nega-
tive in the external circuit before the electron theory was known. 
To summarize: The conventional direction of current flow is 

assumed to be from positive to negative in the external circuit. 
This current really consists of electrons flowing in the opposite 
direction. Thus in practice, direction of current flow means from 
positive to negative, but direction of electron-current flow means the 
opposite direction. In the preceding paragraphs the words "cur-
rent flow in the external circuit" were extensively used. An exam-
ination of Fig. 8 will disclose that if the electron current flows from 
negative to positive in the circuit external to the cell, the electrons 
must move in the opposite direction within the cell. 
The Law of Current Flow.—As the student masters electrical 

theory, he may be pleasantly surprised to find that the basic laws 
are not really new after all. They are merely the application to 
electric circuits of the fundamental laws of nature. Thus, it is no 
surprise to find that the familiar relation that the result produced 
is directly proportional to the magnitude of the effort and inversely 
proportional to the magnitude of the opposing force applies to electric 
circuits as well as to other fields. 

This relation can be written in the form of equations as follows: 

effort  
Result — (1) 

opposition 
or electrically speaking 

electromotive force 
Current — (2) 

resistance 

These relations are known as Ohm's law, so named after an early 
investigator. They merely state what has been stressed in the 
preceding pages, that the applied electromotive force forces the 
current through the circuit. One new term is introduced, that of 
circuit resistance. 
The Nature of Electric Resistance.—Referring back to Figs. 

7 and 8 and the accompanying theory, it is recalled that the current 
flowing through the wire was shown to consist of free electrons that 
were already within the wire. But from this it should not be 
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inferred that no opposition is offered to the flow of these electrons 
through the wire. Quite the opposite is true, because as the elec-
trons flow through the wire, they encounter opposing internal 
atomic forces, and work must be done to push the electrons along 
their path. The fact that a wire carrying a current gets hot is 
ample evidence of the existence of internal forces or resistance 
opposing the flow of the current. 
The electric resistance of a wire depends on many factors; cer-

tain of these are as follows: 
1. Chemical composition of the wire. 
2. Cross-sectional area and length of the wire. 
3. Treatment during manufacture, such as heating and cooling, 

and method of drawing the metal into the wire. 
4. Temperature of the wire. 

These and other points will be considered elsewhere in this book. 
To summarize: Although a current of electricity is thought to be 

a flow of free electrons along a wire under the influence of an ex-
ternally applied electromotive force, this flow encounters internal 
opposing forces that cause the wire to offer an electric resistance to 
the current flow. 

SUMMARY 

A solid metal conductor such as copper appears in a microscope to be made 
of small grains or crystals. 

Examination of such crystals by X rays shows them to be composed of a 
lattice structure of atoms. 
Atoms consist of a central nucleus surrounded by revolving negative elec-

trons. The central nucleus contains both negative electrons and positive 
protons. 

Electrons are small negative charges. They are the basis of electrical 
explanations. 
A body is positively charged if it contains too few electrons. 
A body is negatively charged if it contains too many electrons. 
A current of electricity is a progressive flow of electrons. 
A current of electricity flows because a difference of potential forces the 

electrons through a conductor. 
Differences of potential are caused by generated electromotive forces and 

IR drops. 
An electron current flows from — to -I-, but the conventional direction of 

current flow is from -F to — in the external circuit. 
There are three forms of the fundamental law governing the flow of direct 

current. This is known as Ohm's law, and the forms are I = E/R, R = E /I, 
and E = IR. 
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REVIEW QUESTIONS 

1. Why is it incorrect to say that a generator or battery actually generates 
an electric current? 

2. What reasons are there for believing that a crystal of copper is composed 
of atoms, and how are they arranged? 

3. Which is the more massive, the negative electron or the positive proton? 
4. Are the electric charges on electrons and protons of the same magnitude? 

Of the same sign? 
5. Enumerate the fundamental laws of electric charges. 
6. What evidence is there to show that free electrons exist in a copper wire? 
7. Do free electrons exist in metals other than copper? 
8. Suppose you were told that in a wire there are two currents of electricity, 

one of protons moving in one direction and the other of electrons moving in 
the opposite direction. Would the statement be correct? Why? 

9. Explain the relations among potential difference, electromotive force, 
and voltage. 

10. What direction does the electron current have in a wire connected to a 
dry cell? 

11. Referring to Question 10, discuss the relation of your answer to practical 
electrical work. 

12. Is the theory of Ohm's law applicable only to electric circuits? Name 
an application in machines. Name one in hydraulics. 

13. What external evidence is there for the fact that a wire offers resistance 
to current flow? 

14. What factors determine the resistance of a conductor? 

' Obviously, there would be little gained by asking questions that could be 
answered merely by referring to the preceding summary. For this reason the 
questions asked throughout this book will be based on the main body of each 
chapter rather than on the summary. 



CHAPTER II 

DIRECT CURRENT 

The previous chapter presented the basic facts regarding elec-
tions and the various elementary electrical phenomena that are 
based on electronic action. It was explained that the commonly 
observed electrical effects, such as the flow of the electric current, 
are electronic in nature. 
The discussion of the preceding chapter was of necessity some-

what theoretical. Now that the nature of the electric current is 
understood, however, it is possible to take up the more practical 
aspects of the electrical fundamentals of communication. 
The Volt, Ohm, and Ampere.—Before discussing electric cir-

cuits further, and before the numerical solutions of simple problems 
can be given, it is necessary to introduce the units of measure. 
These are as follows: 

1. The magnitude of the electric force or pressure is measured in 
volts and represented by E. 

'2. The magnitude of the opposition or opposing force a circuit 
offers is measured in ohms and represented by R. 

3. The magnitude of the current which the voltage forces 
through the resistance is measured in amperes and represented by 
I. 
Each of these terms honors early investigators in the field of elec-

tricity. 
The numerical relations among these units is of much impor-

tance. Thus, letting each term of Eq. (2) be unity, it can be stated 
that a continuously applied voltage of one volt will force a current of 
one ampere through a resistance of one ohm. 

Mathematically, there are three forms of Ohm's law as follows: 
1. / = E/R, which states that the current in amperes which 

flows is directly proportional to the voltage in volts applied to the 
circuit and is inversely proportional to the resistance in ohms of 
the circuit. 

15 
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2. R = EII, which states that the resistance in ohms which a 
circuit offers is directly proportional to the applied voltage in volts 
and inversely proportional to the resulting current flow in amperes. 

This form of the relation is obtained from (1) by multiplying 
each side of the equation by R/I and then canceling. Thus, 
I = E/R, or RI/I = ER/RI. Then canceling, R = E/I. 

3. E = IR, which states that voltage in volts is the product of 
current in amperes and resistance in ohms. 

This form of the relation is obtained from (2) by multiplying 
each side of the equation by I and then canceling. Thus, R = E/I, 
or IR = IE I I. Then canceling, E = IR. 
To summarize: The units of volts, ohms, and amperes are used 

to measure voltage, resistance, and current in electric circuits. 
The magnitudes of these are so chosen that in the various forms of 
Ohm's law each unit is equal to unity (1.0) in the practical system 
of electric units 1 used most widely. 
Other Units—Voltage, Resistance, and Current.—As previously 

stated, voltage is measured in volts, resistance is measured in ohms, 
and current is measured in amperes. These are the basic units, 
but multiples and subdivisions of these units are commonly used. 
These are best illustrated by the following tabulation: 

Voltage units 
Kilovolt --- 1000 volts 
Millivolt -= %two volt 
Microvolt = 1/1,000,000 volt 

Resistance units 
Megohm = 1,000,000 ohms 
Kilohm = 1000 ohms 

Current units 

Milliampere = í000 ampere 
Microampere = 1/1,000,000 ampere 

The reader may be surprised to find that no distinguishing 
symbols such as ma for milliampere or mohm for kilohm are 
listed. This is because no such symbols have been universally 

1 For the sake of standardization, exact definitions of the volt, ohm, and 
ampere are specified. These exact definitions are of such a nature as to be 
largely of interest to the physicist and the highly theoretical electrical worker. 

As a matter of curiosity it may interest the student to know that a current of 
1 ampere consists of a procession of some 6,290,000,000,000,000,000 electrons 
passing a given point per second. 



connected in series with a re-  +Ir  
sistor having a resistance of 

FIG. 10.—A simple series circuit. The 
9.9 ohms. The symbol shown internal resistance /Zi of the dry cell also 
under the word resistor of Fig. acts to limit the current flow; that is, the 

dry cell electromotive force must force the 
10 10 the proper method of current through the cell itself as well as 

through the external circuit. representing a resistor. 

To solve such a circuit for the current that will flow, the follow-
ing steps are taken: 

Step 1. Add all the resistances to obtain the total resistance RI 
of the circuit. Rt = 0.1 + 9.9 = 10 ohms. 

Step 2. Use Ohm's law to find the current. 

E0, 1.5 volts 
/ = —  — 0.15 ampere. 

RI 10 ohms 

Thus it is found that the cell voltage of 1.5 volts will cause a 
current of 0.15 ampere to flow; this current will be in the direction 
indicated, from the positive (+) terminal of the dry cell around 
through the resistor to the negative (—) terminal and then on 
through the cell. Note in particular that the same current flows 
through all parts of the series circuit even through the battery 
itself. This is the first of the fundamental laws of the series cir-
cuit: The current in all parts of a series circuit is the same. 
Mention is again made of the fact that the current flows from the 

positive to the negative terminal in the external circuit. This is, of 

1 The instructor may wonder why the internal resistance of the dry cell is 
not neglected as is so often the case. It is believed that it is a grave mistake to 
do so. In the general case, the internal resistance (impedance) of the source 
cannot be neglected. Only in the case of constant-voltage systems (such as 
are closely simulated by power systems) is it correct to neglect internal losses. 
Any generator or cell must have an internal resistance (impedance), and there. 
fore, it is advisable to begin considering it at once. 
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accepted, and it is, therefore, advisable to use the entire word 
rather than some more or less arbitrary abbreviation. 

Simple Series Circuits.—A 
Reestor 

simple series circuit is shown  vvvvvw  
in Fig. 10, consisting of a dry R=9.9ohms 

cell producing by chemical 
means an electromotive force l'adamPere 

of 1.5 volts and having an in- \ 
foc .15VO#S 

temal resistance of 0.1 ohm Ri=0.1ohm 
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course, the conventional current. The electrons themselves are 
flowing in the opposite direction. 
The second fundamental law of the series circuit will now be con-

sidered. For this purpose, Fig. 10 has been redrawn, and in Fig. 11 
an ammeter A and voltmeters V have been added to the circuit. 
The manner in which these operate need not be considered at 
present. Suffice it to say that the ammeter measures the current 
flow in amperes, the voltmeters measure voltage (or potential 

 —vvvvvV\P-•  
R= 9.9 ohms 

141=0.15 ampere 

Eoc =15volts 
•`•• 1 '''''''''' 

. 1=—. ''•  

11.—This represents the circuit of Fig. 10 redrawn to include an ammeter A 
and voltmeters V. 

difference) in volts, and that these instruments may, be connected 
into the circuit as shown without disturbing the circuits in any 
way. Also, a switch S has been added. 
The method of solving Fig. 11 is the same as for Fig. 10, because 

it is assumed that the presence of the ammeter and the voltmeters 
does not disturb the circuit; that is, Figs. 10 and 11 are electrically 
identical. 
The ammeter has been placed in series with the rest of the circuit, 

because this instrument measures the current in amperes flowing 
in the circuit. Only one ammeter is necessary because of the fact 
that the current in all parts of a series circuit is the same. 
The current relations having been disposed of, let attention now 

be directed to the voltage relations. Before the switch S is closed, 
only one of the three instruments will show a reading; this one is 
the voltmeter across the dry cell. It will read 1.5 volts, which is 
the open-circuit voltage 1 of the cell, usually designated by Eoc. 

So-called, because the switch S is open, and the cell is not forcing a current 
through the circuit. Cell open-circuit voltage is related to potential difference 
and electromotive force as follows: The chemically generated electromotive 
force within the cell causes the two plates and hence the two cell terminals to 
be at a difference of potential as indicated by the plus (+) and minus ( —) signs. 
Of course the voltmeter actually measures this potential difference, but it is 
good practice merely to say that the voltmeter measures the cell voltage. 
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Now suppose that the switch S of Fig. 11 is closed so that the cell 
forces a current through the circuit. The reading of the voltmeter 
connected across the cell will drop slightly the instant the switch 
is closed for the following reason: Voltage is the electrical pressure 
that forces current through the resistance of a circuit. A certain 
amount of the cell voltage is required at each resistance. On page 
16, the third statement is that E = IR; that is, voltage in volts is 
the product of current in amperes and resistance in ohms. Thus, 
a voltage drop of 0.15 X 0.1 = 0.015 volt will occur within the cell 
itself. Of course this voltage value is opposite to the open-circuit 
cell voltage of 1.5 volts (because if it were not opposite, the volt-
meter reading would increase, giving more voltage to force more 
current, etc.). Hence, at the instant the switch is closed and cur-
rent begins to flow, the reading of the voltmeter becomes E ec = 1.5 
— 0.015 = 1.485 volts. This is the closed-circuit voltage Er„ as 
distinguished from the open-circuit voltage E„. 

Let the reading of the voltmeter connected across the resistor be 
now investigated. After the switch is closed, this voltmeter will 
read Ecc = IR = 0.15 X 9.9 = 1.485 volts. The second law of 
the series circuit can now be stated as follows: The sum of the 
voltage drops around a series circuit equals the total impressed voltage. 
Thus, the sum of the voltage drops (or losses) across the resistor 
and across the internal resistance of the cell is 1.485 ± 0.15 = 1.5 
volts, and this is the total voltage the cell impresses on the 
circuit. 
To summarize: There are two fundamenta laws that apply to 

the series circuit. ( 1) The current in all parts of a series circuit is the 
same. (2) The sum of the voltage drops (or losses) around a series 
circuit equals the total impressed voilage. For simplicity, only one 
source of voltage was considered, the more general case being 
treated on page 31. 

Simple Parallel Circuits.—A simple parallel circuit is shown in 
Fig. 12, consisting of two resistors of 15 ohms and 25 ohms con-
nected across a constant voltage of 6 volts. A voltmeter and 
ammeters are included for measuring the impressed voltage and 
the currents in each circuit branch. As in the preceding section, it 
is considered that ammeters and voltmeters are ideal instruments 
and that their presence does not influence the circuit at all. 

If a dry cell were used instead of a constant voltage, and if the internal 
resistance of the cell were not neglected (and it is often not negligible), then the 
problem would become one of series-parallel circuits instead of a simple 
parallel circuit which it is desired to study. 
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To solve such a circuit for the current that will flow from the 
6-volt source, the following steps are taken: 

Step 1. Find the current in each of the parallel branches by 
Ohm's law. 

E 6 
11 = = = 0.4 ampere 

E 6 
= = —25 = 0.24 ampere. 

I3=064 ampere 

E=6 volts 

• 

ll,=1:24ampere 
R,./Sohms lei112-024ampere R2.25ohms 

Fm. 12.—A simple parallel circuit composed of a 15-ohm resistor and a 25-ohm 
resistor in parallel. 

Step 2. Add the branch currents to find the total line current 
flowing through the source. 

/1 = I + = 0.4 -F 0.24 = 0.64 ampere. 

Embodied in these two steps are two fundamental laws of 
parallel circuits. The first of these is that the voltage across each 
branch of a parallel circuit is the same. This is evident from Fig. 12, 
because if the voltmeter reads 6 volts where it is shown, it will 
also read 6 volts if it is slid along to the right (remember that the 
ammeter theoretically has no influence). The use of this law is 
illustrated by Step 1. 

In Step 2, the currents taken by each of the parallel branches 
were added to give the total line current from the source. This 
illustrates the second law, that the sum of the currents flowing up to 
a point equals the sum of the currents flowing away. 
To summarize: In considering parallel circuits there are two 

simple laws applying: (1) the voltage across each branch of a parallel 
circuit is the same, and (2) the sum of the currents flowing up to a 
point equals the sum of the currents flawing away. The student 
should thoroughly master these simple laws of series and parallel 
circuits. Note that these circuits are in a sense opposites. In 
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series circuits the current is the same in all parts, and the separate 
voltage drops are added to give the total impressed voltage. In parallel 
circuits, however, the voltage is the same in all parts, and the separate 
currents are added to give the total line current. 

Division of Current in Parallel Circuits.—It is seen from the ex-
ample just given that 0.4 ampere (400 milliamperes) of the total cur-
rent of 0.64 ampere (640 milliamperes) flowed through the 15-ohm 
resistor. Thus, 40%40, or %, of the total current flowed through 
the small resistor, and 24%40, or %, of the total current flowed 
through the large resistor. 
Now 15 ohms is 1%o, or 34 of the sum of the two resistances, 

and 25 ohms is 2/4, or %, of the total parallel resistance. It can 
be stated, therefore, that a current divides in a parallel circuit in 
inverse proportion to the ratio of the resistance of the path to the sum 
of the resistances of the parallel paths. A simple proof of this is as 
follows: The voltage across two parallel circuits must be the same. 
Voltage equals IR; hence for two parallel paths R1 and R2 

II R2 

172 = 1?-1 
Now 

Hence 

and 

= I2R2 

/ /1 — 
R1 

12R2 

and 

and It= 1'1+12. 

12R2 I2(Ri + R2)  
/g =- /2 = 

R1 R1 

/2 — 
R1 + R2 

Equivalent Resistance.—In Step 2 of the solution accompanying 
the parallel circuit of Fig. 12 it is shown that the total current sup-
plied by the 6-volt source is the sum of the branch currents, that is, 
It = I -I- /2 = 0.4 -I- 0.24 = 0.64 ampere. As was shown on 
page 16, voltage divided by current gives resistance. Suppose 
that the voltage in volts of Fig. 12 is divided by the total current in 
amperes supplied, what will be the significance of this resistance 
value? 

Performing this calculation gives a value Re = 6/0.64 = 9.37 
ohms, and this is called the equivalent resistance of the 15-ohm 

It 
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resistor and the 25-ohm resistor in parallel. The subscript e has 
been used to designate "equivalent" in the calculation just made. 
Thus it is shown that these two resistors in parallel take a total 

of 0.64 ampere from the 6-volt source. So does a single 9.37-ohm 
resistor. Hence, the 9.37-ohm resistor is equivalent to the other 
two in parallel. Note that the equivalent resistance of two (or more) 
resistors in parallel is less than that of the smaller one alone. 

These relations can be expressed as follows: 

E E 
It = Ii ± 12 = - 

R2' 

and since the total current It equals the voltage divided by the 
equivalent resistance Re as just explained, 

E E E 
It= ve= Tel ± IT 2 • 

Dividing through by E gives 

1 1 1 

= RI m 
(3) 

and if more than two resistors are in parallel, this equation becomes 

(4) 

By the use of simple algebra, Eq. (3) can be written 

1 RiR2  
Re — or = (5) 

(1/R1) ± (1/R2) R1 ± R2 

This last form is particularly useful and easily handled. 
To summarize: When two or more resistors are connected in 

parallel across a source of voltage, they are electrically equivalent 
to a single resistor of equivalent resistance connected across that 
source. The equivalent resistance of a parallel combination is less 
than the resistance of any of the individual resistors. 

Additional Series-circuit Solutions.—The solutions of series and 
parallel circuits are so very important that additional illustrations 
will be given. Thus in Fig. 13 is shown a series circuit composed of 
three resistors connected across a 24-volt lead-acid storage battery 
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such as would be used as the common battery in a large telephone 
central office. Observe that no internal resistance is specified for 
this battery, although the internal resistance was considered for 
the dry cell of Figs. 10 and 11. In the case of the large central-
office battery, the internal resistance is very low, and particularly 
when large resistance values are used such as in Fig. 13, the internal 
resistance is negligible and is therefore not considered in this prob-
lem. 
Now with reference to Fig. 13, it was previously shown on page 

17 that the same current flows through each series element and this 
gives the first fundamental law for the series circuit, that the cur-

50 ohms 100 ohms 150 ohms 

24 volts 
+ I — 

FIG. 13.—The current in all parts of a series circuit is the same. The voltmeters 
take negligible current, and read the IR or voltage drop across each resistor. 

rent in all parts of a series circuit is the same. This current will be 
measured by the ammeter A connected in the circuit. The volt-
meters V will measure the IR or voltage drop across each in-
dividual resistor. 
With reference to the typical solution given on page 17, the 

following steps are taken: 
Step 1. Add all the resistances to obtain the total resistance Rt 

of the circuit. 
RI --- 50 + 100 -I- 150 = 300 ohms. 

Step 2. Use Ohm's law to find the current. 

E 24 
I = —Rt = —300 = 0.08 ampere, or 80 milliamperes. 

The IR or voltage drop indicated by the various voltmeters con-
nected across the resistors will be E1 = /RI = 0.08 X 50 = 4 
volts; E2 = 0.08 X 100 = 8 volts; and Eg = 0.08 X 150 =- 12 
volts. Adding these gives 4 + 8 ± 12 = 24 volts, which is the 
voltage impressed by the battery. 
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This last summation again illustrates the second of the funda-
mental laws of the series circuit. As explained on page 19, this 
law states that the sum of the voltage drops around a series circuit 
equals the total impressed voltage. In other words, the electromotive 
force, or battery voltage, is all used up in forcing a current of elec-
trons through the resistance of the circuit. 

o 2 
o. 4 • _ 
06 
n) 
z 8 

10 

12 

+12volts 

4-8 ves 

 0 vo/ts assumed  
at center of battery Oyes Oves 

-ayes 

Fm. 14.—A graphical representation of the rise and fall of potential around the 
circuit of Fig. 13. The center of the battery has been taken as the point of reference. 
or zero potential. Either the positive terminal, or the negative terminal, or any 
other point in the circuit could have been taken as the point of reference. (No 
significance should be attached to the slopes of the lines; they are arbitrary in this 
figure.) 

The portion of the total impressed voltage which is used in forc-
ing the current through each resistor was shown to be equal to the 
IR drop across that resistor. As Fig. 13 shows, each of these 
voltage drops has a direction as indicated by the positive (+) and 
the negative (—) signs. If the impressed voltage of the battery 
were reversed, the current would of course flow in the opposite 
direction. This would cause the IR or voltage drops to be reversed, 
and the signs shown would be interchanged. 

Rise and Fall of Potential.—On page 8 under Fig. 6 it was men-
tioned that if some reference point were taken, then potential rises 
and falls could be specified. Thus, a point in an electric circuit 
could be said to be at a potential of + 10 volts or — 10 volts just as 
a point on the surface of the earth could be specified as so many 
feet above or below sea level. 



DIRECT CURRENT 25 

To illustrate this further, suppose that the potential at the 
middle of the battery of Fig. 13 is specified as zero potential; then, 
the positive terminal is + 12 volts and the negative terminal — 12 
volts with respect- to this center point. The potential difference or 
voltage relations in the series circuit of Fig. 13 could be shown as in 
Fig. 14. 

This figure is explained as follows: By starting at the center 
point of the battery, the potential rises as shown in Fig. 14 to + 12 
volts. This increase is due to the chemically generated voltage 
within the first half of the battery cells. When a current flows 
through a resistor it must be accompanied by a potential drop. 
This is measured by the first voltmeter across the 50-ohm resistor 
of Fig. 13 and was shown in the previous section to be 4 volts. 
Thus at the end of the first resistor the voltage is 12 — 4 = 8 volts. 
Applying this same reasoning to the remaining resistors gives 

data for the rest of the graph of Fig. 14. The last portion, the rise 
from — 12 to 0 volts, is due again to the chemically generated 
voltage of the last half of the battery cells. 
To summarize: If the rises and falls in potential around a series 

circuit such as Fig. 13 are investigated, data for plotting a potential 
distribution graph such as Fig. 14 are obtained. Data for a similar 
graph could also be obtained by connecting one terminal of a 
center-zero 0- to 15-volt voltmeter to the center of the battery and 
observing the voltmeter readings as the free voltmeter terminal is 
successively touched to the various terminals of the resistors in the 
circuit. 

Additional Parallel-circuit Solution.—As a further illustration of 
the theory of parallel circuits, the following solution is included. 
Here again it is good practice to neglect the internal resistance of 
the battery which is assumed to be of the large type used in tele-
phone central offices; also, the resistors are large, and hence the 
current taken will be small. Even with a large battery having a 
low internal resistance, if low values of resistance are used (and as 
a result a large current will flow), it may be necessary to consider 
the effect of internal resistance. 
The parallel circuit is shown in Fig. 15. As was shown on page 

20 there are two- fundamental laws applying: (1) The voltage across 
each branch of a parallel circuit is the same; and (2) the sum of the 
currents in each branch equals the total line current. These principles 
will be applied to solve the circuit as was done on page 20. 
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Step 1. Find the current in each of the parallel branches by 
Ohm's law. 

Il = 25.go = 0.48 ampere, 

/2 = 2KOO = 0.24 ampere, 

/3 = 25i50 = 0.16 ampere. 

Step 2. Add the branch currents to find the total line current 
flowing through the source. 

It = Ii -I- /2 ± /3 = 0.48 + 0.24 -F 0.16 = 0.88 ampere. 

As was shown on page 21, the equivalent resistance of the three 
resistors in parallel would be 
found by dividing the im-
pressed voltage in volts by the 
total current in amperes taken 
by the parallel combination. 
Thus, Re = 24/0.88 = 27.3 
ohms. A value of 27.3 ohms 
if connected across a 24-volt 
source will take the same cur-
rent as was taken by the par-
allel combination of Fig. 15. 
According to the explanation 

given on page 22, the equivalent resistance of the parallel com-
bination just considered could be calculated by Eq. (4). To check 
this theory, 

1 1 1 1 1 1 1 = = 
Re Ri R2 Ra 50 100 150 

= 0.02 0.01 -I- 0.0066 = 0.0366. 

Then, since 1/Re = 0.0366, Re = 1/0.0366 = 27.3 ohms, which is 
the value previously determined for the equivalent resistance of the 
parallel combination. 

Conductance in Direct-current Circuits.—If only simple series 
and simple parallel circuits were encountered in practice, the 
equivalent resistance concept might not be so important. Like-
wise, this section might not be necessary. However, most circuits 
are not just series or parallel circuits but are combinations called 
series-parallel circuits. Although these are a little different from 

-11#b#13 

15.—In a parallel circuit, the volt-
age across each branch is the same. The 
total current from the source is the sum 
of the branch currents. 
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the circuits previously considered, they are not difficult to solve if 
the concept of equivalent resistance and the content of this section 
are clearly understood. 
Now resistance has been defined as the opposition a circuit offers 

to the flow of current. Thus, it is stated that the resistance of a 
certain resistor is 10 ohms. If this resistor is connected across a 
constant source of 1.0 volt, the current will be, from Ohm's law, 
I = 1.0/10 = 0.1 ampere. Note that the opposition offered was 
divided into the voltage to obtain the current. 
Suppose that instead of rating a resistor by the opposition it 

offers it is rated by the ease or ability it affords to current flow. 
This leads to a definition of the conductance of a circuit, which is 
the measure of the assistance the circuit offers to the current flow. Now 
assistance is the opposite of resistance, so conductance is the 
opposite of resistance. Thus, conductance is the reciprocal or 
opposite of resistance, and since resistance is measured in ohms, 
conductance is measured in mhos and is designated by the letter g. 
That is, 

1 
g = --R-• (6) 

Since from Ohm's law, / = E/R, it follows from Eq. (6) that 
/ = E 1/R = Eq. That is, the current in amperes which flows in a 
circuit is equal to the product of the voltage in volts and the conductance 
of the circuit in mhos. 

Conductances, rather than resistances, are useful in parallel-
circuit problems. On page 20 it was stated that in parallel circuits 
the separate branch currents are added to obtain the total line 
current. From this parallel-circuit theory and from the equations 
just given it follows that 

E E E 
I g = I + 12 or = + and that Ege = Egi Eg2. 

Re Ri  R2 

That is, the total current as given by Ege must equal the sum of 
Egi and Eg2, where E is the impressed voltage common to all and 
ge = 1/Re, gj = 1/R1, and g2 = 1/R2. 

Since the voltage is common to each of these terms (a parallel 
circuit is under consideration), it may be canceled from each term, 
leaving the expression 

ge = 91 + 92. (7) 
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That is, the equivalent conductance (which is the reciprocal of the 
equivalent resistance)of a parallel circuit is the sum of the conductances 
of each branch. For a circuit consisting of more than two branches, 
additional conductance terms are added to Eq. (7). 
To summarize: It is sometimes convenient to consider the ease, 

or assistance, a circuit offers to current flow instead of the resist-
ance, or opposition. This ability to conduct current is defined as 
the circuit conductance and designated by g. Thus, current is 
equal to Eg as well as to E/R. Conductances are particularly use-
ful in parallel circuits; in these the equivalent conductance is the 
sum of the conductance of each branch. 
The Solution of Series-parallel Circuits.—As was previously 

mentioned, the circuits often encountered in practice are com-

(a) (I)) 
FIG. 16.—A series-parallel circuit is shown at a, and the equivalent circuit at b. 

The value of Re is the equivalent resireance of R1 and R2 in parallel. 

binations of series and parallel types and are called series-parallel 
circuits. 
A circuit of this type is shown in Fig. 16. Suppose that the 

branch currents I and /2 as indicated by the ammeters A1 and A2e 
the total current I. as indicated by the ammeter At, the voltage 
Ep across the parallel portion as indicated by Vi,,, and the voltage 
drop E. indicated by the voltmeter V. across the 100-ohm series 
resistor are all desired. 

In analyzing this problem, it is at once evident that the currents 
taken by the parallel branches cannot be computed immediately, 
because the voltage Ep across this parallel portion is unknown. Of 
course, this voltage is the impressed voltage minus the IR drop E. 
across the 100-ohm series resistor, but then the current I is un-
known and cannot be found until 4, is known. Vague and difficult 
as this all seems, it is all made very simple by the use of either 
equivalent resistances or conductances as desired. In the follow-
ing paragraphs both solutions will be explained. 
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Step 1. Calculate the equivalent resistance of the parallel por-
tion of Fig. 16, using the equivalent resistance method of Eq. (4), 
page 22. 1/R, = 1/Ri ± 1/R2 = 1/50 ± 1/25 = 0.02 ± 0.04 =-
0.06, and R, = 1/0.06 = 16.67 ohms. The circuit is now equiva-
lent to that of Fig. 16b. 

This may also be solved by the conductance method using 
Eq. (7). g, = g1 g2 = 0.02 + 0.04 =- 0.06, and Re= 1/0.06 = 
16.67 ohms. 
Step 2. Find the total equivalent circuit resistance, which is 

the sum of the series resistance, and the equivalent resistance of 
the parallel portion. 

Re = 100 ± 16.67 = 116.67 ohms. 

Step 3. Calculate the current /I which will flow. 

E 24  
/I — — — 0.206 ampere. 

Re 116;67 

Step 4. Calculate the voltage Ep across the parallel portion of 
the circuit. 

= 24 — leRe = 24 — 0.206 X 100 = 24 — 20.6 = 3.4 volts. 
Step 5. The current through each branch can now be found. 

This may be calculated by either of the two following methods: 

E 3.4 
/1 = = 5- - = 0.068 ampere 

and 
E 3.4 

/2 = —R2 = 2-5 = 0.136 ampere. 

/1 = Egi = 3.4 X 0.02 = 0.068 ampere 

and 
12 = Eg2 = 3.4 X 0.04 = 0.136 ampere. 

To summarize: In solving a series-parallel circuit, the first step 
is to find the equivalent resistance of the parallel portion. The 
equivalent resistance is then added to the series resistance to 
obtain the total series resistance. This value divided into the 
impressed voltage gives the total current flow. If the total cur-
rent is known, the voltage drop across the series resistance can be 
computed. This drop, subtracted from the impressed voltage, 
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gives the voltage across the parallel part of the circuit. With this 
voltage known, the separate branch currents can be found. 

Solution of a Typical Telephone Circuit.—The simplified circuit 
of Fig. 17a is a portion of a common-battery telephone circuit, 
composed of a common-battery telephone at the left, the "sub-
scriber's loop" of 22-gauge cable, and a part of the cord circuit and 
central-office battery. This circuit is of the series-parallel type. 

1400 ohms 

14 ohrns  
9 ohms 

Sec. •... 

80 ohm,rer,i 
ms.- SO oh..?› 22go. cable 

/70 ohms loop mile 
TELEPHONE 

1400 ohms 

14 ohms 

80 ohms 

SET 

170 ohms 
9 ohms 

50 ohms 

(a) 

22.5 ohms 

=24 volts 

22.5 ohms 

94 ohms 

(b) 

CENTRAL OFFICE 
EQUIPMENT 

22.5 ohms 
_L+ 
=2. 24 volts 

94 ohms 22.5 ohms 

Supervisory relay 

..(-•••• 

Cc) 

274.4 ohms 

T
=2.24 volts 
- 

(d) 

Fie. 17.—A circuit of the series-parallel type is the portion of a simplified com-
mon-battery telephone circuit shown at a. The steps in solving this circuit are 
given in b, c, and d. 

The ringer, induction-coil secondary, and receiver are in parallel 
with the induction-coil primary, and this parallel combination is in 
series with the line, relay, and repeating coil. 

Suppose that it is desired to find the current through the trans-
mitter. The first step is to simplify the circuit as much as possible, 
which has been done in Fig. 17b. The condenser has been omitted 
since it does not pass direct current. The transmitter, cable, 
supervisory relay, and the two windings of the repeating coil are in 
series, giving a total resistance of 274.4 ohms. The ringer, induc-
tion-coil secondary, and receiver are in series, making a total of 
1494 ohms across the 9-ohm primary as shown in Fig. 17c. 
The equivalent resistance of the parallel circuit of the telephone 

set must be found. From the section on conductance, the equiva-
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lent conductance ge = 1/1494 + 1/9 = 0.00067 ± 0.11111 = 
0.11178 mho. Since the equivalent resistance of the parallel com-
bination is the reciprocal of the equivalent conductance, Re = 

l/ge = 1/0.11178 = 8.95 ohms. 
• The current through the transmitter can now be found. By 
redrawing the circuit as in Fig. 17d, the total resistance offered to 
the battery is RI = 8.95 + 274.4 = 283.35 ohms. The current 
flowing through the circuit and hence the transmitter will be I = 
24/283.35 = 0.0847 ampere, or 84.7 milliamperes. 

E3=/Svolts 

R2.02ohm R3.0.3 ohm 

E,--125 volts 

R,= 05 ohm 

R4= 
4ohins 

0--•-WAMAr•  
R5 5 ohm, 

FIG. 18.—A series circuit containing more than one source of electromotive force. 
Each of these sources has internal resistance as represented by RI, R2, and Rg. 
Of course these internal resistances could be shown on the diagram, but this might 
be confusing, and it is common practice to omit them. 

Circuits Containing Several Voltage Sources.—The circuits that 
have been considered thus far contained only one source of im-
pressed voltage. In practice, however, circuits are often used 
which contain two or more sources of impressed voltage. Such a 
circuit is shown in Fig. 18, and its solution will now be considered. 
The open-circuit voltages of the three sources are represented by 

El, E2, and E3, and these are the voltages that the voltmeters 

V1, V2, and V3 would indicate when the switch S is open. The 
voltage E1 is impressed by a direct-current generator, having a 
generated or open-circuit voltage of 125 volts and an internal 
resistance in the armature windings of 0.5 ohm. Note that the 
two batteries are reversed. It is desired to calculate the current 
that will flow as indicated by the ammeter A and also the voltage 
that will be across each element of the circuit when the switch S 

is closed. 
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Step 1. Calculate the total resistance. In series circuits this 
is the sum of the separate resistances. RI = 0.5 + 0.2 + 0.3 ± 
4.0 ± 5.0 = 10 ohms. 

Step 2. Calculate the resultant impressed voltage acting around 
the circuit. The resultant voltage is ER = E2 — E3 = 125 
+ 10 — 15 = 120 volts. The impressed voltage E3 is subtracted 
from the other two, because E3 is connected in the reverse direc-
tion and its voltage opposes the effect of the other two. Voltage 
E3 tries to cause a current flow in the opposite direction but is pre-
vented from doing so by the voltages E1 and E2 which are larger 
and hence control the direction of the current flow. 

Step 3. Calculate the current flow by Ohm's law. I = E/R = 
120/10 = 12 amperes. 
Step 4. Calculate the potential differences or voltages El, Ez, 

etc., that will be indicated by the various voltmeters V1, V2, etc. 
For the resistors, the voltages will be E4 = IR4 = 12 X 4 = 48 
volts and E5 = IR5 = 12 X 5 = 60 volts. For the generator and 
the battery, the potential differences or terminal voltages will be 
the combined effect of the generated electromotive forces and the 
IR drops. 

E1 = emf — /RI = 120 — (12 X0.) = 114 volts. 

E2 = emf — /R2 = 10 — (12 X 0.2) = 7.6 volts. 

E3 = emf /R3 = 15 + (12 X 0.3) = 18.6 volts. 

It should be noted in particular that in computing E1 and E2 the 
internal IR voltage drops were subtracted from the generated elec-
tromotive force (emf) to find the terminal potential difference or 
voltage, but in calculating E3 the internal IR drop was added to 
the generated emf to find the terminal voltage. The reason for 
this will be explained in the next section. 
The Direction of IR Drops.—When a current flows through a 

resistor, it causes an IR drop in potential. The numerical magni-
tude or size of this potential drop depends only on the magnitude 
of the current and voltage, but the direction of the IR drop depends 
on the direction of the current flow. 

Thus, in Fig. 19a, if a current is forced through the resistor as 
shown, the IR drop has the polarity indicated. If the current is 
reversed, the polarity is also reversed as shown in Fig. 19b. By 
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referring back to Fig. 6 on page 8 and Fig. 14 on page 24, it is 
recalled that some points in a circuit may be at higher positive 
potentials than others. Conventional current (not electron cur-
rent) flows from positive to negative, or from points of higher 
potential to points of lower potential. Therefore, in any circuit 
or device, the direction of the current flow through resistance deter-
mines the direction of the IR voltage drop across the resistance. 
To apply this reasoning to sources of electromotive force contain-

ing internal resistance such as the generator and batteries of Fig. 18, 
consider Fig. 19c. The direction in which the current is flowing is 

- 
(a) (b) (c) (d) 

FIG. 19.—Illustrating the directions of IR voltage drops. The conventional 
direction of current flow through resistance is assumed to be from positive to nega-
tive (-1- to —). Hence, changing the direction of the current will change the direc-
tion of the IR drop measured by the voltmeter V of a and b. In c and d the elec-
tromotive force or open-circuit voltage Eoc is represented by the battery plates. 
The IRi drop within the battery reverses because the current is changed in direc-
tion. Thus, in c the closed-circuit voltage Ecc — IRi, and in d the relations 
are Ecc Ec,c IRi. In these equations Ri is the internal resistance of the battery. 

as indicated by the arrow. This current will cause an IRi drop as it 
flows through the internal resistance of the cell. This IR drop will 
be in the direction shown in Fig. 19a or from left to right. The 
terminal voltage as would be read by the voltmeter connected across 
this cell is now the algebraic' sum of the electromotive force and the 
internal IRi drop. For Fig. 19c this is Ece = E00 — IR1, explaining 
the first two calculations under Step 4 of the preceding illustration. 
Now suppose that the current through the cell is reversed as in 

Fig. 19d. As indicated in Fig. 19b, the direction of the IRi drop 
is now reversed and is now in the direction to add to the electro-
motive force. That is, in passing through the circuit of Fig. 19d, 
a ± to — , + to — sequence of the voltages exists, such as would be 
the connections used if maximum voltage were desired from two dry 
cells. Hence, the terminal voltage as would be read by the volt-
meter of Fig. 19d is E00 = IRi, explaining the last calculation 
under Step 4 of the preceding illustration. 

This simply means that the sign (-1- or —) of the voltages must be eon. 

sidered as well as their magnitudes. 
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Another way of looking at this matter is as follows: In Fig. 19e 
the direction of current flow is the direction in which the cell would 
normally force current through an external circuit. Since the cell 
is not a perfect device, its terminal voltage drops slightly when 
the current flows. (Note that an I Ri drop must occur within the 
cell because of its internal resistance, and surely this drop would 
not increase the voltage of the cell. If it did, to get more voltage, 
merely draw more current, etc.) Suppose that the cell under 
consideration is a storage cell. When it is being charged, as would 
occur in Fig. 19d, the external charging source must force the 
charging current through the cell in the reverse direction, that is, 
from positive to negative through the cell. 
Now for charging, the IRi drop inside the cell is reversed in 

direction, but the chemically generated voltage remains as before. 
Thus, as shown in the preceding paragraph, E„ IRi, ex-
plaining the last calculation Step 4, page 32. The charging current 
being forced through the cell by the charging source is opposed by 
both the chemically generated voltage of the cell and the voltage 
drop caused by the internal resistance of the cell. 

Kirchhoff's Laws.—Much of the basic theory considered in this 
chapter can be summarized in the following two laws, bearing the 
name of an early electrical investigator. 

First Law. The algebraic sum of the impressed electromotive 
forces around any closed electric circuit is equal to the algebraic sum 
of all the IR drops around that circuit. This is equivalent to saying 
that the algebraic sum of the electromotive forces minus the alge-
braic sum of the IR drops equals zero. 

Second Law. The algebraic sum of the currents flowing to a point 
must equal the algebraic sum of the currents flowing away from that 
point. This is equivalent to saying that the algebraic sum of the 
currents flowing up to a point minus the algebraic sum of the cur-
rents flowing away equals zero. These two laws are of very great 
importance, and their meanings should be clearly understood. Their 
applications will now be considered. 

Problem.—A 10-volt battery having an internal resistance of 0.1 ohm and a 
20-volt battery having an internal resistance of 0.2 ohm are connected in 
parallel for charging with a generator having a generated electromotive force 
of 120 volts and an internal resistance of 0.2 ohm. The resistance of the wires 
from the generator to the two batteries is 0.8 ohm. The 10-volt battery has a 
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resistor of 3.9 ohms, and the 20-volt battery has a resistor of 2.8 ohms in series 
for controlling the current. Calculate the charging current of each battery 
and the current from the generator. 

Solution.—Step 1. Draw a clear diagram of the circuit, such as Fig. 20. 
In this diagram note that the positive terminals of the two batteries are 
connected toward the positive generator terminal. Current is assumed to 
flow out from the positive generator terminal and must flow into the 
positive battery terminals to charge them. 

Step 2. On the diagram, write in all the known values of voltage, resistance, 
and current. Indicate the probable direction of current flow with arrows. 
Try to reason out the directions of current flow, but if these are not evi-
dent, they should be assumed. Use the letters j1, i2, is, etc., and ej, e2, 

°Bob= 

Pm. 20.—A circuit to be solved by Kirchhoff's laws. 

etc., to indicate all unknown values, but keep the numbers of letters used 
to a minimum; for example, instead of marking the line current is, apply 
Kirchhoff's second law and designate it ii -F i2. Since the batteries are 
to be charged, ii and i2 were taken as indicated. 

Step 3. There are two unknown values in this problem. These are the 
currents j1 and is. It is now necessary to use Kirchhoff's first law and 
write two equations in which these two unknown values occur. Starting 
at a point just below the negative terminal of the generator and going 
completely around the outside loop in a clockwise direction, 

120 — i2) — i2) — 2.8i2 — 0.2i2 — 20 = 0. 

(In writing this equation, imagine that you are actually walking around 
this circuit going up and down potential hills and making a graph such 
as Fig. 14.) Note that in going through a source of electromotive force 
such as a generator or a battery from — to that the sign is positive 
because it represents an increase in potential, but in going through from 
-F to — the sign is negative because this is a decrease in potential. Atten-
tion is also called to the fact that since a current always flows from a 
point of higher potential to a point of lower potential, when going around 
a loop in the same direction as the current, an IR drop is negative but in 
going around a circuit against the direction of current the drop is positive. 
Again starting at the point just below the generator and going around the 
inside loop in a clockwise direction, 

120 — 0.2(ii i2) — + is) — 3.9i1 — 0.1ii — 10 = 0. 
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Step 4. Simplify the equations and solve them simultaneously. The first 
equation becomes 1.011 ± 4.012 = 100, and the second equation becomes 

1.012 = 110. Multiplying the first equation through by —5.0 
and solving, 

—5.011 — 20.012 = —500 
+5.0i1 + 1.012 = 110 

— 19.012 = —390 
= 20.53 amperes. 

Step 5. Calculate the remaining values of current. This may be done by 
substituting the values of 12 in either equation. Substituting in the first, 

± (4 X 20.53) = 100 
ii =- 100 — 82.12 
ii = 17.88 amperes. 

The generator current is the sum of the two branch currents, or 

ig = 12 = 20.53 + 17.88 = 38.41 amperes. 

Step 6. To check the results, write a voltage equation for a loop not 
previously considered, and substitute the computed values in this equa-
tion. For this, use the closed loop at the extreme right of Fig. 19. Start-
ing just below the 10-volt battery and going around in a clockwise direc-
tion, 

+0.1ii ± 10 + 3.912 — 2.812 — 0.212 — 20 = 0, 
or 

4.011 — 3.012 = 10. 

Substituting the values of ij and i2 in this expression, 

(4 X 17.88) — (3 X 20.53) = 10, 
and 

71.52 — 61.59 = 10 approximately. 

Solutions Using Principle of Superposition.—Some students may 
not be familiar with the method of solving equations simultane-
ously, and a method based on the principle of superposition is here 
offered as an alternative solution to the Kirchhoff-law method. 
This principle is in reality a theorem used in advanced communi-
cation engineering and may be stated for the purpose of this 
chapter as follows: The current that flows at any point in a circuit, 
or the voilage between any two points in a circuit, due to a number of 
sources of electromotive force connected at various points in the circuit, 
is the algebraic sum of the separate currents or voltages at these points 
which would exist if each source of electromotive force were considered 
separately, each of the other sources being replaced at that time by a 
unit of equivalent internal resistance. This principle will now be 
applied to the problem of Fig. 20. 
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Step 1. Redraw Fig. 20 as shown in Fig. 21a, replacing two of 
the battery sources of electromotive force with resistors of the 
same value as the internal resistance of the battery. Combining all 
the series resistances gives the simple series-parallel circuit of Fig. 
?lb. Solving this gives 1.72 ohms for the equivalent resistance of 

08 ohm 1.0 ohm 

44.2cinerest, 

+ 120 volts Q. 
02 ohm 

(e) 

cbS 

(b) (a) 
21.—Partly illustrating the application of the principle of superposition to the 

solution of the circuit of Fig. 20. (See also Figs. 22 and 23.) 

the parallel portion, 2.72 ohms for the total circuit resistance, and a 
generator current of 120/2.72 = 44.2 amperes directed as shown in 
Fig. 21a. Note that this is not the current actually flowing in the 
circuit of Fig. 20 but rather the current that would flow if the 
electromotive forces of the batteries were removed. The voltage 
across the parallel combination will be 120 — 44.2 X 1.0 = 75.8 

0.8 ohm 

156 amperestt 
«% I 

0.2 ohm 
c•i 

-T 
(a) 

052ampere 
3.9 ohms 

/0volls 
0./ohm 

2B ohms 

(b) 

JO ohms 

22.—Further illustration of the principle of superposition as applied to the 
solution of the circuit of Fig. 20. Note that the branches in a have been inter-
changed in b to give the circuit more the appearance of parallel circuits already 
familiar to the reader. This change should be noted in the final algebraic addition. 
That is, "superimpose" Figs. 21a, 22a, and 23a to find the resultant current (see 
discussion). 

volts. The branch currents will be 75.8/4 = 18.95 amperes and 
75.8/3 = 25.27 amperes also as indicated on Fig. 21a. 

Step 2. Redraw Fig. 20 as shown in Fig. 22a, replacing the 

generator and one battery with their respective internal resistances. 
This circuit is now equivalent to that of Fig. 22b. The equivalent 

resistance of the parallel portion is 0.75 ohm, the total resistance is 
4.75 ohms, and the current that would flow is 10/4.75 = 2.11 am-
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peres. The voltage available across the parallel portion will be 
10 - 2.11 X 4 = 1.56 volts. Hence, 1.56/1.0, or 1.56, amperes 
would flow to the left as indicated by the arrow of Fig. 22a and 
1.56/3 = 0.52 ampere would flow down through the right portion 
as shown by the arrow. 

Step 3. It now remains to investigate what would be the results 
of replacing all sources of emf except the 20-volt battery with their 
internal resistances. This is done in Fig. 23a. The equivalent 

resistance of the parallel portion is 0.8 ohm, the total circuit 
resistance is 3.8 ohms, and the battery current would be 20/3.8 = 

0.8 ohm 

tl Mohms 4.19amperes 

20vo/ 

.1.0ohms 

4-s+ 1.0ohm 4.0ohms 
20volls is 702ohm I 

(1)) 
23.-Completing the illustration of the application of the principle of super-

position to the circuit of Fig. 20. 

5.27 amperes directed as shown. The voltage across the parallel 
portion would be 20 - 5.27 X 3 = 4.19 volts. The currents 
in the other two branches would be 4.19 and 1.05 amperes, 
respectively. 

Step 4. Combine the currents algebraically to find the actual 
current flowing in each branch. For the generator, ig = 44.2 - 
1.56 - 4.19 = 38.45 amperes. For the 10-volt battery, j1 = 
18.45 - 2.11 + 1.05 = 17.39 amperes. For the 20-volt battery, 
= 25.27 + 0.52 - 5.27 = 20.53 amperes. 
It is seen that these answers check within the usual limits of slide-

rule accuracy. 
The Rheostat.-The rheostat is an adjustable resistor so con-

structed that its resistance may be adjusted without opening the 
circuit in which it is connected.1 Such a device is placed in series 
in the circuit as shown in Fig. 24, and by adjusting the amount pf 
resistance, the current flow in the circuit may be controlled within 

All definitions given in this book will be taken from the standards of the 
American Institute of Electrical Engineers or the standards of the Institute of 
Radio Engineers. The definition given above is from the Standards of the 
American Institute of Electrical Engineers. 
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wide limits, depending of course on the values of the circuit voltage 
and the resistance of the rheostat. 
The value of resistance that a rheostat should have is calculated 

by Ohm's law. Thus suppose that some electrical device such as 
a relay having a direct-current 
resistance of 1225 ohms is to be 
connected to a 110-volt source. 
It is desired to be able to vary 
the current at will from 0.050 
ampere (50 milliamperes), the 
current at which the relay closes, 
to 0.010 ampere (10 milliam-
peres), the current at which it 
opens. The question confront-
ing the experimenter is this: What must be the value of the 
rheostat? The solution requires an application of Ohm's law. 

Step 1. Find the maximum resistance that the rheostat must 
have. The minimum current that is to flow is 0.010 ampere. Thus, 
the circuit equation is 

volts 110  
Amperes — or 0.01 — 

ohms 1225 ± R' 

where R is the maximum resistance that the rheostat must have. 

Rheostat 

(Wage 
source 

Re/ay 

Fla. 24.—Showing a rheostat connected 
to control the current flowing in a relay. 
The rheostat is a variable resistance, the 
desired resistance being selected by mov-
ing the contact arm. See also Fig. 27. 

elm 

25.—Photograph of a relay used in communication circuits. 

Solving for R, 
110 

R = — 1225 = 9775 ohms. 
0.01 

Step 2. Find the minimum value that the rheostat must have. 
The maximum value of current is to be 0.050 ampere. Thus, 

110 
R= — 1225 = 975 ohms. 

0.05 
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To limit the flow of current between the limits desired, a rheostat 
that was continuously variable from 0 to 10,000 ohms would be 

satisfactory. 
The Voltage Divider.—A voltage 

divider' is a resistor provided with 
fixed or movable contacts and with 
two fixed terminal contacts; current 
is passed between the terminal con-

2 tacts, and a desired voltage is obtained 
across a portion of the resistor. (The 
term potentiometer is often erroneously 
used for this device.) The symbol for a 
voltage divider is shown in Fig. 26, and 
a typical voltage divider of the variable-
contact type is included in Fig. 27. 

It is not possible to set down in a few words simple rules apply-
ing to voltage dividers under all conditions of operation. This is 
not because the circuit arrangements are so difficult, but rather 

Fixed 
voltage 
source 

cu Variable 
voltage 

26.—Showing a voltage 
divider connected to a fixed 
voltage source. The desired volt-
age is selected by varying the 
position of the contact arm. 
Terminals 1-2-3 are the termi-
nals of the voltage divider. 

Fin. 27.—A commercial form of a wire-wound voltage divider very useful in com-
munication circuits. (Courtesy of General Radio Company.) 

because they are so varied. In fact, the circuits are readily solved 
by the theory for series and parallel circuits discussed in this chap-

' This definition is from the Standards of the American Institute of Electri-
cal Engineers. 
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ter. This will be more evident after studying the following illus-

tration. 
In Fig. 28, a 50,000-ohm voltage divider is connected across a 

500-volt source. The purpose of this divider is to divide, or split 
up, the 500 volts into voltages that are available for doing specific 
tasks in the rest of the circuit. 
By assuming that the various taps are open, a current of 

500/50,000 = 0.010 ampere, or 10 milliamperes, will flow down 
through the circuit. The first tap includes 10,000 ohms. Thus the 
IR drop will be 0.01 X 10,000 = 
100 volts across this section of 
the divider. Of course this means 
that the 100 volts will be between 
A and B and that point B is 
then 400 volts above ground which 1000ohms c 

500-volt 
is taken as a reference point. The cbc source% 
other voltages would be as indi- - 
cated. 

It may be wondered why 50,000 
ohms was taken as the value of 
the divider. There was no special 
reason, it simply would be a good 
value, taking only 10 milliamperes 
from the source. Why not, there-
fore, make the divider 100,000 
ohms and take only 5 milliam-
peres, or better yet, why should it not be 500,000 ohms and take 
only 1 milliampere from the source? 
The answer is merely that a value should be chosen which fits 

the circuit conditions. If the various taps are connected to devices 
or portions of the circuit that draw but little current, then, a voltage 
divider of very high resistance is suitable. If, however, the various 
taps must supply considerable current, then the divider must be of 
lower resistance, because the current supplied must flow through a 
portion of the divider. Of course this will add to the current that the 
divider itself takes, and will, therefore, increase the IR drop. This 
is one of the reasons why a voltage divider of lower resistance 
would probably be used to supply voltages to the plate circuits of 
vacuum tubes that take appreciable plate current. 

A 

1Q000 ohms 

25,000 ohms 2 

D 

5000 
ohms , 

Grouncl 

28.—The 50,000-ohm voltag:., 
divider tapped as shown makes avail-
able the indicated voltages, provided 
but very little current is drawn. 
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SUMMARY 

Three fundamental rules apply to series circuits. 
1. The current in all parts of a series circuit is the same. 
2. To find the total resistance of a series circuit, add the separate resist-

ances. 
3. The sum of the IR drops around a series circuit equals the algebraic sum 

of the impressed electromotive forces, or emfs. 
Three fundamental rules apply to parallel circuits. 
1. The voltage across each branch of a parallel circuit is the same. 
2. The equivalent resistance of a parallel circuit is 1/R, = 1/Ri ± 1/R2, 

etc. The equivalent conductance of a parallel circuit is ge = g + 92, etc. 
3. The sum of the currents flowing to a point equals the sum of the currents 

flowing away. 
Kirchhoff's laws, stated as follows, are useful in solving certain circuits. 
1. The algebraic sum of the impressed electromotive forces around any 

closed electric circuit is equal to the algebraic sum of all the IR drops around 
that circuit. 

2. The algebraic sum of the currents flowing to a point must equal the 
algebraic sum of the currents flowing away from that point. 
The principle of superposition (page 36) is useful in solving problems where 

Kirchhoff's laws are applicable but where their use is not desired. 

REVIEW QUESTIONS 

1. State Ohm's law in its three basic forms, discussing the units of measure-
ment. 

2. What multiples and subdivisions of the basic units of measure are com-
monly used? 

3. State the laws applying to a series circuit. 
4. Distinguish between the open-circuit and closed-circuit voltage of a cell. 
6. State the laws applying to a parallel circuit. 
6. Explain how the current divides in a parallel circuit having two branches. 
7. When must the internal resistance of a storage battery be considered, 

and when may it be neglected? 
8. Explain the relation between equivalent resistance and equivalent con-

ductance. 
9. Conductance is useful in solving circuits of what type? 

10. Explain how to solve a simple series-parallel circuit. 
11. How are voltages in series combined to obtain the resultant voltage? 
12. What are the relations between an IR drop in a resistor and the magni-

tude and direction of the current? 
13. A storage battery is being charged. How will the internal IR drop com-

bine with the battery electromotive force? 
14. State Kirchhoff's laws. 
15. Two equations each having two unknowns are to be solved simul-

taneously. Explain how this is accomplished. (Can it be done for three 
equations each having three unknowns?) 
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16. What is the principle of superposition? 
17. Explain how to solve circuits using the principle of superposition. 
18. What is a rheostat? 
19. What is a voltage divider? 
20. State briefly the theory of a voltage divider. 

PROBLEMS 

1. The normal filament current of a type 1H4G vacuum tube is 0.060 
ampere, and the normal voltage is 2.0 volts. Calculate the resistance of the 
filament. 

2. Two dry cells of 1.48 volts closed-circuit potential difference are to be used 
to supply the current to the filament of Prob. 1. How should these dry cells 
be connected? How much resistance should be used with them? Draw a cir-
cuit diagram of the connections. 

3. Three tubes of Prob. 1 are to be operated from the two dry cells. Draw 
a complete circuit diagram of the connections, and calculate the value of the 
current-limiting resistor that must be used. Assume that for these conditions 
the closed-circuit voltage falls to 1.45 volts per cell. 

4. A dry cell shows an open-circuit voltage of 1.49 volts and a closed-circuit 
voltage of 1.47 volts when delivering 120 milli-
amperes. Calculate the internal resistance of 
the dry cell. 

5. Calculate the internal resistance of the 
dry cells used in Probs. 2 and 3. 

6. A certain vacuum-tube circuit is arranged 
as in Fig. 29. The electron plate current equals 
2.1 milliamperes and flows outside the tube as 
shown. Within the tube the entire current 
flows directly from the filament F to the plate 
P. A resistance of 1500 ohms is in the fila-
ment circuit. What is the magnitude and sign 
of the potential difference between the grid G 

and the filament Ft If the B battery closed-circuit voltage is 89 volts, what 
is the magnitude and the sign of the potential difference between the grid G 
and plate P and between the plate P and filament F? 

7. A telephone installer connects a simple portable handset consisting of a 
50-ohm transmitter and a 275-ohm receiver across the subscriber's line in 
order to talk to the central office. The subscriber's residence is 1.5 miles from 
the central office, the circuit being 22-gauge cable having a resistance of 
170 ohms per mile of cable pair. When the installer connects the handset, 
the line relay in the central office operates, signaling the operator, the circuit 
being as shown in Fig. 30. Compute the current through the transmitter, 
and determine the magnitude and direction of the voltage drop across each 
part of the circuit. The switchboard lamp takes 36 milliamperes. What is its 
resistance? 

8. Two telephone sets such as shown in Fig. 17 are connected in parallel at 
the ends of the two line wires; that is, they axe "bridged" across the line. 

Fro. 29.—Circuit for Prob. 6. 



44 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

Calculate the equivalent resistance of the two sets so connected. Calculate 
the current flowing through the line, through each transmitter, and through 
each receiver. 

9. Referring to the discussion on page 25 and to Fig. 14, plot a potential 
graph for the same circuit, using the negative terminal as the point of reference. 

10. Referring to page 22, derive the two equations (5). 

Transma.,;50ohms 

Receiven275ohms 

/000 ohms 

1000ohmsi 24 volts 

30.—Circuit for Prob. 7. 

11. Referring to the discussion on page 21, develop the laws applying to the 
current distribution for three resistors in parallel. 

12. The current is 32.5 amperes when a certain storage battery is short-
circuited. The current is 6.5 amperes when the same battery is connected to 
1.44 ohms. Calculate the electromotive force of the battery and its internal 
resistance. 

13. One battery has an electromotive force of 10 volts and an internal 
resistance of 0.5 ohm. Another battery has an electromotive force of 11.0 volts 
and an internal resistance of 0.6 ohm. When they are being charged in parallel, 
the current through the first battery is 2.2 amperes. What will be the current 
through the second? 

14. Three batteries have electromotive forces of 10, 20, and 30 volts and 
internal resistances of 5, 3, and 2 ohms, respectively. Calculate the current 
through each battery if their positive terminals are connected to one point 
and their negative terminals are connected to another point. 

15. Calculate the current in each part of the circuit if the common points of 
the batteries of Prob. 14 are connected to a 10-ohm resistor. 



CHAPTER III 

CONDUCTORS, RESISTORS, AND INSULATORS 

In the preceding chapter the flow of electricity in direct-current 
circuits was considered. These circuits consist largely of con-
ductors, such as connecting wires, resistors for limiting current 
flow, and insulators for confining the electric currents to the desired 
path. 

In this chapter, these conductors, resistors, and insulators and 
their application to communication circuits will be discussed. The 
explanations will be limited to direct-current phenomena, alternat-
ing-current transmission being reserved for a later chapter. 

It will be apparent to the reader that as a familiarity with elec-
tric circuits is gained there is no clear dividing line between con-
ductors, resistors, and insulators. Of course, conductors would 
usually be found to have very low resistances, but what might be 
classed as a resistor in one circuit might be an insulator in another. 
Also, at room temperature a certain material may make a good 
insulator, but if heated to a high temperature it becomes a good 
conductor. 

In vacuum-tube amplifiers, resistors of hundreds of thousand 
and even millions of ohms are used. This latter value would 
be considered as belonging to an insulator in most other cir-
cuits. Thus conductors, resistors, and insulators differ funda-
mentally largely in degree only. That is, the same basic laws 
of electric-current flow apply to each. It is thought that good con-
ductors contain many free electrons, resistors contain less, and 
insulators contain but few. This will account, at least in an ele-
mentary way, for the low resistance of conductors, the higher 
resistance of resistors, and the very high resistance of insulators. 
The Resistance of Solid Conductors.—As has been mentioned, 

the flow of electricity in a metallic conductor is a progressive mo-
tion of the free electrons already in the conductor. The battery or 
generator does not "generate" the current in the usual sense of the 
word. The electromotive force generated by the device is thought 

45 



46 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

to "force," or "push," the free electrons around the circuit, the 
result being a current flow. 

Since the current flow consists of the free electrons, and since 
there are a given number of free electrons in any given volume of 
a metallic conductor, the current-carrying ability of a conductor 
must depend on its dimensions. To explain these relations, con-
sider the piece of copper bar of Fig. 31. This bar has a thickness t, 
a width w, and length 1. The influence of these dimensions on the 
resistance R offered to the current / will now be explained. 
For convenience, the solid bar shown in Fig. 31 is thought of as 

being made up of three thin pieces (shown dotted) placed close 
together. If each of these pieces 

 4 
  7! were longer, the current / would 
 > 4. have to flow farther, more op-

position would exist.' It can 
 / -  >4'1' be stated, therefore, that the 

31.—Copper bar showing cfnien- resistance of a conductor varies 
sions which have influence on tesist-
ance. directly as the length 1 of the 

conductor. 
Now suppose that a fourth thin piece of copper is placed along-

side the three strips of Fig. 31, thereby increasing the width w. The 
current / will now have four paths in parallel instead of three (of 
course it is assumed that the ends are all connected). From the 
laws of the parallel circuit, the resistance of the four pieces would 
be less than the resistance of the three pieces. Similarly, it can 
be shown that increasing the thickness t has the effect of adding 
more paths in parallel and hence decreases the resistance. The 
resistance of a conductor therefore varies inversely as the width w and 
the thickness t of the conductor. There is of course, one other factor 
entering into the relations determining the actual resistance of a 
particular conductor such as the bar of Fig. 31. This factor is 
designated as p and is determined by the exact nature of the metal 
under consideration. 

The term "more opposition would exist" may seem vague, because the 
nature of the opposition that a conductor offers to current flow has not been 
explained. The fact is, the exact nature of this opposition is vague. It is well 
known, however, and perfectly reasonable to assume that there is an opposi-
tion per unit length of wire. Hence the more unit lengths, that is, the greater 
the length t, the greater will be the total resistance R. That a wire offers 
opposition to current flow is readily proved by the fact that a conductor heats 
when a current flows through it. Thus, the foregoing statement is acceptable. 
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These relations can be expressed by the equation 

Pl Pl 
wt a (8) 

where R is the resistance in ohms of a conductor, 1 is the length of 
the conductor in centimeters, a is the cross-sectional area of the 
conductor in square centimeters, and p is the resistivity, or resist-
ance, per centimeter cube. 
Note that in Eq. (8) the width and thickness multiply to give 

the cross-sectional area a. Observe also that all units are specified 
in centimeters. This is because the resistivity p is specified as the 
resistance per centimeter cube. A centimeter cube is a cube of the 
metal one centimeter on each side (it should not be confused with 
cubic centimeter, which is a measure of volume and not dimen-
sion). The resistivity p is usually specified in ohms per centi-
meter cube; however, it could be specified in ohms per inch cube, 
in which event all the dimensions above would be in inches. 
To summarize: Since a current flow depends on the presence of 

free electrons, the resistance to current flow will depend on the 
number of free electrons present in the current path. The num-
ber of free electrons will depend on the dimensions of the path and 
the nature of the path; that is, whether it is copper, aluminum, etc. 
The resistance is found to vary directly as the length of the path, 
directly as the resistivity of the material, and inversely as the cross-
sectional area. 

Resistivity.—As previously defined, resistivity p is usually 
defined as the resistivity per centimeter cube. It was also stated 
that the resistivity of a specimen depended on the nature of that 
specimen. The discussion in this section being confined to common 
electric-conductor metals only, it must also be stated that the 
resistivity, and hence the final resistance of a conductor, depends 
also on the temperature. 
For the common electric conductors such as copper and alumi-

num, increasing the temperature increases the resistivity, and decreas-
ing the temperature decreases the resistivity. For this reason, where 
exact statements are made, the temperature at which a given 
resistivity holds should be specified. This same statement also 
applies to resistance. Measurements are usually assumed to be 
made at average room temperature, considered to be 20°C., or 
68°F. 
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The resistivity of metals sometimes used as electric conductors 
is given in Table I. 

TABLE I.—RESISTIVITY OF METALS USED AS ELECTRIC CONDUCTORS I 

(Values in ohms per centimeter cube at 20°C.) 

Aluminum (as used in wire)  0.000002828 
Copper (annealed standard)  0.0000017241 
Copper (hard-drawn No. 12 A.W.G.)  0.000001772 
Iron (99.98% pure)  0.000010 
Iron (wrought)  0.00001057 
Lead  0.000022 
Nickel  0.0000078 
Silver (99.78% pure)  0.000001629 

The values here listed were largely taken from "Electrical Engineers' Handbook," 3d ed., 
Vol. V, Communication and Electronics, John Wiley & Sons, Inc., and from "Standard Hand-
book for Electrical Engineers," McGraw-Hill Book Company, Inc. Because of variations in 
individual specimens, values listed elsewhere may be slightly different from those in this table. 

To summarize: The resistivity of a metal and the resulting 
resistance of a conductor vary with the temperature. Usually, 
the resistance is given at 20°C., or 68°F. (assumed to be average 
room temperature). For the common electric conductors, such as 
copper and aluminum, increasing the temperature increases the 

resistance, and vice versa. 
Resistance Calculations.—Large copper bus bars are used in 

telephone central offices (for example) to extend from the power 
switchboard to the storage batteries. Suppose that it is desired to 
calculate the resistance of such a bus bar which is 27 feet long, 1.0 
inch wide, and 6.0 inches thick. First, all these dimension: must 
be changed to centimeters, 1 inch equaling 2.54 centimeters. Then, 
= 27 X 12 X 2.54 = 822 centimeters, w = 2.54 centimeters, 

and t = 6 X 2.54 -- 15.24 centimeters. The resistance of the bus 
bar is 

pl 0.0000017241 X 822 
R = — — 0.0000367 ohm. 

wt 2.54 X 15.24 

As a second illustration, suppose that the resistance of an iron rod 
10 feet long and VI inch in diameter is desired. The length in centi-
meters is / = 10 X 12 X 2.54 = 305 centimeters. The cross-
sectional area is a = irr2(r = radius), or a = 3.1416 X (0.25 X 
2.54/2)2 = 0.317 square centimeter. In Table I, iron is listed with 
a resistivity of p = 0.000010 ohm per centimeter cube. This is for 
pure iron, but an iron rod would usually be of wrought iron. The 



CONDUCTORS, RESISTORS, AND INSULATORS 49 

resistivity of wrought iron is listed at 0.00001057 ohm per centi-
meter cube. Using this value, 

pl 0.00001057 X 305 
R — — — 0.01016 ohm. 

a 0.317 

For most electrical work a resistivity for copper of 0.00000172 ohm 
per centimeter cube is sufficiently accurate. 
The Resistance of Wires.—It will be noted that the value of ir 

(that is, ir -= 3.1416) entered into the calculation of the resistance 
of the iron rod of the preceding section. This was because the rod 
was circular in cross section and the value of the resistivity p was 
for a unit cube having a square cross section. It is quite clear that 
the resistance of a wire could be calculated in just the same manner 
as was done for the rod. However, each such calculation would 
involve the value ir = 3.1416 and also squaring the radius. 

There is nothing wrong with this, or even very involved, but it 
is bothersome, and the method of calculating the resistance of wires 
has been simplified. This has been done by using a circular unit 
in Eq. (8) instead of the centimeter cube which has a square cross 
section. That is, instead of using for p the resistance of a centi-
meter cube of the material, in wire calculations p' is used which is 
the resistance of a wire one mil (0.001 or one one-thousandth of an 
inch) in diameter and one foot long. The resistance of this unit 
wire of circular cross section, one one-thousandth of an inch in 
diameter and one foot long, is known as the circular-mil-foot. 
The resistance at 20°C. of a high-grade annealed copper wire 1 

mil in diameter and 1 foot long (that is, the resistance per circular-
mil-foot) is 10.37 ohms. This value applies to a very pure form of 
copper arbitrarily defined to be of 100 per cent conductivity. It 
will be referred to as pure copper hereafter, meaning of course of a 
specified commercial grade of purity rather than as free from all 
impurities. 
Annealed, or "soft," copper is used for magnet wire, for wiring 

parts, for cables, and for purposes where mechanical strength is 
not of prime importance. Hard-drawn copper wire is used for line 
conductors such as are used in constructing open-wire telephone 
lines, where strength is important. To form wires, the copper is 
successively passed through smaller and smaller dies while the 
temperature of the metal is relatively low. This process leaves 
mechanical stresses in the surface layers of the wire and other-
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wise affects the grain structure. This is a factor affecting the 
resistance. For hard-drawn wires the resistance per circular-mil-
foot is about 4 per cent greater for small wires and 2 per cent 
greater for large wires (thus 3 per cent will be a satisfactory 
factor to apply to hard-drawn wires of common sizes such as 
number 12 or 10). The reason for this varying percentage is of 
course that the smaller the cross section of the wire, the greater 
will be the percentage of the material affected by the drawing 
process. 
To summarize: A circular unit of measure, the circular-mil-foot, 

is used in calculating the resistance of wires. This avoids the use 
of the factor 3.1416. For pure annealed copper, the resistance per 
circular-mil-foot is 10.37 ohms at 20°C. For hard-drawn copper, 
the resistance is some 3 per cent higher.' 
Wire-resistance Calculations.—As has previously been ex-

plained, a form of Eq. (8), R = p'l/a, is used to calculate the resist-
ance of wires. It has been explained that p' is the resistance per 

mil-foot, and of course I would be in feet. 
It has been mentioned that a circular unit of 
measure is used for the area a, but this unit 
must be further investigated. 
The circular unit of measure used in wire 

calculations is the circular mil. A circular 
mil is the area of a circle one mil (1/1000 inch) 
in diameter. The use of the value ir = 3.1416 
is avoided, because this is a factor chang-

FIG. 32 .—I llus trating 
the fact that the cross sec- mg from circles to squares. However, the 
tional areas of the two cir- cross-sectional area of a wire is proporRonal 
eles are proportional to 
their diameters squared. to the diameter squared. This is illustrated by 

Fig. 32. Merely by inspection it is evident 
that the circle having a diameter of 2d has an area four times that 
of the circle having a diameter of d. Thus, the area in circular mils 
is proportional to the diameter squared. To find the circular mil 
area, square the diameter in mils, one mil equaling one one-thou-
sandth of an inch. 
One other factor must be introduced to complete the expression 

for the resistance of a wire. This is a conductivity term, because 

In this book the resistance per circular-mil-foot is designated as p'. In 
most writing3, p is used for both the centimeter-cube and the mil-foot values. 
The symbol p' is here used to avoid confusion. 
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all copper wire may not be so good a conductor as the pure an-
nealed copper having a resistance per mil foot of p' = 10.37 ohms 
at 20°C. As was mentioned, hard-drawn copper has a resistance 
some 3 per cent higher; this is equivalent to saying that its con-
ductivity is 97 per cent as great. Or, looked at from the standpoint 
of the circular-mil-foot, the resistance per circular-mil-foot of this 
hard-drawn copper would be p' = 10.37/0.97 = 10.68 ohms. An 
example of the calculation of the resistance of a wire will now be 
considered. In practice the circular-mil-foot is often shortened to 
mil-foot. 

In the telephone industry a hard-drawn copper wire 0.165 inch 
in diameter has been used for constructing open-wire lines. Suppose 
it is desired to calculate the direct-current resistance per loop mile. 
A loop mile means a loop of wire one mile long. It takes two wires 
to make a loop, hence a loop mile consists of two miles of wire. The 
calculations are to be made at 20°C. 

Step 1. Calculate the resistance per mil-foot for the hard-drawn 
wire, assuming the 3 per cent increase to apply. 

10.37  
— — 10.68 ohms. 

0.97 

Step. 2. Calculate the length in feet. 

/ = 5280 X 2 = 10,560 feet. 

Step 3. Calculate the circular-mil area. This equals the diame-
ter in mils squared. 

d = 0.165 = 165 mils. d2 = (165)2 = 27,200 circular mils. 

Step 4. Apply these values in the modified form of Eq. (8) to 
calculate the resistance of the wire. 

pil 10.68 X 10,560 
R - a - 27,200 - 4.16 ohms.1 

If the reader happens to be a telephone worker with tables available he 
should not lose faith in this calculation just because it may not agree exactly 
with his tables. There are many reasons for this: This was specified to be the 
direct-current resistance; his tables may be for 1000 cycles, and the values may 
be slightly different. Also, the 3 per cent factor may not hold exactly, etc. 
Mention should also be made of the fact that in cables using twisted pairs 
(such as in telephone plant) the actual wire length of one conductor is about 
5 per cent greater than that of the fabricated cable (that is, of the length of the 
cable measured along its sheath). 
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Wire Sizes.—It is common practice to specify the size of wires 
by corresponding gauge numbers. Unfortunately, there are 
several systems of gauges in common use. The most widely used 
system in this country is the American Wire Gauge (A.W.G.); this 
is also called the Brown and Sharpe (B. & S.) Gauge. All copper 
electric conductors used in power work follow this system. In 
communication, the copper wires used in telephone-central-office 
and outside-plant cables follow this system. Also, the conductors 
used in telephone-central-office and radio wiring are A.W.G. wires. 
These wire sizes and other useful data are given in Table II. 
The data given in Table II require no accompanying explana-

tion. There are certain "rules" by which the data applying to 
one size may be altered to give the characteristics of another. 
These data and additional information are given in various hand-
books.' It is not believed advisable to memorize such relations 
unless special circumstances justify the effort. 
Two other gauge systems are used, particularly in telephony. 

For iron and steel wires the U. S. Steel Wire Gauge (Stl.W.G.) is 
used; the Birmingham Wire Gauge (B.W.G.) is also used for iron 
wire. This same B.W.G. system is used for copper, however, as is 
the New British Standard Gauge. (N.B.S.G.) Handbooks should 
be consulted for data on these systems. As is evident, there is 
opportunity for much confusion. To avoid this, it has become good 
practice in telephone work to specify not the wire gauge but the 
wire diameter in mils, particularly when specifying open-wire 
conductors. Three types of hard-drawn copper conductors are 
often used for long-distance open-wire telephone lines. These are 
No. 8 B.W.G. (165 mil), No. 10 N.B.S.G. (128 mil), and No. 12 
N.B.S.G. (104 mil). These wires have resistances of 4.02, 6.68, 
and 10.12 ohms, respectively, per loop mile at 20°C., according to 
reliable figures (see footnote, page 51). The reader is referred to 
handbooks for tables giving the safe carrying capacity of wires. 

Effect of Temperature on Resistance.—As was briefly men-
tioned on page 3, temperature affects the atomic vibrations to a 
small extent. Since this is true, it is not surprising to find that 
temperature has a marked effect on the resistance of most con-
ducting materials. In fact it can be stated that all pure metals of 

1 For instance, "Electrical Engineers' Handbook," Vol. V, Communication 
and Electronics, John Wiley & Sons, Inc., or "Standard Handbook for Elec-
trical Engineers," McGraw-Hill Book Company, Inc. 
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TABLE II.-WIRE TABLE FOR INTERNATIONAL STANDARD ANNEALED COPPER 

American Wire Gauge (B. & S.) 

Commonly used in the United States for copper, aluminum, and resistance wire. 
For hard-drawn copper wire, see page 49. 

EL&S. 
gauge, No. 

Diameter, 
mils, d 

Area, circular 
mils, d2 

Celunaper1000ft 
at20°C.,or68°F. 

Pounds per 
1000 ft. 

0000 460.00 211,600 0.04901 640.5 
000 409.64 167,810 0.06180 508.0 
00 364.80 133,080 0.07793 402.8 
0 324.86 105,530 0.09827 319.5 

1 289.30 83,694 0.1239 253.3 
2 257.63 66,373 0.1563 200.9 
3 229.42 52,634 0.1970 159.3 
4 204.31 41,742 0.2485 126.4 
5 181.94 33,102 0.3133 100.2 

6 162.02 26,250 0.3951 79.46 
7 144.28 20,816 0.4982 63.02 
8 129.49 16,509 0.6282 49.98 
9 114.43 13,094 0.7921 39.63 
10 101.89 10,381 0.9989 31.43 

11 90.742 8,234.0 1.260 24.93 
12 80.808 6,529.9 1.588 19.77 
13 71.961 5,178.4 2.003 15.68 
14 64.084 4,106.8 2.525 12.43 
15 57.068 3,256.7 3.184 9.858 

16 50.820 2,582.9 4.016 7.818 
17 45.257 2,048.2 5.064 6.200 
18 40.303 1,624.3 6.385 4.917 
19 35.890 1,288.1 8.051 3.899 
20 31.961 1,021.5 10.15 3.092 

21 28.462 810.10 12.80 2.452 
22 25.347 642.40 16.14 1.945 
23 22.571 509.45 20.36 1.542 
24 20.100 404.01 25.67 1.223 
25 17.900 320.40 32.37 0.9699 

26 15.940 254.10 40.81 0.7692 
27 14.195 201.50 51.47 0.6100 
28 12.641 159.79 64.90 0.4837 
29 11.257 126.72 81.83 0.3836 
30 10.025 100.50 103.2 0.3042 

31 8.928 79.70 130.1 0.2413 
32 7.950 63.21 164.1 0.1913 
33 7.080 50.13 206.9 0.1517 
34 6.305 39.75 260.9 0.1203 
35 5.615 31.52 329.0 0.0954 

36 5.000 25.00 414.8 0.0757 
37 4.453 19.82 523.1 0.0600 
38 3.965 15.72 859.6 0.0476 
39 3.531 12.47 831.8 0.0377 
40 3.145 9.89 1049 0.0299 
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the types ordinarily used for electric conductors are affected in sub-
stantially the same way. Certain metallic alloys are available, 
however, having resistances that are affected very little. 

In studying the effect of temperature on resistance, it should be 
remembered that the statements which are made apply, in general, 
only over the usual operating range, say from zero to several hundred 
degrees Fahrenheit. To study these relations, annealed copper 
will be used as an illustration because it is the most common elec-
tric conductor. 
The relation between resistance and temperature for pure 

annealed copper only is shown in Fig. 33. This figure is interpreted 

o 

+5 
„tn 

+.++ 

-2345 o t t' 

Temperature,°C. 

33.—If the resistance of pure annealed copper is RI ohms at temperature i, 
it will be R2 ohms at temperature t'. The resistance appears to be zero at a tem-
perature of — 234.5° C. 

as follows: If a specimen of copper has a resistance R1 at tempera-
ture t, it will have a resistance R2 at temperature t'. Over the usual 
operating range, a direct relation exists between temperature and 
resistance as indicated by the straight line. The slope of this line 
for copper over the usual operating range is such that if the line is 
extended back it will intersect the X axis at — 234.5°C. 
Now this would indicate that at — 234.5°C. a copper conductor 

would have zero resistance, but this is not true. The line shown 
applies only over the usual operating range. In fact it is extended 
to zero arbitrarily as indicated by the fact that it is dotted.' How-

1 Theoretical and experimental evidence indicate that the temperature of 
zero resistance is —273°C. This is absolute zero, and a body can be no colder. 
Within a few degrees of absolute zero, the resistance of a conductor suddenly 
(almost) vanishes. Provided that it is once started, it is possible to have a 
large current flow in a conductor near absolute zero with no applied electro-
motive force. Such phenomena are discussed in books and articles on physics. 
For an example, see K. K. Darrow, Electricity in Solids, Bell System Technical 
Journal, Vol. ITT, No. 4. 
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ever, the value — 234.5 is a very useful figure as will now be 
shown. 
From Fig. 33, and the fundamental law of similar triangles (to 

be explained below), it follows that 

R1 234.5 + t R1(234.5 + t')  
R2 = 234.5 ± t' and R2 = 234.5 ± t 49) 

As an application of this, suppose that the resistance R1 of a con of 
wire at 20°C. is 6.4 ohms and that its resistance R2 at 80°C. ‘s 

desired. Then, from Eq. (9) 

6.4(234.5 ± 80) 6.4 X 314.5  
R2 — = 7.91 ohms. 

234.5 ± 20 254.5 

Eq. (9) and its application to Fig. 33 are based on the two triangles 
of Fig. 34. Here are shown two triangles xyz and mno. The angle 

X /77 

34.—Illustrating the relations between similar triangles. If the angle O is the 
same, then the lengths of the sides are proportional. 

O of each triangle is the same. Now if these two triangles are drawn 
to scale and measured (as has been done in this figure) it follows 
that y/n = x/m. Thus, in Fig. 33 where y = RI, n = R2, z = 
234.5 ± t, and m = 234.5 ± t', the relations given by Eq. (9) are 
true. 

To summarize: For pure metals (as distinguished from alloys) 
increasing the temperature increases the resistance and decreasing 
the temperature decreases the resistance. Over the usual operating 

temperature range, a direct proportionality exists between these 
factors. This makes possible a simple method of calculation of 
resistance change as given by Eq. (9) based on Fig. 33. 
Temperature Coefficient of Resistance.—As was emphasized 

before, the numerical relations of Fig. 33 and Eq. (9) hold only 
for pure annealed copper. Of course the general method will apply 
to any material over the temperature range where there is a 
straight line relation between temperature and resistance. But, 
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the value 234.5 applies only to annealed copper. If similar values 
were available for other conductor materials, the method of Eq. 
(9) could be used. A different method is, however, used to calculate 
the change in resistance. This is based on a temperature coefficient 
of resistance. 
By definition, the temperature coefficient of resistance is the in-

crease in resistance per ohm of original resistance at a temperature t 
per degree centigrade of temperature change above the initial temper-
ature t. Now that statement by itself seems vague, but its applica-
tion is very simple and practical. This coefficient for pure an-
nealed copper at a starting temperature of 20°C. is 0.00393 and is 
usually designated by «, the Greek letter alpha. 
Now suppose that the problem of the preceding section is to be 

solved by this alternate method. From the definition of the tem-
perature coefficient, the increase in temperature will be 6.4 X 60 X 
0.00393 = 1.51 ohms. The 6.4 is the "per ohm of original resist-
ance," and the 60 is the "per degree temperature change" of the 
preceding definition. Of course, adding the increase in resistance 
to the original resistance gives the final resistance, or R2 = 1.51 + 
6.4 = 7.91 ohms, the same result as was previously obtained. 
The more theoretically inclined readers may desire an equation 

to express the relations of the preceding paragraph. Such an equa-
tion may be derived as follows: The final resistance R2 equals the 
original resistance R1 plus the increase in resistance. From the 
definition of the temperature coefficient of resistance, the increase 
in resistance is the product of the original resistance, the change in 
temperature in degrees centigrade, and the temperature coefficient. 
Setting down these relations algebraically, the final resistance is 

and thus 

which becomes 

R2 = R1 Rincreasee 

&acreage = RI% — 

R2 = R1 ± R1(t2 ti)a, 

R2 = R1[1 ± (t2 t1)]. (10) 

One word of warning regarding the use of Eq. (10) is necessary. 
If the original temperature t1 is 20-C., then «20 the coefficient for 
a starting temperature of 20°C. must be used. If t1 is for 0°C., 
then «0 must be used. To generalize, if t is the original tempera-
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ture, then at a coefficient applying to that temperature must be used. 
(This is an argument in favor of using the method on page 54 for 
copper conductors. Of course this method also could be used for 
other conductors if information such as contained in Fig. 33 were 
available for them.) 

In practice, room temperature, assumed to be 20°C., is usually 
taken as the reference temperature. For this reason, temperature 
coefficients of resistance are usually specified, with 20°C. as a 
reference point. Coefficients for various metals used in electrical 
work are given in Table III. 

Attention is called to two important facts in Table III. (1) The 
temperature coefficient of resistance with a starting temperature 
of 20°C. is about 0.004 for many of the pure metals. This figure is 
a handy one to remember. (2) For hard-drawn copper the tem-
perature coefficient is less than for pure copper. (As shown in 
Table I, the resistivity is greater.) 

TABLE IIL—TEMPERATURE COEFFICIENT or RESISTANCE 
FOR CERTAIN METALS 

(Based on an initial temperature of 20°C.) 

Aluminum (as used in wire)    0.0039 
Copper (annealed standard)  0.00393 
Copper (hard-drawn No. 12 A.W.G.)  0.00382 
Iron (electrolytic melted in vacuo)  0.0055 approx. 
Iron (wrought)  0.0055 approx. 
Lead  0.00387 
Nickel  0.0062 
Silver (99.78% pure)  0.0040 

Much has been said about the increase in resistance due to a rise 
in temperature, but little has been said about the decrease in 
resistance due to a fall in temperature. Such calculations are made 
by using Eqs. (9) and (10) in "reverse." No difficulty should be 
experienced in using Eq. (9); for Eq. (10), however, because the 
temperature coefficient is based on either 0 or 20°C., the following 
is recommended. First, change the + sign of the equation to — 
and calculate the resistance at either 0 or 20°C., depending on 
which coefficient is used. Then, recalculate the resistance at the 
desired temperature. In other words, if the resistance at 60 
degrees is known and if it is desired at 25 degrees, calculate it at 
20 degrees by changing the sign, and then recalculate at 25 degrees 
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using Eq. (10) as it stands. Of course, short cuts are possible 
after experience has been gained. 
To summarize: Although the method explained on page 54 is 

extremely useful for finding the increase in the resistance of copper 
conductors, data are not generally available so that this method 
can be applied to other metals. An alternate method, given by 
Eq. (10), is widely used. This involves the temperature coefficient 
of resistance which is defined as the increase in resistance per ohm 
of original resistance at a temperature t per degree of temperature 
rise above the initial temperature t. Since the statement in italics 
enters into determining the temperature coefficient, the starting 
temperature at which the coefficient applies must be given. 
Temperature Measurements by Resistance Change.—The in-

crease or decrease in resistance due to temperature change is made 
use of in the so-called resistance thermometer. A resistance ther-
mometer can be devised merely by inserting a suitable wire in the 
region at which the average temperature is desired and then ac-
curately measuring the variations of resistance with a Wheatstone 
bridge (page 243). This method is also very useful in finding the 
average temperature of transformer windings, for example. It 
should be noted that this does not give the temperature of the 
hottest spot at which charring and insulation failure would prob-
ably occur first. 
As an illustration, suppose that the secondary windings of a small 

power output transformer have a direct-current resistance of 5.28 
ohms at 20°C., but that after long operation a measurement shows 
that the resistance has risen to 6.22 ohms. Using Eq. (9), 

6.22 234.5 + t  

5.28 234.5 ± 20 

t = 65.3°C. 

and the temperature rise = 65.3 — 20 = 45.3°C. 
Resistors.—Resistors have been mentioned from time to time, 

but little has been said about them. It seems unnecessary to 
describe them in detail because the reader is no doubt very familiar 
with them. From this it should not be inferred that they are 
unimportant; in fact, they are very important as a look under a 
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radio chassis will prove. Typical resistors are shown in Figs. 35 
and 36. Additional information on resistors will appear at various 
points in this text (see pages 258 and 304). 
Something should be said at this point regarding the wires used 

in wire-wound resistors. Such wires are usually alloys composed of 

35.—Photograph of a resistor of the " composition " instead of wire-wound 
type. This resistor will only dissipate one watt. They are made in values of from 
a few ohms to millions of ohms. 

such metals as nickel, chromium, iron, copper, and manganese. If 
the economic factors and the mechanical properties are disre-
garded, the electrical characteristics most desired are high resistance 
and low change in resistance with temperature variations. (Of 
course low inductance is also desirable, see page 305). Data regard-

FIG. 36.—An accurate wire-wound noninductive resistor used in bridge measure-
ments. (Courtesy of General Radio Company.) 

ing certain alloys extensively used in wire-wound resistors (and 
for other purposes) in communication are given in Table IV. It 
should be noted that all these coefficients are positive; that is, 
increasing the temperature increases the resistance. Alloys are 
available with negative coefficients. 
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TABLE W .—CHARACTERISTICS OF RESISTANCE W IRE I 

Name . Composition 

Resistivity at 
20°C. ohms 
per centi- 

Temperature 
coefficient 
based on 

meter cube 20°C. 

Advance  Ni-Cu 0.000048 0.000018 
Comet  Ni-Cr-Fe 0.000087 0.0007 
German silver  Ni-Cu-Zn 0.0000338 0.00031 
Manganin  Cu-Mn-Ni 0.0000478 0.000003 
Nicrome II  Ni-Cr-Fe-Mn 0.0001095 0.000172 

Cr = chromium 
Ni = nickel 

Cu = copper 
Mn = manganese 

Fe = iron 
Zn = zinc 

1 These are merely typical of the alloys used and are not complete by far. Because of the 
various percentages of each metal used, the characteristics will vary. Handbooks should be 
consulted for detailed and exact data on these and other alloys. 

Insulators.—It is usually stated that a current flows in a wire 
because the wire is a good conductor. Perhaps it would be just as 
exact to say that the current flows in the wire because the wire is 
surrounded by a good insulator. This insulation may be provided 
by an insulator such as a glass or porcelain support, or it may be 
the surrounding air itself. Insulation and insulators are very 
important, because they actually touch the energized wires.' Fur-
thermore, they are important because they prevent injury to man 
and to equipment. 
As was mentioned in previous pages, a material is a good con-

ductor if it contains many free electrons. A material will be good 
for resistors if it contains relatively few free electrons (and has a low 
temperature coefficient of resistance, keeping its resistance quite 
constant as it heats). A material is a good insulator if it has very 
few free electrons, and therefore but an exceedingly small current 
can flow even if a fairly large voltage is applied.2 

I Also, as will be considered on p. 188, the insulators and the insulation are 
in the electric field produced by the voltage impressed on the conductors. 

2 Of course many other characteristics enter into determining the qualities 
of a material as an insulator. From an elementary electron viewpoint, all 
that is necessary however is that there are very few free electrons and that 
the application of a potential difference will not liberate, within the material, 
electrons which might then constitute a current flow. 
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Since only a very small current flows in a good insulator even 
upon the application of very high voltages, it follows that an 
insulating material has very low conductivity and very high resistivity. 
Suppose that it is desired to measure the resistivity of some insulat-
ing material such as Bakelite. As for a conductor, resistivity would 
be the resistance between the two opposite parallel faces of a 
centimeter cube of the material. But, there is a great difference 
involved in the path the measuring current will take in an insulator 

and in a conductor. 
In measuring the resistance of a centimeter cube of a metal 

conductor, the metal offers such a good path that the current which 

flows over the surface is negligible. But 
in measuring the current which flows from 
one face to another parallel face of a cen-
timeter cube of an insulating material 
such as Bakelite the path over the surface 
as well as the path through the material 
itself must be considered. In fact, if a 
centimeter cube of Bakelite were being 
tested, the flow of current over the sur-
face could even exceed the flow of current 
through the body of the material. The FIG. 37.—Cross section of a 

telephone insulator. 
flow of current or leakage current over 
the surface would be through paths offered by moisture and 
"impurities" on the surface. For example, salt spray on the 
surface of insulators near the ocean and damp alkali dust 
on insulators in desert areas conduct large leakage currents 
and reduce the insulation resistance of lines to very low 

values. 
This principle is illustrated by Fig. 37 which represents the cross 

section of a telephone insulator. There are two paths for current 
flow from the conductor in the groove to the pin (often steel). One 
path is directly through the glass between the conductor (and the 
tie wire) and the pin. The other path is the leakage path over the 
surface of the insulator. As Fig. 37 indicates, this leakage path 
has been made quite long and the insulator so constructed that the 
inside portion of the path is kept as dry as practicable. 
To summarize: An electric insulation is provided by a material 

having very few free electrons. In considering insulators, both the 
resistance to current flow through the body of the insulator and 
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the resistance to the leakage current flow over the surface of the 
insulator must be considered. 
Volume and Surface Resistivity.---Because of the phenomena 

just considered, two resistivities must be considered for insulating 
materials. These are the volume resistivity, or resistance per 
centimeter cube to current flow through the insulation, and the 
surface resistivity, or resistance per centimeter square to current 
flow over the surface of the insulation. 

Since the surface leakage is very greatly affected by the moisture 
on the surface, the humidity at which the tests were made should 
be stated. Also all specimens should be cleaned in some accepted 
manner. Since the path over the surface and that through the 
material are in parallel, special test methods must be employed. 
Volume and surface resistivities for a few insulating materials are 
given in Table V. 

TABLE V.—CHARACTERISTICS OF INSULATING MATERIALS' 

Material 

Volume resistiv-
ity, ohms per 

centimeter cube 
at 20-25°C. 

Surface resistivity, ohms per 
centimeter square at 20-25°C. 

Relative humidity 

30% 50% 90% 

Amber  
Bakelite  
Fiber (bone)  
Glass (plate)  
Isolantite  
Mica (muscovite)  
Porcelain (wet process) 
Rubber (hard)  

5 X 1016 6 X 1016 3 X 1012 
2 X 1016 4 X 10' 8 X 1015 8 X 10" 
2 X 10" 3 X 10" 5 X 108 3 X 107 
2 X 10" 8 X 10" 5 X 10" 2 X 106 

2.7 X 1014 1 X 10' 
2 X 10" 1 X 10" 2 X 10" 8 X 102 
1 X 10" 2 X 10' 6 X 1011 5 X 106 
1 X 1018 6 X 1015 3 X 1015 2 X 102 

1 Values from "Electrical Engineers' Handbook," Vol. V, Communicatimi and Electronics, 
John Wiley & Sons, Inc. A number like 2 X 1010 is 20,000,000,000, or 20 billion. Thus the 
volume resistivity of bone fiber is 20 billion ohms per centimeter cube. 

To summarize: The surface and volume current paths are in 
parallel, and special means must be employed to measure these 
values. The surfaces of materials to be tested should be cleaned in 
an accepted manner, and the humidity should be specified (in addi. 



CONDUCTORS, RESISTORS, AND INSULATORS 63 

tion to temperature) because the surface moisture affects the 
leakage to a marked degree. 

Insulation-resistance Calculations.—It is seldom necessary in 
practical electrical work to calculate leakage currents; furthermore, 
such calculations are approximate, largely because of irregularly 
shaped insulators and the variable nature of the resistivity values. 
Nevertheless, it will be instructive to consider the means for cal-
culating the volume and surface resistance of an insulating body 
such as in Fig. 38. This same reasoning will, 
of course, apply to a longer cylinder or rod. 
The problem is to calculate the volume 

current through a glass cylinder and the leak-
age current over the surface of the glass cylin-
der, the dimensions and applied voltage being 
as shown in Fig. 38. The volume resistivity 
is 1015 ohms per centimeter cube, and the 
surface resistivity is 106 ohms for this par-
ticular specimen under the conditions in-
volved. A circular metal plate in intimate 

contact with the glass covers each end of the FRI. m.—Glass cylin-
cylinder. der used in illustrating 

volume and surface leak-
Step 1. Calculate the current through the age. 

glass. From the theory on page 50, the re-
sistance of the current path will be calculated in the same general 
manner as for a wire. Thus, R = pl/a. As just specified, for the 
volume of the glass, p = 1015 ohms per centimeter cube, t = 6 
centimeters, and a the cross-sectional area equals r r2(r = radius) = 
3.1416 X 1 = 3.1416 centimeters. Then, 

1015 X 6 
R — — 1.91 X 10 15 ohms. 

3.14 

E  1000 1000  

/ —  R — 1.91 X 1015 — 1,910,000,000,000,000 

= 0.000000000000524 ampere. 

Step 2. Calculate the current over the surface of the glass. To 
do this it must be imagined that the surface of the glass is "un-
rolled." If this were done, the surface would constitute a rectangle. 
The height of this rectangle would be the same as the height of the 

cylinder, or 6 centimeters. The width of the rectangle would be the 
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distance around the glass cylinder. This is Td (d = diameter), or 
2 X 3.1416 = 6.2832 centimeters. Now this unrolled surface con-
stitutes a conductor. The resistance of this conductor will vary 
directly as the distance the current has to flow. This distance is 
the length of the rectangle which equals the height of the cylinder. 
Also, the resistance of the rectangle will vary inversely as the width, • 
because the greater the width (that is, the greater the distance 
around the cylinder), the more current paths will be in parallel 
between the two ends of the cylinder. Applying these relations, 

106 X 6 
R — — 0.955 X 106 ohms, 

6.28 
and 

E  1000  
I — R — 0.955 X 10 — 1.05 X 10-3 = 0.00105 ampere. 

6 

From these calculations it is apparent that the surface leakage over 
an insulator may be many times as great as the current passing 
through the body of the insulator. Thus the importance of clean 
dry insulators is apparent. Those readers who are familiar with 
insulation-resistance variations on long open-wire telephone lines 
will recall that on many lines the insulation resistance will rise 
quite high when the insulators have just dried following a good 
rain. At the other extreme, they will recall that the insulation 
resistance is often quite low when the insulators are dirty (as at 
the end of a dry period) and the line is enveloped in a damp fog. 
The insulation troubles due to salt spray and alkali dust were men-
tioned. In some desert regions, and in industrial areas, it has 
sometimes been necessary to wash the insulators with steam.' 

SUMMARY 

Conductors, resistors, and insulators are fundamentally the same, differing 
only in the degree in which they contain free electrons. 

In fact the whole classification is purely relative. Resistors of say 10 meg-
ohms used in vacuum-tube circuits might be classed as insulators in other 
circuits. Furthermore an insulator may become a very good conductor if 
heated. 
The resistance of a body varies directly as the length and inversely as the 

cross-sectional area of the body. 

See for example, Howard, B. F., Controlling Insulation Difficulties in the 
Vicinity of Great Salt Lake, Journal of the A.I.E.E., December, 1926. 
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The resistance per centimeter cube is known as the resistivity of a material. 
For the common conductor materials, such as copper or aluminum, increas-

ing the temperature increases the resistance, and vice versa. 
To simplify the calculation involving wires, the measure ohms per circular-

mil-foot instead of ohms per centimeter cube is used. 
Many systems of wire gauges are used. The one most widely used in this 

country is the B. & S. (Brown and Sharpe) or A.W.G. (American Wire Gauge). 
Much confusion is prevented by specifying a wire by its diameter in mils 
(1/1000 inch). 
Changes in resistance with temperature can be calculated for copper if it is 

remembered that the curves for copper indicate that at —234.5°C. the resist-
ance of copper would be zero. (Actually the point is near absolute zero or 
—273°C.) 
A temperature coefficient of resistance, defined on page 56, is also used to 

compute the changes in resistance with changes in temperature. 
Alloys are available that have a very small change in resistance with tem-

perature. Some alloys are even available that have a resistance decrease with 
temperature increase. 

Alloys that have a high resistivity, but show small resistance variation, and 
that have good mechanical characteristics make good stable wire-wound 
resistors. 

In the study of an insulator, the current flow over the surface of the insu-
lator as well as through the insulator must be considered. 

REVIEW QUESTIONS 

1. Explain why the resistance of a conductor varies directly as the length 
and inversely as the cross-sectional area. 

2. Does the same reasoning as given for Question 1 apply to an insulating 
rod? 

3. Define resistivity. 
4. Explain why the circular-mil-foot is used. 
5. At what temperatures are resistivity values usually given? 
6. From the standpoint of superior conductivity alone, rate the following: 

copper, aluminum, silver, and lead. 
7. Is hard-drawn copper a better conductor than annealed copper? Rate 

its conductivity as compared with annealed copper. 
8. What is meant when it is stated that a conductor is 128-mil copper? 
9. What wire gauge is used for telephone cables? For radio push-back wire? 
10. How many miles of wire are there in a loop mile? How many miles of 

wire are there in a loop inside a cable section 1 mile long? 
11. Define the temperature coefficient of resistance. 
12. What is meant by the statement that the temperature coefficient of 

resistance is negative? 

13. What important precaution must be taken in using temperature coeffi-
cients? 

14. What is an approximate temperature coefficient for many pure metals? 
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15. Name some of the electrical specifications you would set down for wire-

wound resistors. 
16. Explain how a simple resistance "thermometer" can be constructed 

and used. 
17. In what basic manner does the calculation of insulation resistance differ 

from that of the calculation of conductor resistance? What procedures are 

essentially the same? 
18. Explain the relation humidity bears to insulation resistance. 
19. Do you regard insulation-resistance calculations such as on page 63 as 

highly accurate? How great an error might you expect? 
20. Explain fully why the unit per square centimeter is used in specifying 

surface resistivity. 

PROBLEMS 

1. Copper is the most common material used for electric conductors. 
Assume that its conductivity is unity, and construct a table for the metals of 
Table I expressing their conductivity as a percentage of that of copper. 

2. Aluminum is sometimes used for bus bars. Calculate the resistance at 
20°C. of an altuninum bus bar 12 feet long and 6 inches by 1 inch in cross 

section. 
S. Calculate the resistance at 20°C. of a copper tube having an inside diam-

eter of 0.5 inch, a wall thickness of 0.075 inch, and a length of 16.2 feet. 
4. Calculate the resistance at 20°C. of a lead strap which is 20 inches long, 

2.1 inches wide, and 0.32 inch thick. 
5. Calculate the resistance per foot at 20°C. of an annepled copper wire of 

100 per cent conductivity. The wire is 0.229 inch in diameter. Repeat for a 

hard-drawn wire. 
6. A small private-branch-exchange (p.b.x.) telephone switchboard must 

have a direct voltage of at least 18 volts impressed across it in order to operate 
satisfactorily. Under peak conditions the board draws 2.2 amperes. The 
voltage from the main central-office battery of 24 volts is supplied the p.b.x. 
board over three cable pairs connected in parallel; that is, three wires of three 
pairs are tied together in parallel for the positive supply and the three other 
wires of the pairs are tied together for the negative supply. The only pairs 
available are the three No. 22 A.W.G. Can the board be 1.18 miles (cable 

miles) from the central office and operate satisfactorily? What are your 

recommendations? 
7. What must be the diameter in mils of an aluminum wire to have the 

same resistance as a hard-drawn No. 2 A.W.G. copper wire? 
8. The resistance of an annealed copper wire is 10 ohms at 20°C. Calculate 

the resistance at 25°C. Calculate the final resistance if it is of hard-drawn 

copper. 
9. Repeat Prob. 3 for 25°C. 

10. Repeat Prob. 5 for the wires at 30°C. 
11. The resistance of a copper relay winding is 184 ohms at 20°C. After 

carrying normal current for 20 minutes the resistance is found to be 189 ohms. 
Calculate the final temperature. Is this an excessive temperature rise? 
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12. The current through a certain relay winding is 0.144 ampere when 4 volts 
is impressed across it and the temperature is 22°C. What will the current be 
if the relay is 4°C. hotter? 

13. A wire-wound 1000-ohm resistor is made of No. 36 A.W.G. Nicrome II 
wire. How many feet must be used at 20°C.? What will be the percentage 
change in resistance for a 10-degree temperature rise? 

14. A radio-antenna strain insulator is made of porcelain, is 8 inches between 
the two metal end fittings, and is 1.5 inches in diameter. Calculate the direct-
current leakage resistance of the insulator and the surface leakage resistance 
at 20°C. and 30 per cent relative humidity. 

15. The direct-current insulation resistance between the two wires of a 
telephone line 50 miles long is 10,000,000 ohms. What is the insulation 
esistance per mile? 



CHAPTER IV 

DIRECT-CURRENT ELECTRIC POWER AND ENERGY 

Any system of instantaneous communication is an energy 
transmission system. When a person speaks, energy in the form 
of sound waves travels to the listener's ear. The telephone trans-
mitter starts electric impulses out on the line, and thus electric 
energy is conveyed to the distant telephone. The radio-broadcast 
station sends electric energy through space to the distant radio-
receiving antenna. 
The discussions of the preceding chapters have been largely con-

fined to voltages and currents. Voltage by itself does not contain 
energy; and voltage by itself can do no work. The same is true of 
current alone. To transmit energy and to do work, voltage and 
current must act together. 

Before considering this subject further, it is advisable to con-
sider certain fundamentals upon which electric power and energy 
are based. 

Force, Work, Energy, and Power. Force.—Suppose that the 
massive body M is placed on a rough surface as in Fig. 39 and it is 
desired to move the body along the surface at a uniform rate. A 

Rough surface  

39.—Work is done when the force F moves the mass M along the rough 
surface. 

force F is applied to the body M to move it, but suppose the force 
is too small. Of course, under these conditions nothing at all 
happens. Now suppose that the force is increased until the body 
moves along the rough surface at a uniform rate. Force may be 
defined as that which produces or tends to produce a change in the 
motion of a body. It will be recalled that electromotive force was 
defined as that which produces or tends to produce current flow; 
in other words, voltage causes or tends to cause electrons to move. 

68 
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Work.—When the massive body of Fig. 39 slides along the 
rough surface, the friction between the body and the surface causes 
heat to be developed and the temperature to rise. Energy has 
been dissipated, and work has been done. Work is defined as the 
production of motion against a resisting force. In this instance, 
friction was the resisting force. In electric circuits, resistance 
offers the resisting force to current flow. 
Energy.—Fuel oil is burned beneath a boiler so that the energy 

contained within the oil may be made available to operate a steam 
engine and do mechanical work by producing motion against a 
resisting force. Energy may be defined as the ability to do work. 
Work is something done, something accomplished; energy is the 
ability to do work. One of the most fundamental laws of nature 
is that of the conservation of energy: Energy can be neither created 
nor destroyed but can be changed from one form to another. Thus an 
electric dry cell changes chemical energy to electric energy, and an 
electric motor changes electric energy to mechanical energy. The 
efficiency of transformation from one form to another is less than 
100 per cent.* However, the energy is not lost in the usual sense 
of the word. The difference between the energy received and the 
energy transmitted can always be accounted for, usually in the 
form of heat dissipation. 
Power.—A large "powerful" electric motor can do a job of work 

in a short time. A motor of low power rating will require a much 
longer time to do the same amount of work. Power is the time rate 
of doing work. If the two motors considered have the same voltage 
ratings, then the larger powerful motor which does the work in a 
short time will take a large current from the source. The current 
taken by the smaller motor will be low, but it will be taken for the 
longer time required to complete the task. 

Electric Power.—Electric power is measured in watts. Electric 
power in watts is numerically equal to the voltage in volts times the 
current in amperes. That is, for direct-current values, 

P = EJ. (11) 

Thus, if a 6.3-volt storage battery is delivering 0.3 ampere directly 
to the heater of a type 77 radio vacuum tube, the power dissipated 
in the heater is P = EI = 6.3 X 0.3 = 1.89 watts. 
An illustration using an electric motor may be of interest. Sup-

pose that six 6.0-volt storage batteries are connected in series to 
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drive the motor of a motor-generator set used to supply electric 

energy to an amplifier in a large sound truck. When in operation, 
the motor takes 9.8 amperes. The power supplied the motor will 
then be P = EI = 6 X 6.0 X 9.8 = 353 watts. In the preceding 
paragraph the power delivered to the vacuum-tube heater was dis-
sipated in the heater. For the motor just considered, much of the 

electric power delivered to the motor is con-
verted into mechanical power for turning the 
generator connected to the common shaft. 

Equation (11) can be written in at least 
two other very useful forms, explained by 
the use of Fig. 40, which represents a bat-
tery supplying electric power to a vacuum-
tube filament. From Ohm's law, the current 
taken by the filament is I = E/R, the resis-
tance of the filament is R = E/I, and the 
voltage drop across the filament is E = IR. 
Using these relations in Eq. (11), gives the 
following 

40.—The am-
meter A measures the 
current taken by the 
filament of the vacuum 
tube. The voltmeter V 
measures the voltage 
across the filament. 
From these values the 
current and power taken 
by the filament can be 
calculated. 

and 
P = EI = IRI = I2R (12) 

EE 

P  = EI = 7i• (13) 

Assuming that, for this filament, E = 6.3 
volts and I = 0.3 ampere, then R = E/ I = 
6.3/0.3 = 21 ohms. Then P = EI = 6.3 X 
0.3 -- 1.89 watts, P = I2R = (0.3)2 X 21 = 

1.89 watts, or P = E2/R = (6.3)2/21 = 1.89 watts. 
It is often convenient in electrical work to use units other than 

the watt for measuring power. Thus, one kilowatt = 1000 watts, 
one milliwatt = 1/1000 watt, and one microwatt = 1/1,000,000 
watt. As illustrations, the output of a large broadcast station 
may be 50 kilowatts; the standard power input for testing long 
telephone lines is taken at 1.0 milliwatt; and the average speech 
power output of the human voice is about 10 microwatts. Another 
power unit often used is the horsepower; one horsepower equals 
746 watts. 
To summarize: Power is the rate of doing work. It tells how fast 

a device may be at accomplishing a job. Electric power is given by 
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any one of three equations P = RI = I2R = E2/R. In applying 
these equations, be sure that E is the actual voltage across the 
device, that I is the actual current through the device, and that R is 
the resistance of the device. The kilowatt (1000 watts), milliwatt 
(1/1000 watt), and microwatt (1/1,000,000 watt) are extensively 
used for measuring power in electric circuits. 
Measurement of Electric Power.—The student should remem-

ber that in this chapter power in direct-current circuits only is con-
sidered and that certain modi-
fications are necessary to extend 
this theory to alternating-current 
circuits (see page 261). 
The measurement of power 

in direct-current circuits is usu-
ally very simple and can ordi-
narily be done with only an am-
meter and a voltmeter. There 
are certain precautions to be 
followed, and these will now be 4111 
considered. For comparative 
purposes, Fig. 40 has been re- (a) (b) 
drawn and extended in Fig. 41. Fia. 41.—In a the ammeter A measures 

the sum of the current taken by the fila-
It was stated on page 70 that ment and that taken by the voltmeter V. 

the power dissipated in heating In b the voltmeter V measures the IR 
voltage drop across the ammeter A plus 

the filament of Figs. 40 (and 41a) the voltage across the filament. 
would be P = El, that is, the 
power dissipated in watts would be the product of the voltage 
across the filament in volts, and the current through the filament 
in amperes. This is true, but the ammeter A of Figs. 40 and 41a 
does not measure the current taken by the filament, it measures 
the sum of the current taken by the filament and the current taken 
by the voltmeter, because the voltmeter is a high-resistance elec-
trical device in parallel with the filament. 

It might be thought that all errors could be eliminated by con-
necting the circuit as in Fig. 41b, so that the voltmeter is below the 
ammeter and hence the ammeter reading does not include the cur-
rent taken by the voltmeter. But in changing the connections from 
Fig. 41a to Fig. 41b, another error entered. In this second circuit 
the current is the correct value, but the voltage read by the volt-
meter V is the sum of the voltage across the filament and the volt-
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age drop across the ammeter A. A good ammeter is a very low-
resistanct device, but a poor ammeter may have sufficient resist-
ance to cause an appreciable voltage drop across it. 
Of course the logical question is this: Which way should the volt-

meter and ammeter be connected so that the least error will result? 
The answer must be indefinite, it depends on the internal resist-
ances of the ammeter and voltmeter and upon the resistance of the 

It is not advisable to study ammeters and voltmeters at this 
time. However, it can be said that the internal resistance of an 
ideal voltmeter should be infinite, and that the internal resistance 
of the ideal ammeter should be zero. If these were the conditions, 
then either of the circuits of Fig. 41 would be satisfactory. From 
the practical standpoint, good high-resistance direct-current volt-
meters, having a resistance of 1000 ohms per volt, will seldom cause 
much error even if connected as in Fig. 41a. Similarly, good low-
resistance direct-current ammeters, having a resistance of about 
0.01 ohm, will seldom cause much error even if connected as in Fig. 
41b. High-resistance voltmeters and low-resistance ammeters 
should always be used; then, if the load resistance is low, use the 
connections of Fig. 41a, and if the load resistance is high, use the 
connections of Fig. 41b. 
To summarize: Power in direct-current circuits is readily meas-

ured with a direct-current ammeter and voltmeter. A slight error 
may creep in, however. To avoid appreciable error, certain precau-
tions outlined in this section should be followed. 
Example of Power Calculations.—Caiculations of direct-current 

power were treated on page 69. Additional• examples will now be 
given. The circuit of Fig. 42 is the filter and "bleeder" of a power 
supply with the numerical values given on the diagram. Suppose 
it is desired to calculate the direct-current power loss in each choke 
coil and in the bleeder. 

Step 1. Calculate the current flow. Since the condensers pass 
no direct current, the two chokes and the bleeder are in series with 
the direct-current voltage of 500 volts. The total resistance is Rt 
= 200 200 + 30,000 = 30,400 ohms. The current which will 
flow is I = E/Rt = 500/30,400 = 0.01645 ampere. 

Step 2. Calculate the power loss in each choke coil. For each 
choke, P = rR = (0.01645)2 X 200 = 0.0542 watt. Or, this can 
be done by finding the voltage across each choke and then multi-
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plying the voltage by the current as in Eq. (11). Thus, E = IR = 

0.01645 X 200 = 3.29 volts, and P = EI = 3.29 X 0.01645 = 
0.0542 watt. 

Step 3. Calculate the power loss in the bleeder. 

P = I21? =- (0.01645)2 X 30,000 = 8.12 watts. 

E = IR = 0.01645 X 30,000 ,7 493.5 volts. 

P = El = 493.5 X 0.01645 'LL- 8.12 watts. 

Step 4. The sum of the power dissipated in each element must 
equal the total power delivered by the source (from the conserva-

Choke cod choke coil 

Or 

Then 

: R.200 ohms R=200 ohms' 
R= 

i 3D000ohms 
D-c voltage "8/eeder" 
from rectifier resistor 
fube.500 volts Condenser Condenser 

' 

To 
load 

42.—Circuit representing a filter for connection between a rectifier tube and 
a load such as vacuum-tube plates. The choke coils and condensers serve to keep 
alternating-current components from the rectifier tube from reaching the load. 
The "bleeder" is a voltage divider. 

tion of energy principle), so this may be used as a check. The total 
power delivered is Pt = 0.0542 + 0.0542 + 8.12 = 8.228 watts. 
Also, Pt = El -= 500 X 0.01645 = 8.225 which is in close agree-
ment with the sum of the power taken by each element. 
From the foregoing calculation it is evident that the bleeder re-

sistor must be capable of continuously taking at least about 10 

watts from the circuit. If current is taken at one or more of the 
various voltage taps shown in Fig. 42, then additional current will 
flow in portions of the bleeder, and the /2R losses in those portions 
will be greater. For this reason, and to provide a factor of safety 
(that is, to assure that the bleeder will be of sufficient capacity 
under all reasonable conditions of operation), a 25-watt resistor 
would probably be selected. 
Power-handling Capacity.—The preceding discussion leads 

directly to a consideration of the power-handling capacity of a de-
vice. It has been shown that when current flows through resist-
ance, power in watts given by the relation P = I2R is dissipated. 
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This means that electric power is expended, and since from the law 
of conservation of energy power cannot be lost in the usual meaning 
of the word,' the power dissipated must be converted into heat. 
Of course this generation of heat will raise the temperature of a 

resistor (or other electric device), and an excessive temperature rise 

Fm. 43.—Four wire-wound resistors of the same resistance values. The different 
sizes make possible different current-carrying capacities. The upper resistor will 
dissipate 100 watts, the next lower one 50 watts, the third one 20 watts, and the 
lowest one 10 watts. (Courtesy of International Resistance Company.) 

may permanently damage the resistor. This is illustrated by Fig. 
43 which includes four resistors, each of the same resistance but of 
different current-carrying ability and, hence, power-handling ca-
pacity. 
The question may be asked: Why are the resistors of higher cur-

rent and power-handling capacity physically larger than those of 
lower power capacity? To answer this question the factors deter-

' It is quite common in electrical practice to say that the power loss is a 

certain amount. Of course, what is meant is that electric power is lost, in that 
it is converted into heat or otherwise dissipated. (At high frequencies, for 
example, power is radiated into space.) 
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mining temperature rise must be considered. Most telephone, 
telegraph, and radio equipment is made to operate in air.' The 
rate at which heat is transferred from a resistor (or other device) 
is affected by the area of the resistor in contact with the air. 

This means that a physically large resistor using large wire will 
be able to handle a larger current and dissipate more power than a 
physically small resistor wound with small wire. This also explains 
why cooling fins (such as on power tubes in radio-broadcast sets) are 
effective—they increase the radiating area in contact with the air. 
Of course moving cool air rapidly by these fins will also prevent an 
excessive temperature rise. An excessive temperature rise damages 
equipment in a variety of ways, but particularly in charring insula-
tion and reducing its insulating properties and in warping and 
otherwise damaging metal parts. 
To summarize: In the design and operation of electric equipment, 

care must be taken to select devices that have sufficient power-
handling capacity. Thus, a few inches of a hairlike resistance wire 
may have 500 ohms resistance, but the current it can carry and its 
power-handling capacity are both extremely low. On the other 
hand, a few feet of a larger wire of the same material will have the 
same resistance and can carry a large current and dissipate much 
power without having a damaging temperature rise. 

Electric Energy.—Man uses electricity to do his work for him: 
to carry his messages, to bring him entertainment, to illuminate his 
home, and to do his every bidding. As was shown, starting on page 
68, work is the production of motion against an opposing force, 
power is the rate of doing work, and energy is the ability to do work. 
Thus, electric energy is provided by a dry cell or is purchased from 
the electric-utility company. Energy, or the ability to do work, is 
measured by the watt-hour meter at the electric service entrance; 
the purchaser may put this energy to use as he desires and may take 
the energy at any rate (within reason) that he may wish. That is, 
the power demand at a given instant depends on the needs of the 
user. 

This is in contrast with electric-power equipment, where many of the 
devices, such as transformers, operate in oil. The oil more readily carries the 
heat to the surface of the tank where the large radiating area in contact with 
the air keeps the oil temperature low. Of course the oil also improves the 
insulation of the windings. 
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Electric power has been defined as the rate of doing work (elec-
trically). Thus, power multiplied by the time over which the 
power is used gives work, or energy. That is, 

Work or energy = Pt = watts X hours = watt-hours. (14) 

Of course, work and energy 1 can be measured in other units such as 
watt-seconds and kilowatt-hours. 
To summarize: Electric energy, which is the product of electric 

power and the time over which the power is used, is a unit of basic 
importance. Electric energy is usually measured in watt-hours and 
kilowatt-hours. 

Examples of Energy Calculations. Example 1.—Suppose that in a large 
telephone central office a motor-generator set is being used to charge the 
central-office storage batteries. The generator delivers an average current of 
460 amperes at 30.8 volts for 2.75 hours. The efficiency of the generator is 
88 per cent, and the efficiency of the motor is 90.2 per cent. Calculate the 
cost of the energy to the telephone company if the rate is 1.0 cent per kilo-
watt-hour. 

Step 1. Calculate the energy delivered by the generator. 

30.8 X 460 X 2.75 
W = Elt — 1000 — 38.9 kilowatt-hours. 

Step 2. Calculate the energy taken by the generator. 

output output  
Efficiency — . and input — 

input efficiency 
hence 

38.9 
Energy input = — = 44.2 kilowatt-hours. 

0.88 

Step 3. Calculate the energy taken by the motor. 

44.2 
-= 49.1 kilowatt-hours. 

0.902 

Step 4. Calculate the cost. 

Cost -= 49.1 X 0.01 = $0.491. 

Example 2.—A large triode used in a radio transmitter requires 60 amperes 
at 20 volts for heating the filament. The station is on the air 16 hours a day 

Remember, these two quantities are different but are measured in the same 
units. Energy is the ability to do work, and work is what is accomplished by 
energy. In other words, the efficiency of utilization enters. Thus, a person 
may be quite energetic, but without a reasonable degree of personal efficiency, 
little work is done. 
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and 30 days a month. Calculate the monthly cost of heating this filament if 
power costs 1.0 cent per kilowatt-hour. 
Step 1. Calculate the power used. 

P = El = 20 X 60 = 1200 watts = 1.2 kilowatts. 

Step 2. Calculate the energy consumption per month. 

W = Pt = 1.2 X 16 X 30 = 575 kilowatt-hours. 

Step 3. Calculate the cost per month. 

575 X 0.01 = $5.75. 

Example 3.—As in Fig. 44, four loud-speakers with 6-ohm field coils are 
located 246 feet from a 6.3-volt storage battery of negligible internal resistance. 
The coils are connected in parallel and are fed over a No. 12 A.W.G. annealed 

246 feet 

If-
«— 6.3 volts 

T-

No.12 A.W.G. Annealed copper 

(I) 1CDI 
Four loud speakers 
with 6-ohm held coils 

44.—Showing a 6.3-volt storage battery supplying four loud-speaker fields in 
parallel. 

copper wire circuit. Calculate the current that each coil receives, the total 
power delivered to the coils, the total power supplied by the battery, the 
power loss in the line, and the efficiency of the transmitting circuit. 

Step 1. Calculate the line resistance. A circuit 246 feet long requires 
492 feet of wire. The resistance per 1000 feet of wire this size is 1.588 
ohms at 20°C. The resistance of the circuit will be (492/1000) X 1.588 
-- 0.78 ohm. 

Step 2. Calculate the equivalent resistance of the four coils in parallel. 
The equivalent resistance of four identical coils in parallel is one-fourth 
that of one coil alone. This follows from Eq. (4), page 22. Hence, 
Re = 6/4 = 1.5 ohms. 

Step 3. Calculate the total resistance of the circuit. This will be the sum 

of the equivalent resistance of 1.5 ohms and the wire resistance of 0.78 
ohm or Rt = 2.28 ohms. 

Step 4. Calculate the current that will flow. I = E/R = 6.3/2.28 = 2.76 
amperes. 

Step 5. Calculate the current each loud-speaker field coil will receive. 
Since there are four identical coils in parallel, each coil will receive one-

fourth the current. Thus, each coil receives 2.76/4 = 0.69 ampere. 
Step 6. This current is too low, because the speaker coils are designed to 

operate directly across a 6-volt battery. A plentiful supply of No. 12 
copper is on hand, so it is decided to run two wires in parallel for each side 
of the circuit. This will of course halve the resistance of the wire circuit 
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making it 0.78/2 = 0.39 ohm. The total resistance is now 1.5 -I- 0.39 = 
1.89 ohms. The current will be 6.3/1.89 -= 3.33 amperes, and this will 
give 3.33/4 = 0.83 ampere for each field coil. This is deemed sufficient 
for the conditions of this installation. 

Step 7. Calculate the power delivered to the coils. Power is equal to I2R. 
The power delivered to the four speaker coils will be /2Re, where I is the 
total current delivered and Re is the equivalent resistance of the coils in 
parallel. Thus, P = (3.33)2 X 1.5 = 16.6 watts. 

Step 8. Calculate the total power supplied by the battery. This is easily 
calculated from P = El = 6.3 X 3.33 = 21.0 watts. 

Step 9. Calculate the power loss in the line. This will be the difference 
between the power transmitted and the power received. Thus, 21.0 — 
16.6 = 4.4 watts. As a check, P = I2R, where R is the line resistance. 
P = (3.33)2 X 0.39 = 4.32 watts, a fairly close check. 

Step 10. Calculate the efficiency of the transmitting system. Efficiency 
equals power delivered to the load divided by the power supplied to the 
line by the battery. Efficiency — 16.6/21.0 = 79 per cent. 

Power Transfer.—The efficiency of the circuit. in the example 
just given is not high; however, only about 4.3 watts are lost, and 
such a small amount of power costs very little. In contrast, a 
transmission line in a commercial power system would probably be 
redesigned if calculations showed that its efficiency would be only 
79 per cent. But in a power system, large amounts of power are to 
be transmitted, and a line of such low efficiency would prove costly 
to operate because it wasted so much power; in fact, 21 per cent of 
the power put into it. 

In communication work, the magnitudes of the values of power 
involved are quite often very low. Thus a current of 0.1 ampere 
through a 60-ohm telephone transmitter is more than sufficient foi 
its successful operation, and this represents a power of only P= 
12R = (0.1)2 X 60 = 0.6 watt. What difference does it make from 
a power or energy-cost standpoint if a few tenths of a watt are lost 
in a line? In communication work, considerations other than effi-
ciency often are the determining factors in circuit design. One of the 
most important of these factors is maximum power transfer. 

Before considering the theoretical relations involved in power 
‘ransfer, several practical illustrations will be given. Suppose it is 
desired to design a battery-operated pack radio transmitter to be 
carried by a man for forest-fire patrol work or for military opera-
tions. The set is to be used only in emergencies, and then such 
things as efficiency lose most of their importance; portability and 

high signal output for a short period are the most desirable charm-
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teristics. In such a set, the lighter the batteries are and the greater 
the power drain from them (within reason, of course), the lighter 
and better the pack transmitter will be. 
As a further illustration, consider the telephone transmitter pre-

viously discussed. In one sense, it is a generator or source of feeble 
electric impulses varying as the speech waves striking the trans-
mitter diaphragm. Of course vacuum-tube amplifiers could be 
used at each telephone installation, but this would be reflected in 
the monthly rate because the capital investment and the mainte-
nance would be greater for each telephone (and there would also be 
an energy charge involved). For such reasons as these, it is more 
practical not to use amplifiers but to design the telephone sets so 
that the maximum possible amount of electrical speech power is 
taken from the transmitter and delivered to the connected circuit 
and thence to the listening party. 

In working out the rules for obtaining maximum power transfer 
from a source of electromotive force into a load, a dry cell will be 
considered, the cell having an open-circuit voltage Eoc, or electro-
motive force of 1.5 volts, and an internal resistance of 0.1 ohm. 
The circuit arrangement for studying these relations is shown in 
Fig. 45a. If a dry cell is operated continuously, internal chemical 
action causes the generated electromotive force to drop and the 
internal resistance to rise. For this reason, in making a test such 
as will be explained, the switch S should be closed only for an instant. 

Condition 1. Adjust RL equal to 0.05 ohm, which is one-half of 
R. Close the switch S, and quickly read the voltmeter V giving 
the voltage EL across the load and the ammeter A giving the load 
current IL. Calculate the power delivered to the load.' For the 
values given, 

Eoc 1.5 1.5  
IL — — 10 amperes. 

Ri RL 0.1 + 0.05 0.15 

PL = I2LRL -= (10)2 X 0.05 = 5.0 watts. 

Condition 2. Adjust RL equal to 0.075 ohm which is three-
fourths of Ri, and repeat. 

1.5  
IL — 0.175 — 8.57 amperes. PL = (8.57)2 X 0.075 = 5.5 watts. 

In actually making the tests, the power delivered to the load will be 
PL = EIJI,. For the explanation here given, it will be necessary to calculate 
the current flowing and determine the power delivered from PL = rec.. 
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Condition 3. Adjust RL equal to 0.1 ohm, which equals Ri, and 
repeat. 

1.5 
IL = - 0.2 = 7.5 amperes. PL = .5)2 X 0.1 = 5.62 watts. 

Condition 4. Adjust RL equal to 0.125 ohm, which is five-fourths 
of Ri, and repeat. 

1.5  
IL - - 6.66 amperes. PL = (6.66)2 X 0.125 = 5.55 watts. 

0.225 

Condition 5. Adjust RL equal to 0.15 ohm, which is six-fourths 

of Ri, and repeat. 

IL 11.5 = 6.0 amperes. 
0.25 

PL = (6.0)2 X 0.15 = 5.4 watts. 

If the values of power delivered to the load are studied, it will be 
seen that these values increase as the load resistance is increased and 
made more nearly equal to the internal resistance. It will also be 
seen that the power delivered to the load resistance is maximum 
when the load resistance RL equals the internal resistance Ri and 
that as greater values of RL are used the power delivered decreases. 
These relations are plotted in Fig. 45b. 
A somewhat startling result is revealed if a few additional com-

putations are made. Since the efficiency of power transfer from the 
battery to the load equals the power delivered divided by the total 
power generated, and since the total power generated is Pt = Ecch, 
the efficiencies for the five conditions considered are as follows: 

Condition 1. Pt = 1.5 X 10 = 15.0 watts. 

5 
Eff = = 0.33 = 33%. 

Condition 2. Pt -- 1.5 X 8.57 = 12.85 watts. 

5.5  
Eff - = 0.427 = 42.7%, 

12.85 

Condition 3. Pt = 1.5 X 7.5 = 11.25 watts. 

5.62  
Eff = - 0.50 = 50%. 

11.25 
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Condition 4. Pt = 1.5 X 6.66 = 10.0 watts. 

5.55 
Eff = — = 0.55 = 55%. 

10 

Condition 5. Pt = 1.5 X 6.0 = 9.0 watts. 

Eff 5.4 = = 0.60 = 60%. 
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(b) 
45.—Circuit for studying power transfer; and results of the study. Maxi-

mum power is transferred from a source to a load when the resistance of the load 
equals the internal resisi ance of the source. At this point the efficiency is 50 per 
cent. 

0.30 0.35 

It is found that although the maximum power transfer occurs when 
the load resistance equals the internal resistance (that is, when Rr, = 
Ri), under these conditions, the efficiency is 50 per cent. 
To summarize: In much electrical work, high efficiency is very 

important, but in communication circuits, considerations other than 
high efficiency, such as maximum power transfer, are often the goy-
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erning factors. Maximum power transfer is obtained from a device 
such as a dry cell, battery, or generator when the load resistance equals 
the internal resistance, but under these conditions the efficiency is only 
50 per cent. 

Transmission of Electric Energy.—Those engaged in communi-
cation are less often concerned with the transmission of electric 
energy in large amounts than are workers in the electric-power field. 
Therefore efficiency of transmission is often sacrificed in favor of 
such factors as maximum power transfer as considered in the pre-
ceding section. Nevertheless, instances do occur when efficiency of 

Line resistance 

Generator RL 

46.—Because the power loss in the line is PR, much less loss will occur in 
transmitting power from the generator to the load if high voltage and low current 
is used. 

transmission is of great importance, and those in communication 
should be prepared to cope with such circumstances. 
Assuming that the line 18 reasonably short so that insulation 

leakage losses are negligible, and assuming that direct current only 
is to be transmitted, the following considerations apply: The power 
lost in the transmission line of Fig. 46 equals I2R watts, where I 
is the current flowing in the line and R is the resistance of the line. 
Now the power entering the line at the generator is Pg = EgI, and 
the power received by the load is PL = ELI, the current I being 
the same in all parts of the circuit because it is a simple series cir-
cuit, the leakage between wires being negligible. 
Going back over these relations it is apparent that ( 1) a given 

amount of power may be transmitted at either high voltage or low 
current or low voltage and high current; (2) the power loss in the 
line is I2R, and if high voltage and low currents are used, the line 
losses will be greatly decreased; and (3) the losses may be kept the 
same per cent of the power delivered, but much smaller wires may 
be used if high voltage and low currents are employed. This will of 
course reduce conductor costs and fixed charges (interest on invest-
ment, depreciation, etc.). 
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To summarize: If there is a choice in the matter, transmitting 
electric energy at high voltage and low current is very desirable and ef-
fects material savings up to a point where the high voltage becomes 
bothersome by increasing insulator costs and requiring special con-
struction, etc. In practice, the selection of a wire size is often based 
on the costs involved. 

Voltage Regulation.—Although the statement just made applies 
in many instances, voltage regulation is often a determining 
characteristic. This, again, is a factor of very great importance 
in power work but often of less importance in communication. 
The regulation of a line is defined as the rise in. the voltage at the 
distant end of the line when the load is changed from full load to no 
load, divided by the full load voltage. Of course this definition can be 
reworded to apply to a dry cell, a storage battery, or an electric 
generator, because the same principles hold. Several examples of 
voltage regulation will be given. 

Example 1.--The internal resistance of a direct-current generator is 0.46 
ohm. The generator develops an electromotive force of 124 volts. Calculate 
the regulation of this generator when used with a 12.4-ohm load. 

Step 1. Calculate the current that will flow. 

E 124 
= — — 12.86 9.65 amperes. 
Rt —  

Step 2. Calculate the generator closed-circuit voltage, Ecc. This will 
equal the generated emf minus the IR drop within the generator. 

Ece = 124 — (9.65 X 0.46) = 124 — 4.45 = 119.55 volts. 

Step 3. Calculate the regulation. 

Boc — Ece 4.45 
Regulation — = 0.037 = 3.7 per cent. 

119.55 

Example 2.—The direct-current portion of a simple rectifier is as shown in 

Fig. 47. The rectified current (direct current) must flow through the circuit 
having the resistances shown. When the switch S is closed the load, assumed 
equal to 30,000 ohms, is connected. (In an actual circuit this load would 

probably be vacuum-tube plates.) The open-circuit voltage Eoc across points 
1-2 is 365 volts. Calculate the regulation. 

Step 1. As far as the 30,000-ohm load is concerned, the circuit to the left 
of points 1-2 is merely a generator of open-circuit Eoc voltage (switch S 
open) and a given internal resistance. The voltage existing across points 
1-2 with the switch closed must be calculated. When this closed-circuit 
voltage L e is known, the regulation can be computed. The first step is 
to calculate the current that flows when the switch is open. The IR drop 
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across the 50,000-ohm bleeder is 365 volts. Then the current will be 
/ = E I R = 365/50,000 = 0.0073 ampere. 

Step 2. Calculate the value of the total direct voltage impressed by the 
rectifier. This will equal the 365 volts (termed E0) plus the total /R 
drop in the rest of the circuit. The resistance of the remainder of the 
circuit is 1100 ohms. Then, 365 -I- (0.0073 X 1100) = 373 volts (approx.). 

Rectifier Choke cod Choke cod 

R=S00 ohms R=200 ohms R=200 ohms 
k k 

Secondary of Condenser Condenser 'a power transformer 
R 200 ohms 

, m e ••••J Z, 
0 4:0 

T  
2 

Fie. 47.—Circuit for calculating the voltage regulation of a rectifier and filter. 

Step 3. It is now necessary to find the current that will flow through 
the rectifier when the load is connected. Before this can be done, the 
equivalent resistance of the bleeder and the load must be known. From 
Page 21, this is Re = RIR2/(Ri + R2) = 50,000 X 30,000/(50,000 ± 
30,000) = 18,750 ohms. Then the total resistance offered to the rectified 
voltage is /it = 18,750 -I- 1100 = 19,850 ohms. The current through 
the rectifier will equal the total rectified voltage divided by this load 
resistance, or It = 373/19,850 = 0.0188 ampere. 

Step 4. Calculate the voltage Ecc, the voltage across the load with switch 
S closed. This is easily found from the product of the total current and 
the equivalent resistance. Thus, L c = 0.0188 X 18,750 = 352 volts. 

Step 5. Calculate the percentage regulation. This equals 

— Ec. 365 — 352 
— 0.037 = 3.7 per cent. 

E cc — 352 

Sources of Direct-current Energy.—The common sources of 
direct-current energy for communication circuits and equipment 
include rectifiers, direct-current generators, wet cells, dry cells, 
and storage batteries. Because vacuum tubes have not been thus 
far considered, rectifiers will not be treated until page 442; also, the 
principle of the electric generator (page 155) cannot be explained 
until the fundamentals of magnetism have been presented. Hence 
the following pages will consider only wet cells, dry cells, and 
storage batteries. 
Wet Cells.—One of the earliest electrical phenomena known 

was that if two different metals were immersed in an electrolyte, 
such as dilute sulphuric acid, a difference of potential would exist 
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between the two metals. Such an arrangement constitutes a 
simple primary cell of the wet-cell variety. The difference of 
potential existing between the two metals (and also between the 
two cell terminals connected to them) is caused by an electro-
motive force generated by the chemical action within the cell. 
Today wet cells are relatively unimportant as compared with dry 
cells and storage cells, but nevertheless there are many of them in 
use, and they will be briefly described. 

The Gravity Cell.—This consists of a glass jar in which two differ-
ent electrolytes are used. A copper sulphate solution and a solid 
copper electrode are placed in the bottom of the jar. A rubber-
covered wire is connected to the copper electrode and leads to the 
external circuit. A zinc electrode, often cast in the form of a 
"crow's-foot" is suspended from the upper edge of the jar, and a 
zinc sulphate electrolyte is added on top of the copper sulphate 
electrolyte until the zinc electrode is completely covered. The two 
electrolytes have different densities or "weights" and are thus 
prevented from mixing. These cells were once very widely used 
and are still often found in isolated telegraph systems. They must 
be used on circuits that are in continuous operation or the cell is 
damaged internally by chemical action. The open-circuit electro-
motive force is a little over one volt. 
Air Cell.—This cell is sometimes used with small magneto 

switchboards to supply current for the operator's telephone trans-
mitter. It is quite widely used in battery-operated radio receiving 
sets to supply the energy for heating the tube filaments. For this 
purpose two cells are connected in series, giving the air-cell battery 
which has a voltage of about 2.5 volts when new. This drops but 
slightly during the normal life, finally reducing to about 2.0 volts at 
the end of its life. In this common form the air-cell battery will 
supply about 0.5 ampere for about 1200 hours. 
The air cell consists essentially of a negative zinc plate and a 

porous carbon positive electrode immersed in an electrolyte of 
caustic soda. A cross-sectional diagram is shown in Fig. 48. The 
zinc is dissolved chemically during the operation. The complete 
chemical action is involved and will not be included. The name 
"air cell" is derived from the fact that air is absorbed in consider-
able quantities by the porous carbon electrode. The oxygen thus 
taken into the cell from the outside air combines with hydrogen 
liberated inside the cell at the positive porous carbon electrode to 
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form water which enters the electrolyte. This reduces polari-

zation. 
Polarization is the name applied to the formation of a layer of gas 

on a cell electrode. Hydrogen is a gas often liberated at the positive 
electrode and clings to the electrode surface. If the positive elec-
trode is covered with hydrogen, then the electrolyte cannot comein 

48.—Cross section of an air-cell battery. The large carbon elect iode are 
shown at the center of each cell. The zinc electrodes are shown on each side of 
the carbon electrodes. (Courtesy cf National Carbon Company.) 

contact with the electrode material, the battery voltage is reduced, 
and the internal resistance of the cell is increased. Air-cell bat-
teries are "primary" batteries and like dry batteries cannot be 
completely recharged as can storage batteries. For many pur-
poses they are more economical than dry batteries. 
Dry Cells.—Most readers will be quite familiar with dry cells. 

Of course they are not dry; if they were, they would be useless. A 
cross section of a commercial dry cell is shown in Fig. 49, and the 
materials used are indicated. Even in this familiar cell the com-
plete chemical action is involved. Briefly, however, the action is as 
follows: The zinc is acted on chemically by the electrolyte held in 
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the ground carbon mixture. The porous absorbent medium per-
mits the electrolyte to attack the zinc but keeps the ground carbon 
mixture from short-circuiting the cell internally. 
During action, hydrogen is given off at the positive carbon elec-

trode, and this tends to cause polarization as previously considered. 
The manganese dioxide combines with the hydrogen to form water 

POSITIVE TERMINAL 
BINDING POST 

NEGATIVE TERMINAL 
BINDING POST 

EXPANSION 
CHAMBER 

DEPOLARIZING 
MIX 

ZINC CAN 

BLUE LACQUERED 
STEEL COVER 

ASPHALT SATURATED 
PAPER GASKET 

ASPHALT SATURATED 
INSULATING WASHER , 

CARBON ELECTRODES 

PASTE COATED 
PULPGOARD SEPARAIOR 

CHIPBOARD JACKET 

Flo. 49.—Cross section of the ordinary "dry" cell. (Courtesy of National Carbon 
Company.) 

and is known as a depolarizer. The open-circuit voltage or ernf of 
the cell is about 1.5 volts. It decreases a little with age, but can-
not be used to indicate the internal condition of a cell. The best 
indication is whether it will maintain for a short time a current 
flow of about an ampere with a reasonable closed-circuit voltage. 
Actual test procedure for this will depend on the type of cell. The 
internal resistance is about 0.2 ohm, depending of course on the 
type of cell, its age, and the value of the teL current. 
Some dry cells are designed to supply- heavier currents than 

others. Those used in telephone service are for low current use and 
a long life. Radio B batteries are composed of a large number of 
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small dry cells connected in series. Excessive currents should 
never pass through these batteries. They should be tested with a 
voltmeter when delivering a reasonable current, for example, 20 
milliamperes. If the ordinary 45-volt B battery falls below about 
40 volts when such a current passes through it, the useful life has 
about expired. 
The internal resistance of dry cells and B batteries may rise to 

very high values, even opening the circuit at times. For this 
reason, they should always be replaced when they have deter-
iorated. As is well known, internal chemical action often called 
local action causes such cells to deteriorate even when they are not 
in use. The advantages of new "fresh" batteries are apparent. 
Those who use dry cells in any considerable quantity should corre-
spond with the manufacturer and operate the cells according to 
his recommendations. 
Lead-acid Storage Cells.—The chemical actions are not revers-

ible (at least to any great extent) in the primary cells considered 
in the preceding paragraph; that is, once they are discharged they 
are practically useless and must be discarded. The secondary 
cell, or storage cell, is similar in action to the primary cell, except 
that the action is completely and readily reversible. That is, once a 
storage cell has been discharged by allowing it to force a current 
through an external circuit, it can be charged and returned to its 
original chemical condition by forcing a current back through it in 
the direction opposite to that of discharge. Storage cells are gen-
erally connected in series and then referred to as storage batteries. 
The essential parts of a storage cell are a positive and a negative 

plate immersed in an electrolyte. In a fully charged lead-acid cell 
the positive plate is lead peroxide (Pb02) and the negative plate is 
spongy lead (Pb). The two plates are spaced with an electrical 
nonconducting separator. This structure is immersed in a dilute 
solution of sulphuric acid (H2SO4) held in a suitable hard-rubber or 
glass container, as shown in Fig. 50. In very large installations the 
cells are sometimes held in wooden lead-lined tanks. 

In a fully charged cell, the positive plate is dark brown and the 
negative plate is gray. The fully charged specific gravity (weight 
of a given volume of the electrolyte as compared with the same vol-
ume of pure water) of the electrolyte is as high as about 1.300 
(usually stated as 1300) for the automobile and radio-type storage 
cell, or as low as about 1.180 (or 1180) for large permanent installa-
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tions. Generally speaking, a lower specific gravity gives a longer 
life; however, the specific gravity recommended by the manufac-
turer should always be used. 

Theory of Lead-acid Storage Cells.—It must be mentioned that the 
complete theory of the action in a lead-acid storage cell is involved,I 

FIG. 50.—A group of high-capacity lead-acid storage cells installed in a large tele-
phone central office. (Courtesy of Electric Storage Battery Company.) 

but from the practical standpoint, the following relations hold, the 
arrows indicating the direction of the reactions: 

Discharge 

Pb02 + Pb 2H2SO4 = 2PbSO4 2H20 

Charge 

This relation states that when fully charged the lead-acid cell consists 
of a lead peroxide and a lead plate in dilute sulphuric acid and that 
when the cell is completely discharged each plate is converted to lead 
sulphate and the electrolyte becomes water. On charging, the cell is 
returned to the original condition. The reader not familiar with 
chemistry should not worry about the numbers in front of the 
H2SO4, etc.; these are merely for "balancing" the equation. 
Because the electrolyte gradually changes to water during the 

1 See for instance, Vinal, G. W., "Storage Batteries," John Wiley & Sons, 
Inc. 
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discharge period, the specific gravity, as measured with a hydrome-
ter, is used to indicate the condition of charge or discharge. 

Characteristics of Lead-acid Batteries.—There are, generally 
speaking, two methods of charging batteries. ( 1) The constant-
current method in which the battery is charged at a constant rate 
for about 90 per cent of the charging period, and then the rate is 
reduced to about 40 per cent of this rate for the rest of the charging 
period. (2) There is the constant-potential method, where the 
voltage is held constant and the battery is permitted to take what-
ever current it will. Because the electromotive force rises during 
charge, the battery itself gradually tapers the charging rate. There 
are also modifications of these two methods. In some instances 
(particularly in telephone installations) the energy source (such as 
the generator or rectifier) is of insufficient current capacity to sup-
ply the peak load. The battery is "floated" on the line, however, 
and supplies energy during peak loads and takes energy to charge 
during light loads. 

Batteries are usually rated on an ampere-hour basi3, but this 
neglects the closed-circuit voltage. Large batteries and in general 
those used in permanent installations are rated on an 8-hour basis. 
In automobile storage batteries, high starting currents are impor-
tant, and shorter time ratings are specified. Unless otherwise 
stated, however, a 160-ampere-hour battery will deliver 20 amperes 
for 8 hours without its voltage falling below some specified value. 
Similarly, a 1000-ampere-hour battery will deliver 125 amperes for 
8 hours without the end voltage falling below a specified value. The 
open-circuit voltage or electromotive force is about 2.2 volts per 
cell. Under full load the voltage drops to slightly under 2.0 volts 
per cell, and a cell is considered discharged when the closed-circuit 
voltage is about 1.75 volts per cell. Those values vary slightly 
with the type, age, specific gravity, and temperature. 
The complete test characteristics of a lead-acid storage battery 

of the type used in a medium-sized telephone central office are given 
in Fig. 51. The closed-circuit voltage of the battery (terminal volt-
age when delivering current) is less than the open-circuit voltage 
(electromotive force) on discharge. This is largely due to the IR 
drop within the cells. On charge, the reverse is true, the closed-
circuit voltage must be greater than the battery emf by an amount 
equal to the IR drop within the battery. The specific gravity falls 
gradually during discharge and rises during charge. Time is re-
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quired for diffusion in the electrolyte, and changes in specific 
gravity lag slightly behind changes in the charge or discharge rate. 
The internal resistance varies as shown. This is due to changes in 
the plate material, to chemical changes in the electrolyte, and to 
the accumulation of gas in the electrolyte. A lead-acid battery 
gasses a little at all times but particularly when the charge is nearly 
completed. Excessive gassing may damage the plates, and it is 
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FIG. 51.—Characteristic curves for 11 lead-acid cells connected in series. Each cell 
rated at 160 ampere-hours. Normal current 20 amperes. 

common practice to reduce the charging rate when excessive go.ssing 
occurs. Hydrogen gas is given off in large quantities during the 
charging period, and hydrogen. gas is explosive. A battery room 
should be well ventilated, and flames and sparks should be kept 
away from batteries. Sometimes, short-circuiting a battery may 
produce sparks that will cause the cells to explode. 
There are two methods of expressing and computing the effi-

ciency of storage batteries. The ampere-hour output divided by 
the ampere-hour input on charging gives the ampere-hour effi-
ciency. This is often of the order of 80 to 90 per cent and is some-
what misleading because it neglects the voltage variations. The 
watt-hour efficiency is a true measure of the efficiency of a battery 
as a source of energy. The ampere-hour output times the average 
closed-circuit voltage gives the watt-hours obtained from the cell. 
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The ampere-hour input times the average closed-circuit voltage 
during charging gives the energy input to a battery. The ratio of 
these two quantities gives the watt-hour efficiency. 

Construction of Lead-acid Batteries.—Such details depend on the 
service the battery must give and on the manufacturer. In general, 
batteries for automobile and radio purposes are not designed for 
long life but rather for low first cost, reasonable life, and (for auto-

52.—Types of plate used in the storage cells of Fig. 50. The negative plate 
shown at the left, and the positive plate at the right. .(Courtesy of Electric Storage 
Battery Company.) 

mobiles) high starting currents. Batteries for telephone central of-
fices and similar purposes are higher in first cost, in current capac-
ity, and are designed to last longer. 

In all lead-acid batteries the active material of the plates is held 
in or on some supporting grid or other structure. This is to 
strengthen the plates. This supporting grid or frame is made of 
lead with a small amount of antimony ackled to strengthen the 
structure. The active material (that is, the lead peroxide for the 
positive plate and the spongy lead for the negative plate) is either 
pasted onto and into the grid or is held by other means. One com-
mon type of construction is shown in Fig. 52. In small batteries 
the separators are usually of wood, hard rubber, or combinations of 
these. Wood is also used in medium-sized batteries. Glass rods 
are sometimes used to separate the plates of large batteries. 
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In presenting the equations for charge and discharge on page 89, 
it was stated that when the storage battery was discharged the 
plates were converted to lead sulphate. If charging occurs within 
a reasonable length of time, this lead sulphate is all changed back 
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FIG. 53.—Rugged construction of the nickel-iron Edison storage cell. (Courtesy of 
Thomas A. Edison, Inc.) 

to the original material. If a battery is allowed to stand in a dis-
charged condition, however, it is difficult to get the sulphate to 
return to its original plate material. This is called sulphation. 
If the sulphation has not gone too far, charging the battery for a 
long time at a very low rate may gradually convert the sulphate 
back. Sulphation may cause the plates to buckle; so may dis-
charging or charging at too high a rate. 
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Nickel-iron Storage Cells.—These are not so widely used for 
communication purposes as the lead-acid type, although they have 
certain characteristics such as extreme ruggedness, very long life, 
and other features well suiting them for certain installations. They 
are often called Edison cells, honoring their inventor. 
The positive electrodes of this cell when charged consist of nickel 

peroxide held in steel tubes, and the negative plate consists of iron 
oxide held in steel pockets. The electrolyte is a potassium hydrate 
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Fro. 54.—Characteristic curves for ten small nickel-iron Edison cells connected in 
series. Each cell rated at 4.5 ampere-hours. Normal current 1.0 ampere. 

solution. The electrodes are spaced with rubber insulators, and the 
whole cell is mounted in a welded steel container. 
As Fig. 54 shows, the Edison cell has an electromotive force of 

about 1.4 volts per cell, and the voltage varies considerably on dis-
charge. The specific gravity remains constant. It will stand much 
abuse, such as overcharge and undercharge, without apparent 
damage. 

Electrolytic Conduction.—The communication worker must be 
acquainted with the essentials of electrolytic conduction, because 
of electrolysis to underground lead cable sheaths, if for no other 
reason. 

Suppose that two perfectly clean electrodes of the same material 
(copper for instance) are placed in a glass container full of pure 
water and that, the two electrodes are connected to an external 
source of potential differences as in Fig. 55. The source of voltage 
will be able to force almost no current at all through the circuit, 
because pure water contains almost no carriers of electricity, and 
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hence there is almost no way for the charges to get across from one 
electrode to the other.' This brings out one important law of elec-
trolytic conduction: For current to flow through a liquid there must be 
carriers of electricity present in the liquid. 

If, however, a small amount of some acid or a pinch of common 
salt or soda is placed in the water, a current will immediately flow 
from one electrode to the other. This is be-
cause the acid (or the salt) produced electro- Battery 

lytic ions in the water. Thus, if sulphuric F 
acid (112SO4) were added, it would break up 
into some positive H2 ions and some negative 
SO4 ions. In chemistry, H stands for hydro-
gen, S for sulphur, and 0 for oxygen. 
Under these conditions, the positive H2 ions 

would be attracted to the negative plate where 
they would become neutralized (by receiving 
a negative charge), and they would then be-
come ordinary hydrogen gas atoms and would 
cling to the electrode or bubble to the surface. 
The negative SO4 ions would travel to the Fie. 55.—If the elec-

trodes are clean and 
positive electrode where they would combine the water is pure, the 

chemically with the copper, and copper sui- battery can only force 
a very small current 

phate (CuSO4) would thus be formed. This through the water, be-

would "eat away" the positive electrode. cause, being pure, there 
are few carriers of elec-

To summarize: Ions flowing through a solu- tricity present. 

tion are, in a sense, actually carrying electric 
charges from one electrode to the other, and thus current could 
flow around through an external circuit. The energy required for 
the chemical process would be furnished by the electrical source 
applied outside the cell; it is the externally applied voltage which 
is maintaining the difference of potential at the electrodes which 
in turn causes the ions to migrate. 
Laws of Electrolytic Action.—The two basic laws governing 

electrolytic action were early stated by Faraday. Because the 
reader may never have had elementary chemistry, and also be-
cause the quantitative relations involved are not necessary for a 
practical understanding of electrolysis, the complete theory of 

Strictly speaking, under such ideal conditions as outlined above, it is 
presumed that absolutely no current would flow, but of course such conditions 
would be impossible to obtain by ordinary means. 

L.. 

Pure 
we fer 
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electrolytic conduction need not be presented. The following 
abbreviated statement of Faraday's first law of electrolytic con-
duction is sufficient: The nzms of a substance deposited at an electrode 
is proportional to the quantity of electricity that has passed through 
the solution. The quantity of electricity referred to is equal to the 
product of the current flowing and the time it flows. Unit quan-
tity of electricity is the coulomb. One ampere flowing for one 
second equals one coulomb. That is, 

Coulombs = amperes X seconds or Q = It. (15) 

In considering the way in which a current of electricity flowed 
through an electrolyte, it was shown that it could only flow 
when there were carriers of electricity such as charged ions in the 
electrolyte. Similarly, about the only way electricity can flow 
through the earth is by ion migration. Dry earth is a fairly good 
insulator, but earth contains various chemical salts and other 
sources of ions, and when earth is moist, it readily conducts current. 
As was mentioned on page 95, when current flows it will chemi-

cally eat away at least one of the electrodes. Now suppose that a 
circuit consists of an underground cable sheath as one electrode, 
moist earth as the electrolyte, and the rail of a street railway as the 
other electrode. If current flows through this circuit in the correct 
direction, the cable sheath will be eaten away. 
To summarize: Cable-sheath electrolysis is due to electrolytic 

action following the laws stated by Faraday. According to his first 
law, the corrosion will be proportional to the quantity of electricity 
flowing. Theoretically at least, a small current flowing a long time 
will cause the same corrosion as a large current flowing a short time. 

Cable Electrolysis.—In Fig. 56 is shown a typical arrangement 
leading to cable electrolysis. In a typical direct-current railway 
system the trolley is positive and the rails are negative as indicated. 
If an underground telephone cable parallels the rails, the cable may 
pick up some of the railway current, may conduct it for a time, and 
then lose it back to the rails or to the substation ground. This tend-
ency to pick up stray current is made greater if the bonds placed 
between the rails become loosened or broken. Where the current 
enters (conventional direction) the cable sheath, little if any harm 
is done; but where the current leaves the sheath, the lead sheath is 
gradually eaten away as in Fig. 57. This will, in time, permit the 
entrance of moisture which will ruin the cable. 
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Whether or not a cable sheath is collecting or losing current can 

be determined with a high-resistance (about 1000 ohms per volt) 
voltmeter. A 100-0-100 voltmeter (that is, one with a center 

zero and reading ± or — 100 volts) is well suited for such measure-
ments.' If the voltmeter is placed between the rails and the cable 

sheath at the right-hand portion of Fig. 56, the cable will be found 

to be negative with respect to earth and the rails; but when it is 

placed at the left the cable will be positive. Since conventional 
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56.—An underground telephone cable or other metallic body may gather cur-
rent from a poorly designed or maintained street-railway system. Where the 
current leaves the cable and flows into the earth, electrolysis will probably occur. 
A drainage bond placed as shown will reduce the electrolysis at this point. Care 
must be used in installing bonds, however, because there is a limit to the current 
which may safely flow in a cable sheath. Also, placing a bond at one point may 
cause bad conditions at some other point. 

current flows from + to — , current will be leaving the cable at 

the left portion, and electrolysis will occur in this region. A drain-
age bond placed as indicated may largely prevent current flowing 
away from the cable through earth and, hence, may greatly reduce 

electrolysis in that area. 

Of course it is possible to have cable sheaths eaten away by 

causes other than street railways. Sometimes telephone companies 

send battery-charging current to remote installations over cable 

pairs as one side of the circuit and ground as the other. This may 

cause electrolysis. Also, local action may eat away a cable sheath. 

This term is used to include a variety of effects. Suppose that there 

According to the theory for electrolytic cells (p. 85), a voltage will exist 
between any two dissimilar metals in an electrolyte. In making electrolysis 
studies it is convenient to use long prods to touch the voltmeter terminals to 
rails, earth, etc. For this reason it is advisable to tip the prods with lead 
cable-sheath material, because if an iron-tipped prod were stuck in the moist 
earth, a voltage due to iron and lead would be set up, and this would add or 
subtract from the electrolysis voltage. 
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are impurities in a cable sheath. Then minute primary cells would 
exist as formed by the impurities and the lead; and minute local 
currents would be set up which might cause damage. This is a 
source of much trouble in electric batteries. For instance, this is a 
factor limiting the "shelf life" of dry cells. 

Certain forms of corrosion of lead cable sheaths may be confused 
with electrolysis. Cable splicers have been known to jam okum or 
dirty waste around cables where they enter manholes. This may 

Fro. 57.—Damage done by electrolysis to a lead cable sheath. (Courtesy of Bell 
Telephone Laboratories.) 

cause local corrosion of the sheath. Also, it is now well established 
that creosoted-wood ducts and creosoted-wood boxes for splices 
(on armored cables which are buried directly in the ground) produce 
acetic acid which may badly corrode a cable sheath. 
To summarize: Cable electrolysis occurs where underground 

cables lose current that they have collected from other areas. 
Drainage bonds often reduce electrolysis by metallically conducting 
the current away from the sheath. Self-corrosion and corrosion 
due to other sources may cause damage. Self-corrosion in electric 
cells is called local action. 

Circuit Protection.—With the exception of the justifiable de-
viations to study briefly electrolytic conduction and electrolysis, 
this chapter has been devoted to electric power, energy, and sources 
of electric energy including primary cells and secondary cells, or 
storage batteries. Such sources of energy must be protected from 
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overloads which might cause overheating and permanent damage 
to these devices. Also, electric devices such as tube filaments, 
relays, etc., must be protected from excess currents which might 
damage them. Of course a complete study of equipment protec-
tion would be quite extensive. Also, a complete study is impossible 
because the theory of magnetism, upon which circuit breakers 
(for example) depend, has not been considered. Thus the present 

FIG. 58.—Fuses which are typical of those used in communication. The fuse 
wire of the fuse at the right is under tension and when it "blows" the spring raises 
the white glass bead, showing which fuse is open. This is important when hundreds 
of fuses are mounted in close proximity. 

discussion of circuit protection will consider only two protective 

devices, fuses and heat coils. 
Fuses.—This is merely an electric conductor placed in series 

with the line wires to be protected against a high current flow. The 
fuse material through which the current flows is usually a link of a 
metallic alloy having a very low melting point. The temperature 
rise caused by the heat energy dissipated by the normal current is 
insufficient to melt the fuse. However, when an overload current 
flows, the 1.2 1:1 loss in the resistor increases and the additional heat 
produced quickly raises the temperature of the fuse to the point 
where the fuse link melts and the fuse "blows." This opens the 
circuit and protects the equipment from further overload. In a 
telephone plant very small copper wires, such as a short length of 
No. 24 or 26 gauge cable, may be used to "fuse" the circuits, be-
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cause these small wires will become overheated and melt on cur-
rents that the other circuits can safely withstand. Fuses typical of 
the communication industry are shown in Fig. 58. A fuse that 
would quickly blow if the safe current-carrying capacity of the line 
wires or equipment was exceeded would be selected for a given 
installation. 
Heat Coils.—A current might be only slightly above the normal 

current, but might persist for a long time. The accumulated heat 
over a period of several hours might be sufficient to char insulation, 
however. Now a circuit could be fused so that even the slightest 
overload would blow the fuses. However, the equipment could 
safely stand a slight overload without difficulty. Thus, circuits 
should not be fused too "closely," or fuse replacements and main-
tenance will be excessive. But, apparatus must be protected 
against slight overloads or "sneak currents" that persist for long 
periods. This has led to the development and use of heat coils in 
the telephone plant. 
The typical heat coil consists essentially of a coil of fine wire 

wound on a copper tube into which a pin is inserted and soldered 
with an easily melting solder. A spring arrangement holds the pin 
under a force. If the heat generated by the current is sufficient, 
the solder melts and the spring forces the pin against a ground 
strip, grounding the circuit and protecting the central-office 
apparatus. A typical heat coil will carry 0.35 ampere for 3 hours 
but will blow in 210 seconds on 0.54 ampere. 

SUMMARY 

In general terms, force is that which produces or tends to produce a change 
in the motion of a body. 
Work is defined as the production of motion against a resisting force. 
Energy is the ability to do work. Energy can be neither created nor 

destroyed but can be changed from one form to another. 

Power is the time rate of doing work. Electric power is measured in watts 
and equals volts times amperes. The expressions for power in direct-current 
circuits are P = El, P = I2R, and P = E'2/R. Power is also measured in 
kilowatts (1000 watts), milliwatts (1/1000 watt), and microwatts ( 1/1,000,000 
watt). 

In this connection, one must know his fuses. Some fuses that are rated at 
10 amperes actually blow at about 30 amperes. Other manufacturers rate 
their fuses correctly. Fuses used for telephone circuits usually blow at just 
slightly above their marked rating. 
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The power-handling capacity of electric equipment is limited by the tem-
perature rise, which if excessive may damage insulation. 

Electric energy is numerically equal to the product of power and the time 
the power acts. 
The maximum power is transferred from a device such as a dry cell or 

generator to a load such as a resistance when the resistance of the load equals 
the internal resistance of the cell or generator. Under these conditions the 
efficiency of power transfer is 50 per cent. 

Voltage regulation is the rise in voltage when the load is charged from full 
load to no load divided by the full-load voltage. 
Common sources of direct-current electric energy are primary cells and 

secondary cells. These include gravity cells, air cells, dry cells, lead-acid 
storage cells, and nickel-iron storage cells. 
An electric current flows through a liquid electrolyte because of the presence 

of charged ions. Under certain conditions this action may cause cable cor-
rosion. 

Circuits are protected from overload by the use of fuses and heat coils. 

REVIEW QUESTIONS 

1. What is meant by the conservation of energy? Explain the application 
of this law to an amplifier driving a loud-speaker. 

2. Explain why power bills, as they are called, are in reality bills for con-
sumed electric energy. 

3. How would you measure the electric power taken by a circuit? The 
electric energy? 

4. Explain why short overloads of say 150 per cent may be tolerated by 
electric equipment and why such overloads cannot be continued for long 
periods of time. 

5. A dry cell puts out electric energy. From where does this energy come? 
6. Why is efficiency in handling power of less importance in communication 

circuits than in power circuits. 
7. What are the conditions for maximum power transfer? What is the 

efficiency under these conditions? 
8. Give several reasons why good voltage regulation is important in com-

munication circuits. In power circuits. (Consider the incandescent electric 
light for instance.) 

9. Why must the air cell absorb oxygen through the positive electrode? 
Where does the electric energy come from in this cell? 

10. Why are the common electric cells called dry cells? What is the differ-
ence between a cell and a battery? 

11. What is polarization? What is a depolarizer? What is local action? 
12. Explain the fundamental difference between primary and secondary 

electric cells. 
13. What is sulphation in lead-acid storage cells? How can it be prevented? 

How can it be treated? 
14. Why are several positive and several negative plates used in cells of a 

storage battery? Are the plates connected in series or parallel? 
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15. Explain why hydrometer readings are useful in lead-acid battery 
operation. 

16. Are hydrometer readings useful in nickel-iron battery operation? 
What is a useful reading? 

17. Under what conditions will an electric current flow through a liquid? 
18. Explain the meaning of the term electrolytic ion. 
19. Explain how cable corrosion is caused by electrolysis. Are other under-

ground objects such as water and gas mains similarly acted on? 
20. Explain the fundamental difference between a fuse and a heat coil, and 

explain how each is used. 

PROBLEMS 

1. A large vacuum tube used in the power-output stages of a radio trans-
mitter requires 50 amperes at 20 volts to keep the tungsten filament at operat-
ing temperature. Calculate the power taken in watts, the energy consumed 
during a 16-hour operating period, and the cost of this energy at 1.0 cent per 
kilowatt-hour. Calculate the resistance of the filament. 

2. The filament of a small radio-receiver vacuum tube takes 50 milliamperes 
at 1.4 volts. Calculate the power taken in watts, the energy consumed during 
a 16-hour operating period, and the cost of this energy if taken from a 1.4-volt 
air-cell battery, which costs $2.75, and will supply 0.5 ampere for 1200 hours 
(page 85). Calculate the resistance of the filament. 

3. Referring to Probs. 1 and 2, compare the cost of energy from a com-
mercial power system with that from an air cell. 

4. Repeat the example of power calculations given on page 72 if a 50,000-
ohm bleeder is used. 

5. Calculate the maximum values of the direct current which can be used 
with the following: (1) A 1000-ohm 1-watt resistor; (2) a 1000-ohm 10-watt 
resistor; and (3) a 1000-ohm 25-watt resistor. What maximum value of 
voltage may be impressed across each? 

6. Repeat the illustrative example on page 77 if three wires in parallel are 
used for each side of the circuit. 

7. From Example 1, page 83, calculate the regulation of the generator when 
connected to an 8.6-ohm load. 

8. From Example 2, page 83, calculate the regulation if the bleeder is( 
omitted. (The voltage across points 1-2 will no longer be 365 volts.) 

9. Assume that the average resistance of a telephone transmitter is 60 ohms 
and that this transmitter, a 9-ohm induction coil, a 2000-ohm relay, and 
10 miles of No. 22 gauge cable conductor are all connected in series and then 
across a central-office 24-volt storage battery. Calculate the power loss in 
each piece of apparatus. 

10. Two resistors are in series with a 55-volt battery which has an internal 
resistance of 0.5 ohm. The current in the circuit is 20 amperes. The voltage 
drop across one resistor is twice that across the other. Calculate the power 
each resistor takes and the resistance of each resistor. 

11. A four-cell storage battery has an electromotive force of 8.4 volts, and 
when short-circuited, the current is 20.8 amperes. What type of storage 
battery is it? What is the maximum power output? 
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12. A lead-acid storage cell consists of six positive and seven negative plates 
having a capacity of 25 amperes per positive plate. What would be the 
ampere-hour capacity of the cell? What average power and how much energy 
could be taken from the cell? (See curves, page 91.) 

13. Two loud-speaker field coils in parallel take a total of 15 watts direct 
from a three-cell lead-acid storage battery. What is the resistance of each 
field coil? By allowing a safety factor of at least 2.0, what must be the mini-
mum ampere-hour capacity of the battery if the speakers are to be used con-
tinuously for 12 hours? 

14. Referring to page 100, calculate the relative amounts of energy dissipated 
in the heat coil under each condition mentioned. Assume that the resistance 
remains constant. 

15. A small radio receiving set having five tubes is designed to operate from 
a 117-volt direct-current source. The filaments of the tubes are all in series. 
Two of these are 35-volt filaments, and three are 12.6-volt filaments. The cur-
rent required is 0.15 ampere. Can they be operated directly across the 117-volt 
source? If not, what do you recommend? 



CHAPTER V 

ALTERNATING CURRENTS 

The preceding pages were devoted to a study of direct-current 
phenomena. The various relations applying were considered in 
much detail. The entire presentation was based on the principle 
that a difference in electric pressure or voltage forces an electric 
current through the resistance of the circuit. These relations are 
expressed numerically by Ohm's law, which states that current = 
voltage/resistance, or / = E/R. 
As was stressed when Ohm's law was presented, this law is in 

reality only the electrical expression for the universal principle that 
the result of anything is directly proportional to the magnitude of 
the effort and inversely proportional to the amount of opposition 
encountered. 

In the preceding pages a direct voltage was always employed. 
This voltage was considered to act always in a given direction, that 
is, from plus to minus in the external circuit. Furthermore, it was 
of a constant value; that is, it did not change or vary with time. 
For example, if a storage battery had a generated electromotive 
force of 6.3 volts, this always stayed constant at substantially 
6.3 volts. 

Strictly speaking, direct currents and voltages merely have to act 
in one direction, and they may vary considerably in magnitude. Popu-
lar usage, however, applies the term direct currents and voltages to 
currents and voltages that are essentially constant. 

In the following pages, currents and voltages that vary inten-
tionally will be discussed. These alternating currents and voltages 
(in their simple form) vary uniformly with time. 

In presenting any new subject, a firm foundation must be pro-
vided. The student who is to be successful in his work must realize 
the importance of this chapter. It is true that the material is of an 
abstract nature, but a mastery of it will ensure an understanding 
of the later chapters which contain the interesting applications to 
everyday electrical-communication work. 

104 
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The Alternating Voltage.—Since voltage forces current through 
a circuit, the alternating voltage will be considered first. A source 
of alternating voltage familiar to the reader is the ordinary vacuum-
tube oscillator. As the reader no doubt well knows, an oscillator 
will force an alternating current through a loud-speaker or a pair of 
headphones and cause them to give off a tone. Of course, the 
vacuum-tube oscillator, being a source of alternating voltage, will 
force a current through any other circuit as well. 
A circuit composed of a vacuum-tube oscillator connected to a 

resistor is shown in Fig. 59. The wavy line at the center of the cir-
cle represents the oscillator for reasons   
that will be clear later (the wavy line 
represents a cycle, page 114). 
As was previously stated, the vac- GOscillator Rest.s'for 

uum-tube oscillator is a source of alter-
nating voltage. To alternate, means 
to follow in turn, and this is precisely 

59.—Circuit composed of 
what the voltage of the oscillator is a vacuum-tube oscillator con-

nected to a resistor. The doing. No longer is the source of ap- os 

lator generates a sine-wave plied voltage voltage constant as it was in age which forces an alternating 

direct-current circuits. No longer is sine-wave current through the 
resistor. 

one terminal positive all the time 
and the other terminal negative all the time. In the circuit of 
Fig. 59, the voltage applied by the oscillator is alternating in nature. 
First, the upper terminal of the oscillator is positive and the lower 
terminal is negative; then, the voltage alternates, and the upper 
terminal is negative and the lower terminal is positive. This 
process is repeated rapidly, many complete changes in polarity 
occurring per second. 
To summarize: In alternating-current circuits the alternating 

voltage is directed first one way and then the opposite way. The 
vacuum-tube oscillator is a source of alternating voltage familiar to 
most communication workers. 
The Alternating Current.—The viewpoint that potential differ-

ence or voltage forces current through a circuit has been repeatedly 
stressed. This is true for the circuit of Fig. 59 as well. If the upper 
terminal of the oscillator is positive at a given instant, then current 
will be forced to the right in the upper wire and to the left in the 
lower wire. When the rapidly alternating voltage changes, and the 
lower terminal becomes positive and the upper terminal becomes 
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negative, these relations are reversed; that is, the current now flows 
to the left in the upper wire and to the right in the lower wire. 
These relations are pictured in Fig. 60. 

In studying direct-current flow, it was explained that the current 
consisted of a flow of electrons. It was mentioned, however, on 
page 7 that an individual electron did not necessarily need to 
travel completely around the circuit; all that was needed was that a 
progressive flow of electrons occurred around the circuit. Of 

Gazdator Resieor,i, 

(a)- Showing direction of current 
when upper oscillator 
terminal is positive 

Oscdator Resislol 

(b)- Showing direction of current 
when lower oscillator 
terminal is positive 

60.—As the alternating voltage of the oscillator changes in direction from 
-I- to —, the current which this voltage forces through the load resistor likewise 
changes. 

course some individual electrons may pass completely around the 
circuit. 

In considering alternating-current flow, it is apparent that if the 
applied voltage changes very slowly some individual electrons may 
actually go completely around the circuit as in direct-current. It is 
also apparent, however, that if the alternating voltage is changing 
rapidly, then very few if any electrons will have time to pass com-
pletely around the circuit. 
The flow of alternating current in a wire may be conveniently 

pictured as follows: The current flow consists of the free electrons 
just as in any circuit. These free electrons are, however, more or 
less confined to a given portion of the wire. First they are forced 
one way, then back the other way as the voltage changes. In other 
words, they alternately flow back and forth, constituting as they do 
an alternating current. 
To summarize: An alternating voltage forces an alternating cur-

rent through a circuit. This current consists of free electrons 
present within the conductor. When the alternating current is 
flowing, these free electrons may be pictured as rapidly moving 
back and forth within the conductor. 
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Alternating-voltage Variations with Time.—As has been men-
tioned, and as illustrated in Fig. 60, an alternating voltage is directed 
first one way and then the other, forcing an alternating current 
through the circuit. If there is nothing in the circuit to cause a change 
in the relations, the alternating current must correspond exactly to the 
alternating voltage. A resistor fulfills these requirements; thus, in 
Fig. 60 the current that flows will correspond exactly to the voltage 
impressed by the oscillator. It 
is important therefore to study 
alternating-voltage variations. 
In describing alternating-volt-

age variations, it is convenient 
to speak of the wave shape of the 
voltage. To explain the meaning 
of wave shape, an illustration 
familiar to many communication 
engineers—that of a double-cur-
rent telegraph system be 
used. 
The sending key of a double-

current telegraph system is ar-
ranged in a circuit as shown in 
the simplified circuit of Fig. 61. 
When the key K is up, negative 
battery is applied between the line and ground. When the key is 
depressed to send the signals of a telegraph message, positive bat-
tery is applied between the line and ground. 
Now assume that an experienced operator is rapidly sending out 

a uniform series of telegraphic dots with the key. Also, let it be 
assumed that the dots are all the same length, same intensity, have 
the same spaces between them, and that the lengths of these spaces 
equals the lengths of the dots. That is, the operator depresses the 
key for a certain length of time, then instantly releases it for the 
same length of time, then depresses it again, and so on. If this is 
done, then + 150 volts will be impressed on the line for a given 
length of time, then — 150 volts for the same length of time, and 
so on. 

150 vi 

+T 1 T 

Line to distant station  

_r• I+ 
7 /50v 

FIG. 61.—Diagram of sending-key 
circuit of a double-current telegraph 
system which sends out a square-wave 
signal such as Fig. 62. The opened po-
sition of the key K is as shown; depress-
ing the key is assumed to close it. 

Double-current telegraph systems (as distinguished from the elementary 
single-current type) are very widely used in the United States for such purely 
practical reasons as more reliable operation. 
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These relations can be shown graphically, and for the elementary 
telegraph circuit of Fig. 61, they would be as in Fig. 62. At point 1 
the key is closed, impressing a voltage of + 150 voltages from line 
to ground, at point 2 the key is opened, impressing — 150 volts 
from line to ground, etc. If the time required by the operator in 
manipulating the key is plotted on the X axis (horizontal) and the 
magnitude of the signal in volts is impressed on the Y axis (vertical), 
the square-topped voltage wave 1 of Fig. 62 results. 
The reader may have much difficulty in finding any resemblance 

between the graphical plot of voltage versus time of Fig. 62 and 

+150-

42 

> 
-150 

ilfeyclosed ilreyopened je treyc.losed 

2 Time-* 3 4 

Key opened 

FIG. 62.—Square voltage wave impressed on a circuit by the operation of the key 
of Fig. 61. 

any wave he ever saw. The next section should help to clarify this 
usage however. 
To summarize: If a plot is made of voltage versus time as was done 

in this section for a double-current telegraph system, the wave 
shape of the voltage wave, or the voltage impulse, is graphically repre-
sented. 

Sine-wave Voltages.—As is well known to most readers, a pure 
tone is often used in testing communication equipment. Thus, if 
a voltage from an oscillator that produces essentially a pure tone 
when connected directly to a loud-speaker is first passed through an 
amplifier and then to à loud-speaker, then if the loud-speaker does 
not give off a pure tone, it is a good indication that distortion exists 
in the amplifier. It requires little imagination to predict the nature 
of the sound given off by a loud-speaker if a voltage having the 
square shape of Fig. 62 were impressed on the loud-speaker. If 
the voltage were varying slowly, a series of dull thuds would be 
produced. If the voltage were varying rapidly, the result would 

One experienced in telegraphy will recognize that this illustration makes 
several assumptions. For instance, it is assumed that the time required to 
change the key from one position to the other is negligible and that the circuit 
is such that the voltage can rise abruptly as shown. 
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be more like a series of clicks. Thus, there must be considerable 
difference between the wave shape of the voltage of an oscillator produc-
ing a pure tone and the wave shape of Fig. 62, and such surely is the 
case. 
The voltage wave of the telegraph instrument sending out a 

series of uniform dots as shown in Fig. 62 would be called a square 
wave. The voltage output of a vacuum-tube oscillator that would 
produce a pure tone in a loud-speaker is called a sine wave. The 
difference between a telegraphic square wave and a sine wave is 
this: Instead of changing immediately from a positive maximum 

+150 

4-

Fia. 63.—Square wave and pure sine wave of the same frequency. 

to a negative as in Fig. 62, a sine-wave voltage changes slowly and 
gradually from a positive maximum voltage to a negative maxi-
mum voltage, and vice versa. 
A comparison of a square wave and a sine wave is shown in Fig. 

63. These two waves are similar in some respects. For instance, 
the impulses exist for the same lengths of time, and the maximum 
intensities are the same. Actually, however, they are quite differ-
ent. The reader may be surprised to find that the square-topped 
telegraph wave is the more complicated of the two. 
To summarize: it has been shown that a pure sine wave of Fig. 

63 is the simplest form that an alternating voltage can have. Al-
though a square-topped voltage wave will cause a loud-speaker to 
give off a complex sound, a pure sine wave will produce only a single 
pure tone or note. 

Sine-wave Currents.—Let the sine-wave voltage of Fig. 63 be 
plotted as in Fig. 64 with ordinates (vertical lines) drawn in at 
even time intervals. Now it is apparent that each point of inter-
section with the X axis is at a different instant as measured from 
the starting point or origin at the left. Thus, each ordinate, or each 
dotted vertical line, represents the voltage at that instant or the in-
stantaneous voltage of the pure sine wave. 

Thus, it is evident that the instantaneous-voltage value of a pure 
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sine wave depends on the particular instant at which the voltage 
is measured. But, voltage forces current through a circuit, and thus 
if a pure sine-wave voltage is impressed on a circuit containing only 
pure resistance,' the current at each instant will be determined by 

42 
o 

64.—The height of each dotted line represents the instantaneous value of the 
voltage. Time is measured from the line at the left. Such a wave could also 
represent current as well. 

the voltage at that instant. That is, if a pure sine-wave voltage is 
impressed on a circuit containing only pure resistance, a pure sine-
wave current will flow through the circuit. These relations are 
shown in Fig. 65. Furthermore, the points at which the voltage 

-Voltage E 
-- Current I 

Time 

Fm. 65.—The sine-wave voltage E will force the current / through a circuit. In 
this figure / has been drawn smaller than E for no particular reason. Since volts 
and amperes are different quantities, they are plotted to different scales. These 
two waves are in phase. 

wave and the current wave pass through zero will coincide for a 
circuit containing only resistance. When two waves coincide in 
this manner, they are said to be in phase. 
To summarize: A pure sine-wave voltage will force a pure sine-

wave current through a circuit containing only resistance. Fur-
thermore, if only resistance is present, the various points such as 
zero and maximum values of the two waves will coincide and the 
waves will be in phase. 

For the present, the discussion must be confined to circuits containing only 

pure resistance. Later, the discussions will become more generalized. 
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Characteristics of Sine Waves.—There are at least four very 
important and useful values associated with sine waves. Two of 
these, instantaneous and maximum values, need little additional 
discussion, at least for the present, but for the sake of completeness, 
they will be discussed again. This will be done with the aid of Fig. 
66 which is a portion of Fig. 64 specially drawn for this purpose. 

Instantaneous Values.—The instantaneous values of a pure sine 
wave are the values shown as dotted vertical lines between the zero 
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FIG. M.—This represents one half cycle of a pure sine wave. The instantaneous 
values are shown by the dotted lines. This curve may represent either alternating 
voltage or current. It is plotted in angles instead of time as in vevious figures. 
This may be done because the degrees represent the angle turned through in a 
given time. 

line (or X axis) and the curve. Of course any number of such 
vertical lines can be drawn, but for convenience, only a few are 
usually laid off, and at regular intervals as shown. The instan-
taneous value of voltage or current depends on the instant at which 
it is desired. The letters i and e are used to represent instantaneous 
values. 
Maximum Value.—This is, of course, the greatest or maximum 

value to which the voltage or current rises. It is marked on Fig. 66. 
The notations and Emax are used to represent maximum 
values. 

Average Value.—The average value of a sine wave is the average 
height of the curve of Fig. 66. Thus, if the height of the dotted 
ordinates is measured and the average taken, it will be found to be 
about 0.6. Actually, the average value found by taking a large 
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number of ordinates is 0.637 of the maximum value. This is 
written 

Eav  
Eav = 0.637E., also Emax = o.or — 1 57 Eav• 

/ay  
/av = 0.637/..„ also 'max — — 1.57 /ay. (16) 

0.637 

Effective Value.—The terms just considered have been fairly 
obvious. Now although there is nothing particularly difficult 
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Fm. 67.—The effective value of a sine-wave value can be found by squaring the 
instantaneous current values from i1 to ill inclusive, adding these squared values 
together, averaging, and taking the square root. This value should be about 
0.707 for a pure sine wave. 

about effective value, it cannot be said to be obvious. The effective 
value of an alternating voltage or current (which it must be remem-
bered is varying in magnitude at each instant) must be the same as 
a corresponding direct-current value. If this were not true, then 
1 volt of alternating voltage would not produce the same effect on 
a resistor as would 1 volt of direct voltage. Also, 1 ampere of 
alternating current would not produce the same heating effect in 
a given resistor as would 1 ampere of direct current. That chaos 
would result from such a system is apparent. 

The effective value of a sine-wave voltage or current is defined as 
that value which will produce the same heating effect in a resistor 

1 This definition assumes that the resistor is of such type that its resistance 
and hence the power loss within it is the same with alternating as with direct 
current. The importance of this assumption will be made apparent on page 258 
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as will be produced by a given value of direct voltage or current. 
Referring to Fig. 67, this really means that the average of the sum 
of all the instantaneous i2 R losses in a resistor equals some /2/? 
loss, where / represents the effective value of the sine-wave current. 

These relations can be stated as follows: 

21R ± 1,2R + 23R + • • • 
/2R — 

where n is the number of instantaneous values taken. Then 

ft(i 2 •2 /2R =  1 2 h -r • • •) 

Canceling the R values gives 

/2 - e + 4 + 4 + • • •  

and then 

=  + + 4 + • • • 
(17) 

This equation can be interpreted as follows: The effective value of a 
sine wave (current or voltage) is the square root of the average of the 
instantaneous values squared. 

Thus, with reference to either Fig. 66 or 67, the effective value 
of a sine-wave voltage or current in terms of the maximum value is 
found as follows: Find the numerical value of each ordinate (in-
stantaneous value). These are plotted with respect to the maxi-
mum value as unity. Square each instantaneous value. Add all 
the instantaneous values. Divide by the number taken, and thus 
find the average or mean value. Then, take the square root of this 
number. The answer obtained will be about 0.7. The exact value 
is 0.707. Thus it can be stated that 

E  
E = 0.707E.. and Emax = — 1.414E 

0.707 

/ = 0.707/. and 'max =  — 1.414E. (18) 
0.707 

Because of the way in which they are found, effective values are 
also known as root-mean-square values, or r.m.s. values. 
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To summarize: Instantaneous, maximum, average, and effective 
values of an alternating sine-wave voltage or current may be speci-
fied. Of these, the effective value is of very great importance, 
because it really ties the direct current and the alternating current 
units together so that 1 volt or 1 ampere produces the same heating 
effect in a resistor irrespective of whether it is alternating or direct 
current. The symbols E and I are used to specify these effective 
values. In all problems and in all statements in alternating-current 
explanations, effective values of voltage and current are to be assumed, 
unless it is specifically stated that they are instantaneous, maximum, 
or average values. 
Frequency of a Sine Wave.—The reader is familiar with the 

term frequency. He knows that if he connects a telephone receiver 

 I Cycle 

"teckl I 

--1Cycle 

Fro. 68.—The sine wave below has twice the frequency of the one above. For this 
reason it takes only one-half the time for corresponding variations. 

or a loud-speaker to a source of low voltage (for example the sec-
ondary of a small filament transformer) from the 60-cycle power 
supply that a low-frequency (low-pitched) hum will be heard. He 
also knows that if a receiver or loud-speaker is connected to an 
oscillator the pitch of the sound is increased as the frequency or 
number of cycles per second is increased. 
With reference to Fig. 68, one cycle consists of a complete positive 

and negative impulse as indicated. The frequency of a wave is the 
number of cycles occurring per second. The time required for one 
cycle to occur is t = 1/f. The time required for a half cycle is 
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t = 1/2f and for one-fourth cycle it is t = 1/4f. That is, the time 
required for a sine-wave signal to build up from zero to maximum 
is t = 1/4f, where f is the frequency in cycles per second. 
Phase Relations of Sine Waves.—Perhaps the reader has sus-

pected, or has been told, that alternating currents are much morE 
difficult to work with than are direct currents. The answer is that 

(b)- Current 12 lagging 1, by an angle 

(c)- Current 12 leading I, by an cangle 
69.—Showing currents in phase, lagging, and leading. The same figures could 

be used to represent voltages. 

neither is difficult if well understood. But this is true: With 
alternating currents, more possibilities must be considered; in 
other words, the explanations must be generalized. 
For example, take Kirchhoff's second law on page 34. This 

says that the algebraic sum (considering the + and — nature) of 
the currents flowing to a point must equal the algebraic sum of the 
currents flowing away from that point In direct-current circuits, 
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currents can flow only toward or away from a point. There are 
other possibilities to consider in alternating-current circuits, how-
ever. Two currents may be flowing together at a point, but they 
may not be exactly in phase. 
Another example will be helpful. On page 69, it is stated that 

P = El. Well, that is true for direct-current circuits, but as will 
be seen later, it may not be true for alternating-current circuits, 
because the current and voltage may not be in phase, that is, may 
not be acting together. 
When two or more sine waves, whether they are currents or 

voltages, are in phase, they pass through corresponding values at 
the same instant. Two currents that are in phase are shown in 
Fig. 69a. The same two currents are shown out-of-phase in Fig. 
69b. Here /2 lags I. That is, time is being taken along the X 
axis, and "increasing positively" is taken as the positive direction 
of current flow. Thus, /2 completes its variations after I, and 
hence /2 lags in phase. Similarly in Fig. 69c, /2 leads I. Note 
that these statements are relative, depending on which wave is taken as 
the reference in stating the position of the other wave. 
To summarize: In alternating-current circuits the phase relations 

of the various waves must be considered. Two waves may be in 
phase (passing through corresponding variations at the same time), 
or they may be out of phase, with one wave leading or lagging 
the other. 

Addition of Sine Waves of the Same Frequency.—When two 
sine-wave currents flow up to a point in a circuit, the current flow-
ing away must equal their sum, added of course with proper regard 
to their phase relations. Two or more sine-wave voltages acting 
on a circuit are added similarly. To illustrate the addition of sine-
wave values, three cases will be considered: ( 1) two currents in 
phase, (2) the second current lagging the first, and (3) the second 
current leading the first. 

Addition of Sine Waves Which Are in Phase.—Two currents /1 
and 12 are shown in phase in Fig. 70. The current /1 is larger 
than 12. The maximum value of II is = 4.0 amperes, and 
for 12, the maximum value is Ir.  = 2.0 amperes. At each instant 
in the circuit, the instantaneous current components i1 and i2 are 
acting. Thus at each instant the resultant current must be i3 = 

i2. If the reader will add the instantaneous values of j1 and 
i2 at a number of points, the resultant current /3 will be produced. 
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The maximum value of this resultant current will be /3max = 
/imax /2max = 4 -I- 2 = 6 amperes. The effective value of the 
resultant current will be /3 = 0.707/3max, which will of course 
equal the sum of the effective values of the separate currents. This 
reasoning shows that when two or more currents are in phase the 
maximum values may be added directly to give the maximum value 
of the total current and also that the effective values may be added 
directly to give the effective value of the total current. Of course 
this same reasoning applies to voltages. It should also be noted 

6 
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Fro. 70.—The two in-phase currents, /1, and Imx, add to give the resultant 
current /3,,... 

3 .1 x # 1 2max 

30 60 90 120 150 18 
Degrees ---> 

360 

that the frequency of the total current is the same as the frequency 
of the separate currents. 

Addition of Sine Waves out of Phase (Lagging).— The current 12 
of Fig. 71 is lagging /1 by a certain time interval. That is, /2 is 
shown increasing to its positive maximum value after Ii. The 
maximum values of I and /2 are the same as in Fig. 70. The total 
or resultant current /3 must at each instant be the sum of the 
instantaneous values of I and /2. Adding the corresponding in-
stantaneous values algebraically, because now sometimes positive 
and negative instantaneous values act simultaneously, gives the 
total current /3. Note in particular that the maximum value of 
this current is not /3max ilmax i2max = 4 + 2 = 6 amperes 
as it was when the currents were in phase. The maximum value 
sra ax of the resultant wave is less than this sum; so will be the 

effective value 4  of the resultant wave, because /3 = 0.707/3,„... 
Thus, when two sine-wave currents or voltages are out of 
phase, that is, not acting exactly together at the same time, the 
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resultant voltage or current will not be the direct sum of the sepa-
rate components. The frequency, it will be noted from Fig. 71, 
remains the same. The reader can readily prove to himself that if 
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5 13r/ref2 
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71.—In this figure current II lags II by a certain time interval represented 
by the angle O of 60 degrees. The sum of these two currents is /2, obtained by 
adding instantaneous values. 

12 of Fig. 71 were of the same magnitud3 as /1 and if 12 were shifted 
along until it is one half cycle out of phase with 12 then the value 
of the total current /3 will be zero at every instant. 

6 
-13=11 -e12 
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72.—In this f gure current /2 leads I by a time interval represented by the 
angle O of 60 degrees. The sum of these two currents is / 3, obtained by adding 
instantaneous values. 

Addition of Sine Waves out of Phase (Leading).—The sine wave 
12 of Fig. 72 is leading II, because 12 has increased to a positive 
maximum before I. These two waves are combined to find the 
resultant value just as was done in the preceding case, that is, by 
adding algebraically the instantaneous values. This gives the 
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resultant wave /3. Further explanation seems unnecessary. The 
resultant wave is less than the direct sum of the two waves but of 
course has the same frequency. 

Vector Representation of Sine Waves.—The methods of adding 
two or more sine-wave currents or voltages to find the resultant 
current or voltage was explained in the preceding section. Two or 
more sine waves are combined by adding (algebraically) the instan-
taneous values. But think how bothersome it would be always to 
stop and combine currents or voltages point by point in alternat-
ing-current work. Remember, that in alternating-current circuits 

Rotation 
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73.—If the line /max is rotated as indicated, and if at 15-degree 'or other) 

intervals the line is stopped, and its vertical projection is carried over to the right 
and plotted at the corresponding angle, a sine wave will be created, 

currents cannot (in general) be added directly because they may 
be out of phase. The same applies to voltages. 
These difficulties have led to the adoption of vectors for com-

bining currents and voltages in alternating-current circuits. The 
use of vectors greatly simplifies the solution of alternating-current 
problems. Now it is logical to assume that if vectors are useful in 
adding sine-wave currents and voltages then there must be a rela-
tion between vectors and sine waves. This is true, as will now be 
explained. 
Suppose that the line /in. of Fig. 73 is rotating counterclockwise 

at a constant rate. This rate could be measured in degrees per 
second, there being 360 degrees in a complete circle or in one com-
plete revolution of the line 'max. This rate could also be measured 
in radians per second, there being (by definition) 22- or 2 X 3.1416 
radians in one complete revolution of the line Suppose that 
the angle through which the line turns during time t from the 
assumed starting position is called cot and is measured in radians. 
Then the angular velocity at which the line 'max revolves is cot/t = co 
radians per second. In one revolution, 2r radians are covered, and 
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this is done once for each cycle of the sine wave. Since there are f 
cycles per second, co = 22-f, where f is the frequency. 

In Fig. 73, as the line /ma, revolves counterclockwise it is assumed 
that at each point 1, 2, 3, 4, 5, etc. (representing 15-degree incre-
ments) the line is stopped instantaneously and the height of its 
vertical component is plotted as a Y-axis value against an X-axis 
value representing the angle through which the line has turned. 
This gives a sine-wave curve at the right. Therefore, from Fig. 73 
it is evident that a sine-wave value (such as a sinusoidal alternating 
current) is created by a line such as rotating as shown. In 
electrical terms, a sine-wave alternating current can be represented 
by a counterclockwise rotating line having a length 'max equal to 
the maximum value of the alternating current. Similarly, a sine-
wave voltage can be represented by a counterclockwise rotating 
line having a length &flax. 

In Fig. 73 the line has a certain length It also has an arrow 
head on one end. This indicates that the line also has direction. A 
quantity that has magnitude (such as length) and direction is often 
called a vector quantity. 
To summarize: This section shows that a sine wave is generated 

by the vertical projection of a rotating vector. It has previously 
been shown that pure alternating currents of a single frequency 
could be represented by sine waves; therefore, an alternating cur-
rent or an alternating voltage can be represented by a vector. 
The advantage of this is that vectors can be added and subtracted quite 
readily as compared with sine waves. This statement will be made 
clear later. 

Vector Representation of Two or More Sine Waves.—The 
preceding section has shown that a vector can be used to represent 
a sine wave. It is logical, then, to assume that two vectors can be 
used to represent two sine waves, and this is true. 

Representation of Waves in Phase.—With reference to Fig. 70, 
which shows, the addition of two sine waves that are in phase and 
to Fig. 73 which indicates how a vector represents a sine wave, it 
is apparent that the two vectors that would represent /imax and 
hmax of Fig. 70 and also the resultant vector /3ma. (representing 
the sum of /imax and /2max) must lie along the same straight line. 

Representation of Waves out of Phase.—In Fig. 71 two sine waves 
with /2max lagging /imm, were shown. These are reproduced in Fig. 74 
together with the rotating vectors that may be thought to create 
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them., It is apparent that /2max must be placed behind /imax 
to conform to the fact that one sine wave is behind the other. 
Remember that the vectors are assumed to be rotating counterclockwise. 
Further examination of this figure discloses that just as the sum of 
the two sine waves can be represented by a single sine wave /3max, 
so can the sum of the two vectors ilmax and /2max be represented by 
a single vector /3max. Although the case shown here was for a 
lagging current, it should not be difficult for the reader to draw 
out the relations for a leading current. 

13./iele 

90 120 150 18 
Degrees 

74.—The vertical projections of the rotating vectors / max.12max. and /3MaX 
produce the sine waves shown. In this figure, /2 lags / 1 by an angle O of 60 degrees. 
The resultant current .1 3111aX lags /1m by the angle O'. The subscript "max" is 
used in designating the vectors because they represent the maximum value of the 
waves. 

To summarize: It has been shown that vectors may be used to 
represent either current or voltage sine waves. Also, because vec-
tors are assumed to be rotating in a counterclockwise direction, 
they may be used to represent sine waves in phase, leading, or 
lagging. Just as one sine wave may be used to represent the sum 
of several other sine waves, so may one vector be used to represent 
the sum of several other vectors. 

Addition of Vectors.—An examination of Fig. 74 should disclose 
that it is much simpler to add two vectors representing two currents 

1 This wording may seem vague, but it is good in this sense: As a vector 
rotates, its vertical projection is different at each instant, as has been shown. 
Plotting the projections at the various points of rotation creates or generates 
a sine wave. The reader may imagine a parallel beam of light shining onto a 
rotating stick, the plane of rotation being parallel to the light rays. The 
shadow thrown by the stick on a screen behind the stick will be the vertical 
projection at each point of rotation. If the reader will imagine that the 
extreme end (only) of the projection or shadow makes a mark on the screen 
and that the screen is moved horizontally at a uniform speed, then a sine wave 
will be drawn out on the screen. 
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than it is to add two sine waves point by point. This fact certainly 
is true, and because of this the solution of most alternating-current 
problems includes vector addition (and also subtraction to be dis-
cussed in the following section). Such additions are possible by 
graphic and by analytic means. The graphic methods will be con-
sidered in this chapter. 

I  i'llaX=11/77aX#12177ai e /77aX 

1,max.10 amps 

20* / 
.e>434. 
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Pm. 75.—In the upper figure are shown three branch lines carrying currents 
/2MEIX, and /3max coming together to form /4.3x. The relative vector posi-

tions of these currents are shown in the center figure. At the bottom is shown 
the method of adding these separate currents to find the total current. The 
resultant value for imam is shown. 

An ordinary unit such as gallons expresses only quantity, and 
thus gallons are added directly. A vector, however, possesses both 
magnitude and direction, and vectors must be added so that both 
these measures are considered. Figure 74 will show that if a line 
equal in length to igmax is placed from the end of /i.a„ and that if 
this line extends in the same direction of I2max, then the end of this 
new line will coincide with the end of vector /3.a.. 
Now vector 13max is obtained by adding sine waves /i.a. and 

/2.ax as shown by the sine waves of Fig. 74. But it has just been 
shown that the length and direction of the resultant I3max can also 
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be found by adding one vector to the end of another, that is, by 
drawing a line identical to /2max from the end of /lama. Thus, 
adding currents and voltages vectorially is equivalent to adding them 
sinusoidally. 
The process involved in Fig. 74 has been extended in Fig. 75. 

Thus, suppose three branches each carrying sinusoidal alternating 
currents come together and one wire leads away. Suppose that 
iimax = 10 amperes, /2max = 6 amperes at an 
angle of 20 degrees behind /1,,,-,„„, and /3max = 4 
amperes at an angle 40 degrees behind /i.„„, and 
that it is desired to find the resultant current 
Limax- This is found as Fig. 75 shows by suc-
cessively laying off from the end of /1„. each 

• vector at its proper angle and of its correct 
length. Then, a line Limax connecting the end 
of the last vector with the origin of the first is the 
sum or resultant of the three values. Since all the 
vectors have been drawn to scale, Limax = 19.2 
amperes, and it lags 14 degrees behind /I.x. Of 
course the same method would be followed in I, lee 
adding voltages. 
To summarize: To add vectors, successively 

add each vector to the end of the last vector, being 
certain that the vectors added are of the same 
length and at the same angle as the currents or 
voltages they represent; then, the resultant will 
be a line connecting the end of the last vector 
with the beginning of the first one. 

Subtraction of Vectors.—To illustrate this process, Fig. 74 will 
be used. Thus, suppose that /3m„x and /2„,„„ are known and it is 
desired to find /imaa. To subtract a vector, change its sign and add it 
as shown in Fig. 76. Changing its sign means to place the arrow-
head on the opposite end, in other words, reverse its direction. 
Thus when /2max is reversed in direction and added' from the end 
of /3max and when a line connecting /3max and the end of /2max is 
drawn, this is vector /1.. Of course this same process can be 
used to subtract voltages or to subtract more than one vector 
from another. 

Vectors Representing Effective Values.—On page 114 it was 
stressed that effective values were used instead of maximum values 

-12 

FIG.76.—Show-
ing how to sub-
tract vectors. In 
this figure /mum 
is changed in 
sign (making it 
--/2max) and add-
ed to /3max• This 
gives vector 
▪ Imax• 
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in most instances, yet in the preceding discussion of vectors, maxi-
mum values and not effective values were used. The reason this 
was done is as follows: It was a simple matter to show that two sine 
waves could be represented by a vector equal to the maximum value 
of the sine wave. It would not have been quite so easy to have 
shown the relation between a sine wave and an effective value. 

However, the fact still remains that most values given for cur-
rent or voltage are effective values. The factor 0.707 is the numer-
ical relation between the effective and maximum value (/ =-
0.707/...). Thus, if vectors of the maximum value of a sine wave 
can be used to represent sine waves, vectors of the effective value of a 
sine wave can also be used to represent the sine waves. 
To summarize: In accordance with statements made earlier in 

this chapter, most specified alternating-current values are effective . 
values. Therefore, in the following pages all values will be effective 
values and will be represented by / and E (not and Ernax) 
unless otherwise stated. 
Examples of Vector Addition and Subtraction. Vectors in 

Phase.—The current through a resistor is always in phase with the 
voltage across the resistor. Two resistors are in series, and the cur-
rent through them is 10 milliamperes. There is a drop of E1 = 1.2 
volts across one, and E2 = 2.3 volts across the other.. Calculate the 
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(ci)-Adding two voltages 1.2 volts and (b)-Adding two currents 18milliamperes 

2.3 volts which are in phase with and 12 milliamperes which are in phase 
each other and with the current with each other and with the voltage 

77.—Illustrating the method of adding voltages and currents which are in 
phase. The X and Y designations refer to the axes used for representing vectors. 
Thus, the horizontal line is the X axis, the vertical line is the Y axis, and they are 
designated as ± or — depending on their position with respect to the central origin. 

voltage impressed across the combination. This is solved by the 
use of the vector diagram of Fig. 77a. The current is common, so 
it is taken as the base along the X axis. The 1.2 volts and the 2.3 
volts are plotted to scale along this axis. The sum of these two 
voltages is the vector E1 E2 = 3.5 volts. Here is an instance 
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where the vector solution and the numerical solution are the same, 
but it is a special case true only because the two voltages are in phase. 
As a second illustration, suppose that two resistors are in parallel 

across an alternating voltage of 2.8 volts. One coil takes a current 
of I = 18 milliamperes and the other /2 = 12 milliamperes. Cal-
culate the total line current. This is done graphically in Fig. 77b. 
In this instance the voltage is taken as the base along the X axis 
because the voltage is common in a parallel circuit. The currents 
are also laid off along the X axis because they are in phase with the 

E2.20mv 

(a) - Vector diagrarn for series ( b) - Addition of vectors shown in (a) 
circuit discussed in text 
78.—Vector diagrams for a series circuit composed of 40 millivolts across a 

coil at an angle of 30 degrees with the current and 20 millivolts across a condenser 
at an angle of 90 degrees with the current. The diagram is drawn as in (a) because 
the current is common, and because the voltage across a coil leads the current, and 
the voltage across a condenser lags the current. 

voltage in pure resistance. The total current is I -I- /2 = 30 
milliamperes. Here again the arithmetic sum and the vector sum 
are the same, but only because the two currents are in phase. 

Vectors out of Phase.—The current always lags the voltage in a cir-
cuit containing a coil. (This is equivalent, of course, to saying that 
the voltage leads the current.) The current always leads the voltage 
in a circuit containing a condenser. (This is equivalent to saying 
that the voltage lags the current.) The reasons for these phase 
relations will appear later (page 247). Suppose that a series circuit 
consists of a coil and a condenser. The voltage across the coil is 
E1 = 40 millivolts, and the phase angle is 30 degrees. The voltage 
across the condenser is E2 = 20 millivolts, and the angle is 90 
degrees. This problem is solved graphically by Fig. 78. The 
current is taken as the base because the current is the same (com-
mon) in all parts of a series circuit. The voltages are next laid off 
as indicated in accordance with the statements at the opening of 
this paragraph. Then the vectors are added, giving the total 
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voltage Et = El E2 = 35 millivolts, and the angle measures to 
be 0 degrees. 
Now suppose that a coil and a condenser are connected in parallel 

across a common source of voltage, that the coil takes a current 
of II = 10 milliamperes with a phase angle of 30 degrees, and that 
the condenser takes a current of /2 = 20 milliamperes at an angle 
of 90 degrees. The total line current will be the vector sum of the 
individual current. These currents are plotted and added as in 
Fig. 79. The voltage is taken as a base and the currents laid off 

12=20 ma 

\ko° 
E 

4= ema 

(a) -Vector diagram for parallel ( b)-Addition of vectors shown in ( a) 
circuit discussed in text 

79.—Vector diagram for a parallel circuit composed of a current of 10 milli-
amperes through a coil at an angle of 30 degrees with the voltage, and a current 
of 20 milliamperes through a condenser at an angle of 90 degrees with the voltage. 
Current through a coil lags the voltage, and through a condenser leads the voltage. 
These relations are shown in (a). 

in accordance with the statements made early in this section. 
When the vectors are added, it is found that the total current 
/I = I ± /2 = 17 milliamperes and the phase angle is 61 degrees 
leading the voltage. 

Solutions of Alternating-current Circuits.—In the preceding 
chapters, particularly Chap. II, the methods of solving series, 
parallel, and series-parallel circuits were considered in much detail. 
In explaining the methods employed, two important laws were 
illustrated. ( 1) In a series circuit the current in all parts is the same 
(common) and the sum of all the voltages around a closed circuit 
equaled the impreffled voltages. (2) For a parallel circuit the 
voltage across each branch is the same (common) and the sum of 
the branch currents equals the total line current. 

In the section just preceding this one the vector methods of 
adding alternating currents and of adding alternating voltages 
were considered. The fundamental laws, governing the solution of 
alternating-current circuits are but generalizations of the laws 
governing direct-current circuits. These laws are as follows: 
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Series Alternating-current Circuits.—In the series circuit, the 
current is the same in all parts (that is, common to all parts). The 
vector sum of the voltages around a series circuit equals the im-
pressed voltages. 

Parallel Alternating-current Circuits.—In the parallel circuit, the 
voltage is the same across each branch (that is, common to each 
branch). The vector sum of the branch currents equals the total 
line current. 

In other words, the direct-current circuit rules apply to alternat-
ing-current circuits if they are generalized by the addition of the 
word vector. 

In the preceding section it was stated that the current through 
a coil lagged the voltage across the coil. Also, it was stated that 
the current through a condenser led the voltage across a con-
denser. These peculiarities are due to the inductance of the coil 
and the capacitance of the condenser. Inductance and capaci-
tance are properties of alternating-current circuits which act with 
resistance to impede the flow of alternating current. 

Before a meaningful discussion of inductance and capacitance 
can be given, the basic principles of magnetic and electric fields 
must be understood. For this reason, no attempt will be made at 
this time to consider further the solution of alternating-current 
circuits. 
Nonsinusoidal Waves.—Pure sine waves were used in all the 

considerations in this chapter with one exception; this was the 
square-topped telegraph wave of Fig. 62. Waves that are not 
pure sine waves are called nonsinusoidal waves. The telegraph 
wave was a uniform nonsinusoidal wave, because it recurred 
exactly the same time after time. 

It is the purpose of this section to show that a steady recurring 
nonsinusoidal wave is composed of two or more steady pure sine waves. 
Nonsymmetrical Nonsinusoidal Wave.—A wave is nonsymmetri-

cal if the positive and negative half cycles are not identical. At 
first thought wave /3 of Fig. 80 appears to be identical, but it is not. 
Along the time axis the peak of the positive half cycle occurs first, 
and the peak of the negative half cycle occurs last. It is evident 
that /3 is obtained by adding the instantaneous values of Ii and 1.2. 
The frequency of 12 is twice that of /1. If several such figures are 
drawn it will be found that adding waves of even multiples of 
frequency (that is, if f is the lowest frequency, then adding waves 
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of 2f, 4f, etc.) always produces nonsymmetrical nonsinusoidal waves. 
Now 13 is produced by adding the instantaneous values of I and 
12. It follows, therefore, that any time a recurring wave such as 

80.—Addition of the two pure sine waves Ii, of frequency f, and /2 of frequency 
2f gives the nonsymmetrical nonsinusoidal wave /3. 

/3 is observed it can be broken down into two waves such as /1 
and /2; in other words, the nonsymmetrical nonsinusoidal recur-
ring wave /3 of Fig. 80 is in reality composed of two pure sine waves 
of frequency f and 2f. 

Symmetrical Nonsinusoidal Waves.—The resultant wave /3 of 
Fig. 81 is a symmetrical wave because the positive and negative 

3 

FIG. 81.—Addition of the two pure sine waves II of frequency f, and I of fre-
quency af gives the symmetrical nonsinusoidal wave /3. 

half cycles are identical. As is evident, it is formed by adding 
instantaneous values of the pure sine waves /1 and /2. An examina-
tion of 12 will show it to have three times the frequency of 



ALTERNATING CURRENTS 129 

because three cycles of /2 are the same length as one cycle of I. 
If several such figures are drawn, it will be concluded that adding 
odd multiples of frequency (that is, f, 3f, 5f, etc.) always produces 
symmetrical nonsinusoidal waves. 
To summarize: Waves are nonsinusoidal if they are not pure 

sine waves. They are nonsymmetrical if the positive and negative 
half cycles are not identical. Adding sine waves of even multiples 
(f, 2f, 4f, etc.) produces nonsymmetrical nonsinusoidal waves. 
Adding sine waves of odd multiples (f, 3f, 5f, etc.) produces sym-
metrical nonsinusoidal waves. Any steady continuously recurring 
nonsinusoidal wave (whether symmetrical or nonsymmetrical) is com-
posed of single-frequency pure sine waves. 
Harmonics.—In Fig. 80, the sine wave of lowest frequency f is 

called the fundamental, and the sine wave 2f of twice the frequency 
of the fundamental is designated as the second harmonic. Sim-
ilarly, in Fig. 81 the sine wave of lowest frequency is again the 
fundamental, and the sine-wave frequency 3f of three times the 
fundamental is the third harmonic. That is, a nonsinusoidal wave 
is the summation, or resultant, of sine-wave components. The 
lowest frequency component is called the fundamental, a com-
ponent of twice this lowest frequency is called the second harmonic, 
a component frequency three times the fundamental is the third 
harmonic, and so on. 

Vector Representation of Nonsinusoidal Waves.—As was shown 
in Fig. 73, and the accompanying discussion, a vector may be used 
to represent a sine wave. A single vector cannot be used to repre-
sent a nonsinusoidal wave, a fact that will be apparent if Fig. 73 is 
studied. 

It has also been shown by Figs. 80 and 81 that nonsinusoidal 
waves are composed of pure sine waves whose instantaneous values 
add to produce the resultant nonsinusoidal wave. This is the 
method of adding a wave of one frequency to a wave of another 
frequency. Vectors representing waves of the same frequency can 
be added or subtracted vectorially as was explained on page 121, 
but vectors representing waves of different frequency cannot be 
added or subtracted. 

SUMMARY 

An alternating voltage forces an alternating current through a circuit. 
An alternating voltage is directed first one way, then the opposite way. 
An alternating current consists of free electrons which are present in the 
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metallic conductors. These electrons may be pictured as alternately flowing 
back and forth. 
The wave shape of a voltage or current may be shown graphically by plot-

ting instantaneous values of voltage or current on the Y, or vertical, axis and 
values of time at which the values occur on the X, or horizontal, axis. 

If this is done for a double-current telegraph system that is sending a uni-
form series of dots, a square-topped wave will be depicted. 
The simplest form an alternating voltage or current can have is that of a 

pure sine wave. These waves have instantaneous, maximum, average, and 
effective values. The effective value is the quantity usually specified. 
One complete cycle of a sine wave consists of a positive and a negative 

variation. The number of complete cycles occurring per second is called the 
frequency. 
Two or more sine waves may be in-phase or out-of-phase, either leading or 

lagging. 
Sine waves, regardless of phase relations, are added or subtracted by com-

bining instantaneous values. 
Sine-wave currents and voltages may be represented by vectors, which are 

quantities having direction and magnitude. 
Vectors usually represent effective values and may be added or subtracted 

to find the resultant of sine-wave currents or voltages. 
Only vectors representing the same frequencies may be combined. 
Nonsinusoidal currents or voltages are composed of a fundamental and 

harmonics. 

REVIEW QUESTIONS 

1. Name at least three sources of alternating voltage in communication 
circuits. Are these pure sinusoidal voltages? 

2. Explain the manner in which alternating current flows in a wire. 
3. What relation exists between the motion of a clock pendulum and a 

sine wave? 
4. Explain the relation between effective values of alternating current and 

direct current. 
6. What is the phase relation between current and voltage in a circuit com-

posed of 
a. A resistor? 
b. A condenser? 
c. A coil? 
6. Can you add effective values directly? Explain your answer. 
7. Just why can a vector be used to represent a sine-wave quantity? 
8. At what angular velocity does a vector rotate? 
9. What is the relation between the frequency of a vector quantity and the 

angle turned through in a given time? 
10. Explain how to add and subtract vectors. 
11. How can you prove that a rotating vector generates a sine wave? 
12. Can you add vectors of different frequency? 
13. State the laws applying to alternating-current series circuits. 
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14. State the laws applying to alternating-current parallel circuits. 
15. What is meant by the term nonsinusoidal wave? 
16. Can a single vector represent a nonsinusoidal wave? 
17. How are nonsinusoidal waves composed? 
18. Can sine waves of different frequency be represented by vectors on the 

same vector diagram? 
19. What are the reasons for stating that a square-topped double-current 

wave consists of a fundamental and a series of harmonics? 
20. Would a rectified wave be rich in even or odd harmonics? 

PROBLEMS 

1. Calculate the numerical relation between average and effective values. 
2. The following table gives the numerical relation between the instan-

taneous and maximum values for one-fourth of a sine wave. The rest of the 
wave is symmetrical. Plot the sine waves for two currents /imax = 40 milli-
amperes and /2max = 25 milliamperes, the currents being in phase. Plot a 
wave representing the sum of these two currents (refer to Fig. 70). 

Angle, Instantaneous 
Degrees Current 

= 0.0/max 
15 j = 0.259/max 
30 i = 0.5004. 
45 i = 0.707/. 
60 i = 0.866/max 
75 = 0.966/. 
90 i = 1.0/„,„. 

3. Determine the effective values of each of the waves of Prob. 2. 
4. Repeat Probs. 2 and 3 if /2max lags /imax by 30 degrees. 
5. A vector is rotating at an angular velocity of 62,832 radians per second. 

What is the frequency of the current that it represents? 
6. Referring to Fig. 75, if /imax = 5 milliamperes, Irymax = 3 milliamperes 

at 30 degrees lagging /b., and if Irymax = 5 milliamperes at an angle of 
40 degrees leading umax, calculate the total current. Is this an effective, aver-
age, or maximum value? 

7. A portion of a circuit consists of a main wire and two branches. The 
current in the main wire is 35 milliamperes, and the current in the other wire 
is 15 milliamperes, lagging that in the main wire by 36 degrees. Graphically 
determine the current in the second wire. 

8. Draw a vector diagram showing the approximate relations of the various 
voltages in a series circuit composed of a resistor, a coil, and a condenser. 
Explain how to find the total impressed voltage. 

9. Draw a vector diagram showing the approximate relations of the various 
currents in a parallel circuit composed of a resistor, a coil, and a condenser. 
Explain how to find the total line current. 
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10. A sinusoidal current having an effective current of 50 milliamperes and 
a frequency of 1000 cycles per second exists in the same circuit with a sinusoidal 
current of 20 milliamperes effective value and a frequency of 2000 cycles per 
second. The two components are in phase. Plot these two currents, and 
determine the wave shape of the resultant current. 



CHAPTER VI 

THE MAGNETIC FIELD AND INDUCTANCE 

There are three fundamental parameters of electric circuits; 
these are resistance, inductance, and capacitance. In the preced-
ing chapters, resistance has been treated in much detail, but largely 
from the direct-current standpoint. It will be considered again, 
as it acts in alternating-current circuits, on page 247. 
The effect of a coil in causing the current through it to lag the 

voltage across it was mentioned in the preceding chapter. This 
peculiar (and useful) effect was due to the inductance of the coil. 
Likewise, it was stated that the current through a condenser led 
the voltage across it. This was due to the capacitance of the con-
denser (not capacity, see footnote, page 192). Inductance will be 
considered in this chapter and capacitance in the one following. 
This property of inductance, which a coil of wire possesses, is 

very useful in many ways. Inductance and inductive effects are 
due to the magnetic field that a current produces. For this reason, 
it is necessary to study the magnetic field before considering 
inductance. 
The Magnetic Field.—A magnetic field is a region in which 

magnetic forces act. Magnetic forces are somewhat familiar to all. 
The well-known permanent horseshoe magnet exerts an attractive 
force on a bit of iron and clasps the bit of iron to it. The magnetic 
field of the earth exerts a force on the magnetized compass needle, 
etc. 
One of the easiest ways of studying a magnetic field is to place a 

stout piece of paper over a permanent bar magnet, dust iron filings 
on the paper, and tap the paper lightly. If this is done, the iron 
filings, being acted on by the magnetic forces of the permanent 
magnet, will arrange themselves in lines, somewhat as shown in 
Fig. 82. This is because magnetic forces are acting in a given direc-
tion. Thus it is said that the iron filings arrange themselves along 
magnetic lines of force. This concept of magnetic lines of force 
will be used extensively in the pages that follow. The student 
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82.—When iron filings are placed on a sheet of paper covering a permanent 
magnet, the iron filings arrange themselves along the lines of force issuing from 
the permanent magnet. (From Croft.) 

must learn to visualize and think in terms of these magnetic lines 
of force. To assist in this, Figs. 83 and 84 have been included. 
Think of magnetic fields in terms of the way iron filings would act 
if they were placed on a paper in the field of influence of the magnet 
or coil. Or think of the field in terms of how a small compass 
needle would point if placed at various locations in the magnetic 
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field. A compass needle always aligns itself with the lines of force, 
that is, it points in the direction in which they are acting. 
To summarize: A permanent magnet is surrounded by a region 

in which magnetic forces act. This region is called the magnetic 
field and is considered as being composed of magnetic lines of 
force. 
Laws of Magnetic Action.—As the reader has already surmised, 

many electrical laws (as well as others) are merely arbitrary 
assumptions. Once they are stated, however, they are rigidly 
adhered to, because they become the building blocks of electrical 
explanations. 
Now as the reader well knows, a permanent bar magnet is 

Fi.ssumed to have a north pole and a south pole, and the lines of 
force are assumed to act or flow from the north pole to the south pole in 
the air and then back from the south pole to the north pole in the steel. 

It is generally well known that unlike magnetic poles attract each 
other. This is indicated by Fig. 83 which shows a north and a south 
pole together. It can be assumed that magnetic lines of force tend 
to shorten themselves like stretched rubber bands and that by this 
action the north and south poles would pull together. 
But observation has shown that two like poles repel each other. 

This is indicated in Fig. 84. Here the lines of force are both 
directed out and repel each other, the magnets being thus forced 
apart. 
To summarize: Several laws applying to magnetic lines of force 

have been enumerated. 
1. Lines of force are continuous and tend to take the shortest 

path. 
2. They are assumed to act or flow out of the north pole into air, 

through the air to the south pole, and back through the steel of the 
magnet to the north pole. 

3. Lines of force established in the same direction repel each 
other. (Note spreading between the magnetic lines of Fig. 88, also 
note the forcing apart of the two magnets in Fig. 84.) 

4. Conversely, lines of force in opposite directions attract each 
other. 
Magnetic Field around a Wire.—As shown in Fig. 82, a magnetic 

field exists around a permanent magnet. This field may be photo-
graphed by placing iron filings on a paper placed over a magnet. 
If now a wire carrying a current of electricity is passed through a 
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sheet of paper, and if iron filings are dusted on the paper, the filings 
will arrange themselves in concentric circles around the wire carry-
ing the current. This action is illustrated by Fig. 85. 

It follows, therefore, that a wire carrying a current is surrounded 
by a magnetic field, much as is a permanent magnet. In fact, there 
is no difference in the fundamental nature of the magnetic lines of 
force surrounding a magnet and the lines surrounding a wire 
carrying a current. 
Although there is no difference in the nature of the lines of force 

themselves, there are several differences in the behavior of a mag-
netic field produced by a permanent magnet and that of a magnetic 
field in air around a wire. If the current in the wire is increased, 
the magnetic-field intensity is increased in direct proportion; that 
is, more lines of force are produced. Now if the current in the wire 
is decreased, the lines of force in air are decreased in the same ratio. 
In fact, if the current is decreased to zero, the magnetic field col-
lapses to zero. 
To summarize: A wire carrying a current is surrounded by mag-

netic lines of force constituting a magnetic field. In air, the 
strength of the field, that is, the number of lines of force, is directly 
proportional to the magnitude of the current flow. 

Direction of Magnetic Field around a Wire.—The directions of 
the magnetic lines of force around a permanent magnet were pre-
viously considered. It was explained in the accompanying dis-

85.—Iron filings placed on a piece of paper penetrated by a wire carrying 
a current will arrange themselves as shown in the first figure. The corresponding 
lines of magnetic force would be shown as in the figure to the right. For the 
direction of current shown, the pocket compass will point as indicated. If the 
current were reversed, the compass needle would also reverse. 

cussion that those directions were purely arbitrary. The arbi-
trarily assumed direction of the lines of force around a wire carrying 
a current is shown by the arrows on the lines of Fig. 85. 
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Screw Rule for Field Direction.—The common wood screw or 
machine screw must be turned to the right (clockwise) to progress 
in. If the direction of the current in a wire is in the direction of the 
travel of a screw, the direction of the magnetic field will corre-
spond to the direction the screw is being turned to force it in. 

Right-hand Rule for Field Direction.—Another way of remember-
ing the direction of the magnetic field around a wire carrying a cur-
rent is as follows: Grasp the wire (or better, imagine you grasp it, 
because you might get a shock) with the right hand with the 
thumb pointing in the direction of current flow; then, the fingers will 
encircle the wire in the same direction as the lines of force. 
Magnetic Field. around Two Wires.— Cf particular interest is 

the magnetic field around two wires carrying the same current, 

• 

—I— Battery 

tine I wires  

Current Resleorz 

Fro. 86.—Two line wires constituting a circuit or loop. 

that is, two wires of a pair constituting a loop or a circuit. To make 
this clear, Fig. 86 has been drawn. It is assumed that the line is 
being studied at point x. 

87.—Illustrating the way in which iron filings arrange themselves when in the 
vicinity of a pair of wires carrying the same current. (Prom Peek.) 

If the two wires are passed upward through a piece of paper 
which is again sprinkled with iron filings, these will arrange them-
selves as shown in Fig. 87. 
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By assuming that the currents in the two wires have the direc-
tions indicated, an application of one of the laws of the preceding 

88.—Showing the directions of the magnetic lines of force produced by two 
wires carrying currents in the directions indicated. On the cross section of one 
wire is placed a dot. This indicates that the current is flowing out. On the cross 
section of the other wire is placed a cross. This indicates that the current is in. 

section will show that the directions of the lines of force are as 
drawn in Fig. 88. 

Thus it is seen that the magnetic field around two adjacent wires 
carrying the same current in the 

of force opposite direction is considerably 
• lines distorted from the shape of the 

field around a single isolated 
wire. 
Magnetic Field Produced by 

an Air-cored Coil.—The magnetic 
field around a single straight wire 
carrying a current is as shown in 
Fig. 89a. If now the wire is wound 

Alegnehees. into a one-turn coil, the lines of of force 
force will thread this turn as in-
dicated in Fig. 89b. 

If several turns of wire are 
89.—Magnetic lines of force link wound loosely together as shown 

a straight lin and a turn of wire as 
indicated, by the cross-sectional view of Fig. 

90, the resulting magnetic field 
will be as shown. Some of the lines will still encircle each individual 
wire, but in addition, some iines wiii pass through the center of the 

coil or solenoid and will pass completely around the turns, return-

(a) 

b) 
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ing to the other end. Although no figure has been included, this 
action can be illustrated with iron filings. 

Also in Fig. 90 the turns are shown closely pressed together. Al-
though some lines of force will still encircle each individual turn, 
most of the magnetic field will now pass entirely through the coil as 
indicated. 

It is apparent that the magnetic field produced by a coil of wire 
carrying a current has a shape similar to that of a permanent mag-
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90.—When a coil of wire or solenoid carries a current, magnetic lines of 
force are produced as indicated. When the turns of wire are close together, there 
is very little leakage flux; that is, flux which does not link all the turns. (From 
Croft.) 

net. It is to be expected, therefore, that a coil of wire carrying a 
current should exhibit the same fundamental characteristics shown 
by permanent magnets, and of course this is true. Just like per-
manent magnets, coils carrying currents have north and south 
poles. Also, the other laws, like poles repelling and unlike poles 
attracting, also apply. 
To summarize: A coil of wire or solenoid carrying a current estab-

lishes a magnetic field of the same general shape of that produced 
by a permanent magnet. This causes the coil of wire carrying a 
current to exhibit the same basic magnetic characteristics as does a 
permanent magnet. 

Magnetic Field Produced by an Iron-cored Coil.—Permanent 
magnets are often made of steel, which of course is merely iron with 
a higher carbon content and with special heat-treatment; such 
permanent-magnet steel is very hard. Pure iron, on the contrary, 
makes but a poor permanent magnet and is by comparison soft. 
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Suppose, now, that a core of soft iron is inserted in the coil of Fig. 
90 and the magnetic field is compared with that produced when the 
coil has an air core. It will be found that with an iron 1. core in the 
same coil and with the same current the magnetic field will be greatly 
increased. 
The question immediately presenting itself is this: Why are the 

magnetic lines of force increased, giving a stronger magnetic field 
when the iron core is inserted? Theories of modern physics have 
an answer for this, but for the purpose of this book, the answer is: 
The addition of the iron core causes the coil to have a stronger magnetic 
field because the iron core is a better conductor of magnetic lines of 
force than is air. 

Thus, the comparison of magnetic lines of force with an electric 
current becomes apparent. A given voltage will force a certain 
electric current through a circuit, but if the circuit is changed so 
that it is a better conductor, then a larger current will be caused to 
flow by the same voltage. 
To summarize: The voltage of an electric circuit causes a current 

to flow. A coil of wire carrying a current produces a magnetic 
field. The path offered the lines of force is better in iron than air; 
thus, a given current in a given coil will produce a much stronger 
field if an iron core is inserted than if the core is merely air. 

Closed Magnetic Circuits.—The coil of Fig. 90 with an iron core 
offers an open magnetic path for the lines of force. This path con-
sists partly of iron and partly of air. The iron part of the path is 
fairly definite, but the air return path is very indefinite. According 
to the third law on page 135, lines of force in the same direction 
repel each other, and therefore they will spread out widely outside 
the coil. Of course these repel each other in the iron, but they stay 
in the iron because it is in the center of the coil, and because it 
offers a good path compared with air. 
For convenience in studying magnetic effects, however, it is 

preferable to have a closed magnetic path as shown in Fig. 91a. It 

The core is assumed to extend only the inside length of the coil. As no 
doubt the reader knows, many types of materials in addition to soft iron are 
used for magnetic cores. Among these are silicon-steel laminations and 
Permalloy. The words "iron core" are simple and expressive, but of course 
what is meant is a core of good magnetic properties, etc. Likewise, permanent 
magnets are seldom made of "pure" steel any more. Such materials as 
Alnico or cobalt-steel are usually employed. 
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is assumed that this path is so good compared with air that all the 
lines of force stay in the iron. 
When a current of electricity is passed through the coil on the 

closed iron core, the magnetic effect of the individual turns unite 
to produce a magnetic field in the iron core. By applying the rule 
(page 137) it will be found that the lines of force that are established 
have the direction indicated. 

Current 
—3. 

Magnetic /Ines 

Current 

> 
Iron, 
path 

of I force c6 

(a) 
The magnetomotive force produced by 
the coil of wire carrying a current forces 
the magnetic lines of force through the iron path 

ICurrentT Battery 

1 

(b) 

This is the electrical analogy to the 
magnetic circuit at (a).The etectromotive 
force of the battery forces the 
current through the circuit 

FIG. 91.— Magnetic and electric analogies. 

Ohm's Law for the Magnetic Circuit—The preceding sections 
have discussed the fact that a coil of wire carrying a current 
produces a magnetic field. A coil on a closed iron core was shown 
in Fig. 91a. 
On page 12 it was stated that there was a fundamental law 

underlying all action: The result produced is directly proportional to 
the magnitude of the effort and inversely proportional to the magni-
tude of the opposing force. This basic law applied to electric circuits 
is termed Ohm's law. It was applied to the simple series circuit 
such as Fig. 91b. It was explained that an electromotive force 
forced the electric current through the resistance of the electric 
circuit. 
The same reasoning is applied to the magnetic circuit of Fig. 91a. 

It is considered that the coil of wire carrying the current forces the 
magnetic lines of force through the magnetic circuit. It is easy to 
visualize it all in this way: The coil of wire carrying a current in 
effect generates a magnetomotive force (sometimes abbreviated 
mmf), and this forces the lines of force around the magnetic circuit 
offered by the iron core. After all, it is just as easy to form a 
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picture of this magnetic action as of current flow; just think of the 
lines of force as actually flowing, if it helps. 

Thus, what might be called Ohm's law for the magnetic circuit is 
as follows: 

magnetomotive force 
Magnetic lines of force — 

reluctance 

Using the proper symbols, this law can be written 

if 
= and 0? = —ff 

(19) 

(20) 

where 95 (phi) = total number of lines of force produced in max-
wells, 

if = magnetomotive force in gilberts, 
CR = the opposition of the magnetic circuit.' 

Magnetomotive Force.—It has been shown that magnetomotive 
force forces magnetic flux through the magnetic circuit. Magneto-
motive force is analogous to electromotive force in this respect, as 
Fig. 91 illustrates. 

It is found experimentally that if the current is increased, the 
magnetic lines of force will be increased in number. Also, it is found 
that if the current is held at the original value but if more turns are 
wound on the core the magnetic lines of force will be increased. 
From these facts, it is concluded that the magnetomotive force pro-
duced by a coil such as Fig. 91a is directly proportional to the 
product of the number of turns of the coil and the current the coil 
carries. 

It is beyond the scope of this book to show the derivations of all 
the equations, particularly those which are rather theoretical. The 
equation for magnetomotive force is somewhat of this nature, so it 
will merely be stated that 

minf = if = 0.47rNI gilbert. (21) 

where N is the number of turns in the coil and / is the current in 
amperes it carries. In practice the constant 0.47 is sometimes 
dropped, and the relation 

Amperes X turns = N/ (22) 

The unit oersted was formerly applied to reluctance, but at present there 
is no name for this unit of measure. 
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is used to specify the magnetomotive force. Of course, when this is 
done, the unit is the ampere turn and not the gilbert. 
To summarize: The magnetomotive force produced by a coil is 

proportional to the product of the number of turns in the coil and 
the current carried. When the current is in amperes, 0.47rN/ gives 
the magnetomotive force in gilberts. A unit of magnetomotive 
force, NI = ampere turns, is sometimes used, particularly in the 
more practical phases of electrical work. Its use is probably de-
creasing and will not be stressed 
in this book. 
Reluctance.—As Eq. (19) and 

the accompanying discussion 
state, reluctance is the opposition 
offered by a magnetic circuit to the 
establishment of a magnetic field. 
Thus, an iron core placed in a coil 
offers less reluctance than air, 
and a greater number of lines of 
force are established in the coil. 
For convenience of study, Fig. 

91a is here reproduced as Fig. 92. The coil of N turns carrying a 
current of / amperes will produce a magnetomotive force of 0.4rNI 
gilbert. This magnetomotive force will establish a magnetic field 
in the iron core.' 
Now since the magnetomotive force must force the magnetic lines 

through the iron, several factors will enter into determining the 
opposition to the lines of force offered by the iron. The longer the 
iron path, the greater the distance the lines must be forced, and 
hence the greater will be the reluctance; also, the greater the cross-sec-
tional area, the more elementary paths will be in parallel, and the 
less will be the reluctance. A comparison of this statement with the 
resistance offered by a conductor as discussed on page 46 is helpful. 
The final factor that must be considered in determining the re-

luctance of a magnetic circuit is a factor determined by the physical 
nature of the material constituting the magnetic circuit. In resist-
ance calculations the resistivity in ohms per centimeter cube, a 
factor determined by the physical nature of the material, was in-

Some magnetic flux will also "leak" out of the core and will establish a 
weak magnetic field in the surrounding air. This so-called leakage flux will 
be treated on p. 152. 

92.—The magnetomotive force 
produced by the coil of wire carrying 
the current forces the magnetic flux cp 
through the iron core. Some leakage 
flux, however, does not follow entirely 
around the core. 
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serted in the equation. It has already been shown that iron is a 
better conductor of magnetic lines of force than is air. Thus, if the 
magnetic-field-conducting ability of air is taken as unity,' then the 
magnetic-conducting abilities of all other materials, such as iron, 
can be expressed with respect to air. 
The ratio of the magnetic-conducting ability of iron compared 

with air is called the magnetic permeability, or simply the perme-
ability, and is designated by et, the Greek letter mu. Therefore, if 
the reasoning of this paragraph and the one preceding is followed, 

Reluctance = 11 = —I (no units), (23) 

where 1 is the length of the magnetic path in centimeters, A is the 
cross-sectional area of the path in square centimeters, and g is as 
just defined, a factor expressing the magnetic-conducting ability of 
the path as compared with air. A comparison of this equation with 
Eq. (8), page 47, for resistance will show that the resistivity p 
for an electric conductor is placed above the dividing line, but 
that 1.1. for a magnetic material is placed below the line. This is 
because p is a resistance or opposition term, but g is a conductance 
term. 
To summarize: The reluctance a magnetic path offers to the 

establishment of a magnetic field is directly proportional to the 
length of the field and inversely proportional to the permeability 
and the cross-sectional area. 
Magnetic Flux and Flux Density.—It is convenient to speak of 

the magnetic flux instead of the longer term magnetic lines of force. 
Thus it is correct to say that magnetomotive force produces mag-
netic flux in a magnetic circuit. The term is a good one to use, be-
cause one definition of flux is a "a flowing," and it is often con-
venient to think of a magnetomotive force as establishing a flux or 
a flowing around the magnetic circuit. 

It is also convenient to be able to express the density of the mag-
netic lines of force or flux established within the core. Density in 
the magnetic sense means this: How many lines of force are there 

To be correct, vacuum is taken as unity, but for all practical purposes, air 
is the same. 
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passing through • each square centimeter of cross-sectional area of the 
core, at right angles to the flux? Thus, the total flux cp produced, 
divided by the cross-sectional area in square centimeters, gives the 
flux density, or 

Flux density = B = A— gausses,' (24) 

where 4 is the total number of lines produced in the core and A is 
the cross-sectional area of the core in square centimeters. 
Magnetizing Force.—With reference to Eqs. (21) and (23), it 

would seem that it should now be possible to proceed with the 
quantitative calculation of magnetic circuits, 
but unfortunately such is not the case. Equa-
tion (21) gives the magnetomotive force, but 
the difficulty is with Eq. (23). The permea-
bility g is not a constant (as is the resistivity 
p as used in resistance calculations). The 
permeability varies for each different flux 
density when an iron core is used. With an 
air core, the permeability is always unity, 
however. 

In devising a means of solving the difficul-
ties caused by the permeability µ varying 
with the amount of flux in the core, a new 
term must be introduced. This is the magnetizing force. This 
term can easily be explained by reference to Fig. 93. Now the 
magnetomotive force applied by the coil to the iron core forces the 
magnetic flux around the iron path. Each unit length of the path 
has the same reluctance, and the flux passing through each unit 
path is the same. Since this is true, there is from Eq. (20) a mag-
netomotive force drop equal to 00? per unit length of magnetic path. 
In other words, the applied magnetomotive force distributes itself 
around the magnetic circuit. The total applied magnetomotive force 
divided by the length of the path gives the magnetizing force. When 

' Lines of force in air are measured in maxwells (page 142), one maxwell 
being one line. Flux density or lines per square centimeter in any material 
other than air is measured in gausses. The reader can save himself confusiou 
by just thinking of lines in either case and not worrying too much about the 
units. 

Fiu. 93.—A uniform 
magnetic circuit uni-
formly wound with a 
coil of wire. 
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the applied magnetomotive force is in gilberts (0.,17rN/) and the 
length of the path 1 is in centimeters, the magnetizing force is 

Magnetizing force = H — 0.47N I oersted.' (25) 

In fixing the meaning of magnetizing force in mind, attention 
should be focused on these facts: The value of permeability is a 
variable, but if the number of gilberts per centimeter (or oersteds) 
applied is known, curves can be used to find the permeability u. 
That is, occurs in the reluctance equation (23); but u is a variable 
(instead of being a constant like resistivity p). Hence curves for the 
specific magnetic material being used for the core must be consulted 
to find it. Now to attempt to plot these curves in terms of total 
magnetomotive force would be of little use, but if the curves are 
plotted in terms of the magnetizing force H or the gilberts per centi-
meter it really means something, because this information can be 
used for cores of any dimensions. 

There is a very interesting and useful relation between magnet-
izing force and lines of force per square centimeter in air or, more 
strictly speaking, in a vacuum. It can be proved theoretically 
that one gilbert applied to a centimeter cube of vacuum will 
produce one line of force through the cube. This means that the 
gilberts per centimeter (oersteds) and the field intensity or lines (or 
maxwells) per square centimeter in air are numerically equal. In 
other words a doughnut or ring-shaped core, such as Fig. 93, with 
a uniformly and closely wound coil (a form of winding often used 
in communication equipment) will have a magnetizing force of 
H = 0.47-N1/1 oersted, and this will be numerically equal to the 
lines of force per square centimeter of cross-sectional area if the 
core is air. This neglects magnetic leakage. The particular 
advantage of this will be more apparent after studying page 150. 
Whereas it would be difficult to measure the field intensity or lines 
per square centimeter in air, it is easy to calculate the magnetizing 
force (H = 0.47rA T I /1), and the two are numerically equal. 
To summarize: The total magnetomotive force applied to a core 

is not a very descriptive quantity. If the length is known, then the 

' This was formerly measured in gilberts per centimeter but is now measured 
in oersteds. The former term is so descriptive that it will be used often in 
this book to assist in clarifying the discussions. 
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magnetomotive force per unit length, or magnetizing force in gil-
berts per centimeter, or oersteds, is available. This term gives the 
actual magnetic stress applied to the iron and is useful in plotting 
curves. It works out theoretically that the magnetizing force and 
the lines per square centimeter in air are numerically equal. 
Magnetization Curves.—From a practical point of view, iron 

or any other good magnetic flux conductor can be thought of as 

\ 1\ 
• • • - 7  
(a) (b) 

In an unmagnetized piece of metal the When a piece of metal is magnetized .the small 
-small permanent magnets"point M random directions " magnets" all align themselves, thus 

combining their magnetic effects 

94.—Illustrating a simple theory of magnetism. 

composed of a large number of very small permanent magnets. 
Each little magnet has its own magnetic field. When the iron is in 
an unmagnetized state the magnets point in random directions, 
and the net magnetic effect is zero. 
Now suppose that a coil is placed t 

over the iron core and a current is !q 
passed through the coil. The coil e 
itself would produce some lines of o 2 
force even with an air core. When .c2 
it has an iron core, however, the 
magnetic field produced by the coil 

CS 
iines up the little permanent mag-
nets, and they add their magnetic 

Current-----'-
fields to the flux that would be 

95.—As the current in a coil 
produced by the coil alone. This wound on an iron core is increased, 
action is illustrated by Fig. 94. the flux in the core increases as 

shown. The three regions are 
The relation between the mag- marked 1, 2, and 3. 

netizing force and the resultant flux 
produced in an iron core is given in Fig. 95. Note that there 
are three regions to this curve: ( 1) where the current is very weak 
and the field produced by the coil is not sufficiently strong to over-
come the "internal friction" of the small elementary magnets; 
(2) where the current has been increased to the point that the 
internal atomic friction is overcome and the magnets are all lining 
up; and (3) where the elementary magnets have all lined up and the 
iron is saturated. 
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This is of course but an approximate picture, because iron or 
other magnetic material certainly is not made up of small magnets. 
Nevertheless, iron is composed of atoms, and these contain revolv-
ing electrons. Now a current of electricity produces a magnetic 
field (page 136), and moving electrons constitute a current. There-
fore, it is reasonable to assume that an atom may have a magnetic 
field and that it may, accordingly, be considered to be a small per-
manent magnet. 
To summarize: There are three regions to the magnetization 

curve of a magnetic material such as iron. These are thought to be 
due to the action of the magnetizing force on the small atomic mag-
nets. The atomic magnets probably represent the magnetic effects 
of the atoms themselves. 
Permeability.—Magnetization curves for several materials used 

in electrical work are shown in Fig. 96. For convenience in solving 
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96.—Magnetization curves for various metals. The lower curves are plotted 
with the magnetizing force H to a logarithmic scale for ease in obtaining values. 

500 

problems, one set of curves is plotted on semilog paper. The small 
set of curves gives the characteristics plotted in the normal manner. 
On page 144 it was stated that the ratio of the magnetic conduct-

ing ability of iron compared with air is called the magnetic permea-
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bility, or simply the permeability. The flux density B is a measure 
of the flux produced in an iron core. The magnetizing force H 
(page 145) is a measure of the flux produced in air. Therefore, the 
permeability becomes 
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FIG. 97.—Permeability curves for the metals of Pig. 96. 

C5. 
C.4 

(26) 

where B is the flux density, or lines per square centimeter in the 
material being considered, and H is the field intensity, or lines per 
square centimeter in air measured in oersteds (or in gilberts per 
centimeter since this equals the field intensity, page 146). 
The permeability curves of Fig. 97 are plotted from data ob-

tained from Fig. 96. These curves are plotted on semilog paper for 
convenience in determining their numerical values and are also 
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plotted in the usual manner for better comparing their characteris-
tics relatively. Note that the curve marked "Permalloy" reaches a 
very high permeability of over 90,000, and even higher values have 
been obtained. This means that under comparable conditions 
over 90,000 times as many lines of force would be established in 
the Permalloy as would be set up in air. Also note that the Perm-
alloys are good conductors of magnetic flux at very low values of H. 
This is advantageous because in communication circuits, the cur-
rent, and hence H, is small. 
The Permalloys are a group of magnetic alloys extensively used 

in communication equipment. They consist essentially of about 
78.5 per cent nickel and 21.5 per cent iron. In some instances a 
small percentage of chromium or molybdenum is added, and the 
iron content is slightly reduced. Permalloys are very interesting 
and have made possible many of the remarkable developments of 
modern communication.' 
To summarize: Permeability /2 is the ratio of flux density B to 

field intensity H. Since the field intensity and the magnetizing 
force are equal (page 146), H can be calculated and B can be meas-
ured. The permeability of such alloys as Permalloy may be well 
over 90,000. 
Magnetic-circuit Calculations. Series Circuits.—As the reader 

will observe in these calculations, there is a close similarity existing 
in the solving of magnetic problems 
and in the solving of electric-circuit 
problems. 

Problem 1.—A Permalloy core is toroidal in 
shape and circular in cross section. The aver-
age length of the core is 18 centimeters, and 
the cross-sectional area is 1.4 square centi-
meters. A single layer of 206 turns of wire 
is placed uniformly around the coil and carries 

PIG. 98.—Magnetic circuit for 
Prob. 1. 625 milliamperes. Calculate the total flux 

produced. The circuit is shown in Fig. 98. 
Solution.—Step 1. Calculate the magnetizing force H. 

— 0.47rN/ 0.625 
— 1.257 X 206 X —18 = 9.0 gilberts per centimeter, or oersteds. 

Step 2. From Fig. 96, find what flux density this magnetizing force will 
produce. This is found to be about 11,800 lines, or gausses. 

See Elmen, G. W., Magnetic Alloys of Iron, Nickel, and Cobalt, Electrical 

Engineering, December, 1935. 
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Step 3. Calculate the total flux produced. This will be the product of the 
flux density and the area. 

= BA = 11,800 X 1.4 16,500 lines, or maxwells. 

Problem 2.—An air gap of 0.05 centimeter is cut across the Permalloy core 
30 that all the lines of force must cross this gap in addition to being established 
'n the Permalloy. How many lines of force will the same current now estab-
ish? 

Solution.—Step 1. The magnetic circuit now consists of two reluctances 
in series. The total reluctance will be 

/p 
ait = órip = , 

tipA %A 

where alp is the reluctance of the Permalloy and Oi'a is the reluctance of 
the air. This problem cannot be solved directly because from Fig. 97 
the value of µ depends on the value of the flux density B. A cut-and-try 
method must be used. 

Step 2. The reluctance of the air gap is in series with the reluctance of the 
Permalloy. There is a total of if = 0.4z-N/ -= 1.257 X 206 X 0.625 --
162 gilberts magnetomotive force available. Since if -= co?, this mag-
netomotive force of 162 gilberts must divide itself so that some will be 
across the air gap, forcing the flux through it, and the rest will be across 
the Permalloy. As the reader will find in solving such problems, a very 
large percentage of the total magnetomotive force will be needed across the 
air gap. Thus, as an estimate of the flux that will be produced, assume that 
all the available magnetomotive force is used across the air gap. Since the 
reluctance of the air gap is Cl? = 'LA = 0.05/1 X 1.4 = 0.0357, the 
assumed flux will be = / 0? = 162/0.0357 --- 4500 lines and B = eit --
4500/1.4 = 3,210 gausses. 

Step 3. Let it now be assumed that the actual flux density is 3210 gausses. 
From Fig. 96, this will require a magnetizing force of 0.045 gilbert per 
centimeter, or oersted. Then, the total magnetomotive force required for 
the Permalloy will be if = Hl = 0.045 X 18 = 0.81 gilbert. Now only 
0.81 gilbert is required for forcing the total flux of 4500 lines through the 
Permalloy, and this is so small that it may be neglected. Thus, in this 
particular problem, it is satisfactory to assume that the final answer is 4500 
lines. If the magnetomotive force required to force the flux through the 
metallic part had not been negligible, it would have been necessary té as-
sume a value of flux smaller than 4500 lines and then recalculate, and thus 
find the magnetomotive force required for the metallic path and the new 
value required for the air. The problem would be considered as solved 
when the sum of the two magnetomotive forces approximately equaled 
the total magnetomotive force available. 

Parallel Circuit.—A very close similarity was shown to exist in 
the preceding problem between the solution of series magnetic 
and series electric circuits. Of course, the problem was made 



FIG. 99.—The core of a 
simple 60-cycle power trans-
former is often made as in-
dicated. 
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somewhat involved because of the fact that the permeability g 
varies. In the following problem, a similarity will be found be-
tween the solution of parallel magnetic and parallel electric cir-

cuits. 

Problem.—The core of a small 60-cycle power transformer is shown in 
Fig. 99. The material is silicon steel laminations. The cross-sectional area 
of each of the outside legs is 3.0 square centimeters and that of the central 

portion is 6.0 square centimeters. The average 
A length of the flux path as indicated by the dotted 

lines is 16 centimeters. A coil of 500 turns is 
placed as indicated, and the current is 1.0 ampere. 
Calculate the flux in each portion of the magnetic 
circuit. 

Solution.—Step I. This problem can be solved 
easily by considering the core to be com-
posed of two separate cores as divided by 
the line AB. The flux in the center portion 
will be the sum of the flux in the two outer 
parts. 

Step 2. Since the magnetomotive force ap-
plied to each part is the same, just as the 

voltage applied to two resistors connected in parallel to a battery is the 
same, the magnetizing force applied to each outside portion will be 

H — 0.4rN/ 1 — 1.257 X 500 X —16 = 39.3 gilberts per centimeter, or oersted. 

Step 3. From the magnetization curve of Fig. 96 for silicon steel, a value of 
B = 15,000 gausses corresponds to this magnetizing force. 

Step 4. The total flux will be the product of this flux density and the cross-
sectional area. 

= BA = 15,000 X 3 = 45,000 lines. 

Step 5. Calculate the total flux. Since the flux from both sides pa.s.ses 
through the middle portion, the flux passing through the coil will be the 
sum of the flux in each of the outside portions, or 90,000 lines. 

Magnetic Leakage.—As is evident, magnetic calculations are 
approximate as compared with other computations. Many approx-
imations are made, such as estimating the length of the flux path. 
Magnetic leakage is also a factor making the computations approx-
imate. 

Considering electric-current flow, for the moment, it is usually 
thought that the current stays in the wire because the wire is sur-
rounded by insulation. An alternate point of view is that the cur-
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rent stays in the wire because the wire is such a good conductor 
compared with the insulation. In fact, the conductivity of the 
copper is millions of times that of the surrounding insulation. 
Little wonder, then, that the current chooses the conductor in 
which to flow and that the leakage current is small. 

In considering the flow of magnetic flux around a magnetic 
circuit, the same fundamental principles are found to exist. The 
magnetic flux prefers to follow the iron path only because it is a 
better path than offered by air. But, contrasted with the electric 
circuit considered in the preceding paragraph, the permeability of 
iron is at best only some 5000 times that of air, and even the 
permeability of Permalloy is only about 100,000 times that of air. 
Therefore, it should be expected that the leakage of magnetic lines 
of force or leakage flux is high in magnetic circuits, and such is the 
case. 

Several illustrations of leakage flux will now be considered. In 
Fig. 90 it is shown that certain lines of force do not encircle the 
entire coil, but only individual turns, or at best a few turns. These 
constitute leakage flux. In Fig. 91 a closed magnetic path was 
shown, and to avoid confusion it was inferred that all the lines of 
force would be confined to the iron. Actually, however, there will 
be some leakage flux even with a closed core as indicated in Fig. 
92, page 143. If the iron path has high reluctance, or if an air gap is 
cut in the path (page 151), then the increased reluctance will "en-
courage" the establishment of leakage flux, because the magnetic 
path offered by the core is now not so superior to that offered by air. 
Distributing the windings uniformly around the core such as in 
Fig. 93 also distributes the applied magnetomotive force and cuts 
down the tendency for leakage. 

Magnetic Shielding.—As shown in the preceding section, con-
siderable magnetic leakage may exist around electrical apparatus. 
Also, the earth's magnetic field immerses all objects. In certain in-
stances these stray magnetic fields may be very bothersome, caus-
ing instrument errors, deflecting cathode-ray tubes (particularly 
those operated at low anode voltages and with correspondingly low 
electron speeds), and producing other unwanted effects. 
Where such constant magnetic fields are bothersome, the device 

being influenced is entirely enclosed in a box or case of good mag-
netic-conducting ability, such as iron. As shown in Fig. 100, a 
metallic box of good flux-conducting ability will distort the normal 
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magnetic field and conduct the lines around the device or circuit tc 
be shielded. This, of course, prevents the constant field from influ-

100.—An iron box conducts the magnetic lines of force around the space or 
object to be shielded. 

encing the device or circuit. If one shield is insufficient, a second 
may be used.' 
Motor Action.—As the reader probably knows, when a wire 

immersed in a magnetic field carries a current, the wire experiences 
a force tending to force it out of the 
field. This is, of course, the pin-

e cn   ciple on which the electric motoi 
operates. 
The reason the wire moves can be 

explained by Fig. 101. The reaction 
between the magnetic field and the 
lines of force produced by the wire is 

Ci* k such that the field is strengthened 
on one side of the wire and weakened 
on the other, and the wire is accord-

101.—In (a) the wire is ingly forced in the direction of the 
in a magnetic field but carries no 
current. In (b) the wire is carry- weaker field. 
ing a current in, and the mag- The force acting en the wire is pro-
netic field will be distorted as 
shown. This will force the wire portional to the strength of the cur-
to the left. The field will be rent flow, to the length of the wire 
strengthened on the right side of 
the wire where the lines are in in the field, and to the field strength. 
the same direction, and weak- The reasons for this follow directly 
ened on the left side where the 
lines are in the opposite direction. from Fig. 101. 

There is a rule, known as the "left-
hand rule" for figuring out the direction of motion when a wire 
carrying a current is placed in a magnetic field. It is sincerely 
believed that it is far more difficult to attempt to remember such 

1 If the stray field is alternating, then the shield should be laminated (page 
169). 

o 
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a rule than it is to figure the direction out with a simple sketch 
such as Fig. 101. 

Generator Action.—If the reader will refer back to Fig. 92, 
page 143, he will observe that the electric circuit and the magnetic 
circuit are linked together like the links of 
a chain. This is also evident from other !  
illustrations which have been included. 
The loop of wire in Fig. 102a is linked   

with the lines of force shown by dote   
coming out of the paper, the dots repre-
senting the ends of arrowheads. It may   
not be evident at once that a linkage ( 
exists in this instance. But, referring to   
the first law on page 135, it is stated that   
lines of force are continuous. 
The electric generator, which is used to   

generate most of the electric energy used 
today, is based on the principle of chang-   L_ 
ing flux linkages. This principle is known   
as Lenz's law, and may be stated as fol- ( b) 
lows: Whenever there is a change made in   
the flux linking a circuit, there is induced   
in the circuit an electromotive force (or 
voltage) that tends to oppose the change.   
This law will now be illustrated. 
When the loop of Fig. 102a is moved   

to position b, no voltage is induced in the   
wire, because in position b the same num-  r-
ber of lines of force are linked as in (c) 
position a. When the loop has moved FIG. 102.—Diagrams ji-

to position c, however, an electromotive lustrating generator action. 
The dots represent mag-

force is induced, because the flux linkages netic lines of force. 

are now changed. This electromotive 
force will cause a potential difference to exist between the ends of 
the loop, and a current of electricity will flow in an external cir-
cuit if such is attached to the ends of the loop. 
According to Lenz's law an electromotive force will be induced 

which tends to oppose the change. If the loop of Fig. 102 is open, the 
electromotive force will be generated as stated, but no electrical 
force will exist opposing the motion. If the loop is closed, however. 
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a current will flow, and this current, by motor action, will oppose 
the motion. It is obvious, for example, that an electric generator 
must develop an opposing force so that the steam turbine must do 
work in turning the generator. Also, it is well known that a hand-
cranked telephone magneto generator turns easily when it is open-

circuited, but turns very hard when it is 
short-circuited. 

This principle makes it possible to de-
termine readily the direction of the electro-
motive force which is induced in a conduc-
tor. To illustrate this principle, Fig. 103 
has been added. Here is shown a magnetic 
field directed downward and a wire that is 
being moved to the right. The question is 
this: What will be the direction of the 
induced electromotive force? The answer 

S is that from Lenz's law the electromotive 
force must be in such a direction that if the 
external circuit (see Fig. 102) is closed and 
a current is allowed to flow then this current 
will be in such a direction as to oppose, by 
motor action, the motion generating it. 

Since lines of force in the same direction 
add and lines in the opposite direction 
subtract, and since for the motion to the 
right to be opposed, the field must be in-
tense at the right of the wire (see Fig. 101), 
then the lines of force must encircle the 
wire as shown. In order that lines of force 

may encircle the wire as shown, the current must be directed in 
(page 137), and this is indicated by the cross at the center of the 
wire, the cross representing the tail of an arrow. This means that 
the electromotive force will be directed in. 
A right-hand rule has been developed from which the direction of 

the induced electromotive force can be deduced. But it is felt that 
the student will be further ahead if the time available is spent 
studying the method explained above rather than trying to remem-
ber a rule of thumb. 
With reference to Fig. 102, it has been stated that an electromo-

tive force or voltage is induced when the flux linkages are changed. 

N  

,(çhAiotin 

FIG. 103.—If the magnetic 
field is directed downward, 
and if the motion of the 
wire is to the right, then the 
voltage induced in the wire 
will be directed as shown. 
This direction will be such 
that if it is allowed to force 
a current through the wire, 
the magnetic field produced 
by the current will be as in-
dicated, in such a direction 
as to cause magnetic effects 
opposing the motion of the 
wire. 



THE MAGNETIC FIELD AND INDUCTANCE 157 

The magnitude of this voltage depends on the rate of change of the 
linkages, that is, on the flux linkages changed per second.' 
To summarize: An electromotive force br voltage is induced in an 

electric circuit whenever a change is made in the flux linking that 
circuit. The voltage will be in such a direction that if a current is 
permitted to flow it will, by motor action, oppose the mechanical 
force producing the motion. 

Self-inductance.—As was explained in the preceding section, a 
voltage was induced in a loop of wire when the loop was moved so 
that the flux linkages were changed. Now the same result is ob-

104.—Illustrating the way magnetic lines of force link an air-cored coil carry-
ing a current of / amperes. 

tamed when the loop remains fixed in position but the magnetic 
field is changed. All that is necessary for a voltage to be induced 
is to have a change in flux linkages, irrespective of how the linkages 
are changed. This action can be explained by Fig. 104. 
Here is shown a simple coil of wire carrying a current which will 

establish a magnetic field as indicated. The number of lines of force 
established will depend on the strength of the current flowing. As 
long as the current remains fixed in magnitude and direction, noth-
ing will happen except of course the wire will heat a little. If the 
current is increased, however, more lines of force will be established. 
This will change the flux linking the coil, and a voltage will be 
induced in the coil. If the current is decreased, then the flux linking 
the coil will be decreased, and a voltage will again be induced. 

It is apparent that this action depends on some peculiar property 
that a coil has, because if the wire is stretched out straight this 
action will (largely) disappear. No such property was found in a 

In discussing induced voltages, a wire loop has been considered. Theo-
retically, a voltage would be induced in any object, even a loop of glass tubing 
if the flux linking the glass loop is changed. 
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resistor, for example. The property of an electric circuit by virtue 
of which a voltage is induced in the circuit when the current flowing in 
the circuit is changed is called self-inductance. 
To summarize: Note in particular the fact that self-inductance is 

a property of a circuit, just as resistance is a property or a charac-
teristic of a circuit. Self-inductance is not an induced voltage but 
is the property that causes the voltage to be induced when the cur-
rent is changed.' 
The Nature of Self-inductance.—From Lenz's law, the direction 

of the induced voltage will be such as to oppose the change. Now 
the change is a change in the magnitude of the current. Thus if 
the current is being increased, the voltage will be induced in such 
a direction as to oppose the increase; if the current is being de-
creased, the voltage will be induced in such a direction as to tend 
to keep it from decreasing. Because of this opposing relationship, 
the voltage is often called a back voltage. 

Self-inductance is, therefore, similar to inertia in physical bodies. 
Thus a body at rest tends to remain at rest, and a body in motion 
tends to remain in motion. Similarly, self-inductance, or the 
inertia effect of electric circuits, tends to oppose changes in the cur-
rent flowing, irrespective of whether they are increases or decreases 

in current. 
The Unit of Self-inductance.—Electrical units are often named 

after the early experimenters who did much to further knowledge 
in a particular field. The unit of self-inductance is named after 
Henry. 
A circuit has a self-inductance of one henry when a rate of change of 

one anipere per second causes an induced voltage of one volt. This is 
the way in which the unit of self-inductance is correctly defined, but 
the use of this particular definition requires the application of 
higher mathematics which is probably unfamiliar to the reader. 
Thus, for the purpose of this book the unit of self-inductance will be 
defined as follows: A circuit has a self-inductance of one henry when 
an average rate of change of one ampere per second causes an induced 
average voltage of one volt. (Note insertion twice of the word average.) 

' There are three fundamental properties or characteristics of electric cir-
cuits; these are resistance, inductance, and capacitance. This last property 
will be considered in the following chapter. Resistance, inductance, and 
capacitance are also called circuit parameters (or measures) as at the opening 

of this chapter. 
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According to the fundamental relstions defining the various elec-
trical units, an average voltage of one volt is induced in a circuit when 
108 flux linkages are changed in one second. Now flux linkages are 
the product of flux and turns of wire or ON. Therefore, for any 
circuit, the average voltage induced will be E., = N4)/108t. But 
from the definition of self-inductance, Bay = LI/t. Therefore, 

LI No Nçb 
— = and L = —108/ (27) 
t 108t  

To summarize: Inductance is a property of an electric circuit by 
virtue of which a back voltage is induced when the current in the 
circuit is changed. In order for a voltage to be induced in a circuit, 
flux linkages must be changed. Flux linkages are the product of 
lines of force 4) and the turns N with which they are linked. Con-
sidering all factors, and as Eq. (27) shows, a circuit has a self-
inductance of one henry when a current of one ampere causes a flux 
linkage of 108 lines. This linkage can be due to many turns and 
little flux, or vice versa. 

Calculations of Self-inductance.—The reader may be disap-
pointed to find that equations are not included in this book whereby 
the inductance of various coils can be calculated. This book is 
devoted to the electrical fundamentals. The fundamental princi-
ples of self-inductance have been 
given, and Eq. (27) is the funda-
mental expression for the self-in-
ductance of any circuit. 
Now it may be easy or it may 

be very difficult to calculate the 
self-inductance of a circuit; it all 
depends on how easy or how diffi-
cult it is to calculate the flux 4> link-
ing the turns N. As an example, 
consider Fig. 105. The current is 1.2 amperes, the number of turns is 
480, the cross section of the core is 4.36 square centimeters, the 
average length of the flux path in the core is 12.8 centimeters, and 
the material is silicon steel laminations. Calculate the inductance. 

Solution.—Step 1. Equation (27) will be used to find the inductance. The 
leakage flux will be neglected. This is a uniform magnetic circuit. The 
first step is to calculate the magnetizing force. H -= 0.401i /1 -= 1.257 
X 480 X 1.2/12.8 = 56.4 gilberts per centimeter, or oersteds. 

no. 105. — Magnetic circuit for 
problem on self-inductance. 
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Step 2. From the curve of Fig. 96, find out how much flux density will 
be produced by this magnetizing force. From the silicon steel curve this 
is B = 15,500. Then 4, = BA = 15,500 X 4.36 = 67,500 lines. 

Step 3. Use this value in Eq. (27), and calculate the inductance. 

NO 480 X 67,500 32,400,000  
L — — 108 X 1.2 120,000,000 — 0.27 henry. 108/  

Note in particular that the current enters into the equation for 
inductance and that the characteristic curve for the metal must be 
used. This means that a coil with a core of magnetic material such as 
iron has a value of inductance depending on the current used. To 
prove this statement, assume that the current value is 0.8 ampere. 
Then, H = 1.257 X 480 X 0.8/12.8 = 37.7 gilberts per centimeter, 
or oersteds. The corresponding value from the curve is B = 15,000. 
Then 4) = 15,000 X 4.36 = 65,300 lines. Using this value, L = 
(480 X 65,300)/(108 X 0.8) = 0.392 henry. This shows that the 
inductance is higher with a smaller current. No generalization 
should be made from this, however; it all depends on which side of 
the maximum permeability point the magnetizing force lies. Thus 
with reference to Fig. 97, where B = 15,500, g 300, but when 
B = 15,000, g -- 400; but, if the flux densities were below the value 
giving the maximum permeability, then decreasing the current as 
was done in these problems would decrease and not increase the 
inductance. 
To summarize: It is very easy to calculate inductance from the 

fundamental relations given by Eq. (27) if it is possible to calcu-
late e. This can be done only when the magnetic circuit is known. 
Where a closed iron path exists, cp can be found quite accurately. 
Where a coil has an air core, 4) cannot be readily calculated. For 
this reason, the inductance of air-cored coils having vague magnetic 
paths is best determined by the use of empirical equations based on 
experimental observations. Such equations are given in handbooks 
and textbooks on communication. 

Illustrative Problems on Inductance.—According to the definition, the 
inductance of a circuit is one henry when an average rate of change of one 
ampere per second induces an average voltage of one volt. That is, Eav = 
Lilt. A coil has an inductance of 0.068 henry and is carrying a 1000-cycle 
current of 72 milliamperes. The resistance of the coil is negligible. Calculate 
the average voltage across the coil. 

Solution.—Step 1. The voltage across the coil will be the back voltage due 
to the self-inductance. Before this can be found, the average rate of 
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change of current must be computed. From Fig. 68, page 114, a 1000-cycle 
current will rise from zero to maximum in 1/4000 second. Then the 
average rate of change will be lit -= 0.072 X 1.414 X 4000 = 407 
amperes per second. (The value 1.414 was introduced because the prob-
lem stated that the current was 72 milliamperes and did not state whether 
it was the average, effective, or maximum value. When no statement is 
given, it is assumed to be the effective value.) 

Step 2. Knowing the average rate of change of current, calculate the 
induced voltage. Eav = Lull = 0.068 X 405 = 27.7 volts, average 
voltage. If the effective value is wanted, it will equal (27.7/0.637) X 

0.707 = 30.7 volts. 

Current Rise and Decay in Inductive Circuits.—In Fig. 106 is 
shown a coil and a resistance in series and so arranged that if the 
switch is thrown down the battery will force a current through the 
circuit. The manner in which the 
current rises in this circuit will now 
be explained. 

First, assume that the inductance 
is not in the circuit. If this is true 
and the switch is thrown down, the 
current will immediately rise to the E 

value I = E/R. Now consider that 
both the inductance and resistance 
are in the circuit. With inductance 
in the circuit, the current will not 
immediately rise to the final value of I = E/R. It will slowly rise 
to this final value for the following reason. 

Before the switch is thrown down there is no magnetic flux link-
ing the turns of the coil. When the switch is thrown down, current 
flows through the coil and this current establishes a magnetic field. 
As this field is built up around the coil, the flux linkages are 
changed, and this induces a back voltage in the coil. From Lenz's 
law, this voltage will be directed so as to oppose the change (in-
crease) in current. The maximum rate of change of flux linkage is 
when the current first starts to flow. The back voltage will there-
fore be maximum at this instant and will slowly decrease, gradually 
allowing the current to get larger until it reaches the final value of 
I = E/R. 

In Fig. 107 is shown the manner in which the current rises with 
respect to time. The ratio of L/R determines how fast the current 
increases. With large L and small R, it will rise very slowly, but if 

Fla. 106.—When the switch S 
is thrown to the down position 
the battery forces a current 
through the coil L and the re-
sistor R. 
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L is small and R is large, it will rise rapidly. The ratio L/R is 
called the time constant of the coil. It is the time in seconds 
required for a current starting from zero to reach 63 per cent of its 
final value. 
Suppose that after the switch of Fig. 106 has been thrown to the 

down position and the current has reached a constant maximum 
value the switch is suddenly thrown to the up position. The bat-
tery source of voltage has now been removed, and the current 
through the coil starts to decrease. This causes the lines of force to 

collapse, and from Lenz's law this 
will induce a voltage in the coil ise 
tending to keep the current flowing. 
Thus the current will decay accord-

EiR ing to the curve of Fig. 107. This 
curve will be of the same shape as 
the current rise curve, but upside 
down. The rate at which the cur-
rent dies out is determined by the 

107.—Illustrating the way in ratio L/R. With large L and small 
which the current increases and de- R, the current will die out slowly, 
creases in an inductive circuit. 

but if L is small and R is large, it 
will decay rapidly. As before, the ratio of L/R is the time con-
stant and, for current decay, gives the time in seconds required for 
the current to decrease to 37 per cent of its original value. 
To summarize: Inductance in electrical circuits is similar to the 

common inertia effect. Inductance tends to prevent current 
changes. It tends to keep the current from increasing and tends to 
keep it from decreasing. The laws governing the rise and decay of 
current in an inductive circuit are the same. 
Energy Stored in a Magnetic Field.—Suppose that a current is 

flowing in a coil of high inductance and low resistance and the cir-
cuit is suddenly interrupted by opening the line switch. When this 
is done, a spark and perhaps even an arc occurs at the switch blade. 
Now the establishment of this arc will require a reasonably high 
voltage, and the presence of the arc denotes energy being dissipated. 
The question is, where does this high voltage and the required 
energy come from? The answer is that they come from the mag-
netic field. 
As explained in the preceding section, as the current builds up, 

the back voltage opposes it. On page 75 it was explained that 

Ti me 
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energy was the ability to do work and that work was the production 
of motion against a resisting force. Thus, when the current is being 
built up against the back voltage, work is done, and this stores 
energy in the magnetic field around the coil. An analogy is this: 
When you accelerate or increase the speed of an automobile, the in-
ertia of the automobile (corresponding to the inductance of the coil) 
opposes the increase in speed (just as inductance opposes an in-
crease in the current). Much energy is stored in the automobile as 
is evident when you attempt to stop suddenly. Similarly, much 
energy is stored in the magnetic field as evidenced by the spark or 
arc when the switch is suddenly opened. 

For a magnetic field in air, the energy in joules or watt-seconds is 

L/2 

--- —2 
(28) 

where L is the inductance of the air-cored coil in henrys and I is the 
direct current or maximum value of alternating current in amperes. 
When dealing with power equipment that may be highly inductive 
and may be carrying large currents, care must be exercised in open-
ing switches because of instrument or even personal injury. In such 
circuits the current should first be reduced to a low value with a 
series rheostat or by other means. 
Mutual Inductance.—When two circuits, not in electrical con-

tact, are so situated that the magnetic flux produced by one circuit 

108.—The lines of magnetic 
force produced by coil ( 1) link with 
coil (2), and will induce a voltage in 
coil (2) if the flux linkages are 
changed. With these two coils the 
coupling is in air. 

Flu 109.—The lines of magnetic 
force produced by coil ( 1) will in-
duce a voltage in coil (2) if the flux 
linkages are changed. The iron 
magnetic circuit provides the 
coupling medium for these coils. 

links with the other, a voltage will be induced in the second circuit 
when a change is made in the current flowing in the first. Of course 
this is because changing the current in the first circuit changes the 
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flux linking the second circuit. Such circuits are shown in Figs. 
108 and 109. 

The property of two electric circuits, not in electrical contact, by 
virtue of which a voltage is induced in one circuit when the current is 
changed in the other is known as mutual inductance. Note that mu-
tual inductance is also defined as a property just as for self-induct-
ance. Two circuits have a mutual inductance of one henry when an 
average rate of change of one ampere per second in one coil induces an 
average voltage of one volt in the other. 

Following the same general reasoning as for self-inductance, it 
can be shown that for mutual inductance 

(29) 

where M is the mutual inductance in henrys, Ns is the number of 
secondary turns linked by the flux 0, and /„ is the primary current 
in amperes. Of course the transformer and other electrical equip-
ment operate because of mutual inductance. 

Calculations of Mutual Inductance.—From Eq. (29), it follows 
that to calculate mutual inductance the method used for calculating 
self-inductance must be followed. Thus, suppose that in Fig. 105 a 
secondary coil of 240 turns of wire is placed on the same magnetic 
core. For the same data given on page 159, the flux linking the 
secondary will be 67,500 lines. Then, the mutual inductance will 
be, from Eq. (29), M = (240 X 67,500)/(l08 X 1.2) = 0.135 henry. 
Thus it is seen that when two coils are on closed magnetic cores, 

or even on good cores with small air gaps, it is easy to calculate the 
mutual inductance. But, when the coils are surrounded by air, or 
when there is an excessive amount of leakage, calculations must be 
made by the use of empirical equations such as given in handbooks. 
Hysteresis.—The shape of a typical magnetization curve was 

shown in Fig. 95. As was mentioned in discussing this curve, the 
changes in the magnetic field lag behind the changes in the applied 
magnetomotive force. This is because of the so-called "molecular 
friction" within the iron. Typical magnetization curves for various 
materials were also shown in Fig. 96. It is important to note that 
these curves were all taken with direct current. 

In much electrical apparatus such as transformers, for example, 
the magnetic-core material is subjected to an alternating magnetic 
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field instead of a constant magnetic field as just considered. It is 
therefore necessary to study magnetic materials under alternating 
field conditions, such as would occur in the core of Fig. 110. 

In this circuit the alternating-voltage source at the left forces an 
alternating current through the circuit, one cycle of which is shown 
in Fig. 111. Suppose that the mag-
netic core is silicon steel and that it is 
initially in an unmagnetized condition. 
As the alternating current rises from 0 
to ± Imaxe a corresponding magnetizing 
force (H = 0.4rNI/1) is impressed on 
the core. The magnetic flux in the FIG. mi.—Magnetic cores, 

such as those in transformers and core will build up as shown by the 
chokes, are subjected to alternat-

broken curve 0 to B of Fig. 112. This ing magnetic fields. The term 
"iron core" as used above merely curve has the same shape as that of indicates any of the various ma-

Fig. 95, and is explained in the same tenais used, such as silicon-steel 
laminations, or powdered and manner (see page 147). Thus from 0 compressed Permalloy. 

to B the "atomic magnets" are gradu-
ally lined up against the internal "atomic friction" and the field 
is established. Work is done in establishing the field, and energy 
is stored in this magnetic field as explained in a preceding section. 
Now when the current decreases from to 0 of Fig. 111, the 

magnetic flux also decreases, but not in direct proportion. When 

111.—In the circuit of Fig. 110 the alternating current here shown is assumed 
to flow. (Actually, if a pure sine-wave voltage is impressed, the current will not 
be exactly a pure sine wave but will contain harmonics, page 129.) 

the current is zero, there is an amount of residual flux in the core as 
represented by the line 0 to C of Fig. 112. This tendency of a ma-
terial to retain magnetism is called hysteresis. As the flux de-

creases, the linkages are changed, a voltage is induced in the coil, 
and some, but not all, of the stored energy is returned to the circuit. 

The flux does not fall back to zero because of the internal atomic re-
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sistance of the miniature atomic magnets. The difference between 
the energy put into the circuit and the energy returned to the circuit 

represents a heat loss due to hysteresis. 
The alternating current has now 

changed from a positive maximum 
to zero, and the flux has fallen 
only to C. As the current in-
creases to — the flux decreases 
to a zero value at D and then 
reaches at point E a negative flux 

Residua/ Coercive 
magnefkin<" ffirce value of —B. When the alternat-

ing current returns to zero, the flux 
follows the line E to F, a negative 
value of residual flux equal to 0 
to F being left in the iron. When 
the current of Fig. 111 again in-
creases from 0 to +/„,,„., the flux 
will follow the curve FGB. 

During current changes from 0 
to +I. and 0 to — 'max, energy 
is put into the magnetic field, and 

112.—When a pure sine-wave during the current decreases, en-
current such as in Fig. 111 flows 
through a coil on a magnetic core as ergy is returned by the magnetic 
in Fig. 110, the magnetic flux pro- field. Energy is lost in "shifting 
duced changes according to the hys-
teresis loop B-C-D-E-F-G-B. The the atomic magnets," and this 
values - H and are the magnet- heats the core. The area of the 
izing forces, varying directly with the 
current through the coil. hysteresis loop of Fig. 112 repre-

sents the power loss for each cycle' of 
the alternating current. The power loss per cycle is given by an 
equation based on the work of Steinmetz as follows: 

KfV13 1.6  
P (30) 

107 watts. 

According to this equation, P is the power loss in watts when the 
current has a frequency off cycles per second, when V is the volume 
of the iron in cubic centimeters and B is the value of the maximum 
flux density in gausses, or lines per square centimeter. Typical 

1 In explaining the hysteresis effect, it was assumed that the core was 
initially unmagnetized. This required a little over one cycle to trace the 
hysteresis loop. Once established, each cycle traces once around the loop. 
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values of K are for hard tungsten steel, 0.058; for pure iron, 0.003; 
and for silicon steel sheet, 0.0006. 

+B sirCO n 

-H 
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+H 

o.) 
CL 

—B 

113.—Hysteresis loops for silicon steel and for Permslloy. The area of the 
curve is directly proportional to the hysteresis power loss each cycle. 

To summarize: When an alternating magnetic 
magnetic material such as iron,   
energy is required to reverse re-
peateclly the miniature atomic mag-
nets of which it is convenient to 
consider the iron to be composed. 
The power loss for each cycle is 
represented by the area of the 
hysteresis curve. A comparison 
between the losses caused by sili-
con steel and Permalloy is shown 
in Fig. 113. 
Permanent Magnets.—Perma-

nent magnets were treated early 
in this chapter and should now be 
discussed again in view of the 
theory that has just been pre-
sented. It was noted in Fig. 112 
that there was a certain residual 
magnetism. If a material has the 
ability to retain a large amount of 
residual magnetism and has other 
desirable characteristics, it will be 
suitable for permanent magnets. 
The characteristics of several permanent-magnet materials are 

shown in Fig. 114. Not only is a large value of permanent mag-

field exists in a 

A 8 IC E 

10 

2 x 

 o 
400 300 200 100 0 
Demagnetizing force, oersteds 
FIG. 114.—Permanent magnetic 

characteristics of magnetic alloys. 
This will be recognized as a portion of 
the hysteresis curve. A large — H 
value indicates a large coercive force, 
or demagnetizing force required to re-
duce the residual flux -FB to zero. 
(A) Nickel-aluminum-iron. (B) Co-
balt-molybdenum-iron. (C) Cobalt-
steel. (D) Cobalt-tungsten-iron. (E) 
Chromium-steel. (Data from Williams, 
C. S., Permanent Magnet Materials, 
Electrical Engineering, January, 1936.) 
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erection 
of flux 

Fia.115.—Magnetic cores 
are usually made of thin 
sheets or laminations to re-
duce eddy-current losses. 
The paths of the eddy cur-
rents in one of the lamina- Fig. 115, and the path of the eddy-current 
tons are as indicated by the flow is as indicated by the broken lines. 
broken 1ne. 

Of course, these currents alternate in 
direction in accordance with the flux variations. If the resistances 
of the eddy-current paths are low, as they would be for a large 
volume of metal, the eddy currents become very large, and the 
heating of the core is excessive. 

1 The word electromagnet is often used to designate a device composed of a 
magnetic core of low flux-retaining characteristics wound with many turns of 
wire. When a current flows through the wire, a very strong magnetic field 
may be produced, but when the current ceases to flow, the flux dies out to a 
very small value. The word electromagnet therefore distinguishes the device 
from a permanent magnet. 

netism desirable, but the coercive force, that is, the force required 
to reduce the magnetism to zero, is also a measure of good per-
manent-magnet characteristics. The more coercive force required 
to force the flux to zero, the greater will be the internal atomic fric-
tion tending to keep the atomic magnets lined up. 
To summarize: When certain metals are subjected to a strong 

magnetizing force (by placing them within a coil carrying a current, 
or better yet, by placing them across the air gap of a strong elec-
tromagnet 1) much of the magnetism is retained when the mag-
netizing force is removed. This residual magnetism makes the 
metal a permanent magnet. 
Eddy Currents.—As has been stressed throughout this chapter, 

whenever the flux linking a circuit is changed, a voltage is induced 
in that circuit. Now the core of magnetic material shown in Fig. 

110 carries magnetic flux. Furthermore, 
each individual portion of the core is 
linked by flux from other parts of the 
core. Thus as an alternating flux rises 
to maximum, falls to zero, rises to maxi-
mum in the opposite direction, etc., the 
flux linking various parts of the core is 
being changed continually. This change 
will induce voltages in the core, and as a 
result eddy currents will flow. These 
eddy currents will produce /2R losses, 
causing a heating of the core. 
A portion of a magnetic core is shown in 
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To reduce this effect, magnetic cores are often laminated, that is, 
made up of thin sheets as shown in Fig. 115. Tie sheets are 
insulated from each other electrically by the .irtural oxide which 
forms on the surface, or by insulating varnishes': The power loss 147 
in watts per cubic centimeter for a laminated core is given by 

1.64,2f2B2 
1016p , 

(31) 

where t is the thickness of laminations in centimeters, f is the fre-
quency in cycles per second, B is the flux density in gausses, and p 
is the resistivity of the material in ohms per centimeter cube. The 
resistivity of a commercial grade of silicon steel may be about 
60 X 10-6 ohm. Silicon is added to increase the resistivity which 
from Eq. (31) will reduce the power loss. The desirability of thin 
laminations is apparent. Note that the loss varies as the square of 
the frequency. 

High-grade iron was the standard material for the cores of com-
munication transformers and coils for many years. Because the 
frequencies employed were higher (and the losses were greater than 
in power circuits where laminations suffice to hold down the loss), 
the iron was first made in thin sheets electrolytically, then pow-
dered, then mixed with some insulating compound such as shellac, 
and finally compressed into cores. Each individual particle of the 
magnetic core was thus insulated from each other particle, the 
losses being thus kept to a reasonable value. A similar method is 
now used in making Permalloy cores. 
Eddy currents are caused to flow in any metallic body that is sub-

jected to an alternating magnetic field. Thus the metallic shields 
around coils have eddy currents flowing in them. 
To summarize: Eddy currents are caused to flow in cores of 

transformers, coils, or in any metallic object that is affected by an 
alternating field. Where the frequency is high, such as in com-
munication circuits, these losses may become excessive, because 
the loss varies as the frequency squared. Special cores made of 
iron or Permalloy "dust" keep the losses within reason. In general 
all metallic objects exposed to alternating fields should be lamin-
ated or other precautions should be taken to prevent excessive 
eddy-current losses. 
The Relay.—A photograph of a relay used in telephone-dial 

switching systems is shown in Fig. 116 and a schematic electrical 
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no. 116.—A communication relay with a copper collar or "slug" on the magnetic 
cire it as indicated at the lower right. The current which is induced in the collar 
when the electric circuit is opened and the magnetic lines of force start to die out 
tends to keep the magnetic flux in the core at a constant value, and this makes the 
relay slow-acting. This particular relay is mounted for laboratory tests on a 
block of wood. 

diagram in Fig. 117. The magnetic circuit consists of the core 
of the coil, the holding frame, and the armature. When the 

  relay is energized by passing a current 

switching contacts. When the current is 
interrupted, the armature falls back be-

cause pulls up the armature, operating the 

through the coil, the magnetic field cre-

ated of gravity or a spring. Because of 

the fact that flux variations do not ex-
actly follow variations in magnetizing 
force, and for other reasons, a typical 
relay may close on, for example, 65 mil-
liamperes but may not open until the cur-
rent is reduced to 38 milliamperes. 
Both the photograph and the diagram 

of the relay here included show a massive 
copper "slug" on the magnetic circuit. This makes a relay "slow 
acting" in the following manlier. When the current in the wind-

ings is varied, changing the magnetic flux in the core, very large 

FIG. 117.—Symbol for a 
stow-operating relay. The 
cross-lined portion repre-
sents the copper collar 
which gives the relay its 
slow-operating character-
istics. Sometimes the cross-
lines are omitted and the 
letters SO are written in to 
designate the slow-operat-
ing features. 
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eddy currents will flow in the copper slug. These will, according 
to Lenz's law (page 155), produce magnetic effects tending to 
keep the flux from being changed. This will make the relay slow 
acting. 
The Circuit Breaker.—The circuit breaker is an electromagnetic 

device used to protect circuits from overload because of excessive 
currents. In its common form, the circuit breaker consists of a coil 
of wire on an iron core, part of which is pivoted to move. Usually 
the current-carrying contacts are closed by hand or other means 
against a spring force, the contacts themselves being tightly held to 
prevent chattering. 
When the current becomes excessive, the armature is pulled up 

which trips the spring mechanism, and the contacts thus quickly 
open. Because of inductance, the rapid opening of a circuit breaker 
may induce a high voltage in a circuit. This may cause the circuit 
breaker to arc across as it is opened. To prevent excessive burning, 
air circuit breakers are often arranged so that the arcs occur be-
tween carbon electrodes. Large circuit breakers are often immersed 
in oil to absorb the energy of the arc. 

SUMMARY 

A magnetic field is a region in which magnetic forces act. A magnetic field 
is considered to be composed of magnetic lines of force. A magnetic line of 
force represents the direction of the magnetic force at a particular point. The 
density of the lines represents the intensity of the field. 

Magnetic lines of force are continuous and tend to take the shortest path. 
Lines of force are assumed to flow from the north to the south pole in air and 
then back through the magnet. Lines of force in the same direction repel each 
other, and lines in the opposite direction attract each other. 
A wire carrying a current is surrounded by a magnetic field. The strength 

of the field in air is proportional to the strength of the current. A magnetic 
field also exists around two wires of a pair. 
A coil of wire carrying a current produces a magnetic field. If an iron core 

is placed in the coil, the magnetic field is greatly increased. 
Magnetomotive force is considered to force magnetic lines of force through 

the magnetic circuit. Magnetic lines of force 4) magnetomotive force 
5/reluctance. 
Magnetomotive force is measured in gilberts (0.42-N/) or in ampere turns 

(NI). 
The reluctance of a magnetic path is 6i = 1/ µA. (no unit). 
Magnetic flux density equals B =.75/A gausses. 
Magnetizing force is measured in gilberts per centimeter, or oersteds. 

Magnetizing force is the magnetomotive force gradient. Magnetizing force 



172 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

and field intensity in lines per square centimeter are numerically the same in 
air. 

Permeability =- BIH and is the ratio of the lines of force per square centi-
meter established in a material to the lines of force that would be established 
in air. 
The shape of the magnetization curve is explained on the basis of miniature 

atomic magnets. 
Because the permeability is a variable and because leakage flux makes the 

exact path difficult to determine, many magnetic calculations are only 
approximate. 

Devices that are to be shielded from stray constant magnetic fields should 
be enclosed in a box or shield of good flux-conducting ability such as iron. 
A wire carrying a current in a magnetic field will experience a force tending 

to push it from the field. 
One of the most important of all electrical principles is Lenz's law. This 

law states that a change in flux linkage is accompan:ed by an opposing induced 
electromotive force. 

Self-inductance is a property of a circuit which causes a back voltage to be 
induced when the current is changed. Self-inductance is measured in henrys. 
Mutual inductance is the property of two circuits which causes a voltage 

to be induced in one when the current in the other is changed. 
Self-inductance causes a current in the circuit to rise and decay slowly. 
• Energy equaling Yeir is stored in a magnetic field in air. 
Magnetic hysteresis is a naine applied to the phenomenon of the magnetic 

flux in a core of magnetic material lagging behind the magnetizing force. 
Hysteresis causes a power loss and a heating of the iron core. 
Eddy currents are currents caused to flow in magnetic cores and metallic 

objects when flux linkages are changed. 

REVIEW QUESTIONS 

1. Name the three fundamental properties of electric circuits. 
2. What is a magnetic field? How can you prove one exists? 
3. What are the important properties of magnetic lines of force? Can 

they cross each other? 
4. Explain how to determine the direction of the magnetic field around a 

wire. 
5. How does a coil of wire establish a magnetic field? 
6. Why does a coil with an iron core produce a stronger field than the same 

coil in air? 
7. State the three forms of Ohm's law for magnetic circuits. 
8. Define magnetomotive force, and give the unit of measure. 
9. Define magnetizing force, and give the unit of measure. 

10. What is the relation between magnetizing force and field intensity? 
11. In what important ways does reluctance differ from resistance? 
12. Define permeability. 
13. Explain why the magnetization curve has its peculiar shape. 



THE MAGNETIC FIELD AND INDUCTANCE 173 

14. What is the shape of the magnetization curve for air alone? 
15. Compare the shape of the magnetization curve for an iron core with an 

air gap in with the shape of the curve for iron alone. 
16. Why is Permalloy so well suited for telephone equipment? 
17. Give the cause and remedy for magnetic leakage. 
18. State Lenz's law. 
19. Explain how Lenz's law applies to motor action. 
20. Explain how Lenz's law applies to generator action. 
21. Can a loop of wire be moved in a magnetic field without inducing a 

voltage in it? 
22. Can a long straight rod be moved in a magnetic field without inducing 

a voltage in it? 
23. Define self-inductance, and explain its likeness to inertia. Define the 

unit of measure. 
24. Define mutual inductance, and define its unit of measure. 
25. Why are silicon-steel laminations used for transformer cores? 
26. What is the significance of a hysteresis loop? 
27. What is the relation between frequency and hysteresis loss? 
28. What is the relation between frequency and eddy-current loss? 
29. Does the magnitude of the current affect hysteresis loss? 
30. Does the magnitude of the current in the coil affect eddy-current loss? 

PROBLEMS 

1. Two permanent magnets are 0.5 inch wide and 3.5 inches long. They 
are placed parallel 1 inch apart with their north poles at the same end. Draw 
these to scale, and sketch in the magnetic field, showing with arrowheads the 
directions of the lines of force. 

2. A flux density of 10,500 gausses exists in a Permalloy core. What is the 
magnetomotive force if the core is 10 centimeters long? What is the reluc-
tance? 

3. A total flux of 5200 lines exists in a Permalloy core of 0.82 centimeter 
cross-sectional area. The core is 12 centimeters long and uniformly wound 
with 316 turns of wire. What is the current in the wire? What is the perme-
ability? 

4. A magnetic circuit consists of 12 centimeters of silicon steel and 4 centi-
meters of cast steel. The cross-sectional area of the cast steel is 2.2 square 
centimeters and that of the silicon steel is 1.8 square centimeters. The total 
flux is 22,000 lines. First assume that the two metals are in intimate contact, 
and calculate the magnetomotive force; then assume two machined surface 
contacts between the metals, and estimate the additional magnetomotive force 
required. 

5. Solve Probs. 1 and 2 starting on page 150 if the current is 5.50 milliamperes. 
6. Solve the magnetic circuit of Fig. 99, page 152, if the current is 1.5 amperes. 
7. A magnetic field has an intensity of 8000 lines per square centimeter. 

A wire 42 centimeters long is moved through the field at the average rate of 
120 feet per second. Calculate the average voltage induced in the wire. 
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8. Calculate the self-inductance of the coil of Prob. 1, page 150. 
9. Calculate the self-inductance of the coil of Prob. 2, page 151. 

10. Calculate the self-inductance of the coil of Fig. 99. 
11. Calculate the self-inductance of the problem on page 159 if the current 

is 3.6 amperes. 
12. Calculate the mutual inductance if a secondary of 260 turns is wound on 

the core of Fig. 105. Use primary currents of 1.2 amperes and 3.6 amperes. 
13. A coil of wire with an air core has a self-inductance of 0.056 henry. 

Calculate the energy stored in the coil if it carries a current of 12.6 amperes. 
14. Referring to Fig. 113, page 167, determine the approximate ratio of the 

hysteresis loss in silicon steel to that in Permalloy. 



CHAPTER VII 

THE ELECTRIC FIELD AND CAPACITANCE 

As was mentioned at various points in the last chapter, there 
are three fundamental properties of electric circuits; these were 
shown to be resistance, inductance, and capacitance. Resistance 
and inductance have now been discussed, and this chapter will be 
devoted to capacitance. 
The preceding chapter discussed magnetic fields, particularly 

stressing the field produced by a coil carrying a current. Because 
magnets and compasses are common objects, the basic magnetic 
phenomena are rather widely understood. The study of a wire 
carrying a current led to a consideration of the inductance of a 
circuit. As was mentioned in Chap. V, the current through a coil 
lags the voltage across the coil. This is caused by the inductance 
of the coil. 

In this chapter electric fields will be discussed, particularly the 
electric field produced by a voltage impressed between the two 
parallel plates of a condenser.' Some readers may be surprised to 
find that a voltage establishes an. electric field, just as a current 
produces a magnetic field. This phenomena is just as easy to under-
3tand and just as real as the magnetic field; the difference is that 
high voltage is not a particularly convenient or safe plaything, 
q,nd experimentation with it is not commonplace. 
The establishment of an electric field in a condenser or capacitor' 

is the result of the property of a circuit called capacitance. This 

1 There is no connection between the word condenser and such ideas as 
compressing or condensing. The term was early applied to electric-circuit 
elements such as two plates insulated from each other, and the usage has con-
tinued. As will be shown later in this chapter, electricity can be stored in a 
condenser, but not compressed or condensed in the usual sense of the word. 

2 The words condenser and capacitor have substantially the same meaning. 
The word condenser is more widely used in communication, and capacitor is 
more widely used in power. They will be used interchangeably in this text to 
familiarize the reader with both usages. The same usage applies to resistance 
and resistor and to inductance and inductor. 

175 
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property will be found to be very useful in circuit design. It is 
this property that causes the current through a condenser or 
capacitor to lead the voltage across it as was mentioned in Chap. V. 
The Electric Field.—As was mentioned in the preceding para-

graphs, the magnetic field is fairly familiar to most people at all 
interested in, or associated with, electricity. The magnetic field is 
proved to exist by placing iron filings near a wire carrying a current 
or near a permanent magnet and by observing how the iron filings 
line up along the magnetic lines of force. The iron filings are 
caused to line up because they are better conductors of the mag-
netic lines of force than is the air. The lines of magnetic force 
desire to flow through each small bit of iron as far as possible, and 
hence the lines of force twist each bit of iron around until it is 
pointing in the same direction as the force at that point. 
Now the electric field will be found to be just as easy to under-

stand; in fact, as will be shown on page 178, there are reasons why 
the electric field is even easier to calculate than is the magnetic 
field. Thus, suppose that the plates of a parallel-plate condenser are 
arranged as in Fig. 118a and a voltage is impressed between them. 
Next, a piece of paper is placed over the plates, and hard rubber 
dust is sprinkled on the paper. When this is done, and the paper is 
tapped slightly, the bits of hard rubber will align themselves as 
shown.' 
The reason for this reaction is that the bits of hard rubber are 

better conductors of the electric lines of force than is air. Thus, 
the electric lines of force desire to follow the hard-rubber particles 
as far as possible, and so they exert a force on them and line them 
up as explained. The direction in which the bits of hard rubber 
are pointing at a given location is the direction of the lines of force 
at that location. Although hard rubber was mentioned here, this 
same effect could be indicated by small particles of Bakelite, mica, 
colored glass, etc. 
The shape of the electric field as determined by the electric lines 

of force between the positive and negative plates of the condenser 
of Fig. 118a is represented by the lines of force of Fig. 118b. It 
should be noted that these electric lines of force are not continuous 
as were magnetic lines of force. Electric lines merely go from the 
positive to the negative plate. Electric lines of force in the same 

1 It is probably inadvisable for the reader to attempt such an experiment 
because of the high-voltage technique involved. 
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direction repel each other as indicated at the edge of the con-
denser. 
To summarize: It is found experimentally that if a voltage is 

applied between two parallel metallic plates, such as those of a 
condenser, an electric field will be established between the two 

118.—When a piece of paper that has been "dusted" with hard-rubber filings 
is placed over a high-voltage condenser and the paper is tapped, the bits of hard 
rubber will align themselves as shown in (a). This leads to the conclusion that 
electric lines of force or an electric stress exists between the condenser plates. The 
electric lines of force prefer to follow the hard-rubber particles because they offer 
a better path than air. Thus, the lines of force align the particles so that the lines 
may flow through the particles for their entire length. 

plates. Such a field is considered as composed of electric lines of 
force passing from the positive to the negative plate. 
The Dielectric.—The material or substance between the plates of 

the condenser of Fig. 118 is said to be a dielectric. In the con-
denser just considered the dielectric was air. The electric lines of 
force were established in this air dielectric. The dielectric used 
between the plates must be a good insulator, or the plates will be 
electrically short-circuited. Now suppose that some insulating 
material other than air, for instance hard rubber, is placed entirely 
within the space between the plates. An investigation will show 
that now a very much stronger or more dense field exists. 
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The reader will probably suspect the reason why the field is more 
dense or stronger with the hard rubber between the plates than 
with air. The field is stronger because the hard rubber is a better 
conductor of electric lines of force than is the air. So are all good 
insulating materials such as Bakelite, mica, glass, or wood. 
For comparable conditions, the ratio of the lines produced in a 

dielectric (such as Bakelite, glass, etc.) to the lines that would be 
produced in air (more specifically, vacuum) is called the dielectric 
constant of the dielectric material. The dielectric constant is 
usually represented by K. This is also called relative permitivity 
and specific inductive capacity. Typical values of the dielectric 
constant for common materials are given in Table VI. 
The dielectric constants given will vary in different books be-

cause of individual differences in specimens and perhaps because 
of variations in test conditions as well. In addition to the values 
given above, gases under ordinary conditions have a dielectric 
constant of about 1.0; transil oil, about 2.5; ethyl alcohol, about 
27, and pure water, 81. The dielectric constant of a material is 
truly constant from a practical standpoint under usual conditions. 
This is in contrast with the permeability of magnetic materials 
which varies widely. This fact makes cut-and-try solutions un-
necessary in electric-field calculations, and to this extent such cal-
culations are more simple than are magnetic-field calculations 
where the variable nature of the permeability must be considered. 
To summarize: The dielectric is the material between the plates 

of a condenser. The dielectric constant is the ratio of the electric-
flux-conducting ability of the material compared with that of air, 
or more correctly vacuous space. 
Ohm's Law for the Dielectric Circuit.'—In the production of 

an electric field in a dielectric circuit the same fundamental law 
considered elsewhere (page 12) applies: The result is directly 
proportional to the magnitude of the effort and inversely propor-
tional to the magnitude of the opposing force. 
As was shown in Fig. 118, the application of a voltage to the 

plates of the condenser established an electric field. This was true 
because the voltage forced the electric lines of force through the dielectric. 
In accordance with the basic principle again presented in the pre-

' As the term is to be used in the following pages, the dielectric circuit will 
be the dielectric material in which the electric field is produced. This is also 
sometimes called a dielectric field. 
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ceding paragraph, the amount of flux produced will be directly 
proportional to the magnitude of the applied voltage and inversely 
proportional to the magnitude of the opposing force. 

TABLE VI.—DIELECTRIC CONSTANTS FOR COMMON MATERIALS 

Material 
Dielectric 

constant, K 
Frequency 
range,g kc. 

Bakelite  

Cloth (varnished)  
Cloth (varnished)  

Fiber 
Fiber 

Glass (special electrical)  
Glass (common plate)  
Glass (Pyrex "radio")  

Mica (muscovite)  
Mica (U.S.A. clear)  

Paper (dry Kraft)  

Porcelain (wet process)  

Pressboard (untreated)  
Presaboard (oiled)  

Rubber (hard)  
Rubber (hard) .  

Wood (paraffined maple)  

4.5 

4.5 
2.5 

2.5 
5.0 

10.0 
7.6 
4.4 

4.5 
8.7 

3.5 

7.0 

2.9 
4.5 

2.8 
3.0 

4.1 

100-2000 

Less than 2 
100-2000 

Less than 2 
100-2000 

Less than 2 
100-2000 
100-2000 

Less than 2 
100-2000 

Less than 2 

100-200 

Less than 2 
Less than 2 

Less than 2 
100-2000 

Less than 2 

Largely assembled from "Electrical Engineer's Handbook," Vol. V, Communication and 
Electronics, John Wiley & Sons, Inc., and from "Standard Handbook for Electrical Engineers," 
McGraw-Hill Book Company, Inc. The student should consult such handbooks for additional 
data, and for further information regarding the materials listed here. 

2 Range at which dielectric constants hold. 

Thus, what might be called Ohm's law for the electric circuit is as 
follows: 

voltage  
Electric lines of force = 

elastance 
(32) 
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Using the conventional symbols, this law can be written 

E E 
4/ = — E = e'S, and S = — (33) 

S 

where 4/ (psi) is the total electric flux produced in coulombs,I E is 
the applied voltage (or potential difference) in volts, and S is the 
elastance or opposition offered by the dielectric to the establish-
ment of the field and is measured in darafs. 
To summarize: The voltage applied to the plates of a parallel-

plate condenser forces electric lines of force through the dielectric 
material between the plates of the condenser. In the practical 
system, one volt applied to a dielectric having an elastance of one 
daraf will produce one coulomb of electric flux. 
The Elastance of a Dielectric.—A sincere effort has been made 

to present the direct-current circuit, the magnetic circuit, and the 

Fze. 

1+ 
o 

1   
119.—Representing the condenser plates of Fig. 118, drawn to indicate the 

_ dimensions more clearly. 

dielectric circuit all on the same basis of a force causing a flow 
through an opposition. This makes all the presentations follow 
logically one after the other. It does, in the case of the dielectric 
circuit, require certain out of the ordinary treatments, all of which 
are, however, perfectly legitimate. 
The plates of the condenser of Fig. 118 are redrawn in Fig. 119 

the better to show their dimensions. Let it be supposed that the 
space within this condenser is filled with air, and further let the 
area (area -= width X length = w Xi) be large and the distance d 
between the plates be small so that the fringing effect 2 is negligible. 

In accordance with the practical system of units. The prime is used to 
prevent confusion where e represents the electric flux in lines not coulombs. 

2 By fringing effect is meant the spreading of the lines of force near the edge 
of the condenser; this is plainly evident in Fig. 118. If the distance between 
the plates is small and the area of the plates is large, the fringing flux is but a 
small percentage of the total and is negligible. 
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From the relations of Eq. (32), an applied voltage will produce a 
given electric field in the air. If, now, the plates are spread apart, 
so that d is greater, less lines will be established, because the 
impressed voltage now has to force the lines a greater distance. 
If, however, the area is increased by making the plates larger, then 
the electric flux will be increased, because there are now more dielec-
tric paths in parallel through which the flux can flow, and hence 
the elastance S of Eq. (33) is less. And last, if a dielectric other 
than air—for example, glass—is placed between the plates, the 
electric flux will be increased because glass is a better conductor of 
electric flux than is air. 

Considering all these factors, it can be written that the elastance 
S varies as d/KA, and that the elastance 

1.131 X led 
S —  KA (34) 

Where d is the thickness of the dielectric in centimeters, A is the 
area of the dielectric (or of one plate in Fig. 119), and K is the 
dielectric constant of the dielectric (the ratio of the flux-conduct-
ing ability of the dielectric compared to that of air), S as given by 
Eq. (34) will give the elastance in darafs. The significance of the 
numerical constant in Eq. (34) will be treated on page 190. 
To summarize: The elastance, or flux-opposing property of a 

dielectric, varies directly as the thickness and inversely as the area 
and the relative flux-conducting ability of the dielectric as com-
pared with air. 

Dielectric Strength.—Readers interested in radio are urged to 
read every word carefully. High voltages are encountered in radio 
circuits, and high voltages often cause equipment failures. In this 
section certain phenomena causing such failures will be considered. 
These phenomena are simple, but unfortunately they are seldom 
clearly understood by most communication workers. 

It has been shown (Fig. 118 and accompanying discussion) that 
a voltage impressed on a dielectric causes electric forces or stresses 
within the dielectric. If the voltage on a particular specimen is not 
too great, then when the voltage is removed the stress will disap-
pear, and the dielectric material is in its original condition. If, 
however, the voltage is excessive, then the stress will be more than 
the material can stand, the dielectric material will actually be 
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broken down, and a current of electricity will flow through it, 
heating it and damaging it further until its properties as an insu-
lator are ultimately destroyed. 
Now a given thickness of dielectric might safely withstand a 

certain impressed voltage, but a thinner piece of the same material 
might break down. In other words, it is not definite to say, for 
example, "a piece of glass will stand 60,000 volts without punc-
turing," what must be said is that a piece of glass will stand a cer-
tain voltage per unit thickness without puncturing. This is a 
specific statement, and if the volts or kilovolts per unit thickness 
which various dielectric materials can stand without puncturing is 
known, then the relative properties of the various materials can be 
compared and equipment can be designed for high-voltage service. 

The volts per unit thickness which a dielectric can stand without 
rupture is known as the dielectric strength of that material. This 
value can be expressed in volts per inch, volts per mil (0.001 inch), 
volts per centimeter, or volts per millimeter (0.001 meter). A 
reasonable measure is volts per centimeter, which will be used in 
this book. The dielectric strength for certain materials is shown in 
Table VII. Of course kilovolts may also be used. 

TABLE VIL- DIELECTRIC STRENGTH FOR COMMON MATERIALS 

(Values in kilovolts per centimeter) 

Material Dielectric Strength 

Bakelite  100-280 
Cloth (varnished)  169 
Fiber  69 
Glass (electrical)  800-3300 
Glass (common plate)  60-120 
Mica (U.S.A. clear)  2250 
Paper (dry Kraft)  300-400 
Porcelain (wet process)  57 
Pressboard (untreated)  50-120 
Pressboard (oiled)  292 
Rubber (hard)  173 
Wood (paraffined maple)  45 

The values given in Table VII were, in general, assembled from 
the same sources as those of Table VI. If several sources of such 
data are compared, large variations in the values given may be 
found. This again is due to individual variations in test specimens 
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and perhaps to differences in test procedure as well; it is difficult to 
standardize such tests completely. 

Gases such as air are, of course, used as dielectrics. As men-
tioned on page 178, their dielectric constants are approximately 
unity even over wide pressure ranges. The dielectric strength for 
air is about 31 kilovolts per centimeter under normal conditions. 
The dielectric strength for a gas at high pressures may be very 
much greater than under ordinary conditions. This makes possi-
ble the construction of high-pressure gas condensers with small 
spacings between plates. 

Liquids such as oil are also used as dielectrics. As was shown on 
page 178, the dielectric constant of a liquid may be very high, but 
for the oils such as mineral oil (K = 2.2 approx.) and castor oil 
(K = 4.7) the dielectric constant is relatively low. The dielectric 
strength of most insulating oils is 30 to 40 kilovolts per 0.1 inch. 
Certain oils such as Pyranol (K = 4.5) are explosion-proof. Castor 
oil is widely used in oil-filled communication condensers. Gaseous 
and liquid dielectrics are advantageous because they are not per-
manently disrupted by the passage of an arc; in other words, they 
are self-sealing. 
To summarize: Solids, gases, and oils are used for dielectrics in 

communication condensers. The thickness of the dielectric must 
be sufficiently great that the condenser will not break down. The 
volts per unit thickness which a condenser can stand without punc-
turing is the dielectric strength. 

Voltage Gradient—Suppose that Bakelite of various thicknesses 
is available. A piece 1 centimeter thick is placed between the elec-

+ (Metal plate 

1 

I - 
Fm. 120.—Illustrating the principle of voltage gradient. The voltage applied 

between the two metal plates divided by the thickness d gives the voltage gradient. 
In practice special plates (electrodes) with edges rolled back would be used to 
prevent flux concentrations at the edges (see Fig. 118). 

trode,s of Fig. 120 and the voltage gradually increased until the 
Bakelite breaks down. From Table VII, Bakelite will stand at 
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least 100 kilovolts, or 100,000 volts per centimeter. Thus (assum-
ing the lower value applies), if the spacing is 1 centimeter, 100,000 

volts must be applied before puncturing occurs. 
Now suppose that a piece of Bakelite 0.5 centimeter thick is 

placed between the electrodes of Fig. 120 and that they are firmly 
pressed against it. If the voltage on the electrodes is gradually 
increased, it will be found that the 0.5 centimeter thickness of 
Bakelite punctures at a voltage of approximately 50,000 volts. 
Similarly, a piece 0.25 centimeter thick will puncture at about 
25,000 volts. Also, a piece 0.1 centimeter thick will puncture at 

about 10,000 volts. 
Computing the volts per centimeter in each instance gives the fol-

lowing figures: 

100,000 
E — 1.0 — 100,000 volts per centimeter. 

50 000  
E — 0.5 — 100,000 volts per centimeter. 

E — 25'000 0.25  — 100,000 volts per centimeter. 
• 

10 000  
E —  — 100,000 volts per centimeter. 

0.10 

Thus, the volts per unit thickness is the same in each of the instances 
considered. Volts per unit thickness is defined as the voltage grad-
ient. As is apparent from the preceding computations, voltage 

gradient is merely volts/distance. 
To summarize: A very high gradient, that is, many volts per unit 

thickness can be obtained by applying relatively few volts to a 
very thin sheet of material. 

Voltage Distribution in Dielectrics.—Before taking up this 

particular subject, it is desirable to review certain fundamentals of 
electric circuits. Therefore consider Fig. 121. With 6 volts applied 
to the circuit, of 3 ohms total resistance, a current of / = 6/3 = 2 
amperes will flow. The voltage across the upper resistor will be 

= /RI = 2 X 2 = 4 volts; and the voltage across the lower 
resistor will be E2 = IR2 -= 2 X 1 = 2 volts. Note that the 6 
volts is divided directly proportional to the resistances. 
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Now let this same reasoning be applied to dielectrics. Suppose 
that an experimental condenser made as in Fig. 122 has a voltage E 
across it. This total E will force a flux of lines through the 
dielectric as indicated. Since 
these lines must extend from the 
positive to the negative plate, R, r 4 

VO/es 
the lines in all part of the dielec-
tric are the same.' 
As shown in Fig. 122, the R2 2 

space between the plates is actu- 2 volts 
ally filled with two dielectrics. 
These two dielectrics are in Fia. 121.—Illustrating the way in 
series to the electric lines of which voltages are distributed across re-

sisters in series. 
force; that is, just as the same 
current passes through each of the series resistors of Fig. 121, so 
must the same electric flux pass through each of the two series 
dielectrics. 

According to Eqs. (32) and (33), the electric lines of force 
= E/S, where E is the total voltage impressed across the two 

1 

2 

122.—The two dielectrics, 1 and 2, are in series and therefore the same elec-
tric field passes through each. The metal plates have rounded edges to prevent 
flux concentration at sharp edges. This diagram shows a uniform field, but in 
practice there would be a fringing effect or a nonuniform field at the edges. If the 
area of the plates is large this effect is negligible. 

electrodes and S is the total ela,stance of the two dielectrics. It 
also follows from Eq. (33) that the voltage El across dielectric 1 
will be El = trSi, and that across dielectric 2 will be E2 = ez• 
To summarize: Just as in the circuit of Fig. 121, where the total 

1 Of course this is with reference to the position of the dielectric under the 
plates and also assumes that the distance between the plates is reasonably 
low and that the plates are large, so that fringing is negligible. 
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impressed voltage was divided across the resistors in direct pro-
portion to their resistances, so in Fig. 122 the total voltage will be 
divided across the dielectric in direct proportion to the elastance 
of each dielectric. 

Calculations of Voltage Distribution.—The principle discussed in 
the preceding section is of the greatest importance in electrical 
work wherever high voltages are employed, and high voltages are 
employed in radio. To further illustrate the principle, the follow-
ing illustrations will be given. 

Example 1.—An experimental condenser such as Fig. 122 has a dielectric 
consisting of 0.1 centimeter of Bakelite and 0.3 centimeter of hard rubber. 
It is desired to impress 10,000 volts at radio frequencies across this condenser, 
and the voltage distribution across each dielectric is desired. 

Solution.—Step 1. The dielectric flux 4, is the same in each dielectric, as 
explained in the preceding section. It is not necessary to calculate this 
flux. Neither is it necessary to calculate the elastances, but their relative 
magnitudes must be known. To find these, the values of the dielectric 
constant K must be known. For Bakelite K -= 4.5, and for hard rubber 
K = 3.0 (Table VI). 

Step 2. Determine the relative magnitudes of the elastances. In general, 
elastance varies as d/KA. The area of each dielectric is the same, so A 
may be neglected; then, the elastances are proportional to dIK. 

Step 3. Find the ratios of the elastances. For the Bakelite the elastance 
is proportional to 0.1/4.5 = 0.0222, and for the hard rubber, the elastance 
is proportional to 0.3/3 = 0.1. The total elastance will be proportional 
to the sum of these, or to 0.0222 + 0.1 = 0.1222. Then, 0.1/0.1222 = 0.82, 
and 0.0222/0.122 = 0.18. This means that of the total elastance between 
the two parallel plates 82 per cent is due to the hard rubber and 18 per 
cent is due to the Bakelite. 

Step 4. Calculate the voltage distribution. The hard rubber will have 
0.82 X 10,000 = 8200 volts across it, and the Bakelite will have 0.18 X 
10,000 = 1800 volts across it, because the total impressed voltage will 
divide in direct proportion to the elastances. 

Step 5. Calculate the voltage gradient. The hard rubber was 0.3 centi-
meter thick and has 8200 volts across it. This is a voltage gradient of 
8200/0.3 = 27,400 volts per centimeter. From Table VII hard rubber 
will readily stand this gradient. The gradient for the Bakelite will be 
1800/0.1 = 18,000 which also is far within the safe limit of operation. 

Example 2.—The spacing between the plates of an air condenser is 1.0 centi-
meter, and it is desired to put 25,000 volts on the condenser. Now this is 
close to the safe operating limit of air, which is about 31,000 volts per centi-
meter. It is feared that the condenser will break down due to a voltage surge. 
Some large sheets of common window glass 0.25 centimeter thick are available. 
It is decided to place two of these solid sheets between the plates to prevent 
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arcing across. This is done, and the voltage is impressed. When the voltage 
is applied, the condenser suddenly fails after a moment of operation. What 

happened? 
Solution.—When the 0.5 centimeter of glass (two sheets) was placed in the 

space between the condenser plates, the condenser then had a dielectric of 
0.5 centimeter of glass in series with 0.5 centimeter of air. 

Air has a dielectric constant of about 1.0, but the common window glass 
used had a constant of 6.0. The thicknesses and areas of the two dielectrics 
are the same, and thus from Eq. (34) the elastances will vary inversely as the 
dielectric constant. This means that the elastance of the air will be 6.0 times 
that of the glass. Then 6/7 = 0.857 or 85.7 per cent of the total voltage will 
appear across the air, and 1/7 = 0.143 or 14.3 per cent will appear across the 

glass. 
This means that 0.857 X 25,000 = 21,400 volts will initially be impressed 

across the 0.5 centimeter of air, a,nd 3600 volts across the 0.5 centimeter of 
glass. This means that the voltage gradient on the air will be 21,400/0.5 = 
42,800 volts per centimeter. But air will only stand about 31,000 volts per 
centimeter and will break down. When the air breaks down, it will become a 
conductor, and this will throw the entire 25,000 volts on the 0.5 centimeter 
of glass. The window glass will then have a voltage gradient of 25,000/0.5 = 
50,000 volts per centimeter impressed on it. This it would safely stand if it 
were not for the heating of the air next to it. This sudden heating might 
lower the dielectric strength sufficiently to cause the glass to break down, 
permitting the plates to arc across and ruin the condenser and perhaps other 
equipment in the circuit as well. 
Now if this particular experiment were tried, under favorable conditions 

the glass might hold up. Nevertheless, this example serves to illustrate how 
the addition of insulating material might actually cause a breakdown by 
shifting the voltage distribution. Such matters are of very great importance 
wherever high voltages are involved. 

In the design of high-voltage insulators, bushings, and other 
equipment, care must be taken not to overstress the air surround-
ing the object. As an example, consider the radio interference 
caused by high-voltage insulators such as Fig. 123. The head of 
this insulator is covered with a conducting material as is plainly 
evident and for the following reason. The first insulators had no 
conducting coating. Since a high voltage existed between the 
conductor and tie wire as one electrode of a condenser and the 
crossarm pin as the other, a strong electric field would be set up in 
the insulator porcelain as a dielectric. 
Now the area of the conductor and tie wire in particular was very 

small, and thus the electric field would be very intense where the 
lines converged upon these wires. In addition to putting a high-
voltage gradient on portions of the porcelain, a very high gradient 
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would be impressed on the very thin layer of air between the porce-
lain and the wires. (Remember that E = 1,1/S and that the elastance 
of air is high compared with that of porcelain; also, that voltage 
gradient equals volts divided by thickness and the air layer is 
quite thin). This very high gradient might cause the air to break 
down intermittently, the result being a series of small sparks that 
produce radio noise. Covering the head with a conducting layer 

gives a large area which re-
duces flux concentrations, and 
the conducting layer also elimi-
nates the air layer which has 
high elastance. 
• To summarize: Wherever an 

electric field passes through a 
dielectric of high elastance in 
series with one of low elas-
tance, the voltage will be dis-
tributed so that the greater 
voltage will exist across the 
larger elastance. Wherever 
there are flux concentrations, 
such as when voltages are im-
pressed between sharp points 
instead of between plates or 

spheres, the voltage gradient will be great, and the air or other di-
electric may be broken down near these points, although it remains 
normal elsewhere in between the points. Air pockets and layers in 
dielectrics or in insulation (such as in high-voltage cables or high-
voltage bushings) should be avoided, because since the elastance 
of air is high, the air may be overstressed, break down, cause local 
heating, and eventually cause failure of the dielectric or insulation. 

Dielectric Hysteresis.—Although this statement is open to 
criticism, all magnetic materials are quite alike—at least they are 
all metallic in nature. Not so for dielectrics; they may be and 
commonly are gases, liquids, solids, or even vacuous space, which 
might be defined as an ideal dielectric in some respects. Thus it is 
seen from the varied natures of dielectrics that they act similarly 
in some respects but quite differently in others. 

In studying magnetic materials, it was found that a certain 
amount of magnetic hysteresis loss occurred each cycle. This was 

Fm. 123. A high-voltage power-line 
insulator with a metal cap to reduce radio 
interference. 
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caused by the energy required to reverse the small "atomic mag-
nets" as they were considered to be. 

If an alternating voltage is impressed on a dielectric, it will be 
found that (with the possible exception of vacuous space) energy 
is required to reverse the electric flux in the dielectric. That is, 
there is a heat loss per cycle within the dielectric which can be 
accounted for only in simple terms by saying that it represents the 
energy required to reverse the electric field. This loss is often 
termed dielectric hysteresis. Such losses are very important at 
radio frequencies because of the rapidity with which the voltage, 
and thus the electric field, changes. 

Because of the varied nature of dielectrics as explained in the first 
paragraph of this section, no attempt will be made to give a physi-
cal explanation of dielectric hysteresis other than as follows: In 
gases, in liquids, and in dielectrics usually called solids, there is 
moisture and there are also ions, or charged particles. The electric 
lines of force will act on these, causing ionic motions and hence 
energy losses. Also, it is conceivable that electric lines of force 
may reach into the atoms themselves (which consist largely of 
space and orbital electrons) and may distort the atoms slightly 
during each cycle, causing an energy loss. 
To summarize: When an alternating electric voltage is impressed 

on a dielectric producing an alternating electric field within the 
dielectric, there are energy losses caused by the alternating electric 
field, and these are often called dielectric hysteresis losses. 

Origin of Electric Lines of Force.—In introducing the concept 
of electric lines of force, it was stated that the lines extended from 
the positive plate or electrode 
through the dielectric and to 
the negative plate. Also, it was + + , + +  
stated that the voltage forced+  
the lines through the dielectric. 0 
These statements are in ac-  - 

cordance with good practice. 
However, the point has been 

124.—Showing a condenser connected 
reached in this discussion to a source of alternating voltage. 

where it is advisable to ex-
amine further the source of the electric lines of force. 

Completing the circuit of Fig. 118 gives Fig. 124. With reference 
to page 6, it follows that the positive generator terminal will pull 
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in electrons from the wire, finally leaving the upper condenser plate 
positive. Also, the negative generator terminal will force electrons 
away from it, and thus make the lower condenser plate negative. 
This means that the upper plate can be considered to have positive 
electric charges on it and the lower plate to have negative electric 
charges on it. 

Lines of electric force are considered to extend from positive to 
negative charges. It is these lines of force which cause the forces 
between charged bodies (page 5). 
Each electric charge is a small portion or quantity of electricity. 

From each unit 1 charge there are 4w lines of force. There are 
3 X 109 of these elementary unit charges in one coulomb, which is 
the practical unit of electrical measure. Thus, if there is 1 coulomb 
of electricity on the plates of the condenser, then there are 
47r X 3 X 109 = 37.7 X 109 lines of electric force extending 
through the condenser. 
To summarize: The actual origin of the electric lines of force is 

the electric charges on which these lines terminate. The lines of 
force extend from the positive to the negative charges. 

Capacitance.—In considering the flow of electric current, it was 
shown that / = E/R and also that / = EG, where G was defined 
as the conductance of the circuit and was measured in mhos. In 
considering the establishment of an electric field, it was shown that 
= E/S, where S was the elastance of the dielectric, correspond-

ing to the resistance of the current path. It follows, then, that 

CE, (35) 

where C is the capacitance of the circuit in farads. Thus the term 
capacitance is similar to the term conductance and is a measure of 
the ease with which lines of electric force are conducted by the 
dielectric. Capacitance is, therefore, the reciprocal of the elastance. 

Capacitance has an added meaning, however, because it was 
shown that charges must exist on the plates of a condenser in order 
that an electric field may be established, because the electric lines 
of force actually extend from positive to negative charges. Thus, 
capacitance may be used to determine the electric lines of force 
[Eq. (35)1, or capacitance may be used to find the charge or quantity 

This refers to a unit of measure and not to an electron. It is convenient 
to refer to positive charges on a condenser. Thus, a deficiency of electrons 
leaves a condenser plate positively charged. 
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of electricity stored on the plates, because for each 47 lines there 
must be a small electric charge present. 
The quantity of electricity stored in a condenser (on the plates) 

is given by the expression 
Q ---- CE, (36) 

where Q is in coulombs, C is the capacitance of the circuit in 
farads, and E is the voltage impressed across the condenser in 
volts. One coulomb is the amount of electricity carried past a point 
when one ampere flows for one second. 
To summarize: There is a relation between the number of elec-

tric lines of force and quantity of electricity, because according to 
the system established, 47 lines of electric force originate on each 
unit positive charge and terminate on each negative charge. 

Definitions of Capacitance.—Condensers are very important 
circuit elements, possessing as they do one of the fundamental 
electrical properties, that of capaci-
tance. There are two ways of defin-
ing capacitance; one way is based 
on the phenomenon that occurs 
when a direct voltage is connected 
across a condenser, and the other 
method is based on the phenome-
non when an alternating voltage is S 
impressed on a condenser. The 

— 4 

phenomenon occurring with a direct Fio. 125.—Immediately after 
closing the switch S connecting the 

voltage will be treated first. battery to the condenser, electrons 

In Fig. 125 is shown a condenser will be attracted by the battery 
electrod from one condenser 

connected to a battery. It is as- es plate and forced to the other plate 
sumed that initially there is no charging the condenser + and — 

as indicated. Both milliammeters 
resultant charge on the plates of will deflect slightly as indicated, 
the condenser (which is equivalent and in opposite directions. 

to saying that there are equal 
numbers of positive and negative charges on the plates). When the 
switch S is closed, the positive terminal of the battery attracts 
electrons from the condenser plate to the right, and this leaves the 
right plate positive. At the same instant, the negative battery ter-
minal repels electrons in the wire to the left condenser terminal; this 
forces it to go negative. Both milliammeters would show slight 
instantaneous deflections of the same magnitude. This would be 
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expected because the current in all parts of a series circuit must be 
the same (page 17). 

It is thus seen that a condenser becomes charged electrically 
when a direct voltage is impressed on it. From this viewpoint, 
therefore, capacitance 1 may be defined as the property of a condenser 

which causes it to take a charge when 
a voltage is connected across it. Ac-
cording to Eq. (36), the farad is the 
amount of capacitance that will cause a 
condenser or circuit to take a charge of 
one coulomb when a voltage of one volt 
is connected across it. The units mi-
crofarad (1/1,000,000 farad) and mi-
cromicrofarad (1/1,000,000,000,000 
farad) are widely used. 

Capacitance will now be con-
sidered from the alternating-voltage 
standpoint. In many respects, this 
treatment is far more important in 
communication than the other, be-
cause of the widespread use of alter-
nating voltages in telegraphy, teleph-
ony, and radio.2 This viewpoint 
will be explained with the aid of 
Fig. 126. 
When the right terminal of the 

alternating-voltage source of Fig. 
126 is positive, the condenser will be charged as in Fig. 125, and each 
milliarnmeter will experience a current flow in a certain direction. 
This will correspond to the positive half cycle of the alternating 

This property was formerly called electrostatic capacity, or capacity. It 
is still called capacity, even in legitimate circles, and by good electrical author-
ities. This is, queerly enough, particularly true in communication. Never-
theless, the correct word is, according to the best standards, capacitance and 
not capacity. Capacity is used to measure, for example, the power-handling 
capacity of a machine, the capacity of an alternator, etc. The term permittance 
is used for capacitance, particularly in the high-voltage power field. 

2 The reader may challenge this statement, but it is correct from the view-
point that any signal which continually recurs in the same magnitude and at 
the same rate can be considered to be composed of a fundamental and har 
monies, each of which is an alternating value (page 127). 

126.—When an alternating 
voltage is connected to a condenser, 
the voltage alternately forces the 
plates positive and negative. This 
will cause the instruments in series 
to deflect slightly first in one direc-
tion and then the other (if they are 
direct-current instruments). This 
indicates that an alternating cur-
rent is flowing in the line wires, and 
the condenser is in series in these line 
wires. It is always assumed that 
the current in all parts of a series 
circuit is the same. Thus, the al-
ternating line current is assumed 
to flow "through" a condenser, al-
though the condenser plates are 
insulated from each other. 
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voltage of the source. During the next, or negative, half cycle of 
the alternating voltage, the polarity of the voltage source will be 
reversed, and the condenser will be charged opposite to that shown 
in Fig. 125. This means that the charges have flowed in the opposite 
directions in the wires and that each milliammeter will experience a 
current flow in the opposite direction. Thus, when an alternating 
voltage is connected to a condenser, an alternating current will flow in 
the connecting wires. 

In considering the foregoing definitions, it should be noted that 
current flows to the condenser only when the voltage is changed. 
This statement applies to a direct voltage, because only when the 
voltage was changed from zero to the direct-voltage value by clos-
ing switch S of Fig. 125 did the current flow. Thus, capacitance 
may be defined as the property of a condenser (or circuit) which allows 
(or permits) a current to flow when the voltage across it is changed. 
The unit of capacitance may also be defined on this basis. A con-
denser has a capacitance of one farad when an average rate of changé 
in impressed voltage of one volt per second causes an average current 
flow of one ampere. It is particularly important to become thor-
oughly familiar with these two definitions. 
To summarize: Capacitance is one of the three basic circuit 

properties (resistance and inductance are the other two). Resist-
ance is a property of a circuit, inductance is a property of a circuit, 
and likewise capacitance is a property of a circuit. Capacitance 
may be defined either on a direct- or on an alternating-voltage 
basis. The latter is more important in communication. 

Capacitance of a Parallel-plate Condenser.—Condensers are 
often made of parallel plates separated by air. This type is par-
ticularly common in radio circuits where small variable capaci-
tances are needed. Also, air condensers are employed because the 
dielectric losses of some of the dielectrics at the high radio fre-
quencies would be excessive. Mica condensers are also widely used 
in radio circuits, particularly for small fixed condensers. At low 

frequencies, such as in audio amplifiers and telephone circuits, 
impregnated paper is often used for the dielectric. A good grade 
of paper impregnated with paraffin, wax, or oil makes an excellent 
dielectric and one that is quite inexpensive. 
The capacitance of a condenser is easily calculated if the dimen-

sions and the dielectric constant of the dielectric are known. With 
reference to Eq. (34), page 181, it was shown that the elastance 
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S = 1.131 X 1013 d/KA farads. In the preceding section it was 
shown that the capacitance was the reciprocal of the resistance, or 
that C = 1/S. From this it follows that the capacitance of a 
parallel-plate condenser is 

C =    1 — 8.842KA farads. 
d 1014d 

1.131 X 1013 
KA 

(37) 

In this expression K is the dielectric constant, A is the area of the 
dielectric (see following paragraph) in square centimeters, and d 
is the thickness of the dielectric in centimeters. 
With reference to Fig. 119 and page 180, the manner in which the 

elastance (and hence the capacitance) varied was shown. It was 
the area of the dielectric which was 

+ one factor determining the elas-
tance. Thus, in Fig. 127, which 
represents a multiplate condenser, 
it is the total area of the dielectric 
which is a factor determining the 
elastance and hence the capaci-
tance. Of course, condensers are 

often built with the plate area substantially equal to the area of the 
dielectric. Thus in a parallel-plate condenser consisting of two 
plates, A [of Eq. (37)] would often be specified as the area of one 
plate. If the parallel-plate condenser consisted of three plates, A 
would be taken as equal to twice the area of one plate, and as Fig. 
127 makes clear, A would be taken as four times the area of one 
plate for a five-plate condenser, and so on. 
A word for the more theoretically inclined reader will now be 

given regarding the numerical constant of Eq. (37). The manner 
in which this follows from the expression for elastance should be 
evident, but the question is, how does this numerical value origi-
nally get into the expression for elastance? This question will 
not be answered in detail, because little would be gained by so 
doing. Suffice it to say that it comes from the systems of units 
used. There are zlir lines of electric force from each statcoulomb of 
electricity; there are 3 X 109 statcoulombs in 1 coulomb; and 
there are 300 volts in 1 statvolt. Multiplying these gives 'tir X 3 X 
109 X 300 = 1.131 X 1013. The relations studied in this chapter 

FIG. 127.—A multiplate condenser. 
It is the total cross-sectional area of the 
dielectric which determines the capaci-
tance. 
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were originally called "electrostatics," and the units of measure 
were set up in the electrostatic system. Practical electrical workers 
use the practical system (ohm, volt, ampere, coulomb, etc.), and to 
obtain the correct answer the con-
version factor just developed must be 
used. 
To summarize: The capacitance 

of a condenser varies directly as the 
area A of the dielectric (or as the 
number of plates minus one), directly 
as the dielectric constant K of the 
material between the plates, and in-
versely as the distance d between 
the plates. 

Condensers in Parallel and in 
Series.—It has been shown that the 
capacitance of a condenser varies 
directly as the area A of the plate 
[Eq. (37)]. Suppose that two con-
densers are connected in parallel as 
shown in Fig. 128. Clearly, this would be equal to increasing 
the area of the plates (or more correctly the dielectric as explained 
in the preceding section) of C1 by the area of the plates of C2. 

Then, the capacitance of two condensers 
in parallel is equal to the sum of the 
capacitances of the separate condensers. 
That is, 

C, = -I- C2 +C3 + • • • . (38) 

It is interesting to note that capaci-
tances combine as do direct-current con-

129.—When two con- ductances in parallel direct-current cir-
densers are in series, the cuits. Just as conductances represent 
charge on each condenser the ease with which current flows, so 
and the electric flux in each 
condenser must be the same, does capacitance represent the ease with 

which electric flux is established. 
In considering the equivalent capacitance of several condensers 

in series, refer to Fig. 129. The electric flux through each condenser 
must be the same, because of these facts: When the upper plate of 
C1 is made positive, the lower plate of C1 must be equally negative. 

Et 
= 

_ C2 

FIG 128.—When a second con-
denser is connected in series with 
another, it is equivalent to in-
creasing the area of the first con-
denser. Thus, the equivalent ca-
pacitance of two condensers in 
parallel is the sum of their sepa-
rate capacitances. 
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Also, the positive charge on the upper plate of C2 will equal the 
negative charge on the lower plate of Ch etc. Remember that the 
lower plate of C1 and the upper plate of C2 are tied together but 
insulated from all other objects, and hence the foregoing statement 
must hold. If one plate goes negative, the other must go equally 
positive. If the charges are the same, the flux must be the same in each 
condenser, because 47 lines originate on each charge. 
Now according to Fig. 129, the total voltage Et will be dis-

tributed across the two condensers, because from Eq. (35), = 
CE, and E = e/C. Now E1 = e/C1, E2 = tp/c2, and Et= 
Ir/C,, where C« is the equivalent capacitance of the series combina-
tion. Since Et= E1+ E2 and are common, it can be written that 

1 1 1 
ce = and ée = (39) 

C1 C2 

Referring back to page 22, an equation of this form can be written 

CI C2  
— 

+ C2 
(40) 

It is often necessary to know how the voltage divides when two 
or more condensers are placed in series. This can be explained on 
the basis, previously shown, that the electric flux must be the same 
in each condenser. Then, the voltage drop across each condenser 
must equal the total impressed voltage across the two in series. 
That is, since E = eS = e/C, 

e e 

C1 C2 
(41) 

This equation shows that when two or more condensers are connected 
in series across a source of voltage the voltage is distributed across the 
condensers inversely proportional to their capacitance. That is, the 
condenser of low capacitance will have the greater voltage, and 
vice versa. 
To summarize: Capacitances correspond, in a way, to conduc-

tances and are combined accordingly. The equivalent capacitance 
of two or more condensers in parallel is the sum of the separate 
capacitances. The reciprocal of the equivalent capacitance of two 
or more is equal to the sum of the reciprocals of the individual 
capacitances. 
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Problems Involving Capacitance.-This section will explain the 
methods used in solving problems involving capacitance. 

Example 1.-A condenser having a capacitance of 1.2 microfarads and a 
condenser having a capacitance of 2.16 microfarads are connected in parallel 
across a direct voltage of 48.2 volts. Calculate the equivalent capacitance, 
the charge each condenser will take, and the total charge. 

Solution.-Step 1. The two condensers are in parallel, and according to 
Eq. (38) their capacitances will add directly. Thus, Ce = C1 ± C2 = 1.2 
-I- 2.16 = 3.36 microfarads. 

Step 2. The charge each condenser will take is, from Eq. (36), Qi = CIE = 
1.2 X 10-6 X 48 -= 57.6 X 10-6 coulomb, or 57.6 microcoulombs; Q2 = 
C2E = 2.16 X 10-6 X 48 -= 103.7 X 10-6 coulomb, or 103.7 micro-
coulombs. 

Step 3. The total charge will be 57.6 + 103.7 = 161.3 microcoulombs. 

Example 2.-Repeat Example 1 if the two condensers are connected in 
series. Also calculate the voltage distribution. 

Solution.-Step 1. The equivalent capacitance will be found by Eq. (39). 
Thus, 1/C2 -= 1/C1 + 1/C2 = 1/1.2 1/2.16 = 0.834 -F 0.463 = 1.297, 
and Ce = 1/1.297 = 0.772 microfarad. The equivalent capacitance can 
also be found from Eq. (40). Thus, Ce = CiC2/(Ci + C2) = 1.2 X 
2.16/(1.2 -F 2.16) = 2.59/3.36 = 0.772 microfarad. Note that the equiv-
alent capacitance is less than the smaller capacitance. 

Step 2. Before calculating the charge each condenser will take, it is advis-
able to calculate the voltage across each condenser. From the preceding 
section the voltage will divide across the condensers inversely as their 
capacitances. Then (1.2/3.36) X 48.2 = 17.2 volts will be across con-
denser C2 having a capacitance of 2.16 microfarads, and (2.16/3.36) X 
48.2 = 31.0 volts will be across condenser C1 having a capacitance of 
1.2 microfarads. (As a check, 17.2 31.0 = 48.2 volts, the total im-
pressed voltage.) 

Step 3. The charge taken by the first condenser will be Qi = 
1.2 X 10-6 X 31.0 = 37.2 X 10-6 coulomb, or 37.2 microcoulombs. 
The charge taken by the second condenser will be Q2 = C2E2 = 2.16 X 
10-6 X 17.2 = 37.2 X 10-6 coulomb, or 37.2 microcoulombs. The total 
charge will be the same as each separate charge.' As a check, the charge 
taken by the equivalent capacitance will be Qe = CeE = 0.772 X 10-6 X 
48.2 = 37.2 X 10-6 coulomb, or 37.2 coulombs. 

Example 3.-A paper condenser consists of a thin paper dielectric between 
!ayers of metal foil. Sometimes the paper is paraffined, sometimes waxed, 
and sometimes saturated in oil. In a certain paraffined-paper condenser the 
paper is 0.0015 centimeter thick, and the dielectric constant is K = 3.5. 
Calculate the area this condenser must have to give a capacitance of 1.0 micro-
farad. 

The reason for this is left to the student (see Question 17, page 207). 
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Solution. —This problem can be solved by Eq. (37), page 194. Thus, 
1.0 X 1O-6 = (8.842 X 3.5 X A)/(1014 X 0.0015). Solving for the area, 
A = 4.86 X 103 = 4850 square centimeters. If the paper is 10 centi-
meters wide, this means that a strip 485 centimeters, or 485/(2.54 X 12) 
=15.9 feet long, must be rolled between metal foil into a condenser. 

Example 4.—Calculate the average value of the alternating current that 
will flow through a 2.18-microfaral condenser when it is connected across a 
voltage of 30.7 volts at 1000 cycles. 

Solution.—Step 1. The basis for solving this problem is the definition for 
capacitance on page 193, and the average rate of change of voltage must 
be known. Since it is not otherwise stated, the value of 30.7 volts given 
is the effective value. The maximum value is E.= 30.7 X 1.414 = 
43.4 volts. For a sinusoidal alternating voltage, which this is assumed 
to be, the voltage will increase from 0 to a maximum value of 43.4 volts 
in 1/4 cycle, or in 1/4000 second. The average rate of change of voltage 
is E./t = 43.4/(1/4000) = 43.4 X 4000 = 173,500 volts per second. 

Step 2. According to the definition on page 193, a condenser has a capaci-
tance of one farad when an average voltage change of one volt per second 
produces an average current flow of one ampere. That is, iav = C X (E/O. 
For this problem, /a, = 2.18 X 10-6 X 173,500 = 0.378 ampere. 

Condenser Charge and Discharge Current.—In the definitions 
of capacitance starting on page 191 and in Figs. 125 and 126 accom-
panying the discussion, it was shown that capacitance was a 
property of a condenser or a circuit which permitted a current to 
flow when the applied voltage was changed. Now this is in marked 
contrast with inductance (page 158) which caused a back voltage to 
exist when the current was changed. This inductive effect was 
likened to inertia in mechanical systems. When the voltage is 
changed on a circuit containing capacitance, a current flows. This 
capacitive effect is often likened to compliance 1 in mechanical 
systems. 
The current that flows in a circuit containing only capacitance 

is known as the condenser charging current. If the voltage im-
pressed on the circuit is a pure sine-wave alternating voltage, the 
charging current will be a pure sine-wave alternating current 
(Example 4). As was mentioned on page 176, this current will, 
however, lead the voltage by 90 degrees, but a further treatment of 
this phenomenon will be reserved for Chap. IX. The shape of the 
curve for the current that flows when a direct voltage is impressed 

To comply means "to yield." A spring complies when subjected to a 
mechanical force. A circuit containing capacitance complies and passes an 
alternating current when an alternating voltage is impressed on it. 
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on a condenser is of much importance in electrical work, and this 
will now be considered. 
A circuit for studying condenser charging current is shown in Fig. 

130. Assume that the condenser initially is in an uncharged con-
dition; then, the voltage across it must be zero. When the switch 
S is thrown down, the battery is con-
nected to the condenser, and a charg-
ing current flows to the condenser. 
The characteristics of this charging 
current will now be considered. 
As previously mentioned, there is S —  

initially no charge in the condenser, Ijo 
and no voltage across it. Therefore, 130.—Circuit for charging 

and discharging the condenser c 
at the instant the switch is closed, the through a resistor R. 

condenser appears to be a short circuit, 
and the resistance R is the only opposition offered to the current 
flow. Thus as indicated in Fig. 131, the current immediately 
jumps up to the value I = E/R. As the current continues to 
flow, however, charges are carried to the plates of the condenser, 

Vo/krge 

Current-

Ti 
131.—When an uncharged condenser is connected through the resistor R to a 

source of voltage E as in Fig. 130, the current instantly rises to the value E/R 
and then decreases as electric charges reach the plates and build up an opposing 
voltage across the condenser as indicated by the voltage curve. 

and a voltage is gradually built up across it. This voltage will 
oppose the impressed battery voltage and will assist the resistance 
in opposing the current flow. When the voltage across the con-
denser builds up equal to the battery voltage, the current equals 
zero, and the condenser is charged. 

If now the switch is thrown to the up position when the con-
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denser is fully charged with a voltage E across it, the current imme-
diately rises to the value I = E/E. As the condenser discharges, 
however, its voltage gradually drops, and since it is forcing the 
current through the circuit, the current gradually drops also. The 
shape of the current-decay curve is the same as the current-rise 
curve shown in Fig. 131. 

Since the series resistance R is the factor limiting the maximum 
value of the condenser charge or discharge current, the series 
resistance determines the time required to charge or discharge a 
given condenser. In general it can be written that the product of 
the resistance and capacitance is the time constant of a capacitive 
circuit. When t = RC, that is, when the time in seconds equals 
the product of the resistance in ohms and the capacitance in 
farads, then the current will have fallen to about 37 per cent of its 
original value. The time constant of a capacitive circuit is, there-
fore, the time required for the current to fall to 37 per cent of its 
original value. 
To summarize: When an uncharged condenser is connected to a 

source of voltage, the current immediately rises to a value I = E/R, 
and then gradually decreases as a charge builds up in the con-
denser. Also, when a fully charged condenser is discharged through 
a resistor, the current immediately jumps up to the value I = E/E 
and then gradually decreases as the condenser discharges. For a 
given condenser, the series resistance regulates the time of charge 
and discharge. 
Energy Stored in a Condenser.—If the reeler has ever come in 

contact with the terminals of a highly charged condenser, he is 
quite certain to have been made aware of the fact that energy is 
stored in a charged condenser. In fact, the discharge of a condenser 
through the human body may result in serious injury and may 
even be fatal. 
The amount of energy stored in a condenser is given by the 

relation 

W = cE2 
2 

(42) 

where W is the energy in joules (power of one watt acting for one 
second), C is the capacitance in farads, and E is the maximum value 
of the voltage in volts. The energy is stored in the electric field in 
the dielectric. 
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Dielectric Absorption.—No material is a perfect insulator, and 
there is, therefore, a small leakage current when a voltage is 
applied to a condenser (see page 61). Such a leakage current is 
very small in a good air or mica condenser and quite small in a good 
paper condenser, because the resistance of a condenser is very 
high, usually many millions of ohms. 
When a constant voltage is applied to a condenser, the charging 

current flows first (page 198). Then for a time a current will flow 
that may be larger than the purely leakage current. This is be-
cause many dielectric materials, particularly a nonuniform dielec-

1 
Fia. 132.—A nonuniform dielectric acts as if it were composed of a large number 

of very small condensers in series with very high values of -resistance. Two such 
circuits are shown. The effect of these is to cause the dielectric to absorb charges. 

tric such as paraffined paper, seem to absorb charges; this current 
is accordingly called an absorption current, and the phenomenon is 
termed dielectric absorption. 
Thus if a condenser is charged by connecting it to a source of 

voltage for only an instant, it will not take so great a charge as if 
connected for a longer period. A condenser with a nonuniform 
dielectric may be thought of as made up as shown in Fig. 132. 
That is, discontinuities (fibers in paper, for example) in the dielec-
tric may be considered as being minute condensers connected to 
the plates by very high resistors (the other portions of the dielec-
tric). Time is therefore required for these minute condensers to 
charge slowly through these high resistors. 

If a condenser has been charged for a period of, say, several 
minutes (until most of the internal minute condensers have become 
charged) and is then discharged for an instant, these internally 
absorbed charges will not have time to all leak back through the 
high internal resistances to the plates. Thus, if the condenser is 
discharged a second time, or even a third time (or more), small 
additional electric discharges will be obtained. From this reason-



202 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

ing it would appear that some condensers (with nonuniform dielec-
trics) should show a slightly lower capacitance at high frequencies, 
and such is the case. 
Force between Condenser Plates.—As has been explained before 

(page 5), two bodies having opposite charges attract each other. 
Opposite charges exist on the plates of a condenser, and therefore 
there is an attractive force between these plates. This force can be 
shown to be 

F — CE2 X 10'  
2d 

(43) 

The force F will be in dynes when C is the capacitance in farads, 
E is the applied voltage in volts, and d is the distance in centi-
meters between the plates. 

Electrolytic Condensers.—This book is designed to consider the 
electrical fundamentals of communication equipment instead of 
describing the equipment in detail. A brief discussion of condens-
ers was given on page 193. Before closing this chapter, a few words 
should be included about the electrolytic condenser. 

It has been known for many years that suitable electrodes in an 
electrolytic solution would allow current to flow readily in one 
direction but would allow but little current to flow in the opposite 
direction. Such a device constitutes an electrolytic rectifier, be-
cause if an alternating voltage is impressed on it, it will carry 
appreciable current only in one direction. This rectifying action 
is attributed by some to the formation of a gaseous layer on one 
electrode and by others to the formation of an oxide layer; this 
latter view is accepted here. . 

Considering the electrolytic rectifier in the high-resistance direc-
tion, it may be classed as an electrolytic condenser. It consists of 
two electrodes or "plates" (the metallic electrode and the elec-
trolyte) separated by a dielectric composed of the oxide layer.' 
Electrolytic condensers in their simple form can be used only on 
circuits containing both direct- and alternating-current com-
ponents. If the direct-current component in the form of a "polar-
izing voltage" is not present, or if the electrolytic condenser is not 

In his book "Electrolytic Capacitors," P. M. Deeley of the Cornell-
Dubilier Co. states that the dielectric is the layer of oxide. This view will be 
accepted here. Deeley's book is recommended to those desiring detailed 
information on electrolytic condensers. 
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connected into the circuit correctly, as indicated by the positive 
and negative markings on the container, then the oxide layer will 
not be built up, or will be destroyed, and the electrolytic condenser 

may be damaged. 

133.—An aluminum electrolytic condenser of the type used in telephone 
central-office battery filter systems. (Courtesy of American Telephone and Tele-
graph Company.) 

Electrolytic condensers may be of either the wet or dry types. 
These will be briefly considered by the following paragraphs. 

Wet Electrolytic Condensers.—A form of the wet electrolytic 
condenser widely used in battery filter circuits in telephone plant 
is shown in Fig. 133. The positive anode is of corrugated alumi-
num. The oxide film is formed on this plate. The negative elec-
trode is a flat aluminum plate; its only purpose is to make contact 
with the electrolyte. This is necefflary because glass jars are used 
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for the container. (In the common type of wet electrolytic con. 
denser to be considered in the next paragraph, the metal container 
serves as the electrode for making contact with the electrolyte.) 
The electrolyte used in this condenser is a mixture of ammonia, 
boric acid, and water.' 
The form of the wet electrolytic condenser used in audio and 

radio circuits is no doubt familiar to the reader. The containing 
cylindrical "can" is usually of aluminum, although copper con-
tainers have been used. The electrolyte within the container is a 
water solution of boric acid and ammonium or sodium borate. 
Special antifreeze solutions are sometimes used. The positive or 
anode structures are of various forms. The aluminum constituting 
this anode may be coiled, wound, or pleated to give larger area. It 
is stated (see footnote, page 202) that the oxide film covering the 
anode is about 0.00001 centimeter thick and that, because of this 
extremely thin dielectric, an anode surface area of 100 square 
centimeters will give a condenser capacitance of 8.85 micro-
farads. 
Dry Electrolytic Condensers.—Of course these are not dry in the 

strict sense, but the electrolyte is held in some absorbing material. 
The structure of the dry electrolytic condenser does not resemble 
that of the wet type. 

In a common form of the dry electrolytic condenser both the 
positive anode and the negative cathode consist of strips of 
annealed aluminum. These are insulated from each other by a strip 
of special paper, although cloth was used in the earlier types. This 
paper is saturated with the electrolyte, and the combination of 
aluminum foils and paper separator is rolled into a compact roll 
which is inserted in the container. The paper used in a 600-volt 
condenser is only about 0.008 inch thick, but remember it is not the 
paper but the very thin anode oxide layer which is the dielectric. 
The electrolytes used in dry electrolytic condensers are quite com-
plicated and will not be further described except to say that they 
range from slightly liquid fluids to fudgelike substances. In some 
dry electrolytic condensers, where very high capacitance and small 
physical dimensions are desired, a cotton gauze coated with high 
purity aluminum threads is used for the anode. This gives a large 
effective area. 

For a complete treatment see H. O. Siegmund, The Aluminum Electrolytic 
Condenser, Bell System Technical Journal, January, 1929 
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As was previously mentioned, both the wet and dry electrolytic 
condensers must be operated on a pulsating direct current; that is, 
in circuits containing a direct polarizing voltage in addition to the 
alternating-voltage component. If this is not done, and if the 
condensers are not correctly connected, they will be ruined. Special 
dry electrolytic condensers for use on alternating voltages have 
been developed, however. These consist essentially of two of the 
ordinary dry electrolytic elements, which are connected reversed 
so that the combination always has a high internal resistance and 
does not permit the passage of a large current when the polarity of 
the alternating voltage is such that the condenser conducts (see 
opening paragraphs of this section). 

SUMMARY 

An electric field is established in a condenser (or capacitor) when a voltage 
is impressed across it. This field consists of electric lines of force or an electric 
stress in the dielectric or material between the plates of the condenser. This 
field can be readily detected by the alignment of small bits of electric flux-
conducting material, such as hard rubber or Bakelite dust placed in the 
vicinity of charged conductors. 
For a given voltage impressed across a condenser, more electric lines of 

force will be established in a dielectric material such as mica than will be estab-
lished in air. The ratio of the flux established in a material to that established 
in vacuum (space) is the dielectric constant. 
The magnitude of the electric field produced in a dielectric is directly pro-

portional to the impressed voltage and inversely proportional to the elastance. 
The voltage may be considered as forcing the electric lines of force through 
the elastance of the dielectric. An alternating electric field in a dielectric 
causes a dielectric hysteresis heat loss. 

If the electric field or stress within the dielectric is too great, the material 
may be overstressed and may puncture. The dielectric strength is the volts 
per unit thickness which a dielectric can stand without puncturing. 
The volts per unit thickness, or voltage gradient, in a dielectric is an indi-

cation of the stress produced. A high voltage gradient may be produced by a 
small voltage impressed on a very thin specimen. The voltage across a dielec-
tric is proportional to the product of density of the electric field and the 
elastance. 
When two dielectrics are in series so that the flux passing through them is 

the same, the impressed voltage will distribute itself across the dielectrics in 
direct proportion to the individual elastances. Since capacitance is inversely 
proportional to elastance, the voltage distribution will be inversely propor-
tional to the capacitances. 
The electric lines of force in the dielectric originate on positive and negative 

charges on the plates of the condenser. The charge in coulombs taken by a 
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condenser equals the product of the voltage across the condenser and the 
capacitance of the condenser. 
The capacitance of a condenser and the unit of measure may be defined from 

either the direct- or alternating-current standpoint; the latter method is prob-
ably the more useful. Capacitance is the property that allows or permits a 
current to flow when the voltage is changed. A circuit has a capacitance of 
one farad when an average rate of change of one volt per second causes an 
average current flow of one ampere. For a parallel-plate condenser, the capaci-
tance equals 

8.842 KA 
C — 

1014d 

The capacitance will be in farads when the dimensions are in centimeters and 
K is as listed on page 179. 
When two or more condensers are in parallel, the equivalent capacitance is 

the sum of the separate capacitances. When two or more condensers are in 
series, the reciprocal of the equivalent capacitance is the sum of the reciprocals 
of the separate capacitances. That is, 1/Ce = 1/C1 -F 1/C2 + • • • . 
When a condenser is charged, the current immediately rises to a value of 

I = B/R and then gradually decreases as a charge is built up on the condenser 
plates. When a condenser is discharged, the current immediately rises to the 
value I = EIR and then gradually decreases as the charges leave the plates. 
Energy is stored in a condenser equal to W =- CE2/2, where W is in joules 
when C is in farads and E is in volts. 

Condensers with nonuniform dielectrics appear to absorb charges into the 
dielectric. This is known as dielectric absorption and affects the charge and 
discharge characteristics of a condenser. 

REVIEW QUESTIONS 

1. Why are electric fields less generally understood than magnetic fields? 
2. Give one important reason why electric-field calculations are easier than 

magnetic calculations. 
3. For comparable conditions, would more electric lines of force be pro-

duced in glass or hard rubber? 
4. What is meant by the dielectric circuit? 
5. Explain Ohm's law for the dielectric circuit. 
6. Define elastance, explain how dimensions affect it, and give the unit of 

measure. 
7. Discuss dielectric strength and voltage gradient, and explain the relation 

between them. 
8. What is meant by fringing? 
9. Explain how the impressed voltage divides across dielectrics in series. 

10. Explain the importance of elastance in the design of high-voltage 
bushings. 

11. How does dielectric hysteresis vary with frequency? 
12. What reasons are there to assume that lines of force emanate from 

electric charges (see also page 5)? 
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13. Define capacitance and the unit of measure. 
14. To what does capacitance compare in the electric circuit? 
15. What is the equivalent capacitance of condensers in series? In parallel? 
16. How does the impressed voltage divide across condensers in series? 
17. Referring to Example 2, Step 3, page 197, why is the total charge the 

same as the separate charges? 
18. What is meant by the time constant of a condenser and a resistor in 

series? 

19. Explain the relations between the dimensions of a parallel-plate con-
denser and its capacitance. 

20. Why do electrolytic condensers have such high capacitance? 
21. What is the magnitude of the initial value of the current when a con-

denser is charged or discharged? What is dielectric absorption? 
22. Explain how energy is stored in a condenser. 
23. What is meant by positive charges on the plates of a condenser? 
24. Why should air pockets be avoided in porcelain insulators? 
25. Why are rounded edges instead of sharp edges used in high-voltage 

condensers? 

PROBLEMS 

1. Referring to Fig. 119, page 180, t = 15 centimeters, w = 10 centimeters, 
d = 1.0 centimeter, and the dielectric is Bakelite having a strength of 100 
kilovolts per centimeter and a constant of 4.5. Calculate the elastance of the 
condenser. 

2. If 10,000 volts is impressed across the condenser, calculate the electric 
flux that will be established. 

3. Calculate the capacitance of the condenser of Prob. 1. 
4. Calculate the charge the condenser will take under the condition of 

Prob. 2. 
5. Calculate the energy that will be stored in the dielectric. 
6. A piece of "electrical" glass is 0.1 inch thick. How many volts may be 

safely impressed on it? 

7. The plates of an air condenser are 0.05 inch apart. May 5000 volts be 
impressed across it safely? If not, what voltage may be? 

8. A parallel-plate condenser consists of seven plates of metal each having 
an area ot 1.8 square inch between which are pIaced sheets of "U.S. clear" 
mica 0.03 inch thick. Calculate the capacitance of the condenser 

9. What voltage may safely be placed across the condenser ot Prob. 8? 
10. A condenser having a capacitance of 1.2 microfarads and a maximum 

voltage rating of 600 volts is connected in series with a condenser having a 
capacitance of 1.8 microfarads and a maximum voltage rating of 400 volts. 
What is the equivalent capacitance? 

11. Will it be safe to connect this series combination across 980 volts? 
12. An experimental condenser is constructed with a layer of glass 0.5 centi-

meter thick and a layer of oiled pres.sboard 1.0 centimeter thick. Using the 
lowest values listed on page 182 for dielectric strength, calculate the voltage 
distribution in the condenser when 10,000 volts is impressed across it. Is this 
a safe working voltage? 
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13. Allowing a safety factor of 2.0, what is the maximum voltage that may 
be safely impressed across the condenser of Prob. 12? 

14. Calculate the average value of the current through a 2.2-microfarad 
condenser if an 800-cycle sine-wave voltage of 26.4 volte is impressed across it. 

15. A 20-cycle sine-wave ringing voltage of 84 volts peak value is impressed 
across a 2.0-microfarad condenser. What will be the effective value of the 
current that will flow? 



CHAPTER VIII 

ELECTRIC MEASURING INSTRUMENTS 

I often say that when you can measure what you are speaking 
about, and express it in numbers, you know something about it; but 
when you cannot measure it, when you cannot express it in numbers, 
your knowledge is of a meagre and unsatisfactory kind; it may be the 
beginning of knowledge, but you have scarcely, in your thoughts, 
advanced to the stage of science, whatever the matter may be. 

—LORD KELVIN, 1883. 

No more appropriate introductory words for the chapter on elec-
tric measuring instruments can be found. The rapid progress in 
electricity has been due in a good measure to the ability to measure 
accurately, and usually quite easily, all the quantities desired. 
There is no branch of applied science that is provided with more 
accurate, flexible, and abundant instruments than the electrical 
field. 

Instruments and Meters.—The reader, particularly if he is 
actively engaged in industry, may be surprised to find that what 
he has always called meters are defined as instruments. An instru-
ment is defined 2 as "a device for measuring the present value of the 
quantity under observation." A meter is defined 2 as "a device 
that measures and registers the integral of an electrical quantity 
with respect to time." 

Thus, millianuneters, ammeters, millivoltmeters, voltmeters, 
wattmeters, and similar devices measuring the current, voltage, 

1 Many of the illustrations used in this chapter were obtained from the 
instrument manufacturers. Some of these were line drawings of simple form, 
and others were elaborate "phantom" views. In order to prevent confusing 
these illustrations with the actual product of each manufacturer, by a special 
agreement individual acknowledgments under each illustration furnished are 
not included. Those who courteously supplied illustrations and other services 
in connection with this chapter are General Radio Co., Weston Electrical 
Instrument Corp., General Electric Co., and Westinghouse Electric and 
Manufacturing Co. 

2 Standards of the A.I.E.E. 

209 
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or power at a given instant are properly called instruments. De-
vices such as the familiar watt-hour meter which measures the quan-
tity of electric energy taken over a period of time are properly called 
meters. Although these distinctions may seem trivial, the correct 
usage of terms prevents confusion. 
The D'Arsonval Instrument—This instrument is very important 

because most direct-current measurements are made with it, and 
also because it is used in conjunction with thermocouples, copper 

oxide rectifier units, and vacu-
um tubes to make many alter-
nating-current measurements. 
A working sketch of the 

D'Arsonval movement is shown 
in Fig. 134. A permanent 
magnet of an alloy such as 
tungsten steel, cobalt steel, 
or aluminum-nickel-cobalt 
(Alnico) produces a strong 
magnetic field. A fine coil of 
wire is pivoted and is free to 
move within the field. The 

current to be measured (or a portion of it) is passed through the 
moving coil which is situated in the constant field of the permanent 
magnet. The motor action (page 151) resulting from the magnetic 
reactions of the field produced by the moving coil and the field 
produced by the magnet causes the coil and the pointer attached 
to it to turn; the strength of the current is thus indicated. 
The Permanent-magnet Moving-coil Mechanism.—The simple 

principle just explained is the basis for a large majority of elec-
trical measuring instruments. Of course, the different manu-
facturing details and the variations for different applications cause 
instruments of different manufacturers to vary slightly. The 
"phantom" view of Fig. 135 will show the details of a typical 
permanent-magnet moving-coil, or D'Arsonval, instrument. 

Pole pieces are attached to the ends of the permanent magnet. 
These are usually of soft iron and serve at least two purposes. (1) 
They intensify the field at the ends of the permanent magnet and 
concentrate the magnetic lines of force within the region desired. 
In both Figs. 134 and 135 a cylindrical magnetic core is visible 
between the ends of the magnets. This core is also usually of soft 

Permanent 
'magnet 

A-Upper 
control spring 

-Moving coil 

- Magnetic 
core 

Lower ,e 
control sm.:Mg 

FIG. 134.—Essential parts of a D'Ar-
sonval instrument. This forms the basis 
of most direct-current instruments. 
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iron, and it serves to help in providing a good magnetic path be-
tween magnet poles. (2) The soft-iron pole pieces acting with the 
soft-iron cylindrical magnetic core produce a uniform air gap be-
tween the ends of the permanent magnet. 

This uniform air gap is visible in Fig. 135. The moving coil ex-
tends down through this air gap and is free to turn in it. To be 

FIG. 135.—A "phantom" view showing the details of construction of a typical per-
manent-magnet moving-coil direct-current instrument. 

certain that the arrangement is clear, Fig. 136 has been included. 
The pole pieces and the magnetic core or cylinder thus provide a 
uniform air gap in which the magnetic flux is uniformly distributed. 
The torque or turning effort exerted on the moving coil and the 

attached pointer is proportional to the product of the current 
through the coil and the magnetic field in which the coil rests. If 
the magnetic field is uniform across all parts of the air gap, then 
the deflection of the pointer will at all times be the same for a given 
current increase; in other words, the scale under the pointer to 
indicate the current magnitude will be uniform. 

Current is conducted to and away from the moving coil by pass-
ing it through the spiral springs or by passing it through an aux-
iliary metallic spiral. The spiral springs provide the opposing 
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force against which the moving coil acts, and also return the 
pointer to zero. 
An electric instrument must be damped; if not, the pointer will 

not go direct to a given value of current, but will swing to and fro, 
only finally coming to rest after a considerable period. To provide 
damping, the moving coil is wound on a light aluminum frame. 
The edges of this frame are clearly visible in Fig. 135. When this 

frame moves in the magnetic field, 
from Lenz's law (page 155) a voltage 
will be induced in it, and currents will 
flow in the frame in such a direction 
as to oppose the motion. Because of 
this action, the pointer will swing some-
what more slowly to a given position, 
but once it arrives, there will be little 
in the way of oscillating motion about 
that position. 
To summarize: The permanent-mag-

net moving-coil mechanism consists es-
sentially of a permanent magnet which 
together with soft-iron pole pieces and 
a core produce a uniform magnetic 
field in an air gap. A moving coil 
wound on an aluminum frame with an 
attached pointer is placed in this air 

gap. The motor action between the current in the coil and the 
magnetic field in the air gap causes the coil to turn, the pointer 
being thus deflected. The motion of the pointer is opposed by 
currents that flow in the aluminum frame, and this action damps 
the instrument. 

Ideal and Actual Instruments.—As has been brought out 
repeatedly in this text, and as no doubt the reader well knows, 
voltmeters are placed directly across the voltage to be measured, 
and ammeters are connected in series with the circuit in which the 
current is to be measured. 
The ideal voltmeter for direct-current measurements (and the 

present discussions are confined to direct current) should have an 
infinite resistance. Then, its presence across the line would not in 
any way disturb the circuit conditions. If its resistance is fairly 
low, however, it will take current from the source of voltage, and 

Flo. 136.—Showing how the 
soft-iron cylinder and pole 
pieces produce a uniform air 
gap within which the moving 
coil turns. A shunt (page 214) 
is connected across this "move-
ment" when it is used as a large 
milliammeter or as an ammeter, 
and resistance is connected in 
series when it is used as a volt-
meter. 
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if the internal resistance of the source is high, the internal voltage 
drop will reduce the external voltage that reaches the load. In other 
words, a good voltmeter should not change the circuit conditions. 
The ideal ammeter for direct-current measurements should have 

zero internal resistance. If it has appreciable resistance, then the 
current passing through the load will be less than it was before the 
ammeter was connected. 

In actual practice, the voltmeters used for direct-current meas-
urements have very high internal resistance. Voltmeters with an 
internal resistance of 1000 ohms per volt of range are common in 
communication work, and they are available with much higher 
internal resistances, but at an increased cost. Thus, a 0- to 100-
volt voltmeter will have an internal resistance of 100,000 ohms. 
A typical 0- to 5-ampere ammeter has an internal resistance of 

0.03588 ohm. When measuring the full current of 5 amperes, the 
drop across the ammeter will be E = 5.0 X 0.03588 = 0.1794 volt. 
This small resistance and low voltage drop will be negligible in 
most circuits in which the ammeter might be used. 

Direct-current Milliammeters.—These are of great importance 
in communication because in this field the currents to be measured 
are often very small. This is 
particularly true in vacuum-
tube circuits. 
The ordinary direct-current 

milliammeter consists essen-
tially of a permanent-magnet 
moving-coil element such as it 
shown in Figs. 134 and 135. In FIG. 137.—In a milliammeter for very 
a typical series of milliammeters small currents the current to be measured 

passes directly through the moving coil. 
marketed by one manufacturer, In larger milliammeters a shunt is used as 

the entire current to be meas- shown above. Then, but a small value of 
the total current passes through the mov-

ured passes directly through the ing coil. 

moving coil in all instruments 
from the 1.0-milliampere (maximum reading) to the 30.0-milli-
ampere instrument. The internal resistances of certain of these 
milliammeters are as follows: 1.0 milliampere, 105 ohms; 2.0 milli-
ampere, 27 ohms; 5.0 milliampere, 12 ohms; 10 milliampere, 9.3 
ohms; 25 milliampere, 1.2 ohms. 

In this particular series of instruments, the entire current is not 
passed through the moving coil in sizes above 30 milliamperes. In 
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these instruments, a shunt is placed in parallel with the moving 
coil, and only a portion of the current to be measured pesses 
through the moving coil, the remainder passing through the shunt. 
This shunt is internally mounted in the instrument case. 
A shunt is merely a conductor of low resistance placed in parallel 

with the moving coil as shown in Fig. 137. The design of shunts 
for use with milliammeters will now be considered. 

Problem.—A radio-service man with a small business finds he cannot afford 
a large array of instruments of various sizes and decides to investigate the 
possibilities of purchasing one 0- to 1-milliampere instrument and of using 
several shunts with it so that measurements of a wide range of currents are 
possible. The milliammeter has an internal resistance of 105 ohms. He 
decides to design shunts for measuring 5.0 and 25.0 milliamperes, respectively. 

Solution.—With reference to Fig. 137, when the total current It is 5.0 milli-
amperes, the current through the moving coil must be 1.0 milliampere to 
produce a full-scale deflection. Under these conditions the drop across the 
moving coil will be E.,. = ImcRnze = 0.001 X 105 = 0.105 volt. Since the 
shunt is in parallel with the moving coil, the voltage across each must be the 
same; therefore, E. = 0.105 volt. Now 5.0 milliamperes is flowing in the 

main circuit, and the resistance of the shunt must be such that 1.0 milliampere 
flows through the moving coil and 4.0 milliamperes, or 0.004 ampere, flows 
through the shunt. The drop across the shunt was found to equal 0.105 volt. 
The resistance of the shunt must be Rs = Es/Is = 0.105/0.004 = 26.25 ohms. 

For measuring 25.0 milliamperes maximum, the current through the moving 
coil and the voltage drop across the coil must be the same as in the preceding 
example. The current through the shunt will be 24 milliamperes. or 0.024 
amperes, for a full-scale deflection. The resistance of the shunt must be 

Rs = E8/18 = 0.105/0.024 = 4.375 ohms. 

To summarize: One milliammeter and a series of shunts can be 
used for measurements over a wide range. The milliammeter and 
shunts can be mounted in a box, if desired, and a multiple rotary 
tap switch can be arranged to select the various ranges. It is 
assumed in all these discussions that the resistance of all connecting 

wires is negligible. 
Direct-current Anuneters.—The ordinary direct-current am-

meter consists essentially of a shunted permanent-magnet moving-
coil element such as shown in Figs. 134 and 135. Basically, the 
direct-current ammeter and the larger sizes of direct-current milli-
ammeters are essentially the same. Of course, minor variations 
exist among instruments manufactured by different firms, but 
fundamentally they are the same, consisting of a moving-coil ele-
ment and a shunt. 



ELECTRIC MEASURING INSTRUMENTS 215 

A typical 0- to 5-ampere ammeter has an internal resistance of 
0.03588 ohm. This is the resistance that is offered by the internal 
circuit between the binding posts and is composed of the moving-
coil element in parallel with the proper shunt. When the instru-
ment deflects to full-scale value, the voltage drop across the 
ammeter will be Ea = I.R. = 5.0 X 0.03588 = 0.1794 volt. 

It is sometimes desirable to provide external shunts to use with an 
ammeter such as just considered. A well-assorted group of shunts 
will make possible the measurement of a wide range of currents 
with a single instrument. Thus, if it were desired to use the 0- to 
5-ampere ammeter just considered to measure a maximum value 
of 50 amperes, the resistance of an external shunt would be 
= Es/I. = 0.1794/45 = 0.003987 ohm. A voltage of 0,.1794 

volt was taken, because this must be the drop across the ammeter 
when it is carrying the full-scale value of 5.0 amperes. This must 
also be the drop across the parallel shunt. The current through 
the shunt is 45 amperes, because 50 amperes is the value of the 
current in the external circuit and 5 amperes of this must flow 
through the ammeter; therefore 45 amperes flow in the external 
shunt. 

Direct-current Millivoltmeters.—In discussing milliammeters, it 
was stated that the internal resistance of a typical 0- to 1-milliam-
meter was 105 ohms. For a full-scale deflection, the voltage drop 
across this instrument would be E = IR = 0.001 X 105 = 0.105 
volt. Suppose its internal resistance were only 100 ohms. Then the 
voltage drop across it for full-scale deflection would be E = IR = 
0.001 X 100 = 0.100 volt, or 100 millivolts. Thus, the scale of a 
milliammeter could be divided into millivolts instead of milliam-
peres, and the milliammeter would then become a millivoltmeter. 
Mechanically and electrically there is no basic difference between 
a direct-current millivoltmeter and milliammeter. 
From the preceding sections it was shown that an ammeter 

consists essentially of a moving-coil element and a shunt. It 
follows, therefore, that a shunted millivoltmeter can be used to 
measure current. Thus, one millivoltmeter and a series of rela-
tively inexpensive shunts can be used for a wide range of measure-
ments. 

Problem.—Suppose a 0- to 200-millivolt millivoltmeter having an internal 
resistance of 8.00 ohms is available and it is desired to design a series of shunts 

to use with it, so that currents with maximum values of 1.0, 5.0, 10.0, and 
50 amperes will produce full-scale deflections. 
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Solution.—For a full-scale deflection, the drop across the instruments is the 
full-scale deflection of 200 millivolts, or 0.2 volt. With this voltage drop the 

current through the millivoltmeter must be I = EIR = 0.2/8.00 = 0.025 
ampere. The current through each shunt will be the total current it is desired 

to measure minus the current through the millivoltmeter. The drop across 
the shunt must equal that across the millivoltmeter because they are in 
parallel. Thus, the values of the shunts will be as follows: 

1.0-ampere shunt: 

5.0-ampere shunt: 

10.0-ampere shunt: 

50.0-ampere shunt: 

0.2  
Rs — 0.975 — 0.2053 ohm. 

0.2 
Rs = = 0.04022 ohm. 

4.975 

0.2  
Rs = — 0.02005 ohm. 

9.975 

0.2  
Rs — — 0.004005 ohm. 

49.975 

It is of course important that the temperature coefficient (page 55) of the 
material of which the shunt is constructed is low so that the resistance of the 
shunt will not vary with the current flow. 

Direct-current Voltmeters.—This instrument is merely the basic 
permanent-magnet moving-coil mechanism with a large amount of 

resistance in series with the moving 
coil. As previously mentioned, inex-
pensive voltmeters for communication 
measurements (where the amount of 
power from batteries, rectifiers, etc., is 
low) commonly have an internal resist-
ance of 1000 ohms per volt of range. 
Thus a 0- to 100-volt voltmeter 

would have an internal resistance of 
100,000 ohms. Such an instrument will 
take / = E/R = 100/100,000 = 0.001 
ampere, or 1.0 milliampere, from the 
circuit in which it is connected to pro-
duce a full-scale deflection. This is 

in contrast with many direct-current voltmeters designed for use 
in the power industry; in such instruments it is not uncommon to 
find that they would have resistances of only 100 ohms per volt. 
A single low-range voltmeter can be used with a series of multi-

pliers; readings over a wide range are thus made possible. Such 
multipliers are merely series resistances as will now be explained 

Low range 
voltmeter 

External 
multiplier 

Fie. 138.—A high resistance 
connected in series with a low-
range voltmeter makes possible 
the reading of larger voltages. 
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and are connected as in Fig. 138. Multipliers are readily designed 
as follows: 

Problem.—A radio-service man has a 0- to 10-volt 1000-ohm per volt volt-
meter. He wishes to construct two external multipliers, one so that the range 
will be 0 to 100 volts, and the other so that the range will be 0 to 500 volts. 

Solution.—The resistance of the 0- to 10-volt instrument is 10,000 ohms, 
and the current required for a full-scale deflection is / = E IR = 10/10,000 = 
0.001 ampere. To make the instrument read 100 volts maximum, 100 — 10 = 
90 volts must be absorbed in the external multiplier resistance. Since the 
current through the circuit for a full-scale deflection is 0.001 ampere, the 
resistance of the external resistance will be R EII = 90/0.001 = 90,000 
ohms. The multiplier required to make possible the reading of 500 volts 
maximum must have a resistance of R = 490/0.001 = 490,000 ohms. These 
multipliers should also be constructed of 
material having a low temperature co-
efficient. 

It is of course possible to use series 

resistance with a milliammeter and mea- OJOS volt 
sure voltage with it. It will be recalled 
that a milliammeter is merely a basic per-
manent-magnet moving-coil instrument 
An ammeter can be made from a milliam-
meter merely by placing a suitable shunt 
across it; likewise, a voltmeter can be 
made from a milliammeter by placing a 
resistance in series with it as will now be 
shown. 
Problem.—The radio-service man mentioned on page 214 desires to use the 

same 0- to 1-milliampere milliammeter for measuring voltages of 0 to 10, 
0 to 100, and 0 to 500 volts. How can this be done? 

Solution.—The internal resistance of the milliammeter is 105 ohms, and a 
current of 0.001 ampere produces a full-scale deflection. For this deflection 
the voltage drop across the instrument is E = IR = 0.001 X 105 = 0.105 volt. 
Thus, if the final instrument of Fig. 139 is to indicate a full-scale deflection 
when connected across 10 volts, then the voltage drop across the multiplier 
must be E. --- 10 — 0.105 = 9.895 volts. The multiplier resistance that will 
cause this drop is R. = E./I = 9.895/0.001 = 9895 ohms. The multiplier 
resistance required for measuring 100 volts maximum would be R. = (100 — 
0.105)/0.001 = 99,895 ohms. The multiplier resistance for measuring 500 volts 
maximum would be R. = (500 — 0.105)/0.001 = 499,895 ohms. 

0-1 milliammeter 

105ohms 

Multiplier 
989.5 volts 
9895 olnns 

FIG. 139. 

Combination Ammeter and Voltmeter.—As has been shown in 
the preceding pages, a simple milliammeter can be used with appro-
priate shunts or with appropriate multipliers to measure either 
currents or voltages over wide ranges. It is, therefore, possible to 
mount a single milliammeter in a cabinet with appropriate resistors 
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and switches and have a combination ammeter and voltmeter that 
will be versatile and relatively inexpensive. 
A convenient circuit for such an instrument is shown in Fig. 140. 

The various shunts can easily be made from resistance wire. The 
multipliers are often made from composition resistors which are 
purchased slightly oversized and then ground or filed away to the 
exact value desired. 

OFF 00 .,*  

Voilage 
multipliers 

Volts 

)1/1////ízmperes 
OFF 0 

Current 
shurts 

Common 

Fio. 140.—A comb nation milliamnneter (or ammeter) and voltmeter may be 
made with a single permanent-magnet moving-coil instrument and appropriate 
resistors. 

The Ohmmeter.—It is very convenient to have available a 
device for quickly measuring, with a fair degree of accuracy, the 
resistance of a resistor or of a circuit. Such an instrument is popu-
larly called an ohmmeter and is often combined into the circuit of 
the combination ammeter and voltmeter just considered; of course 
it uses the same moving-coil element. 
A simple ohmmeter can be considered as a series circuit composed 

of say a 20-volt voltmeter in series with a 22.5-volt battery, an 
adjustable rheostat, and two binding posts or say test leads. The 
instrument is designed to read directly on its scale the values of the 
resistance in ohms connected between the test leads. 

First, suppose that the test leads are connected directly together 
and the variable rheostat adjusted until the instrument reads 20 
volts. This is the full-scale value and corresponds to zero ohms. 
Now suppose the battery voltage and the rheostat remain fixed and 
a 50-ohm resistor is connected between the test leads. The voltage 
reaching the voltmeter is now less than formerly, because of the 
added IR drop in the externally connected 50-ohm resistor. This 
particular reading on the scale can be marked as "50 ohms." Simi-
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larly, other values can be marked off on the scale, and an ohm-
meter is then available. 
Measurements of Insulation Resistance with a Voltmeter.—A 

high-resistance voltmeter (of the order of 100,000 ohms) is very 
convenient for measuring high resistances, such as the insulation 
resistance of an open-wire telephone or telegraph line or a cable 
circuit. The values obtained are somewhat approximate for very 
high resistances (say over 10,000,000 ohms) but they are suffi-
ciently reliable for most purposes and serve as an excellent check 
of the operating conditions of the line. Furthermore, the measure-

Line wire 

7, IRi< 

Fro. 141.—Illustrating the principles involved in measuring the insulation resist-
ance of a telegraph, telephone, or power line with a voltmeter. The resistances 
between the wire and ground represent "leaks" over faulty insulators and through 
trees, brush, etc. This same method of measuring insulation can be applied to 
any device or circuit, such as measuring the insulation resistance of a motor, or 
between the coils and the core of a transformer. 

ments are easily and quickly made, the result being that this 
method is well adapted for daily routine checks. 

In Fig. 141 is shown an arrangement for using a voltmeter to 
measure the insulation resistance of a line. When connected as 
shown, the voltmeter is in series with the battery and the equivalent 
resistance of all the leakage path to ground. This equivalent 
resistance is, of course, the insulation resistance Ri of the line. 
With reference to Fig. 141, suppose that the voltmeter V is a 

0- to 100-volt 1,000-ohm per volt voltmeter and that E is two 
45-volt radio B batteries. When connected as indicated, the volt-
meter and the equivalent or insulation resistance of the line are in 
series. The current through the voltmeter will be the same as that 
through the equivalent or insulation resistance of the line. 
There will be an Et, = IR„ drop across the voltmeter, and it will 

indicate this voltage value on the scale. There will be an gi = IRi 
drop across the insulation resistance of the line. These two drops 
must equal the impressed voltage from the battery, or EB = IR,, 

and IR i — IR„. Now I can easily be found, because 
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I = Ev/R„. Making this substitution E,Ri/R„ = EB — EvRieev, 
and from this 

Ri = (EB — E„)R„ 

E, 
(44) 

To summarize: The insulation resistance of a line or device may 
be measured by connecting a high-resistance voltmeter and a 
battery to the line as shown in Fig. 141. Then, from Eq. (44), the 
insulation resistance of the line in ohms can easily be found. This 
entire apparatus may be mounted in a small portable box for con-
venience. Insulation resistance is usually expressed in megohms, 
one megohm equaling 1,000,000 ohms. Of course, this method is 
suited in general for any high-resistance measurements, such as 
measuring the insulation resistance of a motor. 

Other Methods of Measuring Direct-current Values.—The 
preceding pages have been devoted to the measurement of direct 
voltages and currents. The only instrument that was considered 
for these measurements was the permanent-magnet moving-coil 
type. 
Now the reader may know quite well that other types of instru-

ments will measure direct voltages and currents and he may wonder 
why they have not been considered. The answer is this: Other 
instruments will measure direct voltages and currents satisfac-
torily. They are, however, really alternating-current instruments. 
The really important instruments for direct voltage and current meas-
urements are of the permanent-magnet moving-coil type which has 
been treated in considerable detail. 
The following pages of this chapter will largely be devoted to 

alternating-current instruments. These may, for convenience, be 
divided into two classifications: (1) those alternating-current in-
struments which are designed for use in low-frequency (50- or 60-
cycle) power circuits; and (2) those alternating-current instruments 
which are designed for use in communication circuits. Of 
course, there are several classifications for communication instru-
ments, and these will be considered at the appropriate point 
(page 228). 
Electrodynamic Instrument.—The basic difference between 

this instrument and the permanent-magnet moving-coil instru-
ment is that no permanent magnet is used; the magnetic field for 
reacting with the moving coil is produced by a field coil instead. As 



ELECTRIC MEASURING INSTRUMENTS 221 

will be evident after studying the electrodynamic instrument, it can 
be used to measure direct as well as alternating values. 
The operating features of the electrodynamic instrument (also 

called electrodynamometer) are shown in Fig. 142. As indicated, 
there are two fixed field coils and 
two movable coils mounted 
shown. The manner in which these 
are connected in ammeters, volt-
meters, and wattmeters will now be 
considered. 

The Electrodynamic Ammeter.— 
If the movable coils and the fixed 
field coils are connected in series 
as in Fig. 143, the device can be 
used for a low-range alternating-
current ammeter and milliammeter. 
The current will pass through each 
coil. The field coils will produce a 
magnetic field, and the movable coils will produce another 
magnetic field. The pointer will deflect in the same direction 
for alternating currents because the current in both the fixed 
and movable coils alternates at the same instant. This is in con-

FIG. 143.—In the electrody-
namic ammeter for measuring 
small currents the fixed and 
movable coila are connected in 
series. 

Pointer— 
„Control 
spring 

-Spiral 

Movable Fié/c/ 
coil coil 

Fm. 142.—Showing the operat-
ing features of an electrodynamic 
instrument used for measuring al-
ternating currents and voltages. 

144.—In the electrody-
namic ammeter for measuring 
large currents, a small portion 
only of the total current is passed 
through the movable coil. The 
movable coil is carried on pivots 
in jeweled bearings and must be 
made of rather small wire as com-
pared with the fixed field coils. 

trast with the permanent-magnet moving-coil type considered 
earlier in this chapter. In these instruments the field produced by 
the permanent magnet is always directed the same way; therefore, 
if alternating current were passed through the movable coil, the 

1 Of course one movable coil symmetrically placed on the shaft will work 
just as well. 
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pointer would tend to move first in one direction and then in the 
other. For measuring larger values of current, the total current is 
passed through the fixed field coils, but only a portion is shunted 
through the movable coils as Fig. 144 indicates. 

The Electrodynamic Voltmeter.—For measuring voltages, the 
fixed field coils and the movable coils are connected in series, and a 
high value of resistance is added in series with this combination as 
shown.in Fig. 145. The fixed field coils produce one magnetic field, 
and the movable coils produce another magnetic field. The reac-

FIG. 145.—In the electrody-
namic voltmeter the fixgd and 
movable coils are in series and a 
high resistance is placed in series 
with the coils to limit the current 
flow when the voltmeter hi con-
nected across a source of voltage. 

FIG. 146.—In the electrody-
namic wattmeter the current 
taken by the load passes through 
the fixed coils. The voltage 
across the load is impressed on 
the movable coil in series with a 
fixed resistor. 

tion between these two fields turns the movable coil and the 
attached pointer. 

In both the electrodynamic ammeter and voltmeter, the mag-
netic field produced by the fixed coil is proportional to the current 
flowing. Also, in each of these instruments the field produced by 
the movable coil is proportional to the current flowing. The force 
on the movable coil and the attached pointer is caused by the 
interaction of these two fields and is proportional to their product. 
Thus, since the current flowing is in a sense used twice, the deflec-
tion of the anuneter is proportional to the current squared. Likewise, 
in the electrodynamic voltmeter, the deflection is proportional to 
the voltage squared (because the voltage forces the current through 
the coils). For this reason, the scale is crowded together at the 
lower end and is open at the upper end. Of course, because of the 
various positions occupied by the movable coil, this variation of 
the deflection with the current squared does not hold exactly. 

The Electrodynamic Wattmeter.—A circuit of this instrument is 
shown in Fig. 146. The current taken by the load passes through 
the fixed field coils and produces a magnetic field. The voltage 
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across the load forces a current through the movable coils and 
establishes a magnetic field. Thus, two magnetic fields are pro-
duced, one proportional to the current the load takes and the other 
proportional to the voltage across the load. The force on the mova-
ble coil and hence its deflection are determined by the instantane-
ous strengths of these two fields. 

If the currents and voltages are not in phase (page 120), the force 
at any instant will be proportional to the product of their in-phase 
components, that is, to EI cos 0, where E is the voltage on the load, 
I is the current through the load, and 0 is the angle between the 
current and voltage. Now the 
power taken in alternating-current Source Load 
circuits is P = EI cos 0 (page 261). 
Thus, the electrodynamic watt-
meter of Fig. 146 measures the 
power taken in an alternating-
current circuit. Of course, it will FIG. 147.—Connections for a corn-

also pen measure the power taken by sated See text felectrodynamic or wattmeter..details. 

a direct-current circuit. 
By referring to Fig. 146, it is evident that the current flowing 

through the fixed field coils is greater than it should be by the 
amount of current flowing through the movable coils. This will 
cause the deflection to be greater than it should be. If the movable 
coils are attached to the "source" side, then the voltage across the 
movable coils will not be that across the load, but will be the load 
voltage plus the voltage drop in the fixed coils. Both these con-
nections will cause small errors. This effect has been discussed 
previously (page 71) in considering connections for ammeters and 
voltmeters. To remedy these errors, electrodynamic wattmeters 
of the better grade are compensated as shown in Fig. 147. As will 
be noted, additional compensating coils are wound on the fixed 
field coils. The current taken by the movable coils is passed back 
through these compensating coils so that a demagnetizing effect is 
produced. In other words, in Fig. 146 the current carried by the 
fixed field coils and the magnetic field produced by them is too 
great by the amount of current taken by the movable coils. 
Therefore, compensating coils are wound on the field coils, and the 
current taken by the movable coils is passed back through these 
_compensating coils so as to produce a demagnetizing effect off-
setting the excess field. 
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A phantom view of an electrodynamic instrument is shown in 
Fig. 148. It will be noted that the interior of the instrument is 

nu. 148.—Working principle of an electrodynamic instrument. 

placed within a laminated-iron shield to prevent errors due to stray 
fields. If instruments are not carefully shielded, and many of the 

cheaper ones are not, care must 
be taken to prevent errors due to 
stray fields. 
Moving-iron Instruments.—A 

'Solenoid large number of such instruments 
are possible, but only three need 
be treated here, they being illus-
trative of the principles involved. 

"Movable soft Suction Type.—This principle 
Pointer, iron core is illustrated by Fig. 149, and 

little need be said regarding its 
operation. It is apparent that 

Scale' IQ] the current passing through the 
coil of wire or solenoid will pro-
duce a magnetic field which will 

149.—Early magnetic-vane mech- "suck" in the movable iron core 
anism of the suction type. 

and cause a deflection of the 
attached pointer. This instrument will operate on either alter-
nating or direct current. 
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Magnetic-vane Type.—This instrument is illustrated in Fig. 150. 
One or more soft-iron vanes are so placed in an inclined coil that 
when no current flows through the coil the iron vanes are almost at 
right angles to the axis of the coil. When a current flows through 
the coil, a magnetic field is produced along the axis of the coil and 
the soft-iron vanes tend to line up with this field so that they can 

Pointer-' 

Magnet, C,‘ 
vanes \s', 

-Control spring 

Field coil 

Fro. 150.—Working principle of a magnetic-vane type instrument. 

carry the lines of force.' This instrument will operate on either 
direct or alternating current. 

Concentric-vane Type.—This principle is illustrated by Fig. 151. 
For the ammeter a small number of turns of large wire is used for 
the coil, and in the voltmeter a large number of small turns (plus 
some series resistance) is used. Fastened to the inside of the coil 
is a fixed cylindrical piece of soft iron. Attached to the shaft down 
the center of the coil is another piece of soft iron. The two pieces 
of iron are held but a small distance apart. When a current flows 
through the coil, the pieces of iron become magnetized and repel 

1 This discussion is only for an ammeter. Of course the same principle will 
work for a voltmeter if the field can be made sufficiently strong without taking 
an excessive current. In one series of "inclined-coil" instruments, the volt-
meter has a coil of fine wire at the center of the fixed inclined coil, and the same 
current that passes through the fixed inclined coil passes through the movable 
coil. In the inclined-coil wattmeter, a central movable coil carries the current 
proportional to the voltage, and the fixed inclined coil carries the load current. 
Strictly speaking, these two instruments are electrodynamic instruments. 
The American Institute of Electrical Engineers defines an electrodynamic 
instrument as an "instrument which depends for its operation on the reaction 
between the current in one or more moving coils and the current in one or 
more fixed coils." 
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each other. The piece of iron that is fixed to the inside of the coil is 
tongue-shaped or otherwise made nonsymmetrical so that the inner 
movable soft-iron pole piece deflects (because of the mutual 
repelling force) in a given direction. The final shape of the scale 
can be modified by the shape of the fixed pole piece. The con-

151.—Principles of construction of the concentric-vane type instrument. 

centric-vane instrument is not used for a wattmeter, but the in-
strument can be used either on alternating or direct current., 
Damping Alternating-current Instruments.—In modern elec-

tric instruments the motion of the movable parts is opposed by 
one or more spiral control springs. Nevertheless, they must be 
damped to prevent oscillations about a value before the pointer 
finally comes to rest. The method of damping a direct-current 
instrument was considered on page 212. The methods of damping 
alternating-current instruments will now be considered. 
Air Vanes.—Aluminum air vanes are often attached to the mova-

ble sissembly (see Fig. 148 and Fig. 151). If the air vanes move 
more or less in open air, they are not very effective. If, however, 
the air vane is confined to a tight-fitting enclosure, and if it has 
a small hole in it for a "dash-pot" effect, the damping is very 
effective. 
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Eddy Currents.—These were used for damping direct-current 
instruments, and a modification of this principle is also used for 
damping alternating-current instrumente. This is done as fol-
lows: Attached somewhere to the movable system is a thin disk of 
aluminum; it may be attached to the opposite end of the pointer 
assembly where it also acts as a counterweight, or it may be 
attached to the shaft in some convenient position. This aluminum 
disk turns (when the pointer moves) between the poles of one or 
more strong permanent magnets. When it does this, eddy cur-
rents will flow in the disk, and from Lenz's law (page 155), these 
currents will be so directed that the motion will be opposed. In 
this way the instrument is effectively damped. 

Increasing Instrument Ranges.—It is often necessary to use a 
low-range instrument for measuring large current or voltage values. 
Examples of this were given on pages 214 and 216, where it was 
shown how to calculate the values of shunts and multipliers for in-
creasing the ranges of ammeters and voltmeters. These were direct-
current and voltage instruments, and shunts and multipliers are 
widely used with instruments of this type. 
Shunts and multipliers are also sometimes used with certain 

types of alternating-current and voltage instruments. In so doing 
however, care must be taken to prevent errors; because inductance, 
effective resistance, and frequency are involved, shunts designed 
on simple direct-current theory may not be correct. 

In alternating-current practice it is common to use a specially 
designed current transformer of various ratios to increase the range 
of an ammeter. Also, it is common practice to use a specially de-
signed voltage transformer of various ratios to increase the range 
of a voltmeter. Thus, one ammeter and current transformer and 
one voltmeter and voltage transformer can be used to make a wide 
range of measurements. 

Electrostatic Instruments.—The voltmeters that have been 
considered thus far really functioned because of currents and mag-
netic fields; but, since the current and field could be made propor-
tional to the line voltage, the scale of the instrument could be cali-
brated in volts. 

The electrostatic instrument is a true voltage-operated device. 
When a voltage is applied to two plates of a condenser, charges flow 
to these plates, an electric field is produced in the dielectric, and a 
repelling force is produced between the two plates. If one of the 
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plates is arranged to move and has a pointer attached, then this 
principle can be used to measure voltage, either alternating or 
direct. Electrostatic ammeters and wattmeters are also possible 
but are perhaps only suited to experimental work. 
The electrostatic voltmeter has many advantages over the elec-

tromagnetic type. Its internal resistance is very high, and when 
used for measuring direct voltages the current taken is insignificant. 
Because of its internal capacitance, it takes a small amount of 
leading current (page 176) from the line when used in alternating-
current circuits. The electrostatic voltmeter is comparatively inex-
pensive, is fairly rugged, and although not extensively used in com-
munication, is well suited for many measurements in this field 
because it takes so little power for its operation. 
Communication Instruments.—Of course the permanent-mag-

net moving-coil direct-current instruments discussed in the first 
part of this chapter are widely used in communication practice 
for measuring direct currents and voltages. Also, they are used 
with copper oxide rectifiers (page 229), with thermocouples (page 
231), and with vacuum-tube instruments to measure alternating-
currents and voltages. Relatively speaking, however, the types 
of alternating-current instruments previously discussed are seldom 
used, except for measurements in the 50- or 60-cycle power-supply 
circuits. 

Before further discussing communication instruments, it is 
well to consider the alternating-current values encountered in 
communication circuits. 
Frequency.—Direct-current (which is in a sense alternating-cur-

rent of zero frequency) is very extensively used. Very low frequen-
cies of a few cycles per second are encountered in television and 
other circuits. The audio frequencies cover a band from about 50 
to 12,000 cycles. Then there are power-line and telephone-carrier 
systems occupying various frequencies from about 10,000 to 
150,000 cycles. Above this and extending up to billions of cycles 
per second come the many radio-communication uses. Thus, 
measurements must be made of alternating currents and voltages 
ranging in frequency from a few cycles per second to billions of 
cycles per second. 

Current.—Very small currents are adequate for carrying com-
munication messages. Instruments must be available for measur-
ing alternating currents of a few microamperes to many ampere:: 
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such as would be present in the antenna circuit of a large radio 
transmitter. • 

Voltage.—What was said regarding communication currents 
applies to voltages. In communication circuits, voltages of a few 
microvolts to thousands of volts must be measured. 
Power.—The power limitation in communication circuits is one 

of the important factors seriously limiting measurements. The 
amount of power in a communication circuit may be only a few 
microwatts (the output of a microphone, for instance), or it may 
be only a few milliwatts (as in a telephone conversation). Of 
course, the power level may also be high, such as the input to the 
antenna in a large radio station. 
Now unless either the frequency or the voltage is too high, large 

values of current, voltage, and power are much easier to measure 
than are small values. But consider for the moment the measure-
ment in a circuit in which the voltage is only a few volts, the cur-
rent is only a few milliamperes, and the power is only a few milli-
watts. The power required to operate an alternating-current in-
strument of the types considered on pages 220 to 226 is greater than 
the useful communication power in the circuit being used to trans-
mit the message or program. It is not uncommon to find that 10 
watts is required to operate an alternating-current voltmeter, for 
example, such as is used in 60-cycle power circuits. 
For these and other reasons, special instruments are used in alter-

nating-current and voltage measurements in communication. Two 
of these, the copper oxide instruments and the thermocouple in-
struments, will be considered in this chapter. 
The Copper Oxide Rectifier Instrument.—In about 1926 it was 

found that if a thin layer of cuprous oxide (usually referred to as 
copper oxide) was formed on a layer of copper a current flowed 
(conventional direction) quite readily from the oxide to the copper, 
but that the path was a very high resistance in the opposite direc-
tion. Thus, the copper oxide element is a rectifier, and is used in 
communication measuring instruments as will now be explained 
(see also page 435). 
The circuit is arranged as shown in Fig. 152. Each of the rectifier 

elements in the arms of the bridge is a very small copper oxide rec-
tifier disk or disks. The four are usually combined into a single 
unit with the proper leads brought out. Across one portion of 
the bridge is connected a sensitive permanent-magnet moving-coil 



230 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

direct-current instrument. The alternating current to be measured 
is passed in at the other pair of bridge terminals. 
Assume that, for the moment, the right t-crminal is positive and 

the left is negative. Then, current will flow in at the right, up 
through the rectifier element, down 
through the direct-current instrument, 
and out to the left through the lower-
left rectifier element. When the next 
half of the alternating current is im-
pressed on the bridge, the left terminal 
will be positive and the right ter-
minal will be negative. Then, the 
current will flow in at the left termi-
nal, up through the element, down 
through the direct-current instrument, 

.4.C. o and out through the element at the 
152.—Connections of a lower right. Note that the alternating 

typical copper oxide rectifier-
current is rectified so that it can be mea-type instrument. 

sured by a direct-current instrument. 
The instrument of Fig. 152 is a copper oxide alternating-current 

milliammeter. For many purposes, it is very satisfactory, but for 
some communication purposes it is not. ( 1) It should not be used 
to measure direct current because it is not correctly calibrated to 

2.1 

Lo 2.0 

?I.9 

tg. 1.8 

ce 1.7 

1.6 
100 1000 10,000 

Cycles per second 
153.—Calibration curve for a typical copper oxide rectifier voltmeter with 

2.0 volts held across its terminals and the frequency varied. 

read accurately on direct current. This instrument should be 
calibrated on alternating current. (2) Although it will indicate, it 
does not read accurately on very low frequencies or on the higher 
audio frequencies. The most accurate range of most copper oxide 
instruments is from about 100 to 5000 cycles per second. There is 

15000 
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capacitance betweer. the copper oxide layer and the copper, and 
when the frequency becomes sufficiently high the effect of this 
capacitance seems to be to shunt out current from the instrument, 
causing the reading to drop. At 10,000 cycles, a typical copper 
oxide instrument reads about 7.5 per cent low. (3) A milliammeter 
should have very low internal 
resistance, but the internal 
resistance of a copper oxide 
milliammeter is fairly high (a 
typical one having a resistance 
of almost 1000 ohms). Further-
more, this resistance is found 
to vary widely, depending on 
the amount of current being 
measured. 
The copper oxide milliam-

meter is recommended only for 
special purposes where the 
characteristics enumerated are 
of no disadvantage. The cop-
per oxide voltmeter, however, 
is a splendid general-utility in-
strument for audio-communi-
cation purposes. 

If a high value of resistance, 
say about 20,000 ohms (for as 
low as a 0- to 2-volt volt-
meter), is connected in series 
with the bridge circuit of Fig. 
152, the device becomes a copper oxide alternating-current volt-
meter. Because it contains a high value of series resistance, 
its internal impedance is quite constant and is quite high as it 
should be for a voltmeter. The copper oxide voltmeter has a 
frequency error as explained for the ammeter and as shown in 
Fig. 153. This limits its use for most purposes to measurements 
below about 10,000 cycles. A typical copper oxide voltmeter is 
shown in Fig. 154. 
Thermocouples.—Measurements of alternating currents and 

voltages in communication circuits are extensively made with 
thermocouples. Several different types of thermocouples are 

FIG. 154. --A typical copper oxide rectifier 
voltmeter. 
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possible; three of the most common are shown in Fig. 155. Each 
of these thermocouples consists essentially of two wires (A and B) 
of unlike metals fastened together at the thermocouple junction. 
When this junction is heated, a direct voltage exists between the 
two ends of the unlike wires. If these two ends are connected to 
a sensitive permanent-magnet moving-coil instrument, a current 
will be forced through the instrument and its pointer will deflect. 
Three methods are shown in Fig. 155 for heating the thermo-

couple junction. In the mutual type of thermocouple, the alternat-
ing current to be measured is passed through the thermocouple 

—0— 

A 8 AB 
Contact eeparate 

type type heater e  type DLoad 

FIG. 155.—The various types of thermocouples connected for measuring currents. 

itself, rather than through a separate heater. The alternating 
current to be measured divides, part passing through the instru-
ment and part through the thermocouple. The instrument will 
have a small amount of inductance, and thus the current division 
will depend on the frequency of the current to be measured. This 
introduces a shunting error. Also, there is a bad reversal error 
with the mutual type; that is, the deflection of the instrument is 
not the same for the same value of current in different directions 

through the thermocouple. 
The contact type of thermocouple shown in Fig. 155 is a widely 

used type and is very satisfactory. In this, the current to be 
measured is passed through a heater which makes metallic con-
tact with the thermocouple junction and readily transmits heat to 
it. With this thermocouple no shunting error exists, and the 
reversal error is usually negligible. 
The separate-heater type of thermocouple, also shown in Fig. 

155, is particularly well suited for measurements in radio-frequency 
circuits. It has been specially designed to reduce the errors that 
thermocouples introduce into radio-frequency circuits. Because of 
the importance of this in communication measurements, it will 
be discussed in the following separate section. 
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Thermocouples at Radio Frequencies.—Below frequencies of a 
few thousand cycles per second, measurements are usually rela-
tively easy to make. Above about 10,000 cycles per second, more 
attention must be given to the grounding and shielding of circuits. 
When measurements are made at radio frequencies, say from 100,-
000 cycles on up to billions of cycles, an inexperienced person 
can get almost any answer to 
his measurements if his instru-
ments or technique is faulty. 
Now the contact-type ther-

mocouple generally used for 
audio and the lower radio fre-
quencies is a rather simple 
device. It consists essentially 
of a heater which may have 
only a few ohms resistance if 
it is to measure large currents 
or may be as high as 1000 
ohms if it is to measure small 
currents. In contact with this 
heater is the thermocouple 
junction. When the alterna-
ting current to be measured 
is passed through the heater, 
power equal to _PR is dissi-
pated in the heater, and this 
raises the temperature of the 
thermocouple junction. This 
causes a direct voltage to exist between the cold terminals of the 
thermocouple, and this voltage will force a direct current through 
the sensitive moving-coil instrument. Although special wires are 
used in high-grade thermocouples, a voltage will be produced 
between any two unlike wires in contact, for instance, between 
copper and iron. In sensitive thermocouples these wires are very 
delicate, and they are mounted, as indicated in Fig. 156, in an 
evacuated glass bulb. This protects them from mechanical in-
jury, prevents air from conducting heat away from the heater, 
and makes the thermocouple more sensitive. 

If the thermocouple is casually examined, its electrical character-
:sties will appear to be those of a simple pure resistance, because 

156.—The wires of a sensitive ther-
mocouple are very fine and are mounted 
in an evacuated glass bulb which is placed 
in a suitable plastic holder. 
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only the heater is inserted in the circuit in which measurements 
are desired. But, if a critical examination is made, the equivalent 
circuit of a thermocouple is found to appear as shown in Fig. 157. 
The various elements of this drawing are described below it. 

Because the reactances of these small inductances and capaci-
tances will vary with frequency, it is evident that a calibration 
made at one frequency will not hold at another frequency. Never-
theless, by using extreme care in the design of a thermocouple for 
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157.—The equivalent circuit of a thermocouple at very high frequencies. 
LI and L2 are the series inductances of the leads and heater wire, respectively. 
RI represents the resistance of the leads. CI is the stray capacitance between the 
leads. C2 represents the capacitance between the heater and thermocouple, and 
M is the mutual inductance between these two. C3 is the capacitance between the 
thermojunction and the heater. 

radio frequencies, these stray effects can be kept to a minimum.1 
The result of this careful design is that thermocouples having the 
excellent characteristics of Fig. 158 are available. Note that the 
error is only about 1 per cent at 200,000,000 cycles. 

In Fig. 157, it will be noted that an insulating bead is placed 
between the heater and the thermocouple junction. This bead 
electrically insulates the thermocouple junction from the heater 
wire. However, the material chosen for the bead has good heat-
conducting properties, so that the heat from the heater is readily 
conducted to the junction. By the careful choice and construction 
of this bead, the separate-heater-type thermocouple has been made 
almost as sensitive as the contact type in which the heater and 
junction are in metallic contact. 

For a good summary of this subject, see the catalogue of the General 

Radio Co., from which Figs. 157 and 158 were taken. 



ELECTRIC MEASURING INSTRUMENTS 235 

As the enlarged view of the bead in Fig. 157 indicates, there is 
but very little capacitance C3 between the heater and the thermo-
couple. This capacitance C3 plus the small capacitances C2 and 
the mutual inductive effect of M form the only electric circuit 
between the heater and the measuring circuit attached to the 
thermocouple junction. 
To explain completely the advantages of the separate-heater type 

of thermocouple requires a knowledge of balanced and unbalanced 
circuits which will be considered on page 325. For the present, 
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158.—Percentage error for a good high-frequency thermocouple. 

suffice it to say that in radio-frequency measurements the less the 
circuit is disturbed the better. Inserting a contact-type thermocouple 
directly connects the thermocouple, the leads, and the measuring 
instrument to the heater. Thus, a large amount of stray capaci-
tance is connected to one side of the circuit, and this may disturb 
the original circuit conditions. Inserting a separate-heater-type 
thermocouple does not disturb the circuit to nearly so great an ex-
tent, because the thermocouple, the leads, and the measuring 
instrument are not in direct metallic contact with the heater but 
are connected to it only by the small stray capacitances C2 and C3 
and by the mutual inductance M of Fig. 157. 

Of course, inserting the heater in any circuit, irrespective of the 
frequency, disturbs the circuit. This must be tolerated, however, 
if a thermocouple is to be used. However, the effect may be entirely 
negligible. For instance, if an oscillator having an internal imped-
ance of several hundred ohms is connected to a load of several hun-
dred ohms, inserting a thermocouple with a heater of a few ohms 
will not cause appreciable error. About the only rule that can be 
stated is to examine the circuit before the thermocouple is inserted 

• 

1000 
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and estimate the error that will result. Usually a mental Ohm's 
law analysis will suffice. 

There may be certain carefully balanced radio-frequency cir-
cuits (again, this will be clearer after the statements on page 325 
have been studied) in which if a thermocouple is inserted in one 
wire a small resistance of the same value should be inserted in the 
other wire. 
To summarize: It must be emphasized that care must be taken 

in the operation of thermocouples if reliable measurements are to 
be made. However, once the proper technique is developed, 
thermocouples will be found to be invaluable for measurements in 
communication circuits. 

Voltage Measurements with Thermocouples.—In the preceding 
discussions the use of thermocouples in current measurements has 
largely been considered. For making current measurements, the 

thermocouple heater is inserted in 
series with the circuit in which the 

  current is to be measured. 
Load For measuring an unknown volt-

age, the thermocouple and a protec-
tive series resistance are connected as 
shown in Fig. 159. The resistance of 

Fm. 159.—Method of measaring the series protective resistance plus 
voltage with a thermocouple. 

that of the heater must be sufficiently 
large that the current through the thermocouple heater will not 
exceed the safe value. The voltage between the line wires is 
E = I(R r), where R is the resistance of the protective resistor, 
r is the heater resistance, and I is the current through the heater, 
determined from the deflection of the instrument and its calibra-
tion curve. 
The thermocouple heater and the series protective resistance of 

Fig. 159 take power from the circuit, and there may be instances 
where such a circuit cannot be used. With reference to page 83, 
if the regulation is poor, care should be taken to remove the 
thermocouple from the circuit before the load is removed. If 
this is not done, the rise in voltage may cause an excessive cur-
rent through the heater and may burn out the heater. In fact, a 
sensitive thermocouple has extremely small and delicate wires in it 
and is easily burned out, after which it is useless, because ordinarily 
thermocouples cannot be repaired. 
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Calibration of Thermocouples.—If a given thermocouple is 
always used with the same moving-coil type measuring instrument, 
then the measuring instrument can be calibrated to read directly 
in milliamperes. Often the thermocouple is installed within the 
instrument case, and in this instance, the instrument would proba-
bly be calibrated to read directly in milliamperes. 

It is common practice, however, to have several thermocouples 
of various ranges to use with one moving-coil instrument. Thus, 
a wide range of measurements is possible without an excessive in-
vestment. A calibration curve must be available, however, for 
each thermocouple and instrument com-
bination. Such a calibration curve can 
be made with data obtained from a cir-
cuit such as shown in Fig. 160. 

It will be recalled (page 112) that a 
given value of direct current and the 
effective or root-mean-square (r.m.s.) 
value of alternating current produce 
the same heating effect in a resistor. 

FIG. 160.—Circuit for calibrat-For this reason, the sim ple direct-cur- ing a thermocouple. 

rent circuit of Fig. 160 may be used to 
calibrate a thermocouple. In using this circuit, it will be found 
that the thermal lag of the thermocouple makes it laborious to set 
on exact values of current as indicated by the moving-coil instru-
ment. For this reason it saves time to adjust the current to values 
read on the direct-current milliammeter being used as a standard. 

This same method of calibration (Fig. 160) can be used for in-
struments with self-contained thermocouples provided that the 
thermocouple within the instrument is of the contact or separate-
heater type. Instruments are sometimes built that do not use 
thermocouples of this type and that will not deflect on direct cur-
rent. Such instruments must be calibrated on alternating current. 

In the use of thermocouples, it should be ascertained if the 
heater resistances given in catalogues and often marked on the 
thermocouples are correct. This is very important in using thermo-
couples to measure voltages. Some manufacturers accurately 
measure the heater resistance and stamp it on the thermocouple 
housing or otherwise mark it. 

If there is any question about the heater resistance, it can be 
readily measured by placing the heater as the unknown arm of a 
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bridge such as shown in Fig. 237, page 359. With this bridge, meas-
urements can be made at several frequencies to determine if the 
resistance varies with frequency (for a good thermocouple the 
resistance is constant over a wide range). Also, by varying the in-
put voltage to the bridge and by observing the deflection of the 
thermocouple instrument, measurements can be made to determine 
if the resistance of the thermocouple heater varies with the current 
through it (for a good thermocouple, this also is quite constant). 
Of course a simple Wheatstone bridge may also be used to measure 
the resistance of the heater to direct current. In any such measure-
ments it is advisable to have the instrument connected to the 
thermocouple and observe the deflection carefully so that the 
thermocouple will not be burned out. 

SUMMARY 

Measurements form the basis on which progress in communication is made. 
Electric instruments are used to measure present values. Meters are used 

to measure quantities of electricity or electric energy. 
Instruments are called meters by many persons, but this usage is incorrect. 
The D'Arsonval or permanent-magnet moving-coil mechanism is the basic 

device for making almost all direct-current instruments. 
This mechanism consists essentially of a strong permanent magnet, suitably 

shaped pole pieces and cylindrical core, and a moving coil. The current to 
be meaigured, or a portion of it, is passed through the moving coil, and the 
reaction of the field produced by this current and the field of the permanent 
magnet causes a deflection proportional to the current being measured. 
The ideal ammeter or milliammeter should have zero resistance (or imped-

ance), and the ideal voltmeter or millivoltmeter should have infinite resistance 

(or impedance). 
The permanent-magnet moving-coil mechanism by itself is either a sensitive 

milliammeter or millivoltmeter, depending on how it is calibrated. 
The usual direct-current voltmeter merely consists of a permanent-magnet 

moving-coil mechanism with a large protective resistance in series. 
Thé usual direct-current ammeter is merely a shunted permanent-magnet 

moving-coil mechanism. 
A single moving-coil mechanism may be mounted in a case and provided 

with both shunts and multipliers which may be switched into the circuit, the 
result being a combination ammeter and voltmeter. 
A voltmeter may be used as an ohmmeter or may be used to measure high 

resistances, such as the insulation resistance of a line. 
The basic electrodynamic unit consists of two fixed coils which produce a 

magnetic field and one or two movable coils which produce another magnetic 
field. The reaction of these two fields causes a deflection of the movable coil 

and attached pointer. 
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In the electrodynamic ammeter, the fixed and movable coils may be con-
nected in series and the entire current passed through them for a low-reading 
instrument. For a large ammeter, only a portion of the current is passed 
through the movable coil. 

In the electrodynamic voltmeter the fixed and movable coils are usually 
connected in series, and a protective resistance is also connected in series to 
limit the current flow when measuring voltages. 

In the electrodynamic wattmeter, the current taken by the load is passed 
through the fixed coils, and the voltage across the load is impressed across 
the movable coil and a series protective resistor. 
Moving-iron-type instruments are widely used in making measurements in 

alternating-current circuits. There are several types of these instruments. 
Electric instruments must be damped. In the direct-current permanent-

magnet moving-coil instrument, damping is accomplished by the currents 
induced in the moving coil when it turns in the permanent magnetic field. 
In alternating-current instruments, damping is accomplished by air vanes or 
by currents induced in a disk or vane that moves between the poles of a per-
manent magnet. 

Electrostatic instruments, having many uses in communication, also are 
available. 

Because of the high frequencies and the low power levels in communication 
circuits, instruments for communication purposes often must have special 
characteristics. 
The copper oxide rectifier instrument is very useful for approximate measure-

ments at the lower communication frequencies. 
Thermocouples are very widely used in making alternating-current meas-

urements in communication circuits. 
Thermocouples may be used up to frequencies of several hundred million 

cycles per second if they are properly designed. 
Thermocouples can be used to measure either currents or voltages. They are 

easily calibrated on direct current, except for certain special types. 

REVIEW QUESTIONS 

1. Explain the difference between an instrument and a meter. 
2. Why are pole pieces and the fixed cylindrical soft-iron core used in the 

direct-current permanent-magnet moving-coil instrument? 
3. What is the relation between the current through the moving coil and 

the deflection of the pointer? Why is it so? 
4. How is the direct-current instrument damped? Is this quite effective? 
5. Fundamentally, how does a sensitive direct-eurrent milliammeter differ 

from a sensitive millivoltmeter? 
6. What is the fundamental difference between a direct-current ammeter 

and voltmeter? 
7. How would you calculate the power consumed by an ammeter? By a 

voltmeter? 
8. Why are voltmeters of very high internal resistance most useful in com-

munication? 
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9. What is a shunt? A multiplier? 
10. Explain the operation of an ohmmeter. 
11. Explain the theory of the electrodynamic ammeter, voltmeter, and 

wattmeter. 
12. Discuss the relative effect of stray magnetic fields on unshielded elec-

trodynamic instruments as compared with unshielded permanent-magnet 

moving-coil instruments. 
13. How should electrodynamic instruments be shielded? 
14. Enumerate the common types of moving-iron instruments, and explain 

the operation of each type. 
15. How are alternating-current instruments shielded? 
16. Explain the operation of the electrostatic instrument. 
17. Why are the measurement problems in communication different from 

those in the power industry? 
18. What axe the advantages and limitations of copper oxide instruments? 
19. Explain the principle of operation of the thermocouple. 
20. What are the advantages of the separate-heater type thermocouple 

over the contact-type thermocouple at radio frequencies? 

PROBLEMS 

1. A direct voltage of 10 volts is impressed across an ammeter and a load 
in series. A 0- to 10-volt voltmeter of 62 ohms per volt is connected directly 
across the source. The ammeter has an internal resistance of 0.01 ohm, and 
the resistance of the load is 2.94 ohms. Calculate the percentage error in the 
reading of the voltmeter compared with the true voltage across the load. 

2. Referring to Prob. 1, calculate the error in the current reading if the 
voltmeter is connected on the load side of the ammeter. 

3. A 0- to 100-volt voltmeter has an internal resistance of 62 ohms per volt. 
How much power will be consumed by it when it is measuring a full-scale 
value? Make the same calculation for a voltmeter having an internal resistance 

of 1000 ohms per volt. 
4. Calculate the power consumed by a milliammeter having a range of 

0 to 10 milliamperes and an internal resistance of 9.3 ohms when reading a 

full-scale value. 
5. Referring to the problem on page 214, design a shunt to use with the milli-

ammeter so it can measure a full-scale current of 100 milliamperes, also of 

1.0 ampere. 
6. Referring to Fig. 140, page 218, suppose that the instrument has an internal 

resistance of 105 ohms and a full-scale deflection of 1.0 milliampere. Design 
shunts so that the instrument will measure maximum values of 25 milliamperes, 
500 milliamperes, and 5 amperes. Also, design multipliers so that the instru-
ment will measure maximum values of 10, 100, and 500 volts. 

7. The moving coil of an ammeter has a resistance of 10.8 ohms, and 0.008 
ampere is required to produce a full-scale deflection. What should be the 

value of a shunt to make possible the measurements of 10 amperes maximum. 
8. It is desired to measure an unknown voltage. A 0- to 150-volt voltmeter 
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having an internal resistance of 14,750 ohms is connected across the voltage 
but it goes off scale. A 0- to 100-volt voltmeter having a resistance of 12,570 
ohms is connected in series with the first instrument, and the two are then 
connected across the voltage. The smaller instrument reads 90 volts. What 
is the total voltage? 

9. It is desired to find the resistance of a voltmeter. An adjustable cali-
brated rheostat is placed in series with the voltmeter, and the resistance 
inserted by the rheostat is varied. How will you know when the resistance 
inserted by the rheostat equals that of the voltmeter? 

10. A 0- to 150-volt voltmeter having an internal resistance of 27,560 ohms 
is connected in series with two 45-volt B batteries and an unknown resistor. 
The voltmeter reads 62.7 volts. What is the value of the resistor? 

11. A voltmeter having an internal resistance of 100,000 ohms is connected 
between a telephone line and ground as shown in Fig. 141, page 219. Two 
45-volt radio B batteries are connected in series. The voltmeter reads 3.9 volts. 
Calculate the insulation resistance of the line. 

12. If the line of Prob. 11 is 36.8 miles long, what is the insulation resistance 
per mile? 

13. The resistance of a thermocouple heater is 1000 ohms. Calculate the 
power loss in it when 0.5 milliampere is flowing through it. 

14. Suppose that the thermocouple of Prob. 13 is to be used with a series 
resistor to measure 10 volts. The moving-coil instrument used with the 
thermocouple produces a full-scale deflection when the heater current is 
1.0 milliampere. How much series resistance should be used with the thermo-
couple, and where should it be placed? 

15. An oscillator has an internal impedance of 600 ohms pure resistance and 
produces an open-circuit voltage of 40.2 volts. It is connected to a load of 
750 ohms pure resistance. A thermocouple that will carry 2.0 milliamperes 
safely, that has a heater resistance of 1000 ohms, and that has 24,000 ohms in 
series with it is connected across the resistor to measure the voltage. Will the 
thermocouple be burned out if the load is disconnected from the circuit? 



CHAPTER IX 

ALTERNATING-CURRENT CIRCUITS 

Certain of the theoretical aspects of alternating voltages and 
currents were considered in Chap. V. The discussion was quite 
generalized, being largely devoted to a description of sinusoidal 
waves and to the method of handling vector quantities represent-
ing the sine-wave values. 

In Chap. V it was mentioned that in alternating-current circuits 
the current could lead, lag, or be in phase with the voltage. It was 
stated that in a capacitive circuit (such as a. condenser) the current 
led the voltage, that in an inductive circuit (such as a coil) the 
current lagged the voltage, and that in a purely resistive circuit 
the current was in phase with the voltage. The reasons for these 
statements were not given, however. 

In this chapter the discussion of alternating voltages and °cur-
rents will be continued. The treatment will be more specific, 
however, because the general features of sinusoidal waves and of 
vectors were previously described. Also, in this chapter extensive 
numerical examples will be given. The reader is urged to refer to 
Chap. V whenever necessary to refresh his memory regarding the 
important basic principles discussed there. 

Generation of a Sine-wave Voltage.—It is customary in intro-
ducing this subject to use an alternating-current power generator 
or alternator to illustrate the principles involved. In accordance 
with the purpose of this book, however, the hand-driven magneto 
used to generate the bell-ringing current in a local-battery or mag-
neto telephone set will be chosen. 
A typical magneto generator is shown in Fig. 161, and a working 

diagram is shown in Fig. 162. As is evident, this magneto gen-
erator consists electrically of a coil of wire which is rapidly rotated 
in a magnetic field produced by several permanent horseshoe mag-
nets. Mechanically, there is a train of gears to increase the rota-
tion of the coil and a mechanism attached to the shaft so that when 

242 
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the handle is turned an electric contact is made with the external 
circuit (the telephone line), but when the handle is not being 
turned, the switch is opened and the magneto ringing generator is 

-Ste& 
permanent 
magnet 

-Brae' 
rod 

Conta'ctJ Brass 
spring; gears 

Ringer or bell 

Brass - \ Brass 
rod bearing plate 

Connection to frame 
Fio. 161.—Working parts of a telephone magneto-ringing generator used with local-

battery telephone sets. 

not connected to the line. The advantage of this is as follows: 
Many telephone sets are often connected at various points along 
the line; however, the only time a magneto is connected is when a 
person rings on the line. Of course, 
this method prevents a loss of both ,e,-;--- ----- k. ,..._ _...... , 

ringing power and speech power, ..; 

which would result if the mag- % ‘'‘i' 
netos at the various points were ifif, #,Iii, I1I qii? lo 11111 magnet 

o Il -Permanent 
1111 ii 

lililili,11 
permanently connected to the II l'I tiii;i1 11 11,1,1 I to 
line. i'es 1,1111;1'1i 

1111;i: .1,1 e11 ill, 
A third simplified view of the u% \ 11,11 rir¡t - Coil thcrtis 

rotating portion of the generator is ''4;111111 rotated 
' iihi 

shown in Fig. 163. The poles of . , , - 7e, 
the horseshoe magnet have been 
omitted, and only the magnetic / , 
lines of force and a single turn of Soft iron po/e pieces 

FM. 162.—Elements of a telephone the rotating coil have been shown. 
magneto-ringing generator. 

From Lenz 's law (page 155) an 
electromotive force is induced in a coil of wire whenever the mag-
netic flux linkages are changed. Thus it follows that in Fig. 163 
an electromotive force will be induced in the single-turn coil of 
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wire (representing the rotor of the hand magneto generator) when 
this coil is rotated in the magnetic field. 
A study of Fig. 163 will disclose that at the instant the plane of 

the coil is at right angles to the magnetic lines of force the coil is 
not changing flux linkages but is merely "sliding along" the lines 
of force; hence, at this instant the voltage induced is zero in ac-
cordance with Lenz's law. Similarly, a study will show that at the 
  instant the plane of the coil is parallel to 
  the magnetic field the rate of change of 
  flux linkages is greatest and the induced  ,A .0, Ion 

fia    voltage will be maximum.' 
As the reader no doubt suspects, if the 

  coil of wire of Fig. 163 is rotated at a 

Fia 163 —Simplified draw- 
  uniform rate in a uniform magnetic field, 

. 
ing of a coil rotating in a mag- a pure sine-wave voltage will be induced 
netic field, illustrating generator in the coil. Of course, this is true. Two 
action, 

of the instantaneous sine-wave values 
have been considered, that is, when the wave is zero and when it is 
maximum. A study of this figure will also disclose that as the coil 
makes one complete revolution in the magnetic field the flux link-
ages are changed first in one direction and then in the other; this 
means that positive and negative half cycles of electromotive force 
constituting one complete cycle are generated in the magneto 
windings per revolution. Of course, these positive and negative 
values are purely relative with respect, for example, to one wire 
(say the upper wire of Fig. 163) of the coil. That is, one half is 
merely designated as positive and the other half as negative. 

In between the positive and negative values, the instantaneous 
values of the induced electromotive force are as given by the relation 

e = Einax sh1 cot, (45) 

where e is the instantaneous value of the voltage in volts when Emax 
is the maximum value of the sine-wave voltage in volts, co is the 

Such principles are readily expressed by appropriate mathematical equa-
tions, but these are avoided in this book. To assist in clarifying the above 
statements, let the following facts be remembered: From Lenz's law the 
voltage induced at a given instant depends on the rate of change of magnetic 
flux linkages at that instant. When the coil is at right angles to the magnetic 
field, the flux linkages are maximum, and during a small time interval the 
rate of change of linkages is very small. On the other hand, when the coil is 
parallel to the magnetic field the flux linkage is zero, but the rate of change 
during a very short period of time is maximum. 
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angular velocity of rotation of the coil in degrees per second (co = 
27f, page 120), and t is the time in seconds from the position of maxi-
mum flux linkages and zero induced voltage. 
A word must now be said about the portion "sin" of Eq. (45). 

Equation (45) could be stated as follows: The instantaneous value e 
of the voltage equals the maximum value Emax multiplied by the sine of 
the angle (the angle being measured from the zero voltage point as a 
reference). This statement is based on a branch of mathematics 
known as trigonometry and may be unfamiliar to the reader. This 
need not be bothersome, however, because the principle involved is 
quite simple. Values of the sines of certain angles are given in 
Table VIII. More detailed tables are given on page 523. As is 
evident, the sine values repeat themselves and thus give the posi-
tive and negative half cycle. 

TABLE VIII.—SINES OF CERTAIN ANGLES 

Angle, 
degrees 

Value 
Angle, 
degrees 

Value 

0 0.000 195 —0.259 
15 0.259 210 —0.500 
30 0.500 225 —0.707 
45 0.707 240 —0.866 
60 0.866 255 —0.966 
75 0.966 270 —1.000 
90 1.000 285 —0.966 
105 0.966 200 —0.866 
120 0.866 315 —0.707 
135 0.707 330 —0.500 
150 0.500 345 —0.259 
165 0.259 360 —0.000 
180 0.000 

Magnitude of Generated Voltage.—In the preceding section it 
was shown that a sine-wave voltage would be generated by a coil of 
wire rotating at a uniform rate in a uniform magnetic field.' The 
magnitude of the voltage induced at any instant was shown to de-

The hand-driven magneto generator actually used in telephone sets does 

not generate a pure sine wave because a pure sine wave is not needed. No 
attempt is made to construct the pole pieces of the magnets or the coil so 
that the voltage generated is exactly a pure sine wave. 
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pend on the magnitude of the maximum value and the position of 
the coil at that instant. The method of calculating this maximum 
value will now be considered, but first the equation for the average 
voltage must be reviewed. 

According to page 159, the average voltage is given by the relation 
Ea, = NO/108t, where E. is the average voltage in volts induced 
in a coil of N turns when the flux 4, is changed from maximum to 
zero in time t seconds. Now for a coil of wire such as shown in Fig. 
163, the total flux linkage is completely changed four times per 
cycle, and each cycle occurs in t = 1/f seconds (page 114) ; hence, the 
average rate of change of flux linkages NO/ (1/4f) = 4feN linkages 
per second, where cp is the total flux passing through the coil of N 
turns when its plane is at right angles to the lines of force. Then, 
the voltage induced in a coil of N turns which is revolving at a uni-
form rate in a uniform magnetic field will be 

4fNct) 
Ear — —• (46) 

108 

From page 112, E. = 0.637E.. Therefore, Eq. (46) may be 
written 

4fNO 4fN4) 
0.637E. = — and Em. = 1.57 X 108 

108 

The value of 1.57 X 4 = 6.28 = 27r, where r = 3.1416. Thus, the 
equation for the maximum value becomes 

27rfNO (MO 
Emax — 108 108 

or (47) 

where co = 27rf (see page 120). Referring to Eq. (45), page 244, the 
equation for the instantaneous voltage induced in the coil of Fig. 
162, or 163 representing the rotor of the hand-driven magneto gen-
erator of Fig. 161, is 

271INg5 . coNck . 
e = sm cot = sin. ce 

108 108 
(48) 

Numerical Example of Generator Action. Problem.—The rotor of a simple 
hand-operated magneto generator is composed of 2500 turns of fine wire 

closely bound together so that as the rotor is turned the voltage induced in 
each turn is the same at each instant. The maximum value of the generated 
voltage wave is 76.4 volts when the handle is turned at a speed of 110 revolu-
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tions per minute. The gear ratio is 1 to 5. Calculate the lines of force which 
the permanent magnets produce across the air gap and which link with the 
coil. 

Solution.—Step 1. The frequency must be calculated. As was previously 
shown (page 244) when one complete revolution is made with a two-pole 
machine such as Fig. 161, one complete cycle is generated. For each 
turn of the handle, the rotor will turn five times; hence, the rotor will 
turn at the rate of 110 X 5 = 550 revolutions per minute, or 550/60 =-
9.17 cycles per second. 

Step 2. Calculate the flux, using Eq. (47). Solving for the flux in this 
equation gives 108E./coN. Substituting the known values in this 
expression, -= le X 76.4/2 X 3.1416 X 9.17 X 2500 = 53,000 lines. 

Current and Voltage Relations in Resistance Only.—When an 
alternating voltage is impressed on a circuit containing resistance 

'MAMMA, 
(a) 

e 
8 180° 270° 360° 

Time 

(b) 

(c) 

FIG. 164.—When a voltage is impressed across a circuit containing only resist-
ance, the current which flows is in phase with the voltage as shown by the sine 
waves and the vectors. 

only, the current at each instant is equal in magnitude to the instan-
taneous value of the voltage divided by the resistance. Therefore, 
the current rises and falls in exact accordance with the voltage 
producing it. These relations are shown in Fig. 164b. Since the 
current and voltage pass through corresponding values at exactly 
the same instant, they are in phase in circuits containing resistances 
only. This is shown by the vectors in Fig. 164c. 

Current and Voltage Relations in Inductance Only.—To explain 
the relation between current and voltage in a circuit containing 
inductance only, it is necemary to refer to the fundamental defini-
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tion of inductance given on page 158. Inductance is defined as the 
property of a circuit (a coil, for instance) by virtue of which a back 
voltage is induced whenever the current in the circuit is changed. 
Now when a voltage is impressed on an inductive circuit, this 
induced back voltage keeps the current from immediately rising to the 
final maximum value as was explained on page 161 and shown by 
Fig. 107. 

Assume that an alternating voltage is impressed on the inductive 
circuit of Fig. 165a and that this impressed voltage is rising from the 

(a) 

le 4 
90° E 

(c) 
165.—When an alternating voltage is impressed on a circuit containing 

inductance only, the current which flows lags the voltage by 90 degrees as shown 
by the sine waves and the vectors. 

zero to the maximum positive value. A current also attempts to 
rise because this impressed voltage tries to force a current through 
the inductance. This current change (rise) induces a back voltage, 
and this opposes the impressed voltage, allowing the current to rise 
but slowly. The sine-wave current that flows when. a sine-wave alter-
nating voltage is impressed on a circuit containing inductance only lags 
90 electrical degrees behind the voltage producing it. This is easily 
verified experimentally or proved mathematically. 
These phase relations are shown in Fig. 165b. As is indicated, 

the impressed voltage passes through its zero and maximum values 
(and all others as well) ahead of the current, which of course means 
that the current lags the voltage by 90 electrical degrees, there 
being 360 electrical degrees in 1 cycle. The angle O is the angle of 
lag, it being 90 degrees as shown for a circuit containing inductance 
only. The corresponding vectors are shown in Fig. 165e. These 
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are for effective values (page 113). Thus, whereas Fig. 165b illus-
trates that the instantaneous values lag by an angle O of 90 degrees, 
Fig. 165c shows that the effective values lag by this same angle. 

In these figures, the voltage is taken as the base, and the position 
of the current is expressed with respect to it. Thus, in Fig. 165b note 
that the voltage wave starts at zero, and in Fig. 165c note that the 
voltage vector starts at zero which is represented by the fact that 
it is drawn as a horizontal line extending to the right. 
To summarize: In a circuit containing only inductance, the cur-

rent lags the voltage by 90 degrees. This may be shown by sine 
waves or by vectors. 

Current and Voltage Relations in Capacitance Only.—On page 
191, capacitance was defined as the property of a condenser (or cir-
cuit) which allows a current to flow when the voltage across it is 

E 

(C) 
166.—When an alternating voltage is impressed on a circuit containing only 

capacitance, the current which flows leads the voltage by 90 degrees, as the sine 
waves and vectors indicate. 

changed. When a steady voltage is impressed on a perfect con-
denser, an initial charging current flows, which finally reaches zero 
(page 198), and then nothing further happens. If the voltage is 
changed, however, then a current again flows because of the prop-
erty of capacitance. 
Assume that an alternating voltage is impressed on the circuit of 

Fig. 166, consisting of a perfect condenser. This alternating voltage 
wave is shown in Fig. 166b. At the instant the impressed voltage 
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wave is maximum, no current will flow through the condenser, be-
cause at the instant the voltage wave is maximum, the voltage is not 
changing. At the instant the impressed alternating voltage wave is 
passing through zero, it is actually changing at the maximum rate. 
In fact, it is not only changing in magnitude but is also changing 
in direction. Thus, at the instant the impressed voltage is passing 
through zero, the current is maximum, because the current through a 
condenser is caused by a voltage change, and the voltage change is 
maximum at this instant. Furthermore, the current through a cir-
cuit containing only capacitance leads the voltage impressed across the 
circuit by 90 electrical degrees. This statement is easily verified ex-
perimentally or proved mathematically. 
These phase relations are shown in Figs. 166b and c. Note that in 

each of these figures the voltage is taken as the base and the current 
wave and the current vector are shown 90 degrees ahead of the volt-
age. Remember that a vector diagram is assumed to be rotating 
in a counterclockwise direction. 
To summarize: In a circuit containing only capacitance, the cur-

rent leads the voltage by 90 degrees. This can be shown by either 
sine waves or vectors. 

Inductive Reactance.—According to the theory on page 159, the 
average voltage that will exist across a coil when the current 
through the coil is changing is Eav = LI/t, where L is the induct-
ance in henrys and lit is the average rate of current change in am-
peres per second. By simple algebra, this equation may also be 
written 

(49) 

Let this equation now be interpreted in alternating-current 
terms. The current I of this equation was the maximum value 
(page 161), which the current reached, and becomes Inax of an alter-
nating-current equation. In alternating-current circuits, the cur-
rent desired would be the effective value, or I = /max/1.414. Also, 
the time t in Eq. (49) required for the current to change from zero to 
maximum in the alternating-current instance becomes t = 1/4f (see 
Page 114). Also, Es, X 0.707/0.637 or 1.11 E„, = E (page 112). 
Making these substitutions, necessary to convert Eq. (49) to apply 
to alternating current and voltages, 

E I —  
1.414 X 1.11 X 4f X L 6.2832fL = = XL • ‘5°' 
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This equation is interpreted as follows: When an alternating 
voltage of E volts effective value is impressed on a circuit con-
taining only inductance, the effective value of the current I in 
amperes which flows will equal the voltage E in volts divided by the 
product 27rfL in ohms, where f is the frequency of the voltage in 
cycles per second and L is the inductance of the circuit in henrys. 
The quantity 2irfL is the inductive reactance of an inductive cir-
cuit and is represented by XL and measured in ohms. 
From the form of Eq. (50), it can be stated that the inductive 

reactance of a circuit is the opposition the inductance of the circuit 
oeers-to the flow of current. Because of this opposing effect, inductive 
reactance is measured in ohms. It should also be noted that the 
magnitude of the inductive reactance depends on two things, fre-
quency and inductance. Furthermore, the current that does flow will 
lag the voltage by 90 degrees (page 248). 
To summarize: A circuit containing inductance offers an induc-

tive reactance of XL = IrfL ohms to the flow of alternating cur-
rent. This inductive reactance is an expression for the effect of the 
back voltage induced, according to Lenz's law, when the flux 
linkages are changed. 

Calculations of Inductive Reactance. Example 1.—A coil has an induc-
tance of 0.125 henry and negligible resistance. What current will the coil 

take when connected across 34.2 volts, 1000 cycles? 
Solution.—Step 1. Calculate the inductive reactance. 

= 271IL = 6.2832 X 1000 X 0.125 = 785 ohms. 

Step 2. Calculate the current flowing. Since the resistance is negligible, 
the reactance is the only opposition to the current flow. From Eq. (50), 

E 34.2 
I = — = = 0.0436 ampere. 

XL 785 

Example 2.—A radio-frequency choke coil having an inductance of 5.5 

millihenrys is to be used at a frequency of 1200 kilocycles. Calculate the 

inductive reactance. 

XL = 27rfL = 6.2832 X 1,200,000 X 0.0055 = 41,500 ohm& 

Capacitive Reactance.—The expression for capacitive reactance 
is found by the same general method as in the preceding section. 
Thus, on page 193 it is stated that /„„= CEmax/t, where E is the 
maximum direct voltage which changes in the time t. For the alter-
nating-current equation, effective values are desired, because it is 
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these values which are always used except in unusual instances. 
The effective current is I = la, X 1.11, the effective voltage is 
E = E./1.414 and t = 1/4f. Making these substitutions, 

E 
I = CE X 1.11 X 1.414 X 4f = 21-fCE (51) 

where / is in amperes when E is in volts. The term Xc = 1/211C, 
and is the capacitive reactance of a condenser or circuit and is 
measured in ohms, when f is the frequency of the impressed voltage 
in cycles per second and C is the capacitance of the circuit in 
farads. The current as given by Eq. (51) will lead the voltage by 
90 degrees. 

Thus, in a circuit containing only capacitance, a certain amount 
of capacitive reactance equal to Xe = 1/2/rfC ohms exists. This 
reactance is the reciprocal of a term containing the frequency and 
the capacitance.I The capacitive reactance of a circuit opposes 
current flow. 
To summarize: A circuit containing capacitance offers a capaci-

tive reactance of Xe = 1/27fC ohms to the flow of alternating cur-
rent. This capacitive reactance is the quantitative expression for 
the inverse of the property of a condenser in permitting current flow 
when the voltage is changed. 

Calculations of Capacitive Reactance. Example 1.—A condenser has a 

capacitance of 0.5 microfarad and is connected across 34.2 volts at 1000 cycles. 
What current will flow? 

Solution.—Step 1. Since no statement to the contrary is made, it is as-
sumed that the condenser is perfect, consisting only of capacitance. 
Calculate the capacitive reactance. 

1 1 1  
Xe — — 6.2832 X 1000 X 0.0000005 — 0.00314 — 318 ohms. 2-iffe  

Step 2. Calculate the current that will flow. From Eq. (51), 

I = E _ 34.2 
-= 0.1075 ampere. 

Xe — 318 

1 Past explanations have defined capacitance as the ability of a dielectric to 
conduct electric flux or as the property of permitting current flow when the 
voltage is changed. It should be noted that capacitive reactance is the in-
verse effect; it is the opposition offered by a condenser to alternating-current 
flow. 
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Example 2.—Calculate the reactance of a 15-micromicrofarad condenser at 

1500 kilocycles. 
1  1  

X c - 
2rfe 6.2832 X 1,500,000 X 0.000000000015 

6.2832 X 1.5 X 106 X 1.5 X 10-n 

1  1 X 104 
- 0.707 X 104 

6.2832 X 2.25 X 10-5 1.414 

= 7070 ohms. 

Resistance and Inductance in Series.—In Fig. 167 is shown a 
circuit composed of resistance and inductance in series. An am-

0000 `-•-•--
L 

(a) 

( b) (c) 
167.—For drawing these figures the current. is taken as the base because it 

is common to all elements of a series circuit. The voltage drop ER across the 
resistor is in phase with the current, and the voltage drop EL across the coil is 
90 degrees ahead of the current. These two voltages add to give the total voltage 
Et. In the vector diagram EL is shown twice. This is because it has been moved 
over and added from the end of ER to find Et. 

meter A measures the current that flows through the circuit. The 
voltmeter Vt measures the total voltage impressed on the circuit, 
and voltmeters VR and VL, measure the voltage drops across the 
resistor R and the inductive coil L. 
Now this is a simple series circuit and follows the fundamental 

laws of a series circuit, generalized, of course, for alternating-
current applications. One fundamental law for the series circuit is 
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that the current in all parts of a series circuit is the same. The other 
law (modified for the alternating-current circuit) is that the vector 
sum of the voltage drops around a circuit must equal the impressed 
voltage. Note the presence of the word vector. 

If I represents the current in the circuit, there will be a voltage 
drop of ER = IR across the resistor R. This voltage drop will be 
measured by the voltmeter V R and will be in phase with the current 
(page 247). 

Equation (50), page 250, may be written in the form E = 
Thus, when a current flows through a coil, there is a voltage drop 
across the coil equal to EL = IXL, and this voltage drop will be read 
by voltmeter VL. From page 248, this voltage drop VL will lead 
the current through the coil by 90 degrees.' 

If it is assumed that the circuit is so adjusted that ER = EL, 
then the sine-wave relations will be as shown in Fig. 167b. Here is 
shown the current as the base (starting at zero). The voltage drop 
ER across the resistor is shown in phase with the current, and the 
voltage drop EL across the coil is shown 90 degrees ahead of the 
current. With reference to page 118, it follows that the total im-
pressed sine-wave voltage existing across the voltmeter Et will be 
the sum of the two sine waves ER and EL. 
As was previously explained (page 121) it is usually more conven-

ient to add vector values than to add sine-wave values. The vector 
value of the voltage Et is the vector sum of the voltages ER and EL. 
These are shown in their proper phase relations in Fig. 167e, and 
they are there added to give E. Note that the voltage Et makes 
an angle with the current of 45 degrees leading. This is only be-
cause ER and EL were assumed the same. Altering the values of 
R, L, or f would change this 45-degree relationship. 
To summarize: When resistance and inductance are in series, the 

same current must flow through each. There is an ER = IR volt-
age drop across the resistance and an EL = IXL voltage drop across 
the inductance. Because the voltage drop across a resistor is in 
phase with the current and the voltage drop across an inductance is 
90 degrees ahead of the current, these two voltage drops must be 
added vectorially at right angles to give the total impressed voltage. 

Voltage drop as here used means that portion of the impressed voltage 
which is used in forcing alternating current through a resistor, coil, or con-
denser. Voltage drop as here used does not mean the opposing voltage, like 
the back voltage induced in a coil, for example. 
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Resistance and Capacitance in Series.—The circuit of Fig. 168a 
shows resistance and capacitance in series, with an ammeter to 
measure the current flow and voltmeters VR, Vc, and Vt to meas-
ure each of the voltages. As in any series circuit, the current is the 
same in each part, and the vector sum of the voltage ER across the 

(a) 

b) (c) 

FIG. 168.—For drawing these figures the current is taken as the base because 
it is common to all elements of a series circuit. The voltage drop ER across the 
resistor is in phase with the current, and the voltage drop E0 across the condenser 
is 90 degrees behind the current. These two vectors add to give the total voltage 
Et. In the vector diagram Ec is shown twice. This is because it has been moved 
over and added to the end of ER to find Ei. 

resistor and the voltage Ec across the condenser equals the total 
impressed voltage Et. 

Of course the voltage drop across the resistor will be ER = IR. 
Likewise, the voltage drop across the condenser will be Ec = IXc. 
The voltage drop across the resistor will be in phase with the cur-
rent, and the voltage drop across the condenser will lag the current 
by 90 degrees, because the current leads the voltage or the voltage 
lags the current by 90 degrees in pure capacitance. The relations 
between these sine waves are shown in Fig. 168b. 
The vector sum of the two voltages are obtained graphically as 

shown in Fig. 168e. For drawing the vector diagram, the current 
is taken as the base because it is common to both portions of the 
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circuit. The voltage drop ER across the resistor is then laid off 
along the current, because current and voltage are in phase in a 
resistor. The voltage drop Ec across the condenser is then laid off 
90 degrees behind the current because in pure capacitance the 
voltage lags the current by 90 degrees. As is evident, the total 
impressed voltage Et is the vector sum of these two individual volt-
ages. It should be noted that the total voltage Et makes an angle 
of 45 degrees lagging with the current. Again, this is only because 
ER and Ec were the same. Altering the values of R, L, or f would 
change this 45-degree relationship. 
To summarize: When resistance and capacitance are in series, the 

same current must flow through each. There is an ER = IR volt-
age drop across the resistance and an Ec= IX c voltage drop across 
the capacitance. Because the voltage drop across a resistor is in 
phase with the current and the voltage drop across a condenser is 
90 degrees behind the current, these two voltage drops must be 
added vectorially at right angles to give the total impressed 
voltage. 
Impedance.—Referring to Fig. 167c, the vector diagram for the 

voltages in a series circuit composed of resistance and inductance is 
a triangle composed of IR as a base, /X/, as the side at right angles, 
and Et as the closing side, or hypotenuse, of the triangle. Likewise, 
in the vector diagram of Fig. 168c, IR is the base, IX e the side at 
right angles (only in this case it points in the opposite direction), 
and Et is the hypotenuse. 
From geometry, the length of the hypotenuse is equal to the 

square root of the sum of the squares of the length of each of the 
sides. That is, for the ER and Ex values, 

Et = VE2R + E2x = (I R)2 + (IX2) = I N/ R2 + X2 = IZ, (52) 

where Z is the impedance of the circuit and Z = 1/R2 + X2. Im-
pedance is measured in ohms, just as are resistance and reactance. 
By referring again to the vector diagrams of Figs. 167 and 168, 

which for convenience have been reproduced in Fig. 169, it is seen 
that the current is common to each side and thus may be dropped, 
giving the impedance triangles R, X, Z. Note that R, X, and Z 
have no arrowheads. They are merely quantities and must be mul-
tiplied by current to become vectors. 
Thus it is seen that impedance is composed of resistance R and 
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reactance X combined at right angles. From Eq. (52) it follows 
that 

Et 
Et = /Z, / — and Z =—_-• (53) 

Z 

These relations are interpreted as follows: In the series circuits of 
Figs. 167 and 168, both the resistance R and the reactance X are in 
series to oppose the current flow when the voltage E t is impressed 

xe 

169.—Here have been drawn the vector diagrams from Figs. 167 and 168. 
Dividing the voltage values by the currents gives the impedance diagrams at the 
right. The upper impedance diagram is for an inductive circuit, and the lower one 
for a capacitive circuit. It is not necessary to plot a capacitive impedance diagram 
downward as here done. Usually, it is drawn upward as is the inductive impedance 
diagram. Note that the arrowheads are omitted from the impedance diagram. 
Resistance, reactance, and impedance are not vectors revolving with respect to 
time as are nurrent and voltage. 

across the circuits. The current  that does flow is given by the rela-

tion I = E1/Z, where Z = 1/R2 r. Impedance is the total 
opposition a circuit offers to the flow of alternating current. 
To summarize: In a series circuit the resistance and reactance 

add at right angles to give the impedance which is, therefore, the 
total opposition a circuit offers to alternating-current flow. 

Effective Resistance.—The reader is encouraged to give special 
attention to this section because of its particular importance in 
communication practice. 
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When a direct current of / amperes flows into a circuit of R 
ohms, the power dissipated is /2R watts, but if an alternating cur-
rent of the same effective value is passed through the same circuit, 
the power dissipated will (generally) be greater. This increase in 
power dissipation with alternating current over the power dissipa-
tion with the same value of direct current can be explained only on 
the basis of an increase in the effective resistance, because alter-
nating and direct currents are defined on the basis of the same 
heating effect (see page 112). 
The following illustration should be helpful in explaining the 

meaning of the term effective resistance. Suppose that an iron-
cored coil is connected through a 
wattmeter and an ammeter to a 
source of direct voltage of E volts as 
in Fig. 170. The ammeter will indi-
cate a value of Ide amperes and the 
wattmeter will indicate a value of 
Pde watts. Since P = I2R, =- P/12. 
Then, the resistance offered to the 
direct current is Rd, = P (lc/ IL. This 
value of resistance is usually called 
the direct-current resistance, or the 
ohmic resistance. Now suppose that 

an alternating voltage is impressed on the coil; both the ammeter 
and wattmeter will read different values. The resistance offered to 
the alternating current flow will be Rae =- Pac/IL. This value of 
resistance is usually called the alternating-current resistance, or 
the effective resistance. The alternating-current or effective 
resistance of any circuit (such as Fig. 170) is greater (if but only 
a slight amount) than the direct-current or ohmic resistance, 
because the heating effect in any circuit is greater (if but slightly) with 
alternating than with direct current. 
The increased heat loss with alternating values is largely due to 

the following causes: ( 1) Hysteresis losses (page 166) in the conduc-
tors (if of magnetic material such as iron wire) and in the magnetic 
core or surrounding magnetic materials cause the losses to be 
greater and, therefore, increase the effective resistance. (2) Eddy 
currents (page 168) in the current conductors, in the magnetic core, 
or in surrounding metallic objects (shields, for example) cause addi-

170.—The effective resist-
ance of a device such as the iron-
cored coil shown equals the power 
measured by the wattmeter di-
vided by the current squared. The 
lines through the coil represent the 
laminated iron core. 
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donal losses and thus increase the effective resistance. (3) Mag-
netic skin effect decreases the effective conducting area of the wire 
and increases the effective resistance. (4) Dielectric hysteresis 
losses (page 189) in dielectrics, insulation of wires, and in sur-
rounding objects exposed to electric fields also increase the effective 
resistance. In alternating-current practice, when resistance is spe-
cified, it is, unless otherwise stated, the effective resistance.' This 
increases with frequency, and if the circuit has a magnetic core, 
the effective resistance will vary with the magnitude of the meas-
uring current. 

Skin Effect.—As mentioned, skin effect decreases the conduct-
ing area of a wire and this increases the effective resistance. The 
action is as follows: When a wire carries a current, the magnetic 
lines of force encircling the wire originate at the center of the 
wire, and fall back to the center when the current stops flowing. 
If the current and the field are alternating, the rising and falling 
magnetic field cuts the wire, and induces a back voltage in it. 
More lines cut the center portion than the outer layers, and a 
greater back voltage is induced near the center of the wire than 
near the surface. In effect, this increases the impedance at the 
center of the wire, and the current is crowded to the surface layers, 
thus decreasing the conducting area, and increasing the effective 
resistance. The higher the frequency, the greater is skin effect 
(see references page 52). 

Alternating-current Power.—At any instant., the power in an 
alternating-current circuit is given by the expression 

P = (54) 

where p is the instantaneous power in watts, when e and i are 
the instantaneous voltage and current in volts and amperes. 
Instantaneous values of the power p are shown in Fig. 171 for pure 
resistance, pure inductance, and pure capacitance. Remember 
that if either e or i is negative p is negative, and that if both e and 
i are negative p is positive. (From algebra minus X minus = 
plus, and plus X minus = minus.) 

The student is cautioned against confusing impedance and effective resist-
ance. Impedance is the total oppo3ition to current flow. It is given by the 

relation Z = R2 + X'. The value of R in this equation is the effective 
resistance. Effective resistance is a part of impedance. 
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Note that for pure resistance the power lies always on the posi-
tive side of the axis. This means that power always flows into the 
circuit. For pure inductance, note that the positive and negative 
power pulses are of equal size. This means that during one-half of 

Power 

E \ 

I E 

Pure resistance 

Pure inductance 

Pure capacitance 
Flo. 171.—Showing the vector and instantaneous current, voltage, and power 

relations in circuits composed of pure resistance, inductance, and capacitance. 

the cycle power is taken from the source and is stored in the mag-
netic field (page 162) and that during the other half cycle power is 
returned to the source by the collapsing of the magnetic field. The 
same reasoning applies to a circuit of pure capacitance; power is 
stored in the condenser during one half cycle and returned by the 
condenser during the next half cycle. 
To summarize: A pure resistance takes power from the source 

during the entire cycle. For pure inductance or capacitance, how-
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ever, power is taken from the source during one portion of the cycle 
and is stored in the magnetic or electric field. During another part 
of the cycle the power is returned to the source. 
Apparent Power, Power Factor, and Reactive Power.—Suppose 

that a circuit contains some resistance and some inductance and 
that the current is, therefore, not lagging the voltage by 90 degrees 
but by some angle O. These conditions are shown in Fig. 172; also, 
the power wave has been plotted. It will be noted that for a circuit 
of resistance and inductance, where the phase angle is less than 90 
degrees, a net power flows into the circuit as indicated by the fact that the 

172.—When the current is not exactly 90 degrees out of phase, then there is 
a net power input as shown by the fact that the ± power is greater than the — 
power. In this figure the angle O by which the current lags the voltage is 45 degrees. 

negative portion of the power curve is much smaller than the positive 
portion. Of course, the same reasoning would apply to resistance 
and capacitance. 

It is apparent that the angle between the current and voltage de-
termines the amount of power taken for given magnitudes of cur-
rent and voltage. When these are in phase, it was seen that the 
maximum amount of power was taken; when they were 90 degrees 
out of phase, no net power was taken; and when they were out of 
phase by some angle of less than 90 degrees, some net power was 
taken. Equation (54) gave the instantaneous power. By using 
effective values as would be measured by electric instruments, 

P = El cos O. (55) 

The E and I of Eq. (55) need little explanation other than that 
they are the effective voltage in volts and the effective current in 
amperes. The angle O is the angle in degrees between the current 
and voltage and cos Ois a value obtained from the table on page 523. 
For the meaning of the term cos 0, see page 288. 
Here is encountered one of the interesting characteristics of 

alternating-current circuits. When a voltage E is impressed on a 
circuit and a current I flows into the circuit, it appears as if the 
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value of the power taken should be E X I, but this is the apparent 
power and not the true power. The true power, or net power actu-
ally dissipated in the circuit, is given by Eq. (55). True power is 
measured in watts, but apparent power is not watts but volts times 
amperes and is measured in volt-amperes. 

Thus, the apparent power is El, and the true power is El cos O. 
The ratio of the true power in a circuit to the apparent power is 
defined as the power factor. That is, 

EI cos  
Power factor — El — cos O. (56) 

The power factor of a circuit is numerically equal to the cosine of 
the angle between the current and voltage. The power factor of a 

circuit is an indication of whether or 
eEl not the circuit is reactive, and to what 

tie extent. 
izéb These values are all related as the 

sides of a triangle as shown in Fig. 
1-s> tu 
&4) 173. The third side is known as the 

reactive power and is also measured 
173.—True power, reactive in volt-amperes. 

power, and apparent power are re-
lated as shown. To summarize: When an alter-

nating voltage is impressed on a 
circuit composed of resistance and inductance or resistance and 
capacitance, a net power flows into the circuit. This power can be 
calculated by Eq. (55). Apparently, the power flowing equals El, 
and so this is called the apparent power. Actually, the true power 
is EI cos 0, where the value cos O is numerically equal to the power 
factor. This latter term is widely used in the power applications of 
electricity but is not so extensively used in communication. 

Calculations of Resistance and Inductance in Series.—A cir-
cuit is arranged as in Fig. 174a. Make a complete analysis of the 
circuit, and plot impedance and vector diagrams to scale. 

Solution.—Step 1. Calculate the inductive reactance. 

XL = 2rfL = 6.2832 X 60 X 0.17 = 64.1 ohms. 

Step  2. Calculate  the impedance. From Eq. (52) this will be Z = 

N/R2 + x2 = -V(60)2 ± (64.1)2 = 81.2 ohms. This should also be found 
graphically by laying off the 50 ohms as a base, the 64.2 ohms at right 
angles, and then measuring the length of the hypotenuse. This hypot-
enuse is the impedance, as shown in Fig. 174b. 

True power-Ekes I2R 
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Step 3. Calculate the current. 

I E 110 = = 1.36 amperes. 
81.2  

Step 4. Calculate the voltage drop across the coil and that across the 

resistor. 
EL = /XL = 1.36 X 64.1 = 87.2 volts. 

ER .= IR -= 1.36 X 50 = 68 volts. 

Step 5. Plot a vector diagram. This is done in Fig. 174e. The current is 
taken as the base, because it is common to both the coil and the resistor. 
The drop across the resistor is plotted along this base, because the voltage 
across a resistor and the current through a resistor are in phase. The 

110 volts 
60c cles 

(a) 

0.17henry 

SOolllre 
9-52° 

R.S0ohms ER=IR .68 volts 

(b) (C) 
174.—Impedance and vector diagrams for resistance and inductance in 

series. The voltmeters VL and VR measure the voltage drops EL = IXL and 
ER = IR. In the vector diagram EL is moved over to the right to add it to the 
end of ER. 

drop across the coil is next plotted 90 degrees ahead of the current, be-

cause the voltage is 90 degrees ahead of the current for pure inductance. 
Next, the total line voltage is calculated by adding vector EL to the head 
of vector ER (page 121). The vector sum of these two is vector Ez = IZ, 
which is the voltage drop across the total impedance of the circuit equal, 
of course, to the impressed voltage. The angle O is the angle by which the 
voltage leads the current (or current lags the voltage as is usually stated 
for an inductive circuit). This angle can be measured with a protractor. 

Step 6. Calculate the apparent power, true power, and power factor. 
Apparent power = EI = 110 X 1.36 = 149.5 volt-amperes. The true 
power taken by any circuit always equals PR where I is the current in the 
circuit and R is the effective resistance of that circuit. P = (1.36)2 X 50 
= 92.4 watts. Power factor = true power/apparent power = 92.4/149.5 
= 0.618. The wattmeter of Fig. 174a should indicate 92.4 watts. 

Step 7. Find the angle between the current and voltage. From Eq. (56), 
the power factor as computed in Step 6 is numerically equal to the cosine 
of the angle. Referring to page 543, the corresponding angle will be 
approximately 51 degrees 50 minutes. This should agree with the angle 
found graphically in Step 5. . 
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Calculations of Resistance and Capacitance in Series.—A con-
denser and a resistor are connected in series as indicated in Fig. 

05 
microfarods 

 264 volts  

1 o 000cycks 
(a) 

R/00 ohms 

(b) (c) 
175.—Impedance and vector diagrams for resistance and capacitance in 

series. The voltmeters Ve and VR measure the voltage drops Ec IXc, and 
ER IXR. In the vector diagram Ec is moved over to the right to add it to the 
end of ER. R 100 ohms; C = 0.5 microfarad. 

175a. Make a complete analysis of the circuit, and plot impedance 
and vector diagrams to scale. 

Saation.—Step 1. Calculate the reactance of the condenser. 

1  1  
xe = 24C 6.2832 X 1000 X 0.0000005 — 318 ohms. 

Step 2. Calculate the impedance. Z = VR2 ± X2 V(100)2 + (318)2 
= 334 ohms. The impedance diagram of Fig. 175b is constructed by 
laying off 100 ohms as the horizontal base and then 318 ohms vertically 
upward from it. The hypotenuse is then drawn in, and its length is the 

The reader may wonder why this is not laid off vertically downward in-
stead of upward. It could but does not have to be, because reactance is not 
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impedance and should equal 334 ohms. The measured angle is 73 degrees. 
Step 3. Calculate the current. 

E 26.4 
/ = 0.079 ampere. 

Step 4. Calculate the voltage drop across the condenser and across the 
resistor. 

= IX, = 0.079 X 318 = 25.1 volts. 

ER = IR = 0.079 X 100 7.9 volts. 

Step 5. Plot a vector diagram. The current is taken as the base because 
it is common to both the condenser and the resistor. The IR drop of 
7.9 volts is laid off to scale along this base. The IX e voltage drop of 
25.1 volts is laid off 90 degrees behind the current, because the voltage 
lags the current in a condenser. This voltage is then added to the end 
of the voltage across the resistor to find the total line voltage E. This 
measures to be 26.4 volts, and the angle by which the line voltage lags 
the current (or the current leads the voltage) is 73 degrees as measured 
before. 

Step 6. Calculate the apparent power, true power, and power factor. 
The apparent power = EI = 26.4 X 0.079 = 2.08 volt-amperes. The 
true power is always PR, so P = (0.079)2 X 100 = 0.624 watt. The 
power factor is the ratio of these two values, or P.F. 0.624/2.08 ---- 0.30, 
and this equals cos O. 

Step 7. Find the angle between the current and voltage. From the tables 
of cosine values (on page 532), the angle corresponding to a cosine of 0.30 
is about 72 degrees and 33 minutes, or for all practical purposes 73 degrees 
as found graphically. 

Calculations of Resistance and Inductance in Parallel.—A circuit 
composed of resistance and inductance in parallel is shown in Fig. 
176a. A complete analysis of the circuit is desired. Note that the 
resistance of the coil is negligible. 

Solution.—Step 1. Calculate the reactance of the coil. 

XL = 2wf.L. = 6.2832 X 100,000 X 0.002 -= 1257 ohms. 

Step 2. Calculate the current taken by the coil. 

E 0.86 
IL = —ZL = T-257 = 0.000685 ampere, or 0.685 milliampere. 

Step 3. Calculate the current taken by the resistor. 

0.86 
= z E —R = 750 = 0.00115 ampere, or 1.15 milliamperes. 

vector value, although, as will be seen later (page 290), reactances are either 
positive or negative, and this fact would give grounds for plotting it down-
ward. Ordinary practice is to plot impedance diagrams as has been done here 
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Step 4. Plot the vector diagram, and find the total current. This is done 
in Fig. 1765. The voltage is taken as the base, because it is common to 
both of the parallel units. The current through the resistor IR is laid 
off along the voltage because it is in phase with it; and the current //, 
through the inductance is placed 90 degrees behind the voltage, because 
the current lags the voltage by 90 degrees in pure inductance. Adding 
if., downward from the end of IR gives the total current of It = 1.35 milli-
amperes. A measurement with a protractor shows the angle O by which 
the total current lags the total voltage to be about 31 degrees. 

R =550 ohms 

(b) (C) 
Fro. 176.—Vector diagram for resistance and inductance in parallel. The 

diagram for the equivalent impedance is also shown. Ammeter AL measures the 
current ./1 through the coil, ammeter AR measures the current IR through the 
resistance, and ammeter At measures It, the total current. 

Step 5. Calculate the total current. Since the current IR taken by the re-
sistor is 90 degrees out of phase (at a right angle) to the current /L taken 
by the coil, they form two sides of a triangle,  the third side of which repre-

sents the total current, then, it = V /2R /2L, = V(0.000685)2+ (0.00115)2 
= 0.00134 ampere, or 1.34 milliamperes, which is in close agreement with 
the value found graphically. 

Step 6. Calculate the power taken by the circuit. No power will be taken 
by the inductance, because it is considered to be a pure inductance and 
the current through it lags the voltage across it by 90 degrees. The 
power taken by the resistor is P = (0.00115)2 X 750 = 0.00000132 
X 750 = 0.00099 watt, or 0.99 milliwatt. 

Step 7. Calculate the equivalent impedance of the two units in parallel 

E 0.86  
Zt —  it — 0.00134 — 642 ohms. 
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Step 8. Draw the triangle representing the impedance of a series circuit 
which is equivalent to the parallel circuit just considered. This equiva-
lent impedance is 642 ohms, and it must be broken down into resistive 
and reactive components if the equivalent series circuit is to be found. 
The angle between the resistance and impedance of the impedance dia-
gram will be the 'same as the angle between the voltage and total current 
of the vector diagram. Thus, it is possible to draw the impedance dia-
gram of Fig. 176c as follows: First draw a horizontal line. From the left 
end of this line, draw a line 642 units long at the angle of 31 degrees 
found in Step 4. From the end of this line, draw a vertical line. This 
forms a right triangle, the base of which represents the resistance and the 
height of which represents the reactance of a series circuit that is equivalent 
to the parallel circuit of Fig. 176e. 

Calculations of Resistance and Capacitance in Parallel.—A cir-
cuit composed of resistance and capacitance in parallel is shown in 

(a) 

le= 0.684 ma. 

..71* 

IR= /47mcr. 

(b) (.0) 
177.—Vector diagram for resistance and capacitance in parallel. The 

diagram for the equivalent impedance is also shown. Ammeter Au measures the 
current /c through the condenser, ammeter AR measures the current /R through 
the resistance, and ammeter At measures .4 the total current. (Note: The values 
calculated for the circuits of Figs. 176 and 177 should be identical from a practical 
standpoint. The differences are largely due to sliderule approximations.) 

E 

4.> 

R.550 ohms 

Fig. 177a. A complete analysis of the circuit is desired. It will be 
seen that the general method of attack is the same as fer the pre-
ceding section. 
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Solution.—Step 1. Calculate the reactance of the condenser. 

1  1  
X0 — 1259 ohms. 

27rfe 6.2832 X 100,000 X 1265 X 10-12 — 

Step 2. Calculate the current taken by the condenser. 

E 0.86 
0.000684 ampere, or 0.684 milliampere. 

lc = X0 = = 1257  

Step 3. Calculate the current taken by the resistor. 

E 0.86 
IR = —R = 7-50 = 0.001147 ampere, or 1.147 milliamperes. 

Step 4. Plot the vector diagram, and find the total current. This is done 
as in Step 4 of the preceding section and as indicated in Fig. 1775. The 
current Ic through the condenser is of course placed 90 degrees ahead of 
the voltage. The total line current // is found to be 1.35 milliamperes, 
and the angle O = 31 degrees. 

Step 5. The total current is the same as found in the preceding section. 
Step 6. The power taken is the same as in the preceding section. 
Step 7. The impedance is found as in the preceding section. 
Step 8. The impedance diagram has the same numerical values and is 

found in the same way as in the preceding section. This diagram is 
reproduced in Fig. 177e. 

Resistance, Inductance, and Capacitance in Series.—This com-
bination is of great importance in communication, and the princi-
ples involved should be thoroughly studied. In the discussion that 
follows, it will be assumed that the units shown in Fig. 178a consist 
of pure resistance, inductance, and capacitance. 

If the frequency of the source is f cycles per second, then the 
reactance of the coil will be XL = 2irfL and the reactance of the 
condenser will be Xc = 1/27rfC. The generator of terminal voltage 
Eg will force a current I through the circuit. This current will be 
the same in all parts of the series circuit. 

This current will encounter opposition to its flow in each unit. 
There will, therefore, be a voltage drop across the resistance of 
ER = IR volts, a drop across the inductance of EL = IXL volts, 
and a drop across the capacitance of Ec = IX c volts. For a series 
circuit the sum of the voltage drops must equal the total impressed 
voltage E. 
The three separate voltages ER, EL, and Ec are shown in their 

correct positions in the vector diagram of Fig. 178b. The current I 
is taken as the base because it is common to each unit. The volt-
age drop ER = IR across the resistor is in phase with the current as 
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shown. The voltage drop EL = IXL is drawn 90 degrees ahead of 
the current, because this is the phase relation for pure inductance. 
Similarly, the voltage drop Ec = I Xc is drawn 90 degrees behind the 
current. In this diagram, it is assumed that the capacitive react-
ance Xe = 1/21-fC is greater than the inductive reactance 

o ) 

EL= ¡XL 

E=IR 
e 

Ec-EL 

Ec=1,1"c 

(b) 

Ec-EL 
s.-

o 

(c) 

Xc . XL -Xc 

178.—Circuit, vector diagram, and impedance diagram for resistance, 
inductance, and capacitance in series. 

XL = IrfL. Since frequency enters oppositely into these two values, 
it is apparent that for a given value of inductance and capacitance 
Xc can be made equal to XL merely by varying the frequency. 

Referring to Fig. 178b, it is apparent that EL and Ec are exactly 
opposed. Numerically, therefore, the voltage across the portion of 
the circuit composed of L and C would be Ec — EL. This value is 
shown on Fig. 178b. The total voltage Et will equal this voltage 
added vectorially to the voltage ER as indicated. It is seen that Ec 
and EL act oppositely in series circuits. Now Ec = IXc, and EL = 
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I XL. Since I is the same in the condenser and the coil, it follows that 
in reality it is the reactances Xe = 1 /27rfC and XL = 2rfL that are 
different. 
Again referring to Fig. 178b, it is seen that Ec is negative and EL 

is positive because Ec lags / and EL leads I as previously explained 
on pages 248 and 250. From the reasoning of the preceding para-
graph it follows that it must be Xc which is negative and XL which is 
positive, and such is the case. From this it follows that the equivalent 
reactance of two or more reactances in series is the algebraic sum of the 
separate reactances. Thus for the series circuit of Figs. 178a, X. = 
XL — Xc, and the equivalent impedance diagram for the series 
circuit of Fig. 178a is as shown in Fig. 178c. 
As mentioned previously in this section, the capacitive reactance 

Xe can be made equal to the inductive reactance XL merely by 
varying the frequency. If this is true, then X. = XL — Xc would 
equal zero at that frequency. Thus, in a circuit composed of resist-
ance, inductance, and capacitance in series, there is one frequency at 
which the equivalent reactance is zero and at which frequency the resist-
ance is the only opposition left to the current flow. This frequency is 
the one at which the inductive and capacitive reactances are equal, 
that is, at which 27rfL 1/27rfe. Solving this equation for fre-
quency gives 

1 
-    

2/rV, LC 
(57) 

When L is the inductance of the circuit in henrys and C is the capac-
itance in farads, f 7. is the resonant frequency in cycles per second. 
To summarize: When a circuit consists of resistance, inductance, 

and capacitance in series, the impedance of the circuit is found by 
constructing a right triangle with the resistance as the base and 
with the difference between the reactances (XL — Xe) as the verti-
cal part of the right triangle. The impedance is the length of the 
line required for the hypotenuse of the triangle. The current is 
then equal to the applied voltage divided by this impedance. For 
one frequency, XL = Xe and /XL = /Xe. This is known as the 
resonant frequency of the circuit. 

Calculations of R, L, and C in Series. Example 1.—Solve the series circuit 
of Fig. 179 for the equivalent impedance, the current, and the voltage across 
each unit if the frequency is 9000 cycles. 
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Solution.—Step 1. Calculate the equivalent reactance. Xe = XL - Ic = 
27rfL - 1/271C = (6.2832 X 9000 X 0.05) - [1/(6.2832 X 9000 X 0.005 
X 10-6)1 = 2827 - 3536 = -709 ohms. The negative sign indicates 
that capacitive reactance predominates and that the frequency is off 

resonance. 
Step 2. Calculate the impedance. 

Z = N/R2 -I- (XL - Xc)2 = V(100)2 -I- (709)2 = 714 ohms. 

vWM 015M6`---111--
100 ohms aos henry aces micro. 

farad 
2.8 volts 

(a) 

R-I00 ohms 

(b) 

Ez=1XL=11.0evolts 

ERrIR.8.792 volt 

Et=/Ze. 2.8 volts 

Exe= EL-Ec. -2.78 volts 

tc.IXcm./.7.86 volts 

(c) 
179.—Diagrams for analyzing a series circuit at a frequency near resonance. 

Step 3. Calculate the current. I E/Z = 2.8/714 = 0.00392 ampere, or 
3.92 milliamperes. 

Step 4. Calculate the voltage drops. ER = IR = 100 X 0.00392 = 0.392 
volt. EL = ¡XL = 0.00392 X 2827 = 11.08 volts. Ec = 
0.00392 X 3536 = 13.86 volts. Note that these voltages do not add 
numerically to equal the total impressed line voltage, but they do add vectori-
ally to equal the total impressed line voltage as the reader can readily 
demonstrate. 

Example 2.—Solve the circuit of Fig. 179 at a frequency of 11,000 cycles 
per second. 

Solution.—Step 1. Calculate the equivalent reactance. Xe = XL - Xe' = 
27rfL - 1/27rfC = (6.2832 X 11,000 X 0.05) - [1/(6.2832 X 11,000 X 
0.005 X 10-6)] =- 3460 - 2900 -= 560 ohms. Note that this value is 
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positive indicating the inductive reactance predominates, and that the 
frequency is again off resonance. 

Step 2. Calculate the impedance. 

Z = VR2 + (XL - X L.)2 = V(100)2 -I- (560)2 = 570 ohms. 

Step 3. Calculate the current. 

E 2.8 
I = -z = = 0.00492 ampere, or 4.92 milliamperes. 

Step 4. Calculate the voltage drops. 

ER = IR = 100 X 0.00492 = 0.492 volt. 

EL = /XL = 0.00492 X 3460 = 17.0 volts. 

= IXe = 0.00492 X 2900 = 14.24 volts. 

Note that these voltages do not add numerically to equal the total impressed 
line voltage, but they do add menially to equal the total impressed line 
voltage as the reader also can readily demonstrate. 

Example 3.—Solve the circuit of Fig. 179 at the frequency for which the cir-
cuit will be in resonance. 

Solution.—Step 1. Calculate the resonant frequency by Eq. (57). 

1 1  _ _ 
271-1/ LC 6.2832V0.05 X 0.005 X 10-6 

= 10,060 cycles. 

Step 2. Calculate the equivalent reactance. X. -= XL - Xc = 27rfL - 
1/27rfC = (6.2832 X 10,060 X 0.05) - [1/(6.2832 X 10,060 X 0.005 X 
10-6)] = 3160 - 3160 = 0 ohm (approximately). 

Step 3. Calculate the impedance. Since the circuit is in resonance and the 
resultant reactance is zero, the impedance becomes the resistance of 
100 ohms in the circuit. This is all that is effective in holding back the 
current flow. 

Step 4. Calculate the current. 

E 2 8 
/ = •-•101) = 0.028 ampere, or 28 milliamperes. 

Step 5. Calculate the voltage drops. 

ER -= IR =- 0.028 X 100 = 2.8 volts. 

EL = /XL = 0.028 X 3160 = 88.5 volts. 

Ec = /Xc = 0.028 X 3160 = 88.5 volts. 

Note that since the circuit is in resonance, the inductive and capacitive 
reactances neutralize eath other. The resistance only is effective in con-
trolling the current flow. Also note that with only 2.8 volts applied 88.5 
volts exist across the coil and across the condenser. If R is reduced, this 

1  

0.0000994 
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voltage drop across the coil and condenser will be increased to even a 
greater value. This effect is very important. 

Practical Example of Coil and Condenser in Series.—In the 
problems just considered it was assumed that the coil was without 
resistance and that all the loss in the circuit was represented by the 
resistor. Actually, in the practical circuit there would be some loss 
in the coil, and hence all the resistance in the circuit would not be 
concentrated in the single resistor. The loss in a good paper or mica 
condenser is ordinarily negligible except at very high frequencies 
and in special circuits. In the following example an actual circuit 
such as might be encountered in practice is considered. 

Example.—An air-cored coil has a resistance of 48.2 ohms and an inductance 
of 0.056 henry. It is in series with a condenser of 0.58 microfarad capacitancr 
and negligible effective resistance as shown in Fig. 180. The source will im 

L.0.056 henry 

 I 015-00-0 
R.46.2ohms 

12.8 volts 

 e  
e, ( a) 
e 
o 

e 

C=Q5811microfarad 
•EL.IZL..497vo/ts 

i-ExL7IXL= 49.5volts 

Exe =E -E .1085 volts 

38.3 volts 

R.46'.2ohms 

(b) (e) 

180.—Observe that this time in adding the various vectors, they were not 
moved over to the end of the other vector to which they were to be added. Actually 
drawing a vector the second time sometimes complicates a drawing, and so it is 
common practice to just "dot in" the values as here shown. This was also done in 
Fig. 179. 

press a voltage of 12.8 volts at 1000 cycles on the circuit. Make an analysis 
of the circuit. 

Solution.—Step 1. Calculate the equivalent reactance. Xe = XL - Xe 
2/rfL - 1/271IC = (6.2832 X 1000 X 0.056) - [1/(6.2832 X 1000 X 
0.58 X 10-6)] = 352 - 274 = 78 ohms inductive reactance. 

Step 2. Calculate the total circuit impedance. This will be composed of 
the resistance of the coil and the equivalent reactance. 

Zi = 1/R2 -F (XL - X0)2 = \/(48.2)2+ (78)2 = 91.7 ohms. 
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Step 3. Calculate the current. 

12.8 
I = E—  = — = 0.1396 ampere, or 139.6 milliamperes. 

Zi 91.7 

Step 4. Calculate the drop in voltage across the condenser and across the 
coil. The drop in voltage across the condenser will be Ec = IX c =-
0.1396 X 274 = 38.3 volts. The drop across the coil will be the vector 
sum of the voltage drop ERL (L being used to represent the inductance 
coil) caused by the resistance of the coil and the voltage drop caused by 
the reactance of the coil. The first will be EEL = IRL = 0.1396 X 48.2 
= 6.73 volts, and the second will be EXL = /XL = 0.1396 X 352 = 49.15  

volts. The impedance of the coil is ZL = N/R2z, xl-1/(48.2)2 -F (352)2 
= 356 ohms. The total voltage drop across the coil will be EL = IZL --
0.1396 X 356 = 49.7 volts. The vector diagram is shown in Fig. 180c 
and was drawn as follows: This is a series circuit, so I is taken as a base, 
it being common. The value of EEL = 6.73 volts is drawn along this 
base. The value of EXL is drawn at right angles leading. The vector 
sum of EEL and EXL = EZL, the /ZL drop across the coil. This line is 
then drawn. The voltage across the condenser Ec = /XL, is next drawn 
lagging the current by 90 degrees. This voltage Ec is then subtracted 
from EXL the reactive voltage drop across the coil. The total line voltage 
will be the vector sum of this resultant reactive voltage drop and the 
resistive voltage drop. This is represented by Et = 12'1. This equals the 
impressed voltage of 12.8 volts. 

Resistance, Inductance, and Capacitance in Parallel.—The pre-
ceding pages were devoted to resistance, inductance, and capaci-
tance in series. This circuit combination is of great importance in 
communication. Likewise, circuits of resistance, inductance, and 
capacitance in parallel are also of great importance, and such a 
circuit will now be considered. 
The circuit shown in Fig. 181a is assumed to be composed of pure 

resistance, inductance, and capacitance in parallel. As for any par-
allel circuit, the impressed voltage is common to each branch, and the 
total current It as read by the ammeter At is the vector sum of the 
branch currents. 
The current taken by the resistor is IR = E/R. The current 

taken by the coil is IL = E/XL = E/211IL, and the current taken 
by the condenser is /c = E/Xc = E/(1/27rfC) = E2rfC. Their 
reactances are considered for the coil and condenser only, because 
they are assumed to be pure and their effective resistances are, 
therefore, negligible. 

In drawing the vector diagram of Fig. 181b, the voltage E is 
taken as the base because it is common to each branch. The cur-
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It into the circuit. This current 
lags the voltage by an angle O. IR=E/R E 

This combined parallel circuit R, It 
L, and C is, therefore, equiva-
lent to some resistor and coil in 
series, because the proper series 4:=  E/XL 
circuit can be made to draw the (b) 
same lagging current as the parai- 181.—Illustrating the steps in the 

lei circuit. Thus, the equivalent solution of a parallel circuit. The par-
allel circuit takes a resultant or total cur-

impedance of the parallel circuit rent /i when a voltage E is impressed 
is Ze = E/It. The equivalent across it. Thus, the parallel circuit has 

an equivalent series circuit represented 
resistance and reactance com- by (c). 

posing this equivalent imped-
ance are found as follows: As in Fig. 181c, draw a horizontal 
line. Lay off the equivalent impedance Z e to scale, making the 
angle O (by which the current lags the voltage) with the horizontal. 
From the end of Z6, drop a vertical line. Then, the right triangle 
is complete, and the values of the equivalent resistance and reac-
tance can be measured. From the value of reactance, the induc-
tance of the coil (L = XL/27() can be found if desired. 
For a parallel circuit such as Fig. 181a, varying the frequency or 

varying the inductance or capacitance will change conditions such 
that /c can be made equal to IL. If this is done, then the net, or re-

rent IR through the resistor is plotted in phase with the voltage. 
The current /c is plotted 90 degrees ahead of the voltage, and the 
current /L through the coil is plotted 90 degrees behind the voltage, 
because these are their proper phase relations (pages 248 and 249). 

Since IL and /c are 180 degrees out of phase and are therefore 
directly opposing, they are combined to find the resultant reactive 
current. The numerical value 
of this reactive current will be 
/c — IL. In the circuit shown, 
it is assumed that IL exceeds /c 
and that the net reactive cur-
rent lags the voltage. The total 
current /t is then the vector 
sum of the net reactive current 
IC — IL and the resistive cur-
rent IR. 
The source of voltage forces feE/Xc 

Re 

(c) 
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sultant, current taken by L and C (only) in parallel is zero. To the 
reader, this may seem to be an absurd statement; nevertheless, with 
a perfect coil and a perfect condenser, the statement is true. Of 
course, in practice, a coil with no resistance is a practical impossi-
bility. Thus, the statement is true in theory only, but a circuit can 
easily be constructed in which IL and /c are very large and yet 
their total current is extremely small. 

In a parallel circuit, when /L and /c are 180 degrees out of 
phase and equal in magnitude, the portion of the circuit to the rigid 
of the broken line of Fig. 181a may as well be disconnected, since it 
draws no current and its input impedance is therefore infinite. 
Under these conditions, the only current that flows from the source 
of voltage is the current taken by the resistor. This current will 
be in phase with the voltage, and the circuit is in a condition of 
antiresonance.' 
To summarize: In a parallel circuit the voltage is the same across 

each branch. The total current is the vector sum of the currents in 
each branch. When perfect coils and condensers are in parallel, 
the currents they take at some frequency are equal in magnitude 
and 180 degrees out of phase. At this frequency the reactive cur-
rents cancel and the total current taken is in phase with the voltage. 

Calculations of R, L, and C in Parallel. Example 1.—Make a complete 
analysis of the circuit of Fig. 182 at a frequency of 9000 cycles. 

Solution.—Step 1. Calculate the current taken by each branch. 

E 2.8 
In -= = 0.0028 ampere, or 2.8 milliamperes. 

R 1000 

E  2.8  2.8 
/L — — 

XL 6.2832 X 9000 X 0.05 2830 

= 0.00099 ampere, or 0.99 milliampere. 

E 
-= 6 2 8 X 2832 X 9000 X 0.005 X 10-6 x— c . . 

= 0.000792 ampere, or 0.792 milliampere. 

This subject will be treated further on page 315. The terms resonance, 
parallel resonance, and current resonance are also used to describe this con-
dition. The term antiresonance as here used is popular in communication, 
especially in telephony. When the resistance of the coil is negligible, Eq. (57) 
gives the antiresonant frequency. In many circuits this equation is satisfac-
tory but it is not strictly correct as will be shown on page 317. 
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Step 2. Calculate the total current. The net reactive or out-of-phase 
current will be ic — IL = 0.000792 — 0.00099 = —0.000198 ampere. 
The negative sign shows that the net current is lagging. The total cur-

rent will be /e = V(0.000198)2 ± (0.0028)2 = 0.00281 ampere, or 2.81 
milliamperes (approximately). The frequency is slightly below anti-
resonance. 

(a) 

IC 
IR 

E 

(b) 

Ze  

Re 

(c) 

 jXt 

182.—Parallel circuit almost in resonance and vector and impedance 
diagrams to scale. Numerical values given in text. 

Step 3. Calculate the equivalent impedance. Z,, = E/Ii = 2.8/0.00281 = 
997 ohms (approximately). 

Example 2.—Solve the circuit of Fig. 182 at a frequency of 11,000 cycles. 

Solution.—Step 1. Calculate the current taken by each branch. 

E 2.8 
= -woo = 0.0028 ampere, or 2.8 milliamperes. 

E  2.8  2.8 
— 
XL 6.2832 X 11,000 X 0.05 3455 

= 0.00081 ampere, or 0.81 milliampere. 

X E Ic — = 2.8 X 6.2832 X 11,000 X 0.005 X 10-8 
c 

= 0.000965 ampere, or 0.965 milliampere. 

Step 2. Calculate the total current. The net reactive or out-of-phase cur-
rent will be lc — IL = 0.000965 — 0.00081 = 0.000155 ampere, or 0.155 
milliampere. This net current will lead the voltage, because the current 
through the condenser is greater. The total current will be 
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N/(0.000155)2 + (0.0028)2 = 0.00281 ampere, or 2.81 milliamperes (ap-
proximately). The frequency is slightly above antiresonance. 

Step 3. Calculate the equivalent impedance. Ze = &It = 2.8/0.00281 
-- 997 ohms (approximately). 

Example 3.-Solve the circuit of Fig. 182 at the frequency at which the cir-
cuit is antiresonant. 

Solution.-Step 1. Since it is assumed that neither the coil nor the condenser 
contains resistance, the frequency of antiresonance will be as given by 

Eq. (57). Thus, f, = 1/(2TN/ LC) = 1/(6.2832Y0.05 X 0.005 X 10-6) 
= 10,060 cycles. 

Step 2. Calculate the current taken by each branch. 

E 2.8 
= = -0 0 = 0.0028 ampere, or 2.8 milliamperes. 

E  2.8  2.8 
/L = - 

XL 6.2832 X 10,060 X 0.05 3160 

= 0.000886 ampere, or 0.886 milliampere. 

Ic = E = 2.8 X 6.2832 X 10,060 X 0.005 X 10-6 

= 0.000886 ampere, or 0.886 milliampere (approximately). 

Step 3. Calculate the total current. The net reactive or out-of-phase cur-
rent will be /L - /c = 0.000886 - 0.000886 = 0 ampere. The total 
current taken from the source by the parallel circuit will be that taken 
by the resistor, or 0.0028 ampere. 

Step 4. Calculate the equivalent impedance. The equivalent impedance 
of a circuit is Ze = Elli= 2.8/0.0028 = 1000 ohms, which is the resistance 
of the parallel resistor. 

Practical Problem of Coil and Condenser in Parallel.-In the 
problems just given it was assumed that the coil was without 
resistance. All coils have resistance, of course, and it must often 
be considered. Except under special conditions, the loss in a good 
paper Dr mica condenser is negligible. Such a circuit will now be 
considered. 

Example.-An air-cored coil has a resistance of 48.2 ohms and an inductance 
of 0.056 henry. It is in parallel with a condenser having a capacitance of 0.58 
microfarad, as indicated in Fig. 183a. The source will impress a voltage of 
12.8 volts at 1000 cycles on the circuit. Make an analysis of the circuit. 

Solution.-Step 1. Calculate the reactance of the condenser. Xc = 1/27-fC 
= 1/(6.2832 X 1000 X 0.58 X 10-6) = 274 ohms. 

Step 2. Calculate the impedance of the coil. XL = 27rfL =  6.2832 X  

1000 X 0.056 = 352 ohms. The impedance will be ZL =Witt 

= V(48.2)2 -F (352)2 = 355 ohms. 
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Step 3. Calculate the current in each branch. /c = E/Xc = 12.8/274 
= 0.0467 ampere. IL = EIZL = 12.8/355 = 0.036 ampere. 

Step 4. Calculate the total line current. This will be done vectorially as 
in Fig. 183b. Take the voltage as the base, because this is a parallel 

(a) 

, Difference between 
/ out of phase components 

of current 

Z.L 

82° 

RL 

XL 

(c) 

FIG. 183.—Illustrating the method of finding the current taken by a condenser 
and a coil having resistance, when these two are connected in parallel. The imped-
ance diagram is for the coil. The equivalent impedance of the parallel circuit can 
be drawn as explained in previous illustrations. 

circuit and the voltage is common to all branches. Next, plot the cur-
rent /c to scale 90 degrees ahead of the voltage. The current IL should 
next be plotted. It will lag the voltage E, but the angle is not known. 
It can be found from the impedance triangle, however, because these 
impedance relations determine the current relations. By plotting the 
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impedance triangle for this problem as in Fig. 183c, it is found that the 
angle between ZL and RL, is 82 degrees. Plotting the value of /L = 0.036 
ampere 82 degrees behind the voltage E locates the current through the 
coil on the vector diagram of Fig. 183b. The total current can be found 
by adding /c and IL vectorially. This gives It = 0.012 ampere, and 
with a protractor it is found to lead the voltage by about 70 degrees. 

Step 5. Calculate the equivalent impedance of the coil and condenser in 
parallel. Ze= Elle= 12.8/0.012 = 1065 ohms. If it is desired to cal-
culate the resistive and reactive components of this impedance, it can 
be done by drawing an impedance diagram to scale. 

SUMMARY 

A sine-wave alternating voltage is induced in a coil of wire when it is ro-
tated in a magnetic field. The equation for the instantaneous voltage is 
e = E. sin cot volts. 
The average voltage induced in a coil of wire revolving in a magnetic field 

is given by the equation E., = No/108t volts. The maximum voltage gen-
erated is E. = 2•-fN01108 volts. 

In pure resistance, the current through the resistor is exactly in phase 
with the voltage. 

In pure inductance, the current through the coil lags the voltage by 90 
degrees; or conversely, the voltage leads the current by 90 degrees. 

In pure capacitance, the current through the condenser leads the voltage 
by 90 degrees; or conversely, the voltage lags the current by 90 degrees. 

Inductance is the property of a circuit which causes a back voltage to be 
induced when the current is changed. Inductance, accordingly, opposes the 
flow of alternating current which is continually changing. This opposition is 
due to the inductive reactance and equals XL 27rfL ohms. 

Capacitance is the property of a circuit which permits a current to flow 
when the voltage is changed. The reciprocal of this "permitting" effect is 
an opposing effect called capacitive reactance. Numerically, this equals 
XL = 1/27rfC ohms. 

In an alternating-current circuit containing only inductance, the current 
equals the voltage divided by the inductive reactance, or I = EIXL. 

In an alternating-current circuit containing only capacitance, the current 
equals the voltage divided by the capacitive reactance, or / = E/Xc. 
When a circuit contains only resistance and inductance in series, the total 

opposition offered to the current is the impedance Z = N/R2 X. The 
current flowing is I = E/Ze. There will be a voltage drop ER = IR across 
the resistor and a voltage drop EL= IXL across the coil. The total voltage 
will be the vector sum of these, because ER is in phase with the current and 

EL is 90 degrees ahead of the current; then, Ei = VE2R 
When a circuit contains only resistance and capacitance in series, the state-

ments of the preceding paragraph hold, it being remembered, of course, that 
the voltage across a coil leads the current by 90 degrees but the voltage 
across a perfect condenser lags the current by 90 degrees. 

• 
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Impedance is the total opposition a circuit offers to the flow of alternating 
current. Impedance Z is composed of resistance R and reactance X. Nu-

merically, Z = V R2 -F X2. 
The effective resistance of an alternating-current circuit is a fictitious value 

of resistance which represents all the power losses in the circuit. Effective 
resistance in ohms equals the power loss in watts divided by the current in 
amperes squared; that is, R., = Pad IL-

In alternating-current circuits, the power is not equal to the product of 
current and voltage but is equal to the product of the current and voltage 
multiplied by the cosine of the angle between them; that is, P = El cos 0. 
The value cos 0 is numerically equal to the power factor of the circuit. 

The power factor is defined as the ratio of the true power P to the El product, 
or apparent power. P.F. = (El cos O)/EI = cos 0. 
When a circuit contains only resistance and inductance in parallel, the 

voltage is the same across each branch, IR = E/R and I = E/XL. The 
total current is the vector sum of these branch currents, and since the current 
in the resistor is in phase with the voltage and the current in the coil lags 

the voltage by 90 degrees, this total current is it = V/1 -I- /2x. The equiva-
lent impedance of the circuit is Ze = E/Ii. This equivalent impedance can 
be separated into two components of Re and X, by graphic methods. 
When a circuit contains only resistance and capacitance in parallel, the 

statements of the preceding paragraph hold, it being remembered, of course, 
that the current through a coil lags the voltage by 90 degrees but the current 
through a condenser leads the voltage by 90 degrees. 

In a circuit composed of pure resistance, inductance, and capacitance in 
series, the current is common to all parts. This current equals the voltage 
divided by the impedance of the combination. This impedance is Z = 

VR2 + (XL — Xc)2. There is an IR drop across the resistor, an prz, 
drop across the inductor, and an IX c drop across the condenser. The total 
impressed voltage is the vector sum of these individual voltages. If the 
inductive reactance XL = 27rfL equals the capacitive reactance Xc = 1/211C, 
then the voltage drops across the coil and condenser neutralize each other 
because they are equal in magnitude and 180 degrees out of phase. Then the 
resistance of the circuit is the only opposition to the current flow. This con-

dition is called resonance and occurs at the frequency fr = 1121-N/re. 
In a circuit composed of pure resistance, inductance, and capacitance in 

parallel, the voltage is common to each branch. The current through each 
branch equals the voltage divided by the resistance or reactance of that 
branch. The total current it equals the vector sum of the individual currents. 
The equivalent impedance Ze = & It. This impedance can be separated into 
two components Re and Xe by graphical methods. When the current through 
pure inductance equals the current through pure capacitance, they cancel 
because they are 180 degrees out of phase. The only current then taken from 
the source is that taken by the resistor. The circuit is in antiresonance under 
these conditions. For the conditions of pure inductance and capacitance, the 

frequency of antiresonance is the same as that for resonance, fr = 1/21r1/ LC. 
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REVIEW QUESTIONS 

1. State the law governing the operation of the telephone magneto generator. 
2. For one rotation of the coil, how many cycles are produced in the gen-

erator of Fig. 162? 
3. Why is no voltage induced in the coil of Fig. 163 when it is at right 

angles to the field? 
4. What is the word meaning of the equation e = E. sin wt? 
5. Explain why the current lags the voltage in an inductive circuit. 
6. Explain why the current leads the voltage in a capacitive circuit. 
7. In drawing vector diagrams, what is meant by the base? 
8. In drawing vector diagrams, when should the current be taken as the 

base, and when should the voltage be taken as the base? 
9. What is meant by inductive and capacitive reactances? How do they 

act in circuits? 
10. Enumerate the steps to follow in solving a series circuit. A parallel 

circuit. 
11. What is meant by resonance? By antiresonance? 
12. Define impedance. Define effective resistance. Are they related? 
13. Define power in alternating-current circuits, and explain how to cal-

culate it. 
14. Define apparent power, power factor, and reactive power. 
16. Referring to page 272, Step 5, discuss any possible hazards to personnel 

or equipment when a circuit is in resonance. 
16. What is meant by the equivalent reactance of a circuit? 
17. Are resistance, reactance, and impedance vectors? Why? 
18. Are IR, IX, and /Z vectors? Why? 
19. Knowing the resistance and reactance, how can the impedance be found 

by other than graphic means? 
20. Knowing the impedance and resistance, how can the impedance be found 

by other than graphic means? 
21. Knowing the reactance, how can the capacitance of a condenser be 

computed? 
22. How do hysteresis and eddy currents affect the value of the impedance 

measured between the terminals of a coil? 
23. How does the magnitude of inductive reactance vary with frequency? 
24. How does the magnitude of capacitive reactance vary with frequency? 
25. When are the frequencies of resonance and antiresonance given by the 

same equation? 

PROBLEMS 

1. The rotor of a simple hand-operated magneto generator is composed of 
2000 turns of wire closely bound together. The handle is turned at the rate 
of 100 revolutions per minute, and the gear ratio is 1 to 4.5. In the position 
of maximum linkage, the flux through the coil is 100,000 lines. Calculate the 
frequency and the maximum value of the induced voltage. 

2. Derive an equation giving the frequency in terms of the revolutions pet 
second and the number of pairs of poles. 



ALTERNATING-CURRENT CIRCUITS 283 

3. Calculate the inductive reactance of a 0.058-henry coil at frequencies of 
0, 500, 1000, 1500, 2000, and 2500 cycles per second. Plot a curve of these 
with frequency on the X axis and reactance in ohms on the Y axis. Inductive 
reactance is positive, so plot values up from the X axis. 

4. Calculate the capacitive reactance of a 0.62-microfarad condenser at the 
frequencies of Prob. 3. Capacitive reactance values are negative. On the 
same set of axes as for Prob. 3, plot the capacitive reactance values down 
from the X axis. If the coil and condenser of Probs. 3 and 4 were connected 
in series, mark the resonant frequency on your reactance curves. 

5. A coil has an inductance of 0.08 henry. It is in series with a resistance 
of 72 ohms. The voltage is 62.5 volts at 100 cycles. Calculate the current 
and the voltage across each unit. Plot sine waves with proper phase relations 
for the voltages. Add these sine waves to find the wave of the total impressed 
voltage. Determine the angle between the total voltage and the current. 
Add the voltages vectorially, and find the angle. 

6. A certain load when connected to 110 volts, 60 cycles, takes 50 watts, 
and the current is 0.5 ampere. Calculate the impedance, the effective resist-
ance, the apparent power, the power factor, and the angle between the current 
and voltage. 

7. The impedance of a coil at 120 cycles is 73 ohms, and its resistance is 
39 ohms. What is its inductance? 

8. A 0.11-henry coil having a resistance of 20 ohms is connected across 110 
volts 60 cycles. Make a complete analysis of the circuit. 

9. A condenser having a capacitance of 0.4 microfarad is in series with a 

200-ohm resistor, and this series combination is across 32.8 volts at 1000 cycles. 
Make a complete analysis of the circuit. 

10. Make an analysis of the circuit of Fig. 176a, page 266, at an impressed 
voltage of 2.86 volts, 100 kilocycles. 

11. Make an analysis of the circuit of Fig. 177a, page 267, at an impressed 

voltage of 2.86 volts, 100 kilocycles. 
12. Make an analysis of the circuit of Fig. 179a, page 271, at an impressed 

voltage of 10.8 volts, and a frequency of 8500 cycles. 
13. Referring to Prob. 12, if the circuit is in resonance, what will be the 

voltage across the coil, and what will be the voltage across the condenser? 
What will be the voltage across each of these if the resistance is reduced to 

10 ohms? 
14. Make an analysis of the circuit of Fig. 182a, page 277, at an impressed 

voltage of 10.8 volts and a frequency of 8500 cycles. 
15. a. What condenser will produce resonance with a 0.03-henry coil at 

1000 cycles? 
b. A coil tunes to resonance at 560 kilocycles with a 340-rnicromicrofarad 

condenser. What is the inductance of the coil? 
c. A 100-microhenry coil and a 0.0002-microfarad condenser are resonant 

at what frequency? 



CHAPTER X 

ALGEBRAIC REPRESENTATION OF ALTERNATING-CUR-
RENT QUANTITIES 

In the early chapters of this book, direct-current circuits were 
considered. In these circuits, amperes were added to amperes, 
volts to volts, and ohms to ohms. No phase relations needed to 
be considered, the solutions always being simple additions and 
subtractions. 

When alternating-currents were considered, it was found that 
because the currents were not always in phase and because the 
voltages were not always in phase vector solutions were necessary. 
Also, it was found that resistances and reactances must be com-
bined at right angles to find the impedance of a circuit. It was 
shown how to make these calculations merely by plotting the 
values to scale and graphically combining them. 
Now the graphic solution is a good one and is extensively used 

in practice. In many problems it is the most simple and direct 
way to proceed, hut particularly for advanced work it is less 
flexible than other methods. 

In this chapter certain phases of these more advanced methods 
of handling alternating-current problems will be discussed. In 
doing this, it is not intended to abandon the graphic solution. In 
fact, the graphic solution will be continued throughout this book, 
whenever it is applicable. 

It was at first intended to place the material in this chapter in 
an Appendix. This has not been done because it was feared that 
in an Appendix it would be less effective. It has been decided to 
place it where the student is sure to find it and where it will be 
useful in studying the chapters that follow. 
And now for a final word to the reader: If his high-school math-

ematics has long since become hazy, he should not despair, be-
cause there is nothing at all difficult in this chapter. If he does 
not care to follow this chapter through, it will in no way prevent 

284 
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his understanding the rest of the book. It is hoped that the 
majority of the readers will master this chapter, however, because 
it will be a key to unlocking a vast storehouse of technical informa-
tion. 
Methods of Representing Vectors.—Since alternating currents 

and voltages are treated as vectors, and since resistances and re-
actances must be added at right angles to give impedances, much 
of the solution of alternating-current circuits has to do with han-
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184.—Illustrating how vectors are plotted on a system of rectangular 

coordinates. 

dling these peculiar quantities. The various ways of representing 
vectors will now be considered. 

Vectors Expressed Graphically.—Vectors, such as alternating 
currents and voltages, are completely described when their mag-
nitudes and their directions are given. Before they can be drawn 
graphically, they must have a background on which their magni-
tudes and directions can be indicated. Such a background is the 
system of rectangular coordinates shown in Fig. 184a. Thus sup-, 
pose that in a simple series circuit composed of a resistor and an 
inductance coil there is a voltage drop of 8 volts across the resistor 
and a drop of 6 volts across the coil and that the voltage across the 
coil leads the current through the coil by 60 degrees. These values 
would be plotted as shown in Fig. 184b, and as is seen, they fall in 
the first quadrant of the system of Fig. 184a. The total voltage is 
also shown found by the method of graphical addition discussed on 
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page 125. This total voltage is about 12.1 volts, and the angle it 
makes with the current is about 25 degrees. 

Vectors Expressed Analytically.—Referring to Fig. 184b, there is 
a horizontal projection' on the X axis of the voltage across the coil; 
likewise, there is a vertical projection on the Y axis of the voltage 
across the coil. In Fig. 184b, the horizontal projection of the 
voltage across the coil is Elm = 3.0 volts; also, the vertical projec-
tion is E LV = 5 2 volts. The subscript L has been used to desig-
nate the inductance coil. Thus, the voltage across the coil is 
completely specified when its horizontal and vertical values are 
given. Similarly, from Fig. 184b the horizontal projection of the 
total voltage is EIR = 11.0 volts, and the vertical projection is 
Etv = 5.2 volts. These projections are called components and are 
referred to as the horizontal component and the vertical component. 
A current or voltage value is accordingly completely specified when 
its horizontal and vertical components are given. 

Vectors Expressed Algebraically.—Merely by definition let it be 
said that whenever a component is preceded by the letter j the compo-
nent is a vertical component. This simple statement forms the basis 
of a method of expressing values algebraically.2 The advantage of 
this is that values thus expressed can be added, subtracted, multi-
plied, divided, and otherwise handled algebraically without draw-
ing them out graphically. Furthermore, by the graphic method, 
vectors can only be added and subtracted. Expressed algebrai-
cally, the voltage across the resistor previously considered would be 
ER = 8 + j0 volts; that is, the voltage across the resistor consists 
of 8 volts in phase with the current and zero volts at right angles 
(vertical) with the current, because the voltage across a resistor is 
in phase with the current through it. The voltage across the coil 
would be written EL = 3 + j5.2 volts; that is, the voltage across 

1 Imagine that parallel rays of light are shining vertically on the vector 
representing the voltage across the coil. The shadow it throws on the X axis 
is the horizontal projection. Also, imagine that parallel rays of light are 
shining horizontally on this same vector. The shadow it throws on the Y axis 
is the vertical projection. 

An expression in which the letter j is used is called a complex number. 
Thus, 10 ± j20 is a complex number, and the method of handling such expres-
sions is called complex algebra. Because of the mental barrier created by the 
word complex, it has not been stressed. Nothing is complex if you are inter-
ested in it and understand it, and there is nothing complex about the use of 
the letter j to distinguish between in-phase and out-of-phase components. 
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the coil consists of 3.0 volts in phase with the current and 5.2 volts 
at right angles ahead of the current. Had the voltage across the 
coil lagged the current, the expression for the voltage would have 
been EeL = 3 — j5.2 volts. That is, +j indicates a leading compo-
nent which puts the vector in the first quandrant, but —j indicates 
a lagging component which puts the vector in the fourth quadrant. 
The total voltage is Et = ER ± EL -= (8 -F j0) + (3 -F j5.2) = 
11 j5.2 volts. 

Vectors Expressed in Polar Coordinates.—The algebraic method 
just described employs the system of rectangular coordinates of 
Fig. 184a as its basis. This system consists of horizontal and verti-
cal measurements. The polar system uses only length of the vector 
and its angle for locating a vector. This is similar to the graphic 
method. Thus, in the polar system, the voltage across the resistor 
previously considered would be ER = 81__Q° volts; that is, it consists 
of a voltage of 8 volts at an angle of zero degrees with the current. 
The voltage across the inductance coil previously considered would 
be EL = 6 /60° volts; that is, it consists of a voltage of 6 volts at an 
angle of 60 degrees leading the current. Similarly, the total voltage 
across the circuit is Et = 12.1 /25° volts. Now if the voltage had 
tagged the current, it would have been written Et = 12.1ee 
(see also page 298). 
To summarize: There are several ways of expressing and com-

bining vectors. Each of these systems has certain advantages, and 
each has certain limitations. The graphical method has been 
treated in much detail, particularly in Chap. IX, and little need be 
added in explanation of it. The following pages will consider the 
other methods in much detail. 

Trigonometric Functions.—Before proceeding with the methods 
of representing vector values standing for alternating currents and 
voltages, a few words must be included regarding the fundamentals 

of trigonometry. 
Trigonometry applies in its simple form to right triangles like the 

ones that have been used in the vector solutions given at various 
points in this book. There are six important trigometric functions, 
but only three of these need be studied for solving electric circuits. 
The uses to which trigonometry will be put are largely these: ( 1) If 
the magnitude of a vector and its angle are known, the in-phase or 
resistive component (horizontal) and the out-of-phase or reactive 
component (vertical) can be found without plotting the vector 
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graphically and measuring the values with a scale. (2) If the in-
phase and reactive components of a vector are known, its magni-
tude and angle may be found without plotting the vector graphically. 
To explain these simple relations, the right triangle of Fig. 185 

is presented. The horizontal, or in-phase, component is marked b, 
the vertical, or out-of-phase, component is marked a, and the 

185.—In the right triangle shown here, the horizontal side is b = c cos 09, 
and the vertical side is a = c sin O. 

hypotenuse is marked c. For any such right triangle, the following 
relations hold by definition. 

sin O = -a a = c sin 0, and = a (58) 
c sin 0 

cos O = b = c cos 0, and c —   (59) 
cos 0 

a  tan O = -b a = b tan 0, and b = ta' (60) 

When spoken or written separately, sin becomes sine, cos becomes 
cosine, and tan becomes tangent. Tables of sines, cosines, and 
tangents sufficient for most purposes are included on pa,ge 523. 
More complete tables, where necessary, can be found in most hand-
books and in books on mathematics. To illustrate the application 
of trigonometry to electrical problems, several examples will now 
be given. These will be drawn out so that the trigonometric cal-
culations may be verified graphically. 

Example 1.—A voltage consists of 10 volts at an angle of 50 degrees leading 
the current. Calculate the in-phase, or resistive, component (horizontal) and 
the out-of-phase, or reactive, component (vertical). 

Solution.—These relations are shown in Fig. 186. The 10 volts correspond 
to side c of Fig. 185. It is desired to find side a (the out-of-phase, or reactive, 
component) and side b (the in-phase, or resistive, component). Referring to 
Eq. (58), side a = c sin O. The value of sine 50° is given in the tables on 
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page 543 as sin 50° = 0.7660. Then, side a, the out-of-phase, or reactive, 
component Ex of the 10 volts is Ex = 10 X 0.7660 = 7.66 volts. Referring 
to Eq. (59), the in-phase, or resistive, component is b = c cos O. The value of 
cos 50° is given in the tables on page 543 as cos 50° = 0.6428. Then, side b, 
the in-phase, or resistive, component ER of the 10 volts is ER = 10 X 0.6428 --
6.428 volts. Thus, 10 volts at an angle of 50 degrees is composed of two com-
ponents, the out-of-phase, or reactive, component (vertical) of Ex = 7.66 
volts, and the in-phase, or resistive, component (horizontal) of ER = 6.428 
volts. These values can be verified graphically in Fig. 186. 
Example 2.—A voltage consists of 10 volts at an angle of 37 degrees lagging 

b=/0 cos SO° 6428 yob's 
186.—In this figure the 

voltage of 10 volts leads the cur-
rent by an angle of 50 degrees. 
This voltage is composed of a hori-
zontal and a vertical component. 
In this instance the vertical com-
ponent is positive, that is, directed 
upward. 

b=10 cos 37° ,, Z 986 volts 

0, 
C'S 

Z.; 

187.—In this figure the voltage of 
10 volts lags the current by 37 degrees. 
This voltage vector is composed of a hori-
zontal and a vertical component. In this 
instance the vertical component is nega-
tive, that is, directed downward. 

the current. Calculate the in-phase, or resistive, and the out-of-phase, or 
reactive, components. 

Solution.—These relations are shown in Fig. 187. Note that the vector is 
now in the fourth quadrant, and thus the out-of-phase, or reactive, component 
must be negative. This reactive component will be Ex = 10 sin 37° = 10 X 
0.6018 = —6.018 volts. The resistive component will be ER = 10 cos 37° = 
10 X 0.7986 = 7.986 volts. Thus, 10 volts at an angle of 37 degrees lagging 
is composed of two components, a reactive component of E x = —6.018 volts 
and a resistive component of ER = 7.986 volts. These values can be verified 
graphically in Fig. 187. 
Example 3.—A current lags a voltage. This current consists of an out-of-

phase, or reactive, component of Ix = 7.9 milliamperes and an in-phase, or 
resistive, component of IR = 6.2 milliamperes. What is the value of the 
magnitude of the current, and what angle does it make with the voltage? 

Solution.—Step 1. For solving this problem, the tangent relationships of 
Eq. (60) will first be used. Thus, tan O = a/b. Now in this problem 
(refer to Fig. 185), a = Ix = 7.9 milliamperes and b = IR = 6.2 milli-
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amperes. Thus, a/b = 7.9/6.2 = 1.275. This value is the tangent of 
the angle, and from the tables on page 524, the angle corresponding to 
this tangent is slightly less than 52 degrees. Thus, the total value of the 
current will lag the voltage by an angle of about 52 degrees. 

Step 2. The two components of the current and its angle are known. 
Calculate the total or real value of the current. This can be done by 
either Eq. (58) or (59). Suppose Eq. (59) is selected. Then, the real 
value of the current is equivalent to side c of Fig. 185, and this is 
c =- b/cos O. Thus, I = 6.2/cos 52° = 6.2/0.6156 = 10.06 milliamperes. 

This can also be found from the relation I = V(6.2)2 (7.9)2 = 10.04 
milliamperes (which checks reasonably well). 

Vectors Expressed Analytically.—As was explained on page 286, 
in expressing vectors analytically their in-phase, or resistive (hori-
zontal), and their out-of-phase, or reactive (vertical), components 
are stated. In adding and subtracting vectors, the in-phase, or 
resistive, components are added or subtracted, and the out-of-
phase, or reactive, components are added or subtracted. Several 
illustrations of these principles will now be given. 

Example 1.—In Fig. 188 is shown a coil of 0.087 henry inductance and 
49.4 ohms resistance in series with a 0.68-microfarad condenser. A current of 
87 milliamperes at 1000 cycles flows through the coil. Calculate the voltage, 
stating both the magnitude and the angle. 

no. 188.—A series circuit composed of a coil and a condenser in series and carrying 
a current of 87 milliamperes. 

Solution.—Step 1. Calculate the reactance of the coil and of the condenser. 

XL = 27rfL = 6.2832 X 1000 X 0.087 = 547 ohms. 

1   Xc — 
27rfC 6.2832 X 10001 — X 0.68 X 10-6 234 ohms. 

Note that the sign of the capacitive reactance is marked negative as it is 
always assumed to be. 

Step 2. Calculate the in-phase and reactive components of the voltage 
across the coil and the condenser. 
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Voltage across coil. ER = IR = 0.087 X 49.4 = 4.3 volts 

Ex -= = 0.087 X 547 = 47.6 volts. 

Voltage across condenser. Ex = IICc = 0.087 X -234 = -20.4 volt. 

There is no in-phase component. 
Step 3. To find the total impressed voltage, add all in-phase or resistive 
components and add all out-of-phase or reactive components. Resistive 
component of total voltage = 4.3. (The only resistive component is that 
due to the coil.) Reactive component of total voltage = 47.6 - 20.4 = 
27.2 volts. Thus, the impressed voltage consists of an in-phase, or resis-
tive (horizontal), component of 4.3 volts, and an out-of-phase, or reactive 
(vertical), component of 27.2 volts. 

Step 4. Find the magnitude of the total voltage. 

= (13)2 (27.2)2 = 27.5 volts approximately. 

Step 5. Find the angle. Because the net reactive voltage drop is positive, 
the voltage will lead the current and will lie in the first quadrant of Fig. 
184a. From Eq. (56), tan O = a/b = 27.2/4.3 = 6.32. The angle cor-
responding to this tangent is, from the tables on page 528, about 81 degrees. 
That is, the voltage lags the current by about 81 degrees. If it had been 
desired, Step 4 could have been omitted and the magnitude of the voltage 
could have been found by Eq. (54) or (55). Using Eq. (54), c = a/sin e =-
27.2/sin 81° = 27.2/0.9876 = 27.5 volts, approximately. Of course, all 
these solutions could have been made graphically, but the purpose of 
this section is to show how to make vector solutions without resorting to 
vector diagrams. 

Example 2.-A circuit consists of two coils and a condenser in parallel. 
The current in coil 1 is 62.0 microamperes and lags the voltage by 47 degrees. 
The current in coil 2 is 53.7 microamperes and lags the voltage by 59 degrees. 
The current through the condenser is 109.2 microamperes and leads the voltage 
by 90 degrees. Calculate the total current flowing. 

Solution.-Step 1. Find the resistive and reactive components of each 
current. This can be done by Eqs. (58) and (59). The resistive com-
ponents will each be b = c cos 0, and the reactive components will each 
be a = c sin O (Fig. 185). 

/RI = 62.0 cos 47° = 62.0 X 0.6819 42.2 microamperes. 

¡xi = 62.0 sin 47° = 62.0 X 0.7313 --- -45.3 microamperes. 

The minus sign indicates that the current lags the voltage as is true for 
a coil. 

IR 2 = 57.3 cos 59° = 57.3 X 0.5150 = 29.5 microamperes. 

Ix2 = 57.3 cos 59° = 57.3 X 0.8571 = -49.2 microamperes. 

The minus sign indicates that the current lags the voltage as is true for a 
coil. 
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The entire condenser current of 109.2 is reactive and is positive, because 
the current through a condenser leads the voltage across the condenser. 

Step 2. Calculate the resistive component and the reactive component of 
the total line current. 

Resistive component of total current = 42.2 -I- 29.5 

=71.7 microamperes. 

Reactive component of total current = —45.3 — 49.2 109.2 

=14.7 microamperes. 

Because the net reactive current is positive, the total current will lead 
the voltage, indicating that the effect of the condenser predominates. 

Step 3. Determine the angle by which the current leads the voltage. 
From Fig. 185 and Eq. (60), tan O = a/b = 14.7/71.7 = 0.205. From 
the tables on page 529, the angle corresponding to this tangent is about 
11 degrees 35 minutes. 

Step 4. Calculate the real value of the current flowing. This will cor-
respond to side c of Fig. 185. From Eq. (56), c = a/sin 0, and thus 
It = 14.7/sin 11° 35' = 14.7/0.2008 = 73.2 microamperes. As a check, 

/t = 1/(71.7)2 (14.7)2 = 73.2 microamperes. Considering the approxi-
mations made, these two values are in satisfactory agreement. 

Vectors Expressed Algebraically.—This system is very useful 
for handling vector quantities. Furthermore like everything else, 
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it is not difficult (despite the fact that some people avoid it) if a 
certain few principles are mastered and if the rudiments of algebra 
are known. 
On page 286 it was stated that when a value was preceded by the 
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letter j it indicated that it was at right angles to a value that was 
not preceded by j. Referring to Fig. 184a and Fig. 189, a vector 
Ii = 5 ± j6 would be located as indicated in the first quadrant. 
Now if the vector were 12 = —5 -I- j§, it would be located in the 
second quadrant. Similarly, if the vector were /3 = — 5 — j6, it 
would be located in the third quadrant, and if it were /4 = 5 — j6, 
it would be located in the fourth quadrant. 
The proof of this statement is beyond the scope of this book, 

but the term j = In mathematics this is called i, but j is 
used in electrical work to prevent confusion with current i. Now 
here is an important rule: Whenever j2 occurs in an equation, it can 
be replaced by — 1, because j2 = j X j = Nr--1 X = — 1. 
The algebraic method of handling vectors is commonly used to 

perform four types of operation: addition, subtraction, multiplica-
tion, and division. These will now be considered separately. 

Algebraic Vector Addition.—In this the same fundamental law 
is followed: Add in-phase, or resistive, components together, and add 
out-of-phase, or reactive, components together. This is best explained 
by an illustration. 

Example.—A circuit consists of a coil and a condenser in series. The voltage 
across the coil is 2.68 volts, and it leads the current by 41 degrees. The voltage 
across the condenser is 1.97 volts, and it lags the current by 90 degrees. Cal-
culate the total current. 
Solution.—Step 1. Find the resistive and reactive components of the volt-

age across the coil. From Fig. 185 and Eq. (59), the in-phase, or resistive, 
component will be ER = 2.68 cos 41° = 2.68 X 0.7547 = 2.02 volts. 
The out-of-phase, or reactive, component will be from Eq. (58), Ex = 
268 sin 41° = 2.68 X 0.6560 = 1.76 volts. 

Step 2. Write the algebraic expression for the voltage across the coil and 
the voltage across the condenser. 

Voltage across coil = EL = 2.02 + 

Voltage across condenser = Ec = O —j1.97. 

The +j value in the voltage across the coil indicates that the value which 
it precedes is at right angles ahead of the first term in the expression. 
The —j value in the voltage across the coil indicates that the value which 
it precedes is at right angles behind the first term of the expression (which 
happens to be zero in this instance). 

Step 3. Add the two algebraic expressions to find the total voltage across 
the coil and condenser in series. 

EL = 2.02 j1.76 
Ec = 0.0 — j1.97 

EL + E0 = 2.02 — j0.21 
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Thus the total voltage is a vector value composed of 2.02 volts in phase 
with the current and 0.21 volts 90 degrees behind the current. 

Algebraic Vector Subtraction.—The rule learned in algebra for 
subtracting quantities was to change the sign and add. This will 
be made clear by the following example. 

Example.—A circuit is composed of two impedances in parallel. The 
algebraic expression for the total current taken by the two impedances is 
= 12.8 — 0.4 milliamperes. The current taken by the first impedance is 
= 4.9 — j12.4 milliamperes. What is the current taken by the second 

impedance? What is the nature of each impedance? 

Solution.—Step 1. The total current is the sum of the branch currents, or 
It = Ii ± 12; therefore 12 = It - II. Remembering the rule previously 
given, 

// = 12.8 — j6.4 
= —4.9 + j12.4 

/2 = /1 (—Ii) = 7.9 + j6.0 
Thus, 12 = 7.9 + j6.0 milliamperes. 

Step 2. The nature of the first impedance is that of resistance and induct-
ance because the reactive portion of the current is negative as shown by 
the —j portion, indicating that the current lags the voltage. The nature 
of the second impedance is that of resistance and capacitance because the 
reactive component of the current leads the voltage as indicated by the 
+.i. 

Multiplication of Algebraic Values.—As was mentioned on page 
256, resistance, reactance, and impedance are not vector values. 
However, resistance and reactance are added at right angles to 
give impedance. As will be recalled, inductive reactance is posi-
tive, and capacitive reactance is negative. Thus the expression 
for the impedance of a circuit containing resistance and inductive 
reactance is 

Z = R jX, (61) 

and the expression for the impedance of a circuit containing 
resistance and capacitive reactance is 

Z = R — jX. (62) 

As is well known, the voltage across any circuit is the product of 
the current through that circuit and the impedance of that circuit. 
Two examples will serve to illustrate the principles involved. 
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Example 1.—A coil has a resistance of 10 ohms and an inductance of 0.0005 
henry. It is carrying 1.7 milliamperes at 50,000 cycles. Take the current as 
the base, and find the expression for voltage across the coil. 

Solution.—Step 1. Calculate the reactance Of the coil. 

XL, = 27rfL = 6.2832 X 50,000 X 0.0005 = 157 ohms. 

Step 2. Write the algebraic expression for the impedance of the coil and 
for the current through the coil. For a coil, Z = R + jX = 10 + 5157 
ohms. Since the current is taken as the base, it will lie entirely along 
the +X axis and will have no reactive comportent; that is, I = 1.7 + j0 
milliamperes. 

Step 3. Multiply the expression for the current by that for the impedance 
to find the voltage across the coil. This will now be done following the 
simple rules of algebra. 

10 + 5157 
1.7 + 50 

17 + 5267 

The expression for the voltage across the coil is 17 + 5267 millivolts. 
This is reasonable, because the voltage across a coil should lead the cur-
rent through a coil, and the +5.267 component indicates that these rela-
tions are fulfilled. 

Example 2.—The impedance of a circuit containing both resistance and 
reactance in series is Z = 21 — 5267 ohms. A current having a value of 
I = 6 — j9 milliamperes passes through this circuit. What is the expression 
for the voltage across this circuit? (The fact that the current has a reactive 
component instead of no reactive component as in the preceding example 
merely means that in the example now being considered the current is not 
taken as the base.) 

Solution.—It is merely necessary to multiply these expressions, because 
E = IZ. This should be done algebraically as follows: 

21 — 5267 
6 — j9 

126 — 51602 
— j189 + 522403 

126 — j1791 + 512403 

But, as was shown on page 293, the value j2 can always be replaced by — 1, 
then, the value 512403 = —2403. Now all values without a j in front can be 
combined. Thus the answer to the multiplication becomes E = IZ = 126 — 
j1791 — 2403 = —2277 — 51791 millivolts, and this is the expression for the 
voltage across the circuit containing the resistance and capacitance and carry-
ing the current specified. Just to be sure that this is a reasonable answer, the 
vector diagram of Fig. 190 has been plotted. First is shown the current 
/ = 6 — 59. This is plotted in the fourth quadrant as its reactive value 
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specifies. It is laid off by taking 6 units along the +X axis and 9 units down 
along the — Y axis. Next, the value for the voltage is located. This is 2277 
millivolts along the —X axis and 1791 millivolts along the — Y axis. (Current 
and voltage are not the same quantities and need not be plotted to scale, but 
in drawing Fig. 190, the angles have been made correct.) The final angle 
between the current through the circuit and the voltage across the circuit is 
about 85 degrees 30 minutes. By remembering that vectors are assumed to be 
rotating in a counterclockwise direction (page 121), it is seen that the vectors 
are in their correct position, because the circuit contains resistance and react-
ance, and in such a circuit the voltage should lag the current. 

85°5-

E=-2277-j1791 
mill/I/eh 

1=6-j9maimperes 

Fm. 190.—The current / = 6 — 59 milliamperes flowing through an impedance 
of Z = 21 — 5267 ohms causes a voltage drop of — 2277 — j1791 millivolts. 

Division of Algebraic Values.—This will be illustrated by two 
examples. 

Example 1.—A coil having a resistance of 18 ohms and an inductance of 
0.8 millihenry is connected across a source of voltage of 1.8 volts at 50,000 
cycles. Take the voltage as the base, and calculate the current through the 
circuit. 

Solution.—Step 1. Calculate the reactance of the coil. 

XL = 2rfL = 6.2832 X 50,000 X 0.0008 = 251 ohms. 

Step 2. Write the expressions for the voltage and for the impedance of the 
coil. Remember that the voltage is to be taken as the base. 

Voltage across coil E = 1.8 -F j0. 

Impedance of coil 2 = 18 -F j251. 

Step 3. Divide the expression for the voltage by the expression for the 
impedance to obtain the expression for the current. Thus, 

1 E' 1.8 + j0  
— — 
Z 18 + j251 
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Now here is a rather complex fraction to solve, and to do it, a process of 
multiplication will be resorted to. Multiplying both the numerator and 
the denominator of a fraction by the same factor does not change the value 
of the fraction. Thus, the numerator and denominator will each be multi-
plied by an expression having the same numerical values but with the sign 
of the reactance opposite to that of the impedance which is being divided 
into the voltage to find the current. Then, 

I 
E 1.8 + 50 18 — j251 32.4 — j452 

—  Z 18 + 5251 x 18 — 5251 63,324 

= 0.000512 — 50.00714 ampere. 

18 — P51 
1.8 + 50 

18 + 5251 
18 — j251 

32.4 — 5452 324 + 54520 
— 54520 — 5263,000 

324 — 5263,000 = 324 + 63,000 = 63,324 

(If it is remembered to replace j2 by — 1.) 

The reactive value of the current is negative, and this is correct, because 
the current through the coil should lag the voltage. 

Example 2.—The equation for the voltage across a circuit is E = 8 + 512 
volts, and the impedance of the circuit is Z = 20 — j64 ohms. Find the 
expression for the current through the circuit. 

Solution.—Divide the voltage by the impedance to obtain the current. 

I
E 8 + 112 8 ± j12 X 20 + j64 —608 + 5752 

— =  Z 20 — j64 20 — j64 20 + 564 4496 

= —0.135 + 50.167 ampere. 

8 + 512 20 — j64 
20 + 564 20 + j64 

160 + 5240 400 — j1280 
+5512 +52768 j1280 — j24096 

160 ± 5762 i2768 = —608+5752 400 — 524096 = 4496 

(If it is remembered to replace 52 by — 1.) 

In this problem a capacitive impedance is divided into a voltage which lies in 
the first quadrant. The current should be ahead of the voltage as in any 
capacitive circuit. The equation for the current places it in the second quad-

rant as should be expected. 

Vectors Expressed in Polar Coordinates.—The algebraic method 
of representing vectors in polar coordinates which was considered 
in the preceding pages is very useful. Four operations were demon-
strated; these were addition, subtraction, multiplication, and 

division. 
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In the pages that follow, the method of expressing vectors in 
polar coordinates will be considered. This method was briefly 
considered on page 287. In this method a system of polar coordi-
nates or concentric circles and lines representing angles is used to 
express vectors as shown in Fig. 191. On this polar system several 
vectors will be plotted to illustrate the principles involved. As 
explained on page 287, an angle â is leading, and /-B is lagging; some-
times, /0 denotes leading, and L=0 denotes lagging. The details 
of the method of handling polar values will now be explained. 

Example.—A circuit consists of a coil having a resistance of 28 ohms and an 
inductance of 0.038 henry in parallel with a condenser having no equivalent 
resistance and a capacitance of 0.48 microfarad, and this parallel combination 
is connected across a voltage of 56.4 volts at 1200 cycles. Calculate the 
current through each branch of the circuit, the total current, and, using the 
voltage as a base, plot all vectors as polar values. 

Solution.—Step 1. Calculate the reactance of the coil and of the condenser. 

XL = 2TfL = 6.2832 X 1200 X 0.038 = 286 ohms. 

1  1  
Xc - - 276 ohms. 

2TfC 6.2832 X 1200 X 0.48 X 10-6 

Step 2. Calculate the impedance of the coil and the condenser. 

ZL = V(28)2 ± (286)2 = 288 ohms. 

Zc N/(0)2 ± (276)2 = 276 ohms. 

Step 3. Calculate the current that will flow through the coil and through 
the condenser. 

E 56.4 
= = 2-88 = 0.196 ampere. 

E 56.4 
Ic = Xe = 276 = 0.204 ampere. 

Step 4. Express these currents as polar values, using the voltage as the 
base. To do this it is necessary to find the angles by which the current 
leads or lags the voltage. For the coil, the current will lag the voltage. 
The angle by which it lags is determined by the resistance, reactance, and 
impedance. The angle between the impedance and the resistance is 
found from the relation cos O = RIZ = 28/288 = 0.0972, and O = 84 
degrees 30 minutes, approximately. The current through the condenser 
will lead the voltage across the condenser by 90 degrees, because there is 
no resistive component to the impedance of the condenser. 

./L = 0.196/F10' ampere. 

Io = 0.204L9Qº ampere. 
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Step 5. Plot the currents as indicated in Fig. 191. First, the impressed 
voltage is drawn in at the angle 0, because it is the reference. It can be 
merely a line and need not be to scale, because it is the only voltage 
involved. Next, the current through the coil is drawn in. Its length is 
0.196 unit, and it is placed 84 degrees 30 minutes behind the voltage. 
Then the current through the coil is drawn to a length of 0.204 unit and 
90 degrees ahead of the voltage. 

0.040.C180.12 0.16 0.20 E 
urrent,amperes 

191.—Showing the method of representing vectors on polar coordinates. 

Step 6. Calculate the total current. The polar values of the two currents 
as given under Step 4 cannot be added directly to obtain the total result-
ant current, because they do not lie at the same angle. To add vectors, their 
in-phase and out-of-phase components must be added as explained in 
previous pages. But, the polar vector can be added graphically on Fig. 
191. When this is done it is found that the total current is about 0.02 
ampere and the angle is about 26 degrees ahead of the voltage. The polar 
expression for this current is I = 0.02/26° ampere. 

To summarize: Rectangular coordinates must be used for adding 
and subtracting vectors and can be used for multiplying and divid-
ing vectors. As will be shown in this section, polar coordinates 
cannot be used for addition and neither can they be used for sub-
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traction. As will be shown in the following section, polar coor-
dinates can be used for multiplication, division, and for squaring 
vector values and must be used for taking the roots of vectors. In 
other words, only in the case of multiplication, division, and squar-
ing numbers is there a choice available between the two systems. 
Rules for Solving Polar Values.—These are so simple that in 

most instances a mere statement of the rule to be followed and a 
single example will be sufficient. Before proceeding, however, two 
terms must be introduced. For a polar value such as / = 10/30°, 
the value 10 represents the length of the vector and is called the 
modulus. The value /30° is the angle the vector makes with the 
reference point and is called the argument. 

Multiplication.—To multiply two polar vectors, multiply the two 
moduli and add the angles algebraically. Thus if a current of 
/ = 0.8/30° flows through an impedance of Z = 20/60°, the 
voltage across the impedance will be the product of these two, or 
E = IZ = (0.8/30°) (20/60°) = 16/30° volts. It will be re-
called that impedance is not really a vector, but it does contain 
in-phase and out-of-phase components and can be expressed as a 
polar value. (In calculating the angle, /30° designates a positive 
angle of +30 degrees, and /60° designates a negative angle of — 60 
degrees. Therefore, (+30°) + (- 60°) = —30° =/;W°.) 

Division.—To divide one polar vector by another, divide one 
modulus by the other and subtract the angles algebraically. Thus 
if a voltage of E = 20/60° exists across an impedance of 276/à-e, 
the current through the impedance is 0.0725/148° ampere. 

Raising to Powers.—To raise a polar vector to a power, raise the 
modulus to that power, and multiply the argument angle by that 
power. Thus, if / = 2/30°, 12 = 4/60°. 

Taking a Root.—To take the root of a polar vector, take the root 
of the modulus, and divide the argument or angle by the root. 
Thus, if /2 = 49/30°, then / = 7/15°. 
A few words of warning must be given regarding the sign of the 

angle which an impedance must have in a polar expression. Sup-
pose that a coil has an impedance of 10 ohms and an angle of 60 
degrees. And suppose that a voltage of 100 volts is impressed 
across this coil and that the voltage is to be taken as a base. Now 
as is well known, the current must lag the voltage in the coil. 
Thus, to solve this problem and to have a negative angle in the 
answer requires that the impedance of the coil be expressed 
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Z = 10/60°. Then, / = E/Z = 100/0° 10/60° = 10/. In 
calculating the final angle, the angles of the voltage and current 
must be subtracted. Then, â — /60° = — (+60°) = — 60° = 
/60°. Similarly, it can be shown that the impedance of a condenser 
must be expressed as a negative angle. Thus, the polar expression 
for the impedance of an inductive circuit is Zâ, and the polar 
expression for the impedance of a capacitive circuit is Z/i. The 
way to remember this is that inductive reactance (and the angle) 
is positive and that capacitive reactance (and the angle) is nega-
tive. These relations can also be proved by studying polar multi-
plication. 

SUMMARY 

Vector values representing alternating currents and voltages may be ex-
pressed graphically, analytically, by algebraic expressions based on rectangular 
coordinates, or by the polar coordinate system. 

In the analytic method of studying vectors, they are broken down into 
vertical and horizontal components. 

Separating a vector into its components is easily done by elementary trigo-
nometry. For the purpose of this book, three trigonometric functions, sin 8, 
cos 0, and tan O were introduced. 

In expressing vectors algebraically, the letter j, having a value of •V-1, is 
placed before the reactive, or out-of-phase (vertical), component. 
When expressed algebraically in rectangular coordinates, vectors may be 

added, subtracted, multiplied, and divided by following the usual rules of 
algebra and remembering to replace j2 by —1 whenever it occurs. 

Vectors in the polar form cannot be added or subtracted (except by doing 
it graphically), but such operations as multiplication, division, squaring, and 
taking roots are very simple in this form. 
The impedance of a coil or of a condenser can also be expressed in either the 

rectangular or polar form even if, strictly speaking, impedance is not a vector. 

For rectangular coordinates 

The impedance of a circuit oontaining inductance is ZL = R jX. 

The impedance of a circuit containing capacitance is Zc = R — jX. 

For polar coordinates 

The impedance of a circuit containing inductance is ZL = 

The impedance of a circuit containing capacitance is Zc = 

REVIEW QUESTIONS 

1. In studying alternating-current circuits, why cannot currents or voltages 
be added directly? 

2. How are currents or voltages added in alternating-current circuits? 
3. May impedances be added directly? How are they combined? 
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4. What is the sign of capacitive reactance, of inductive reactance, of 
resistance, and of impedance? 

5. Give the signs preceding the components of vectors lying in each 
quadrant. 

6. If the X axis is the reference, which components of a vector are plotted 
vertically and which are plotted horizontally? 

7. If the sine of an angle is known, how is the angle found? 
8. If the hypotenuse of a right triangle and the angle are known, how can 

the other two sides be found? 
9. What is meant by the letter j and by —j in an algebraic equation for a 

vector? 
10. If the algebraic expression for a vector is known, how is the length of 

the vector found? 
11. Is an impedance a vector quantity? May it be written algebraically? 
12. In what quadrants would the following vectors be placed: /1 = —6 -I- j2; 

/2 = 6 — j12; /3 = 6 + j12; /4 = —6 — j12? 
13. What is the rule for subtracting algebraic vector values? 
14. How do you divide algebraic vector values? 
15. If a vector is E = 60 j80, how would it be expressed in polar form? 
16. Why cannot polar expressions be added except by graphic means? 
17. What is the rule for multiplying, dividing, and taking the root of polar 

values? 
18. What is the difference between Lf and /(7? 
19. Is the angle of a polar term representing the impedance of a coil positive 

or negative? 
20. How must the impedance of one element be added to that of another 

to give the total impedance? 

PROBLEMS 

1. Solve Example 1, page 290, graphically. 
2. Solve Example 2, page 291, graphically. 
3. Solve the example given on page 293 graphically. 
4. Solve the example given on page 294 graphically. 
5. On page 296 it is stated that the angle between the current through the 

circuit and the voltage across the circuit is approximately 85 degrees. Prove 
this to be true graphically. 

6. Graphically add the vectors in Fig. 191, and check the answer given on 
page 299. 

7. Multiply the expressions / = 5 — j8 and Z = 20 — j60. Find the real 
value of the voltage. 

8. Divide the expression E -= 20 + j40 by Z = 5 -I- j6. Find the real value 
of the current. 

9. Change the data of Prob. 7 into the polar form, and perform the multi-
plication. 

10. Change the data of Prob. 8 into polar form, and perform the division. 



CHAPTER XI 

ELECTRIC NETWORKS 

Resistors, inductors, and capacitors 1 are combined in many ways 
to form electric circuits or networks. In their usual form these 
networks have two input and two output terminals. Thus, from a 
generalized point of view, all the common electric circuits are 
networks; these include such familiar devices as amplifiers, filters, 
attenuators, and telephone lines. 

In the power industry, the power networks operate at a single 
frequency, usually 60 cycles per second. In communication, the 
networks usually must operate over a band of frequencies and 
often this band is very wide, for example, in television video ampli-
fiers, where frequencies of a few cycles to several million cycles must 
be passed. 
Networks are sometimes quite complicated, and when a network 

diagram is examined, the whole is very confusing. A complicated 
network must be analyzed into its component parts. This means 
that to be able to understand complicated networks a complete 
mastery of the elements comprising networks must be attained. 
For this reason, before attempting to discuss even the simplest 

of networks, the elements from which they are made will be con-
sidered. Certain aspects of this will be a review of explanations 
that have been given, but this material should be studied carefully. 
Progress in electricity, or in any other field, depends more often on 
having a complete knowledge of a few basic fundamentals and 
the enthusiasm and ability to apply these fundamentals than it does 
on having a superficial knowledge of many facts. 

This chapter will, therefore, start with simple resistors, in-
ductors, and capacitors. It will then consider the basic combina-
tions of these, and at the end of the chapter will discuss certain 
fundamental networks composed of these basic combinations. 

1 In this chapter the terms resistor, inductor, and capacitor will be used in-
stead of resistance, inductance or coil, and condenser. This is done not only 
because it is good usage but also to familiarize the student with these terms. 

303 
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Resistors.—These have been discussed elsewhere, particularly 
on pages 58 and 74, and this material should be reviewed. 

Resistors should, first of all, have a very low temperature coeffi-
cient of resistance (page 55), so that their resistance will not change 
materially with temperature. Resistors should also be constructed 
so that their effective resistance (page 258) does not change appre-
ciably with frequency. Also, resistors should be adequate in size 
and heat-radiating ability (page 74) to dissipate the power desired. 
Resistors should be noninductive; that is, they should produce but a 
very small magnetic field when they carry a current. Also, resistors 

should have very low distributed ca-
pacitance. 

Resistors that are made of metal-
licized strips or of semiconducting 
masses are essentially noninductive. 
Wire-wound resistors must be espe-
cially constructed so that their induc-
tance is negligible. One method of 
winding noninductive resistors is to 
wind a double wrapping of wire on the 

core as indicated in Fig. 192. The same current will then pass 
through adjacent wires in the opposite directions. In this way the 
tendency of one wire to produce a magnetic field is neutralized by 
the tendency of the other wire to produce a magnetic field. Very 
little field is produced because of this "bucking," or neutralizing 
action, so very little inductance can exist between the terminals 
of the resistor. 

Resistors may also be made noninductive by winding the wire on 
a thin flat card. The flux produced by unit current is a measure of 
the inductance (page 159). If the reluctance of the magnetic circuit 
is high, the flux produced will be low. Reluctance is inversely pro-
portional to the area of the core. If a resistor is wound on a thin 
card, the cross section of the core is very small, the reluctance is 
quite large, the flux produced will be low, and the inductance will be 
negligible. Such resistors (Fig. 193) are widely used in telephone 
switchboards where they have the additional advantage of occupy-
ing but little space. Inductance in resistors acts in series with the 
resistance. 

Capacitance in resistors acts in parallel with the resistance. The 
capacitance between turns can be kept low by using wire of high re-

192.—Illustrating how a 
double winding of resistance wire 
is placed on a coil to reduce the 
inductance of a resistor. 
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sistance so but few turns need be used. Also, keeping the turns 
spread apart lowers the capacitance (but may increase the induct-. 

Fla. 193.—A type of wire-wound resistor used in communication. The wire is 
wound on a thin card, reducing the cross-sectional area A, and hence the inductance 
as explained in the text. (Courtesy of Bell Telephone Laboratories.) 

ance). Usually, what little stray capacitance exists between the 
turns of a wire-wound resistor can be tolerated in any circuits where 
such resistors are used. Stray capacitance in 
metallicized-strip resistors and in composition 
resistors is also usually tolerable. Of course, 
these statements apply at audio and at the usual 
radio frequencies. At ultra-high frequencies and 
in work with microrays, stray effects are ex-
tremely bothersome. The equivalent circuit for 
a resistor is shown in Fig. 194. 

Inductors.—It is more difficult to make good 
inductors than good resistors or capacitors. 
Inductors are bothered with effective resistance 
(page 257), which acts in series with the turns of 
the coil, and with capacitance, which acts in 
parallel with the turns of the coil. 

Resistance can be kept low by using wires of 
low resistance if the coil has an air core, and by 
keeping the field produced by the coil from frequencies. 

linking with, and inducing eddy currents in, metallic objects 
such as coil shields. If the coil has a core of iron or other 
magnetic material, then reducing any of the factors that cause 

Fla. 194.—A re-
sistor contains in-
ductance and stray 
capacitance which 
may be of impor-
tance at very high 
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effective resistance (page 258) will improve the inductor. Coils are 
rated as to their figure of merit or Q which is designated as the 

ratio of the inductive reactance to the resistance. 
Thus, 

coL, 
Q = -R-• (63) 

Of course, the R in this expression is the effec-
tive resistance which may vary widely with 
frequency, a fact that is often overlooked. Also, 

7 

the frequency at which a given value of Q ap-
plies should be stated. 
The way in which distributed capacitance acts 

between the turns of a coil is illustrated by Fig. 
195. At very high frequencies more current 
actually may pass between the terminals of some 
coils through the distributed capacitance than 
is flowing through the windings themselves. 
Such a coil would, at these frequencies, exhibit 
the characteristics of a capacitor. Thus it is im-

portant to use coils for the purpose for which they are designed; 
an audio-frequency choke coil might be useless in radio-frequency 
circuits. Many methods have been devised for reducing the distrib-
uted capacitance between turns. Fine wire, with turns spaced a 

FIG. 195.—Dis-
tributed capacitance 
exists between the 
turns of a coil. Some 
resistance is also in-
troduced by the wire 
composing the coil. 

FIG. 196.—Showing the construction of a radio-frequency choke coil. The wind-
ings are sectionalized and otherwise arranged to reduce the stray or distributed 
capacitance. (Courtesy of Bell Telephone Laboratories.) 

small distance apart and crisscrossed rather than laid parallel, 
reduces the distributed capacitance in radio-frequency chokes. 
Also, it may be better to obtain the desired inductance by adding 
several small inductors in series than to use one large closely 
spaced winding. This construction is shown in Fig. 196. At audio 
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frequencies the distributed capacitance of coils is seldom bother-
some (for exceptions see pages 362 and 458). 

Capacitors.—As was shown on page 198 the area of the metal foil 
used in a paper condenser is quite large. This means that some of 
the current flowing in and out of the condenser has a path of some 
length to traverse. There will, therefore, be resistance and induct-
ance in this path. (Remember that even a straight wire has induct-
ance.) If there are appreciable losses in the dielectric, power will be 
dissipated and the condenser will have effective resistance (page 
258). The equivalent series circuit for a condenser is as shown in 
Fig. 197. In the air condensers and mica condensers used in radio 

T 
Direct current Alternating current 

Fm. 197.—Equivalent circuits for a condenser, showing the direct-current and 
the alternating-current series equivalent circuits. Parallel equivalent circuits may 
also be drawn for the alternating-current case, but the series equivalent circuit is 
usually more useful. Often the inductance shown is negligible, and for condensers 
with no losses, the equivalent series resistance approaches zero. 

circuits, the losses are quite low and the inductance is negligible in 
most instances if short leads are used. 
To summarize the preceding three sections: "Stray" resistance, 

inductance, and capacitance effects exist in resistors, inductors, 
and capacitors. At audio and the lower radio frequencies these ef-
fects are usually not very bothersome, but at high frequencies they 
are very important. Units are designed to minimize these effects. 
In the pages that follow, it will be assumed that perfect resistors, 
inductors, and capacitors are available. 

Resistance and Inductance in Series.—This was considered on 
page 262. By assuming that the resistance R of the resistor and the 
inductance L of the inductor are constant with frequency and that 
the coil has no losses or stray effects, the impedance Z of the resistor 
and inductor in series is, at any frequency, 

Z = 1/R2 ± (271-fL)2 ohms. (6e 



frequency 
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The relations are shown in Fig. 198. As is evident, the impedance 
of this series circuit increases with frequency. 

If an alternating current of constant effective value but of varying 
frequency is passed through this circuit, the voltage across the cir-
cuit will be E = IZ. Since Z increases with frequency, the voltage 
across the series circuit composed of a resistor and an inductor will 
increase as the frequency is increased. 

If an alternating voltage of constant effective value but of varying 
frequency is impressed on this series combination, then the current 

will decrease as the frequency is 
increased. 
At very low frequencies, the fee 

e  o circuit will be largely resistive be-
cause the inductive reactance is 
low; hence, the current and vol-
tage will be closely in phase, and 
the power factor will approach 
unity. As the frequency is in-
creased, however, the circuit be-

198.—Resistance, reactance, comes more and more reactive, 
and impedance curves for resistance and the current and voltage be-
and inductance in series. 

come increasingly out of phase. 
Resistance and Capacitance in Series.—This was considered on 

page 264. By assuming that the resistance R of the resistor and the 
capacitance C of the capacitor are constant with frequency and that 
the capacitor has no losses or stray effects, the impedance Z of the 
resistor and capacitor is, at any frequency, 

Z = 1/R2 + ( 1/27rfC)2 ohms. (65) 

These relations are shown in Fig. 199. As is evident, the impedance 
of this series circuit decreases with frequency. 

If an alternating current of constant effective value but of varying 
frequency is passed through this circuit, the voltage across the cir-
cuit will be E = IZ. Since Z decreases with frequency, the voltage 
across the series circuit composed of a resistor and a capacitor will 
decrease as the frequency is increased. 

If an alternating voltage of constant effective value but of varying 
frequency is impressed on this series combination, then the current 
will increase as the frequency is increased. 
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At very low frequencies the circuit will be largely reactive because 
the capacitive reactance is so high; hence, the current and voltage 
will be greatly out of phase, and the power factor will approach 
zero. As the frequency is increased, however, the circuit becomes 
more and more resistive, and the current and voltage become more 

E 

ce 

ree" 

Inductile ineeecei 

Resistance R 

ReSonant-." I Frequency— .-
frequency ive reactance Xc 

capacit  

FIG. 199.—Resistance, reactance, and FIG. 200.--Showing how the reactances 
impedance curves for resistance and and impedance vary with frequency in a 
capacitance in series. Capacitive re- circuit composed of resistance, induct-
actance is negative. ance, and capacitance in series. At the 

resonant frequency the inductive and 
capacitive reactances are equal in mag-
nitude and neutralise each other. Then, 
the impedance of the circuit equals the 
resistance. 

and more in phase. Note the inverse relationship existing between 
resistance and inductance in series and resistance and capacitance 
in series as the frequency is increased. 

Resistance, Inductance, and Capacitance in Series.— This was 
considered on page 268. The characteristics of this circuit must be 
the combined characteristics of Figs. 198 and 199. The impedance 
of the circuit at any frequency will be 

Z = VR2 + [2irfL — (1/27rfC)]2 ohms. (66) 

These relations are shown in Fig. 200. 
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At low frequencies the inductive reactance XL = 2irfL is low, but 
the capacitive reactance Xc = 1/27r/C is high. The equivalent im-
pedance of the circuit is accordingly a very high capacitive react-
ance. At high frequencies the inductive reactance is high, but the 
capacitive reactance is low. The equivalent reactance is accord-
ingly a very large value of inductive reactance. At some interme-
diate frequency, the inductive reactance equals the capacitive reactance, 
and at this point the circuit is in resonance. From Eq. (57), page 270, 
the frequency of resonance was shown to be f = 1/21-VLC. The 
equivalent impedance of the circuit is high at low frequencies, drops 
until the resonance point is reached when the impedance of the cir-
cuit equals the resistance [because, as Eq. (66) shows, at some fre-
quency the inductive and capacitive reactances neutralize each 
other], and then the equivalent impedance rises again until it be-
comes a very high value at high frequencies. 

If an alternating current of constant effective value but of varying 
frequency is passed through the circuit, the voltage across the circuit 
will be E = I Z. Because Z varies as indicated in Fig. 200, the volt-
age across the circuit will be high at low frequencies, drop to a small 
value at resonance, and again rise to high values at high frequencies. 

If an alternating voltage of constant effective value but of varying 
frequency is impressed on this series circuit, the current will be low 
at low frequencies, high at the resonance point, and will again drop 
to a low value. 
At low frequencies the current will be greatly out of phase with 

the voltage, and the power factor will be low. At the resonance 
frequency the equivalent impedance of the circuit as viewed' at the 
input terminals will be pure resistance, and the power factor will be 
unity. At high frequencies the current will again be out of phase 
with the voltage, and the power factor will be low. 
To summarize: The important characteristics of a series resonant 

circuit are low impedance equal to pure resistance and large in-
phase current flow. 

Susceptance, Conductance, and Admittance.—The preceding 
pages have been devoted to series circuits, and those which follow 
will consider parallel circuits. On page 26, where parallel direct-
current circuits were discussed, it was shown that, in some in-

This way of regarding a circuit is good, because, in a sense, the voltage 
source looks into the circuit and then forces in a current of the proper phase 
relation and magnitude to satisfy circuit conditions. 
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stances, it was more convenient to treat parallel circuits on a con-
ductance basis than from the resistance standpoint. This is partic-
ularly true in series-parallel circuits which can be conveniently 
solved only if the conductance method is used. 

In this chapter, alternating-current parallel circuits are being 
considered. Such parallel circuits can be solved by the impedance 
method outlined on page 274. However, the only way in which 
series-parallel circuits can be solved conveniently is by a method 
similar to the conductance method of page 26. 

In direct-current series circuits, resistances are added to obtain 
the total resistance of a circuit. In direct-current parallel circuits, 
conductances (reciprocals of resistances) are added to obtain the 
total conductance of a circuit. 

In alternating-current series circuits, impedances are added (by 
adding their separate components, of course) to obtain the total 
impedance of a circuit. In alternating-current parallel circuits, 
admittances are added (again, their separate components) to find 
the total admittance of a circuit. 

In direct-current circuits, the conductance is equal to the recipro-
cal of the resistance. In alternating-current circuits, the admittance 
is equal to the reciprocal of the impedance. 
Now impedance is given by the general formula Z = R + jX. 

Taking 

1  1 1  R — jX 
Y — — 

Z R jX R + jX R — jX 

R — jX R . X 
R2 + X2 — Z2 j Z2 — G (67) 

Therefore, Y -= G — jB, where Y is the admittance, G = R/Z2 is 
the conductance, and B = X/Z2 is the susceptEuice, all measured 
in mhos. Note that alternating-current conductance is equal to 
R/Z2, whereas direct-current conductance is merely 1/R. Observe 
also that in the general form of the equation for admittance the 
term — j instead of +j occurs. 
The practical advantage of all this will become more evident as 

parallel circuits are studied. For the moment, let it merely be 
stated that 

1. The voltage across a circuit multiplied by the admittance of 
the circuit gives the current flowing in that circuit. 
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2. The voltage across a circuit multiplied by the conductance of 

the circuit gives the in-phase component of current in that circuit. 
3. The voltage across a circuit multiplied by the susceptance of 

the circuit gives the 90-degree out-of-phase or quadrature com-
ponent of current in that circuit. 

Resistance and Inductance in Parallel.—This was discussed on 
page 265. It was there shown that in parallel circuits the current in 

each branch was computed, and 

EYt then the separate currents were 

added vectorially to find the total 
6.8 volts current. It often happens that 

1000 cycles seemingly difficult things are easy 

to apply, and this is indeed true 

for admittance. The manner in 
FIG. 201.—Circuit composed of resist- which it is used to solve a parallel 

circuit will now be explained. 

Example.—In Fig. 201 is shown a parallel circuit. It is desired to find the 
total current and its phase position, the voltage being taken as the base because 
it is common to both branches. 

ance and inductance in parallel. 

Solution.—Step 1. Calculate the impedance of the inductor. XL = 27rfL = 
6.2832 X 1000 X 0.01 = 62.8 ohms. ZL = R ± jX = j62.8 ohms, 
because the resistance of the inductor is negligible. 

Step 2. Write the equation for the impedance of the resistor. ZR = 50 -I-
j0 ohms. 

Step 3. Calculate the admittance of the inductor and of the resistor. 

YL 1 —  1 1  0 — j62.8 0 — j62.8 
—  — ZL O + j62.8 0 + j62.8 0 — j62.8  3950 — O j0.0159 mho. 

1  1 1  50 — j0 50 — 'j0 
ZR 50 + j0 50 + j0 50 — j0 2500 — 0.02 — j0 mho. 

Step 4. Calculate the total admittance of the circuit. This will be the sum 
of the separate admittance. Yi = YR YL = (0.02 — j0) ± (0 — 
j0.0159) = 0.02 — j0.0159 mho. 

Step 5. Calculate the current. The current through a circuit equals the 
voltage across a circuit multiplied by the admittance of the circuit. Since 
it was stated that the voltage was to be the base, it will be E = 6.8 + 
j0. /i = EY e = (6.8 + /0)(0.02 — j0.0159) = 0.136 — j0.108 ampere. 
This is the vector expression for the current through the circuit composed 

of the resistor and inductor in parallel. Note that the current will lag the 
voltage as it should because the circuit is inductive. 
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The equivalent impedance (see page 275) of the circuit of Fig. 201 
is equal to the reciprocal of the total admittance. Therefore, 

Ze = 1  1  0.02 + j0.0159 — 
Yt 0.02 — j0.0159 — 0.02 — j0.0159 0.02 + j0.0159 

0.02 -I- j0.0159 
0.000653 — 30.6 -F j24.3 ohms. 

Now this value is for 1000 cycles per second. It is of interest to in-
vestigate the variations over a wide frequency range in the equiva-

LO 

_c 

Frequency —4-
202.—The equivalent impedance of the circuit of Fig. 201 is very low at low 

frequencies, and increases as the frequency is made higher. 

lent impedance offered between the terminals of the circuit of Fig. 
201. 
When the frequency is very low, the reactance XL = 2irfL 

offered by the inductor is very low, and a large current will be taken 
by the inductor. This current will lag the voltage by almost 90 
degrees. At this frequency, the equivalent impedance approaches 
a value of zero inductive reactance. Of course current is taken by 
the resistor, but this is insignificant compared with that taken by 
the inductor. As the frequency is increased and becomes very high, 
the reactance of the inductor becomes great, and the current it 
takes is negligible. At very high frequencies, therefore, substanti-
ally the only current taken from the source is that through the re-
sistor. At high frequencies the equivalent impedance becomes 
approximately the resistance of the resistor, and of course the cur-
rent taken is almost in phase with the voltage. These relations are 
shown in Fig. 202. 
Comparing these calculations with the graphic solution for a 

similar problem indicates that the graphic solution is the simpler, 
and so it is, for simple problems. But as mentioned before, there are 
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circuits that cannot be solved conveniently by means other than 
the admittance method explained here. 

Resistance and Capacitance in 
Parallel.—This was discussed on 
page 267. The method of attack 

6.8 volts is the same as in the preceding 
1000 cycles section. 

4=EYR,I, 

Flo. 203.—Circuit composed of resist-
ance and capacitance in parallel. 

Example.—With reference to the 

parallel circuit of Fig. 203, it is desired 
to calculate the total current and its 
phase position with the voltage taken 
as the base because it is common. 

Solution.—Step 1. Write the equation for the impedance of the capacitor 
and of the resistor. Xe 1/271-fe = 1/(6.2832 X 1000 X 2.53 X 10 —6) = 
62.9 ohms. Ze = O — j62.9 ohms. Note that the general form for im-

pedance is 2 = R jX. Since capacitive reactance is negative, Zc — 
R — jXe. The impedance of the resistor is ZR = 50 ± j0 ohms. 

Step 2. Calculate the admittance of the capacitor and of the resistor. 

1  1 1  0 j62.9 j62.9 
Ye — Zc — — j62.9 — 0 — j62.9 0 +j622..99 3950 — O + /0.0159 mho. 

YR = 0.02 — j0 (as in the preceding example). 

Step 3. Calculate the total admittance of the circuit. 

Yt = YR + Ye = (0.02 — JO) ± (0 ± j0.0159) = 0.02 ± j0.0159 mho. 

Step 4. Calculate the total current. It = EY-= (6.8 -I- j0)(0.02 -I-
j0.0159) = 0.136 + j0.108 ampere. This is the vector expression for the 
current taken by the resistor and capacitor in parallel. Note that the 
reactive portion of this current is positive as it should be for a circuit con-
taining capacitance where the current leads the voltage. 

If a calculation is made similar to that of the preceding example, 
it will be found that the equivalent impedance of the circuit of Fig. 
203 is Ze = 30.6 — j24.3. This is at 1000 cycles per second. When 
the frequency is very low, the reactance of the capacitor will be very 
great, and the current taken by it will be negligible. At a low fre-
quency, therefore, the equivalent impedance of the circuit will be 
the approximate resistance of the resistor, and the current will be 
in phase with the voltage. At high frequencies, the reactance of the 
capacitor becomes very low, and the current taken by it becomes 
very large. At high frequencies, therefore, the equivalent im-
pedance of the circuit becomes substantially a low value of capaci-
tive reactance, and the current leads almost 90 degrees ahead of the 
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voltage. These relations are shown in Fig. 204. Note the inverse 
relationship existing between resistance and inductance in parallel 
and resistance and capacitance in parallel. 

Resistance - 
E 

o 

7"7"'ece,,nce 

Frequency ---,-
FIG. 204.—The equivalent impedance of the circuit of Fig. 203 at low frequencies is 

equal to the resistance and decreases as the frequency is made higher. 

Resistance, Inductance, and Capacitance in Parallel.—This was 
considered on page 274. There it was found that at the antiresonant 

frequency the lagging current taken by the inductor neutralized the 
leading current taken by the capacitor and that the only resultant 
current taken from the source (at this antiresonant frequency) was 

A 

If 

6.8 volts 
1000cycles 

205.—Circuit composed of resistance, inductance, and capacitance in parallel. 

that taken by the resistor. At this frequency, the equivalent im-
pedance was the resistance of the resistor. These relations will be 
studied again. 

Example.—A parallel circuit is composed of the elements of Figs. 201 and 203 

and is shown in Fig. 205. Make a complete analysis of this circuit. 

Solution.—Step 1. Write the expression for the admittance of each branch 

These were determined in the two preceding examples. 

YR 0.02 — j0, YL = O — j0.0159, Y = O ± j0.0159. 
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Step 2. Write the expression for the total admittance. 

Yt = Ytt Y1.. + Y = 0.02 — j0 mho. 

Step 3. Calculate the total current that will flow. This is a parallel circuit, 
so the voltage will be taken as the base. 

= EY/ = (6.8 ± j0)(0.02 — j0) = 0.136 — ,j0 ampere. 

It is evident that this circuit is in antiresonance (often called 
resonance, parallel resonance, or current resonance) at 1000 cycles. 
There is a current through the capacitor equal to /c = EYe — 
(6.8 + j0) (0 + j0.0159) = O + j0.108 ampere. As is evident from 
the +j, this current leads the voltage by 90 degrees. Also, there is 
a current through the inductor equal to IL = EYL = (6.8 + j0) 

(0 — j0.0159) = O — j0.108 ampere; this current lags the voltage by 
90 degrees. As previously stated, these two currents neutralize 
each other, and for this reason no current flows from the source to 
the right of the line AB. Of course in this statement a pure induc-
tor and capacitor are assumed. 
The condition will now be discussed in which the inductor is not 

perfect but contains a small amount of resistance. This condition 
was treated on page 278. If the inductor contains a small amount of 
resistance, then the current through the inductor will lag the volt-
age by an angle less than 90 degrees. Nevertheless, a condition of 
antiresonance can still exist, because, if the out-of-phase component 
of the current through the inductor equals the current through the 
capacitor, no reactive component will be supplied by the generator, 
and the equivalent impedance of the parallel circuit will be pure 
resistance. 

According to the third statement on page 312, the voltage across a 
circuit multiplied by the susceptance of the circuit gives the out-of-
phase component of the current through the circuit. As has just 
been shown, when the out-of-phase component of a capacitor is 

equal to the out-of-phase component of a parallel inductor, a condi-
tion of antiresonance exists. From Eq. (67), the susceptance of a 
capacitor is Bc = Xc/e and the susceptance of an inductor is 

BL = XL/Z . Now when a capacitor and an inductor are in paral-
lel, the resistance of the capacitor is negligible, but the resistance of 
an inductor often is not negligible. The susceptance of the capaci-
tor is Be = Xele = Xe/(le X2c), but for a good condenser 
Re = 0, so Bc = Xc/X2c = 1/Xe 27r1C, where Xe = 1/2rfC. 
The susceptance of an inductor having resistance is BL = XL/Z = 
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le/[RI + (241)2]. Equating these two susceptances to find the 
frequency of antiresonance, here designated as far 

27-fL 1 \IL — CRL 
211C — R 2 and far = (68) 

L (27rfL)2 27r CL2  

Note that the resistance of the inductor enters into the equation 
for antiresonance, and hence in a parallel circuit the resistance of the 

ResZsiance 

Ze 

Re 

_c 
o Anti-resonant 

frequency 

Fm. 206.—Showing the way in which the equivalent resistance, reactance, and 
impedance vary for the parallel circuit of Fig. 205. It will be noted that the 
impedance equals the resistance at antiresonance. Circuits which have little 
resistance in them will have a "sharp" impedance curve, and will be "sharply" 
tuned. Such circuits have a high Q, or ratio of coLIR. 

inductor helps determine the antiresonant frequency. Also note that 
the resistance does not enter into determining the resonant point of 
a series circuit (page 270). In a parallel circuit, if the resistance of 
both the capacitor and inductor is negligible, then Eq. (68) becomes 

1  
far — 2ir-VLC and this equation is the same as that for the 

series circuit. 
Usually, when either a series or a parallel circuit is used, it is to 

obtain certain impedance variations between its terminals. Thus, 
the manner in which the equivalent or input impedance of a parallel 
circuit varies with frequency is a very important consideration. 
The variations far the circuit of Fig. 205 are shown in Fig. 206. At 
very low frequencies the reactance of the inductor is very small, 
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and it takes a very large current which lags the voltage by about 
90 degrees. Thus, the equivalent impedance will be very low and 
'highly inductive. At very high frequencies the reactance of the 
capacitor is very low, and hence it takes a very large current which 
leads the voltage by about 90 degrees. At high frequencies, the 
impedance will be very low and will be highly reactive. At some 
intermediate frequency, the leading current taken by the capacitor 
will equal and neutralize the lagging current taken by the induc-
tor. Then, as previously mentioned, no resultant current will flow 
to the right of line AB of Fig. 205, and at this antiresonant fre-
quency the only current taken will be that by the resistor. The 
equivalent or input impedance at this frequency will, therefore, 
equal the resistance of the resistor. If the inductor has a small 
amount of resistance, then a small current will flow to the inductor 
at antiresonance, and the equivalent input impedance of the paral-
lel circuit will be slightly less than the resistance df the resistor. 
With reference to Fig. 206, it has been explained why the equiva-

lent impedance Ze varies as indicated. Also, it has been shown 
that the equivalent reactance of the circuit is inductive below anti-
resonances, zero at antiresonance (because the equivalent imped-
ance equals the resistance), and capacitive above antiresonance. 

These relations are shown. Since in general Ze = ± Xt the 
value of the equivalent resistance Re must fall below the impedance 
curve, somewhat as shown. 

If an alternating current of constant effective value but of varying 
frequency is passed through this circuit, the voltage across the cir-
cuit will be E = IZe. Because the equivalent impedance Ze varies 
as indicated in Fig. 206, the voltage across the circuit will be low at 
both low and high frequencies but will be maximum at the fre-
quency of antiresonance. 

If an alternating voltage of constant effective value but of varying 
frequency is impressed on this circuit, a large current which is lag-
ging by almost 90 degrees will flow at low frequencies, and a large 
current which is leading by almost 90 degrees will flow at high fre-
quencies. At the frequency of antiresonance, a small current will 
flow, and this current will be in phase with the voltage. 
To summarize: Series and parallel circuits are opposites. The 

series circuit offers a low impedance at resonance, and the parallel 
circuit offers a high equivalent impedance at antiresonance. These 
facts are of the greatest importance in communication. 
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Sharpness of Resonance.—A series circuit composed of pure 
resistance, inductance, and capacitance was discussed on page 309. 
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FIG. 207.—The sharpness of resonance is greatly affected by the loss in the circuit. 
(a) effect of the series resistance on the characteristics of a series circuit, and 
(b) effect of the parallel resistance (or losses in a coil) on the characteristics of a 
parallel circuit. A low resistance gives a low loss, and in radio this is termed a 
high Q (page 306). Conversely, high resistance gives high loss, and the circuit has 
a low Q. 

It was shown that the impedance was high at frequencies both 
below and above the resonant frequency. At the resonant fre-
quency, the impedance of the circuit became pure resistance and 
dropped to a low value equal to the resistance of the resistor. If 
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the series circuit consisted only of an inductor and a capacitor, then 
at the resonant frequency the impedance would drop to a value of 
resistance equal to the effective resistance of the coil. Circuits in 
which the resistance is low and in which the impedance accordingly 
drops to a very low value at resonance are said to be sharply tuned. 
This is illustrated by Fig. 207a. 

In discussing the parallel circuit composed of pure resistance, in-
ductance, and capacitance, it was shown on page 310 that the equiv-
alent impedance was low at both low frequencies and high frequen-
cies. At the antiresonant frequency, the equivalent impedance of 
the parallel circuit increased and became pure resistance equal to 
the value of the parallel resistor. If the circuit consists only of an 
inductor and a capacitor in parallel, then the impedance will rise to 
a very high value determined by the effective resistance of the in-
ductor. The value of the equivalent resistance at antiresonance 
will equal the reciprocal of the conductance GL = RLAR/ 
In a parallel circuit composed of a good condenser and a coil having 
a low effective resistance, the impedance will rise to a very high 
value and, again, the circuit will be said to be sharply tuned. This 
action is illustrated by Fig. 207b. 

Series-parallel Circuits.—As was previously mentioned, a series-
parallel circuit offers certain characteristics that make necessary 
the use of the admittance method for its convenient solution. A 

10 ohms 

10volts 
\-J100cycles 10 micro-,z) 01 henry c) 40 ohms 

firraals 

Fie. 208.—A series-parallel circuit. 

large variety of series-parallel circuits are encountered in practice. 
For the purpose of illustrating the principles involved, the circuit 
shown in Fig. 208 has been chosen. To save laborious calculations 
and better to illustrate the principles involved, a simple circuit and 
convenient values have been chosen. 

Example.—Solve the circuit of Fig. 208 for the current through the inductor. 
Solution.—Of course the current through the inductor will equal the voltage 

across the inductor divided by its impedance. But, the voltage across the 
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inductor is not known; it equals the total voltage minus the voltage drop in the 
resistor, and this voltage drop involves the current through the inductor. Thus, 
the following solution is required. Certain of the calculations have not been 
shown in detail because the methods have been fully explained previously. 

Step 1. Calculate the equivalent impedance of the inductor and capacitor 
in parallel. 

ZL = 40 ± j(2efL) = 40 + j62.8 ohms. 

Zc = O — j(1/211(7) = O — j159 ohms. 

1  1  
— ZL  — 40 + j62.8 — 0.0072 — j0.0113 mho. 

1 1  
Yc — — — j0.0063 mho. 

Zc 0 — j159 

Yt = YL Yc = 0.0072 — j0.005 mho. 

1  1  
Z,, — — 0.0072 — j0.005 — 93.7 + j65.2 ohms. 

Yt  

Step 2. Find the total impedance connected to the generator. 

Zt = ZR = (93.7 ± j65.2) + (10.0 ± j0) = 103.7 + j65.2 ohms. 

Step 3. Take the voltage as the base, and find the total current /I. 

Et  10 + j0  I, - - - 0.0692 — 30.0434 ampere. 
Zt 103.7 + j65.2 

Step 4. Calculate the voltage drop across the series resistor. 

ER = IRR = (0.0692 — j0.0434)(10 j0) = 0.692 — j0.434 volt. 

Step 5. Calculate the voltage across the parallel portion. 

Ep = E — ER = (10 -I- j0) — (0.692 — j0.434) = 9.308 ± j0.434 volts. 

Step 6. Calculate the current through the inductor. 

/L = EpYL = (9.308 -I- j0.434)(0.0072 — j0.0113) = 0.072 — j0.102 ampere 

Coupled Circuits.—Mutual inductance was discussed on page 163. 
Two circuits not in metallic contact are often coupled electrically 
through the mutual inductance between them. It is on this prin-
ciple that the transformer and other familiar devices operate. 
Two coils having a mutual inductance of M henrys are shown in 

Fig. 209. The alternating current I, in the primary produces an 
alternating magnetic field, and this magnetic field links with the 
turns of the secondary. This alternating magnetic field induces a 
voltage in the secondary. This induced voltage is E. = 
where E. is the effective value of the voltage induced in the second-
ary, when M is the mutual inductance in henrys, II, is the effective 
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value of the primary current, and co = 27rf. The value — j indicates 
that the voltage E8 induced in the secondary lags 90 degrees behind 
the current Ip inducing it. 
Now if the switch S in the secondary circuit is closed so that a 

current flows, this secondary will attempt to establish a magnetic 
field. Two magnetomotive forces now exist; one caused by the 

current in the primary coil, and 
the other caused by the current in 
the secondary coil. These two 
magnetomotive forces will oppose 

Lo each other, and the result is that a 
ad 

smaller resultant magnetic field 
will exist than if the switch S is 
opened. The current that flows 
in the primary of a coil having 

FIG. 209.—The effect of the secondary no losses is opposed by the back 
on the primary when switch S is closed electromotive force induced in 
is to couple an impedance of (coM)2/Zs 
into the primary, where Zs is the total the primary. If a current flows 
secondary impedance including that of in the secondary, there will be 
the load plus that of the secondary of 
the coil. less flux linking the primary, and 

hence the current relations are 
altered. In other words, the effect of a current flow in the secondary 
is felt in the primary. 

Since the current flow in the primary is altered by a current flow 
in the secondary, the impedance of the primary circuit is changed by 
the current in the secondary. The effect of the secondary circuit on 
the primary is to add an impedance (coM)2/Za in the primary. 
This will add to the total primary impedance zp in determining the 
current flow in the primary. 

If two coils are closely coupled, then substantially all the flux 
produced by the primary links with the secondary. Thus, a 
primary and a secondary properly placed on a core of excellent 
flux-conducting properties are closely coupled and the coefficient 
of coupling approaches 1.00. This condition is represented by a 
good iron- or Permalloy-cored transformer. Some leakage flux 
exists in all devices, however, and the coupling is less than 100 per 
cent (or less than 1.00). The coefficient of coupling is given by the 
relation 

Primary Secondary 

k=  (69) 
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where M is the mutual inductance, 1,„ is the primary inductance, 
and L. is the secondary inductance, all in henrys. 

Coupled-circuit Solutions.-As stated in the preceding section, 
the effect of a secondary circuit is to couple an impedance of 
(wM)2/Z. into the primary. An illustration will now be given. 

Example.-In the circuit of Fig. 210, the fregeency is 1000 cycles per second. 
Calculate the effect of the secondary on the primary. 

Solution.-Step 1. Calculate Z8. Of course, all solutions must be in vector 
algebra. The impedance Z is the total secondary impedance. Z. = 
(R. R) j2efL. = (3.88 ± 5) ± j(6.2832 X 1000 X 0.0058) = 8.88 ± 
j36.5 ohms. 

M=0.0046 henry 

Lp=0.012 henry g Ls=0.00,58 henry :ce 
L‘ei 

Rp=8.4 ohms c> R3= J.88 ohms 

1  
FIG. 210.-A coupled circuit. 

Step 2. Calculate the effect of this reflected into the primary. 

(271-fM)2 (6283 X 0.0046)2 834  
&elect - Z. 8.88 + j36.5 8.88 j36.5 

834  8.88 - j36.5 7420 - j30450 
•- 5.26 - j21.8. 

8.88 ± j36.5 8.88 - j36.5 1410 

Step 3. Calculate the total primary impedance. The total primary im-
pedance is Z1„ Z p Zrcitect = 18.4 j(6.2832 X 1000 X 0.012)1 + 
(3.59 - j22.3) = (8.4 -1- j75.4) + (5.26 - j21.8) = 13.66 j53.6 ohms. 

Note that the effect of coupling an inductive secondary into the 
primary has the effect of adding a capacitive reactance into the 
primary, because the sign preceding the j of the reflected impedance 
is opposite to the secondary impedance. An investigation will show 
that coupling a capacitive secondary will be equivalent to adding 
inductive reactance into the primary. 
To summarize: By using the simple relations just outlined, 

coupled circuits may be broken down into equivalent noncoupled 
circuits. In the example just considered, with the equivalent pri-
mary impedance known, the primary current can be computed if 
a given voltage is impressed across it. With this primary current 
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known, the induced secondary voltage can be found, and this, 
divided by the entire secondary impedance, will give the secondary 
current. Of course, vector algebra should be used throughout. If 
the reader desires the derivation of the equation for this reflected 
impedance, it can be found in most books devoted to advanced 
communication theory. 
The Transformer.—As has been previously mentioned, the 

transformer consists of a primary and a secondary. In radio-
frequency circuits it is common practice to use transformers with air 
cores, although transformers with finely powdered and compressed 

iron cores (or with other similarly con-
structed cores to reduce eddy currents) 
are sometimes used. In general, in 
radio-frequency transformers the coeffi-
cient of coupling is considerably less 
than unity, and the coupled-circuit 
theory such as previously explained 

211.—Transformer with must be used. 
Np primary turns and N. see- If the coupling is very good, then 
ondary turns. 

approximations may be used which 
simplify calculations. These hold very closely for 60-cycle power 
transformers and approximately for audio-frequency transformers 
which always have cores of magnetic materials. 

Considering the transformer of Fig. 211, and assuming that the 
coupling is 100 per cent, then all the magnetic flux produced by the 
primary links the secondary. Then, from the theory on page 159, 
the effective voltage induced in the primary (which in an ideal 
transformer must equal the impressed voltage) will be Ep = 
1.11 Npo/108t, and the voltage induced in the secondary will be 
Ea = 1.11 N8 /108t. Dividing the last equation by the first gives 

E8 N8 NaE, 
or Ea = (70) 

E„ Np Np 

This equation states that the voltage induced in the secondary of a 
closely coupled transformer equals the primary voltage multiplied 
by the ratio of secondary to primary turns. 
Again on the assumption that the transformer is an ideal device 

with close coupling and no losses, the volt-amperes in the primary 
and the volt-amperes in the secondary must be the same. This is 
based on the fact that power = El cos 0, that an ideal transformer 

Primary Secondary 
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must deliver as much power as it receives, and that it cannot change 
the EI product or the phase angle O. Thus, EsIs = EpIp, and 
E8/EP = Ip/Is; but, it has been shown that Es/E, = Ns/Np, and 
therefore, 

Ip Ns 

Np 

I N 
and Is = 

Ns 
(71) 

Thus it is seen that the current ratio in the primary and secondary 
of a closely coupled transformer is opposite to the voltage ratio. 
In other words, if a transformer steps up voltage, it steps down cur-
rent, and vice versa. 
In 60-cycle power work, transformers are known as "voltage 

changers," but in communication practice they are often regarded 
as "impedance changers." If the primary of a transformer is con-
nected to a source, the primary impedance is Zp = Ep/Ip, and if the 
secondary is connected to a load, the secondary impedance is 
Zs = Es/Is. But, Es = EpNs/Np, and Is ---- IN/N8, thus 

  N! EP NsE, (NsYz 
Zs — EPAT. N  X IN 

P P N 21 _ P P \N 
and 

Zp = ( )2z8. 
\Ns  

(71a) 

That is, the impedance Zp measured across the primary winding of 
an ideal transformer when the secondary is connected to a load Zs 
is equal to Zs times the turns ratio squared. These equations apply 
closely to good audio-frequency transformers used in communica-
tion. 
Balanced and Unbalanced Networks.—Communication net-

works (a general term including all circuits) are of two general 
types: ( 1) those which are balanced with respect to ground, and (2) 
those which are unbalanced with respect to ground. The term 
"ground" may be the earth itself or some other object, such as a 
large conducting plane. 
A balanced network is shown in Fig. 212a. If the impedances in 

each side are the same, and if the stray capacitances to ground are 
the same, then the current in each side of the network will be the 
same and the circuit is balanced. If the circuit is to be grounded, 
this should be done by connecting the center point of the shunt 
impedance. 
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An unbalanced network is shown in Fig. 212b. In this circuit the 
impedance of one side of the circuit is different from that of the 
other. Although the stray capacitances to ground may still be 
about the same, the series /Z drops in the two sides will be differ-
ent, and different currents will flow through the stray capacitances 
to ground. In other words, because of the /Z drops in wire 1, cur-

z, Z3 
Gen. 

6rounde 
connection 

Ground plane, 

(a)- A balanced network having equal 
impedances Z in each line wire 

Gen 

IZI /Zs 

Ground 
connect/On 

2 

Load 

Ground plane ,4 

(b)-An unbalanced network having unequal 
impedances in each line wire 

Fro. 212.—Circuits which are balanced and unbalanced with respect to ground. 

rent will flow down through and up through the stray capacitances 
indicated; no such action will exist for wire 2. Thus, I will be 
different from /2, and the circuit will be unbalanced. 
Whether a circuit is to be balanced or unbalanced depends on the 

performance expected. Push-pull vacuum-tube circuits are bal-
anced. Single-tube circuits are unbalanced. Long-distance tele-
phone circuits are balanced. Many remote rural telephone cir-
cuits, operated with one wire and an earth return, are unbalanced. 
In general, this can be stated: If one side of a circuit is grounded, 
the circuit is unbalanced; if the center point is grounded, it is bal-
anced. The fundamental rule to follow is this: Never connect un-
balanced and balanced circuits directly together; connect them 
through an isolating transformer, and preferably one with an in-
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ternal shield which may be grounded. If this is not done the 
circuits may be noisy, have crosstalk, or may oscillate. 

Symmetrical and Nonsymmetrical Networks.—With reference 
to Fig. 212a, if Z1 = Z2 = Z3 = Z4, then the network or circuit is 
symmetrical; that is, it is identical as viewed in at each end. If 
Z1 = Z2, but these do not equal Z3 = Z4, then the network is non-
symmetrical. This means that the impedance as viewed in from 
the generator end will not be the same as the impedance viewed in 
at the receiving end. 
The same reasoning applies to the network of Fig. 212b. If Z1 does 

not equal Z3, then the impedances as viewed from either end will 
not be the same. Networks may, therefore, be classified as follows: 

1. Balanced symmetrical. 
2. Balanced nonsymmetrical. 
3. Unbalanced symmetrical. 
4. Unbalanced nonsymmetrical. 
Also, any of these networks may be either grounded or un-

grounded. 
Transpositions.—Circuits are often carefully shielded to prevent 

the interchange of energy with other circuits or with other parts of 

213.—Illustrating the effect of transpositions. 

the same circuit. Such an interchange may cause oscillations, may 
cause crosstalk, or may result in noisy circuits. 
Some circuits depend on balance to prevent noise and crosstalk 

as shown by Fig. 213. If the telephone circuit is untransposed, 
then the circuit is unbalanced with respect to the disturbing circuit 
and the magnetic field produced by the current in the disturbing 
circuit will induce a voltage into the paralleling telephone circuit. 
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Wire 2 is farther away from the power line than wire 1; therefore, 
e2 will be less than el, and there will be a resultant voltage left to 
force a bothersome current around through the telephone circuit, 
causing noise or crosstalk. If the two wires are transposed as indi-
cated by the dotted lines, then the over-all voltage induced in each 
wire will be the same, and there will be no resultant voltage to force 

a current around the circuit. 
Although this is but one aspect 
of the effect of transpositions, 
it illustrates their action and 
the way in which a balanced 
circuit resists external induc-
tion. In a sense, paired and 
twisted wire is transposed. For 
a complete consideration of 
transpositions, the reader 
should consult a modern book 
on electric communication. 

Shielding.—It is often nec-
essary to shield circuit elements 
such as resistors, inductors, and 
capacitors from the effects of 
stray alternating electric and 
magnetic fields. Thus if a mi-
crophone input transformer is 
not carefully shielded, it may 
pick up hum from the 60-cycle 
power transformer. Electric 
instruments must also be 

shielded from stray fields (page 224). Shielding against direct or 
low-frequency magnetic fields is accomplished by enclosing the cir-
cuit or device within an iron box which conducts the magnetic flux 
around the space within (page 154). 
The examples just given are of shielding against the effects of 

stray magnetic fields. It is often necessary to shield equipment and 
circuits against the effect of stray electric fields. This can be done 
by enclosing the object or circuit in a "can" of good conducting ma-
terial. If this is done the lines of force of the stray electric field will 
terminate on the shield and will not penetrate to the equipment 
within. 

Fie. 214.—A shielded loop antenna such 
as used in an aircraft radio compass. The 
metallic shield is broken at the top as 
shown to prevent the shield from acting 
as a short-circuited turn. (Courtesy of 
Bell Telephone Laboratories.) 
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A complete discussion of shielding is beyond the scope of this 
text. Again, the reader must refer to modern books on electric 
communication for more complete discussions and for references to 
the literature. But, it is desired to point out that shielding may af-
fect circuits adversely in several ways. 

1. If a coil with an air core is placed in a metallic shield, the 
magnetic field produced by the coil will cause circulating currents 
to flow in the shield. These circulat-
ing currents will take power from the   wvvvw\n,  
coil, and this will affect the input im- .1_ 
pedance of the coil and cause it to 
have less inductance and greater effec- Ground  

tive resistance. If the shield can be (a) 
broken so that circulating currents e   •vwvwv\ne Ñ 
are reduced or even made zero, then 
electric shielding can be achieved 
without affecting the coil appreciably.  Ground  

The shielded loop of Fig. 214 is an (b) 
example of this. FIG. 215.—In the upper illustra-

2. The shield may increase stray tion the impedance is unshielded 
and its terminal impedance as 

capacitive effects. Thus, the imped- measured between points A-B 

ance of Fig. 215a has distributed varies with respect to ground. The 
lower impedance is shielded, and 

capacitance to ground as shown. its terminal impedance value is in-
If this impedance is used at the dependent of position with respect 

to ground. 
higher audio frequencies, and par-
ticularly at radio frequencies, the impedance that it offers be-
tween its terminals will depend on its position with respect to 
ground and also will vary each time it is moved or an observer ap-
proaches it, etc. If now the impedance is enclosed in a metallic 
shield as indicated, it still has a stray capacitance to the shield, and 
this may even be greater than the stray capacitance existing previ-
ously, but it is fixed in value and independent of position, observers, 
etc. The capacitance of the shield to ground is variable, but this 
causes no variation in the impedance of the device. It may cause 
trouble with other portions of the circuit, in which event the system 
of shielding must be extended. 

If the frequency is above about 2000 cycles per second, and par-
ticularly if it is quite high, merely enclosing a device in a shield of 
low-current conductivity will be effective against both magnetic 
and electric fields. For magnetic fields, the circulating currents 
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that are produced in the shield by the stray field must oppose the 
stray magnetic field causing them. In a sense the magnetic fields 
produced by these circulating currents form a barrier through which 
the stray magnetic field causing them cannot penetrate. This 
action shields the device within the shield of low current con-
ductivity, and is in accordance with Lenz's law. 
Theorems.—Certain electrical principles have become so well 

established that they are often stated as theorems. These the-
orems are capable of being proved theoretically and verilled experi-
mentally. Particularly in communication, however, it is some-
times convenient to refer to them without giving the proof. Sev-
eral of the theorems useful in communication will now be stated 
and briefly discussed. For the purpose and scope of this book, 
they will be given in modified form. In general the statements 
that follow apply to linear networks which are composed of units 
the impedances of which do not vary with the magnitude of either 
the current or voltage. The statements also apply to steady-state 
conditions as distinct from transient conditions, which obtain, for 
instance, immediately after the switch is closed energizing a 
circuit. 

The Principle of Superposition.—The current that flows at any 
point or the voltage that exists between any two points in a network, 
awing to the simultaneous action of a number of sources of electromo-
tive force at various points throughout a circuit, is the sum of the cur-
rents or voltages at these points which would exist if each source of 
electromotive force were considered separately, each of the other sources 
being replaced at that time by a unit of equivalent internal impedance. 

This theorem was considered on page 36 and was explained in de-
tail for direct-current circuits. The method of applying it to alter-
nating-current circuits is similar, except that the various steps 
must be performed vectorially, preferably using vector algebra. 

The Reciprocity Theorem.—If any source of electromotive force E 
located at one point in a circuit produces a current I at any other point 
in the circuit, the same source of electromotive force E acting at the 
second point will produce the same current I at the first point. 

In addition to applying to steady-state conditions in linear net-
works, it is assumed in the reciprocity theorem that the units in 
the network are bilateral (that is, having the same impedance in 
each direction) and not unilateral, like a rectifier unit which carries 
current well in one direction only. 
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Thévenin's Theorem.—If an impedance Z is connected between any 

two points of a circuit, the resulting current I through this impedance 
is the ratio of the potential difference E between the points (prior to the 
connection) divided by the sum of the connected impedance Z and an 
impedance Z', which is the impedance of the circuit measured between 
the two points before connecting impedance Z. 
Two illustrations will serve to make this clear. In Fig. 216 is 

shown a portion of a network, chosen at random. Suppose that it 
is desired to connect an impedance Z between points X — Y and 
that it is desired to know what current will flow through this im-

FIG. 216.—Circuit for illustrating 
Thévenin's theorem. 

Fiu. 217.—Circuit for illus-
trating the application of 
Thévenin's theorem. 

pedance. From Thévenin's theorem, the current that will flow 
through the impedance Z will be I = E/(Z Z'), where E is the 
potential difference between points X — Y prior to the connection 
and Z' is the impedance that would be measured between points 
X — Y (perhaps with a bridge, page 343) back into the network. 
As a second illustration, consider Fig. 217 consisting of a gen-

erator of internal impedance Zi and open-circuit voltage Eoc. 
According to Thévenin's theorem, the current that will flow 
through the load impedance ZL when the switch S is closed is 

I = E0 /(Z i ZL). This theorem has, in this form, been used 
throughout this book. It is very important because it illustrates 
the fact that in communication all calculations must consider the 
internal impedance of the source. Contrast this with a power sys-
tem where voltage regulators keep the voltage very constant, irre-
spective of whether or not the load is connected. Thus, if it is de-
sired to calculate the current that flows through a 10-ohm resistor 
when connected to a 110-volt 60-cycle outlet, I = E1Z -- 110110 = 
11 amperes. But, if it is desired to calculate the current that will 
flow when a load is connected to a communication oscillator, the 
equation is I = E0 /(Z i ZL) as previously explained. In other 
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words, in communication circuits that are not voltage regulated the 
internal impedance must be considered. 
Impedance Matching.—There are at least two reasons for match-

ing the impedance of one circuit to that of another circuit connected 
to it. (1) To prevent wave reflection, as will be explained on page 
378. (2) To secure maximum transfer of power from one circuit to 
another. This section will deal entirely with this last phenomenon. 
The proper relation for securing maximum power transfer in di-. 

rect-current circuits was explained on page 78, where it was shown 
that when the resistance of the load equaled the internal resistance 
of the source the power transfer was maximum and the efficiency 
was 50 per cent. 
From alternating-current relations it follows that if the internal 

impedance of the generator or other source of power contains in-

ductive reactance, and if the impedance of the load contains an equal 
amount of capacitive reactance, no resultant reacta4ce will exist in 
the circuit. And of course, if the inverse relations of a source hav-
ing capacitive reactance and a load having inductive reactance 
exist, then again no resultant reactance exists in the circuit. 

If no resultant reactance exists in a circuit, and if the resistance 
of the load equals that of the source, then the power transfer from the 
source to the load is maximum. This is sometimes known as the 
power-transfer theorem. Impedances having equal resistances, 
and equal and opposite reactances, are known as conjugate 
impedances. 

Now under practical conditions it is not always that these conju-
gate impedance conditions can be obtained. For example, suppose 
that a vacuum-tube amplifier is to drive a loud-speaker. The am-
plifier output is usually slightly inductive and so is the loud-speaker 
input. They are simply made that way because they work on in-
ductive principles (the amplifier contains an output transformer, 
and the loud-speaker contains a voice coil). In considering the 
conditions for maximum power transfer when the reactances are not 
opposite as previously considered, it can be shown that if the mag-
nitude of a load impedance but not the angle is varied, the maximum 
power will be taken from the source by the load when the magnitude of 
the load impedance is equal to the magnitude of the impedance of the 
source. This also is sometimes stated as a theorem. For the proof 
of this the reader again is referred to more advanced books on com-
munication. 
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As an example of this last theorem, suppose that the magnitude 
of a load impedance is 50 ohms and that it is desired to connect it 
to an oscillator having an internal impedance of 500 ohms. From 
Eq. (71a) a transformer should be used which has a ratio of Z,/Z8 
= (Np/N.)2 = 500/50 = 10, and Np/Ns = -V71) = 3.17. There-
fore, a transformer having a ratio of 3.17 primary turns to 1.0 
secondary turn should be inserted between the amplifier and the load. 
Impedance-transforming Circuits.—As has been shown in the 

preceding section, circuits should be matched if the maximum 
power is to be transferred from one circuit to another. At low 

2 
218.—An impedance-transform- Fm. 219.—An impedance-transform-

ing circuit. At the frequency of antires- ing circuit. At some frequency the input 
onance, the input impedance is pure impedance at 2 will be pure resistance 
resistance, and is a value greater than R. and will be a value less than R. 

frequencies such os those in audio circuits, closely coupled trans-
formers with magnetic cores are usually employed for matching 
impedances. At, radio-frequencies, however, different circuits 
instead of transformers are most useful for matching impedances. 
These are called impedance-transforming circuits.' 
The simple antiresonant circuit of Fig. 218 may be used as an 

impedance-transforming circuit. A calculation based on the prin-
ciples explained in this chapter will show that at antiresonance the 
input impedance Z measured between the points indicated will be 
pure resistance of a value higher than the resistance of R. Thus, the 
value of R has been increased, and this principle may be used in 
impedance matching. Furthermore, the value of R may be di-
rectly inserted in series with L or may be reflected into L by cou-
pled-circuit theory. 

I Space limitations and the scope of this text permit of but a very brief dis-
cussion of impedance-transforming circuits. For complete information the 
reader is referred to W. L. Everitt, "Communication Engineering," McGraw-
Hill Book Company. Inc. 
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Another simple impedance-transforming circuit is shown in Fig. 
219. The impedance measured between the points 1-2 will con-
tain a resistance term less than the resistance of R. This statement 
can be verified experimentally or by parallel-circuit theory. Then, 
if the correct capacitor is added in series as at C, the reactance of 
the impedance existing between the points 1-2 will be neutralized. 
Then, the input impedance Z measured between the points in-
dicated will be pure resistance but will be a value lower than that of 
the resistor R. Such a circuit can be used to decrease a resistance. 
The circuits here considered can be used to match vacuum tube-
power output circuits to antennas in radio transmitters. 

The Decibel.—This unit is extensively used to express ratios in 
communication, in sound, and in other fields. Probably the first 
use of the decibel was to measure power ratios in telephone circuits. 
As was mentioned on page 79, the amount of power in such circuits 
is very low, and a practicable wattmeter is not available. For this 
and other reasons, power is measured as a ratio in decibels, rather 
than in milliwatts. A bel equals ten decibels, but is seldom used. 
The ratio of the power W 1 in a termination or load when a device 

or a circuit is removed to the power W2 in the termination or load 
when the device is inserted is a measure of the loss (or gain if an 
amplifier) that the circuit introduces. When the ratio is 10" 
the insertion loss is 1 decibel. If the loss is n decibels, the expres-
sion is 

W I = 100.1xn 

W2 

WI 
and n = 10 log10 — • 

W2 
(72) 

Since a wattmeter is not available for communication use, it be-
came the practice to measure power losses and gains in telephone 
circuits indirectly by measuring the currents and voltages in the 
circuit. Power is always equal to I2R. Therefore, Eq. (72) may be 
written 

n=l 10 logia —,,,2 = 10 logio // liR 21= 20 logio /L.21 -I- 0 logio —R1 • (73) 
Fr 

W1 

R2 

Power is also equal to El cos O. Thus, 

W1 E111 cos 01 EÎZ2 cos 01 
n = 10 logi 0 —W2 = 10 logi 0 n„,, - 10 log 2 

2.1 2 COS 62 E2Zi cos 02 

El Z2 COS 01 
= 20 logio — 10 logio — 10 logio COS 02 (74) 

E2  
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The various steps here involved require a knowledge of logarithms. 
If the reader is without this knowledge, it is suggested that he con-
sult some textbook on mathematics or accept the derivations as 
stated. 

For explaining Eqs. (72) and (73), Fig. 220 has been included. 
Now W1 is represented by the power that reaches the load with 
nothing inserted and is either /2R or El cos B. Similarly, the power 
W2 is the power that reaches the same load with the loss inserted. 
For the same load R1 = R2. Thus, in Eq. (73), Ri/R2 = 1.0, and 
10 log 1.0 = zero. Then, the loss in decibels is n = 20 log o 11/12. 
Similarly, in Eq. (74), Z2/Z1 and cos 01 /cos 02 both equal 1.0 be-

I Circuit 

Source 

!paving /0.SSJI 

Flu. 1.2(1—Circuit for studying the theory of the decibel. 

• cause the same load is being considered. Therefore 10 log Z2/Z1 
10 logio cos 01 /cos 02 = 0, and hence the lass in decibels is n = 
20 logio E1/E2. 
These statements show that in circuits where the impedances are 

the same (that is, circuits that are, say, matched throughout for 
maximum power transfer) either current ratios or voltage ratios 
can be used to determine the power loss in decibels. But, unless 
Ri = R2, Z1 = Z2, and cos 01 = cos 02, the true power loss will not 
be given unless all of Eqs. (73) or (74) are considered, not merely 
the first portions. Figure 221 can be used for approximate results. 
Now there is absolutely nothing incorrect about using the expres-

sion n = 20 log10 E1/E2 for giving a voltage ratio in decibels; neither 
is it incorrect to use n = 20 log10 11/12 to give a current ratio in 
decibels. The point is, however, that only under matched circuit 
conditions as are usually found in telephone circuits do these ratios 
also give the power ratio. In other words, in using the decibels it 
should be explicitly stated whether it refers to power ratio, current 
ratio, voltage ratio, or some of the other uses of the decibel, one of 
which will now be discussed. 

If a zero power level is chosen, the decibel can be used to express 
power as so many decibels above or below that level. For example, 
if zero power level is arbitrarily defined at 0.001 watt, or 1.0 milli-
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watt, then when the power in a circuit was n decibels above zero 
level, the actual power in milliwatts could be computed from Eq. 
(72). Also, a voltage-measuring device could be used to give the 
power level, in a circuit of known impedance, in decibels above or 
below the zero reference level. No universally accepted level has 
ever been designated for this purpose. In fact, the power at some 
part of the circuit, say in input, may be arbitrarily taken as zero 
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Fm. 221.—Curves for gain or loss in decibels, from current, voltage, 
or power ratios. 

level, and the power at other points may be expressed with respect 
to it. 

For measuring program levels on broadcast circuits transmitting 
speech and music, where the currents, voltage, and power are 
varying rapidly, the characteristics of the instrument affect the 
reading. For example, if the instrument is highly damped (page 
212) it will not be able to follow rapid changes in the program. To 
standardize the matter, industry has defined and accepted a 
volume-level indicator (which is merely a voltmeter with specified 
characteristics) and a volume unit or VU. This volume unit is 
based on a zero level of 1.0 milliwatt in a circuit of 600 ohms 
impedance. 

Electric Filters.—In communication circuits it is often desirable 
to insert a network that will freely pass currents of one band of 
frequencies but that will greatly attenuate (decrease) currents of 
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frequencies outside this band. Such selective networks are called 
filters, or wave filters. 

Filters are composed of inductors and capacitors having losses as 
low as commercially obtainable. In elementary filter design it is 
assumed, therefore, that the inductors and capacitors contain no 
internal effective resistance. The design of filters is a subject for 
advanced communication studies. There are, however, certain 
characteristics of filters that should be presented at this time. 
The terminal or input impedance of a filter will first be consid-

ered. Suppose that a filter is connected between a generator and a 
load. If the generator is going to send power to the load, the filter 
must take power from the generator so that this power can be 
passed on to the load. Thus, even though a filter is composed of 
pure inductances and capacitances, it must offer a resistance load 
to the generator at all frequencies that are to be passed so that it 
will take power from the generator at these frequencies. Since the 
inductors and capacitors are without loss, all this power taken is 
passed on to the load. At all frequencies that are not to be passed, 
the input impedance must be a pure reactance, so that no power 
will be taken at these frequencies. 
The various combinations of the series and parallel inductors and 

capacitors give the filter these characteristics. It may seem strange 
at first that a network made of reactances only can look like a 
resistance at certain frequencies, but a review of resonant and anti-
resonant circuits will show this to be possible. Although filters 
can be considered in an elementary way from the standpoint of 
resonance, this method of approach is not ordinarily used. In fact, 
no attempt will be made to explain filter action other than as has 
been stated, because such an attempt would probably only confuse 
the reader should accepted filter theory ever be studied. 
The Low-pass Filter.—A single section of a low-pass filter is 

shown in Fig. 222a. Several sections of such a filter are often com-
bined into one structure. With the load connected, the ideal filter 
should have attenuation characteristics somewhat as shown in 
Fig. 222b. The low-pass filter passes all frequencies up to a cutoff 
frequency and then attenuates all frequencies above this cutoff 
frequency. From a practical viewpoint, the reactances of the 
inductors are low at low frequencies, and they readily pass such 
frequencies. Also, the reactance of the capacitor is low to high 
frequencies, and it tends to shunt high frequencies. But of course, 
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this is an elementary explanation and should not be taken too 
seriously. 
A simple low-pass filter such as shown in Fig. 222a can be calcu-

lated by the following equations: 

L = 
27r-f, 

and 
1  c -   , 

irfezk 
(75) 

where fc is the cutoff frequency desired and Zk is the iterative im-
pedance in ohms the filter is to have, L and C will be in henrys and 
farads, respectively. Iterative impedance in a filter means the 
input impedance a filter offers the source. It is defined as the input 
impedance of an infinite series of sections such as Fig. 222a con-
nected one to the other. The meaning of this term will be made 
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Fm. 222.—Circuit and characteristic curves for a simple low-pass filter. 

evident on page 377. Suffice it to say at this time that the iterative 
impedance usually selected should be such that the circuits are 
matched. This concept will also be made clear on page 378. 
The High-pass Filter.—A single section of a high-pass filter 

is shown in Fig. 223a, and its characteristics with a connected load 
are somewhat as shown in Fig. 223b. The high-pass filter passes 
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all frequencies from very high values down to the cutoff value and 
attenuates all below this frequency. Again from the practical point 
of view, the series capacitor readily passes the high frequencies 
and the shunt-connected inductor by-passes the low frequencies 
so that they do not reach the load. 

(a) 

Frequency 
7z- band - , 
7/4 / 

____Frequenciés _ 
passed 

Frequency 

(b) 
Pto. 223.—Circuit and characteristic curves for a simple high-pass filter. 

A simple high-pass filter such as shown in Fig. 223a can be readily 
calculated by the following equations: 

L = and C — 1 (76) 
41-fc 2/rfcZk 

where .1', is the cutoff frequency desired and Zk is the iterative im-
pedance in ohms the filter is to have, L and C will be in henrys and 
farads, respectively. 

SUMMARY 

Electric networks are composed of resistors, inductors, and capacitors, and 
the characteristics of these circuit elements such as their effective resistance 
and stray inductance and capacitance must be known. 
The figure of merit, or Q, of an inductor is the ratio wL/R. An inductor with 

a high Q has low losses, that is, a low effective resistance. 
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A circuit composed of a resistor and an inductor in series has an impedance 
equal to the resistance at a very low frequency and has a higher impedance at 
higher frequencies because of the increased inductive reactance of the inductor. 
A circuit composed of a resistor and a capacitor in series has a very high 

impedance at low frequencies, and the impedance decreases and approaches the 
resistance of the resistor at very high frequencies. 
A circuit composed of a resistor, inductor, and capacitor in series is in reso-

nance at the frequency at which the inductive and capacitive reactances are 
equal. At the resonant frequency, the impedance of the circuit is a value of 
pure resistance equal to the resistance present in the circuit. 
The admittance Y of a circuit is the reciprocal of the impedance. The total 

current flowing in a circuit equals the admittance multiplied by the impressed 
voltage. 
The conductance G of a circuit is the in-phase component of the admittance. 

The in-phase component of the total current equals the voltage multiplied by 
the conductance. 
The susceptance B of a circuit is the out-of-phase component of the admit-

tance. The out-of-phase component of the total current equals the voltage 
multiplied by the susceptance. 

In parallel circuits the admittance of each branch is added to obtain the total 
admittance. The reciprocal of this admittance equals the equivalent imped-
ance of the parallel combination. 
A circuit composed of a resistor, inductor, and capacitor in parallel is in anti-

resonance at the frequency at which the inductive and capacitive susceptance 
are equal. At the antiresonant frequency the equivalent impedance of the cir-
cuit is a value of pure resistance equal to the parallel resistor (if the inductor 
contains no resistance). 
The resistance present in either a series or a parallel circuit determines the 

sharpness of resonance. 
Circuits are coupled through mutual inductance. The effect of the secondary 

is to reflect an impedance of (cuM)2/Za into the primary. 
A transformer with a core of good magnetic material is a closely coupled cir-

cuit. Such a transformer may be regarded as a voltage changer, as a current 
changer, or as an impedance changer. 
Networks may be balanced or unbalanced, symmetrical or nonsymmetrical, 

and may be composed of linear or nonlinear elements which may be either bi-
lateral or unilateral. 

Transpositions and shielding reduce coupling with other circuits and mini-
mize crosstalk and noise. 

Certain theorems such as the principle of superposition, the reciprocity 
theorem, Thévenin's theorem, and impedance-matching theorems are very 
useful in communication work. 
For maximum transfer of power from a generator to a load, the resistances 

should be equal and the reactances equal and opposite. If these reactance 
conditions cannot be met, then the magnitudes of the impedances should be the 
same. 

Transformers and impedance-transforming networks are useful in matching 
impedances. 
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The decibel is used to specify power, voltage, or current ratios. Care should 
be exercised to prevent confusing these usages. 

Electric-wave filters are widely used in communication to select currents on 
the basis of frequency. 

REVIEW QUESTIONS 

1. Under what conditions is it possible for the measured impedance of a coil 
to have a capacitive reactance component? 

2. What is meant by the figure of merit, or Q, of a coil? 
3. In a parallel circuit composed of a capacitor and an inductor, what will be 

the effect of the Q of the inductor in the impedance at antiresonance? On the 
frequency of antiresonance? 

4. What determines the frequency at which a series circuit is resonant? 
5. What determines the impedance of a resonant series circuit? 
6. Define admittance, conductance, susceptance, and explain their signifi-

cance. 
7. How much current is theoretically taken by a parallel circuit composed of 

pure inductance and capacitance at antiresonance? What is its impedance? 
8. Explain why the resistance in a parallel antiresonant circuit varies as it 

does. 
9. When should series resonant circuits be used, and when should parallel 

antiresonant circuits be used? 
10. How can a series resonant circuit be used to increase or "step up" 

voltage? 
11. How can a parallel antiresonant circuit be used to increase or "step up" 

current? 
12. Briefly, what procedure is followed in solving series-parallel circuits? 
13. What is the effect on the primary of a load coupled into the secondary? 
14. What determines the coefficient of coupling between two coils? 
15. How are resistance, inductance, and capacitance each reflected into a 

primary? 
16. How can a transformer be used as an impedance matcher? 
17. Distinguish between balanced and unbalanced and symmetrical and non-

symmetrical networks. 
18. What is meant by the term linear bilateral impedance? 
19. How should an object be shielded against a low-frequency alternating 

magnetic field? 
20. How should an object be shielded against a high-frequency alternating 

magnetic field? 
21. State Thévenin's theorem, and explain its application. 
22. What impedance relations should exist for maximum power transfer? 
23. Under what conditions may current and voltage ratios be used to com-

pute power ratios in decibels? 
24. What is meant by zero level, and how is it useful? 
25. What is meant by saying that the program level is +6 VU (volume 

units)? 



342 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

PROBLEMS 

1. Calculate the figure of merit, or Q, at 1000 cycles of an inductor that has 
an inductance of 0.048 henry and a resistance of 4.8 ohms. 

2. A radio-frequency plate choke coil has an inductance of 30 microhenrys 
and a resistance of 2.2 ohms. Calculate its reactance and impedance at 10,000, 
100,000, 500,000, and 1,000,000 cycles. Plot curves showing the variations of 
X and 2 for these frequencies. 

3. A capacitor of 0.0005 microfarad is in series with a 1000-ohm resistor. 
Calculate the reactance and impedance at 10,000, 100,000, 500,000, and 
1,000,000 cycles. Plot curves showing the variations of X and Z for these 
frequencies. 

4. Solve the parallel circuit of Fig. 201 at a frequency of 1200 cycles. 
5. Solve the parallel circuit of Fig. 203 at a frequency of 1200 cycles. 
6. A circuit is composed of a 100-ohm resistor, a 0.01-henry inductor, and 

a 0.1-microfarad capacitor in series. The inductor has a resistance of 5.5 ohms. 
Calculate the resonant frequency, the impedance at resonance, and the imped-
ance 1000 cycles each side of resonance. At resonance, what will be the voltage 
across each unit if 3.8 volts is applied across the combination? 

7. The units of Prob. 6 are connected in parallel. Neglect the resistance of 
the inductor, and calculate the frequency of antiresonance. Consider the re-
sistance of the inductor, and calculate the frequency of antiresonance. 

8. Calculate the equivalent impedance of the circuit of Prob. 7 when the 
resistance of the inductor is considered, and when it is not. 

9. Neglect the resistance of the inductor of Prob. 7, and calculate the equiva-
lent circuit impedance 1000 cycles each side of the antiresonant frequency. 

10. An inductor and a mica capacitor are in antiresonance at a frequency of 
500,000 cycles. The inductance of the inductor is 0.0005 henry and its resist-
ance is 6.1 ohms. Calculate the equivalent resistance of the circuit at the anti-
resonant frequency. 

11. Solve the circuit of Fig. 208 at a frequency of 60 cycles. 
12. Solve the circuit of Fig. 210 at 1200 cycles per second. 
13. If the circuit of Fig. 210 is connected to a 1000-cycle oscillator of o42 

ohms internal resistance and 32.4 volts open-circuit voltage, use the voltage 
as the base, and calculate the expression for the primary current, the expression 
for the open-circuit secondary voltage, and the expression for the secondary 
current. 

14. Using a table of logarithms, calculate the voltage ratio in decibels for 
voltage ratios of 2, 5, 10, 25, 50, 100, 500, and 1000. 

15. Calculate the values of the inductors and capacitors for a high-pass filter 
and a low-pass filter each with a cutoff frequency of 1000 cycles, and to work in 
600-ohm telephone circuits. 



CHAPTER XII 

BRIDGE CIRCUITS 

Bridges of various types are used in many ways for measurements 
in communication circuits. In fact, it may be said that the bridge 
is as old as the communication industry itself. The subject of 
bridges is quite large; however, most measurements are made with 
a few simple types. 

Resistance, inductance, and capacitance can be accurately meas-
ured with bridges. Measurements of either the direct-current 
ohmic resistance or the alternating-current effective resistance can 
be made. Measurements of the effective resistance and inductance 
of a coil can be made simultaneously. This may be done with or 
without direct current in the windings. Bridges can be devised for 
measuring the effective resistance and capacitance of a condenser. 
For electrolytic condensers a polarizing voltage may be provided. 
Bridge circuits have also been devised for 
locating faults, such as short circuits or 
grounds on telephone lines. Bridges are of 
two general types, direct current and alter-
nating current. Direct-current bridges will 
now be considered. 
The Wheatstone Bridge.—Most bridge cir-

cuits used in practice can be traced back to 
the basic Wheatstone bridge of Fig. 224. The S 
values of the resistors RA, RB, Rs, and Rx are 

224.—The Wheat-
varied as necessary so that with switch S stone bridge. 

closed no deflection of the galvanometer G 
occurs. The galvanometer is a very sensitive uncalibrated moving-
coil permanent-magnet instrument. 
Now if the galvanometer does not deflect, then no difference of 

potential (that is, no voltage) exists between points P-P' where 
the galvanometer G is connected. Also, if the galvanometer does 
not deflect, then no current is flowing through the galvanometer, 
and the current in RA equals that in Rs, and the current in RB 

343 
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equals that in R. If points P-P' are at the same potential, the 
voltage across RA must equal that across RB; furthermore, the 
voltage across Rs must equal that across Rx. Each of these vol-
tages is an IR drop. Therefore it can be written that IRA = IRB 
and that IRs = I'Rx. 

Writing these relations in terms of current ratios gives the fol-
lowing: 

RB 

= RA 
and (77) 

These two different resistance ratios are equal to the same thing 
and may, accordingly, be equated. Then, 

RB RX RBRS 
— = — • and Rx = (78) 
RA RB RA 

These are the fundamental bridge equations and will be extensively 
used. 

In balancing this bridge, the current through the galvanometer 
was made to equal zero with a voltage applied as shown. Accord-
ing to the reciprocity theorem, when a bridge is balanced, the posi-
tions of the battery and galvanometer may be interchanged and the 
bridge will still be in balance. Diagrams will often be found in 
which the battery and galvanometer are interchanged from the 
positions of Fig. 224. 
Wheatstone-bridge Measurements.—In an actual Wheatstone 

bridge the resistors RA, RB, and Rs are usually accurately cali-
brated variable resistors often called arms of the bridge. The ele-
ment Rx of Fig. 224 is the unknown resistor under test. Note that 
in Eq. (78), Rx = (RB/RA)Rs. In words, the ratio of RB to RA 
multiplied by the value of Rs equals the resistance of the unknown 
resistor Rx. Arms RB and RA are accordingly known as ratio arms. 
The resistor Rs is the standard resistor against which the unknown 
is compared. 

In making Wheatstone-bridge measurements, a ratio (RB/RA) 
is selected so that with a convenient setting of Rs a galvanometer 
null reading or balance is obtained. Thus, suppose that Rx = 
1000 ohms and Rs = 100 ohms; then, at balance RB/RA musk. 
equal 10. Now since RB and RA are often each variable from 1 ohm 
up to perhaps 10,000 ohms, this ratio 10 could be obtained by 
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many different combinations, for example, RB = 10 ohms and 

RA = 1 ohm. 
In general, however, it will be better always to use larger resist-

ances to obtain the desired ratios. One reason for this is that any 
contact error in the arms will be a larger percentage of 1 ohm than 
it is of, say, 100 ohms. Thus, in general, it would be better to use 
RB = 1000 ohms and RA = 100 ohms to obtain a ratio of RB/RA 
= 10. If the unknown Rx were 0.1 ohm, for instance, and if Rs 
were still set on 100, then the ratio of RB/RA must equal 0.001 to 
satisfy Eq. (78). Such a ratio would usually have to be obtained 
by using a ratio RB = 10 and RA = 10,000, or in some bridges 
RB = 1 and RA = 1000. The use of such a small value for RB 
could be avoided by reducing Rs from 100 to 10 ohms. 
The Wheatstone bridge of Fig. 224 is often used to measure the 

direct-current or ohmic resistance of circuits that are inductive. If 
this is to be done, the bridge will be badly out of balance the 
instant after the switch is closed or opened. This is, of course, due 
to the fact that as the current builds up and dies out back voltages 
are produced because of the inductance. This inductive action 
may cause the galvanometer to experience violent "kicks" when 
the battery switch is closed and opened. To avoid this, it is com-
mon practice to arrange two button-type switches side by side, one 
connected in the battery supply and the other in the galvanometer 
circuit. When making measurements in inductive circuits, the 
battery switch is first pressed, and then the galvanometer switch 
is pressed; also, the galvanometer switch is first released and then 
the battery switch. In this way the galvanometer is not in the 
circuit when the inductive surges occur. 
To summarize: The Wheatstone bridge is very useful and can be 

used for a wide range of measurements if RA, RB, and Rs of Fig. 
224 are each variable, say from 1 to 10,000 ohms. 
The Murray Loop.—Open-wire telephone and telegraph lines 

sometimes become crossed, short-circuited, or grounded, par-
ticularly during bad storms. On cable circuits, such faults occur, 
but less frequently. By using modifications of the Wheatstone 
bridge, it is possible to locate the distances to such faults. One 
bridge arrangement for this is the Murray loop shown in Fig. 225. 

In the circuit here shown, a ground exists on line wire 2. It is 
desired to find the distance X from the test point to the ground, so 
that a lineman may be sent out to clear the trouble. A good wire is 
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connected or "patched" at the distant station to the faulty wire, 
and the bridge is balanced. 
To take the general case first, suppose that L is the length of the 

entire loop in feet, that r1 is the resistance per foot of wire 1, and 
that r2 is the resistance per foot of wire 2. Such a condition might 
be encountered in practice if a clear wire the same size as the faulty 
wire was not available for the tests. 
Under these conditions, RA = RA and RB = RB of Fig. 224. 

The length of the clear wire is 0.5L, and this length multiplied by 
its resistance per foot r1 is 0.5Lri which is the resistance of the 

• DA:stant 
.1 office 

Patch 
'cord 

clear wire. The length 0.5L — X is the distance from the fault to 
the distant office, and this length multiplied by its resistance per 
foot r2 is (0.5L — X)r2 the resistance from the fault to the distant 
office. 
The resistance Rs of Fig. 224 corresponds to the total resist-

ance from the test point to the distant office via the clear wire 
and back on the faulty wire to the ground; that is, Rs = 0.5Lri 
(0.5L — X)r2. The resistance Rx of Fig. 224 corresponds to the 
total resistance from the test point to the ground via the faulty wire 
and is Rx = Xr2. Substituting these values in Eq. (78) for the 
condition when the bridge is balanced gives 

Res RB[0.5Lri (0.5L — X)r2] 
Rx — and Xr2 = 

RA RA 

From this, 
0.5LRB(ri r2) 

X = (79) 
r2(RA RB) 

As previously designated, X will be the distance in feet from the 
test point to the ground by the Murray loop method when L is the 
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total loop length in feet and r1 and r2 are the resistances per foot 
of the clear and faulty wires, respectively. 

If the clear wire and the faulty wire have the same resistance per 
foot, then it can easily be shown that when the Murray loop circuit 
is balanced the distance X to the fault is 

X —  (80) 
RA RB 

In this equation X will be in feet when L is the total length of the 
loop in feet. Of course the distances may be expressed in miles if 

it will be more convenient. 
The Varley Loop.—Another method of finding faults on lines 

and cables is the Varley-loop circuit of Fig. 226. This arrangement 

Test L 
office r Line wires 

eround 

Fro. 226.—The Varley loop. 

offers the additional possibility of throwing the switch up and 
measuring the resistance of the loop or of any resistor by the 

Wheatstone-bridge method. 
To take the general case first, suppose that L is the length of the 

entire loop in feet, that r1 is the resistance per foot of wire 1, and 
that wire r2 is the resistance per foot of wire 2. 
Under these conditions, RA = RA and RB = RB of Fig. 224. 

The length of the clear wire is 0.5L, and this multiplied by its 
resistance per foot r1 is 0.5Lri which is the resistance of the clear 
wire. The length 0.5L — X is the distance from the fault to the 
distant office, and this length multiplied by its resistance per foot 
r2 is (0.5L — X)r2 the resistance from the fault to the distant 

office. 
The resistance Rs of Fig. 224 corresponds to the total resistance 

from the test point to the office via the clear wire and back on the 
faulty wire to the ground; that is, Rs =-- 0.5Lri (0.5L — X)r2. 
The resistance Rx of Fig. 224 corresponds in the V arley loop to the 
total resistance from the test point to the ground via the faulty wire 

Distant 
office 

Patch 
Cord 
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plus the Varley-loop resistor Rv; that is, Rx = Xr2 + Rv. Sub-
stituting these values in Eq. (78), for the condition of balance, 

RBRs RB[0.5Lri + (0.5L — X)r2i 
Rx = and Xr2 + Rv = 

RA RA 

From this, 

= 0.5LRB(ri r2) — RARv (81) X 
r2(RA Rs) 

As previously designated, X will be the distance in feet from the 
test point to the ground by the Varley-loop method when L is the 
total loop length in feet and r1 and r2 are the resistance per foot of 
the clear and faulty wires, respectively. 

If the clear wire and the faulty wire have the same resistance per 
foot, then it can easily be shown that when the Varley loop is bal-
anced the distance X to the fault is 

RBL — RA Ru 
X — • (82) 

RA + 

In this equation X will be in feet when L is the total length of the 
loop in feet, or the distances may be expressed in miles. 

Alternating-current Bridges.—Inductance, capacitance, and 
effective resistance are conveniently measured in communication 
practice by alternating-current bridges. Although the simple 
Wheatstone bridge is satisfactory for making most direct-current 
measurements, a number of different alternating-current bridges 
are possible and are used. These are based on the Wheatstone-
bridge principle. 

In the alternating-current bridge a source of alternating voltage 
must be substituted for the battery, and an. alternating-current 
detector must be substituted for the galvanometer. A vacuum-
tube oscillator makes a splendid source of alternating voltage, but 
tuning-fork oscillators, microphone hummers, and buzzers may 
also be used in some instances. For a detector of the null point or 
balance of the bridge, a good grade of double-receiver headphones 
is usually quite satisfactory. 
Sometimes it is very desirable to place a vacuum-tube voltage 

amplifier between the bridge and the headset to increase the in-
tensity of the receiver output and make a more precise bridge bal-
ance possible. Also, it is sometimes well to use a tuned detector 
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such as a wave analyzer to detect the condition of balance. This is 
particularly desirable if harmonics of the fundamental frequency 
are bothersome in adjusting the bridge. Most telephone receivers 
are highly resonant to the frequencies around 1000 cycles per 
second. Thus, if a bridge were being balanced at some low fre-
quency to which the receiver was insensitive, a harmonic, although 
below the fundamental in amplitude, might be very loud. 

Equal-ratio-arm Bridge.—By this term is meant that the ratio 
arms RA and RB of Fig. 227 are of the same value, perhaps 1000 

227.—Bridge circuit 
for measuring the capaci-
tance Cg of an unknown 
capacitor by balancing the 
bridge with a standard 
capacitor Cs. 

Fm. 228.—Bridge circuit 
for measuring the capaci-
tance Cx of an unknown 
capacitor by balancing the 
bridge with a standard in-
ductor Ls. 

ohms each, giving a 1 to 1 ratio. Several different combinations 
are possible as will now be explained. 

Capacitance Measurements with Standard Capacitor.—With arms 
RA and Rs equal, the variable standard condenser Cs must be 
adjusted to equal the unknown condenser Cx for a null point of 
minimum tone in the receiver R. Very large and very small values 
of capacitance can be measured with the bridge of Fig. 227, de-
pending on the capacitance of the standard condenser Cs. For 
measuring small values, the wires to the condensers should be kept 
short and should not be twisted, but rather should be spread apart. 

Capacitance Measurements with Standard Inductor.—A bridge cir-
cuit for measuring the capacitance of an unknown capacitor by 
comparing it with a variable standard inductor is shown in Fig. 228. 
As previously considered, RA equals RB. When the inductor is 
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varied until at the test frequency the inductive reactance equals 
the capacitive reactance, then series resonance occurs in the 
Ls-Cx arm. Therefore, 

2irfLs = 1  
lifex 

and Cx — 
(27f)2L5 

1 
(83) 

The value of Cx will be in farads when Ls is in henrys and f is the 
frequency in cycles per second. The resistor RL is equal to the 

229.—Bridge circuit 
for measuring the effective 
resistance Rx and the in-
ductance Lx of an un-
known inductor by bal-
ancing the bridge with a 
standard inductor Ls and 
standard resistor R. 

FIG. 230.—Bridge circuit 
for measuring the effective 
resistance Rx and the in-
ductance Lx of an unknown 
inductor by balancing the 
bridge with a standard 
capacitor Cs and standard 
resistor Rs. 

effective resistance of the standard inductor Ls; then, RL balances 
out this resistance, and a more complete null adjustment is possible. 

Inductance Measurements with Standard Inductor.—In the bridge 
of Fig. 229, RA and RB are again equal. The unknown inductor 
has inductance Lx and effective resistance Rx. These two values 
must be balanced by varying Ls and Rs in the opposite bridge arms. 
The value of RL in series with the unknown inductor offsets or 
balances the effective resistance of the standard inductor. If this 
is done, then the setting of Rs will be the true effective resistance 
of the unknown inductor. If RL is not added as shown, then Rs will 
be less than Rx by the effective resistance of Ls. 

This is the first bridge in which two adjustments, that of Rs and 
Ls, must be made. A good procedure is as follows: Vary Ls over a 
wide range, and note any decrease in the signal; then, leave Ls set 
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on what appears to be the lowest value. Next, vary Rs over a wide 
range, and this should "sharpen" the tuning; that is, the null point 
should grow more evident. Leave Rs set where the tone is least, 
and again adjust Ls. Proceed in this manner until the slightest 
adjustment of Rs or Ls increases the tone quite distinctly. If 
this is not accomplished, the bridge usually is not satisfactorily 
balanced. If considerable harmonics exist in the oscillator output, 
do not attempt to eliminate all noise from the receiver, but instead 
concentrate on removing the fundamental which is, of course, 
the lowest tone present. It is remarkable how the ear can be 
trained in bridge balancing. 

Inductance Measurements with Standard Capacitor.—This circuit 
is shown in Fig. 230, where RA equals RB as before. This circuit is 
similar to Fig. 230. The value of Cs and Rs are varied until a null 
point is reached; then, the inductive and capacitive reactances are 
equal, 

1 

2.7rfCs 
— 2irfLx 

1  
and Lx = (84) 

(27f)2 's 

The value of Rs at the null setting will equal the effective resistance 
Rx of the inductor under test. 
Unequal-ratio-arm Bridge.—The alternating-current bridge cir-

cuits that have been considered have been special types in that 
they had equal ratio arms (RA = RB) and that each bridge was 
limited as to what it could do. The next bridge to be considered 
will be generalized, and the basic alternating-current bridge equa-
tions will be derived. In the bridge shown in Fig. 231, RA does not 
equal RB, and impedances are shown at Zs and Zx. If desired, 
impedances could also have been placed at RA and RB, but in the 
usual bridge these are variable ratio arms of pure resistance. 
By applying the same reasoning as for the Wheatstone bridge 

on page 343, at balance no current flows through the receiver, and 
the current through RA and Zs is the same. Likewise, the current 
through RB and Zx is the same. The voltage drop IRA must equal 
FRB, because the points across which the receiver is connected 
must be at the same potential for no current through it and no tone 
from it. Also, the voltage drop /Zs must equal FZx in both mag-
nitude and phase. Then, 

I RB I Zx 

RA ' I' Zs 

RB Zx 
and = • (85) 

ILA Ze 



231.—Circuit for de-
riving generalized bridge 
equations. 
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Now the general expression for an impedance is Z = R jX. 
Writing this in for the impedances of Eq. (85) gives RB/RA = 
(Ex jXx)1 (Rs jXs). Because of the fact that resistances and 
reactances act at right angles (page 257) in the bridge of Fig. 231, 
the resistances must be equated separately and the reactances 

FIG. 232.—Unequal-ratio. 
arm bridge for measuring 
the capacitance Cx and ef-
fective resistance Rx of an 
unknown capacitor with a 
standard resistance Rs and 
a standard capacitor Cs. 

must also be equated separately. For this reason the balance 
equations become 

RS RX RB XX RsRs Xs 
— = — , — --= — , Rx = , and Xx = (86) 
RA RS RA XS RA RA 

The application of these principles will now be shown. 
Capacitance Measurements with Standard Capacitor.—This bridge 

is essentially the same as shown in Fig. 227, page 349, with the ex-
ception that now RA and Rs are not equal but variable to give dif-
ferent ratios for Eq. (86). For convenience this bridge has been 
reproduced in Fig. 232 with a resistor Rs added to measure the 
effective resistance Rx of the unknown capacitor Cx under test. 
(Of course this refinement could also be added to Fig. 227 if 
advisable.) 
Expanding Eq. (86) to apply to capacitive measurements, 

1 RS(1/27rfCs)  
and 

21-fCx RA 
CsRA 

Cx — 
Rs 

(87) 
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Note that for measuring capacitors the ratio of the ratio arms RA 
and RB appear in the inverse form because of the reciprocal nature 
of the equation for capacitive reactance. The effective series 
resistance of the unknown capacitor will be as given by Eq. (86), 
Rx = RBRs/RA. With such a bridge, one standard capacitor can 
be used for a very wide range of measurements. 

Capacitance Measurements with Standard Inductor.—Such an 
arrangement would ordinarily be used only with an equal-ratio-arm 
bridge, and was treated on page 349. 

Inductance Measurements with Standard Inductor.—This was 
considered for the equal-ratio-arm bridge on page 350. The circuit 
of Fig. 229 is used with the unequal-ratio-arm bridge now being 
considered with one modification: It is no longer advisable to use 
the balancing resistor RL to offset the effective resistance of the 
standard inductor. This resistor was used in the equal-ratio-arm 
bridge so that Rs of Fig. 229 would read direct. Since a calculation 
must be made anyway with the unequal-ratio-arm bridge, the 
resistor RL is omitted, but the effective resistance RL of the stand-
ard inductor Ls must be known, and in the computations, RL must 
be added to whatever resistance R's it takes to balance the bridge 
to give the true value of Rs for the calculations that follow. 
Expanding Eq. (86) to apply to inductive measurements, 

27rfLsRB LsRB  
27rfLx — and Lx — (88) 

RA RA 

Note that the ratio-arm values are not inverted as for Eq. (87). 
The effective resistance Rx of the inductor is found from Eq. (86) 
by the relation Rx = RBRs/RA, but again attention is directed 
to the fact that Rs is the sum of the resistance setting es of the 
variable resistor in series with Ls and the effective resistance RL 
of the standard inductor. With this bridge, one standard inductor 
can be used for making measurements over a wide range of values. 
As was brought out on page 258, the effective resistance of a coil 

with an iron core depends in part on the hysteresis loss. This loss 
varies directly with the frequency and depends on the magnitude 
of the current (page 166). Eddy-current losses in the iron core also 
contribute to the effective resistance loss, and eddy-current losses 
also vary greatly with both the frequency and the magnitude of 
the current. Also, the magnitude of the current affects the induct-
ance. Thus, to obtain reliable values for the inductance and 
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effective resistance of a coil with a core of magnetic material, this 
current used in making the measurements should be approximately 

of the same frequency and magnitude as 
the current with which the coil will be 
used in practice. 

Thus, for very precise work, Fig. 233 
should be modified as follows: Place a 
voltage divider across the oscillator, and 
feed the bridge from the variable arm of 
this divider. Place an appropriate thermo-
couple in the a•rm with the coil under test. 
By varying the voltage fed to the bridge, 
the test current through the coil can be 
held at the desired value. Of course the 
thermocouple heater resistance must be 
subtracted from the value calculated by 
the relation Rx = RBRs/RA. It is advis-
able to check the resistance of the heater 
to ascertain if its resistance is substan-
tially constant at various current values 

and if it agrees with its rated resistance value. The bridge can be 
used to do this by removing the inductive elements. The standard 
inductor Ls must have an effective resistance R'L that is constant, or 
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233.—Unequal-ratio-
arm bridge for measuring 
the inductance Lx and ef-
fective resistance Ri of an 
inductor with a standard 
resistance Ws and a stand-
ard inductor Ls. 

RI 

L' 

500 1000 1500 2000 2500 3000 
Frequency, cycles per second 

234.—Illustrating the relations between self-inductance, effective resistance, 
and frequency of a coil with a closed magnetic core of powdered and compressed 
iron. Values of L and R taken with 1.5 milliamperes through the windings, and 
L' and R' taken with 1.0 milliampere through the windings. 

3500 
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a further correction will be required. The effective resistance will 
usually be sufficiently constant at audio frequencies if the standard 
inductor has an air core. Typical curves taken at various audio fre-
quencies on an iron-cored coil by the method here outlined are 
shown in Fig. 234. 

Inductance Measurements with Standard Capacitor.—Such an 
arrangement would ordinarily be used only with an equal-ratio-arm 
bridge, and was treated on page 350. 

Precautions in Bridge Measurements.—In general it is true 
that bridge measurements are easily and quickly made and with a 
high degree of accuracy. Reasonable precautions must be fol-
lowed, however, for reliable results. It is difficult in a few words to 
enumerate the precautions to be taken, but the following points 
may be helpful. 
Remember that if inductance is to be measured the magnitude 

of the current through the coil will affect both the inductance and 
effective resistance if the coil has a core of magnetic material. The 
inductance itself should not change appreciably with frequency 
over the audio range. Be certain that the bridge is balanced 
sharply. It is usually difficult to balance bridges at frequencies 
below 300 cycles. If frequencies above about 5000 cycles are em-
ployed, the bridge must usually be carefully shielded, and this does 
not mean merely enclosing the bridge in a metal container, but the 
individual resistors, etc., must be shielded. In other words, only 
specially constructed high-frequency bridges should be used at fre-
quencies above about 5000 cycles. Special radio-frequency bridges 
are available commercially which will make accurate measurements 
throughout the broadcast band and above. These are particularly 
useful in making impedance measurements on broadcast antennas. 

Stray capacitances are particularly troublesome in causing errors 
in bridge measurements. For example, the observer may notice 
that the balance is changed when the headphones are touched or 
when the bridge dials are touched but not varied. Much of this 
trouble can be minimized by using an isolating transformer between 
the bridge output terminals and the headphone leads. An input 
transformer between the oscillator and the bridge may also be 
helpful. In general, these transformers should be carefully con-
structed with a shield between the primary and secondary which 
may be grounded. These may be 1 to 1 ratio transformers, or ones 
with other convenient ratios. Usually a bridge should be grounded, 
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but there are instances where this is neither necessary nor advisa-
ble. If the reader desires a detailed discussion on bridges, particu-
larly practical information on their assembly, a series of articles, 
"Impedance Bridges Assembled from Laboratory Parts," starting 
in the July, 1941, issue of the General Radio Experimenter, is 
recommended. 
The Measurement of Mutual Inductance.—Mutual inductance 

can be measured by the bridge arrangements previously considered 
for measuring self-inductance. The way to do this is as follows: 

Connect the primary and secondary in 
series; this will use two of the leads. Take 
the other two (one primary and one secon-

2 J 4 dary), connect them to the impedance 
bridge, and measure the inductance be-
tween them. Then, reverse the connections 
of the primary and secondary, and again 
measure the inductance of the two coils. 
The mutual inductance will equal the differ-
ence between the two readings divided by 
4. The reason for this will now be explained. 
When two coils are coupled by mutual in-

ductance, the following action occurs: The 
235.—Connections current in coil A induces a back voltage in 

for determining mutual in-
ductance. coil A because of the self-inductance LI; 

also, the current in coil A induces a voltage 
in coil B because of the mutual inductance M. Furthermore, the cur-
rent in coil B induces a back voltage in coil B because of the self-
inductance In, and the current in coil B induces a voltage in coil A 
because of the mutual inductance M. If the two coils are connected 
aiding as in Fig. 235a, then the induced voltages all add. If the coils 
are connected opposing as in Fig. 235b, then the voltages due to the 

self-inductance add, but the voltages due to the mutual inductance 
oppose the voltages of self-inductance and subtract from them. 
Now inductance is made evident in a circuit because a voltage is 

induced when the current is changed, for instance, when an alter-
nating current flows through it. Thus, if all induced voltages add 
as in Fig. 235a, it appears that a large value of inductance exists 
between the terminals 1-4. If the induced voltages oppose as in 
Fig. 235b, it appears that a small value of inductance exists between 
terminals 1-3. Since the inductance between the terminals is 

(a)- Coils aiding 

(b)- Coils opposing 
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proportional to the voltages induced, and since these voltages are 
determined by the self- and mutual inductances, it can be written 
that 

Aiding L1-4 = L + 2M ± L2. 

Opposing L1_3 = L1 — 2M + 

Subtracting the last equation from the first gives 

4 
L1-4 — L1-3 = 4M and M — L1_ — L1-3 

4 
(89) 

Thus, the mutual inductance equals the difference between the 
measured inductance with the coils aiding and the measured in-
ductance with the coils opposing divided by 4. 
The principles discussed in the preceding paragraphs make 

possible a variable inductance standard, often called an inductom-
eter or variometer which has a substantially constant effective 

ette 

MuenerIV• 

.1.11M,AtC0 Ai MO 

FIG. 236.—A commercial form of a standard variable inductor or Inductometer 
which provides a variable inductance with substantially constant effective resistance 
between its terminals. (Courtesy of Leeds and Northrup Company.) 

resistance and which has a continuously variable inductance. With 
reference to certain of the bridge circuits (for instance, Fig. 229), 
it was explained how a small resistor RL was used in the opposite 
arm of the bridge to balance the effective resistance of the standard 
variable inductor Ls. This could be accomplished by simple means 
only if the effective resistance of the standard inductor is con-
stant. Thus, an inductance standard that gave different induct-
ances by varying taps would have a varying resistance and would 
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not have a continuously variable inductance. But, if a standard 
inductor is made as in Fig. 235a, and if the mutual coupling or 
mutual inductance M can be changed by varying the position of 
one coil with respect to the other, then a continuously variable 
inductance standard with constant resistance is possible. A com-
mercial form of such an inductor is shown in Fig. 236. 
The Impedance Bridge.—Many of the bridge principles of the 

preceding pages are incorporated into a single bridge circuit rather 
extensively used in telephone systems and called an impedance 
bridge. Just as for the bridges previously discussed, however, it 
measures resistance, inductance, and capacitance. With this 
impedance bridge there are four possible circuit arrangements as 
shown in Fig. 237. Each of these circuits is set by two key switches, 
and no other circuit changes are necessary. The resistors RA and 
RB are the saine, giving a 1 to 1 ratio. 
Measurements of High Inductance.—The key switches are set so 

that the circuit is as shown in Fig. 237a. This circuit is for measur-
ing a large value of inductance which is connected as indicated. 
The inductance Lx of the unknown is balanced by and equal to the 
sum of the variable standard inductor (or inductometer) Ls and the 
fixed standard inductor L. The effective resistance Rx of the un-
known is balanced by and equal to the resistor Rs. The effective 
resistances of the inductometer and the fixed inductance are bal-
anced out by resistors RL and RiL placed in series with the unknown 
as indicated. This action was discussed on page 350. 

Measurements of Low Inductance.—Because of the self-induct-
ance that is present in an inductometer, it is not possible to reduce 
the inductometer setting to a zero value. Hence, for making 
measurements on inductors of low inductance the key switches are 
thrown so that the bridge is arranged as in Fig. .237b. In this 
circuit, the fixed inductor rs, which usually has an inductance of 
0.1 henry, is placed in series with the unknown inductance; note, 
also, that the resistor R'L which balances the effective resistance of 
the fixed inductor is shifted to the opposite arm. With these 
arrangements, the inductance of the unknown inductor is L8-L'8. 
Since the inductance of the fixed inductor is 0.1 henry, and since 
the lowest setting of the inductometer is about 0.1 henry, with the 
bridge arranged as in Fig. 237b very low values of inductance can 
be measured. The setting of Rs will equal the effective resistance 
of the unknown. 
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Measurements of Low Capacitance.—On the assumption that the 
frequency is the same, a capacitor of low capacitance has a high 
reactance, and a capacitor of high capacitance has low reactance, 
because Xe = lairfC. The circuit of Fig. 237c is arranged by 
setting the key switches in the proper positions. This places both 

(a)- Measurement of high inductance (b)-Measurement of low inductance 

(c)- Measurement of low capacitance (d)-Measurement of high capacitance 
237.—Various circuit combinations of an impedance bridge in a form widely 

used in telephone practice. 

the variable inductometer Ls and the fixed inductor L's in series 
with the unknown capacitor. Note that the resistors Rr, and e 
balancing the inductometer effective resistance and the fixed in-
ductor effective resistance are placed in the opposite arms. With 
these circuit arrangements, series resonance is produced by making 
the inductive reactance equal the capacitive reactance, and 

XL = Xe or 2TfL — 1 and Cx — 1 (90) 
2711Cx (27f)2L 

where L equals the sum of Ls and L's in henrys and f is the frequency 
in cycles per second, Cx will be in farads. Ordinarily, the capacitor 
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under test will have no losses (which means zero effective resist-
ance), so Rs will be zero. 

Measurements of High Capacitance.—As previously mentioned, 
high capacitance gives low reactance. Thus, but a small amount 
of inductance will be necessary in series with a large capacitor to 
produce resonance. Thus, for measuring the capacitance of a large 
capacitor, the key switches are thrown to the position for Fig. 237d. 
Now only part of the inductometer value Ls is effective in producing 
resonance because L's is in the opposite arm and offsets part of 
L3. The capacitance of the unknown capacitor is found by Eq. 
(90), but now L in this equation is the difference between Ls and 

Incremental Inductance.—One of the fundamental equations 
for the self-inductance of a coil is L = 14/108i. From this equa-
tion, the magnetic flux çb produced by current I is a measure of the 
inductance L. If the reader will refer to page 148, it will be found 
that the permeability µ of an iron-cored coil varies widely for dif-
ferent values of magnetizing current. Now the permeability is one 
of the factors determining the flux produced by a current. There-
fore, the inductance L must vary with the current I. 
A very important example of this is in the large iron-cored choke 

coils used in rectifier-filter circuits. These coils carry the direct 
current from the rectifier tube to the load, and because of their 
inductance, they largely prevent the alternating-current compo-
nents, which would cause hum, from flowing through the load. 
Accordingly, the amount of direct current through the coils will 
be a factor in determining the inductance offered to the alternating 
current flow as will now be explained. 
The saturation curve for an iron-cored coil is as shown in Fig. 

238. The direct-current component I through such a coil will 
determine the point of operation on this curve such as shown by the 
dotted line A, and this will establish a magnetic flux 0. Now if an 
alternating-current component is also flowing through the coil, as 
it does in rectifier-filter chokes, then the resultant current will be 
pulsating in nature and will vary above and below / and point A 
as shown by the dotted lines II and 12. This alternating-current 
variation will produce a flux change chi to 4.2, and this will induce a 
back voltage in the coil. Since the back voltage is a measure of the 
self-inductance, the self-inductance in this instance will be high, 
because 01 to 4,2 is a large change. 
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Now suppose that the direct current through the coil is changed 
to /' and that the same value of alternating current flows through 
the coil as before as represented by ti to r2. When these lines are 
projected over to the Y axis, it is seen that but a very small flux 
change occurs, and therefore for the same alternating current 
change a much lower back voltage would be induced. The coil, 
accordingly, has less inductance with direct current I' through it 

/2 
Current 

238.—The flux change produced in an iron-cored coil depends on the saturation 
current / and /'. 

thaft it has with current I through it. The inductance offered to 
small current changes is called the incremental inductance. 
Measurements of Incremental Inductance.—The incremental 

inductance of an iron-cored coil is not particularly easy to measure. 
Furthermore, unless it is measured in a very careful manner, almost 
any result can be obtained. There have been circuits and methods 
developed which appear to be entirely satisfactory, but if they 
are carefully studied it will be found that the results they give are 
not reliable. The so-called modified Hay-bridge circuit which will 
now be discussed will give reliable results if the method to be out-
lined is carefully followed.' 

Another method which appears to be very good will be found in an article 
by E. H. Meier and D. L. Waidelich, The Measurement of Iron-cored Choke 
Inductance, Communications, November, 1941. 
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The modified Hay bridge is arranged as in Fig. 239. Starting at 
the right, the oscillator and voltage divider furnishes a variable 
voltage of the test frequency. This may be a low-voltage 60-cycle 
source if no low-frequency oscillator is available. The frequency at 
which these tests are made must be low, because if it is not, then the 
distributed capacitance between the turns of the coil will offer a 
shunt path to the test current and will materially affect the meas-
ured values. A frequency of 100 cycles is often used; this test fre-

239.—Circuit for measuring the incremental inductance of an iron-cored coil. 
This circuit shows a very high impedance voltmeter connected across the unknown 
coil LxRx so that the alternating voltage can be held constant. An alternate and 
perhaps a better method is to place a small resistance in series with the coil and 
measure the drop across the resistance, thus being able to hold the alternating 
current constant. In either instance, the voltmeter must have a very high 
impedance, and must not pass direct current. 

quency should never exceed, say, about 300 to 400 cycles, depend-
ing of course on the coil. 
The transformer shown merely prevents direct-current from flow-

ing through the voltage divider and oscillator. It may be omitted, 
but it is best to have it, otherwise each adjustment of the voltage 
divider will change the direct current in the coil under test. The 
direct current is caused to flow by the battery, is adjusted by the 
series rheostat, and measured by the milliammeter. A check of 
the bridge circuit will show that, because of the various condensers, 
direct current flows only through the two lower arms of the bridge, 
one of which is the coil under test. It is important to note that 
resistor S must have sufficient heat-dissipating capacity to carry 
the direct current safely. Also, since the current flows through 
arm S, it is best to leave this arm set during bridge balancing te 
keep from varying the direct current. 
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Because of the low frequency used, headphones are not very 
satisfactory, although they can be used for approximate results. 
The best null indicator is a vacuum-tube amplifier detector with a 
tuned input circuit; a wave analyzer works very well. It is best to 
have some type of a circuit that can be sharply tuned to the test 
frequency. 

Before the tests are made, the core of the coil should be thor-
oughly demagnetized. This may easily be done with 60-cycle cur-
rent. Then if measurements are to be made at various direct-cur-
rent values, it is well to start in with the lowest value of direct cur-
rent to be used and balance the bridge, then take the next larger 
value of direct current and balance the bridge, etc. Do not proceed 
in the reverse order, and if in adjusting for a given direct-current 
value it is exceeded, demagnetize the core before proceeding. 

It will be found that the value of the alternating-current compo-
nent through the coil causes slight variations in the incremental 
inductance. To be able to measure this alternating current, a 
small resistor is placed in series with the coil, and the alternating-
voltage drop across this resistor is maintained constant by varying 
the voltage divider across the oscillator. A vacuum-tube volt-
meter can be used to measure this voltage drop. The resistance of 
this small resistor must be subtracted from the final calculated 
value (Eq. 91). As an alternate method, it has been found satis-
factory to hold the alternating voltage across the coil constant, but 
theoretically the other method is better when a series of measure-
ments are made at various direct-current values because the 
impedance of the coil varies. 
The derivations of the equations giving the inductance and the 

effective resistance of the coil are involved and will not be included. 
At balance, 

Lx = ASCB, Rx = ABSco2CB, 
1  

and BwCB (") 

In these equations Lx will be in henrys and Rx will be in ohms, 
when A, B, and S are in ohms, CB is in farads, and w = 27f. These 
equations are approximate but are satisfactory for most work. In 
Fig. 240 are shown curves taken by the Hay-bridge method. 
To summarize: The incremental inductance and the effective 

resistance of an iron-cored inductor can be measured by the modi-
fied Hay bridge. A number of precautions are advisable if reliable 
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results are to be obtained. Because the incremental inductance 
and effective resistance of an iron-cored coil vary greatly with the 
amount of direct current, when the inductance of such coils is 
stated the value of direct current at which this inductance holds 
should also be given; for example, 12 henrys at 20 milliamperes. 
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240.—Characteristice of a power supply filter choke coil. Inductance Lx, 
effective resistance Ri, and Q = coL/Rx measured at 200 cycles and with various 
values of direct current using the bridge of Fig. 239. For the solid curve the alter-
nating voltage across the coil was held at 1.5 volts, and for the dotted curve it was 
held at 1.0 volt. 

Only recently is this method of rating coils being followed in 
practice. 

Capacitance Bridge with Polarizing Voltage.—As was discussed 
on page 202, an electrolytic condenser must be used on circuits in 
which pulsating voltages exist so that the direct-voltage component 
will keep the condenser polarized. When the capacitance of an 
electrolytic condenser is to be measured on a bridge, the bridge 
must provide a direct polarizing voltage for the condenser. 
Such a bridge circuit is shown in Fig. 241. This bridge is but a 

modification of Fig. 232, and the same equations hold. A con-
denser is added in series with the oscillator to prevent direct cur-
rent from flowing through it, and a large inductor is connected in 
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series with the direct-voltage supply to prevent this circuit from 

affecting the bridge balance.' 
When measuring the capacitance and effective resistance of an 

electrolytic condenser, the normal direct working voltage should 
be impressed on the condenser. The losses in electrolytic con-
densers are greater than in other types of condensers, and therefore 
the effective resistance as given by Eq. (86) is larger. The resist-
ance Rx and the capacitive reactance produced by the capacitance 

Direct 
voltage 

Do. 241.—Circuit for determining the characteristics of electrolytic condensers. 
A polarizing voltage is supplied. 

Cx of the condenser act at right angles (page 257) to give the 
impedance of the condenser. From these values, the power fac-
tor can be calculated, because they determine the phase angle 
between the voltage and current. Either the power factor or this 
phase angle can be used to specify the merits of any capacitor. 
The Bridge Transformer.—This interesting device is used in 

many telephone circuits to permit two-way conversation over one 
pair of wires. It is also used in bridge measuring circuits. The 
bridge transformer can be explained by Fig. 242. From the dis-
cussions that have been given in this chapter, it is evident that 
the bridge circuit of Fig. 242a will be balanced if Z = Zw in both 
magnitude and sign, and if the two coils are identical. Then, by 
applying the reciprocity theorem (page 330), it is evident that the 
circuit of Fig. 242h also will be balanced. Without giving a 

P. M. Deeley, in his book "Electrolytic Capacitors," recommends that 
this inductor be as large as 500 henrys. His book is suggested for further data 
on testing electrolytic capacitors. Published by the Cornell-Dubilier Electric 

Corp., South Plainfield, N. J. 
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detailed proof, Fig. 242e will also be balanced if the two trans-
formers are identical. 

This last circuit can be extended to Fig. 243. By analogy with 
Fig. 242e, no voltage will exist across Zi when the transformer 

b) (C) 

242.—Development of the theory of the hybrid coil or bridge transformer. 

windings are identical, and ZE = Zw. Therefore, Zi may be the 
input circuit to a vacuum-tube amplifier in a telephone repeater,' 
and the generator may be the output of the amplifier which will not 
feed back into the input. If it did, the amplifier would "sing" or 
"howl" (oscillate) as it is called in telephone parlance. 

243.—Circuit of the bridge transformer. 

Figure 243 also provides a very useful bridge circuit for making 
measurements. If Zw is a resistor, then ZE must be a resistor of 
equal resistance in order that no tone may be produced by a 
receiver connected at Zi; similarly, inductors or capacitors can be 
measured. 

1 A term applied to the entire circuit of an amplifying device inserted in 
telephone lines to amplify the speech waves that have been weakened by the 
line losses. 
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SUMMARY 

Resistance, inductance (both self- and mutual), and capacitance can be 
accurately measured with bridges. 
The Wheatstone bridge is the basic type from which other bridges are 

derived. 
According to the reciprocity theorem, when a bridge is balanced the source 

and the null indicator may be interchanged and it will still be balanced. 
The Murray and Varley loops are circuit modifications of the Wheatstone 

bridge and are useful in locating faults on lines and cables. 
Alternating-current bridges are also but modifications of the direct-current 

types. 
Alternating-current bridges are driven by an alternating-voltage source 

such as an oscillator and often use a telephone receiver as a null indicator. 
Both equal and unequal ratio-arm alternating-current bridges are used. 
For accurate and reliable results, certain precautions must be observed in 

making bridge measurements. This is particularly true at high frequencies 
where specially shielded and balanced bridges must be employed. 
Mutual inductance can easily be determined by taking one-fourth of the 

difference between the inductances with the coils connected aiding and con-
nected opposing. 

Incremental inductance is defined as the inductance offered to small current 
changes. One factor determining it is the point on the magnetic saturation 
curve of an iron-cored coil at which the incremental change occurs. This is 
determined by the strength of the direct-current component flowing in the 
coil. Incremental inductance can be measured with a special bridge circuit. 

Electrolytic capacitors must have a polarizing voltage across them, and a 
special bridge circuit supplying this voltage is possible. 
A bridge transformer is used to make two-way amplification possible in a 

two-wire circuit. It is also used in bridge measuring circuits. 

REVIEW QUESTIONS 

1. Name the two general types of bridges. 
2. What is the application of the reciprocity theorem to bridge circuits? 
3. Why should large values of resistance be used to obtain a given ratio? 
4. What precautions must be used in the direct-current Wheatstone bridge 

when measuring the resistance of a coil of wire? 
6. What is the advantage of the Varley loop over the Murray loop? 
6. Why is a tuned detector sometimes desirable as a null indicator? 
7. Under what conditions is an alternating-current bridge balanced? 
8. Why can a standard inductance be used to measure capacitance? 
9. Why does the effective resistance of an air-cored coil vary but slightly 

with frequency? 
10. Why does the effective resistance of an iron-cored coil vary greatly with 

frequency? 
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11. Explain how stray capacitance may affect the bridge balance (see 
Fig. 215, page 329). 

12. How is mutual inductance measured? 
13. Explain the principle of the inductometer. 
14. Explain what is meant by incremental inductance. 
15. Why does incremental inductance vary with the direct current through 

a coil? 
16. Enumerate the precautions to be used in measuring incran-intal 

inductance. 
17. Why should the effective resistance of an iron-cored coil vary with the 

amount of direct current through the coil? 
18. Referring to Eq. (91), what is meant by Q? 
19. Referring to Fig. 241, what value of direct voltage should be used on the 

bridge? 
20. How would you proceed to demagnetize an iron-cored coil with a 

60-cycle supply? 

PROBLEMS 

1. Referring to the Murray loop on page 346, suppose that the loop length 
is not known and that it is not convenient to determine it, but the loop resist-
ance and the resistance per foot of each wire are known. Derive equations 
giving the distance to the fault when the two wires are different, and when 
they are the same. 

2. Repeat Prob. 1 for the Varley loop. 
3. Referring to the statements on page 353, explain why capacitance 

measurements with a standard inductor ordinarily would be made only with 
an equal-ratio-arm bridge. 

4. Referring to Fig. 234, explain why the curves are as shown. 
5. Referring to page 363, draw a circuit and explain how to demagnetize an 

iron-cored coil with 60-cycle alternating current, and also draw a circuit and 
explain how to demagnetize a coil with direct current. 

6. Referring to Eq. (91), prove that the equation for Q is correct. 
7. If a capacitor has an effective resistance of Rx and a capacitance of Cx, 

vrrite the equation for the power factor. How could the phase angle be found? 
8. Explain the shapes of the curves in Fig. 240. 



CHAPTER XIII 

THE TRANSMISSION OF ELECTROMAGNETIC WAVES 

For a person to talk by telephone over the connecting wire cir-
cuit between two distant cities, electric energy, controlled by the 
speaker's voice, must travel along the wires. Also, for a broadcast 
program or a radio message to be transmitted from the radio station 
to the receiving set, electric energy must travel through space. 

In transmitting direct-current energy and in transmitting low-
frequency 60-cycle energy, it is usually entirely satisfactory merely 
to consider that the currents in the wires and the voltages between 
the wires carry the electric energy from one point to another. When 
working with higher frequencies such as in telephony and in radio, 
and also when long distances are involved as in these two fields, a 
new concept of the transmission of electric energy must be had in 
order to understand clearly the problems involved. 

It is the purpose of this chapter to develop this new concept and 
to explain the basic principles involved. The transmission of elec-
tric energy over long wire circuits and through space by "wireless" 
means will both be considered. Transmission over wire lines will 
be considered first. 

Electromagnetic Waves.—In dealing with direct currents and 
low-frequency alternating currents over circuits that were of no 
great physical length the method of attack used was as follows: 
The voltage impressed on the circuit forced a current through the 
circuit, and the power reaching the load was equal to EI for direct 
currents and El cos O for alternating currents. The product of the 
power thus calculated and the time involved gave the energy trans-
mitted to the load. 
Now an impressed voltage always produces an electric field, and 

this field is proportional to the strength of the voltage. Also, a 
flow of current always produces a magnetic field, and the strength 
of the field is proportional to the strength of the current, at least 
when the field is in air. Here is a new way of regarding the matter, 

369 
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however: From a fundamental point of view, perhaps after all what 
is called voltage is there only because the electric field manifests 
itself as a "voltage," and perhaps what is called current is there 
only because the magnetic field causes a phenomenon that has been 
termed "current." In other words, it is just as fundamentally cor-
rect to say that the energy transmitted equals tti.0 cos O as it is to 
say the energy equals tEl cos O; that is, the energy transmitted be-
tween two points equals the product of the time t, the electric field 
strength ip, the magnetic field strength 4), and the cosine of the 
angle between the fields. Electric fields and magnetic fields are 
out of phase if the voltages and currents associated with them are 

out of phase. 
Thus, when a voltage from an alternating source is impressed on 

two long parallel wires (such as a telephone line) electric fields and 
magnetic fields will exist along the line. These fields will travel 
from the source to the distant load. Energy is stored in electric 
fields (page 200) and in magnetic fields (page 162), and these fields 
must travel from the source to the load to carry energy from one 
point to another. Strictly speaking, electric energy is not carried 
by voltages and currents (even if it does equal tE I cos 0), the 
energy is carried by the electric and magnetic fields in which it is 
stored. Electric energy traveling along a wire line (or through 
space) in the form of electric and magnetic field variations is 

termed an electromagnetic wave. 
Production of Electromagnetic Waves.—As was explained on 

page 119, a sine-wave voltage is produced by a rotating voltage vec-
tor. When the voltage vector lies along the horizontal, the instan-
taneous value of the impressed voltage is zero. When the voltage 
vector is vertical upward, the instantaneous value of the impressed 
voltage is a positive maximum. When the voltage vector is vertical 
downward, the instantaneous value of the impressed voltage is a 
negative maximum. When a voltage is impressed on two long 
parallel wires, this voltage produces an electric field between the 
wires. Also, a current flows in the wires and magnetic lines of 
force encircle the wires. The electric and magnetic fields consti-
tute an electromagnetic wave, and this wave travels along the wire 
line with a velocity approaching that of the velocity of light, or 
186,300 miles per second. Actually, for a typical telephone line the 
velocity is, for practical purposes, 180,000 miles per second. No 
wonder instantaneous electrical communication is possible. 
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To explain the production of an electromagnetic wave, Fig. 244 
is included. Here is shown a source of alternating voltage con-
nected to an open-wire line of infinite length. Assume that this 
source is an oscillator impressing a pure sine-wave voltage on the 
line. This sine-wave voltage is not shown, but the rotating voltage 
vector that generates the sine-wave voltage (page 119) is shown at 
the left. The voltage vector is shown rotating counterclockwise, 
and it is assumed that it has turned through 360 degrees, from A 
to B to C and back to A, thereby impressing one cycle of alternating 
voltage on the line. 

Negative impulses sent Positive impulses sent 

r
__ as voltage vector as voltage vector --1 
rotates from C leA ro/ates from A to C 

C 
To infinity 

..••••• 

FIG. 244.—The voltage applied to the end of a l'ne establishes an electromagnetic 
wave along the line. 

As the voltage vector starts out from A, its instantaneous value 
is at first very small, but it keeps increasing and becomes a positive 
maximum at B. Although it is very small at first, it nevertheless 
starts a weak electric field down the line; also, a small current flows 
into the line, and this starts a weak magnetic field down the line. 
The voltage and current continue to get stronger at each instant 
from A to B, and the electric and magnetic fields flowing into the 
line also tend to get stronger at each instant. From B to C the 
instantaneous value of the impressed voltage and the current is 
getting smaller, and likewise the electric and magnetic fields enter-
ing the line at each instant become smaller. Once the electric and 
magnetic impulses enter the (infinite) line, however, they never return 
but continue on down the line. 
Now consider what happens as the voltage vector continues on 

around from C to D. The voltage is now increasing negatively, 
and the current now flows into the line in the opposite direction; 
also, the electric and magnetic fields started down the line will be 
in the opposite direction. This action is the same from point D 
back to A with the exception that the instantaneous action is 
decreasing. 
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It must be remembered that at each instant the fields produced at 
each preceding instant are traveling down the line with a velocity of 
180,000 miles per second. Thus, with reference to Fig. 244, travel-
ing positive electric and magnetic lines of force were produced when 
the voltage vector rotated from A to C, and these traveled to the 
position shown while the voltage vector rotated from C on around 
back to A. 
Because of the difficulty in drawing the magnetic lines of force 

encircling the wires, they have not been shown in Fig. 244, but 

245.—Electric field between a pair of wires and the magnetic field around 
the wires when one wire is positive and the other is negative. These two fields pro-
gressing together down the pair of wires constitute an electromagnetic wave. 

instead, arrows representing the current in each wire have been 
drawn. The length of these current arrows indicate the intensity 
of the current and the strength of the magnetic field. The arrows 
between the wires represent the electric field; where these arrows 
are close together, the field is strong. The direction of these electric 
lines of force represent the direction of the voltage between the 
wires, and the closeness or intensity represents the strength of the 
voltage. Note that in this wire line the voltage is in different direc-
tions at different sections; and the currents are also in different direc-
tions at different points. This is exactly what is happening at dif-
ferent points along a line that is transmitting electric energy in 
the form of electromagnetic waves. The reason why the method of 
explaining the action of long lines is different from that of consid-
ering ordinary circuits is now evident. 
The magnetic lines of force around the wires were not shown in 

Fig. 244, because of difficulty in representing them. Their dis-
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tribution and their relation with the electric lines of force are shown 
in the "end-on" view of the line in Fig. 245. 

Electrically Long Lines.—As was shown by Fig. 244 and the ac-
companying discussion, when a sinusoidal voltage is impressed on 
a line an electromagnetic wave is propagated down the line. This 
wave was shown to consist of electric and magnetic lines of force. 
For convenience in drawing, in Fig. 244 only the electric lines of 
force were shown. The magnetic component was depicted by cur-
rent arrows. The electric lines of force were directed one way for 
positive values and the opposite way for negative values. In 

+ Direct/on of 
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Fm. 246.—An electromagnetic wave along a wire line may be represented by a 
curve as shown. This illustration is for a line with no loss. 

regions where the field was intense, many lines were shown. Now 
this is a good way to picture an electromagnetic wave, but it is 
somewhat laborious. 
An electromagnetic wave may also be represented by a curve 

such as in Fig. 246. If the input impedance of the line is pure resist-
ance, then the input current will be in phase with the voltage. 
Thus, this curve could then represent both the current and voltage 
components or both the electric and magnetic components of the 
electromagnetic wave. If the input impedance of the line con-
tained a small amount of capacitive reactance as is usually the case, 
then the current curve would be slightly ahead of the voltage curve. 
Note that although the curve of Fig. 246 is a sinusoidal wave, it 
represents voltage variations (or current variations, or electro-
magnetic-field variations) at a given instant along the line. In 
Fig. 246, distance is taken along the X axis. The sine waves that 
were previously considered in this book were not space waves as is 
Fig. 246; they merely represented variations with respect to time. 
In Fig. 246 are shown instantaneous values at a given instant along a 
line. In other figures, current and voltages were represented by sine 
waves, but the electromagnetic impulses that flow down a line when 
a sinusoidal voltage is impressed are actually waves. 
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In Fig. 246 is shown one complete wave length. One wave 
length is equivalent to 360 electrical degrees because it is due to 
one complete revolution of the voltage vector of Fig. 244 or to one 
complete cycle of the impressed voltage. At a frequency of f 
cycles per second, f complete wavelengths are established in the 
line each second, and these can travel only a distance of V miles 
(or other convenient units) per second, where V is the wave 
velocity in the line. Therefore, the length of the wave will be 

V 
X = — (92) 

f 
where X is the length of the wave in the same units as used to ex-
press the wave velocity V, where f is the frequency of the impressed 
signal voltage in cycles per second. 

Suppose two parallel wires 300 miles long are available and that 
a 60-cycle voltage is impressed across them as if they were a power 
line. One wave length would be X = 180,000/60 = 3000 miles, 
and thus only 300/3000, or 0.1, wave length could exist on the line. 
Now 300 miles is very long for a power-transmission line. Since 
they are usually so much shorter in practice, at a 60-cycle power 
frequency, waves are not distributed along them as shown in Fig. 
246. Wave-propagation theory does not usually need to be 
applied in power-line design. 
Now suppose that a voltage having a frequency of 1000 cycles 

per second is impressed on the line. This frequency is not high and 
is even somewhat below the average of the important voice fre-
quencies. For 1000 cycles, X = 180,000/1000 = 180 miles, and 
300/180 = 1.66 wave lengths will exist on the line. 
Now in the first instance an electrically short line is being con-

sidered because the 60-cycle frequency is so low that the line has 
only a small fraction of a wave length on it, but in the second case 
an electrically long line is under consideration because it has a 
considerable portion of a wave length on it; in fact, it has 1.66X. 
If the frequency is very high, say a few million cycles per second, 
then the wave length will be very short, and many waves will exist 
on a relatively short section of line. Waves but a few centimeters 
long may be produced electrically. 
To summarize: Whether a line should be designated as electri-

cally long or electrically short depends both upon the frequency and 
the physical length of the line. 
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The Transmission Line.—For the purposes of this book and for 
most communication installations, a transmission line consists of 
two parallel conductors, often of hard-drawn copper wire. When 
an alternating voltage is impressed between the sending end of the 
line, a current flows into the line. For very high radio frequencies, 
a few feet of parallel conductors becomes a transmission line. This 
line can be thought of as conducting the current and voltage to the 
distant end, but for communication purposes, especially at radio 
frequencies, a better point of view is that the transmission line 

One elemental 
length 

247.—Each elemental length of a transmission line consists of inductance L, 
capacitance C, resistance R, and leakage G. For an elemental length these are, 
of course, very small values. 

guides the electromagnetic wave from the sending end to the receiving 
end. 
Now the two-wire transmission line is far more than just two 

wires. Each elemental length of line has capacitance between the 
wires, each elemental length of line has leakage between the wires, 
each elemental length of line has inductance, and lastly, each ele-
mental length has resistance. Several elemental lengths of a 
transmission line are as shown in Fig. 247. This diagram applies 
to two short parallel rods used in very high-frequency radio as well 
as to the two long parallel wires of a transmission line. 
The Propagation of an Electromagnetic Wave.—The actual elec-

tric circuit of a transmission line was shown in Fig. 247. If an 
alternating voltage is impressed on this line, an alternating current 
will flow into the line. The voltage will establish an electric field, 
the current will produce a magnetic field, and these two fields acting 
together will produce the electromagnetic wave that travels along 
the line carrying the electric energy to the distant receiving end. 
This action was shown in Figs. 244, 245, and 246. 
Not all the electromagnetic energy that starts out reaches the 

distant end, however; in an actual line such as Fig. 247 some of the 
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energy, and often much of the energy, is lost in the line. Power 
losses are equal to E2/R or to .1.2R (page 70), and thus there are 
losses in the line produced by the voltage across each elemental 
length of line, and there are also current losses due to the currents 
flowing. These losses at any point in the line must take energy 
from the passing electromagnetic wave. Because of this, the elec-
tromagnetic wave and the accompanying voltages and currents are 
decreased in amplitude. This decrease in amplitude as the wave 

248.—If a line has attenuation, the amplitude of the wave decreases with 
distance along the me. The dotted lines show this decrease. It has the shape 
shown for the following reason: Suppose that the first unit length of line has a 
transmission efficiency of 80 per cent; then, at the end of it 80 per cent of the 
original wave exists. At the end of the second section, there will be left 80 per cent 
of 80 per cent or 64 per cent of the original wave, etc. 

progresses along the line is called the line attenuation. This action 
is indicated in Fig. 248. 
Another factor influencing the transmission of an electromagnetic 

wave along a line is the velocity of the wave. It was stated on page 
370 that the velocity was almost 180,000 miles per second for a 
typical telephone circuit. This wave velocity at a given fre-
quency is determined by the same factors that determine the line 
attenuation; that is, the capacitance, leakage, inductance, and 
resistance of the line. 
The beginning student and the practical worker would benefit 

little by including at this point the equations by which the atten-
uation and velocity are calculated. Instead, the equations and 
typical calculations will be treated later in the Chapter (page 389) 
so that a greater knowledge of the subject will exist. For the 
telephone worker such data are available in tables. 
To summarize: As an electromagnetic wave travels along an 

actual transmission line, the line losses in each elemental section 
extract energy from the wave and cause the wave and the accom-
panying current and voltage to be decreased in amplitude or 
attenuated. 
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Characteristic Impedance.—Each transmission line of a given 
type has the same characteristics within close limits. Thus, all 
telephone circuits made of hard-drawn copper wire of a given size 
and spaced 1 foot apart on the same type insulation, etc., will offer 
the same attenuation under similar weather conditions. If the 
wires are spaced closer together, then the inductance will be 
decreased and the capacitance will be increased, but still all similar 
lines will have the same characteristics. 
Now suppose that the network of Fig. 247 is considered. Here 

three elemental lengths are shown. In a very long line a very great 
number of these elemental lengths would be included. Suppose 
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249.—Line for studying characteristic impedance. 

that an oscillator is connected to a very long section of transmission 
line; let it be supposed that the transmission line is infinite in 
length, and hence it will contain an infinite number of these 

sections. 
Such an infinite line is shown in Fig. 249. For simplicity the 

elemental resistances, inductances, etc., of Fig. 247 have not been 
drawn, but they are present nevertheless. Now suppose that a 
generator is connected to the input terminals of the line; the im-
pressed voltage will cause a current flow into the line. The input 
impedance of the infinite line equals Zo = E/I, and for a given 
frequency the input impedance of all identical lines is closely the 
same. The input impedance of an infinite line is defined as the 
characteristic impedance of that line. Characteristic impedance 
varies slightly with frequency but not with line length (see next 

section). 
Line Termination.—As has been repeatedly stressed in this 

textbook, there is at best but little energy in most communication 
circuits, and the maximum power output from a generator or line 
to a load must be obtained. The question now to be settled is this: 
What impedance should terminate a transmission line so that the 
maximum amount of power will be transferred by the line to the 

load? 
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This question is readily answered by reference to Fig. 249. 
When an electromagnetic wave is started out along an infinite 
transmission line the wave will go on forever. Now when an elec-
tromagnetic wave comes to points 3-4 of Fig. 249, it goes right on, 
because the impedance of the circuit ahead of it is just the same as 
what it has passed through. Now if the length of line between 
points 1-2 and points 3-4 is removed from an infinite line and imped-
ance measurements made from points 3-4 on to infinity, the meas-
ured impedance at points 3-4 will be the same as at points 1-2; that 
is, it will be Z0 the characteristic impedance. This holds true be-
cause subtracting a finite length of line from an infinite line does 
not change the characteristics of the line. 
But in practice the lines used are finite sections like the section 

1-2 to 3-4. How should this finite line be terminated for maximum 
power transfer? The answer is to terminate the finite section 1-2 
to 3-4 in an impedance load that is the same as the characteristic 
impedance. Then, when the electromagnetic wave strikes the load 
it will see an impedance the same as the line, will enter the load 
just as it would enter the line on to infinity, and the energy in the 
wave will be used in the load as desired. This gives another defini-
tion of characteristic impedance: The characteristic impedance of a 
line equals the input impedance of a line terminated in its character-
istic impedance. Thus, as mentioned in the preceding section, line 
length does not influence the characteristic impedance. 
To summarize: The practical application of the theory of this 

section is as follows: A telephone transmission line, or a radio 
transmission line, must be connected to a telephone set, or to a 
radio antenna, or must be terminated in some load. For the best 
results the impedance of the termination should equal the char-
acteristic impedance of the line. 
Wave Reflection.—The discussion in the preceding section gave 

consideration to the fact that the load impedance and the line 
impedance should be the same for the best energy transfer. If only 
electrically short networks were being considered instead of elec-
trically long transmission lines, then the power or energy transfer 
would ordinarily be all that must be considered. But in the case 
of an electrically long transmission line, an additional factor must 
be considered. This factor is wave reflection. 
Wave reflection on a long line causes an effect similar to an echo 

in acoustics (page 501). When an electromagnetic wave that is 
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traveling down a line strikes any discontinuity in the line, some of 
the wave energy is reflected back to the sending end. Theoreti-
cally, a poor line splice or a broken insulator can cause reflection, 
but actually it must be a larger discontinuity such as going from a 
circuit of one type to a circuit of another type to cause noticeable 
reflection. Now when an electromagnetic wave traveling down a 
wire strikes a big discontinuity like an open circuit or a short cir-
cuit, then complete reflection occurs because the wave cannot go on. 

If a person speaks over a telephone connected to a line on which 
there is reflection, his voice comes back to him after an interval; 

this may be bothersome. If the circuit is short, and if the wave 
velocity is high, the time interval may be so small that the echo is 
not even apparent. On the other hand, if the circuit is long, and if 
the wave velocity is low, the time interval between the time of 
speaking and the return of the echo will be large, and a distinct 
and bothersome echo will be heard. On electrically short circuits 
it is ordinarily only necessary to match circuits to obtain maxi-
mum power transfer or to obtain the proper load on vacuum tubes, 
for instance. On electrically long circuits, however, the proper 
impedance match also prevents wave reflection. If a sine-wave 
alternating voltage is impressed on the line instead of speech as has 
just been considered, then standing waves will be caused along 
the line if it is open- or short-circuited. 
The Formation of Standing Waves of Voltage.—There is much 

misconception regarding the nature and effect of standing waves. As 
a matter of fact, it takes much imagination to picture a "standing" 
wave. Treated properly, they are not at all difficult to under-
stand. In explaining their nature, however, it is best to assume a 
transmission line having very low loss. It would be possible to 
have standing waves on a power line, a telephone line, or on a 
radio-frequency transmission line. Power and telephone lines are 
ordinarily operated with loads terminating them and are seldom 
operated open- or short-circuited and, hence, under conditions of 
operation do not have standing waves on them. But, radio-
frequency transmission lines are often operated either open- or 
short-circuited to utilize the effect of standing waves. Thus, in the 
following discussion it will be considered that the transmission line 
is two parallel wires some few feet long and that the source is a 
very high radio-frequency oscillator. The attenuation of the line 
will be considered negligible. 
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The formation of a standing voltage wave 1 can be explained by 
reference to Fig. 250. This figure represents the instantaneous volt-
age conditions existing along an open-circuited line that has .ao 
attenuation. An alternating-voltage source such as a vacuum-tube 
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250.—Curves of voltage relations on an open-circuited line or current 
relations on a short-circuited line five-fourths wavelengths long, and having no 
attenuation. At certain points the voltage or current is always zero; at all other 
points they vary sinusoidally, points of maximum change being indicated. The 
voltmeters or milliammeters will read 0.707 of the maximum changes, giving the 
lower curve called a standing wave. Note that these instruments do not follow 
the instantaneous sinusoidal variations. 

oscillator impresses a vector voltage Enax on the line. Conditions 
on the line are shown for four different vector voltage positions. 
The line is %X in length. In this discussion the resultant wave 
(which may be either current or voltage) is made up of an initial 
and a reflected component. Figure 250a represents voltage condi-

This discussion and Fig. 250 are based on the excellent explanations of re-
flection given by W. L. Everitt in Chap. V of his book "Communication En-

gineering," McGraw-Hill Book Company, Inc. 
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tions at the various points along the line at the instant the impressed 
voltage is maximum and positive (page 119). At this instant the 
initial voltage wave at a point Y4X from the sending end is zero, 
because %X = 90 degrees, and the voltage wave now at point UX 
was sent out by the impressed or sending-end voltage value 90 
degrees previously, and then the impressed voltage was zero. Also, 
at point AJX, at the instant under consideration the initial voltage 
wave will be a negative maximum value, because the voltage wave 
at this point at this instant left the oscillator 180 degrees before when 
the oscillator voltage was a negative maximum. Following this 
same reasoning, the open end of the line is %X or 450 degrees from 
the oscillator, and the initial voltage wave there at the instant 
under consideration is what left the oscillator 450 degrees before. 
At the open end of the line the initial voltage wave is reflected 
just as it would have gone on, and the various positions of the 
reflected voltage wave are as shown. Now it is only possible to 
have one resultant voltage wave along a line, but this resultant 
may be composed of two or more separate components. Thus, in 
Fig. 250a the resultant voltage wave made up of the initial and 
reflected voltage waves is zero all along the line at this instant; 
in other words, at this instant the voltage is zero at all points along 
this line having no losses and %X in length. 

In Fig. 250b are shown the conditions all along the line at the in-
stant that the impressed voltage is in the position shown. The 
initial voltage wave at point YIX left the sending end 90 degrees 
earlier and, hence, is a positive maximum. The initial voltage 
wave at MX left 180 degrees earlier and is, accordingly, zero. The 
initial voltage wave at other points also can be predicted. The 
initial voltage wave is reflected from the distant end just as it 
would have gone on, and the reflected voltage wave is displaced 
along the line as shown. The initial and reflected voltage waves 
combine to give the resultant voltage wave as indicated. 
The instantaneous distribution of the initial, reflected, and 

resultant voltage waves along the line for two other positions of the 
impressed voltage are shown in Figs. 250c and d. For Fig. 250e, 
note that at the instant depicted the resultant voltage wave is zero 
at all points along the line. Figure 250d is similar to Fig. 250b, 
except that all values are reversed. 
And now how does this all lead to a standing wave? To explain 

this, suppose that an observer is at point 1/IX, that one is at point 
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%X, that observers are also at points %X, X, and %X, and that each 
of these observers connects a voltmeter across the line. Now as 
the vector voltage rotates because it is being impressed by a sine-
wave source, the instantaneous voltage value at each point changes, 
but from Fig. 250, the observers at %X and X will read zero voltage, 
because the resultant voltage wave is always zero at this point. 
The observers at points W4X, %X, and %X will read certain effective 
voltage values, which are the largest of any values along the line. 
At these last three points, and at all points except the zero points, 
an oscilloscope connected to the line will show a sinusoidal voltage 
to exist. If the effective values of the voltage along the line are 
measured with a voltmeter and plotted, the so-called standing 
voltage wave of Fig. 250e is produced. Note that this is not a 
wave in the usual sense of the word but merely a plot of effective 
voltage values. 
The Formation of a Standing Current Waye.—The same line as 

in Fig. 250 will be considered, the line being open-circuited, without 
attenuation, and the frequency being such that the line is %X 
long. Four vector positions of the current entering the line are 
considered in Fig. 251 and the initial, reflected, and resultant cur-
rent waves are shown. In studying this figure, note that when the 
current reaches the open end of the line it does not reflect just as it 
would have traveled on, but reflects with a change in sign of 180 
degrees. This is because when the electric charges traveling in a 
given direction strike the open end of the line they are reflected 
back in the opposite direction which changes their direction 180 
degrees. (For the voltage wave previously considered, the direc-
tion of the lines of force between the two wires, and hence the 
direction of the voltage between the wires, was the same before and 
after reflection.) 
In Fig. 251e are shown the effective values of currents which vari-

ous observêrs would measure with suitable millianu-neters at dif-
ferent points along the line. Note that the so-called standing wave 
of current (Fig. 251e) is displaced 1/4X from the standing wave of 
voltage (Fig. 250e). 

Standing Waves on Lines Open- or Short-circuited.—The 
standing-wave relations between voltage and current on an open-
circuited line X in length and having no attenuation were con-
sidered in the preceding sections. The relations on the same line 
when it is short-circuited will now be considered. 
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With reference to Figs. 250 and 251, for the open-circuited line 
it was found that at the distant end of the line the voltage was 
maximum and the current was zero. Now for the short-circuited 
line just the opposite is true. Drawing individual diagrams as was 
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FIG. 251.—Curves of current relations on an open-circuited line or voltage rela-
tions on a short-circuited line five-fourths wavelengths long, and having no attenua-
tion. At certain points the current or voltage is always zero, and at other points 
they vary sinusoidally. 

previously done will show that for the short-circuited line the 
voltage at the distant end is always zero and the current is maxi-
mum. 
Without the detailed drawing of figures similar to Figs. 250 and 

251, it follows that the so-called standing waves in open-circuited 
and short-circuited lines are as shown in Fig. 252. 
Now the question arises, suppose that the line is not 1;<,IX in 

length, then what are the current and voltage relations? The 
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253.—The current and voltage relations on open and shorted lines are as 
indicated for lines of various lengths. Relations at the distant end fix the condi-
tions at the sending end; that is, at the distant end of an open line the current is 
always zero, and at the distant end of a shorted line the voltage is always zero, etc. 
The relations in this figure are for a line with negligible attenuation. 
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answer is simple: Fig. 252 is the basic drawing to refer to. It is not 
necessary to draw detailed sketches in each instance such as Figs. 250 
and 251. The relations of Fig. 252 are sufficient. The distant end 
fixes the condition. Merely select the point along the line measured 
from the receiving end equal to the length of line in question, and 
the relations will be depicted. To illustrate, Fig. 253 has been 
drawn showing conditions on lines of various length. Note that 
these are merely sections of Fig. 252 measured from the receiving end. 
The condition of reflected waves on a transmission line having 

considerable attenuation will not be considered as it is relatively 
unimportant. Suffice it to say that because of attenuation the 
reflection phenomena are less pronounced. 

Input Impedance of Lines Having Reflection.—Consider for a 
moment the input impedance of an open-circuited line UX in 
length. At the sending end the voltage is very low and the current 
is high. For the theoretical line having no attenuation, the input 
voltage approaches zero, and hence the input impedance approaches 
zero. The voltage at the receiving end is a large value, and hence 
the UX open-circuited line acts like a voltage step-up transformer 
of low input impedance. The current is stepped down. 
The short-circuited line YIX in length acts like a high input 

impedance transformer which steps voltage down and steps the 
current up. Similarly, the other lengths have the characteristics 
shown. Note that where the lines are not exact multiples of a 
quarter wave length, such as YgX or 3/X, input impedances between 
the two extreme values exist. It should also be noted that these 
relations hold for lengths of line which are 1/4X, etc., at a given 
frequency. Thus, the circuits are frequency selective. 
To summarize: Lines of various lengths exhibit very interesting 

relations at a given frequency. Input impedances can be varied at 
will by changing either the line length or the impressed frequency. 
Such resonant lines, as they are often called, have many very 
important applications, particularly in radio where they may be 
used as transformers, filters, and for other purposes.' 

Input Impedance Relations in Resonant Lines.—This is com-
pletely considered 2 by Everitt to which the reader is referred for 

See Terman, F. E., Resonant Lines in Radio Circuits, Electrical Engineer-
ing, July, 1934. 

2 See Everitt, W. L., "Communication Engineering," McGraw-Hill Book 
Company, Inc. 
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details. To explain how the input impedance varies for lines of 
different lengths, the vector diagram of Fig. 254 is included. 

Open-circuited Line Less than YIX in Length.—The reference for 
this diagram is the X axis. This line is considered to be just slightly 
less than Y4X or 90 degrees in length. Since the distant end of the 
line fixes input conditions, the voltage E0 at the distant open end 

Is 

CC a 

ER 

254.—Vector diagram for an open-circuited line having no attenuation and 
less than %X in length. For such a line the input impedance is pure capacitive 
reactance as proved by the fact that the current /s at the sending end leads the 
sending-end voltage Es by 90 degrees. 

will be taken as the reference on the X axis. This places E the 
initial voltage slightly less than 90 degrees ahead of E0 say by the 
angle a. On the assumption that the characteristic impedance 
of the line is largely resistive, as is true for open-wire lines and 
coaxial cables at radio frequencies, the current I of the initial 
wave will be in phase with the voltage as shown. Likewise, the 
current /0 arriving at the open end is in phase with the voltage E0, 
but when the current is reflected from the open end it is reversed 
in direction or turned through 180 degrees as is shown for — I. 
But the reflected component of voltage ER now at the input of the 
line is a degrees behind E0, because it is an impulse that left the dis-
tant end a degrees ago. Also, the reflected component of current 
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IR now at the input of the line is a degrees behind — /0. The 
resultant of the initial current ri and reflected current IR gives the 
sending-end input current Is; also, the resultant of the initial 
voltage Ei and the reflected voltage ER gives the sending-end 
voltage Es. Note that in Fig. 254 when the length of the line 
is less than 3e, the angle between the current and voltage is 90 
degrees leading. Thus for an open-circuited line having no attenu-

Ei 

Ii 

E2 JO 

ER 
Fm. 255.—Vector diagram for an open-circuited line having no attenuation and 

reater than Y1X in length. For such a line the input impedance is pure induc-
tive reactance as proved by the fact that the current /s at the sending end lags the 
sending-end voltage Es by 90 degrees. 

ation and less than VtX in length, the input impedance is a pure 
capacitive reactance. 

Open-circuited Line Greater than 14X in Length.—In Fig. 255 the 
length of the line is slightly greater than ei)t, and the angle a will 
be greater than 90 degrees. This will give the conditions shown, 
and for an open-circuited line having no attenuation and more than 
,14), in length the input impedance is a pure inductive reactance. 

Short-circuited Line Less than /I 1X in Length.—A vector diagram 
similar to Figs. 254 and 255 will show that when a line having no 
loss is shorted and less than 4iX in length the input impedance is 
pure inductive reactance. In drawing the diagram, the voltage at 
the receiving end is turned through 180 degrees instead of the cur-
rent as in previous figures. 
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Short-circuited Line Greater Than 41 x in Length.—A vector dia-
gram similar to Figs. 254 and 255 will show that when a line having 
no loss is shorted and more than 1/4X in length the input impedance is 
pure capacitive reactance. Again, the voltage at the receiving end 
is turned through 180 degrees and not the current for a short-
circuited line. 

Line open- circuited Line short-circuited 

5/4A 3/4A o 

+90 

0 

-90 

FIG. 256.—Input impedance characteristics of open-circuited and short-circuited 
lines having no attenuation, but of various lengths, measured from right to left. 
Considering the open-circuited line, and starting at the right, if the length of line 
is less than %X, the voltage and current will be as shown, the input impedance will 
be pure capacitive reactance, as indicated by the lower curve. If the length of line 
is greater than %X, but less than %X, the innut impedance will be a pure inductive 
reactance. For the short-circuited line the results are reversed. 

Input Impedance of Any Resonant Line.—On the basis of the pre-
ceding discussion, it is possible to draw figures from which the 
input impedance of a line of any length can be determined. To find 
the nature of the input impedance of any line either open- or 
short-circuited, measure off from the right-hand end of either of 
the diagrams of Fig. 256 the length of the line in question; then, 

the curves give the input impedance characteristics of the line. 
For example, the input-impedance of an open-circuited line HeX 
in length is a reasonably low value of pure capacitive reactance. 
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At 3e1/4, it is a very /ow value of pure resistance, and at W, it is a 
very high value of pure resistance. 
Transmission-line Calculations.—In the preceding pages the 

electrical principles underlying the transmission of electromagnetic 
waves along two parallel wires have been discussed. It was shown 
that a line had a certain characteristic impedance, that the wave 
traveled down the line with a velocity approaching that of light, 
and that the wave (current and voltage) was attenuated as it 
passed down the line. The applications of these principles to a 
transmission line will now be considered. The equations will not 
be derived; for this, reference is made to more advanced books on 
communication. 

Characteristic Impedance.—For a parallel-wire transmission line, 
the characteristic impedance Zo is 

j27rfL 
Zo — G + j27rfC ohms. (93) 

For a typical hard-drawn copper telephone-line side circuit with 
wires 0.104 inch in diameter and spaced 12 inches apart under 
standard dry-weather conditions at 1000 cycles, R = 10.15 ohms, L 
= 0.00366 henry, C = 0.00837 microfarad, and G = 0.29 micromho, 
all constants being for 1 mile of line composed of two wires. Neglect-
ing the effect of the line leakage G, which may be done for dry-
weather conditions, and substituting these values in Eq. (93) gives 

Zo — ±j6283 X 0.00837 -I-j52. 6 X 10-6 

= 692/W) = 680 — j144 ohms. 

The characteristic impedance of a line may be calculated from 

the relation Z = Z (KZ se, where Zoe is the input impedance 
measured with the distant end open-circuited and Z so is the input 
impedance measured with the distant end short-circuited. Typical 
measurements for a line are Zoc -- 669 — j207, and Zsc = 692 — 
j81.5. Using the relation previously given, 

Z0 = V(669 — j207)(692 — j81.5) = 696/re = 680 — j145. 

These values were taken on an artificial line in the laboratory, but 
the values previously calculated were from the constants of an 
actual open-wire line. 

\I 10.15 ± j6283 X 0.00366 \I 10.15 ± j23.0  
X 10-6 —  
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Propagation Constant.—The propagation constant is composed 
of two parts; the first is the attenuation constant which determines 
how the electromagnetic wave is attenuated as it travels down the 
line, and the second is the phase constant which determines the 
wave velocity. The propagation constant 

y = 1/(R -F jlrfL)(G j27:1C). (94) • 

Using the values for the line previously specified and again neglect-

ing the leakage G, 7 = 1/(10.15 ± /23.0) (±j52.6 X 10') = 
0.0364/78 = 0.00756 j0.0356. 
The velocity with which an electromagnetic wave travels along a 

wire is given by the relation V = 2711/13. The value of e is the sec-
ond term just calculated. For a frequency of 1000 cycles, 
V = 6283/0.0356 = 176,500 miles per second. This is below the 
theoretical value of 186,300 but is about correct for an open-wire 
line of this type. 
The first term of the propagation constant 'y is the attenuation 

constant a. As calculated, it is in nepers. The attenuation con-
stant in decibels equals the attenuation constant in nepers multi-
plied by 8.686. For the line being considered, the loss = 8.686 X 
0.00756 = 0.0657 decibels per mile of line. 

Calculations of Voltage or Current along a Line.—As an electro-
magnetic wave flows along a line it is attenuated; that is, its ampli-
tude is decreased. This means that the effective values of the 
current and voltage decrease along the line. The attenuation 
constant and the loss in decibels are the factors that determine how 
rapidly the current or voltage decreases along the line. These 
values may be calculated as will now be shown. 

Example.—A voltage of 1.2 volts at 1000 cycles is impressed on the circuit 
that has been considered previously. Calculate the current that will enter the 
line and the current, voltage, and power 150 miles from the sending end. 

Solution.—Step 1. The current that enters the line will be the impressed 
voltage divided by the characteristic impedance (the assumption being 
that the line is terminated in its characteristic impedance). 

I = —1.2 = 1.73 milliamperes. 
692 

Step 2. Calculate the loas of the line. Loss = 0.0657 X 150 = 9.85 deci-
bels. 

Step 3. Calculate the voltage at the end of the line. With reference to 
page 336, from the curve there shown, 9.85 decibels gives a voltage ratio 
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of about 3.0. The received voltage will be 1.2/3.0 = 0.40 volt approxi-

mately. 
Step 4. Calculate the current at the end of the line. This will be in the 
same ratio as the voltage. The received current will be 1.73/3.0 = 0.58 

milliampere approximately. 
Step 5. Calculate the power. The current of 0.58 milliampere reaches the 

distant end of the line which is terminated in its characteristic impedance. 
The resistance component of this is 680 ohms. The current will flow 
through this. Power -= PR = (0.58 X 10-3)2 X 680 --- 0.229 milliwatt. 

Distortion.—Communication workers are largely concerned with 
the transmission of speech, music, and telegraph signals between 
points separated some distance apart. The requirements that must 

be met are as follows: 
1. Volume.—The intensity of the received signals must be suf-

ficient for the operation of communication equipment, for example, 
the listening party's telephone. 

2. Noise.—The noise induced must not be excessive. If ampli-
fiers are used the volume may drop to a low level, provided that 
the signal-to-noise ratio remains high. If it does not, then ampli-
fying the signal also amplifies the noise, and the output of the 
amplifier is too noisy for intelligibility. 

3. Distortion.'— ln transmitting the signal from one point to 
another, it must pass through much apparatus and over various 
lines. These must not distort the signal. Distortion may be defined 
as a change in wave form. That is, if a signal starts out with a 
given wave shape, and if the equipment through which it passes 
changes its wave shape, the signal has been distorted. There are 
three types of distortion which will now be treated separately. 

Frequency Distortion.—When a change is made in the relative 
magnitudes of the different frequency components of a signal, it is 
known as frequency distortion (also called amplitude distortion). 

With reference to Eq. (94), it is seen that frequency enters into the 
equation for the propagation constant which also gives the attenua-
tion constant. Thus, the attenuation constant of a transmission 
line will vary with frequency, and when a complex signal com-
posed of many frequencies is impressed on the sending end, the 
various components will be attenuated differently and the wave 
will arrive at the receiving end slightly distorted. In practice this 
can be corrected by an equalizer if it is serious. Another example is 

More exact definitions of the tcrms which follow will be found in 
'American Standard Definitions of Electrical Terms," A.I.E.E. (1941 Edition). 
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an amplifier that does not amplify all frequencies equally; such an 
amplifier would distort a complex signal by accentuating certain 
frequency components. 

Delay Distortion.—If the velocity of transmission is different for 
the various frequency components of a complex wave, delay distortion 
results. This is illustrated by the calculations on page 390. The 
velocity of transmission of a line will vary with frequency, and thus 
certain components will arrive at the receiving end with phase rela-
tions that are altered with respect to the other components. A 
phase shift occurs in many amplifiers. If the phase shift of a signal 
in passing through an amplifier is different for the various com-
ponents of a complex wave, phase distortion results. 

Nonlinear Distortion.—If frequency components are present in 
the output of a device which were not in the input of the device, it is 
called nonlinear distortion. Nonlinear distortion is caused by the 
hysteresis effect in coils and transformers with iron cores. As 
shown on page 166, there the flux changes do not exactly follow the 
current changes because of hysteresis. Now flux changes induce 
voltage; therefore, if a sine-wave current flows through a coil, the 
voltage across the coil (or the voltage induced in the secondary of 
the coil) will not be a pure sine wave if the coil has a highly sat-
urated magnetic core. This means that new frequencies or har-
monics are produced. Also, if a pure sine-wave voltage is impressed 
on a coil with a saturated magnetic core, the current will be dis-
torted and will contain harmonic. Vacuum-tube amplifiers will 
also generate harmonics if they are not properly designed and 
operated. 

Coaxial Cables.—These have been used for transoceanic tele-
graph circuits for many years and are also being developed for land 

telephone purposes. They are extensively used for connecting 
radio transmitters to their antennas, and the coaxial cable in this 
form will be considered here. In its usual form such a cable con-
sists of a solid copper conductor held at the center of an outer 
copper tube by insulating spacers of hard rubber or some suitable 
ceramic material (see Fig. 257). The outer tube acts as one side of 
the transmitting circuit and is also a very effective shield (page 
329). Because of skin effect the high-frequency signals being trans-
mitted travel along the inside of the sheath, and the unwanted 
currents induced by stray fields travel along the outside of the 
copper tube and do not penetrate within. 
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The characteristic impedance of a coaxial cable at high fre-
quencies is almost pure resistance and equals 

Zo = ohms, (95) 
C 

where L is the inductance in henrys and C is the capacitance in 
farads for any convenient length. For a typical coaxial cable the 
characteristic impedance is about 70 ohms. For further numerical 

Fm. 257.—Coaxial cables of various sizes. The insulating spacers hold the small 
solid conductor at the center of the copper tube constituting the outer conductor. 
(Courtesy of Isolantite Company.) 

data on coaxial cables a communication handbook or advanced 
books on communication are recommended. 
An electromagnetic wave travels along a coaxial cable in the 

same general way as for a transmission line, with one exception. 
For an open-wire transmission line the wave, composed of the 
electric and magnetic components, exists about the wires, but for 
the coaxial cable the electromagnetic wave is (theoretically) all 
confined to the region within the tube. This means that inter-
ference between coaxial circuits is negligible. Otherwise, coaxial 
cables exhibit all the characteristics of open-wire lines, including 
wave attenuation and reflection phenomena. The velocity of wave 
travel along a line is assumed to be that of light. 
Wave Guides.—As has been mentioned, in wire transmission 

the wires may be thought of as being merely guides to direct the 
electromagnetic wave being transmitted to the desired location. 
The wave containing the energy being transmitted may be thought 
of as flowing through the medium (often space) surrounding the 

wires. 
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Now this process can be reversed. An electromagnetic wave 
may be transmitted down a wave guide without any wires or other 
conductors at all. A glass or Bakelite rod, or a tube of water, will 
act as a wave guide because it has a higher dielectric constant and is 
a better conductor of electromagnetic waves than is air. A wave 
guide may be a hollow metal tube filled with air. An electro-
magnetic wave will travel down this tube because the induced cur-
rents would prevent its escaping from the metal tube. Wave 
guides are used with electromagnetic waves but a few centimeters 
in length. 

The Radio Antenna.— A system of conductors for radiating or 
receiving electromagnetic waves is an antenna. The reciprocity 
theorem (page 330) can be extended to antennas. If a voltage E 
impressed on a local transmitting antenna causes a current / in a 
distant receiving antenna, then the same voltage E impressed on 
the distant antenna will cause the same current / in the local 
antenna. This relation holds only when conditions are comparable 
and means, in simple words, that what is said about an antenna in 
transmitting also applies to the same antenna in receiving. For 
example, if an antenna transmits equally well in all directions, it 
will receive equally well from all directions; also, if it is directional 
in transmitting, it will be directional in receiving. Thus, if trans-
mitting antennas are studied, the same principles apply to similar 
antennas in receiving. 

Before considering antennas themselves, certain basic principles 
will be reviewed. Thus, consider the two long parallel wires of 
Fig. 258a. Energy in the form of an electromagnetic wave flows 
into the parallel-wire circuit and is transmitted along the line to 
the distant open end where substantially all the energy is reflected 
back toward the sending end. Of course it is probable that some 
energy escapes from the open end of the line into space, but very 
little. This is because the wires are so close together that they 
really affect the space near the end of the wires but very little. If 
the parallel wires of Fig. 258a have negligible attenuation, then 
all the energy that starts out will be reflected and the net power 

input to the line must be zero. Now the generator voltage forces a 
current into the line, but since the power taken is zero, in the power 
equation P = El cos 0, the value cos O must be zero which means 
that the current and voltage are 90 degrees apart with respect to the 

time with which they pass through corresponding values. The in-
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put impedance of the circuit of Fig. 258a must be pure reactance 
(see page 385). 
Now suppose that the ends of the wires are separated as shown in 

Fig. 258b. It will be found that the generator now sends power 
into the line and that the input impedance is no longer pure react-

ance but contains a resistance   
component. Also, the expres-
sion P = El cos O is no longer 
zero, so the current and voltage 
are no longer 90 degrees out of 
phase with respect to time. Since 
it may be assumed that the 
wires themselves are without 
attenuation, where does the en-
ergy go? The answer is simply 
this: The magnetic and electric 
components of the electromag-
netic wave are no longer 
largely confined to a small 
region, but they now excite a 
large volume of space and are 
beginning to radiate electro-
magnetic waves into space 
quite effectively.' 

If the wires are further 
separated as in Fig. 258c, 
the system now becomes a 
transmission line feeding an 
antenna. Under the proper 
conditions, this antenna now 
excites a large amount of space and very effectively radiates energy 
in the form of electromagnetic waves into space. If the antenna 
properly terminates the transmission line in the characteristic 
impedance of the line, then there will be no wave reflection, the 

An analogy would be this: Suppose that you were standing 50 feet from the 
end of a 2-inch pipe into which someone was speaking at the distant end. Very 
little sound would be heard because the pipe did not excite many air particles, 
only the small number directly in front of the pipe opening. Now suppose a 
large horn is screwed onto the end of the pipe; the sound radiated will then be 
intense, because the large volume of air within the horn is excited. 

(a) 

(b) 

FIG. 258.—How a pair of parallel wires 
can be developed into an antenna. 
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input impedance to the line at radio frequencies will be largely 
pure resistance, and the input current at the generator will be in 
phase with the voltage with respect to time. The input power will 
be P = El cos 0, and cos O will be unity. This power will be 
radiated by the antenna, the circuit losses being assumed zero. 
The Radiation of Electromagnetic Waves.—Suppose that the 

radio-frequency generator (which may be now regarded as a radio 
transmitting set) is connected at the junction of the transmission 

line and antenna of Fig. 258c 
and that the transmission line 

_ is removed. This gives the 
- vertical radiator of Fig. 259. 

\ The generator or transmitting \, 
\ set connected at the center of 

the antenna is impressing a 
pure sine-wave voltage on the 

/ /I antenna. , , 
At that part of the cycle in - 

which the upper generator ter-
minal is negative, electrons in 
the antenna will be repelled 
and will flow up wire A. At 

Fm. 259.—Electric field (broken lines), this same instant, the lower 
and magnetic field around a vertical wire 
antenna AB. generator terminal will be posi-

tive and will attract electrons 
up out of wire B. A conventional current will accordingly flow down 
the antenna, and lines of magnetic force will accordingly encircle it 
somewhat as shown by the solid circles. When the generator 
polarity reverses during the next half cycle, the direction of motion 
of the charges reverses. As a consequence the conventional direction 
of current flow changes, and the magnetic lines of force will encircle 
the antenna in the opposite direction. Also, when the upper genera-
tor terminal is negative and the lower one is positive, electric lines of 
force will be established as indicated between the two portions of the 
antenna. When the generator voltage is reversed, the electric 
lines of force will be reversed. 
Now at the very low frequencies which were previously con-

sidered (page 162), it was assumed that the energy stored in a mag-
netic field was all returned to the source, and this is quite true at 

low frequencies. Also, in studying electric fields, such as a con-
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denser, it was assumed that the energy stored in the condenser was 
all returned to the circuit when the condenser was discharged, and 
this is quite true for a condenser. 
The phenomenon shown in Fig. 259 is quite different, however; 

now a large amount of space has been excited, and at a very high 
frequency; the antenna has acted on the space and set up an 
electromagnetic wave motion in it, and there is no particular reason 
why space should return this energy to the antenna. Therefore, 
electromagnetic waves travel out from the antenna as a source as 
the high-frequency generator voltage varies. This constitutes the 
radio wave which contains the electric energy transmitting the 
signal to the distant receiving antenna. Not much energy would 
be radiated from an antenna at low frequencies, but it is readily 
radiated at the very high radio frequencies. 

Reflection of Electromagnetic Waves.—Suppose that only one-
half the antenna of Fig. 259 is used and is connected to one gen-
erator (radio transmitter) terminal and the other terminal is 
grounded. This arrangement is given in Fig. 260, somewhat ex-

Ionosphere 

Ecerths' surface 

"Pece 
ts>, -1.• • 
975, 

Ce> 

260.—How the ionosphere reflects radio waves back to the earth. 

aggerated of course. Such a grounded system will produce an elec-
tromagnetic field equal to one-half that of Fig. 259. 
Now it might be assumed that this would radiate a ray of elec-

tromagnetic waves in the direction shown and that these would 
never reach a radio-receiving set at point X for instance. That 
this is not true is due to the ionosphere, or Kennelly-Heaviside 
layer as it is often called. 
The ionosphere is a layer of ionized gas (page 426) at some 50 to 

100 miles above the surface of the earth. One factor contributing 
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to its ionization is the sun's rays, so the apparent layer height 
will vary with the time of day and season of the year. From a 
practical standpoint the ionosphere may be regarded as a conduct-
ing shell surrounding the earth, and this shell reflects the electro-
magnetic waves back to the surface of the earth. In this way, sta-
tions a great distance away can be heard. 
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Flo. 261.—An antenna is in reality a complex network consisting of series resistance 
and inductance and shunt capacitance. 

Antenna Input Impedance.—As was explained in the discussion 
accompanying Fig. 258c, the circuit consists of a transmission line 
feeding an antenna. The antenna is, accordingly, the terminating 
load on the transmission line, and to match this load properly 
to the line the input characteristics of an antenna must be 
known. 
By now it should be clear to the reader that at high frequencies 

there is more to a circuit than just what is seen by the eye. Thus 
it was previously explained that the two parallel wires of a trans-
mission line actually comprised a complex network such as shown 
in Fig. 247, page 375. By referring to Figs. 258a, b, and e, it follows 
that the antenna is not simply a straight wire but really a complex 
network, each elemental length having resistance and inductance, 
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and each elemental length of antenna wire A of Figs. 258 and 259 
having capacitance to each elemental length of antenna wire B. 
This has been shown in Fig. 261. Now in any circuit a generator 
can only force a current through a completed circuit, and the dis-
tributed capacitance between the antenna 
and ground in Fig. 261 completes the path for 
current flow. 
A circuit composed of distributed induct-

ance and capacitance elements will be resonant 
at certain frequencies, and this is precisely 
what happens for an antenna such as shown 
in Fig. 261. At certain frequencies the input 
impedance of the antenna at the point where the 
generator is located will be a value of pure 
resistance. 

This equivalent resistance may be low, or 
it may be quite high, depending on the 
manner in which the antenna is constructed, 
etc. For example, if the antenna were com-
posed of resistance wire, then much of the 
power entering the antenna would be lost in 
./2/i losses in the wire. If the antenna is com-
posed of conductors of low loss, and if it is 
isolated in space so that circulating currents 
are not induced in surrounding conducting 
objects and also so that dielectric losses do not 
occur, the antenna will radiate the energy put 
into it, but it still takes power and will have 
an input resistance. If an antenna is driven 
at the frequency at which its input imped-
ance is largely pure resistance, then the current entering the antenna 
will be in phase with the voltage; that is, they will pass through corre-
sponding values at the same time. 
With reference to Fig. 261, the current at the extreme end of the 

antenna is zero, because there is negligible capacitance between this 
extreme end and ground. Also, the current flowing in the antenna 
is greatest at the point where the antenna is connected to the genera-
tor. Thus for a straight vertical wire antenna the current distribu-
tion is as shown in Fig. 262 when the frequency f is such that the 
length of the wire is equal to Y1X, where X --- V /f = 186,300/f 

262.—Magni-
tude of the current and 
voltage at various 
points along an an-
tenna when the length 
of the antenna equals 
X/4, where X is the 
wave length at the fre-
quency f of the trans-
mitter driving the an-
tenna. This is a space 
distribution and not 
a time distribution. 
From this diagram it 
should not be inferred 
that the current enter-
ing the antenna is 90 
degrees out - of - phase 
with the voltage across 
the antenna. If thie 
relation existed, no 
power could enter the 
antenna. 
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miles. Also for Fig. 262, the voltage distribution will be as shown, 
because in a sense the antenna is a transmission line, and the 
voltage at the distant end of a line may approach zero.' 
Note in particular that for the current-distribution curve and the 

voltage-distribution curve these curves represent the magnitude of 
the current or voltage at each point in the antenna. These curves 
represent a space distribution because they are plotted against the 
length of the antenna. They do not represent a time relation. This 
point is stressed because many have the opinion that Fig. 262 
indicates that the current entering an antenna and voltage across 
an antenna are out of phase by 90 degrees. The time relation 
between current and voltage is determined by the input impedance 
of the antenna, which may be a pure resistance at certain frequen-
cies. If the input current and the voltage impressed across an 
antenna were 90 degrees out of phase, then the power input P = EI 
cos O would be zero. Then, no power would enter the antenna and 
none would be radiated. 
Antenna Coupling Circuits.—It has been shown that an antenna 

is an electric network having an input impedance. The final tube 
in the radio-transmitting set must work into this impedance. If 
the antenna does not offer the correct load impedance to the radio 
transmitting set, then an impedance-transforming network called 
a coupling circuit can be inserted between the transmitting set and 
the antenna (see page 333). 

It may be that the transmitter house must be located some dis-
tance from the antenna. If so, it is usually connected to the 
antenna with an open-wire transmission line or a coaxial cable. It 
is possible (page 385) to use the transmission line itself as an imped-
ance-matching circuit, or it may be operated as a line terminated 
in its characteristic impedance. These principles have been dis-
cussed earlier in this chapter. The details of these methods will be 
found in books on radio engineering. 

Receiving Antennas.—It has been shown that a transmitting 
antenna sets up an electric and a magnetic field about it and that it 
radiates an electromagnetic wave into space. In free space the elec-
tric and magnetic components of an electromagnetic wave must be 
of equal strength. This is in accordance with the principle of elec-

1 This may also be regarded as caused by the fact that the distributed ca-
pacitance is low and the /Xe drop will be high, even though the I may be 
very small. 
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tromagnetic induction that any relative motion between a mag-
netic field and a conductor will induce a voltage in the conductor. 
Although this law is usually stated for conductors, a voltage would 
also be induced in a glass wire, but negligible current would flow 
because of the high resistance. Space, like glass, is a dielectric, and 
if a magnetic field sweeps through space, a voltage will be induced 

and an electric field produced. 
Now the current and voltage of a tranemitting antenna will send 

out an electromagnetic wave, and when this electromagnetic wave 

Resultant voltage 
induced in antenna 

Eb rack, 
receiving set 

E ar h 
FIG. 263.—Action of a receiving antenna. 

sweeps past- a receiving antenna it induces a voltage in it, and this 
voltage will cause a current flow. If the antenna is arranged as in 
Fig. 263, the generator shown represents the resultant induced 
voltage. For simplicity the distributed capacitance between each 
elemental length of the antenna and ground has been lumped into 
one capacitor shown dotted. 
This resultant generated voltage will force a current to ground 

and through the antenna coil of the radio set. This current will in 
turn induce a voltage in the secondary of the antenna coil which 
will be impressed on the vacuum-tube circuits for amplification and 
detection or demodulation. Condensers may be added in series 
with the antenna coil or in parallel with it to tune it to a particular 

band. 

SUMMARY 

When a voltage is impressed on the two parallel wires of a transmission line 
a current flows into the circuit. The impressed voltage produces an electric 
field between the wires, and the current produces a magnetic field around the 
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wires. These two fields constitute an electromagnetic wave which travels 
down the line. 
The velocity with which an electromagnetic wave travels down a line ap-

proaches the velocity of light, or 186,300 miles per second. In a typical open-
wire telephone line, a wave having a frequency of 1000 cycles per second trav-
els with a velocity of about 180,000 miles per second. 
A line in which several wave lengths exist is an electrically long line. Sev-

eral wave lengths may exist in a line if the line is long, if the frequency is high, 
or if the wave velocity is low. An electrically short line is one in which only a 
fraction of a wave length exists. The wave length X = V/f. 
A transmission line has a characteristic impedance. This equals the input 

impedance of an infinite line or of a finite line terminated in its characteristic 
impedance. 
When an electromagnetic wave strikes any discontinuity in a line, wave re-

flection occurs. Therefore a wave is reflected from an open-circuited line, from 
a short-circuited line, or in fact from any termination that does not equal the 
characteristic impedance of the line. 
The combining and interfering of the initial and reflected waves at various 

points along a line cause maximum and minimum voltages and currents along 
an open or shorted line. These are called standing waves. 
For open-circuited or short-circuited lines having no attenuation, the in-

put impedance is either pure resistance or pure reactance, depending on the 
impressed frequency. 
The characteristic impedance of a transmission line may be calculated from 

the line constants of resistance, inductance, capacitance, and leakage. Char-
acteristic impedance is independent of line length but varies with frequency. 
The characteristic impedance of a radio-frequency line is largely pure re-
sistance. 
The attenuation of a transmission line may also be calculated from the line 

constants. Attenuation varies with the length of the line and with the fre-
quency. 

Distortion may be defined as a change in wave form. 
Frequency distortion is caused by a line that offers different attenuation to 

different frequencies or by an amplifier that amplifies the various frequencies 
differently. 
Delay distortion results when a line transmits waves of different frequencies 

at different velocities. 
Nonlinear distortion causes new frequency components to be created. 
Coaxial cables composed of a center conductor and an outer sheath are ex-

tensively used in radio practice. 
The radio-transmitting antenna is an electric circuit that serves to radiate 

electric energy in the form of electromagnetic waves into space. 
Electric energy is effectively radiated into space at the high radio frequen-

cies but not at low frequencies. 
Electromagnetic waves are reflected buck to the earth by the ionosphere. 
Like any electric circuit, the radio antenna has a definite input impedance, 

depending on its dimensions and the test frequency. The input impedance 
must contain a large resistance component if power is to flow into the antenna. 
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The electromagnetic wave sweeping past the receiving antenna induces a 
signal voltage in it. This causes a current flow through the primary of the 
antenna-coupling coil of the radio receiving set, and this in turn induces a 
signal voltage in the secondary that is connected to the vacuum tubes. 

REVIEW QUESTIONS 

1. Explain why the electric power being transmitted in a line is propor-
tional to the product of the electric field and the magnetic field strength and 
the cosine of the angle between them. 

2. What is an electromagnetic wave? 
3. How is an electromagnetic wave set up in a transmission line? 
4. What reason is there for saying that communication by electrical means 

is instantaneous? 
5. What is an electrically long line? An electrically short line? 
6. Why is the characteristic impedance of a line independent of length? 
7. How does line attenuation cause signal distortion? 
8. What happens to the electric component of an electromagnetic wave 

when it strikes the open end of a transmission line? What happens to the 
magnetic component? 

9. What happens to the electric component of an electromagnetic wave 
when it strikes the shorted end of a transmission line? What happens to the 
magnetic component? 

10. Briefly explain how a standing-voltage wave is found on an open-cir-
cuited line. 

11. Referring to Fig. 253, for open-circuited lines, what lengths of line offer 
high input impedances? What lengths offer low input impedances? 

12. Repeat Question 11 for a short-circuited line. 
13. Why may an open-circuited or a short-circuited transmission line be re-

garded as a transformer? 
14. Explain why the input impedance of an open-circuited line having no 

attenuation must be either a high value of resistance, a low value of resistance, 
or pure reactance. 

15. What is meant by signal-to-noise ratio, and what is its importance? 
16. Name and briefly explain the three types of distortion. 
17. Can standing waves exist on a coaxial cable? 
18. The losses in a transmitting antenna are assumed to be zero. How can 

the antenna input impedance contain a resistance component? 
19. What is the ionosphere, and why is it useful in long-distance radio com-

munication? 
20. What is the reciprocity theorem as applied to radio antennas? 

PROBLEMS 

1. The velocity of an electromagnetic wave in a given transmission line 100 
miles long is 180,000 miles per second. Calculate the frequency that will pro-
duce one full wave length in the line. Also calculate the frequency that will 
produce one-half wave length and one-fourth wave length. 
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2. Assuming that the wave travels with the velocity of light, what is the 
frequency that will establish a 5-centimeter wave on a line? A 0.5-centimeter 
wave? 

3. Figure 250 represents the instantaneous voltage conditions existing along 
an open-circuited line. Draw a similar figure showing the relations on a short-
circuited line. 

4. A bridge such as shown in Fig. 237, page 359, was used to measure the 
open-circuited impedance of a line. The measured resistance was 672 ohms 
and the inductance was —0.372 henry, using a test frequency of 1000 cycles. 
Write the expressions for the open-circuited impedance in both the rectangular 
and polar systems. 

5. When the short-circuited impedance of the line of Prob. 4 was measured, 
the resistance was found to be 695 ohms and the inductance — 0.012 henry. 
Write the expressions for the short-circuited impedance in both the rectangu-
lar and polar systems. 

6. Using the values in Probs. 4 and 5, calculate the characteristic impedance 
of the line. 

7. The constants at 1000 cycles of a certain telephone line per mile are R = 
4.11 ohms, L -- 0.00337 henry, and C = 0.00915 microfarad. Neglect the 
effect of the leakage, and calculate the characteristic impedance. 

8. Using the values of Prob. 7, calculate the propagation constant. 
9. Calculate the wave velocity and the loss per mile in decibels for the line 

of Prob. 7. 
10. If the line is terminated in its characteristic impedance and is 400 miles 

long, calculate the input current and the current, voltage, and power at the 
receiving end when a voltage of 1.5 volts at 1000 cycles is impressed on the 
sending end. 

11. The equivalent circuit of a certain broadcast antenna is a 7.7-ohm re-
sistor in series with a 0.001-microfarad capacitor. One kilowatt is being put 
into the antenna at 550 kilocycles. Calculate the equivalent input impedance 
of the antenna, and the series inductance required to produce resonance. 

12. Referring to Prob. 11, calculate the current that flows into the antenna, 
the voltage across the antenna, and the angle between the voltage and current. 

13. A shunt-excited or grounded vertical broadcast antenna tower is being 
fed by a sloping wire attached some distance up from the base. The input 
impedance between ground and the end of the sloping wire extending up the 
tower is 70 + j500 ohms at 675 kilocycles. The antenna is to be fed from 
the transmitting set by a coaxial cable having a characteristic impedance of 
Z.= 70 -F j0 ohms. The sheath of the cable is grounded at the broadcast 
tower. The sloping wire is to be attached to the central coaxial cable con-
ductor. How should this be done for maximum power transfer at the junction? 

14. If 5.0 kilowatts are put into the coaxial cable at the transmitter, what 
will be the input current and the impressed voltage? 

15. If a current of 5.97 amperes flows into the coaxial cable of Prob. 13, 
what will be the impressed voltage and the power entering the cable? 



CHAPTER XIV 

FUNDAMENTAL PRINCIPLES OF VACUUM TUBES 

Vacuum tubes are largely responsible for making modern com-
munication systems possible. These tubes may be regarded in two 
ways: ( 1) from the electronic viewpoint, considering what happens 
within a vacuum tube; and (2) how a vacuum tube functions in a 
circuit, considering its characteristics as a circuit element. 

In this chapter the vacuum tube will be considered from the 
electronic viewpoint, and in the following chapter it will be treated 
as a circuit element. The term vacuum tube is used to include tubes 
that are evacuated to a high degree and also gas-filled rectifier 
tubes. 
The fundamentes of electronics were considered in Chap. I. 

There it was shown that all metals contain free electrons and that 
ordinary electrical effects, such as current flow, are due to the mo-
tion of these free electrons. It is suggested that these principles be 
reviewed. 
Now in vacuum tubes, and in other electronic devices such as 

photocells, it is necessary to extract the electrons from metals so 
that they may be acted on by the various electrodes within the 
tube. The ways in which electrons can be readily separated from 
metals and made useful within vacuum tubes are as follows: 

1. Thermionic Emission.—When a metal is sufficiently heated, 
electrons are given off. 

2. Secondary Emission.—If a beam of rapidly moving electrons 
strikes a metallic object, secondary electrons are liberated from 
the metal. 

3. Cold-cathode Emission.—If even a cold metal is subjected to a 
very strong electric field, electrons are pulled out of the metal. 

4. Photoelectric Emission.—When a beam of suitable light is 
directed on certain metals, electrons are liberated. 
The Thermionic Cathode.—The vacuum tube, so widely used in 

radio transmitting and receiving sets and in telephone equipment, 
contains a heated thermionic cathode which emits electrons into 

405 
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the space immediately surrounding this cathode. These emitted 
or ejected electrons are then acted upon by the various electrodes 
within the tube, the tube is thus given its ability to amplify, etc. 
The emission of electrons from the heated thermionic cathode is 

somewhat like the evaporation of a liquid. The heat energy sup-
plied to a liquid causes particles of the liquid to be thrown from the 
surface. The heat energy supplied to a thermionic cathode causes 
free electrons to be thrown from the surface of the metal.' 
The thermionic cathodes used in ordinary vacuum tubes are of 

two general types. (1) The filament type in which the heating 
current passes directly through a metallic wire or ribbon, and this 
filament emits the electrons. (2) The separate-heater, or indirect-
ly-heated, type, which is a metallic cylinder (coated as will be 

explained later) within which is a sepa-
rate wire for heating. The metallic 
cylinder emits the electrons; the wire 
within is insulated from the cylindrical 
cathode and merely supplies heat to it. 

Filament-type Thermionic Cath-
odes.—Filaments usually are shaped as 
in Fig. 264. The wires may be made of a 
pure metal, they may be of thoriated 
tungsten, or they may be oxide coated. 

Pure Metal Filaments.—Because of its very great mechanical 
strength at high temperatures and because of certain other desira-
ble features, tungsten is widely used for the filaments of the large 
power-handling tubes used in the output stages of radio trans-
mitters. 

Thoriated-tungsten Filaments.—During the manufacture of the 
wire, a small amount of thorium oxide is added to the tungsten. 
Then, after the filament is mounted within the tube the thoriated-
tungsten filament is activated. This is done by heating the fila-

Distinctions between evaporation and thermionic emission are as follows: 
In the evaporation of a liquid, actual particles of the liquid are thrown off 
and are borne away so that the pan of liquid "dries up." In thermionic emis-
sion, electrons are thrown off, but electrons are merely electric charges and 
are not particles of metal as are the atoms (p. 3). Also, the external con-
nections bring the electrons back to cathode. Thus it follows that a thermionic 
cathode will last for many years if it is properly operated. The thermionic 
cathode merely acts as a source of electrons, or negative electricity. 

Fm. 264.—Directly heated cath-
odes of the filament type. 
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ment to a high temperature which "boils" some of the thorium to 
the surface. This very thin layer of thorium gives the thoriated-
tungsten filament a much higher emission under comparable condi-
tions than for pure tungsten alone; in fact, it is about one thousand 
times as great. 

Oxide-coated Filaments.—This cathode consists of a ribbon of 
nickel or some suitable alloy on which a coating of barium and 
strontium is placed. Before the tube is put into service, the coating 
must be activated somewhat as for the thoriated-tungsten filament 
just described. This activating process "boils" a layer of barium to 
the surface, and this layer gives the oxide-coated filament extraor-
dinary emitting properties. The strontium is used to strengthen 
the oxide coating mechanically. The oxide coating increases the 
emission millions of times over what it would be for a pure metal at 
the same temperature. 

Pure tungsten filaments operate at a very high temperature of 
about 2500°K. (degrees Kelvin).' Thoriated-tungsten filaments 
operate at an intermediate temperature of about 1500°K., and 
oxide-coated filaments operate at a low temperature of about 
1000°K. The tungsten filament is the most rugged, the thoriated-
tungsten filament is less rugged, and the oxide-coated filament is 
he weakest of the three. Pure tungsten filaments are used in the 
large power tubes, thoriated-tungsten in those of intermediate size, 
and oxide-coated filaments in the small radio-receiving-type tubes 
and also in gas-filled tubes. In the case of both the thoriated-
tungsten type filament and the oxide-coated type, it is the very 
thin layer of thorium or barium on the surface of the filament which 
causes the excellent emission. These layers seem to accomplish 
this, not by emitting the electrons themselves, but rather by mak-
ing it easier for the electrons to come out from beneath the thin 

layers. 
Separate-heater Type Cathodes.—From the circuit-design 

standpoint there are many advantages in having a separate heater 
rather than a filament. Also, in radio receivers it is desired to heat 
the cathode with alternating current. In radio receivers the re-
ceived signal strength is very low in the first tubes. The alternat-
ing-current hum caused in these tubes may be comparable to the 
signal strength if filament-type tubes are used. 

Zero in the Kelvin system is — 273°C. 



FIG. 265.—Separ-
ate-heater type cath- insulated throughout its length with a ceramic 
odes. Thef cathode insulator; instead, it is insulated from the metal 
consists o a metal 
cylinder covered with cylinder at each end and is spiraled within so 
an oxide coating. 
The cathode which that it is held in the center of the cylinder by 
emits the electrons is its own spring tension. This cathode heats much 
indirectly heated by 
the wires within. more rapidly than the other type beca:use the 

tubular ceramic insulator is not present and thus 
there is less material to bring up to temperature when the tube is 
turned on. For this reason it is more widely used. 
The Negative Space Charge.—When the filament of a thermionic 

vacuum tube is heated, electrons are given off by the filament into 
the region immediately surrounding the filament. This is shown 
by Fig. 266. When the negative electrons are given off, they take 
negative electricity away from the filament, and this action leaves 
the filament positive. The filament, accordingly, attracts the 
electrons back to it. 

Thus, in a tube such as Fig. 266 containing only a filament, an 
equilibrium condition is soon reached in which negative electrons 
are being thrown off from the filament and the filament is pulling an 
equal number back to it. Since the space surrounding the filament 
is filled with negative electric charges because of the presence of 
the electrons, it is said to be a negative space charge. 

Actually, the space charge extends into other portions of the 
tube than the region immediately surrounding the filament. Prac-

tically, however, the intensity is so much greater adjacent to the 
filament that in ordinary radio-receiving-type tubes it is usually 
considered that the space charge is a sheath surrounding the fila-
ment. The way in which the space charge appears around a 
separate-heater cathode is shown in Fig. 267. 
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There are two types of separate-heater cathodes. One is shown 
in Fig. 265a. It consists of an oxide-coated cylinder of nickel or 

other suitable metal inside of which is a 
'Cathode., hairpin-shaped heater wire insulated from the 

metal cylinder with a tubular ceramic insulator. 
Insukfted This construction makes the cathode slow in 
heater heating, because of the time required to raise the 

structure to the operating temperature. 
(a ) (b) The second type of indirectly heated cathode is 

shown in Fig. 265b. In this the cathode is not 
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The Diode.—A diode is a two-electrode vacuum tube containing 
a heated cathode and an anode, or plate. The conventional way of 
drawing a diode is as shown in Fig. 268. Of course, this is not the 
way a tube is actually constructed, the details of construction of a 
typical thermionic vacuum tube being shown in Fig. 269. 

FIG. 266.—When a filament is heated, 
negative electrons are given off. These 
form as a sheath or layer around the fila-
ment, although they also exist in other 
parts of the tube as well. 

267.—When an indirectly heated 
cathode reaches operating temperature, 
negative electrons are given off. These 
may be thought of as forming a sheath 
about the cathode, although they also 
exist in other parts of the tube. 

Referring to Fig. 268, if the anode or plate is made positive, 
electrons will be attracted to it from the intense space charge 
region. These electrons will flow on around the circuit to the 
cathode. When they first leave the cathode they make way, so 
to speak, for other electrons from the cathode. Thus, when the 
plate is positive an electron current flows around the circuit, and 
this current will be measured by the milliammeter. 
As is shown in Fig. 268, the plate voltage is variable. The rela-

tion between the plate voltage and the electron current through 
the tube at a given cathode temperature is shown by Fig. 270. For 
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obtaining curve A the cathode is held at a given temperature and 
the plate voltage is varied. As the plate voltage is increased the 
plate current, consisting of electrons from the space-charge region, 
keeps increasing until the electrons are taken from the cathode as 
fast as they are given off. After this plate-voltage value has been 
reached, a further increase in plate voltage does not cause a corre-
sponding increase in plate current. When this condition has been 

reached, it is sometimes said that 
the tube is voltage saturated. 
Increasing the cathode tempera-
ture will provide more electrons, 
and the plate current will now 
increase along curve B. 
The relation between cathode 

temperature and plate current for 
a given plate voltage is shown in 
Fig. 271. The cathode must be 
raised to a temperature sufficient 
to emit electrons before plate 
current can flow. The plate cur-
rent then increases as the temper-

I I ature is raised, until as the 
Fia. 268.—Conventional way of draw- cathode becomes quite hot the 

ing a diode using a separately heated electron emission builds up such a cathode. The space charge has here been 
shown as a layer of negative electricity, large negative space charge that 
Actually, it consists of a random dis- the plate voltage cannot overcome 
tribution of negative electrons. 

it and draws a current through it 
from the filament. This is indicated by the flattening off of curve A 
of Fig. 271 and is known as temperature saturation. Applying a 
larger voltage to the plate will overcome the space charge and 
permit a larger current, curve B, to flow. 
To summarize: In a diode (as well as in other thermionic vacuum 

tubes) the negative space charge is a controlling factor in limiting 
the plate current that flows through the tube. The positive plate 
voltage must, in effect, reach down through the negative space 
charge and overcome it sufficiently to pull a current through the 
tube from the cathode to the plate. Thermionic vacuum tubes are 
often called valves; this is quite an appropriate term, because they 
act like an electron valve, in that they allow more or less current to 
flow through themselves and the connected external circuit. 
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I METAL ENVELOPE 

2 SPACER SHIELD 

3 INSULATING SPACER 

4 MOUNT SUPPORT 

5 CONTROL GRID 

6 COATED CATHODE 

7 SCREEN 

8 HEATER 

9 SUPPRESSOR 

10 PLATE 

I I BATALUM GETTER 

12 CONICAL STEM SHIELD 

13 HEADER 

14 GLASS SEAL 

IS HEADER INSERT 

16 GLASS•BUTTON STEM SEAL 

17 CYLINDRICAL STEM SHIELD 

18 HEADER SKIRT 

19 LEAD WIRE 

20 CRIMPED LOCK 

21 OCTAL BASE 

22 EXHAUST TUBE 

23 BASE PIN 

24 EXHAUST TIP. 

25 ALIGNING KEY 

26 SOLDER 

27 ALIGNING PLUG 

269.—Details of construction of an "all metal" radio vacuum tube. (Courtesy 
of RCA Manufacturing Company, Inc.) 

— O Plate voltage, Ep 

FIG. 270.—Variations in diode plate 
current with plate voltage at two cath-
ode temperatures. The flattening is due 
to voltage saturation. As wfll be noted 
from this curve, some current will flow 
even if the plate is slightly negative 
because of the initial velocities which 
some of the electrons have when the.1-
are emitted. 

Cathode temperature 

Fia. 271.—Variations in diode plate 
current with cathode temperature for 
two different plate voltages Ep and Es'. 
The flattening is due to temperature 
saturation. The cathode temperature is 
varied by changing the heater. current. 
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The Triode.—As shown in the preceding section, the negative 
space charge composed of electrons emitted by the cathode is a 
powerful factor in controlling the plate current through the tube. 
Now suppose that a mesh or coil of wire called a grid is placed near 
this space-charge region. If the grid is made positive, it will 
neutralize some of the negative space charge, and this action will 
allow the positive plate to pull a larger current through the tube. 

"8"Bodtery 

F--1 
-C-Ballery 

Pia. 272.—Schematic dia-
gram for a triode and its test 
circuit. The "C" battery 
and its voltage divider makes 
available a variable voltage 
E, for the grid. This voltage 
may be reversed so that a 
positive value may be applied. 
The "B" battery and its as-
sociated voltage divider pro-
vides a variable voltage Eb 
for the plate. 

IP„ s_ o 
:13 r.".. 3 
o 

75.4-

IÚ 

Grid voltage Ec 

FIG. 273.—Plate and grid 
currents at plate voltages 
Eb, Eb' and Eb" as the grid 
voltage E, is varied. (Plate 
and grid currents plotted to 
different scales.) 

If the grid is made negative, it will assist the negative space charge 
in holding back the electrons from the filament and will reduce the 
plate current through the tube. By this action, the grid will be 
able to control the current through the tube, the assumption being 
that the filament temperature and the plate voltage are held con-
stant. 

This action is explained with the aid of Fig. 272. The filament 
is held constant at the correct operating temperature. The grid is 

made negative by throwing the switch down and positive by throw-
ing it up. The grid voltage is varied by the voltage divider across 
the C battery, and the plate voltage is varied by the voltage divider 
across the B battery. 

With the plate voltage at Eb, the grid voltage E, is made highly 
negative and then slowly varied to positive values. When the grid 
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is highly negative it will repel the electrons, and no plate current 
will flow. As the grid is made less negative, a current 4 flows to 
the plate as Fig. 273 shows. When the grid becomes positive, a 
small grid current I., flows to the grid. If a higher plate voltage Éb 
is used, then it will take a larger negative grid bias to repel the elec-
trons and completely stop the plate-current flow. With a larger 
plate voltage, plate current and grid current ig results. If a low 
plate voltage is used, then curves and I; are produced. 
The peculiar shape of the grid current curve of Fig. 273 is caused 

by secondary emission (page 418). At about 10 volts positive, the 
grid begins to draw an appreciable current and the electrons strik-
ing the grid may knock out secondary electrons. Now many of 
these secondary electrons will be pulled over by the highly positive 
plate. Thus, electrons are flowing to the grid from the cathode and 
from the grid itself to the plate. A check of the current directions 
in Fig. 272 will show that secondary emission results in a drop in 
grid current. However, as the grid is made more positive, it begins 
to "reclaim" these secondary electrons and pulls them back to it. 
To summarize: The grid in the triode gives the vacuum tube a 

control element, and it is this feature which makes the tube so use-
ful. A feeble signal voltage impressed between the grid and cathode 

can control a large current flow. 
Vacuum-tube Coefficients.—In calculating the gain, power out-

put, etc., for vacuum tubes, several coefficients (sometimes called 
constants) are used. These will now be explained. 

Amplification Factor.—The grid is in a very strategic position; 
it is close to the space charge region where the electrons are "milling 

about" and are accordingly easily influenced. To reach the plate, 
the electrons must pass through the grid and, accordingly, must do 
its bidding. A few volts on the grid may completely nullify several 
hundred volts on the plate. The amplification factor is a measure 
of the effectiveness of the grid with respect to the plate. The ratio 
of the plate-voltage change to the opposing grid-voltage change to 

prevent any variation in the plate current flowing gives the ampli-
fication factor. Thus, if the plate voltage is increased positively 40 
volts the plate current would tend to rise, but if the grid voltage is 
decreased 5 volts negative and the plate current returns to its 
former value, then the +40-volt plate-voltage change is offset by a 
— 5-volt grid-voltage change. Then, the amplification factor, desig-
nated by the Greek letter mu, is et = 40/5 -- 8. The best way to 
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find the amplification factor graphically is indicated beneath Fig. 
274a. The amplification factor is a ratio having no unit of measure. 
Mutual Conductance.—At several places (page 26) conductance 

has been defined. Conductance is a factor which if multiplied by 
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FIG. 274.—Characteristic curves for a triode. The amplification factor is a 
measure of the relative effectiveness of the grid with respect to the plate. In (a) 
if the plate voltage is increased from 120 volts to 150 volts, and if at the same time 
the grid voltage is decreased from — 5 volts to — 8.3 volts, the plate current remains 
constant at 5 milliamperes. Thus, 3.3 volts change in grid voltage is as effective 
as 30 volts change in plate voltage and the amplification factor is µ = 30/3.3 = 9.1. 
The alternating-current plate resistance, which is the opposition the tube offers 

to the flow of alternating current, is found from (b). Assume that the tube is being 
operated at point P with — 8 volts on the grid, 147 volts on the plate, and with a 
plate current of 5 milliamperes. An alternating current would vary about point P, 
going above P and below P. The plate resistance offered to alternating current 
will be the voltage at point P divided by the current, because the tube is being 
operated at these values. The length of the base of the triangle drawn at point P 
is 25 volts, and the height of the triangle is 2.2 milliamperes or 0.0022 ampere. 
The alternating-current plate resistance will be rn = Ell = 25/0.0022 = 11,350 
ohms. The plate resistance depends on the point of operation, whether at P, 
P1, or P2. The direct-current plate resistance, as distinguished from the alternating-
current plate resistance, at any point P is merely the value of plate voltage divided 
by the corresponding value of plate current. 

The grid-plate transconductance can be found from (a) by erecting a small tri-
angle at the operating point as in (b). Or, the grid-plate transconductance can be 
found from the relation gm = p/ r p. For this tube gm = 9.1/11,350 = 0.0008 mho 
= 800 micromhos. 
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voltage gives the current in a circuit. Grid-plate transconductance 
is a more correct term than mutual conductance. The "trans" im-
plies that the effect is carried over from one circuit to another; 
thus, grid-plate transconductance means the effect of a grid-voltage 
change in producing a plate-current change. The mutual conduct-
ance of a tube is, therefore, a factor measured in mhos which if 

multiplied by grid signal voltage gives the plate signal current. In 



FUNDAMENTAL PRINCIPLES OF VACUUM TUBES 415 

other words, in amplification, the alternating signal voltage is im-
pressed on the grid. Multiplying this value by the mutual conduct-
ance gives the alternating-current component of the plate current. 
The graphical method of determining the mutual conductance of a 
triode is explained in Fig. 274a. 

Plate Resistance.—As will be made quite clear in the next chap-
ter, a vacuum tube as an amplifier is similar to a generator. The 
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Fig. 275.—Variations in grid-plate transconductance, amplification factor, and 
alternating-current plate resistance with plate current. Grid voltage held constant 
at — 8 volts, plate voltage varied. The curves are for a typical triode similar to that 
used for Fig. 274. The relations among these values are as follows: rp  
gm = p/rp, and gmrp. 

vacuum tube (because of its amplification factor) generates in the 
plate circuit a signal voltage it times greater than the alternating 
signal voltage impressed on the grid. This generated voltage 
forces a current through the load connected in the plate circuit. 
But, just as for any generator, the source of voltage must also force 
the alternating current through the internal resistance of the gen-
erator as well as through the external resistance (or impedance) of 
the load. The plate resistance of a vacuum tube is the opposition 
measured in ohms offered by the tube to an alternating-current 
flow through its plate circuit. Resistance causes heat loss, and so 
does plate resistance cause a heat loss within the tube, largely due 
to the effect of the opposing space charge. The plate resistance of a 
tube, it should be carefully noted, applies to alternating-current 
and not direct-current flow. The graphic method of finding the 
plate resistance of a tube is given in Fig. 274b. Variations in the 
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amplification factor, mutual conductance, and plate resistance are 
shown in Fig. 275. 
To summarize: The important vacuum-tube coefficients are the 

amplification factor it, the mutual conductance g„„ and the alter-
nating-current plate resistance re,. These are related as follows: 
= rp gm, g,, = 1.1./r„, and rp = Wgm. 
The Tetrode.—As is well known to many readers, the tetrode, or 

four-electrode thermionic vacuum tube, has a higher plate resist-
ance and a higher amplification factor than a triode, or three-

Fm. 276.—Schematic diagram for a teti ode or screen-grid tube and its test cir-
cuit. The screen-grid voltage is held at a constant positive voltage as indicated. 
The plate voltage El, and the grid voltage Eo may be varied. 

electrode tube. This is because a screen grid has been added to 
the tube. The screen grid also reduces, or prevents entirely, the 
tendency of the tube to oscillate by shielding the control grid from 
the plate. The reason for this will be explained on page 475. Note 
that it is now necessary to designate which grid is being considered. 
What is called the control grid corresponds to the grid in a triode. 
The characteristics of the screen-grid tube can be explained by 

Fig. 276. Note that the screen grid is placed between the control 
grid and the plate. In this position, it can largely prevent the volt-
age on the plate from affecting the important negative space-charge 
region close to the cathode. It will be recalled that in this region 
the electrons emitted by the hot cathode are at low velocities. To 
illustrate the action, it can be said that in this region the negative 
electrons are "milling about" undecided as to whether they should 
go on, or go back to the cathode which they left positively charged 
by their departure. 
Now the control grid is close to this space charge and can readily 

control the electrons. The plate, in addition to being farther away 
as it was in the triode, is shielded by the screen grid. Because of 
this, the plate has about lost even what little control it formerly 
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had over the electron stream or plate current through the tube. In 
studying the triode, it was explained that the amplification factor 
was a measure of the effectiveness of the grid, as compared with the 
plate, in controlling the electron stream through the tube. In the 
screen-grid tube, the plate has, as stated, lost almost all control 
over the electron stream, and the amplification factor is, accord-
ingly, quite high, being 400 for a typical tube. Also, because the 
plate voltage has little control and it is hard for the plate potential 
to draw current through the tube, the plate resistance of the tube is 
high, being 400,000 ohms for a typical screen-grid tube. 

Characteristics of a Tetrode.—The relations between plate cur-
rent and grid voltage are shown in Fig. 277a and are obtained with a 
circuit arranged as in Fig. 276. Note that the screen grid is held at 
a fixed positive potential, often about +90 volts. This potential 
must be positive to pull the electrons through the control grid. 

5= 
c-L E 
o 
-8 -6 -4 -2 0 
Grid voltage,volts 

(a)-Grid voltage- plate 
current curves 
277.—Characteristic curves for a screen-grid tube or t,etrode. Because the 

plate is so fully shielded by the screen grid, the plate voltage has little effect on the 
plate current. For this reason, the graphical solutions of Fig. 274 cannot be applied 
with accuracy. For the meaning of points ( 1), (2), etc., see the accompanying dis-
cussion. The operating region from about 10 to 50 volts can be regarded as having 
negative resistance characteristics because an increase in plate voltage causes a 
decrease in plate current. 
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(b)- Plate voltage - plate current curves 

Now once the electrons are highly accelerated, as they are by the 
positive screen grid, they tend to travel in straight lines, and some 
of them pass between the wires of the screen grid; once they are 
through, they are drawn on to the positive plate. Thus, the plate 
eventually receives a current if the control grid, which has first 
control, permits the electrons to pass. 

Figure 277a was obtained by holding the plate at a fixed positive 
voltage and by varying the control-grid voltage. As previously 
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mentioned, the screen-grid voltage is held constant at a positive 
value. Plate currents at various plate voltages result in curves that 
fall almost on top of each other, proving that the plate has little 
control over the plate current. No attempt has been made to repro-
duce such curves. Applying the method discussed in Fig. 274 indi-
cates that the tetrode would have a very high amplification factor. 
This method is not satisfactory because it is not accurate. Special 
circuits are used for finding .the coefficients of tetrodes and pentodes 
(see Standards of the Institute of Radio Engineers). 
The plate voltage—plate current curves of Fig. 277b are particu-

larly interesting and can be explained as follows: As previously 
mentioned, the screen grid is held at a positive voltage of, say, +90 
volts. Now at point 1 the plate is at zero volts; therefore, the plate 
will take no current, but the screen grid will take a large current. 
At point 2, the plate now has a positive voltage on it and starts to 
draw a few electrons to it. There are, then, fewer electrons available 
for the screen grid, and its current drops. But now, secondary emis-
sion again comes into play (pages 405 and 413), and its effect will 
now be explained. 

Although the plate is not highly positive at point 2, its potential 
is, nevertheless, sufficient to add a considerable velocity to the 
electrons that pass through the screen grid. When these rapidly 
moving electrons strike the plate, they knock electrons out of it. 
These secondary electrons have two choices; they may return to 
the plate where they originated, or they may go over to the screen 
grid. Slightly beyond point 2 of Fig. 277b, the plate potential is 
only about +20 volts but the screen-grid potential is +90 volts, 
and so many of these secondary electrons go over to the grid. As 
the plate is made more positive, the electrons are given higher 
velocities, a greater secondary emission occurs, and the screen 
grid attracts a larger group of these electrons. 
The increase in the screen-grid current and the decrease in the 

plate current at point 3 can be explained by Fig. 277b. The screen 
grid is now drawing electrons from both the cathode and the plate, 
and these two currents unite in passing down through the screen-
grid milliammeter and cause the screen-grid current to increase. 
The secondary electrons must return to the plate through the 
milliammeter in the plate circuit, and in the figure just referred to, 
they move up. The normal electron plate current from the cathode 
flows down through the milliammeter in the plate circuit, and thus 
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the net current, which is the current that the milliammeter meas-
ures, decreases as shown at point 3 of Fig. 277b. In fact, as the 
plate voltage is increased so that greater secondary emission occurs, 
the net plate current may even go negative, indicating that the num-
ber of secondary electrons liberated from the plate and going over to the 
screen grid exceeds in number the electrons from the cathode to the plate. 
All operating conditions will not show this negative plate current, 
but it can easily be demonstrated. 
As the plate is made more positive than the screen grid, such as at 

point 4 of Fig. 277b, the plate is now able to draw all the secondary 
electrons back to it, and the plate voltage-plate current curve 
flattens out as at point 5. A screen-grid tube is normally operated 
over the region centered about point 5. The reader may be sur-
prised to find that secondary emission occurs even in triodes. In 
these, however, there is no positive screen grid to pull the secondary 
electrons away from the vicinity of the plate, and thus the peculiar 
effects of Fig. 277b do not show up. Because the plate voltage-
plate current curve is quite flat in the vicinity of point 5 where the 
tube is usually operated, the screen-grid tube has a high alternating 
plate-circuit resistance. 
To summarize: In the screen-grid tube, or tetrode, a second grid 

called the screen grid is placed between the plate and the control 
grid. This screen grid is held at a constant positive potential. Be-
cause of the presence of this screen grid, the voltage on the plate has 
little influence in determining the plate-current flow, but the con-
trol grid is very effective. This gives the screen-grid tube, or 
tetrode, a high amplification factor and a high resistance. The 
presence of the positive screen grid shows up the effect of secondary 
emission which produces peculiar variations in the plate-current 
curve at low plate-voltage values. 
The Pentode.—Although the screen-grid tube, or tetrode, offers 

many advantages over the triode for certain uses, the plate-current 
variations at low plate voltages are not desirable. The pentode, 
or five-electrode thermionic vacuum tube, is provided with a means 
of suppressing this secondary emission effect. Now at the start, 
note carefully that in the pentode the secondary emission is not 
prevented, but the effect of it is suppressed. This is accomplished 
by the introduction of a third grid, called a suppressor grid, be-
tween the plate and the screen grid. •This suppressing action will 

now be explained. 
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The characteristics of a suppressor-grid pentode can be found with 
the circuit shown in Fig. 276. The suppressor grid is connected di-
rectly to the cathode, and hence no additional circuit features are 

required. The arrangement of the electrodes and 
• their typical operating potentials are as shown in 

7z3 rts 
ez Fig. 278. In this tube the control grid operates as 

l• a tb 4,3 
before and largely determines the current flow 

-o • through the tube. The screen grid gives the elec-• c t.. • o u o 
c.) c.) ▪ trons their initial acceleration, and their velocity 

carries many of them through the screen grid, 
through the suppressor grid, and on toward the 
positive plate. 
The entire positive voltage of the plate is im-

pressed between the plate and the suppressor 
grid, because this grid and the cathode are tied 
together. Secondary electrons are emitted from 
the plate as in any vacuum tube, but because of 
the presence of the suppressor grid which is at 
zero (cathode) voltage, these secondary elec-

0 .3 0 180 trons cannot go to the positive screen grid as +90 + 
Fia. 278.—Order they did in the tetrode when the plate voltage is 

of the electrodes in low. 

a suppressor-grid As a result of the action of the suppressor 
pentode tube. Also, 
operating poten- grid, the undesired effects of secondary emission 
tials are shown. As are eliminated. This gives the suppressor-grid 
indicated, the cath-
ode and the sup- pentode a very smooth plate voltage—plate 
pressor grid are  poten- current curve as shown in Fig. 279. Now the both at zero 
tial because they suppressor grid does another thing: It further 
are  d tied togethIenr prevents the potential of the plate from reach-
an grounded. 
some suppressor- ing down into the space-charge region in which 
grid pentodeay s the the control grid so effectively acts. As a result, screen grid m op-
erate  at the same the plate voltage has lost substantially all control 
potential as the 
plate. over the electron stream. The result is that a 

typical suppressor-grid pentode has a very high 
amplification factor, as great as 1200 or over, and a very high plate 
resistance of over 1,000,000 ohms. 
The fact that the plate voltage has so little effect on the plate cur-

rent would cause the grid voltage—plate current curves at various 
plate voltages to fall almost on top of each other. Thus, in Fig. 
279. no attempt has been made to show the various curves. The 
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279.—Typical characteristic curves for a suppressor-grid pentode comparable 

to the screen-grid tetrode of Fig. 277. The suppressor grid eliminates the undesired 
secondary emission effect, giving the smooth curves shown. 

Remote Cutoff Tubes.—If the control grid voltage-plate 
current curves of Figs. 274, 277, and 279 are examined, it will be 
seen that the plate-current curves come quite gradually down to 
zero and then abruptly cut off. In other words, the slopes of these 
curves are about the same down to almost the cutoff value where 
the plate current ceases to flow. 

Certain tubes called remote cutoff tubes (or variable 1u or super-
control tubes) are constructed so that they do not cut off sharply 
but gradually as shown in Fig. 280. Instead of the curve reducing to 
zero as in the figures referred to in the preceding paragraph, they 
reduce gradually to zero and cut off at a grid voltage of perhaps — 50 
volts. This special feature is obtained by using a control grid 
which is nonuniformly wound or which is unsymmetrical in some 
way. The application of these tubes will be considered on page 488. 

Multigrid Tubes.—A vast array of tubes are on the market 
today. It is somewhat bewildering to start studying them. To 
help clarify this situation, the following paragraphs are added. 

Multigrid, or multielectrode, tubes may be classified as tubes 
containing more electrodes than a triode. There are two classes of 
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flat plate voltage-plate current curve of this same figure indicates 
a very high plate resistance as explained under Figs. 274 and 277. 
To summarize: The introduction of a third grid, placed between 

the plate and screen grid, suppressed the effect of secondary emis-
sion, although electrons are knocked out of the plate as before. 
The suppressor grid prevents the secondary electrons from flowing 
to the screen grid. The suppressor grid further shields the plate 
from the space-charge region, however, and thus makes both the 
amplification factor and plate resistance very high. 

e 4 
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5 1 Screen-grid current 
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multigrid tubes. The first class includes tubes designed to perform 
some function that cannot be performed readily by a triode. The 
second clase includes tubes having additional electrodes to pArform, 
simultaneously, more than one function. 
As an example of the first class, consider the screen-grid tube and 

the pentode. As will be shown later (page 475) these tubes make 
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FIG. 280.—A comparison of the cutoff characteristics of a remote cutoff or super-
control tube and an ordinary screen-grid tube. This effect is achieved by having 
a nonuniform control grid, several methods being applicable. These are often 
called variable-mu tubes, because the amplification factor will depend on the con-
trol grid bias voltage used (see Prob. 3 page 441). 

excellent radio-frequency amplifiers, but special neutralizing cir-
cuits must be employed when a triode is used at radio frequencies. 
As an example of the second class, consider a "duplex-diode high-
mu triode." This tube contains two diode structures and a high-
amplification triode structure in the same evacuated enclosure. 
To summarize: It can be said that the basic tube structures are 

diodes, triodes, tetrodes, and pentodes. All other ordinary tubes 
are but combinations of these. When examining a new tube, the 
classification into which it falls should be ascertained, and then if 
the four basic tube types are understood, the operation of the new 
tube can readily be explained. 
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The Beam-power Tube.—In the preceding sections no distinc-
tion has been made between tubes which handle small amounts of 
power and those which handle large amounts of power. These 
distinctions will be given some consideration in the next chapter. 
In general, however, it can be said that whether a given triode, 
tetrode, or pentode will handle much power or not depends on its 
size, etc. One obvious error in this statement is as follows: The 
more grids there are within a tube, the more the plate current is 
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Fm. 281.—Top view of electrodes in the so-called beam power tube showing poten-
tials in the beam when the plate is at a low potential. 

limited. As the reader may know, triodes are very popular as 
voltage amplifiers, and for handling very large amounts of power 
they are always used. 
Power pentodes are well suited for handling a few watts of power, 

but the presence of the suppressor grid places some limitations on 
their operation. Thus, if a tube could be designed which had no 
suppressor grid, but in which the effects of secondary emission 
were controlled by other convenient means, a tube would be pro-
vided which for some purposes would prove superior. 

In the so-called beam-power tube shown schematically in Fig. 
281, the effects of secondary emission are controlled and the 
erratic variations of Fig. 277 prevented without a suppressor grid. 
The beam-power tube contains a cathode, a control grid, a screen 
grid, and a plate which operates about as has been previously con-
sidered, and in addition it has a beam-confining plate which is at 
ground or cathode potential. A complete analysis of the action of 
this tube involves a detailed study of the electric fields produced 
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within the tube by each electrode. Briefly, the action is as follows: 
The numerical values within the schematic tube structure of Fig. 
281 indicate the voltage at each point with respect to the cathode. 
Note that opposite the ends of the beam-confining plate a zero line 
marked "virtual cathode" exists. In effect, the zero potential of 
this electrode extends on across the tube. With such a voltage 
distribution within the tube the secondary electrons will return to 
the plate just as in the suppressor-grid pentode where the sup-
pressor grid at cathode potential prevents the secondary electrons 
from going to the positive screen grid. The beam-power tube has 
about the same characteristics, therefore, as a suppressor-grid 
power pentode. 
To summarize: In the beam-power tube the advantages of sup-

pressing secondary emission are obtained with a beam-confining 
plate rather than with a suppressor grid. One advantage of this is 
a more efficient tube of smaller size than a comparable power pen-
tode. 
The Gas Diode.—Two-electrode vacuum tubes or diodes are 

extensively used as rectifiers to obtain direct current from an 
alternating-current power supply. The rectified direct-current 
component of the plate current flows through the tube. If the 
internal resistance of the tube is high, there will be a large voltage 
drop within the tube. This tends to cause poor regulation and 
low efficiency (page 83). Thus, if the internal resistance of a diode 
can be reduced, the tube will be a better rectifier from the stand-
point of efficiency and regulation. 

Several factors, such as the shapes and spacings of the cathode 
and plate (or anode), contribute to determining the internal resist-
ance of a diode. For a given tube structure, the negative space 
charge is largely responsible for the voltage drop within the tube. 
This is because, as previously explained on page 410, the negative 
space charge opposes the flow of negative electrons making up the 
plate current as they flow from the cathode to the plate. From this 
it follows that if the negative space charge within a tube can be 
neutralized the electrons constituting the plate current can pass 
through the tube with less opposition and the tube will be a better 
rectifier. 
The negative electrons making up the space charge must be 

there, because they are in effect a reservoir from which the positive 
plate draws a current. However, if the negative space charge can 
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be neutralized, the electrons will still be there, but the opposing 
space charge effect will be largely gone.' To accomplish this neu-
tralizing effect, gas at a low pressure is introduced into a rectifier 
tube, or, more commonly, mercury is placed in an evacuated tube, 
and at the low pressure existing the mercury vaporizes and fills the 
tube with a mercury vapor or gas. The functioning of the mercury 
vapor in neutralizing the space charge and reducing the voltage 
drop within the tube will now be explained. 
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282.—Action of ionization by collision in a gas diode, and the resulting 
neutralization of the space charge. The large black dot is the symbol for indicating 
that the tube is filled with gas. 

An enlarged view of a gas diode is shown in Fig. 282a. For the 
condition of this figure it is assumed that the filament is up to 
temperature but that the plate voltage has not been applied. A 
negative space charge will exist around the filament, and neutral 
gas atoms will exist throughout the tube. Several of these gas 
atoms are shown; since they are neutral, no ± or — sign is shown 
on them. 
Now consider what happens at the instant a positive plate volt-

age is applied. This positive voltage will not affect the neutral 
atoms but will draw negative electrons toward it and give them a 

1 Perhaps it is well to explain that although the positive plate does draw its 
current from the negative space charge, this current flows around through the 
external circuit to the cathode and then on to the space-charge region to 
replace the electrons previously withdrawn. Thus the plate current has a 
complete path through the tube and in effect flows through the negative space 
charge which causes a voltage drop just as in any electric circuit. 
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high velocity. As previously mentioned, the tube will be filled with 
gas atoms, and when the high-velocity electrons are traveling to 
the plate, many collisions between high-velocity electrons and gas 
atoms will occur. 
An atom of gas is thought to be composed of a positive heavy 

central nucleus about which negative electrons are revolving. 
There are enough revolving electrons to equal the positive charge 
on the nucleus, and thus the gas atom as a whole is neutral. But 
when a high-velocity electron on its way from cathode to plate 
encounters a gas atom in its path, it may ionize the atom by tear-
ing one or more of its revolving electrons from it. 
When an otherwise neutral gas atom is ionized, it is broken up 

into positive and negative charged particles called ions. The 
negative ions will be the electrons torn away from the atom; al-
though they will have the same charge as the positive ions, the 
electrons are small, have little 1118-Sg, and are readily acted on by a 
voltage and quickly move about within the tube. The positive 
ions, on the contrary, are heavy (because they are really massive 
gas atoms minus a "light" electron), and they move very slowly 
as compared with the negative ion. As soon as a gas atom is ion-
ized, the positive plate quickly draws over the negative ions, and 
the negative space-charge region and the negative cathode start to 
draw over the positive ions. These are massive, however, and do 
not readily move. The result is that after ionization the electrons 
are quickly withdrawn leaving the massive positive ions in the 
vicinity of the space-charge region. This accumulation of massive 
"sluggish" positive ions largely overcomes the negative space 
charge. This action is illustrated by the lower curve of Fig. 283. 

This question immediately rises: If the negative space charge is 

largely overcome by the accumulation of positive ions, is there 
any voltage drop at all across a gas diode? Yes, the voltage across 
a gas diode must be high enough to give the ions velocities suffi-
cient to cause ionization by collision as the phenomenon is called. 
For a mercury-vapor tube the theoretical ionizing potential is 
about 10.4 volts. From the characteristic curves of Fig. 283 it is 
seen that the voltage drop for a mercury-vapor tube is about 
this value and that it is independent of the magnitude of the cur-
rent flow. It should be added, however, that such a relation can-
not go on indefinitely and that if the rated current of a gas tube is 
exceeded the tube will be permanently damaged, and may even 
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arc across. In the operation of gas tubes, the filament should 
always be at the correct operating temperature before plate 
voltage is applied. This is to ensure that there is a sheath of 
negative electrons around the filament. These act somewhat as a 
"buffer" for the positive electrons traveling to the filament. 
Although these move slowly, they are massive, and if they are not 
"cushioned" by the negative space charge, they may have sufficient 
energy actually to ruin the oxide-coated filament when they strike it. 
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Fee. 283.—Internal voltage drops between cathode and anode (or plate) for com-
parable gas and vacuum rectifier tubes. 
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To summarize: In a gas-filled diode, ionization by collision be-
tween rapidly moving electrons and neutral gas atoms occurs. 
This causes massive positive ions to be formed within the tube. 
These positive ions slowly move toward the filament or cathode 
where they largely neutralize the negative space charge. Since 
the negative space charge is the factor limiting current flow and 
causing a voltage drop within a high-vacuum tube, when this 
space charge is neutralized in the gas tube, current readily flows 
through it with but a low voltage drop. This results in the tube 
being an efficient rectifier. 
The Gas Triode.—If a grid is placed in a gas-filled thermionic 

diode, it becomes a gas triode, which goes by the trade name 
Thyratron. This is also called a grid-controlled gas-filled tube, 
but when its action is studied, it appears that it might well bE 
called a grid lose control rather than a grid-controlled tube, because 
the tube functions in exactly that way. This action is explained 
as follows: 
The gas triode is pictured in Fig. 284 and consists of an oxide-

coated thermionic cathode, a grid, and a plate or anode. Gas or 
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mercury vapor at a low pressure fills the tube. Suppose that the 
filament is at operating temperature, that the grid is made, say, 
15 volts negative, and that the plate is 50 volts positive for a typical 
gas triode such as used in cathode-ray tube sweep circuits. Now 
the grid is so highly negative that it repels all electrons back to the 
negative space-charge region, and no current flows to the plate. 

If the grid is slowly made less negative, however, a grid voltage 
will be reached at which the positive plate can finally pull through 
an electron current. Thus far, the tube has functioned as a high-

vacuum tube would function, be-
Grid cause the gas atoms were neutral, 

Pp nothing having happened to dis-
turb them. 
The instant an electron current 

flows to the plate, however, all 
this changes. The electrons reach 
a high velocity, and many of the 
gas atoms are ionized, or broken 
down into positive and negative 
charges, as was explained for the 
gas diode. Also as in the gas 

diode, as soon as ionization occurs the slow-moving positive ions 
leisurely travel over to the negative filament or cathode. Here they 
largely neutralize the negative space charge, and only a low voltage 
of about 14 volts is required between the cathode and plate to pull 
a very large electron current through the tube (see Fig. 283). For 
this reason, the resistor R„ is placed in the plate circuit. If it is not 
there to limit the current flow, then the tube will arc across and will 
be ruined. 
Now let the action at the grid be considered. As soon as ioniza-

tion occurs within the tube, the negative grid pulls positive ions 
toward it and repels negative electrons away from it. The massive 
positive ions slowly move toward the grid, but the negative elec-
trons dart away quickly. The result is that a sheath of positive 
ions surround the grid, and its negative voltage is neutralized. For 
this reason, the grid loses control as was previously mentioned. 
The characteristic curves for a gas triode are shown in Fig. 285 

and are obtained in the following manner. The filament is at 
operating temperature, the plate voltage is made zero, and the grid 
voltage is adjusted to some negative value, say — 15 volts. Then, 

Fm. 284.—Schematic diagram for a 
grid-controlled gas-filled tube (often 
called a thyratron) and a test circuit. 
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the plate voltage is increased until the tube conducts, as noted by 
the milliammeter in the plate circuit. The plate-voltage value at 
which this occurs is observed and plotted as on Fig. 285 with the 
corresponding grid-voltage value. Then, the plate voltage is 
reduced to zero so that the tube stops conducting. As soon as this 
happens, the positive and negative ions all recombine, deionization 
occurs, and the gas returns to a 

 300 
neutral state. Next, the grid poten-
tial is adjusted to — 14 volts, and  275 

g then the plate is slowly made positive  250 
until ionization again occurs. This  225 g 
value of plate voltage is observed  2001 
and plotted. Additional points are  175 
taken in this manner until the curve  150 
is complete. Because the grid draws 

 125 
current after it loses control, a cur-
rent-limiting resistor R, must be  100 
placed in the grid circuit as Fig. 284  75 ér>, 
indicates.  50 -g 
To summarize: In the gas-filled  25 1F5 

triode, the negative grid can control 
the tube action (to a certain extent) -3° -25 -2° -15 -10 -5 0 Grid voltage, volts 
by preventing current flow until the 

285.—Characteristics for 
positive plate draws an electron cur- a typical grid-controlled gas-filled 
rent from the negative space-charge tube. This tube contained argon 

region at the cathode. Then ioniza- 
gas. 

tion occurs, and the grid loses control. Certain uses of the gas 
triode will be considered on page 495. 
Cold-cathode Two-electrode Gas Tubes.—These tubes consist 

of two electrodes in a glass bulb or tube filled with neon, argon, or 
similar gases. No thermionic or heated cathode is used; the 
cathode is relatively cold. Such devices are often called neon 
tubes. The type used in communication circuits will be treated 
in this section rather than the variety used for neon signs. 
A convenient circuit for testing a cold-cathode gas tube is shown 

in Fig. 286. Voltage divider R2 is first cut in to serve as a protective 
resistance to limit the current flow after the tube starts to conduct. 
Next, the voltage divider R1 is varied until the tube suddenly 
breaks down. This breakdown occurs at some voltage as at point 1, 
Fig. 287, and then the voltage across the tube immediately drops 
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to point 2. The reason for this sudden drop in voltage will now be 
explained. 

In any body of gas, such as within the tube, there are a very few 
free ions, even before ionization by collision (as explained in the two 
previous sections) occurs. These few free ions are produced by 
natural causes such as by light rays. As soon as the voltage is 
applied to the tube, these few free ions are attracted to the elec-

trodes, the positive ions moving toward the 
negative electrode, and the negative ions 
moving toward the positive electrode. 
As these ions move toward their respective 

electrodes, they gather momentum and may 
reach velocities sufficient to cause ionization 
by collision. When this occurs at point 1 on 
Fig. 287, the ions produced by collision now join 
the current flow, and the voltage quickly drops 
to point 2, which is the voltage required to 
sustain the flow. 

In general it can be said that the action 
occurring within a gas tube is more complicated 

H than that within a high-vacuum type. This is 
FIG. 286.—Circui t because of the presence of both positive and 

for studying the char-
acteristics of a cold- negative ions and because of other somewhat 
cathode two-electrode vague ionic phenomena. But this can be said: 
gas tube. 

Electrons must flow from the cold cathode into 
he tube, because electrons are leaving at the plate and flowing on 
around the wire circuit as indicated by the deflection of the milli-
ammeter in the plate or anode circuit. 

In the thermionic tube, the heat supplied the cathode from the 
supply lines gives the electrons the energies they need to escape 
from the cathode, but in the tube now being considered, the cathode 
is relatively cold. Although the exact action is somewhat obscure, 
it is possible that the slow-moving positive ions approaching the 
cold cathode accumulate in a layer or sheath very close to the 
cathode. This would cause a potential to exist between the sheath 
and the cathode, and because of the small distance between the 
sheath and the cathode, the voltage gradient (page 183) would be 
very great. If this is sufficient, and there are some reasons for be-
lieving it is, then the very strong electric field (page 187) may actu-
ally pull the electrons out of the relatively cold cathode. This is the 
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third type of emission mentioned on page 405. Whatever the nature 
of the action, electrons must either come from the cathode or must 
be produced by ionization by collision between positive ions and gas 
atoms in the immediate vicinity of the cathode, or the gas would 
soon have all the ions withdrawn and no current would flow. 

If the electrodes within the tube are two parallel disks close to-
gether, a small area of the negative electrode will be observed to 
glow as soon as the current flows at point 2 of Fig. 287. If now re-
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FIG. 287.—For a cold-cathode two-electrode gas-filled tube the voltage across 
the tube remains substantially constant for a wide range of currents. It is this 
principle which is used in a voltage regulator. 
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sistor R2 of Fig. 285 is decreased so that more current flows, a 
greater portion of the negative electrode or cathode glows, the area 
depending on the current flow. From point 2 to 3 the voltage drop 
across the tube is almost independent of the current magnitude. 
It is this property of the tube which makes the tube so useful in 
certain circuit applications. Since the voltage drop across the 
tube does not increase much with an increase in current, the inter-
nal resistance of the tube decreases with an increase in current. At 
about point 3, the cathode is completely covered with a glow, and 
after this the voltage drop across the tube increases. The usual 
operating region is between points 2 and 3 of Fig. 287. 
To summarize: In the cold-cathode two-electrode gas tube after 

ionization occurs there is almost no increase in voltage across the 
tube with an increased current flow over a wide operating range. 
This is one of the very useful properties of this tube. 
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Cold-cathode Three-electrode Gas Tubes.—These have been 
called ionic tubes in the technical literature. The principles in-
volved will be explained in this section, the circuit applications 
being left for the next chapter. 

In this cold-cathode three-electrode gas tube there are two gaps 
across which action occurs. One is a small gap between the con-
trol anode and the cathode, and the other is a larger gap between 

280 . 

260 Alain gcep  
240 [breakdown  

220  

200   
180  

75 160  
140  

g 120  
100 Pontro/qap 

> breakdown  
80 
60   
40 
20 
o 
0 2 4 6 8 10 12 14 16 18 20 22 24 26 

Current,milliamperes 
288.—Characteristics of the control gap and main gap for a cold-cathode three-

electrode gas tube. 

the main anode and the cathode. The characteristics are obtained 
by using a circuit such as shown in Fig. 286 and testing first one 
gap and then the other. In doing this, care should be taken to 
follow the directions for electrode connections as specified by the 
manufacturer. 
These characteristics are shown in Fig 288. It will be observed 

that the control gap breaks down at a much lower voltage than the 
main gap and can conduct only a small current flow. This is made 
use of in certain circuit applications somewhat as follows: The 
control gap is held at a voltage just below breakdown. Then, the 
feeble impulse to control the circuit is also impressed on the control 
gap. This raises the control gap above its breakdown value of +90 
volts as shown in Fig. 288. The control anode then attracts the few 
free electrons within the tube (page 430), and these cause ionization 
by collision. This fills the tube with ions and permits the main 
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gap to break down at a low voltage and a relatively large current to 
flow. 

Phototubes.—Photoelectric emission was the last method of 
liberating electrons from metals as mentioned on page 405. The 
phototube consists of a light-sensitive cathode and a positive cur-
rent-collecting anode. These are contained in a glass bulb which 
may be either highly evacuated or may contain a small amount of 
some gas such as argon. In most of the common phototubes in 
ordinary use, the cathode is a composite cesium-oxygen-silver layer. 

Light Cathode 

Micro-
ammeter 

Fla. 289.—Circuit for testing a phototube. The conventional symbol is here 
shown. From this it would appear that the anode shields the cathode from the 
illumination. Actually, this is not true because the anode is merely a small wire. 
For a gas phototube a current limiting resistor should be placed in series with the 
anode or cathode to protect the tube from current overload which might result in an 
arc across the tube. 

The High-vacuum Phototube.—The light falling on the light-sensi-
tive cathode causes electrons to be emitted from the active material. 
The number of electrons emitted is directly proportional to the light 
intensity. This is a very important law, and if it were not true, 
many of the applications of the phototube would not be possible. 
Some cathode surfaces are sensitive to one type of light, and other 
cathodes respond to different types of light; for instance certain 
cathodes are good emitters for red light, but other types may 
largely respond to ultraviolet. Nevertheless, in all instances, the 
emission, when it does occur, is proportional to the light intensity. 
A circuit for testing a phototube is shown in Fig. 289. The light 

intensity at the phototube can be measured with a commercial light 
meter and can be varied by moving the light source with respect to 
the phototube. The anode or plate voltage can be varied by ad-
justing the voltage divider. 



434 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

By referring to the curves in Fig. 290a, it is seen that at a given 
illumination, say 0.5 lumen, an anode or plate current flows just as 
soon as this electrode is made positive. However, an anode poten-
tial is soon reached at which the anode is taking the electrons just 
as fast as they are liberated, and the curve flattens out. The char-
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290.—Curves showing the characteristics of a high-vacuum phototube. The 
upper curves show variations with anode voltage. The lower curve proves that the 
output of a phototube varies directly with the light striking the cathode. The in-
tensity of illumination at the phototube cathode is measured in lumens, the lumens 
being given by the relation F = ACM', where A is the effective projected area of the 
cathode, C is the intensity of the light source in candlepower, and d is the distance 
between the source and the cathode. 
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acteristics-of the tube at an illumination of 0.1 lumen are also shown. 
If the voltage is held constant, but the illumination is varied, Fig. 
290b results. This curve demonstrates the linear relation between 
illumination and current output. A typical phototube is shown in 
Fig. 291. 

The Gas Phototube.—In the gas phototube, electrons are emitted 
from the cathode by the light striking its surface. These electrons 
are drawn over to the positive plate. The curve flattens out as for 
the high-vacuum tube, but at higher values of plate voltage the 
electrons achieve velocities sufficiently high to cause ionization by 
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collision. These characteristics are shown in Fig. 292a and are 
readily obtained with a circuit such as shown in Fig. 289. 

In the gas phototube the ionization by collision provides an addi-
tional source of electrons, and the current through the tube is 
greater under comparable conditions than in the high-vacuum type. 
Also, it is probable that the presence of the 
positive ions affects the operation much as 
in a thermionic gas tube. As shown in Fig. 
292b, there is essentially a linear relation 
between illumination and current flow, a 
condition essential for most uses of the 
phototube. 

Because the gas phototube is more sensi-
tive than the high-vacuum tube, the gas 
phototube has largely supplanted the high-
vacuum type which was the first one used. 
In using and testing the gas phototube, 
care must be taken in using a circuit such 
as Fig. 289 to ensure that the current 
through the tube is not excessive. If the 
current through the tube and the voltage 
drop across it are permitted to become 
excessive, the tube may arc across and 
become permanently damaged. Thus, in 
working with gas phototubes it is usually 
advisable to insert a current-limiting re-
sistor of at least a megohm in the plate or 
anode circuit. FIG. 291.—A phototube. 

(Courtesy of RCA Manu-
The Copper Oxide Rectifier.—This de- factoring Company, Inc.) 

vice was discussed on page 229, where its 
use in alternating-current instruments was considered. There it 
was shown that the copper oxide rectifier was composed of disks of 
copper on which a layer of cuprous oxide had been formed. 
A stack of these disks make up a rectifier element. Current 
passes quite readily from the oxide to the copper, but very little 
current will flow in the opposite direction. This statement is for 
conventional current which is in the direction opposite to electron-
current flow. 
The statements just made are equivalent to saying that the resist-

ance of a copper oxide rectifier is low if the oxide is made positive 
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and the 
opposite 
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copper negative, but the resistance is quite high if the 
polarities are applied. These relations are shown in Fig. 
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293. An examination of this figure reveals that a wide range of 
resistance values is obtainable depending on the voltage value 

impressed on the device. Since 
the copper oxide rectifier is, in 
effect, a variable resistor, it is 
often called a copper oxide 
Varistor. The reader may be 
surprised to find that the cop-
per oxide Varistor is replacing 
vacuum tubes for many pur-
poses in telephone applica-
tions. 
The Photocell.—A review of 

the theory of phototubes will 
disclose that they merely act 'co 
like variable high resistances 

100,000 

40 or as electric valves. Thus, a 
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293.—Characteristics of a typical 
copper oxide Varistor such as used for 
modulation and demodulation in the new 
carrier-telephone systems. Those used 
for rectifying power are larger and have 
lower resistance than the unit here shown. 

are, 

plate or anode voltage is im-
pressed upon them, and they 
merely let more or less current 
flow through the tube, depend-
ing on the intensity of illumi-
nation at the cathode. There 

however, photocells (as distinguished from phototubes) which 
generate an electromotive force when light shines on the active 

-16 12 
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material. The resulting voltage between the cell terminals forces 
current through a load connected to the photocell. No batteries or 
other sources of energy are required. A typical photocell is shown 
in Fig. 294. 

Pia. 294.—A photocell and its component parts. (Courtesy of Weston Electrical 
Instrument Corporation.) 

The photocell consists essentially of a metal disk on which a 
layer of light-sensitive material has been formed or placed. A very 
thin layer of conducting metal is deposited on top of the light-
sensitive layer. The conducting layer must be so thin that light 
can readily pass through it and penetrate the light-sensitive layer 
beneath. The thin metallic layer forms one electrode, and the 
metal disk is the other. Two types of these cells have been on the 
market. One is the copper oxide type called a Photox cell, and 
the other a selenium on iron type called a Photronic cell. 
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As Fig. 293 shows, conventional current readily passes from the 
oxide to the copper. This means that electrons pass but poorly in 
this direction. But when light shines into the oxide layer, it im-
parts energy to the electrons, and the light forces the electrons into 
the copper and makes it negative. This action will leave the oxide 
and the thin metallic layer electrode positive. An electromotive 
force is generated within the cell and a voltage exists between its 
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295.—Effect of external reaistance on current output of the Photronic cell. 

terminals. Thus, if the external circuit is made complete, a con-
ventional current will flow through the external load from the posi-
tive oxide to the negative copper. A similar action occurs in the 
selenium-iron type. 
Now as has been explained, conventional current readily flom s 

from oxide to metal, and electrons readily flow from the metal to 
the copper oxide (or selenium). Thus, when the light forces elec-
trons into the copper (or iron), they tend to flow back within the 
cell quite easily. If the external circuit is of high resistance, this 
tendency will be very pronounced. This action gives the photocell 
a low internal resistance. As Fig. 295 shows, a linear or straight-line 
relationship only exists in photocells when the external or load 
resistance is low. In effect, therefore, the photocell is a small 
generator producing a terminal open-circuit voltage proportional to 
the illumination of the cathode. For maximum power transfer, the 
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external or load resistance should equal the internal resistance of 
the source. Since the photocell has low internal resistance, a load 
of low resistance must be used with it for maximum power transfer. 

SUMMARY 

Electrons are liberated from metals by thermionic emission, by secondary 
emission, by cold-cathode emission, and by photoelectric emission. 

In the thermionic cathode, the heat energy supplied the electrons enables 
them to escape from the metal. Thermionic cathodes are pure tungsten fila-
ments, thoriated-tungsten filaments, and oxide-coated filaments or separately 

heated cathodes. 
In a diode a negative space charge exists as a sheath around the cathode 

and consists of electrons thrown off by the heated cathode. This space charge 
opposes the flow of electrons from cathode to plate and causes the tube to 
have an internal-resistance effect. 
A control grid is placed between the cathode and plate of a triode. This 

grid is close to the space-charge region and exerts much control on the current 
through the tube. 
Tube coefficients or constants that are of much use in circuit design are the 

amplification factor it, the alternating-current plate resistance r, and the 
mutual conductance gm. Three relations, e = rpg,,z, g„, = 1./r9, and rp= p/g„, 

are helpful. 
The screen grid placed in the tetrode shields the plate so completely that 

the amplification factor and plate resistance are quite high. Secondary emis-
sion from the plate causes a peculiarly shaped plate voltage-plate current 

curve. 
A suppressor grid is placed in the pentode to suppress the effects of secondary 

emission. This grid further shields the plate, the result being that the ampli-
fication factor and plate resistance are very high. 

In the beam-power tube, the objectionable effects of secondary emission are 
prevented by special construction and the use of a beam-confining plate which 
causes a region of zero potential between the positive plate and the other 
electrodes. This prevents the secondary electrons from leaving the region of 

the positive plate. 
In the gas diode, the negative electrons flowing to the positive plate or anode 

cause ionization by collision with the neutral gas atoms. The massive positive 
ions so produced slowly move toward the negative cathode where they neu-
tralize the negative space charge and make it possible for an electron current 
to flow from cathode to plate with less voltage drop than in a high-vacuum 

tube. 
In the gas triode, a grid is placed between the plate or anode and-the cathode. 

The grid is made negative and can prevent current flow through the tube until 
a critical positive plate voltage is impressed. When this voltage is reached, 
an electron current flows through the tube and ionization by collision results. 
The negative grid then bacome,s surrounded by positive ions, entirely loses 
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control of the plate current until the plate voltage is removed, and deioniza-
tion occurs. 

Ionization by collision also occurs in the cold-cathode two-electrode gas 
tube. Over a large part of the operating curve of the tube, increasing the cur-
rent does not increase the voltage drop across the tube. 
Two anodes and two gaps exist in the cold-cathode three-electrode gas 

tube. One gap more easily breaks down than the other and is used as a con-
trol gap to "fire" the main gap. 
The phototube acts like an electronic valve controlled by the light striking 

a light-sensitive cathode which emits electrons. These flow to the positive 
plate or anode. A fundamental principle is that the number of electrons 
emitted is directly proportional to the illumination intensity. 
Both high-vacuum and gas phototubes are used. In the latter, ionization 

by collision occurs, and a larger current flows giving a more sensitive tube. 
A copper oxide rectifier unit consists of a copper disk on which is formed a 

layer of cuprous oxide. Conventional current flows readily from the oxide to 
the copper, and the electrical resistance is low in this direction. The resistance 
is very high to current flow in the opposite direction. 

If light falls on the oxide layer, electrons are forced into the copper, and if 
suitable connections are made a current will flow in an external circuit. For 
circuits of low resistance, the current is substantially proportional to the 
intensity of illumination. No battery or other source of voltage is needed; 
the copper oxide photocell generates its own voltage and the energy extracted 
from the light is sufficient to supply the losses in the circuit. 

REVIEW QUESTIONS 

1. Name the ways in which electrons can be removed from a metal, and 
give an example of an electronic device operating on each principle. 

2. What materials are used for thermionic cathodes? 
3. Explain the principle of operation of the separate-heater type cathode. 
4. What causes a negative space charge in a thermionic vacuum tube? 
5. What is the effect of a negative space charge on the plate or anode current 

in a diode? 
6. How does the grid control the plate current in a triode? 
7. Referring to Fig. 274a, why is the grid current smaller for larger plate 

voltages? 
8. What causes the dip in the grid current curves of Fig. 274a? 
9. Explain what is meant by amplification factor, mutual conductance, and 

alternating-current plate resistance. 
10. What is the effect of adding the screen grid to a tube? 
11. Why does not secondary emission occur from the negative control grid? 
12. Explain how the suppressor grid functions in a pentode. 
13. Why do the screen-grid tube and the suppressor-grid pentode have an 

amplification factor so much greater than a triode? 
14. How may multigrid tubes be classified? 
15. How are the bothersome effects of secondary emission prevented in a 

beam-power tube? 
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16. Why is gas used in diodes? 
17. Why is not the voltage drop across a gas diode zero? 
18. Explain why a positive ion sheath forms around the negative grid in a 

gas triode. 
19. What is meant by deionization? 
20. Why do the free ions produced by natural causes play such an important 

role in a cold-cathode gas tube? 
21. What property of a two-electrode gas tube makes it so important as a 

circuit element? 
22. What is a very important law of photoemission? 
23. What is accomplished by placing gas in a phototube? 
24. Discuss the theory of the copper oxide rectifier. 
25. How does a photocell differ from a phototube? 

PROBLEMS 

1. Three filaments of different materials are the same size. To obtain an 
emission current of 20 milliamperes from each filament, 0.6 watt is required 
to heat the oxide-coated filament, 9.0 watts is required to heat the thoriated-
tungsten filament, and 45.0 watts is required to heat the tungsten filament. 
Assume that the oxide-coated filament is perfect, and express the emission of 
the others in percentage with respect to it. 

2. From a tube manual, or experimentally, obtain the required data on a 
triode and graphically determine 14, r„, and g,,,, and the direct-current plate 

resistance. 
3. The grid voltage-plate current curve for a remote cutoff tube is shown in 

Fig. 280. This curve is at a given value of plate voltage, and the curve for a 
different value of plate voltage would be displaced a uniform distance from 
the one shown. Following the method explained accompanying Fig. 274, 
write a discussion proving that the tube actually has a variable amplification 

factor. 
4. Referring to Fig. 283, compare the plate-circuit efficiencies of a gas tube 

and a similar high-vacuum tube at 100 milliamperes output. 
5. Referring to Fig. 287, calculate the resistance at five current values 

between points 2 and 3, and plot a curve showing the relation between current 
and resistance. 

6. Referring to Fig. 290b, calculate values and plot curves showing the 
relations between luminous flux and phototube resistance. 

7. Referring to the 90-volt curve of Fig. 292b, calculate values, and plot 
curves showing the relations between luminous flux ,and phototube resistance. 

8. Referring to Figs. 290a and 292a, calculate the increase in sensitivity 
due to the presence of the gas. The tubes are identical except that one is a 
high-vacuum tube and the other contains gas. 

9. Referring to Fig. 293, calculate the current at +6 volts and at —6 volts 
and the rectification ratio. 

10. Referring to Fig. 295. calculate the power that the photocell will put out 
into a 500-ohm resistor at 20, 40, and 60 foot-candles, and calculate the energy 

output during a 12-hour period. 



CHAPTER XV 

VACUUM TUBES AS CIRCUIT ELEMENTS 

The fundamental electronic principles of vacuum tubes were con-
sidered in the preceding chapter. Very little was said, however, 
about the uses of vacuum tubes or their performance in circuits. 
Vacuum tubes as circuit elements will be considered in this chapter; 
that is, the circuit performance of vacuum tubes instead of their 
electronic principles will be discussed. 

Before continuing, it should again be mentioned that this book 
is directed toward explaining the fundamentals of communication, 
rather than being a treatment of modern communication itself. 
For this reason, only the basic circuits will be discussed; usually, if 
these are clearly understood, modern communication systems are 
readily understood. 

Rectifier Theory.—A simple bridge rectifier circuit using a 
copper oxide rectifier was considered on page 230. This basic circuit 

is used in instruments, as was 
explained, and is also used in 
modulator and demodulator cir-

A-C cuits (page 489). 
Input A half-wave rectifier supply-

ing a load is shown in Fig. 296. 
The tube shown may be either 
a gas or a high-vacuum tube. 

Flo. 296.—A half-wave rectifier connected When the plate is positive, cur-
rent flows through the tube and 

the load. When the plate is negative, no current flows, or rather, 
it should be said that during the negative half cycle the net current 
flow is zero. In any event, the net current that flows through the 
load resistor appears to be merely a pulsating direct current. 

If the reader is experienced in communication, he will find the 
following treatment of rectifiers different from that usually given. 
The common explanation is somewhat as follows: A filter com-
posed of choke coils and condensers is placed between the rectifier 
tube and the load (which is often the vacuum tubes of a radio set) 

442 

to a load. 
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to "smooth out" the current wave. This statement is entirely 
insufficient to explain filtering action. A far more meaningful 
explanation will now be given, and the explanation is one that is 
easily verified. 

In Fig. 296 is shown a half-wave rectifier tube connected direct to 
a pure resistance load. Now suppose that an oscilloscope having no 
condenser in the input circuit is connected across the load resistance. 
If this is done, the trace of the oscil-
loscope will appear as in Fig. 297. 
Since this is the voltage across the 
resistor, it must be an IR drop, and 
because the resistance is constant, 
the shape of the net current wave 
must be the same as this voltage 
wave, that is, it consists of pulses of 
current flowing during the positive 
half cycle. 
Thus far, the explanation has 

been as usual, but now suppose that Fin. 297.—The appearance of a 
rectified half wave on the end of a 

a direct-current voltmeter is con- cathode-ray oscilloscope tube if the 

nected across the resistor. If this is oscilloscope circuit contains no input 
condenser. 

done, the voltmeter will read a 
value of 0.318 Emax, where E. is the maximum or peak value 
of the voltage across the load resistor. Now the voltmeter reads 
only the direct-current component of the complex voltage wave of 
Fig. 297 which the oscilloscope shows to be across the load. It 
follows, therefore, that if there is a direct voltage across the load 
there must be a direct current through the load, and this fact can 
be demonstrated by placing a direct-current ammeter in series 
with the load. 
Now suppose that a pair of headphones is connected across the 

load or a part of it if the voltage is too high. When this is done, a 
complex tone, corresponding to the alternating-current "power 
hum," will be heard. This is because there are alternating-voltage 
components across the load resistor, and there can be only alter-
nating-voltage components across a resistor when there are alter-
nating currents through the resistor. As a matter of fact, if some 
type of tunable receiver is used, it will be found that the complex 
tone, usually called alternating-current hum, is composed of defi-
nite frequencies. 
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A wave analyzer is in a sense a tunable receiver giving the fre-
quency and magnitude of the separate components of a complex 
voltage connected across it. If a wave analyzer is used to study 
the complex alternating voltage causing the alternating-current 
hum in the load of Fig. 296, it will be found that each of the sep-
arate components making up the complex rectified wave of Fig. 
297 is as shown in Table IX. This is in reality a partial analysis 
of the rectified wave of Fig. 297; higher harmonics also exist but 

TABLE IX.—COMPONENTS EXISTING IN THE OUTPUT OF A HALF-WAVE 
RECTIFIER 

(For 60-cycle input) 

Component Frequency, Cycles 

First component—direct current  
Second component—fundamental  
Third component—second harmonic  
Fourth component—fourth harmonic  

o 
so 
120 
240 

Magnitude 

0.318 E., 
0.500 Ema, 
0.212 E. 

0.042 Emax 

they are usually negligible. In this table, En ax is the maximum 
value of the rectified voltage wave but may be 'max if current com-
ponents are desired. 
Now the reader may be skeptical of all this, but a simple test will 

demonstrate its truthfulness. In a preceding paragraph it was 
stated that if an oscilloscope having no condenser in its input circuit 
is connected across the load resistor, then the voltage across the 
load due to the rectifier tube would be as indicated in Fig. 297. 
Note that in this figure the voltage trace lies all above the center 
line. But, the usual cathode-ray oscilloscope does have a condenser 
in its input circuit, and if an ordinary oscilloscope is used, then the 
trace of the voltage wave will be as shown in Fig. 298. Note that 
the trace is now partly below the center line. The question that 
immediately comes up is why this is true. 
The somewhat startling answer is this: When the ordinary 

cathode-ray oscilloscope with a condenser in the input is connected 
across the load resistor of a half-wave rectifier, the trace is due to 
the alternating-current components (causing alternating-current 
hum) in the rectified voltage wave. What is seen is thought to be a 
rectified pulsating direct voltage wave, but it really is only the 
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alternating-voltage components, because no direct-current compo-
nents can pass through the condenser in the input circuit of the 

oscilloscope. 
To summarize: It may be concluded that a rectifier is a dis-

torter and that it takes the pure sine-wave voltage and distorts 

it by changing its wave form to that 
of Fig. 297. Such a wave contains a 
direct-current component and vari-
ous alternating-current components 
as indicated in Table IX. 
The Filter.—Circuits can easily 

be built which will pass currents of 
certain frequencies but which will 
not pass currents of other frequen-
cies. Thus the low-pass filter (page 
337) will pass all frequencies from 
direct current up to the cutoff point. Fin. 298. The appearance of a 

In Fig. 299 a low-pass filter is con- rectified half wave on the end of a 
cathode-ray oscilloscope tube if the 

nected between the rectifier and the oscilloscope input circuit contains a 

load. The rectifier tube may be condenser, as is usually the case. 
The wave drops down below the zero 

considered as a rather complex gen- axis by an amount equal to the di-

erator impressing on the filter input reef-current component, because 
only the alternating components can 

a complex voltage composed of direct pass through the input condenser. 

and alternating components as in 
Fig. 297. The purpose of the filter is to pass the direct-current 
component to the load and to prevent any alternating currents 
from flowing through the load. This it will do if the cutoff fre-

quency is sufficiently low. 

Load 

FIG. 299.—A half-wave rectifier connected to a load through a choke-input filter. 

In analyzing and designing filters, an alternate and a very helpful 
explanation is as follows: Consider Fig. 300, which has a single 
choke coil of negligible resistance and high inductance in series 
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with the load, and a condenser of 16 microfarads across the 
load. If the inductance of the choke coil is 12 henrys, then the 
reactance it offers to the first alternating term given in Table IX 
will be XL = 21IL = 6.28 X 60 X 12 = 4520 ohms. This would 
allow but a small amount of current of the lowest frequency 
to flow to the condenser and load in parallel (even if they had zero 
impedance). Even less current would flow for the higher harmonics 
of Table IX, because their magnitude is less, their frequency is 
greater, and the reactance of the choke coil will be higher. The 
condenser assists in the following manner: The reactance of a 

16-rnicrofarad condenser to the first 
component will be Xe = 1/27rfC 
1/(6.28 X 60 X 0.000016) = 166 ohms. 
Now the load resistance is quite 
high, usually several thousand ohms, 
and thus what little alternating cur-
rent does ps.,Ls through the choke 
coil will largely be shunted through 
the condenser. Thus the action of the 

choke coil and condenser is to keep alternating current from flowing 
through the load but to freely permit direct current to do so. If 
more complete suppression of the alternating current is necessary, 
then an additional coil and condenser can be used as in Fig. 299. 

Rectifiers.—A complete form of a half-wave rectifier was shown 
in Fig. 299. Full-wave rectifiers are more commonly used, and 

FIG. 300.—Circuit for making an 
approximate analysis of filter ac-
tion. 

Fm. 301.—A typ'cal fu 1-wave rectifier unit with the inductance in the positive lead. 
The filtering is less effective if the inductance is placed in the negative lead. 

the rectifier of Fig. 301 is of this full-wave type. The shape of the 
voltage wave that such a rectifier impresses on the filter and load is 
as shown in Fig. 302, and an analysis of this complex wave is given 
in Table X. Higher harmonics also exist, but they are usually 
negligible. Note that in the full wave, the magnitude of the direct-
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TABLE X.—COMPONENTS EXISTING IN THE OUTPUT OF A FULL-WAVE 
RECTIFIER 

(For 60-cycle input) 

Component Frequency, Cycles 

First component—direct current  
Second component—second harmonic  
Third component—fourth harmonic  
Fourth component—sixth harmonic  

120 
240 
360 

Magnitude 

0.637 
0.425 E. 
0.085 E. 

0.036 E. 

current value is twice that for the half wave for the same peak value 
of E„,„„. This peak value depends on the transformer secondary 
voltage. Also, note that the first alternating current is of higher 
frequency and lower magnitude than for the half wave. This means 
that under comparable conditions a greater direct voltage exists 
for the full-wave rectifier, and be-
cause the alternating components 
are of higher frequency, filtering is 
more complete. These are among 
the reasons that full-wave rectifiers 
are widely used. This same table 
may be used to analyze a current 
'max into its components. 

Either high-vacuum or gas tubes 
may be used in rectifiers. When gas 
tubes are used, they should be used 
only with "choke-input" filters such no. 302.—The appearance of the 

as shown in Figs. 299 and 301. If output of a full-wave rectifier. This 
is the way it would appear on an 

gas tubes are used with "condenser- oscilloscope with no condenser in the 

input" filters (having a condenser oscilloscope input circuit. With a 
condenser in the input, the wave 

directly across the tube), an exces- would shift below the zero «if.- by an 
sive peak current flows which may amount equal to the direct-current 

component. 
damage a gas tube. 
As the reader may know, filters with condenser input are widely 

used with high-vacuum tubes because a greater direct-voltage out-
put is obtained from such a combination. The reason for it is this: 
With a condenser input the voltage impressed across the filter is not 
exactly like the half waves and full waves that have been consid-
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ered. The voltage wave impressed across a filter with condenser 
input is so changed in shape that it contains a larger direct-voltage 
component. This means that for Tables IX and X the first term is 
larger. Thus, a greater direct-voltage output is obtained from rec-
tifiers with condenser-input filters; also the harmonics are smaller., 

Rectifier Calculations.—As a practical example of rectifier 
design, consider the following: 

Example.—A full-wave gas-rectifier tube is connected to a transformer with 
a 750-volt center-tapped secondary. The filter is of the choke-input type us-
ing two 12-henry chokes each of 200 ohms direct-current resistance, two 8-
microfarad condensers, and a load resistance of 5000 ohms. Calculate the 
percentage ripple at the load. The circuit is shown in Fig. 303. An approxi-
mate solution satisfactory for most purposes is as follows: 

Solution.—Step 1. This is a full-wave rectifier, and the lowest frequency 

existing in the voltage impressed on the filter will be, from Table X, 
0.425 E. and this will be a 120-cycle component. The reactance 

303.—Full-wave rectifier circuit showing typical values. 

offered by a 12-henry choke to a 120-cycle component will be XL = 27rfL =-
6.28 X 120 X 12 = 9040 ohms. The reactance offered by an 8-microfarad 
condenser to a 120-cycle component will be Xc = YrfC = 1/(6.28 X 120 
X 8 X 10-6) = 166 ohms. For a center-tapped 750-volt secondary, the 
maximum, or peak, value of the rectified wave will be Ern.. = (750/2) 
1.414 -= 530 volts. Assuming no drop in the tube or transformer, the 
magnitude of the first alternating term or 120-cycle component will be 
530 X 0.425 = 225 volts peak value. 

Step 2. Calculate the alternating-current 120-cycle component that will 
flow through the load. This can be done by ordinary series-parallel cir-
cuit theory, but an approximate solution is as follows: Assume that the 
225 volts, 120 cycles is all impressed directly on the first choke, and 
assume that the reactance of the first condenser is zero. Then, the 
effective value of current that will flow down through the condenser will 
be I = 225 X 0.707/9040 = 0.0176 ampere. Now the reactance of the 
first condenser is not zero but 166 ohms, and this current flowing through 
it will cause a voltage drop of E = 0.0176 X 166 = 2.92 volts. Next 

A more complete analysis of this becomes quite involved. For additional 
information, the reader is referred to M. B. Stout, Analysis of Rectifier Filter 
Circuits, Electrical Engineering, September, 1935. 
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assume that the second condenser has zero reactance, and approximately 
calculate the current /1 = 2.92/9040 = 0.000323 ampere. The drop 
across the condenser will be E = 0.000323 X 166 = 0.0536 volt. This 
will force an alternating current of /2 = 0.0536/5000 = 0.0000107 ampere 
through the load. 

Step 3. Calculate the direct current through the load. The direct com-
ponent of the voltage is (Table X, page 447) E = 0.637 E. = 0.637 X 
530 = 338 volts. By neglecting the drop in the transformer and the tube, 
the direct current flowing through the load will be I = 338/5400 = 0.0625 
ampere. 

Step 4. Calculate the percentage ripple. This will be the alternating cur-
rent flowing through the load divided by the direct current flowing 
through the load times 100. Percentage ripple = 0.0000107 X 100/0.0625 
= 0.017 per cent. 

This solution applies only to the lowest frequency, but the mag-
nitudes of the higher harmonics are less because the reactance 
offered by the chokes is greater and by the condensers is less, so 
usually only the first alternating-current component need be 
considered. 
Regulated Power Supplies.—In the approximate calculations 

made in the preceding sections, the voltage drops due to the direct 
current passing through the tube 
and the choke coils were neg-
lected. However, such direct 
voltage losses do occur because 
of the voltage required across the 
tube (Fig. 283) and because a 
typical filter choke coil has a 
direct-current resistance of about be used as a voltage regulator. 

200 ohms. This means that the 
voltage drops and the voltage across the load will change if the 
current being drawn is varied (see page 83). Also, even if the load 
is held constant, line-voltage variations of the power circuit will 
cause the voltage output of the rectifier to fluctuate, and this will 
vary the voltage across the load. 
Such variations in the direct voltage across the load can be pre-

vented or at least minimized by the proper use of a cold-cathode 
gas diode (page 429) as a regulator. As shown in Fig. 287, page 431, 
the voltage drop across such a tube is constant over a wide current 
range. This relation is made use of as in Fig. 304. The regulator 
tube and a resistor are connected between the filter and the load. 
If the direct voltage across the tube tends to rise for any reason, the 

304.—How a cold-cathode tube can 
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tube draws a larger current. This will increase the voltage drop 
across R and absorb the voltage rise. 
Another way of looking at the operation of the circuit of Fig. 304 

is this: So long as the current limits of Fig. 287 are not exceeded, 
then the voltage shown in this figure cannot be exceeded. Thus, 
the tube holds the voltage across the load constant within the limits 
indicated. For regulating higher voltages, two or more tubes may 
be connected in series. 

Amplifiers.—Before amplifiers are discussed, it should be made 
clear that many types exist. Classified as to the results achieved, 
there are two basic types of amplifiers, voltage amplifiers and power 

Voltage 
amplifier 

Power 
amplifier 

Loud 
speaker 

305.—The essential parts of a sound-amplifying or public-address system. 

amplifiers. It is absolutely necessary to distinguish clearly be-
tween these two types because the design methods are entirely 
different. 
To explain the difference between these two basic types of am-

plifiers, consider Fig. 305 which represents the essential parts of 
a sound-amplifying or public-address system. The microphone 
picks up the sound waves and puts out a very feeble voltage. This 
is impressed on the voltage amplifier where the voltage is increased 
in the successive stages until it is quite large. This amplified volt-
age is then impressed on the power amplifier, and this portion of the 
amplifier delivers the power that operates the loud-speaker and ra-
diates acoustic power into the auditorium. In the design of ampli-
fiers, it must clearly be kept in mind whether a voltage amplifier or 
a power amplifier is desired. 

Before further considering amplifiers, it should be mentioned 
again that in this book the electrical fundamentals instead of the 
applications are considered. Extensive construction and design 
data are found in vacuum-tube manuals, handbooks, and technical 
journals, and it is not the purpose of this book to duplicate these 
sources of information. 
Vacuum Tubes as Linear Amplifiers.—The purpose of a vacuum 

tube as an amplifier is to take a weak alternating signal and 
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strengthen it. Before this can be explained, however, it is necessary 

to show how the alternating signal progresses through the tube. 

This can be done with the aid of Fig. 306. 

Here is shown the dynamic grid voltage—plate current curve of a 

triode. The voltage Ec is the direct voltage applied to the grid to 

bias the tube to the proper operating point, which for a distortion-

less amplifier is about the center of dynamic curve. Then, the 

-C-

Alternating signal 
current flowing /17 
the plate circuit 

le: 

Direct-current 
component 

o ± 
Grid voitolge 

. Alternating signal voltage . 
impre.ssed on the grid 

306.—The alternating signal voltage on the grid causes an alternating-current 
flow in the plate circuit. 

alternating signal voltage to be amplified is impressed on the grid, 

and it causes the grid voltage to vary around the bias voltage as 

shown. When the grid voltage goes more positive, the plate cur-

1 The curves of Fig. 274, p. 414, are called static curves and show the relation 
between grid voltage and plate current when there is no resistance in the plate 
circuit. But as will be shown in this section a tube must be operated with a 
load resistor in the plate circuit to obtain a signal-voltage drop to impress on 
the grid of the next tube. Tubes operated with load resistance operate on 
their dynamic curves. Further consideration of the dynamic curves will be 
deferred until a later section because they are most important when studying 
power amplifiers. 
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rent increases above the value it has when only the bias voltage 
is applied. Also, when the grid goes more negative, the plate 
current decreases below the value with no signal applied. 

From this it is seen that two volt-
ages, a direct biasing voltage and the 
alternating signal voltage to be ampli-
fied, are impressed on the grid. Like-

RL wise, in the plate circuit two currents 
flow, a direct-current component and 
an alternating-current component. 

Speech and music are composed of 
alternating voltage and current corn-

FIG. 307.—The vacuum tube 
as a linear or nondistorting ponente, and thus vacuum-tube am-
fier acts as if it were a generator plifiers are designed to pass these 
of voltage gEg and internal re-
sistance rp, where et is the ampli- alternating components. From the 
fication factor of the tube, Eg is alternating-current standpoint a vac-
the alternating signal voltage im-
pressed on the grid, rp is the plate uum tube as a linear or nondistorting 
resistance and RL is the load re- amplifier is equivalent to a generator 
sistance connected in the plate 

as shown in Fig. 307. circuit. The term Ea is often 
used to designate the alternating The grid of the tube is ,u times as 
signal voltage impressed on the 

effective in controlling plate-current grid. A minus sign is sometimes 
placed before the value pEg to flow as is the plate. Then, an alternat-
designate that the plate-voltage 
variations are 180 degrees out,- ing signal voltage of Eg volts when im -
of-phase with the grid signal volt- pressed on the grid acts as a voltage of 
age. e g volts existing in the plate circuit 
and in series with the alternating plate resistance ri,. This princi-
ple is of very great importance. 

With the circuit of Fig. 307, the current flow through the load 
resistor RL is 

µEg  
— 

rp + RL 

The voltage existing across the load resistor is 

ilEg 

(96) 

R 
ERL = /RL =   (97) 

r„ RL 

The voltage amplification Ay -= ERL/Eg represents the voltage in-
crease or gain per stage of amplification and is 

ERL 
Av 

Eg rp + RL 
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The power delivered to the load resistor RL is 

(gE)2 g 14,  
P = I2RL — (99) 

(rp RL)2 

These basic equations are useful in the design of most amplifiers. 
Resistance-coupled Voltage Amplifiers Using Triodes.—As was 

shown in the preceding section a vacuum tube acts like a generator 
which takes the alternating signal voltage Eg impressed on the grid 
and increases it to a voltage µEg in the plate circuit. This voltage 
acts to force an alternating current through the plate circuit com-
posed of the plate resistance of the tube and the load resistance. 

Output 

 1 

308.—Two-stage resistance-coupled voltage amplifier using triodes. 

The alternating signal voltage drop across the plate resistance is 
the voltage available to impress on the grid of the next tube for fur-
ther amplification. This circuit forms the nucleus of the resistance-
coupled amplifier of Fig. 308. 
By starting at the input end, the functioning of the various com-

ponents are as follows: The condenser Ci prevents any direct volt-
ages which might be in a source connected to the input circuit from 
reaching the grid of the first tube. Such a direct voltage might 
incorrectly bias the grid of the tube. The condenser Ci allows the 
alternating signal voltage to force an alternating signal current 
through the grid resistor Rg, down through the battery, and back to 
the input terminal. The alternating signal voltage drop across Rg 
is impressed for amplification on the grid of the tube. The value 
Rg should have depends on the internal impedance of the source and 
usually should be very much larger than the source so that it will 
not draw excessive current from the source. The grid is essentially 
an open circuit for all but high frequencies and passes negligible 
direct current. The battery Ec biases the tube through resistor R, 
to the proper operating point. Negligible direct current flows 
through Rg. 
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Between the first and second tubes is a network composed of 
RL, C, and Rg. The resistor RL is the load resistor discussed in the 
preceding section. The condenser C is necessary to isolate the 
plate-supply battery from the grid of the second tube. It is abso-
lutely necessary that this condenser have a very high insulation 

resistance. The grid resistor Rg 
functions essentially as ex-
plained in the preceding para-
graph. 
Now it is apparent that the 

  total load circuit connected to 
the first tube of Fig. 308 is not 
merely the resistor RL but is 
the network RL, C, and Rg. 
Thus the equivalent circuit of 

the tube is no longer that of Fig. 307 but becomes that of Fig. 309. 
Also, a capacitance C, has been added. This represents the input 
capacitance' of the second tube plus the capacitance of connect-
ing wires. 
Design of Resistance-coupled Audio Voltage Amplifiers Using 

Triodes.—The design procedure for the resistance-coupled audio 
amplifier such as Fig. 308 is as follows: At an intermediate fre-
quency of 1000 cycles, the circuits of Fig. 308 and 309 are equiva-
lent to that of Fig. 310a. The frequency is so low that negligible 
current flows through the capacitance Cg, and its effects are neg-
ligible so it has been omitted. Also, the capacitance of condenser C 
is so large that the voltage drop across it is negligible, and it has 
been omitted. For a triode resistance-coupled audio voltage ampli-
fier using tubes having a IA of about 10 and a plate resistance of 
about 10,000 ohms, RL is usually about 30,000 to 50,000 ohms. 
The grid resistor is usually several hundred thousand ohms. For an 
approximate solution its effect may be neglected, or a better method 
is to compute the equivalent resistance of RL and Rg in parallel and 

The grid-input capacitance of a triode operating as an amplifier is greater 
than the interelectrode capacitance as given in tube manuals. This grid-
input capacitance is given by the relation C, = Co. Cgp (1+A v), where Cgf 
is the interelectrode capacitance between grid and filament, Cg,, is the capaci-
tance between grid and plate, and Av is the voltage amplification given by Eq. 
(98). The derivation of this equation can be found in more advanced books. 
For a practical case, this value of grid-input capacitance may be about 70 
micromicrofarads for a small triode. 

309.—Equivalent circuit for one 
stage of Fig. 308. The voltage Eg would 
be impressed on the grid of the second 
tube for further amplification. 
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use this equivalent resistance for RL in Eq. (98) to compute the 
voltage gain. This can be converted to decibels (page 334) and 
will be substantially the maximum voltage gain the amplifier can 

have at any frequency. 
At the very low audio frequencies such as 50 cycles per second, 

the drop in voltage across condenser C becomes appreciable, and 
the equivalent circuit becomes Fig. 310b. Now it is the IRg voltage 

(a)- Intermediate frequency 

( b)- Low frequency (c)- High frequency 

310.—Equivalent circuits at various frequencies for a resistance-coupled 
voltage amplifier. 

drop across the grid resistor which is impressed across the grid of 
the second tube. This same current / must flow through the con-
denser C, and there will be a drop across it as well. These two volt-
ages are 90 degrees out of phase, however. At the frequency at 
which Xc = 1/2/rfC = Rg, approximately 70 per cent of the maxi-
mum voltage output as calculated in the preceding paragraph will 
be impressed across the grid of the second tube. Drawing a simple 
vector diagram will prove this to be true. 
At the high audio frequencies such as 10,000 cycles per second, 

the drop in voltage across C becomes negligible, but the current 
down through condenser Cg is appreciable. The equivalent circuit 
is now Fig. 310c. It is possible to write design equations giving the 
voltage output at high frequencies. This is done by writing the 
expression for the current through the condenser Cg and then 
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multiplying this current by the reactance of Cg. For ordinary 
values of RL, C, Iceg, and Cg, the resistance-coupled amplifier works 
up to 10,000 or 15,000 cycles without much drop in voltage ampli-
fication. For the practical design of such amplifiers, the data 
given in tube manuals should be followed. Such data give both 
amplification and response. 

In the design information previously considered, the effects of the 
circuit on the direct current flowing in the plate circuit and the 
direct voltage reaching the plate are neglected. The direct current 
flowing through resistor RL causes a direct voltage drop of /pRL. 
If the plate current is 2.5 milliamperes and RL is 40,000 ohms, then 
the direct voltage drop will be E = IPRL = 0.0025 X 40,000 = 
100 volts. If 90 volts is desired on the plate, then the total voltage 
applied by the battery or rectifier must be 190 volts. Although 
of little importance in amplifiers operated with rectifiers, it is of 
great importance in amplifiers operated with batteries that this 
resistor RL be kept low. Anyway, there is little additional voltage 
amplification to be gained by making RL greater than about four 
or five times I., as can be easily proved. 
To summarize: The theory of resistance-coupled amplifiers has 

been considered in much detail because of its great importance. 
If it is clearly understood, then the other amplifiers can be easily 
explained. In the design of a resistance-coupled audio voltage 
amplifier, a reliable estimate of the gain and frequency response 
can be obtained by considering the circuit at intermediate, low, and 
high frequencies. 

Resistance-coupled Audio Voltage Amplifiers Using Pentodes.— 
Resistance-coupled amplifiers using pentodes or screen-grid tubes 
are similar. Pentodes are often employed because of the greater 
amplification obtainable. A suppressor-grid pentode is shown 
connected in the circuit of Fig. 311. 
The general features of this circuit are the same as those of the 

resistance-coupled amplifier circuit using triodes. Of course a 
source of positive voltage for the screen grid must be provided. The 
grid-input capacitance discussed in the footnote on page 454 is 
greatly reduced because of the shielding action of the suppressor 
grid and the screen grid. 
For a typical suppressor-grid pentode, g = 1200 and I-, = 

1,000,000 ohms. Various values of RL and Ire, may be used in an 
amplifier employing this tube; among these are RL = 250,000 
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ohms, R, = 500,000 ohms, and C = 0.008 microfarad. It will be 
noted that these resistances are very much greater than used with a 
triode. The reason that such high resistances must be used is this: 
The plate resistance of a typical suppressor-grid voltage-amplifying 
pentode is very high, often 1,000,000 ohms or over. If a high value 
of plate load resistance is not used, then most of the signal voltage 
generated (biEg) will be lost 
inside the tube and very little 
will reach the external circuit 
for amplification in the next 
tube. The question immedi-
ately presents itself: Why not 
use a load resistor of four or 
five times the plate resistance? 
The answer is that the direct 
current for the plate would 
have to flow through this re-
sistance, and the high voltage 
drop would be objectionable. 
A typical circuit such as used 

in practice is shown in Fig. 311, 
and the values of the resistors and condensers used are shown below 
this figure. The important electrical principles involved will now be 
discussed. First, it is noted that no C battery is employed. The 
control grid is made negative with respect to the cathode by the 
direct voltage drop E = IRe in resistor Re caused by the combined 
plate current and screen-grid current which must return to the 
cathode through resistor Re. But, there is also an alternating-
current component flowing back to the cathode, and if this flows 
through Rc, a voltage drop will occur which will impress a signal 
back on the control grid and this will interfere with the signal im-
pressed on the grid to be amplified. Hence the resistor Re is by-
passed with a large capacitor which offers a path of extremely low 
impedance even to the lowest frequencies to be amplified. Since 
the impedance approaches zero, the voltage drop is negligible and 
no interference results. The condenser Cd across the resistor in the 
screen-grid circuit serves as a similar by-pass and prevents the 
screen-grid voltage from fluctuating which would interfere with 
operation. The direct voltage that reaches the screen grid is the 
voltage +B (plate supply voltage) minus the drop in resistor Rd 

8+ -÷- 

Flo. 311.—A suppressor-grid pentode 
connected in a resistance-coupled ampli-
fier circuit. For a typical circuit, B+ is 
90 volts, RL is 250,000 ohms, Rg is 500,000 
ohms, Rd is 1,180,000 ohms, RC is 2600 
ohms, Cd = 0.03 microfarad, Cc = 3.2 
microfarads, C = 0.005 microfarad, and 
the voltage gain is approximately 85. 
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caused by the screen-grid current. Also, the direct voltage on the 
plate is +B — IpRL. The gain and frequency response can be 
determined much as for a triode. The gain of a pentode amplifier 
such as Fig. 311 can be calculated accurately enough for most 
results by a very simple formula derived as follows: Referring to 
Eq. (98), if RL is small compared with ri,, then the equation becomes 
Av = gRdrp = gmRL, because g. = A/rp. But note, this holds 
only when RL is small compared with ri,, and the incorrect use of 
this eemation may cause very bad errors. 
To summarize: Because of the very high internal resistance of 

the suppressor-grid pentode, high values of coupling resistance 
must be used. Although for purely practical reasons the circuit 
cannot be designed to utilize the high amplification factor of the 
tube effectively, voltage amplifications can be obtained with a 
pentode which exceed those obtained with other commercially 
available tubes. 

Transformer-coupled Audio Voltage Amplifiers Using Triodes.— 
Interstage transformers were formerly quite extensively used to 

input 

I I 
Input Interstage Output 

transformer transformer transformer 
Fm. 312.—A simple two-stage transformer-coupled class A audio-frequency voltage 

amplifier. 

couple together vacuum tube audio voltage amplifiers using tri-
odes. They are not used with screen-grid tubes or suppressor-
grid voltage-amplifying pentodes because the plate resistances of 
such tubes are very high, and it is very difficult to build good audio 
transformers to work satisfactorily in circuits having high imped-
ance; for one reason, the transformer would need very high induct-
ances which would require many turns of wire, and this would re-
sult in excessive distributed capacitance. 
A transformer-coupled audio-frequency voltage amplifier using 

triodes is shown in Fig. 312. A complete analysis of this circuit is 
quite difficult, because to study the performance at all audio fre-
quencies many factors such as primary and secondary inductance, 
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stray capacitance, and mutual inductances must be considered at 
each frequency band. However, an approximate solution can be 
readily made as follows: The alternating-signal voltage impressed 
on the grid appears as an amplified voltage µE, in the plate circuit. 
The primary impedance of the transformer is high at intermediate 
frequencies and substantially all this amplified voltage will appear 
across the primary. Such interstage transformers usually have a 
step-up ratio from primary to secondary of about 1 to 3, and this 
ratio will be called N. Then, the voltage appearing on the second-
ary of the transformer will be Es =- µE,N, and the voltage gain per 
stage will be 

Es A = = 1,N. 
Eg 

(100) 

From a purely practical viewpoint there is little involved in the 
practical design of such an amplifier except to compute the gain 
from the equation just given, and then buy transformers that will 
have good frequency response and cause little nonlinear distortion 
in the circuits in which they are to be used. Remember that a 
"skimpy" transformer may show a good frequency response and 
little nonlinear distortion if tested with a very small signal but 
may be quite poor at the signal level at which it is to be used. 

Transformer-coupled Radio-frequency Voltage Amplifiers Us-
ing Pentodes.—Such a circuit is shown in Fig. 313. Because of 

Signal 
input Eg 

ena/ 
output 

Screen Mok 
grid see-

supply 

FIG. 313.--Simplified circuit of a pentode in a voltage-amplifying transformer-
coupled radio-frequency circuit. 

excessive hysteresis and eddy-current losses (page 164), it is common 
practice to use air coupling instead of magnetic cores for these 
transformers. Special magnetic cores are sometimes used, however, 
and with good results. In either instance the magnetic coupling be-
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tween the primary and secondary is very low, and coupled-circuit 
theory (page 321) must be used to calculate the gain per stage rather 
than the simple method of the preceding section. 
As shown in Fig. 313, the input and output circuits of the am-

plifier are both tuned to antiresonance for the same frequency. 
Then, the load in the plate circuit is a pure resistance for this fre-
quency, because at antiresonance the impedance of a tuned parallel 
circuit is a value of pure resistance. The radio-frequency signal 
voltage Eg impressed on the grid appears as an amplified voltage 
itEg in the plate circuit, and this voltage must force a radio-fre-
quency signal around through a circuit composed of the plate resist-
ance rp and the equivalent resistance offered by the antiresonant 
primary with the coupled secondary. Because the design equations 
are somewhat involved and not easy to apply, design data on this 
circuit will not be presented. It usually turns out that the load 
resistance offered is greatly below the plate resistance of the pentode 
and a voltage gain per stage of only a few per cent of the amplifica-
tion factor of the tube is obtained. 

Screen-grid tubes and pentodes are used in radio-frequency am-
plifiers not only because of their higher voltage amplification, but 
also because of their stability. The screen grid and also the sup-
pressor grid shield the control grid from the plate, and the tendency 
for feedback is greatly lessened if not entirely eliminated. This will 
be further treated on page 475. 
Power Amplifiers.—The preceding discussions have been con-

fined to voltage amplifiers as distinguished from power amplifiers. 
Voltage amplifiers are usually employed to increase the weak signal 
voltage up to the point where the voltage is sufficiently strong to 
drive a power tube. Then, the power tube or power-output tube 
furnishes the power to the loud-speaker or antenna. 

In selecting a tube for a power amplifier, there is no object in 
using a large tube and driving it to only part of its full output capac-
ity; rather, it is better to select as small a power tube as can be used 
without excessive distortion. No longer is the objective that of 
obtaining maximum voltage gain. In designing a power amplifier, 
it is necessary to consider the dynamic curve of Fig. 314. 
The static curves shown in Fig. 274a, page 414, and Fig. 314 can 

be used to predict the operation of a triode with no resistance in the 
plate circuit, but tubes are operated with resistance in the plate cir-
cuit, and hence dynamic and not static curves must be used. In 
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voltage amplifiers the tubes usually are not driven to the extreme 
degree that they are in power amplifiers. It is usually safe to as-. 
sume that negligible distortion occurs in voltage amplifiers, and the 
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314.—If a tube is operated without resistance in the plate circuit, then the 
output plate current flows in accordance with the static curves. If, however, there 
is a load resistance in the plate circuit, then the tube operates not along a static 
curve, but instead it operates along a dynamic curve. When a load is in the plate 
circuit, then when the current increases the voltage on the plate becomes less, and 
when the current decreases the voltage on the plate becomes greater than under 
static conditions. In other words, the plate-current variations follow the dynamic 
curves of this figure. Three curves are shown, corresponding to three values of 
plate-load resistance for a small power triode. The curve at 7000 ohms is the 
proper curve for maximum undistorted power output. To find these dynamic 
curves proceed as follows: The point of operation assumed is — 22.5 volts on the 
grid, and + 135 volts on the plate. To find where the 5000-ohm curve crosses the 
105-volt curve, 135 — 105 = 30 volts, 30/5000 0.006 ampere. Add this value 
to the current at the point of operation; thus, 6 -I- 6.7 = 12.7 milliamperes. Other 
points are found in a similar manner. The dynamic curves can also be taken 
experimentally. 

dynamic curves need not be considered. The power-amplifier tubes 
are usually driven as hard as possible, and thus the dynamic curves 
must be considered. From the dynamic curve the distortion can 
be predicted. 
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The dynamic curve shows the relation between grid voltage and 
plate current with a load resistor in the plate circuit. The relations 
of Fig. 314 have been redrawn in Fig. 315, omitting the static 
curves. The dynamic curve is found to be slightly curved upward. 
Thus, if a signal voltage is impressed on the grid as indicated, the 
positive half cycles of the plate current will be larger than they 
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Fm. 315.—The curvature of the 
dynamic curves causes distortion. 
This is largely a second harmonic 
distortion as an approximate an-
alysis shows. Other harmonics are 
also created. If the dynamic curve 
were a straight line as has been 
shown as "Ideal Dynamic Curve" 
then the distortion would be neg-
ligible. 

should be; and the negative half cycles will be smaller than they 
should be. If the dynamic curve were a straight line as shown by 
the dotted line of Fig. 315, then there would be negligible current 
distortion as shown by the dotted sine wave. The difference be-
tween the actual wave and the pure sine wave is largely caused by 
the second harmonic created in the tube because the dynamic curve 
is not straight. 
Now there are two conflicting principles involved in the design of 

a power tube. (1) A power tube is, like any vacuum tube, equiva-
lent to a generator of internal impedance 1.LE, and internal plate re-
sistance rp. From page 78 it is seen that the maximum power is 
obtained from a source into a load when the internal resistance of 
the source eauals the resistance of the load. Thus, from this stand-
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point alone, a load resistance equal to the plate resistance of the tube 
would be selected. (2) From Fig. 314 it is seen that the greater 
the load resistance, the straighter will be the dynamic curve, and 
from Fig. 315 the less will be the distortion. It follows, therefore, 
that in designing a power amplifier these two opposing effects must 
both be considered and the best practical solution found. 
Of course, some distortion can be tolerated, and it has been found 

in practice that about 5 per cent distortion will be unnoticed. That 
is, if the peak value of the second harmonic of Fig. 315 is less than 5 
per cent of the fundamental, the signal quality will be good. It 
works out that if the resistance of the load is about twice that of the 
plate resistance of the tube, then the distortion will be less than 5 
per cent. From Fig. 45, page 81, it is seen that this gives about the 
same output as for the matched condition of internal resistance 
equal to load resistance. Thus, in the design of power amplifiers 
the load resistance is made about equal to twice the plate resistance, 
and this fact is a good one to keep in mind. 
Any experimenter or designer of vacuum-tube circuits will be 

certain to have available tube manuals published by the tube man-
ufacturers, and in these will be found described graphical methods 
and equations by which vacuum-tube circuits can be calculated. 
These usually will give a load resistance equal to a little less than 
twice the plate resistance, but this latter relation is close enough for 
most purposes. 
To summarize: The design of a power-amplifier stage involves a 

study of the dynamic curves of a vacuum tube. The problem is to 
obtain the maximum amount of power from the tube without exces-
sive distortion. This dictates that the load resistance should be 
about twice the alternating-current plate resistance of the tube. 
The Output Transformer.—Referring to Fig. 315, it will be 

observed that the peak value of the alternating signal voltage im-
pressed on the grid just equals the grid-bias voltage; in other words, 
the grid is driven to zero and to twice the bias value but is not driven 
positive. Since the grid is not driven positive, negligible current 
flows in the grid circuit, and negligible input power is taken by the 
grid circuit. The driving voltage is impressed on the grid from a 
preceding voltage amplifier which may be either resistance or trans-
former coupled into the grid of the power tube. 

It is usually desired that the power tube drive some device such 
as a loud-speaker. Now if an impedance bridge such as Fig. 237, 
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page 359, is used to measure the input impedance to a loud-speaker 
of the dynamic type, it will be found that the input impedance of 
the voice coil equals about 10 ohms resistance and is slightly in-
ductive. Obviously, a power tube cannot work directly into such a 
device, because the plate resistance of a small triode power tube is, 
say, 2000 ohms, but the resistance of the loud-speaker voice coil to 
which it must supply signal power is only about 10 ohms. Also, 
remember the relations for maximum undistorted power output of 
the preceding section—the load resistance should be about twice 

the plate resistance, or about 
4000 ohms. 
Now it was shown on page 

L. 325 that a transformer could be 
Loueaker d regarded as an impedance trans-sp 

former and that it would change 
316.—By the use of an inequality impedance in proportion to the transformer a 10-ohm voice coil may be 

made to appear as a high-resistance load square root of the turns ratio. 
in the plate circuit of a vacuum tube. 

Thus, if a transformer having a 

turns ratio of Np/Ars = 1/4000/10 = 20 is placed between the tube 
and the loud-speaker voice coil, the input impedance at the primary 
of the transformer will appear to be 4000 ohms, and the power tube 
will therefore be working into 4000 ohms which is the correct value 
for maximum undistorted power output. These relations are 
shown in Fig. 316. 

Before concluding this section, a word should be said about power 
pentodes which are often used in radio sets as the power-output 
tube to drive the loud-speaker. The same basic principles apply 
but with this exception: Because of the peculiar shapes of the static 
curves, the dynamic curves for high load resistances are far from 
being straight lines, and if a load resistance of twice the plate re-
sistance is used, excessive distortion will result. For this reason a 
load resistance very much lower than the plate resistance is used. 
For a typical suppressor-grid power pentode having a plate resist-
ance of about 60,000 ohms, a load resistance as low as about 7000 
ohms must be used. Of course with this large mismatch much of 
the available signal power is lost within the tube, but even so, the 
power pentode has a high amplification factor (about 150 for the 
tube being considered which is about 40 times that of a comparable 
triode) and therefore a large amount of output power can be ob-
tained with a low grid signal voltage. 
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Push-pull Power Amplifiers.—A push-pull circuit is shown in 
Fig. 317. As is evident, with no signal applied at the input, the two 
tubes have the same grid voltage E, and the same plate voltage E.13. 
If each tube is biased as in Fig. 315, then each tube with no signal 
applied will pass the same amount of direct current. But, these 
two direct currents will flow through each half of the primary of the 
output transformer in opposite directions, and hence the magneto-
motive forces they produce will oppose, and no magnetic flux will be 
produced in the transformer core for the no-signal condition. This 

317.—Circuit for two output triodes in push-pull. 

permits economies in transformer design because there are negligi-
ble magnetic saturation effects (page 361) due to the direct plate 
currents, and the core may be smaller. 
When an alternating signal voltage is applied to the input cir-

cuit, one grid is driven positive and the other grid is driven an equal 
amount negative. One tube will accordingly take more plate cur-
rent, and the other tube will take less current. On the next half 
cycle of the applied signal voltage the action will be reversed, and 
the first tube will draw less current and the second tube will draw 
more current. As a result of this action, each tube passes an alter-
nating current of opposite sign in opposite directions in each half of 
the primary. The result of these two "opposites" is a positive ac-
tion, and the magnetic effects produced by each tube in each pri-
mary do not cancel as for the direct-current components but add 
and pass signal power to the output. These relations are shown 

in Fig. 318. 
A complete analysis of this method shows that the proper load 

resistance for the two tubes is less than that for one tube alone and 
that the second harmonic component, which causes most of the dis-

Thompson, B. J., Graphical Determination of Performance of Push-pull 
Audio Amplifiers, Proceedings of the Institute of Radio Engineers, April, 1933 
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318.—Diagram for analyzing the output of two triodes in push-pull. The 
actual plate current of each tube is the same and is as shown. Because of the fact 
that the second harmonics are oppositely related as shown, they cancel out in the 
primary of the output transformer. The fundamental components do not cancel out, 
however, but their effects add as shown by the resultant current of the two tubes. 
This is equivalent to assuming that the resultant current comes from one fictitious 
tube having the characteristics shown. Note that odd harmonics such as the third 
do not cancel, and hence appear in the output of the push-pull amplifier. 
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t,ortion in single-tube-triode power amplifiers, is balanced out in the 
power-output transformer. In the design of the triode power am-
plifier, a load resistance equal to about twice the plate resistance 
was selected (at some sacrifice of power) to reduce the second-
harmonic distortion. With tubes in push-pull, however, this dis-
tortion is canceled out in the transformer. Thus, the load can be 
matched to the tubes and more than twice the output of a single 
tube can be obtained by two tubes in push-pull. 

Class A, B, aid C Power Amplifiers.—The power-output tubes 
that have been considered up to the present were biased to about 
one-half the cutoff value and plate current flowed through the 
tubes at all times. When an alternating voltage was impressed on 
such a tube, more and less plate current flowed, an alternating-
current component being thus given in the plate circuit. Such 
tubes, biased to about half the cutoff value, are said to be operated 
in class A. 
For certain purposes to be explained later, tubes are operated 

with their grids biased to cutoff, or special tubes have been de-
signed which almost cutoff with no bias. Such tubes pass plate 
current only on the positive half cycle of the signal voltage applied 
to the grid, because the negative half cycle of the applied signal 
voltage merely drives the grid more negative, and it is already at the 
plate cutoff value. Such tubes are said to be operated in class B. 
Power tubes in radio transmitters are sometimes operated biased 

far beyond plate-current cutoff, and a large alternating signal 
voltage is impressed. Then, plate current flows only during the 
peak of the positive half cycle, and such tubes are said to be 
operated in class C. 
From this discussion, and from the explanations that will follow, 

it will be seen that the plate current in class B and class C power 
amplifiers flows in pulses, similar to those shown in Fig. 297 for the 
half-wave rectifier. Now it was shown on page 444 that the current 
in a half-wave rectifier contained a direct-current component, a 
fundamental alternating-current component, and various alter-
nating-current harmonic components. An analysis of the plate 
current flowing in a class B or a class C amplifier will definitely show 
that this "pulse" current is made up in this same way. 

If the reader is a practical radio worker, he may have been taught 

This can be shown graphically, and the analysis will be found explained 
under Fig. 318. 
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to regard the plate current in class B and class C amplifiers differ-
ently, just as was the case for a rectifier. But, only by accepting 
new viewpoints and new ideas can mental progress be made, and it 
is sincerely hoped that the reader will accept this analytical way of 
looking at current pulses as a step leading to a better understanding 

200  of the equipment with which he 
daily works. 

ki 160  The Class B Power Amplifier.— 
120 / These amplifiers are used for two 

te 
es purposes, as audio power amplifiers 

80  and as radio power amplifiers. They 
must, therefore, be considered sepa-

40  
rately. 

+60 +40 +20  Class B Audio Power Amplifiers.— 

Grid ts +20 +40 +60 These amplifiers use a circuit similar 
40 vol  

to Fig. 317. The tubes are usually 
80  of the special type which operate es-. 

sentially at cutoff with no grid bias 
120  voltage. Their dynamic character-

160  istics are shown in Fig. 319. Their 
operation differs from the class A 

200  push-pull power amplifier as follows: 
FIG. 319.—Dynaxnic curves for In the class A push-pull circuit, plate 

two tubes operated as class B triodes. 
Plate current /p and grid current .r« current flows at all times, and when 
for plate-to-plate loads per tube of the grids are driven alternately posi-
1450 ohms. 

tive and negative by the applied 
signal voltage, the tubes pass more or less plate current and cause 
alternating-current components to flow in the primary of the out-
put transformer. Now in the class B push-pull circuit, an alternat-
ing signal voltage is again impressed on the grid, but because of the 
peculiar characteristics each tube passes plate current only when 
its grid is driven positive. 
A complete analysis of the class B tubes can be made much as in 

Fig. 318 for class A push-pull. Because each tube passes only 
positive half cycles, each tube acts as a half-wave rectifier tube 
(page 443). When studying rectifiers it was shown that the output 
from a half-wave rectifier contained a fundamental and even har-
monics. The even harmonics will be canceled out in the primary of 
the transformer, but the fundamental components combine in the 
primary passing the alternating signal through the tube. 
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As is shown in Fig. 319, the grids of the tubes will draw current 
when they are driven positive. This means that the stage preceding 
the class B push-pull stage must supply power as it drives the grids 
of the push-pull tubes and, hence, must be designed to have suffi-
cient power capacity. Transformers for push-pull class B power 
amplifiers must be specially designed and used with the proper 
tubes. Because class B tubes operate essentially at cutoff, but 
little plate current flows unless they have a signal voltage applied, 
although in class A tubes plate current 
flows at all times. Thus the class B 
power amplifier is more efficient than a 
comparable class A power amplifier 
but, on a comparable basis, the output 
quality of the class A tube is better. Signal 

input 
Well-designed class B amplifiers have 
good characteristics, however. 

Class B Radio Power Amplifiers.— FIG. 320.—In the class B radio-
frequency power amplifier the 

As was previously shown, the class B antiresonant tuned parallel cir-

tube is a rectifier, and although a corn_ cuit L-C suppresses the har-
monica. Substantially, the only 

ponent having the same frequency of alternating voltage existing across 
the alternating signal voltage exists in this tuned circuit will be voltages 

of frequencies close to the anti-
the output, even harmonics also exist. resonant frequency. 

In the class B audio amplifier, two 
tubes are used in push-pull, so that the harmonics will cancel out in 
the primary of the output transformer. 
Although two class B tubes are often operated in push-pull in 

radio transmitters, this need not be done. The harmonics can be 
suppressed by a parallel antiresonant tuned circuit placed in the 
load circuit of a single class B tube as in Fig. 320. Since the par-
allel circuit plays such an important role, the explanations on page 
316 should be reviewed. 

If a parallel circuit is in antiresonance or tuned to the signal fre-
quency it is desired to pass, then the input impedance of this circuit 
will be a large value of pure resistance to this frequency but will be a 
low, largely reactive, value of impedance to all other frequencies. 
This means that if a tuned parallel circuit is placed in the plate 
circuit of the class B radio-frequency power amplifier, the load 
offered the tube will be resistive at the signal frequency to which 
the circuit is tuned. The tube will then supply power to this load 
into which is reflected the resistance component of the device to 
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which power is to be supplied, for example, to a transmitting an-
tenna (page 394). To other frequencies, the load is reactive and is 
low in value; therefore, for these frequencies, little power will flow 
into the circuit and but little voltage will exist across the parallel 

circuit. 
A class B radio-frequency power amplifier can be used to amplify 

a modulated radio-frequency signal (page 484). The carrier and the 
two side bands lie sufficiently 
close together that the action ex-
plained in the preceding para-
graph holds for these three 
components. 

Class C Radio Power Ampli-
fiers.—These amplifiers operate 
in a manner similar to the class 
B amplifier just considered, but 

Impressed 
grid voltage the grid is biased further be-

yond cutoff. Plate current flows 
Fm. 321.—Grid voltage and plate 

current in class C amplification. The for only a small part of the 
plate current may show "dips" if the positive half cycle as Fig. 321 
tube is driven with large grid voltage as , 
indicated. This is because the grid cur- snows. Since the angle of flow 
rent which flows may become great O is so small, the distortion is 
enough actually to reduce the plate cur-
rent as shown. The angle O is called the very great. This amplifier can-
angle of flow. It is less than 180 de- not be used for voice frequen-
grees for class C operation. 

cies or for a voice-modulated 
carrier (page 484). The class C amplifier is used for amplifying sin-
gle frequency waves (unmodulated carrier, page 484) and for radio-
telegraph amplification. This wave is also similar to the rectified 
half wave of Fig. 297, and it also contains a direct-current compo-
nent, a fundamental, and various harmonics. Because the direct-
current component is very low, the amplifier is quite efficient. Just 
as for the class B amplifier, the tuned circuit in the plate lead offers 
a high resistance to the fundamental and takes power at this fre-
quency. If it is well designed it takes negligible power for the 
harmonics. Thus, in Fig. 320 only power at the fundamental 
would be radiated. Because grid current flows in the class C 
amplifier, power must be supplied to the grid circuit. 
The "Tank" Circuit—The radio literature contains extensive 

references to "tank" circuits, "circulating" currents, "flywheel" 
action, and "wave traps." From the standpoint of accepted elec-
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trical fundamentals, such terms are very confusing and lead to a 
vague understanding of the performance of radio circuits.' 
Now the so-called tank circuit is the tuned parallel antiresonant 

load circuit used in class B and class C radio-frequency amplifiers. 
The performance of antiresonant circuits has been considered at 
several points in this book, in particular on page 316. Often this 
antiresonant circuit is coupled directly to a radio-transmitting 
antenna as shown in Fig. 320. Then, the antiresonant circuit fol-
lows the impedance-transformation theory considered on page 333 
and couples the antenna to the tube so that the tube supplies power 
to the antenna. 

It is often stated in discussing tank circuits that power flows into 
the tank circuit in "spurts" corresponding to the shape of the cur-
rent pulses of Fig. 321 and that the "circulating currents" in the 
tank circuit "fill in the missing half cycle," etc. Such statements 
are meaningless. When an experienced chemist looks at a test 
tube, he does not merely see the milky liquid therein; instead, he 
"sees" various amounts of several elements all blended to give the 
milky liquid. When one experienced in communication looks with 
an oscilloscope at pulses of current flowing in a circuit, he sees not 
only the resultant image produced on the end of the tube, but he 
mentally visualizes the direct-current and various alternating-
current components within. 
When such a wave, composed of many components, flows 

through a load, the only components that can deliver power to 
the load are those components to which the load offers pure 
resistance. Power cannot be delivered to a pure reactance. Thus, 
in the class B or class C amplifier which is tuned to the fundamental 
frequency component, appreciable power only flows at this fre-
quency. An oscilloscope connected across the tuned circuit will 
show a sine-wave voltage to exist. This is because the tuned cir-
cuit offers a high impedance only to the fundamental frequency to 
which it is tuned, and thus the voltage across it is due almost 

I Unfortunately, in the early days of radio it was very difficult to make 
accurate measurements, and this led to many erroneous explanations of radio 
phenomena. In fact, the opinion became prevalent that "the frequency was 
so high that radio circuits did not follow the usual electrical laws." Of course, 
this is incorrect; it may be necessary to consider such things as stray capaci-
tance which is negligible at low frequencies, and it may be necessary to general-
ize certain electrical laws, but radio circuits do follow the same basic electrical 
orinciples as circuits at other frequencies. 
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entirely to the fundamental component. Thus if the signal voltage 
impressed on the grid is a pure sine wave (the fundamental), then 
the voltage across the tuned tank circuit can be only a pure sine 
wave of this same frequency. In frequency multipliers the tuned 
plate circuit load (tank) may be tuned to some frequency other 
than the fundamental; then, the frequency of the voltage across it 
will be due to the harmonic of the complex current of Fig. 321 to 
which it is tuned. 

Oscillators.—In discussing the various types of amplifiers it has 
been shown that a small voltage applied to the grid of the tube will 
be increased to a large voltage in the output circuit. Also, it has 

no. 322.—Circuit of an audio-frequency oscillator. The output terminals may 
be connected to additional voltage and power-amplifying stages. Or, the output 
circuit may be removed and a transformer substituted for RL. 

been shown that with either a negligible amount of power input 
to the grid circuit or a small amount of input power a large amount 
of power will be put into the output circuit. 

Since more power is put out than put into an amplifier, and since 
more power is available in the output circuit than is needed in the 
input circuit, a signal can be coupled back from the output to the 
input circuit, and the tube will oscillate and can be used as a source 
of alternating-current power. 
Audio Oscillators.—Audio oscillators are usually operated as class 

A amplifiers with their grids driven slightly positive, as will be later 
explained. A typical audio oscillator is shown in Fig. 322. Tube 1 
is the oscillator tube and tube 2 is a power amplifier, also operated 
essentially in class A for audio purposes. Note that the two grids 
are tied together and, therefore, their voltages must vary in unison, 
The plate of the oscillator tube (tube 1) is connected back to the 
cathode through a circuit composed of R, C', and the antiresonant 
circuit C, L2. Condenser C' serves to isolate the plate and grid po-
tentials. The variable resistor R controls the current that flows to 
the tutted circuit 112, C. 
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As has been shown for the class B and C amplifiers, the only ap-
preciable voltage existing across a tuned parallel circuit such as C, 
L2 will be at the frequency to which this circuit is in antiresonance 
and at which a high impedance is offered to the current flow. By 
coupled-circuit action some of this voltage will appear across L2. 
Thus, the tuned circuit determines the frequency of the signal in-
troduced on the grid of the oscillating tube (and also the amplify-
ing tube) and in this way controls the frequency of oscillation. 
After the circuit is first energized, the oscillations gradually build up 
until the peak of the positive half cycle induced on the grid drives 
the grid slightly positive. Then the grid draws a small amount of 
power which means that the grid input becomes resistive. This 
resistance by coupled-circuit theory will be introduced into the 
tuned circuit C, L2 and this will make the tuning less "sharp" (page 
317), it will offer a lower impedance, and the voltage across it will 
not increase. In this way, the magnitude of the oscillations become 
stabilized. 
The second tube is usually a class A amplifier which may have a 

resistance load in its plate circuit or may be more efficiently coupled 
to its external load through an output transformer. This tube 
also serves as a "buffer" to isolate the external load from tube 1. 
If this is not done, the external load may affect the frequency of 
oscillation. For audio amplifiers a 1 to 1 ratio iron-cored trans-
former works well at L1, L2; C' may be about 0.1 microfarad and 
should have negligible leakage. The variable resistor R may be 
variable from 0 to 100,000 ohms. The value of C should be such as 
to give antiresonance at the audio frequency desired. This is ap-
proximately f = 1/ (27-ViC) and may be more correctly calculated 
in accordance with parallel-circuit theory. For oscillations to 
build up, the signal impressed on the grid circuit must have the 
proper phase relation. Thus, if the circuit does not oscillate, the 
first thing to do is to reverse the connections of coil L1. 
Radio Oscillators.—As has been explained, audio oscillators are 

amplifiers in which part of the output signal is fed back from the 
plate to the grid circuit. Likewise, radio-frequency oscillators are 
usually class C amplifiers in which part of the output signal is fed 
back to the grid circuit. A typical circuit is shown in Fig. 323. 
The principles of operation of this circuit are as have been ex-

plained. Output power can be obtained by inductively coupling a 
coil with L2, and from coupled-circuit theory this will be equivalent 
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to inserting a resistance R2 in series with coil Lg. This helps fix the 
frequency at which L2, C offers the maximum impedance and at 
which the circuit will oscillate. 
To obtain high efficiency, the grid is driven with a large alternat-

ing signal voltage induced in LI. It is usually desired that the oscil-
lator operate as a class C amplifier to obtain high efficiency. But, a 
class C amplifier is biased beyond cutoff, and if a fixed bias of this 
value is used, no plate current would flow and the tube would never 
start to oscillate. For this reason the tube is self-biased by a re-
sistor R, and a condenser Cg placed in the grid circuit. Then, when 

- -e-- -d-
Pg £2 

Fut. 323.—A class C oscillator, self-
biased by the grid resistor-grid con-
denser combination. 

Flo. 324.—A quartz crystal oscillator. 

the circuit is energized, oscillations will build up and the grid will be 
driven positive. Of course an oscilloscope would show that the grid 
current would flow in spurts at the peaks of the positive half cycles. 
On the basis of previous explanations, it is now understood that a 
direct-current component would exist in such a current, and this 
direct-current component flowing through the resistor R, will bias 
the tube. Of course the alternating voltage fed back by L1 must 
reach the grid of the tube. The condenser C, offers a low-imped-
ance path to the flow of alternating-current components. 

Quartz crystals are used to control the frequency of oscillation of 
radio-frequency oscillators. These quartz crystals are placed in the 
grid circuit as shown in Fig. 324. Quartz has this property: If a 
voltage is impressed across it, its dimensions will change, and con-
versely, if its dimensions are changed, a voltage will exist between 
opposite faces. The quartz crystal of the proper dimensions is 
placed in a holder as indicated. Voltage is fed back through the 
interelectrode capacitance (to be explained in the next section), and 
the quartz crystal actually vibrates mechanically. This vibration 
generates a voltage which is impressed on the grid of the tube where 
the signal is amplified, and voltage is again fed back. 
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Neutralization.—As mentioned in the preceding paragraph, 
a signal voltage may be fed back from the plate to the grid circuit 
through the interelectrode capacitance in the tube. The capaci-
tance causing this is the grid-plate capacitance C„ of Fig. 325. 
Although it exists, of course, within the tube it is drawn, for con-
venience, connected as shown by the dotted lines. 
Now this capacitance between the grid and plate will feed back a 

signal much as in Fig. 322, and the circuit will oscillate. To be 
specific, alternating current will flow from the plate through C„ 

I.FC9P 
I II 

Input 

Cn 

325.—Circuit for preventing oscillations due to feedback through the grid-
plate capacitance. Coils In and La are closely coupled. 

and down through the equivalent impedance of the antiresonant 
circuit LIC1 to the cathode. The voltage drop across LICI due 
to this current flow is impressed between the grid and cathode 
where it is amplified, and this action will cause the oscillations to 

be sustained. 
This tendency to oscillate can be prevented in a simple manner 

as follows: Referring to Fig. 325, coils L2 and L3 are inductively 
coupled, and during the part of the cycle when the upper end of L2 
is positive (this is also the potential of the plate) the lower end ol 
L3 will be negative. In other words, the voltages across L2 and L3 
are 180 degrees out of phase. Then, the interelectrode capacitance 
Cgp will feed back a current, and this will cause a voltage drop 
across circuit LiCi ; but the condenser C. will feed back a current 
of the opposite instantaneous polarity, and it will cause a voltage 
drop across circuit LiCI which is 180 degrees out of phase. These 
two voltages will then neutralize each other, and there will be no 
net signal voltage between grid and cathode to cause oscillations. 

Output 
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Of course the desired input signal will be amplified. Other neutral-
izing circuits are possible, one in particular being of fundamental 
interest. If a coil with a condenser in series is placed directly 
between the plate and grid, these two may be adjusted until they 
are in antiresonance with C„ at the frequency at which the circuit 
is to amplify. Then, the impedance between plate and grid will be 
very high, and negligible current will flow. If the current from 
plate to tuned circuit LICI is low, then little voltage due to feed-
back will exist across them, and oscillations will not occur. 

Ordinarily, neutralization is only necessary with triodes. In 
fact, this feedback between plate and control grid was probably 
the factor that led to the development of the screen-grid tube. In 
these, the screen grid shields the control grid from the plate and the 
capacitance is made so low that the feedback is ordinarily not suf-
ficient to cause oscillations. Because of the added presence of the 
suppressor grid in the pentode, shielding is even better and the 
tendency to oscillate less. Thus screen-grid tubes and pentodes 
are usually used in radio circuits whenever it is possible. For radio 
transmitters, however, triodes must be used where the power level 
is high because the power-handling capacity of screen-grid tubes 
and pentodes is limited. 

Negative Feedback.—In considering audio oscillators on page 
472, it was explained that the oscillations were sustained by the 
feedback of a signal from the plate to the grid. In discussing 
crystal oscillators on page 474, it was mentioned that feedback 
through the grid-plate capacitance kept the crystal oscillating. 
Also, in the preceding section it was shown that feedback through 
the grid-plate capacitance would cause oscillations. It will be 
noted that in each of these instances the signal fed back caused 
the output to increase, and this is called positive feedback. 
Although it would seem foolish ever to reduce the gain of an 

amplifier by reversing the feedback and decreasing the signal 
applied, this is done in negative feedback amplifiers, a schematic 
design of which is shown in Fig. 326. The alternating signal input 
voltage Eg is impressed on an amplifier of total gain Av. Without 
feedback, the output voltage would of course be AvEg, but with 
feedback the output voltage is reduced to a value E0. The variable 
negative feedback circuit impresses a certain amount 13E0 of this 
output voltage back on the input so that the net signal input is 
reduced and is (Eg — '3E0). Then, the magnitude of the output 
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voltage is E0 = (Eg — i3E0)Av. Now output voltage E0 divided 
by input voltage Eg equals the voltage gain of any amplifier, and 
for the negative feedback amplifier this ratio can be determined • 
from the equation just written for the output voltage as follows: 
E0 = (Eg — I3E0)Av, En = EgAv — PEnAv, En + fiEnAv = EgAv, 
E0(1 eAv) = EgAy, and 

En 
voltage gain with negative feedback = — — Av (101) 

Eg 1 ± 

With large amounts of negative feedback, the term i9A y becomes 
large and the gain is reduced, approaching the value va. Then, 

Input signal 

E 
9 

Amplifier of 
voltage gain 

A 

Variable negative 
feedback circuit 

Output signal 

Lo 

Fm. 326.—Schematic circuit of the controlled negative feedback amplifier. 

the gain of the amplifier is largely independent of Av. According 
to Eq. (98), the voltage gain of an amplifier without negative feed-
back is Av = gRLArp-1- RL). Both µ and I., depend on operating 
conditions (Fig. 275, page 415) such as the plate-supply voltage. 
But, the gain of the negative feedback amplifier is independent of 
these factors and is very stable, because its gain will not vary with 
plate-supply variations. The negative-feedback amplifier also has 
low distortion because the portion of the output signal fed back into 
the grid circuit counteracts any tendency the amplifier has to cause 
distortion. In a sense, it oppositely predistorts the input signal 
so it comes out undistorted. 
The Principle of Modulation.—As it pertains to communication, 

to modulate means to regulate, vary, or inflect. By the process of 
modulation, a basic carrier wave is caused to vary in accordance 
with a modulating wave such as the voice that it is desired to 
transmit. 
The preceding is essentially the popular version of modulation, 

but the process of modulation is far more interesting than this 
indicates. In fact, modulation can be effected and the carrier 
component in the output can be entirely suppressed. •But before 
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continuing with modulation, let the necessity for modulation be 
considered. 
• The process of modulation is one of the basic steps involved in 
radio communication and in carrier-current telephony over wire 
lines. Modulation is merely a method of frequency-band translation. 
Modulation is a system by which the audio frequencies of the 
voice can be raised to a band of higher frequencies. Demodulation 
is a process of the same fundamental nature as modulation; but 
this term is applied to the process of lowering the band of fre-
quencies back to the audible range. 
Modulation is necessary in radio communication for at least two 

reasons: (1) it is difficult to radiate very low frequencies into space, 
and (2) even if it were possible to do so, then all radio stations 
would be on the same frequency and no selectivity would be possi-
ble. Modulation is necessary in carrier telephony to obtain a large 
number of talking channels over one pair of wires. At the input 
end, the various voice channels are raised to different high-fre-
quency bands and they are then transmitted to the distant end, 
selected by band-pass filters, and then demodulated and returned 
to their original audio frequencies. 

In discussing modulation it is possible to describe the process by 
drawing diagrams, etc. These diagrams are not all that is needed, 
however. Again, merely looking at a milky solution does not tell 
the chemist much; he must analyze the solution into its component 
parts. Merely looking at diagrams and wave shapes does not tell 
the communication man much about the fundamental process of 
modulation. To understand modulation, the process and the 
results of the process must be analyzed. 
As mentioned elsewhere in this book, a theorem is a principle so 

well established that it is accepted as a law. Ohm's law is a 
theorem. It is believed that the process of modulation is so 
fundamental, so universal, and so readily demonstrated that it 
should be stated and accepted as a theorem. Although modula-
tion can be accomplished by other means, the one most widely 
used is modulation by nonlinear impedances. A nonlinear im-
pedance is an impedance which varies with the magnitude, sign, 
or frequency of an alternating current or voltage impressed across 
it. The basic modulation theorem is as follows: Whenever signal 
voltages of two different frequencies are simultaneously impressed on 
a circuit having a nonlinear impedance, sum and difference fre-
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quencies will be created. This is the true meaning of modulation, 
and a careful consideration of it will promote a better understand-
ing of radio and carrier telephony. On this basis, Fig. 327 is 
presented as giving a clear picture of a radio system. 
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These two side bands. are created by 
the process of modulation. Each side 
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Fie. 327.—The essentials of a typical radio system. The voice band must be 
raised to a high frequency for efficient radiation and for selectivity. The voice 
band of 100-5000 cycles and a carrier frequency of 1,000,000 cycles are simultane-
ously impressed on a nonlinear device such as a vacuum-tube circuit which is 
biased for operation on the curved portion of the 4, /p curve. As stated in the 
modulation theorem, this will result in the creation of two side bands, the upper 
side band covering a range of from 1,000,100 to 1,005.000 cycles, and the lower aide 
band covering a range of from 999,900 to 995,000 cycles. In ordinary radio broad-
cast these two side bands and the carrier are then radiated, the signal therefore 
being composed of three components. After reception by the radio receiver, these 
three componente are again demodulated or distorted in a nonlinear impedance. 
Again, sum and difference frequencies are created, and the difference frequency is 
the desired audible signal. 

Systems of Modulation.—Many systems of modulation are 
possible, but in a book of this type the systems considered must be 
limited. Fundamentally, modulation can occur in a vacuum tube 
in either the grid circuit (because of the nonlinear relation between 
E, and /g, page 412) or in the plate circuit (because of the nonlinear 
relation between E, and 4, page 414). 
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Plate-circuit Modulation by Grid Injection.—A circuit for accom-
plishing this is shown in Fig. 328. The tube is biased as indicated 
in Fig. 329 so that distortion results as indicated. According to 
Fig. 328, the audio signal, represented by a single frequency A 

8 

A 

A 

AniV\P 

F-Weedeeteeti-

Fia. 328.—Circuit for studying plate-circuit square-law modulation by grid injec-
tion, and analysis of currents and voltages in various parts of the circuit. 

(instead of a band, see Fig. 327), and the carrier signal, as shown 
by B, are simultaneously injected (or impressed) into the grid 
circuit. The instantaneous grid voltage will vary around the bias 
value as indicated by curve C. This will cause a distorted plate 
current to flow as shown by D. 

In previous discussions of modulation and in considering Fig. 
327, it was stated that in the process of modulation two side bands 
were created. This is true, but in the output of a modulator other 
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frequencies and a direct-current component also exist; among these 
is the voice frequency. In radio transmitters this component is 
removed because it will not pass through radio amplifiers or out 
over the antenna. In carrier-current telephone systems of modu-
lation (represented by Fig. 328), the direct-current component is 
removed by the transformer giving E, and the audio-frequency 
component is removed by the filter; thus the familiar modulated 

Fm. 329.—Circuit for illustrating how distortion is produced. These correspond 
to etrves C and D of Fig. 328. 

wave F is produced. This wave contains the carrier and the two 
side bands. Although this discussion was for carrier telephony, 
the principles apply to radio as well, as will now be explained. 
For radio modulation by grid injection, the tube of Fig. 330 is 

biased to operate as a class C amplifier. Thus, with only the car-
rier voltage impressed but no voice impressed, as indicated by the 
first part of the curve, the tube is merely a class C amplifier. 
When the voice is impressed as indicated by the presence of E., the 
signal voltage on the grid is now the combination of the two waves. 
This will cause the distorted output current shown at the right. 
This current wave is distorted, because it does not have the same 
wave shape as the impressed voltage signal. This current, will 
contain, along with other components, the carrier and the two 
side bands. The antiresonant plate circuit will offer a high imped-



482 ELECTRICAL FUNDAMENTALS OF COMMUNICATION 

ance to the carrier and the side bands but not to the other frequen-
cies. This means that the only appreciable voltage existing across 

Carrier 

Audio 

4.13 

I i). 
Dias 

[1 — - --

 —4 

AAA 

FIG. 330.—System of plate-circuit modulation by grid injection as used in radio 
circuits. The tube is biased to operate as a class C amplifier. The action here 
shown is both before and after the speech signal Edgis impressed. 

the tuned circuit will be due to the carrier and the side bands, and 
this signal will be further amplified or impressed on the antenna. 

33I.—The essential parts of a radio transmitter, showing plate-circuit modula. 
tion by plate injection. 

This system is sometimes called grid modulation, but this is in-
correct. The modulation occurs in the plate circuit because of the 
nonlinear relation between the total resultant grid voltage Eg and 
the plate current 
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Plate-circuit Modulation by Plate Injection.—This system is 
shown in Fig. 331 and is the essential part of a radio transmitter. 

Carryér 
voltage 

6rid voltage 

Audtb 
vo/ 

F 
Plate voltage Ep 
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4i1 
iii 

II l 
332.—Equivalent circuit for a modulated class C amplifier, and curves for 

analyzing its operation. (a) Plate current with only carrier impressed. (b) Direct 
voltage Ep and speech signal voltage E.. (Often called Eg.) (c) Resulting plate 
current when carrier voltage and signal voltage are simultaneously impressed. 
(d) Voltage drop across the tuned circuit composed of the inductance and the con-
denser. This so-called modulated wave contains the carrier and the side banda. 

The audio input is impressed on an audio amplifier (often called 
a modulator, but incorrectly because this leads to believing that it 
produces the distortion, when it merely amplifies the audio signal), 
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and the amplified voice signal is impressed in the plate circuit of a 
tube biased to operate as a class C amplifier. The carrier fre-
quency from a crystal oscillator is amplified and impressed on the 
grid of the class C tube. 
The circuit of Fig. 331 is equivalent to that of Fig. 332 which also 

shows the shapes of the various components and is sufficient to 
explain the action. This comes under 
the classification of impressing two 
signals on a nonlinear impedance in 

( ) this way: The instantaneous plate 
voltage varies at an audio rate and 
this varies the plate resistance of 
the tube in accordance with the 
audio signal. 

(b) r i Nature of a Modulated Carrier.— 
It has been mentioned that the 
modulated carrier, contrary to the 
usual viewpoint, is not just a wave 

( c) 
of single frequency varying in am-
plitude, but is really a wave com-
posed of three components, the 

(d) carrier, the upper side band, and 
the lower side band. The intern-

333.—The so-called ampli- gence is in the side bands, and they 
tude modulated wave of (a) can be 
analyzed into a carrier wave (b) and alone vary in accordance with the 
lower (c) and upper (d) side bands, speech or music to be transmitted. 
Conversely, (b), (c), and (d) can be 
shown graphically to combine and The carrier frequency component is 
give the modulated wave (a). The constant in amplitude both before and 
above illustrations are not exactly to 
scale. Note in particular that the after modulation. If instead of the 
amplitude of the carrier component voice a single frequency such as a 
(b) does not vary for a modulated constant 1000-cycle note is used to wave. 

modulate the transmitter, then the 
side bands will be constant-amplitude single-frequency terms as 
shown in Fig. 333. If a carrier of 1,000,000 cycles is modulated 
by a frequency of 1000 cycles, the upper side band will be a single 
frequency of 1,001,000 cycles, and the lower side band will be a 
single frequency of 999,000 cycles. 

If the carrier is completely modulated, the minimum values of 
the resulting amplitude-modulated wave will just strike the zero 
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axis. This is called 100 per cent modulation and is shown graphi-
cally in Fig. 334. For 100 per cent modulation, the amplitude of 
each side band is one-half that of the carrier, and each side band 
contains 16% per cent of the total power in the completely modu-
lated wave. This fact leads to the correct but startling conclusion 
that since no intelligence is carried by carrier-frequency compo-
nent, 66% per cent of the power output of a broadcast station 
is wasted, and this is true, with reservations, because the carrier is 
necessary at the radio receiver to cause demodulation (Fig. 327). 
In fact, in most systems of commercial radio and carrier telephony 
(as distinguished from broadcasting), 
only one side band is transmitted, 
because each side band has the com-
plete intelligence within itself. IC 
Demodulation.—As was explained 

on page 478, demodulation is the same 
/..s. fundamental process as modulation. 

Two (or more) frequencies are simul- I 1  

taneously impressed on a nonlinear 334.—Relative heights of 

circuit, and sum and difference fre- the carrier component /8 and the 
side ba 

quencies are created. The process of two nds /8 for 100 per cent modulation. 

demodulation merely lowers the in-
telligence from high radio frequencies to a low audible band. 
This is also called detection, particularly in radio parlance. 

Plate-circuit Demodulation.—The basic principle of this system 
of demodulation or detection is the same as that considered on 
page 480, and for this reason it will be considered first. This sys-
tem is extensively used in carrier-current telephony, and the basic 
circuit is shown in Fig. 335. The tube is biased to work on the 
nonlinear or curved portion of the Eg-I2, (grid voltage-plate 
current) curve. 

This system illustrates demodulation where only the lower side 
band has been transmitted and is shown and introduced at A. 
The original carrier-frequency component was suppressed at the 
sending end and has been generated in a local oscillator at the 
receiving end and is shown and introduced at B. The two waves 
acting together cause the grid voltage to vary as at C which is 
distorted because of the nonlinear 4-4 relations. This dis-
tortion creates sum and difference frequencies. The difference fre-
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quency is the voice.' The transformer removes the direct-current 
component, and the filter removes all undesired high-frequency 
components; thus only the desired audio-frequency signal is left. 

4AMMAPeet&AftWAWANAPHOMteVb 
A- Side band 

B- Carrier 

C-Grid voltage variations 

D- Plate current variations 

E- I mput to filter 

F- Audio output from filter 

Fla. 335.—Details of plate-circuit square law or nonlinear demodulation or 
detection. The tube is operated as in Fig. 329, and this method is fundamentally 
the same as Fig. 328. 

This is explained as follows: At the transmitting end, a carrier of frequency 
C and. a voice of frequency V are modulated. In the output of the system the 
carridr component C, the upper side band C + V, and the lower side band 
C — V exist. In the system here considered, only C — V is transmitted. At 
the demodulator the locally generated carrier C and this lower side band 
C — V are again distorted, and again sum and difference frequencies are 
created, the sum will be C (C — V) in frequency, but the lower side band 
will be C — (C — V) which leaves the voice freuuencv V. 
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Diode Detection.—Diode detection as it is called is the most 
widely used system of demodulation in radio receiving sets. A 
diode will pass a plate current only when the plate is positive. 
These relations are shown in Fig. 336. Therefore, when a modu-
lated signal composed of a carrier and the two side bands is im-
pressed on a diode having the characteristics of Fig. 336, a badly 

01. 

L. 

-19  

Piafe 

current 
il 

Plate voltage 1+ 

Incoming signal 
containing carrier 
and side bands 

Fla. 336.—Diode detection. The distorted plate current contains the desired 
audio-frequencY component. 

distorted current will flow in the plate circuit. This distorted cur-
rent will contain sum and difference frequencies, and the difference 
frequency will be the audible speech or music program which is 

desired. 
A complete diode-detection circuit such as used in a radio receiv-

ing set is shown in Fig. 337. The tube is a diode-triode combina-
tion. The carrier and two side bands are impressed between the 
diode plates and the cathode. Because the diode is a nonlinear 
impedance (Fig. 336), the current which flows in the diode element 
is distorted and the desired audio-frequency component flows. 
This audio current must provide an audio voltage for further 
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amplification; thus, the audio current flows through R1 and causes 
an audio-signal-voltage drop across it. A part of this audio voltage 
is impressed on the grid of the triode portion by the C2, R2 com-
bination, R2 being a manual volume control. The resistor R1 is 
shunted with a capacitor CI which offers low impedance to the 
carrier-frequency components, so that negligible voltage for these 
components exists across RI. 
The circuit of Fig. 337 also provides an automatic volume-control 

voltage in this way: Assume for a moment that the transmitting 
station is not being modulated, so that the carrier frequency only 
is being received. The path in space between the transmitting and 

R4 
AMC. 
vaacio_e_TC4 

C2 fisa 

R2 

Cs 

ca rd, At„ 
output o 
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337.—Method of obtaining an automatic volume-control voltage and an 
audio-signal voltage from the same tube. Amplification of the audio signal is also 
produced in the triode portion of the tube. 

receiving sets is not constant, so that the received signal varies 
from time to time or fades. Now the diode will rectify the carrier-
frequency signal, and a direct-current component proportional to 
the strength of the received signal will be created, and this direct 
current will flow through R1 and will cause a direct voltage drop 
across it. 

When the received signal is strong, the direct voltage will be 
large, but when the received signal is weak, the direct voltage will 
be small. This direct-voltage drop across R1 is allowed to vary the 
charge on condenser C4 through resistor R4. This means that the 
voltage across condenser C4 will slowly rise and fall whenever the 
rectified carrier component rises and falls. This voltage is then 
used to bias a variable-mu or remote cutoff tube (page 421). Thus, 
when the received carrier signal is strong, a large direct voltage will 
exist across C4 and will highly bias a tube and give it low amplifica-
tion. When the received carrier signal is weak, a small direct 
voltage will exist across C4 and put but a small bias on the tube and 
give a large amplification to make up for the weak received signal. 
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Since as previously explained the carrier-frequency component 
does not vary when a signal is modulated, this automatic volume-
control circuit operates as explained even when a modulated signal 

is being received. 
Copper Oxide Varistors as Modulators and Demodulators.— 

The copper oxide rectifier, or Varistor (page 436), is used in a bridge 
circuit in modern carrier telephone systems instead of vacuum 
tubes to produce modulation. Now the curves of Fig. 293, page 436, 

(a) 

(b) (e) 

Fm. 338.—Circuits for studying the copper oxide Varistor as a modulator. The 
generator E, represents the carrier voltage, and Et, the voice voltage. The resistor 
R2 represents the outgoing line impedance. 

show that the Varistor is a nonlinear device much like a diode. 
The Varistor has very low resistance for current in one direction 
and very high resistance for current in the other. If two frequen-
cies are simultaneously impressed on such a device, sum and dif-
ference frequencies, or side bands, will be created as previously 
explained for nonlinear devices. 
The circuit actually used is shown in Fig. 338. For this circuit 

it is assumed that the resistance is either zero or infinite (open). 
The carrier frequency Ec is made larger than the audio or voice 
voltage Ev, and thus the carrier voltage varies the impedance 
offered the voice voltage in accordance with the relations of Fig. 
293, page 436, and as shown in Fig. 338b and c. The voice voltage 
and carrier voltage acting together badly distort the signals, and 
sum and difference frequencies, or side bands, will flow in the 
load resistor R2. Thus, modulation has resulted. 
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As has been stressed in these pages, demodulation is the same 
fundamental process. Thus, if a carrier and side bands are im-
pressed on the circuit of Fig. 338a, the desired audio or voice com-
ponent will be created and demodulation has resulted. Copper 
oxide Varistors cannot be used for modulation and demodulation 
at radio frequencies largely because of their internal capacitance. 
Frequency Modulation.—The systems that have been previously 

considered are known as amplitude-modulation systems because 

1  
JI  

FIG. 339.—Showing an amplitude-modulated wave (above) and a frequency-
modulated wave (below). 

when the signal is viewed with an oscilloscope it appears that the 
carrier is merely varying in amplitude in accordance with the 
audible signal, although it has been made clear that the carrier is 
constant and that the fluctuations that appear are really caused by 
the added presence of the created side bands. 
A system of frequency modulation has been developed, and if 

this signal is photographed (which perhaps is the best way to 
observe it), it will appear somewhat as in Fig. 339. Now here 
again it is found that many erroneous views exist regarding this 
signal. It appears that it is merely a carrier which varies in fre-
quency; however, a mathematical treatment or an analysis with a 
wave analyzer shows that this is definitely not true. In fact, in this 
system the carrier-frequency component is constant in frequency 
and varies in amplitude, and, further, the carrier-frequency com-
ponent can actually be zero, and the output of a frequency modula-

tion system will look just like Fig. 339. The signal has this peculiar 
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shape because in the process of distortion side frequencies (as 
distinguished from side bands in amplitude modulation) are 
created. Also, although only two side bands are created in ampli-
tude modulation, a large number of side frequencies may be 
created in frequency modulation, the number of these and their 
relative strengths or amplitudes varying with several factors 
such as the frequency of the modulating signal. 

Circuit for Frequency Modulation.—There are several systems of 
frequency modulation, the most typical being depicted in Fig. 340, 
the circuit being, of course, sim-
plified to the essential parts. Reatuctance Oscillator' 

be tube 
The frequency of oscillation of 
an oscillator is usually fixed by CI 
a tuned circuit such as L-C. If 
a reactance which varies as the 
signal to be transmitted is con-
nected across L-C, then the oscil-
lator output will be frequency Fio. 340.—Illustrating the reactance-

tube method of producing frdquency 
modulated. The reactance tube is modulation. 

so operated that it presents such 
a variable reactance. This is accomplished as will now be explained. 

There will be a carrier-frequency voltage across the tuned L-C 
circuit because this tube generates the carrier frequency. This 
will force a current to the left and down through CI-R1. Con-
denser C1 is made small and offers a very high reactance to this 
current; then, the voltage drop across C1 will be large compared 
with that across RI; also, these voltages will be almost 90 degrees 
out of phase. The voltage across R1 will be impressed on the grid 
and will cause an alternating-current flow in the output which has 
the same frequency as that of the voltage across the tuned circuit 
L-C but will be 90 degrees out of phase with this voltage. Thus, 
the circuit to the left of the tuned circuit L-C appears to be reactive. 
Now a tube is used in which the amplified output will vary with 
the magnitude of the audio signal on the grid. Then, the signal 
on the grid controls the amount of reactive current flowing from 
the plate of the reactance tube to the tuned circuit L-C. In this 
way, a reactance that varies with the audio signal is connyted 
across the tuned circuit of the oscillator, and the outputlrequency 
of the oscillator is frequency modulated in accordance with the 

audio signal. 
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Reception of a Frequency-modulated Signal.—The basic principles 
rather than the actual circuits will be considered. First, after 
reception and amplification of the frequency-modulated signal, it 
is passed through a limiter circuit. This circuit passes a signal of 
only a given amplitude and assures that no variations in the 
amplitude of the frequency-modulated signal exist. Next, the 
frequency-modulated signal is passed through a discriminator, and 
it is the purpose of this circuit to change the frequency-modulated 

1' I I 
u I , Frequency about 
c 1 ,,' whiph the frequency 
6 
-6 modulated signal 
0.) var/es 
E 

Frequency—, 

341.—The principle of receiving a frequency-modulated signal when a 
frequency-modulated current of constant amplitude is impressed on the circuit as 
shown. Because a different impedance is offered by the circuit to each frequency, 
the voltage across the circuit will vary in accordance with the variations in fre-
quency. In this way a frequency-modulated signal is changed to an amplitude-
modulated signal. 

signal into an amplitude-modulated signal which is then demodu-
lated and thus gives the audio-frequency signal. 
In an actual frequency-modulation radio receiver, several of 

these functions are combined into a single circuit. Rather than 
describe this circuit, the principle will be explained by the use of 
Fig. 341. Suppose that a signal which is varying in frequency is 
impressed as indicated on a circuit which is tuned above the basic 
carrier frequency of the frequency-modulated signals. When the 
frequency rises, a greater impedance will be offered, and the voltagè 
across the tuned circuit will rise. When the frequency drops, a 
smaller impedance is offered, and the voltage across the tuned cir-
cuit will be less. In this way, the frequency-modulated signal is 
converted to an amplitude-modulated signal which can then be 
demodulated into an audio signal. The discriminator circuit actu-
ally used is similar to an automatic frequency-control circuit. 
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Frequency-modulation systems are characterized by freedom from 
station interference and noise. 
The Cathode-ray Oscilloscope.—A circuit for a cathode-ray 

oscilloscope tube is shown in Fig. 342. It consists of an indirectly 
heated cathode which supplies a source of electrons. To reach 
the distant end of the tube where the image is produced, these 
electrons must pass through the negative grid G1. This grid largely 
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Fm. 342.—Simplified connections of a typical cathode-ray oscilloscope. 

controls the number of electrons flowing down the tube, and it is 
used to control the intensity of the spot on the screen. The elec-
tron beam then flows through anodes or plates A1 and A2, and the 
relative potentials of these two anodes focuses the electron beam 
on the end of the tube. The deflecting plates D1, D2, and D3, D4 
serve to deflect the electron beam. The beam then impinges on 
the end of the tube, which is coated with a material that will 
fluoresce (give off visible light) when the electron beam strikes it. 

Suppose that Fig. 343 represents the end of a cathode-ray oscillo-
scope tube. If an alternating-signal voltage is placed on the pair 
of plates that causes vertical deflection, a straight line AB will 
result; that is, the electron beam will merely be moved up and 
down. Now suppose those plates are not energized but that a 
special "saw-tooth" voltage such as Fig. 343b is impressed on the 
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other set of deflecting plates. These will cause a horizontal deflec-
tion C-D, but this deflection will have peculiar characteristics. 

slowly move from C to D and will return 
almost instantaneously because of 
the saw-tooth voltage applied. Thus 
if a sine-wave alternating voltage is 
impressed on the vertical deflecting 
plates, and a saw-tooth voltage is 
impressed on the horizontal deflecting 
plates, the alternating signal will be 
drawn out from C to D and will trace 
a sine wave, but it will snap back so 
quickly it will leave no visible trace. 
This is shown by the horizontal line 
C-D of Fig. 343a. 
The saw-tooth wave is obtained 

from a circuit such as shown in Fig. 
344, employing a grid-controlled gas-
filled triode, or Thyratron, page 427. 
The grid is biased negatively a cer-
tain amount. The anode-supply volt-
age will slowly charge condenser C 
through the resistor R (page 198). 
When C reaches a sufficient potential, 
the grid loses control and the con-
denser discharges very rapidly through 
the tube, which has low resistance; 
thus the voltage across the condenser 
is reduced to a low value and the grid 
regains control. If a portion of the 
voltage across the condenser is used, 
it will be essentially a saw-tooth wave. 

Phototube Circuits.---The principle 
of operation of the phototube was 

discussed on page 433. A simple light-operated phototube relay 
circuit will now be discussed. Such circuits are convenient for 
operating a counter when packages pass on a conveyer belt and 
for similar purposes. With the circuit arranged as indicated in 
Fig. 345, the light beam will fall on the cathode of the phototube, 
and an electron current will flow from cathode to anode, which is 

The electron beam will 

(a) 

7.771V1 
(b) 

Fm. 343.—If an alternating sig-
nal voltage is applied alone to the 
vertical deflecting plates of a 
cathode-ray tube, the alternating 
voltage will merely cause the elec-
tron beam to move up and down 
producing the trace A-B. If a 
"saw-:tooth" wave such as b is ap-
plied .alone to the horizontal de-
fleeting plates of a cathode-ray 
tube, the gradual building up of 
the wave will deflect the beam 
slowly across the end of the tube, 
and will quickly let the beam go 
back. This will cause the horizon-
tal trace C-D. When the alternat-
ing sinusoidal signal voltage and 
the saw-tooth waves are applied 
simultaneously, the saw-tooth wave 
stretches out the sinusoidal volt-
age so that the sine wave trace or 
wave form is visible. 
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equivalent to having a conventional current flow in the direction 
shown by the arrow. The direct-voltage drop across resistor R is 
impressed on the grid of the tube. If the phototube current is suf-
ficient, and if R is at least about 
1,000,000 ohms, then the plate 
voltage on the tube can be such -r 
that the thermionic vacuum tube -T-
is about at cutoff, and thus but 4-
little plate current is drawn. 
When the beam of light is inter- Fm. 344.—Circuit for generating a 

saw-tooth wave. 
rupted by an object on the con-
veyer belt, then the phototube current falls to a very low value. 
This results in little bias voltage on the thermionic vacuum tube, 
and a large plate current flows. This plate current operates the 
counter mechanism. 

bet 
beam 

Anode 

Cathode 

11-0 
tCounter 
mechanism 

I- - I 
Fla 345.—Simple circuit for a photoelectric counter. 

Vacuum-tube Relay Circuits.—The electronic principles of the 
cold-cathode gas-filled tube were discussed on page 429. This tube 
is used in practice as a rectifier, as a voltage regulator, and as a 
relay. Its action as a rectifier is similar to that of any rectifier 

(page 442), and its action as a volt-
age regulator is similar to that ex-
plained on page 449. As a relay, 
however, it offers possibilities be-
yond those of other devices. 

r77.7C.:M/179 impulse Now the principle of a relay is 
that a feeble signal may be able to 
control a large amount of power. 
Thus the cold-cathode tube will act 
as follows: Suppose that the circuit 
is arranged as in Fig. 346. The 

control anode is made positive with respect to the cathode, but 
not quite sufficiently positive to break down. Then, an incoming 
voltage impulse will "trip off" the control anode, and the control 

346.—Simple relay circuit using 
a cold-cathode tube. 
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gap will break down. This action will fill the tube with ions which 
will permit the main gap between the cathode and main anode to 
break down, and a current will flow through the load. Relay tubes 
such as this may be arranged in a variety of ways to perform remote 
operations when acted upon by feeble impulses. 

SUMMARY 

It is usually assumed that a rectifier produces a pulsating direct-current 
flow and that the choke coils and condensers in the filter "smooth" it out. A 
complete analysis, however, shows that a rectifier distorts the impressed 
voltage, an output composed of direct-current and various alternating-current 
components being thus produced. The filter allows the direct current to flow, 
but largely prevents the alternating-current components from flowing. 
The direct voltage output of a rectifier and filter will vary with the impressed 

alternating voltage and also with the magnitude of the current drawn by the 
load. A cold-cathode gas tube can be used as a voltage regulator for such 

power supplies. 
Amplifiers are of two types, voltage amplifiers and power amplifiers. The 

voltage amplifier is usually placed first to increase the feeble signal until it is 
sufficiently strong to drive a power tube. 
The voltage amplification of a resistance-coupled stage is easily found by the 

expression Av etRLArp RL). 
The power delivered to a load resistor RL is P = (P-Eg)2RLArp RL)2. 
In the design of a resistance-coupled audio amplifier, the gain per stage at an 

intermediate frequency of about 1000 cycles is calculated by the equation 
previously given, and the low- and high-frequency response is often merely 

estimated. 
For voltage amplifiers using triodes, the load resistance should be three to 

five times the plate resistance of the tube. 
In power amplifiers, for maximum undistorted (not to exceed 5 per cent) 

power output, the load resistance should be about twice the plate resistance. 
These relations do not hold for either voltage or power amplifiers using 

pentodes. It is recommended that data given in tube manuals be consulted 

for design information. 
Transformer-coupled audio amplifiers are easily designed by the relations 

Ay -= 1.4N, where N is the turns ratio. Such simple relations do not apply to 
radio transformer-coupled voltage amplifiers. 
The power-output transformer is an impedance matcher which reflects the 

proper load impedance into the plate circuit of the output tube. 
Push-pull power amplifiers offer certain advantages over single tubes. More 

than twice the power output of a single tube can be obtained, and even har-

monic distortion is canceled out. 
Voltage amplifiers are operated in class A; audio power amplifiers are 

operated in class A or class B. and radio-frequency power amplifiers are op. 

erated in class B or class C. 
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The so-called "tank" circuit is just a parallel circuit following the usual elec-
trical laws. No such explanations as "flywheel" action are necessary to explain 
its operation. 
Vacuum-tube oscillators are merely amplifiers with tuned circuits in their 

plates or grids which feed back a signal voltage from the plate to the grid cir-
cuits. 
Quartz crystals are often used to stabilize radio-frequency oscillators. 
Because of the capacitance between the plate and the grid in a triode, some 

of the output signal may be fed back as a voltage on the grid. This action 
may cause the triode to oscillate, in which event a voltage of the opposite 
phase is intentionally fed back and the triode is neutralized. 

Controlled negative feedback is used in oscillators to make them independ-
ent of the supply voltage variations and to reduce their distortion. 

Amplitude modulation consists of simultaneously impressing two signals on 
a nonlinear or distorting circuit, by which action two side bands are created. 
Demodulation is fundamentally the same as modulation. 
Both modulation and demodulation can be produced in either the grid or 

plate circuit of a vacuum tube. 
Copper oxide Varistors are used as modulators and demodulators in low-

frequency circuits such as carrier telephone systems. 
In amplitude modulation, the amplitude of the carrier appears to vary. This 

is due to the presence of the created side bands. In frequency modulation, the 
frequency of the signal appears to vary. This is due to the presence of the 
created side frequencies. 

REVIEW QUESTIONS 

1. Discuss the various components comprising a rectified half wave and a 
full wave. 

2. What is the purpose of the filter in a rectifier circuit? 
3. For the same impressed alternating voltage, is a greater direct-current 

output obtained from a half-wave rectifier or a full-wave rectifier? 
4. Which is the easier to filter, a half wave or a full wave? Why? 
5. What type of tube is used for a voltage regulator, and why does it regu-

late? 
6. What is meant by a linear amplifier, and how should a tube be operated 

as such? 
7. What is the dynamic curve of a tube, and when must it be considered? 
8. Referring to a resistance-coupled voltage amplifier, what causes the re-

sponse at low frequencies, and at high frequencies, to drop off? 
9. On page 454 it is stated that condenser C of Fig. 308 must have very high 

insulation resistance. Why is this true? 
10. In resistance-coupled voltage amplifiers using pentodes, why is such a 

low value of load resistance used? 
11. Briefly discuss the operation of the power-output transformer from the 

impedance-matching viewpoint. 
12. Enumerate the advantages of the push-pull circuit. 
13. Explain the difference between classes A, B, and C power amplifiers. 
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14. The output of a tube in class B or C is badly distorted. Explain hoe 
the undesired frequency components are eliminated. 

15. Discuss the operation of the "tank" circuit from the load-impedance 
standpoint as contrasted with the "flywheel-action" explanation. 

16. Why are tubes in class A used in audio oscillators ánd tubes in class C 
used in radio oscillators? 

17. Explain why the grid-biasing polarities indicated on Fig. 323 are as 
shown. 

18. How can feedback in a triode be nedtralized by connecting a condenser 
and a coil from plate to grid? 

19. Why is neutralization ordinarily not necessary with screen-grid tubes 
and pentodes? 

20. Why is negative feedback used in amplifiers? 
21. What components constitute the amplitude-modulated wave radiated in 

commercial broadcasting? 
22. State the theorem applying to modulation by nonlinear impedance. 
23. What reasons are there for regarding modulation and demodulation or 

detection as the same process? 
24. Explain how an audio signal is obtained in the circuit of Fig. 337. How 

is the automatic volume-control voltage obtained? 
25. Compare a frequency-modulated signal with an amplitude-modulated 

signal. 
26. Does the amplitude of the carrier frequency vary in an amplitude-mod-

ulated signal? Does it vary in a frequency-modulated signal? 
27. What is the purpose of the reactance tube in a frequency-modulated 

system? 
28. Why is a "saw-tooth" oscillator used in a cathode-ray oscilloscope? 
29. What is the purpose of the grid in a cathode-ray oscilloscope? 
30. How is the beam in a cathode-ray tube focused? 

PROBLEMS 

1. Referring to Fig. 300, assume that the choke coil has a direct-current 
resistance of 200 ohms and an inductance of 12 henrys, that the capacitance 
of the condenser is 16 mierofarads, that the load resistance is 5000 ohms, and 
that the peak of the half wave is 380 volts. Neglect the voltage drops in the 
transformer and the tube, and calculate the values of the direct current and 
the lowest-frequency alternating current which will flow through the load. 
Calculate the percentage ripple. 

2. Repeat Prob. 1 for a full wave of the same peak value. 
3. A triode has an amplification factor of 9.3 and a plate resistance of 10,300 

ohms. Calculate the voltage output of a practical resistance-coupled voltage 
amplifier using this tube with 2 welts signal impressed on the grid. 

4. A triode has an amplification factor of 3.5 and a plate resistance of 2000 
ohms. Calculate the power output of a practical transformer-coupled power 
amplifier using this tube driven to maximum undistorted output with 25 volts 
bias on the grid. 
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6. The plate resistance of a power triode is 2000 ohms. Draw a curve show-
ing the power output plotted on the Y axis for various values of load resistance 
plotted on the X axis. Also plot a curve showing the efficiency at various load 
resistances. What conclusions do you draw? 

6. Two stages of transformer-coupled amplification are used in an amplifier. 
The input, interstage, and output transformers each has a turns ratio of 1 to 3, 
and the triodes that are used have amplification factors of 12.7. Calculate the 
voltage gain, the decibels gain, and the voltage output if 0.01 volt is impressed 
on the input. 

7. Referring to Fig. 316, a 10-ohm resistor is connected across the output 
of a stepdown 20 to 1 turn (ideal) push-pull transformer. What will be the 
impedance measured across the entire primary, and across one-half of the 
primary? 

8. A carrier telephone system is arranged to pass a speech band from about 
100 to 4000 cycles and modulates a 30,000-cycle wave. What will be the 
frequencies of the side bands? 

9. Referring to page 485, it is stated that 16% per cent of the total power out-
put of a broadcast station is contained in each side band and 66% per cent ie 
in the carrier. Prove this to be true. 

10. The phototube of Fig. 345 will allow 13 microamperes to flow through a 
2,000,000-ohm resistor when the light beam shines on its cathode and 3 micro-
amperes when the beam is interrupted and only stray light strikes its cathode. 
What voltage will exist across the resistor for each condition? If a thermionic 
tube having the characteristics of Fig. 314, page 461. is used, what current 
change will be available for operating the counter? 



CHAPTER XVI 

ELECTROACOUSTICS 

Systems of voice communication are much concerned with acous-
tics. Both telephone and radio systems are actuated by sounds 
from the air, using electroacoustic devices to change the sound 
waves to electric impulses. Also, after transmission to the distant 
location, electroacoustic devices are once again used but this time 
to change from electric impulses to sound waves to actuate the 
listener's ear. 
Those engaged in sound amplification and radio are deeply con-

cerned with the acoustical characteristics of studios and auditori-
ums. The important role played by acoustics is seldom fully 
appreciated and certainly poorly understood, except by the acous-
tical expert. A sound system may sound unsatisfactory in an 
acoustically incorrect auditorium but will prove excellent in an 
auditorium that is acoustically corrected. 

Because of their great importance to those in communication, 
sound, acoustics, speech, electroacoustic devices, and noise will be 
considered in this chapter. 
Sound.—There are two closely related but distinct meanings of 

the word sound. It may be considered objectively as a wave motion 
in air, or it may be considered subjectively as a sensation produced 
in the organs of hearing. 
From the objective, or physical, viewpoint, sound is a wave 

motion consisting of condensations and rarefactions in the air. 
To produce sound waves, some object such as a loud-speaker dia-
phragm must vibrate or a column of air as in a horn must be set in 
motion. 
Sound waves serve to transmit energy from the vibrating body 

to the listener's ear. Sound waves must, therefore, contain energy, 
although it is very small. Sound waves can be represented by sine 
waves as are electric impulses. Sound waves add, interfere, and 
have other characteristics in common with electromagnetic waves. 
But, whereas electromagnetic waves are transmitted through 

500 
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energy is reflected. Some of the 
sound energy is absorbed at the 
surface; this will be fully treated later. 
What sound energy is left after reflec- Transmitted ' Refracted 

tion and surface absorption is trans- sound sound 

mitted into the wall. To pass through 
this rigid wall, the particles of the 
material comprising the wall must be 
set in vibration. Some of the energy starting through the wall is 
absorbed. Because the velocity of sound in a solid material is 
greater than in air, the sound ray is bent, or refracted. Because of 
the surface reflection and absorption, and the absorption within the 
wall itself, the sound transmitted through a rigid wall is very weak. 

If, however, a wall is solid but contains cracks or other small 
openings, then much sound energy will leak through. Also, if the 
wall is thin and not rigid, then it will readily vibrate and, like any 
vibrating body, will radiate much sound energy on the opposite 
side of the wall. When a wall or other object vibrates, because of 
the internal frictional losses it extracts energy from the sound 
waves causing it to vibrate. 
Echoes and Beats.—When sound strikes a rigid wall or other 

object, sound energy is reflected. This may be a large percentage 
of the total sound energy. If a speaker is in the open but near a 
large reflecting object such as a wall, he may speak but may hear 
no reflected sound. This is because the distance is so small that 

vacuous space, sound waves must have air particles (or gas, or some 
other physical medium) for their propagation. 
Sound waves have a definite frequency and amplitude. They 

pass through zero and maximum values just as any other waves. 
Sound travels very slowly, compared with electromagnetic waves, 
the velocity at sea level and at 20°C., or 68°F., being about 1125 
feet per second. 
Sound Transmission, Absorption, and Reflection.—This section 

is very important and should be carefully studied. 
When sound waves traveling from a source strike a rigid wall, 

several important phenomena occur as shown in Fig. 347. Reflec-
tion of the sound waves occurs; in fact 
if the walls are covered with some Reflected 

"  material such as painted wood or Oncoming sound 

plaster, about 96 per cent of the sound sound Absorption 
/at surface 

347.—Phenomena occur-
ring when a sound wave strikes a 
rigid wall. 
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the time interval between the original and reflected sound is not 
sufficient to distinguish between these two sounds. If the speaker 
steps back so that the time interval is about one-seventeenth of a 
second, he will hear a distinct echo. 
Now it is generally considered that when two sounds of different 

frequencies are simultaneously produced in a room they "beat 
together" and produce a "beat note." This statement is very mis-
leading, however. It is strictly true that two waves of different 
frequencies do combine as shown in Fig. 348, but no beat note is 
produced in the air, the beat note is produced by the ear. This is 
related to modulation, a beat note being similar to the lower side 

APeetee›..'tete&A,AeW0.081:* 

FIG. 348.—Two pure tones of the same amplitude but of different frequencies 
combine as shown. The beat note which the ear "hears" is, however, created by 
the hearing mechanism itself. 

band. In modulation, the two frequencies must be impressed on a 
nonlinear impedance to create the side band. In acoustics, the ear 
is the nonlinear impedance.1 
That acoustic beats are produced in the ear and not the air can 

be demonstrated as follows: Connect two good loud-speakers to 
separate oscillators of good wave form. Set one oscillator on 1500 
cycles and the other on 2000 cycles. You will then hear a 500-cycle 
beat note. Put a good microphone in the sound field, amplify the 
signal, and analyze the wave. A wave analyzer will show that the 
resultant wave contains only a 1500- and a 2000-cycle component, 
although an oscilloscope will picture the resultant wave as in Fig. 
348. Nevertheless, if a 500-cycle wave is not picked up by the 
microphone and shown to be present by the wave analyzer, it just 
is not present, and if heard, it must be a sensation created by the 
ear. It should be noted, however, that the air itself is not exactly 
a linear transmitting medium and that with very intense sounds 

' A study of the ear and the mechanism of hearing is a fascinating subject, 
but beyond the scope of this text. For a summary of this subject and for addi-
tional information on the material covered in this chapter, the writer takes 
the liberty of suggesting his book "Electrical Communication," John Wiley & 
Sons, Inc. 
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some noticeable distortion will occur and an appreciable beat note 
will be created; but, this is not the usual phenomenon that is so 
often demonstrated with two tuning forks, etc. 
Reverberation.—In a preceding section it was shown that if a 

speaker were in the open near a large reflecting object a distinct 
echo could be heard. But, if a speaker is in a room, or especially 
an auditorium, he is surrounded by reflecting surfaces, and when he 
speaks no distinct echo will (usually) be heard, but rather his 
words will come back to him as a "jumble" of sounds. This pro-
longing of sounds after the source has ceased to emit is termed 
reverberation. In auditoriums, an excessive reverberation time 
is the most common of all acoustic faults. 

If the sounds in a room or auditorium are audible for too long a 
period, they may prevent the listener from understanding the next 
words spoken. The cause of this prolonging of sounds is as follows: 
If the room or auditorium contains little furnishing such as drap-
eries, carpets, or upholstery; if there are but few people present; 
and if the walls and ceiling are covered with ordinary painted 
wood or plaster; then, there is nothing present to absorb the energy 
in the sound waves. A sound contains energy, and if the surfaces 
in the room are smooth and hard, then about 96 per cent of the 
energy will be reflected as shown in Fig. 347, and the sound waves 
must encounter many reflections before they are reduced to 
inaudibility. Thus, sounds are prolonged. 

If a room has an excessive reverberation time, there is only one 
thing to do, and that is to introduce materials into the room that 
will absorb the sound waves. Materials such as draperies, rugs, and 
special acoustic wall coverings offer porous surfaces. It is generally 
assumed that the air particles in the small openings or pockets of 
a porous surface move back and forth under the influence of the 
sound waves and dissipate the energy in the sound waves by 
friction on the sides of the minute pockets of the porous material. 
If in addition to this, the material is caused to vibrate, frictional 
losses due to flexing the material will also damp out the sound 
waves. 
As mentioned, an excessive reverberation time is the most com-

mon tif acoustic faults. Almost invariably, church, school, and 
similar auditoriums have excessive reverberation time. This can 
be corrected only by adding sound-absorbing material to the room. 
T.n many instances carpets, rugs, draperies, etc., are impractical or 
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would not give sufficient absorption, and sound-absorbing material 
must be placed on the ceiling and walls. Obviously, if this is done 
when the auditorium is being constructed instead of after it is 
built, money can be saved. In most instances the so-called heat-
insulating boards will also provide sufficient sound absorption if 
they are placed on the inner surfaces of an auditorium. Then, over 
a period of a few years they will pay for themselves in fuel savings 
in addition to improving the acoustics. Such materials should be 
painted with special acoustic paint instead of oil paint if the 
acoustic properties are to be unimpaired. 
For years the prevailing opinion has been that if fine wires are 

strung near the ceiling of an auditorium the presence of the wires 
will improve the acoustics. The presence of wires does not affect 
the acoustics of an auditorium to any measurable extent. What 
happens is this: Let us assume that a high-school auditorium has 
faulty acoustics. Perhaps as a community project the folks gather 
and string hundreds or perhaps thousands of feet of fine wires 
back and forth near the ceiling. Then, a special event is planned 
to celebrate the installation of the wires. The auditorium is filled 
to capacity, and the acoustics are found to be greatly improved, 
but this is because of the presence of the audience and not because of 
the wires. As will be shown in the next section, a person's clothing 
absorbs much sound energy, and the acoustics of almost any 
auditorium are at least fair when it is filled with people. 

Calculation of Reverberation Time.—The desirable reverbera-
tion time depends on the size of the room. Typical values are given 
by Table XI. The reverberation time can be approximately ineas-

TABLE XI.—ACCEPTABLE REVERBERATION TIME 

Size of Room, Cubic Feet Time, Seconds 

1,000 0.8 
5,000 1.0 

10,000 1.1 
50,000 1.4 
100,000 1.6 
500,000 1.9 

1,000,000 2.0 

ured by loudly blowing a horn in the room and measuring the time 
that the sound remains audible after the blowing is suddenly 
ceased. A frequency of 512 cycles is commonly used in approxi-
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mate reverberation measurements. The reverberation time can be 
computed by the formula developed by Sabine, 

0.05V 
T — (102) 

a 

where T is the reverberation time in seconds, when V is the room 
volume in cubic feet and a is the total sound-absorbing power of 
the material exposed to the sound waves. This equation does not 
hold exactly for very highly damped rooms such as radio-broadcast 
studios. For such rooms, a value 0.027 V/S should be subtracted 
from Eq. (102), where V is the total room volume in cubic feet and 
S is the total room surface in square feet. 

Referring to Eq. (102), it was stated that a was the total sound-
absorbing power of the material in the room. Each type of sur-
face has a different sound-absorbing coefficient, typical values 
being shown in Table XII. 

TABLE XII.— APPROXIMATE SOUND-ABSORBING COEFFICIENTS 

(512 Cycles) 

Material Absorption Units 

Brick wall  0.03 
Glass  0.03 
Linoleum  0.03 
Plaster  0.03 
Varnished or painted wood  0.03 
Open window  1.00 
Air vents  0.75 
Carpet, thin  0.10 
Carpet, thick  0.40 
Insulating boards  0.25 

Acoustic coverings (use manufacturer's data  
Coefficients vary from about 0.40 to 0.90): 

Adult person    4.0 
Plain wood seats  0.15 
Seat cushions  1.0 

Calculation of Reverberation Time.—A small high-school audi-
torium is 80 feet long, 50 feet wide, and 25 feet high. The plans 
show that the ceiling and walls are to be plastered. Of the wall 
area, 20 per cent is to be windows. There are to be 500 seats up-
holstered with cloth (not imitation leather) each having an absorp-. 
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tion of 1.5 units. The plans are submitted to a consultant who is 
requested to determine if the reverberation time of the auditorium 
will be satisfactory with one-half audience and with full audience. 

Solution.—The sound-absorption coefficients given in Table XII are only 
approximate but are sufficiently accurate for most purposes. It will be noted 
that the coefficients for the first five common materials are given as the same 
value, 0.03. Actually, they are not exactly the same, but they are so nearly so 
that little error is introduced if this assumption is made. Assuming that the 
values are the same simplifies the calculations. 

Step 1. Calculate the total absorbing power of the auditorium when empty. 
Assùme that for the floor, walls, and ceiling, the coefficient is the same. 

Ceiling area = 80 X 50 = 4000 square feet 

Floor area = 80 X 50 = 4000 square feet 

Wall area = (2 X 25 X 50) + (2 X 25 X 80) = 2500 + 4000 = 6500 
square feet. 

Total area = 4000 ± 4000 ± 6500 = 14,500 square feet 

Absorption of walls, etc. = 14,500 X 0.03 = 435 units 

Absorption of seats = 500 X 1.5 = 750 units 

Total absorption = 1185 units 

Step 2. Calculate the total absorbing power of the walls, etc., and the seats 
when the audience is one-half capacity. As shown in Table XII, an adult 
person has an absorption of 4.0 units. It also will be considered that an 
occupied seat offers an absorption of 4.0 units. 

Absorption of audience 250 X 4.0 = 1000 units 

Absorption of vacant seats 250 X 1.5 = 325 units 

Absorption of walls, etc. = 435 units 

Total absorbing power = 1760 units. 

Step 3. Calculate the total absorbing power of the walls, etc., and the seats 
and with a full audience. 

Absorption of audience 500 X 4.0 = 2000 units 

Absorption of walls, etc. -- 435 units 

Total absorbing power = 2435 units. 

Step 4. Calculate the reverberation time of the auditorium when empty, 
when it has half-capacity audience, and when it is filled. This will be done 
using Eq. (102), t = 0.05 V/a. 

Empty t = 0.05 X 100,000/1185 = 4.2 seconds 

Half audience t = 0.05 X 100,000/1760 = 2.8 seconds 

Full audience t = 0.05 X 100,000/2435 = 2.1 seconds. 
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Comparing these figures with the values given in Table XI dis-
closes that the reverberation characteristics would be satisfactory 
with full audience and would be fair with half audience. Thus, no 
acoustic material need be added to reduce the reverberation time. 
The upholstered seats do much to reduce the reverberation time, 
because without them the time would be t = 0.05 X 100,000/435 = 
11.5 seconds. It is probable that without the upholstered seats 
(for example, if wooden chairs were used) it would be necessary to 
add sound-absorbing material. There is much to be said for cloth 
upholstered seats and carpets in an auditorium, and part of their 
cost should be charged against the acoustical improvement. 
As previously mentioned, it was assumed that the coefficient for 

each type of surface was the same value of 0.03. Actually, some 
of the common materials such as wood and glass are higher, and 
some are lower, and the value 0.03 gives good results. If it is 
desired, the area of each separate surface material may be com-
puted, and this area multiplied by its exact coefficient (consult 
handbooks on communication) gives the absorption of that surface. 
Then, the total absorption will be the sum of absorption of each 
individual surface. 
Speech Sounds.—The sounds of speech are produced by the 

vocal cords and resonating air cavities of the head, and are also 

349.—Wave form of speech sounds. (Courtesy of the Bell Telephone 
System.) 

produced by passing air through small openings of the mouth and 
over the teeth. Speech sounds combine in a very irregular manner 
and when speech sounds are picked up by a microphone the elec-
tric currents which flow produce a very erratic wave form as 
Fig. 349 indicates. 
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If speech sounds are carefully analyzed,' they will be found to 
contain frequencies from as low as 100 cycles to as high as 10,000 
cycles. For high-quality speech, the electrical circuits should pass a 
band of from about 100 to at least 5000 cycles. For commercial 
telephony, where intelligence is of great importance but high quality 
is not, a band of from about 250 to 3000 cycles will give good 
service. 
Compared with many other physical phenomena, speech is very 

weak. The average speech power is about 10 microwatts. Thus, 
the communication engineer has very little power to start with, 
because a microphone will pick up but a small amount of this 
power and its efficiency in converting from acoustic to electric 
power is low. 
Musical Sounds.—Musical sounds, when converted by a micro-

phone into electric impulses, also produce a signal of complex wave 
form. Extensive studies have been made to determine the charac-
teristics of music. As a result of these studies, it has been found 
that the various musical instruments contain frequencies as low as 
50 cycles and as high as 15,000 cycles. 
The communication worker is vitally concerned with the fre-

quency range that must be transmitted to give musical reproduc-
tion of excellent quality. As a result of exhaustive tests,2 in which 
experts listened to music with various frequency components 
removed, it was proved that little of the quality was lost if the elec-
tric system would pass without distortion a band from 50 to 8000 
cycles. In fact, a band of 100 to 5000 cycles will give good repro-
duction. The tone control on radio-broadcast receivers has proved 
that the general public is not too greatly interested in having high 
frequendes. The volume range in music is very great, being as 
great as 100,000 to 1, but it was also found that a range of 10,000 
to 1 gave good reproduction. 
Hearing.—The ear and the process of hearing are as complex as 

they are interesting. The normal ear can hear sounds from about 
20 to 20,000 cycles, although many ears can hear sounds of higher 
frequency. The ear does not hear equally well over this range of 
frequencies, however. Also, the frequency-response characteristics 
of the ear depend upon the intensity of the sounds. 

Fletcher, Harvey, "Speech and Hearing," D. Van Nostrand Company. 
2 Snow, W. B., Audible Frequency Ranges of Music, Speech, and Noise, 

Journal of the Acoustical Society of America, July, 1931. 
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For very loud sounds, the frequency characteristics of the ear are 
substantially flat; that is, if the sounds are loud the ear hears low 
frequencies and high frequencies equally well. For average sounds, 
such as the voice in conversation, the ear is most sensitive over the 
band from about 500 to 5000 cycles. For very weak sounds, such as 
the sound level reproduced by a telephone receiver, the ear is most 
sensitive from about 1000 to 5000 cycles. 

In the design and operation of communication systems, it is of 
great importance to know what happens if the low frequencies are 
eliminated and what happens if the high frequencies are eliminated. 
It has been found that if only frequencies below 1000 cycles are 
transmitted, 60 per cent of the intelligibility is lost, but only 15 per 
cent of the energy. Also, these tests showed that if only frequencies 
above 1000 cycles are transmitted, only about 15 per cent of the in-
telligibility is lost, but that 85 per cent of the energy is removed. 
From these tests it follows that the energy (boominess) is in the low 
frequencies but that the intelligibility and the energy giving 
musical instruments their individual quality is in the high frequen-
cies. 
Noise Measurements.—Noise may be defined as any unwanted 

sound. Thus, radio music may be noise to you if you are concen-
trating on a good story. But, in the popular sense, noise is that 
disagreeable jumble of sounds of miscellaneous origins. Some 

Microphone 

Fro. 350.—Schematic diagram of a sound level or noise meter. 
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years ago noise was tolerated as a necessary evil, but not so today. 
Noise may be studied, analyzed, and reduced by appropriate 
means. 
The sound-level meter is used to measure noise. The intensity 

of the noise is measured in decibels above a zero level (page 335). 
The zero level is approximately the intensity of a sound which is 
just audible to the human ear. The component parts of a sound-
level meter are shown in Fig. 350. The variable attenuator is to 
provide different ranges on the measuring instrument. 
The frequency-weighting network is inserted to give the sound-

level meter characteristics similar to those of the human ear for the 
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following reason. Suppose that measurements are being made of a 
noise of moderate intensity but which contains many low frequen-
cies. At moderate intensities the ear is not quite so sensitive to low 
frequencies. If a sound-level meter that was equally sensitive 
to all frequencies were used to measure this noise, it would give a 
certain reading. But, to the ear this noise (which contains many low 
frequencies) would not seem particularly loud. To make the meter 
judge a noise as does the ear, frequency-weighting networks are 
provided which give the meter essentially the characteristics of the 
ear. 
When studying a noise with a sound-level meter, the electrical 

output may be analyzed into the various frequency bands. This 
gives an indication of the physical nature of the noise, and such 
knowledge may lead to a clue to its reduction, particularly if a 
study is being made of the noise from some machine. 

Noise may be reduced by isolating vibrating parts on rubber 
mountings so that the machine structure and the floor are not set in 
vibration. Or, perhaps the machine may be insulated by enclosing 
it in a heavy box lined with sound-absorbing material. A noisy 
room may often be quieted by placing sound-absorbing material on 
the walls and ceilings. Such reduction is due to the sound-absorb-
ing properties of materials rather than to sound-insulating proper-
ties as popularly stated. 

Transmitters and Microphones.—In a system of communication 
it is necessary to have some device to convert the speech and music 
sound waves into electric impulses. In telephony this device is 
usually called a transmitter, and in radio it is called a microphone. 
In this section these devices will be considered from the standpcint 
of the basic electrical principles involved. 

Modifier-type Transmitters and Microphones.—These modify or 
cause variations in either the voltage across them or the current 
flowing through them. The sound waves merely act to control an 
external source of power. 

In the condenser transmitter, or microphone, a very thin 
diaphragm is supported a small distance from a metal plate and is 
insulated from it. A voltage is impressed between the diaphragm 
and plate which form, in reality, the plates of a condenser. When 
sound waves strike the diaphragm it moves in and out, and this 
changes the capacitance of the microphone and causes a charging 
current to flow through a resistor. The voltage drop across this re-
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sistor will vary closely in accordance with the sound waves, and 
this voltage is then amplified. The condenser microphone was very 
popular in the early days of sound motion pictures and radio 
and is still used for some purposes to-
day. 

In the single-button carbon-granule ;Diaphragm 
transmitter, a small cup is partly filled with 
carbon granules as indicated in Fig. 351. Ca.rbon plunger 

The sound waves striking the diaphragm 
Carbon  cause a small carbon plunger closing the cask 

front of the cup to move in and out. As 
this occurs, the carbon granules are com-
pressed when the plunger moves in, and 
this decreases the resistance of the current Carbon 
path from the carbon plunger, through the granules 
granules, and to the carbon disk at the 
back. As the plunger moves out, the 
resistance of the granules is increased. Fia. 351.—The single-

bu tton carbon-granule 
A battery is connected in series with the transmitter or microphone 

carbon-granule path. When no sound consists of a thin dia-
phragm which causes a 

strikes the diaphragm, a comparatively movable carbon plunger 
steady direct current flows. When sound to move back and forth. 

This alternately corn-
waves strike the diaphragm, the current presses and expands a 

varies in accordance with the sound waves, mass of carbon granules 
which are held in a brass 

These current impulses flowing through a cup, but insulated from 

distant receiver will reproduce the sound. the cup. In this way the 
resistance of the granules 

If the transmitter of Fig. 351 is held hori- is caused to vary in ac-

zontally the granules will drop away from cordance with the sound 
waves striking the dia-

the carbon disk, and current path actually phragm. This in turn 

may become opened. To provide a non- causes the electric cur-
rent to follow the voice 

positional transmitter, an arrangement variations. 

such as shown in Fig. 352 is used. With this 
arrangement the carbon-granule path does not open with the 
transmitter in a horizontal position. 

In the double-button carbon-granule transmitter, two buttons 
are provided, and the circuit of Fig. 353 is used. This device was 
extensively used in early radio and sound-amplifying systems. As 
will be noted, when the diaphragm moves in, the resistance of the 
granules in one cup increases and that in the other cup decreases. 
Because of this action, the current in one half of the transformer 
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decreases and that in the other half increases, causing the magnetic 
effects to add. Second harmonic distortion occurs in a single-

button transmitter, and this cancels out in 
the transformer as in the push-pull ampli-
fier (page 465). In the double-button trans-
mitter the diaphragm is stretched tightly, 
giving a natural period outside the usual 
audio range. The quality of a good double-
button transformer is excellent, but objec-
tionable carbon hiss exists. 

Generator-type Transmitters and Micro-
phones.—In these no external voltage is 
applied as in the modifier type. They are 
essentially small electrical generators driven 
by energy from the sound waves. Since 
only about 10 microwatts of power is 
available in average conversational speech, 
and since these microphones (as they are 
usually called) are not very efficient in 
converting from sound waves to electric 
impulses, the output of the generator-type 
microphone is very low. This is in contrast 

with the modifier type, which merely acts to control an external 
source of power and which has a large output in comparison. 

In the so-called dynamic micro-
phone a small thin coil is attached to 
a diaphragm in such a way that the 
coil is free to move in a very strong 
magnetic field when sound waves 
strike the diaphragm. This action 
induces an electromotive force in the 
coil, and this electromotive force is 
then amplified with vacuum tubes. 
There are many varieties of these 

dynamic microphones on the market, and they have proved very 
satisfactory. The basic principles are illustrated by Fig. 354. 
The ribbon, or velocity, microphone is of the generator type 

but differs from other microphones in that it does not have a dia-
phragm. Instead, a very thin corrugated metallic ribbon is sus-
pended in a very strong magnetic field. When the ribbon moves 

Diaphragm 

Granules insulated 
from cup 

Back electrode 

352.—In nonposi-
tional transmitters or mi-
crophones such as used in 
handsets, it is not possible 
for the granules to fall 
away from the diaphragm 
which also serves as the 
front electrode. Of course 
a seal is placed between 
the cup and diaphragm. 

ut 

/2 

353.—Circuit for a double-
button carbon-granule transmitter 
or microphone. 
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under the influence of sound waves, an electromotive force is 
induced in the ribbon, and this is amplified with vacuum tubes. 
The acoustic action is different from that for the other types for 
this reason: If a diaphragm is used, the back of it is to some extent 
sealed off (it must be open to barometric pressure changes); there-
fore, if a diaphragm is used, the pressure of the sound waves moves 

Coil-

Diaphragm 

354.—Elements of a 
dynamic microphone. It is 
essentially n on d i rec ti on al . 
Sounds from any direction 
cause an increase and de-
crease of pressure at the front 
of the diaphragm, and it 
moves in and out. 

It Di? of 
minimum 
seneivity 

Dfrection of 
maximum 
sensitivity 

FIG. 355.—Top view of a ribbon mi-
crophone. The ends of the pole pieces 
are shown and the ribbon hangs down 
between them. For sounds coming at 
right angles to the ribbon the response 
is maximum. Sounds coming parallel 
to the ribbon merely flow by it, causing 
a negligible motion. 

the diaphragm. In the usual ribbon microphone, both the front 
and the back of the microphone are open. The air particles in 
motion due to the sound waves move back and forth through the 
narrow slits between the ribbon and the pole pieces. This narrow 
slit has an acoustical "impedance," and because of the velocity of 
the air particles, a difference of acoustical pressure or a pressure 
gradient will exist between the two sides of the ribbon and cause 
it to move. The ribbon, or velocity, microphone is sensitive to 
sound from the front or the back but not from the side as indi-
cated in Fig. 355. This gives the ribbon microphone a "figure-of-
eight" directivity or response pattern. Microphones using dia-
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phragms are almost equally sensitive to sounds from all directions 
(unless they are specially constructed) ; that is, they are nondirec-
tional and their directivity or response pattern is essentially a 
circle. 

In the crystal microphone the generating element is a crystal of 
Rochelle salt which generates a voltage, corresponding to the 
sound waves, by virtue of its piezoelectric effect, explained as 
follows: Certain crystals, such as the type now being considered, 
produce an electromotive force if they are mechanically deformed 
in any way. Thus if a Rochelle salt crystal is provided with two 
metallic electrodes on opposite faces, and if sound waves are 
allowed to strike the crystal, a voltage, varying in accordance 
with the sound waves, will exist between the crystal electrodes. 
This voltage can then be amplified. In some crystal microphones, 
several crystal elements may be arranged in a series-parallel 
grouping to give a higher voltage output and a lower internal 
impedance. Also, some crystal microphones are equipped with a 
diaphragm that transmits its motion through a suitable mechan-
ical connection to the crystal. Such a microphone is more sensi-
tive but has a slightly poorer frequency response than those in 
which the sounds impinge directly on the crystal. 
In certain combination microphones, the advantages of the pres-

sure-operated microphone and the velocity, or pressure-gradient 
operated, microphone are combined to advantage. A pressure-
operated microphone, such as the dynamic type, is essentially non-
directional; that is, it has a circular response pattern. As stated 
on page 513, a velocity, or pressure-gradient-operated micro-
phone receives from the front and rear but not from the sides; that 
is, it has a figure-of-eight response pattern. If microphones of these 
two types are combined into one housing and are properly con-
nected, then the circular response pattern of the dynamic elements 
combines with the figure-of-eight pattern of the ribbon element to 
give a highly directional combination, sensitive to sounds only from 
the front. In addition, the dynamic element or the ribbon element 
may be used alone, a choice of response patterns being thus given. 
To summarize: There are two main types of transmitters or 

microphones. These are the modifier type and the generator type. 
In the former, the microphone merely controls the power output 
from a source such as a battery. In the latter, the operating power 
comes from the acoustic power in the sound waves. The generator 
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type is in all respects a generator with a generated electromotive 
force causing an open-circuit voltage and having an internal im-
pedance. The current-modifying carbon-granule type has the 
greatest output, but this is obtained at the sacrifice of quality. It is 
generally considered that radio microphones are very "sensitive." 
Telephone transmitters have a far greater output, however. It is 
the connected amplifier that makes the radio microphone so sensi-
tive. 
Receivers and Loud-speakers.—In these there are two parts to 

consider. (1) There is the motor element, or the portion that 
takes the electric power and converts 
it into mechanical power. (2) There 
is the acoustic radiator which takes 
the mechanical power and converts 
it into acoustic power or sound D.C. 

magnetizing 
waves. The motor elements and coil 
acoustic radiators of importance in 
modern communication equipment Soft iron-' 
will now be considered. magnetie frame 
Motor Elements.—In the moving- Voice-

coil, or electrodynamic, motor frequency 
element, a voice coil is free to coil 

356.—Essential parts a 
move in an air gap in which is con- m Fro.oving-coil or dynamic loof ud-
centrated a very strong magnetic speaker. 

field. This magnetic field may be 
produced by a coil of wire carrying a current (Fig. 356) or by a 
strong permanent magnet. The amplified alternating signal cur-
rents pass through the voice coil and cause it to move back and 
forth in accordance with the signal variations. If a suitable 
acoustic radiator is attached to the voice coil, sound will be radi-
ated into the air. The load impedance that a voice coil offers is 
quite low, being in the vicinity of 10 ohms resistance when being 
driven to about one-half capacity. The reader may justly wonder 
why the input impedance to a coil iyould be almost pure resistance. 
The answer is this: If a loud-speaker is radiating power, it must 
take power from the source. If it takes power, then it must offer a 
resistance load. Thus, when a good moving-coil dynamic speaker 
is being driven at a considerable output, it offers almost a pure re-
sistance load. Of course, it would not do this at very low loads or 
if the field were suddenly removed (which should never be done). 

Cone sound 
radiator 

////// 
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In the moving-armature, or magnetic, motor element some 
portion of the magnetic circuit vibrates. The ordinary telephone 
receiver (Fig. 357) is of this classification. In this a permanent 
magnet with soft-iron pole pieces produces a strong pull on a thin 
iron diaphragm. Around the soft-iron pole pieces are wrapped 
coils of fine wire which carry the voice currents. These voice 
currents produce magnetic fields which add to and subtract from 
the magnetic pull of the permanent magnets. This causes the 
diaphragm to move in and out in accordance with the voice cur-

Soft-iron 
diaphragm 

\\\\\\:, magnet, 

Speech 
currents 

Fm. 357.—In the ordinary permanent-magnet telephone receiver the speech cur-
rents passing through the coils on the pole tips cause the soft-iron diaphragm to 
move in accordance with the current variations, thus reproducing the speech. The 
pole tips are soft iron welded on the permanent magnets. 

rents, and the diaphragm radiates sound waves. In the ordinary 
telephone receiver the iron diaphragm is part of the motor element 
and also the acoustic radiator. The many types of magnetic 
loud-speakers also are of the moving-armature type. One of these 
of the balanced-armature type is shown in Fig. 358. The alter-
nating signal currents pass through the voice coil on the balanced 
iron armature and cause it to move about the pivot in accordance 
with the signal current. The motion of this armature is trans-
mitted to an acoustic radiator. The telephone receiver and the 
magnetic loud-speaker both must offer a large resistive component 
of the input impedance when radiating sound. Ordinarily, their 
input impedance is high and ,inductive, however, because they 
have many turns of fine wire for a voice coil. 
The crystal motor element is used in receivers and in loud-speak-

ers for reproduction at low power levels. The operation is the 
reverse of the crystal microphone. An alternating signal voltage 
is impressed on the crystal, and this signal voltage causes the 
dimensions of the crystal to change in accordance. These changes 
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in dimensions will directly radiate sounds into the air, or they may 
be transmitted by a mechanical linkage to an acoustic radiator. 

Acoustic Radiators.—The diaphragm of a telephone receiver is 
the acoustic radiator in addition to being a part of the motor ele-
ment. In most other systems, the acoustic radiator and the motor 
element are separate. 
The cone used with the so-called dynamic loud-speaker (Fig. 

356) is a common type of acoustic radiator. The cone should be 

Large 
paper 
cone 

Voice 
frequency 

coi/ 
no. 358.—Cross-section of a magnetic balanced-armature driving unit coupled to 

a cone loud-speaker. 

stiff so that it will move without flexing, and it should be free at 
the edges. The purpose of the cone is, of course, to impart energy 
to the air, creating a sound wave. The cone should be as light as 
possible in keeping with rigidity so that its inertia will be but a 
small factor. The inertia will affect the input impedance to the 
voice coil. 
A baffle is used with the cone of a dynamic speaker, and the 

baffle is part of the acoustic radiator. The purpose of the baffle 
is this: When the cone moves out, a compression of the air is caused 
on the front side, and a reduction of pressure is caused on the back 
side. When the cone moves back, a compression of the air occurs 
on the back side, and a reduction of pressure occurs on the front 
side. It is in this way that a sound wave is created. Now if the 
cone is not large, then there is nothing to prevent the air from the 
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compression side from flowing over the edge of the cone and equal-
izing the pressure on the back side. If this is done, the sound wave 
will be neutralized and little sound will be radiated. If a large 
baffle, say about 30 inches square, is used, then the length of the 
path is increased, and considerable sound is radiated before any 
cancellation can occur. Theoretically, the dimensions of the 
baffle should be such that the shortest air path between the front 
and the back of the cone is at least one-fourth the wave length of 

Diaphragm 

/ Throat 

To horn 

Direct 
current 

FIG. 359.—Details of a dynamic driving unit attached to a long horn. A small 
coil of wire is attached to the arched diaphragm. This coil is represented by dots, 
and is situated in a strong magletic field which is produced either by an electro-
magnet carrying direct current (as shown) or by a permanent magnet. The voice 
currents pass through the small coil attached to the diaphragm, and cause the 
diaphragm to move in accordance with the voice currents. 

the lowest note to be reproduced. In a sense, the cabinet provides 
a baffle in the ordinary radio set. 
The loud-speaker horn is a portion of the acoustic radiator in 

the horn-type loud-speaker. The horn is attached to a driving 
unit or motor element as shown in Fig. 359. The motor element is 
of the dynamic type, but instead of having a large diaphragm, it 
has a small diaphragm. The diaphragm is in a small air chamber 
containing little air, so that there is insufficient air present to act 
as a cushion on the diaphragm. Thus, as the diaphragm is driven 
out it forces air out of the throat of the horn, and when it moves 
in, it sucks air in through the throat of the horn. This action pre-
vents violent movements of the diaphragm, and it is "damped" by 
the column of air in the horn to which it imparts energy and which 
radiates sound. The horn does not merely direct sound. It provides 
a volume of air which is affected by the diaphragm. Without a 
horn the diaphragm would only radiate a feeble sound, because it 
would have no acoustic load on it. The horn must have a logarith-
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znic taper, with the cross-sectional area doubling with equal dis-
tances along its length. This is to prevent " impedance disconti-
nuities" which will cause acoustic reflections and hence nonuniform 
transmission to the mouth of the horn. The mouth must be large 
if low frequencies are to be effectively radiated, the throat must be 
small to put a good load on the diaphragm, and the rate of taper 
must not be too great for good frequency response. All this means 
that a good horn must be quite long. 
The so-called directional baffles or short horns are a compromise 

between the flat baffle and the horn. Thus, it is common practice 
to mount rather small dynamic speakers with cone diaphragms in 
horns that are fairly short. These horns improve the acoustic load 
on the diaphragm and make it directional and more efficient. 
To summarize: Receivers and loud-speakers are composed of 

two parts, the motor element and the acoustic radiator. As was 
previously mentioned, the microphone that converts from acoustic 
power to electric power is not efficient. Likewise the power-con-
version efficiency of loud-speakers that change from electric 
impulses back to sounds is very low. In approximate figures, 
the efficiency of a telephone receiver is probably less than 1 per 
cent, the efficiency of a dynamic speaker in a baffle is about 2 to 5 
per cent, the efficiency of a dynamic speaker in a directional 
baffle or short horn is about 5 to 10 per cent, and the efficiency of 
a well-designed driving unit on a good long horn is as high as 50 
per cent. 

SUMMARY 

Sound may be considered objectively as a wave motion or subjectively as a 
sensation. 
Sound waves occur as pressure waves in the air and travel at about 1125 feet 

per second. 
When sound waves strike a rigid wall, some of the sound energy is trans-

mitted through the wall, some is absorbed as heat within the wall and at the 
surface of the wall, and some energy is absorbed. 
An echo is a sound reflection that is distinct. The phenomenon of two waves 

beating together is a phenomenon of hearing. 
Reverberation is caused by wave reflection, but the reflections are a prolong-

ing or "jumble" of sound. Reverberation is in a sense indistinct echoes. 
Reverberation is the most common acoustical fault of auditoriums. 

In the construction of an auditorium, its acoustical characteristics need not 
be left to chance. Its reverberation time can be calculated, and additional 
sound-absorbing material can be added to give the correct reverberation time. 
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Speech sounds are very weak compared with ordinary amounts of power, 
only about 10 microwatts being present in the ordinary conversational tone. 
The frequencies present in speech cover a band from at least 100 to 10,000 
cycles, but a band from 250 to 3000 cycles gives good intelligible telephone 
conversations. 

Musical sounds cover a frequency range from at least 50 cycles to 15,000 
cycles, but a band from 50 to 8000 cycles will gi ve excellent reproduction. 
The average ear will respond to frequencies from about 20 to 20,000 cycles 

but is most sensitive at several thousand cycles. 
Noise measurements are made in decibels above an arbitrary zero level which 

is approximately the threshold of hearing. 
Transmitters and microphones are used to change from acoustic to electric 

impulses. They are classified as modifier types or as generator types. 
Receivers and loud-speakers are composed of two basic parts, the motor ele-

ment and the acoustic radiator. 

QUESTIONS 

1. Give several reasons why a study of acoustics and related phenomena are 
important in communication. 

2. Explain what occurs when a sound wave strikes a solid wall, and what 
happens when a wave strikes a nonrigid wall. 

3. Explain the acoustic phenomenon called beating. 
4. What is meant by reverberation and by reverberation time? 
5. An auditorium is highly reverberant, and sound-absorbing material is 

added to the ceiling. When this is done, an echo is apparent. What is the 
probable cause, and what is a possible remedy? 

6. What types of materials make good sound absorbers? What practical 
considerations are there in selecting a sound-absorbing material for an audi-
torium? 

7. Discuss the characteristics of the human ear, and explain how these affect 
the design of a sound-level meter for measuring noise. 

8. Enumerate the basic types of microphones, and give an example of each 
type. 

9. Why must the power output of a generator-type microphone be very low 
as compared with that of the modifier type? 

10. Why does the ribbon microphone have a figure-of-eight response pattern? 
11. What two basic parts are there to a loud-speaker? 
12. What would happen if during operation the field excitation were suddenly 

removed from a dynamic speaker? 
13. Why must the input impedance of a loud-speaker be largely resistive 

when it is radiating sound? 
14. What is the function of a baffle on a loud-speaker? 
15. What is the function of the loud-speaker horn? 
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PROBLEMS 

1. Referring to the discussion on page 502, how far must a speaker be from a 
reflecting object before an echo is noticeable? If a speaker is 500 feet from a 
large reflecting surface, what will be the "echo time"? 

2. Select some large meeting hall or auditorium in your neighborhood, calcu-
late its reverberation time, and determine if it is correct when the audience is 
one-half capacity, and when it is full. Make recommendations for its acoustic 
correction if such is advisable. 

3. On page 508 the volume range of an orchestra is given as 100,000 to 1. 
What is this range expressed in decibels? The range for acceptable reproduc-
tion is given as 10,000 to 1. Express this in decibels. 

4. The output impedance of an amplifier is 15 ohms, and it is to operate four 
horn driving units the voice coils of which are 15 ohms each. How should the 
voice coils be connected for best results? No transformer is to be used. If 25 
watts electric power is put into the system, what will be the approximate 
acoustic power output? 

5. A dynamic loud-speaker having a 10-ohm voice coil is to be connected to a 
vacuum tube having an optimum load impedance of 2000 ohms resistance. 
How should these connections be made? 





APPENDIX 

NATURAL TRIGONOMETRIC FUNCTIONS 

Of angles for each minute from 0° to 90°, correct 
to five significant figures 



00 
' sin tan cot cos I 

0 .00000 .00000 to 1.0000 60 
1 029 029 3437.7 000 59 
2 058 058 1718.9 000 58 
3 087 087 1145.9 000 57 
4 116 116 859.44 000 56 
6 .00145 .00145 687.55 1.0000 55 
6 175 175 572.96 000 54 
7 204 204 491.11 000 53 
8 233 233 429.72 000 52 
9 262 262 381.97 000 51 

10 00291 .00291 343.77 1.0000 50 
Il 320 320 312.52 .99999 49 
12 349 349 286.48 999 48 
13 378 378 264.44 999 47 
14 407 407 245.55 999 46 
15 00436 .00436 229.18 .99999 45 
16 465 465 214.86 999 44 
17 495 495 202.22 999 43 
18 524 524 190.98 999 42 
19 553 553 180.93 998 41 
20 .00582 .00582 71.89 .99998 40 
21 611 611 63.70 998 39 
22 640 640 56.26 998 38 
23 669 669 49.47 998 37 
24 698 698 43.24 998 36 
25 .00727 .00727 37.51 .99997 35 
26 756 756 32.22 997 34 
27 785 785 27.32 997 33 
28 814 815 22.77 997 32 
29 844 844 18.54 996 31 
30 .00873 .00873 114.59 .99996 30 
31 902 902 110.89 996 29 
32 931 931 107.43 996 28 
33 960 960 104.17 995 27 
34 .00989 .00989 101.11 995 26 
35 .01018 .01018 98.218 .99995 25 
36 047 047 95.489 995 24 
37 076 076 92.908 994 23 
38 105 105 90.463 994 22 
39 134 135 88.144 994 21 
40 .01164 .01164 85.940 .99993 20 
41 193 193 83.844 993 19 
42 222 222 81.847 993 18 
43 251 251 79.943 992 17 
44 280 280 78.126 992 16 
46 .01309 .01309 76.390 .99991 15 
46 338 338 74.729 991 14 
47 367 367 73.139 991 13 
48 396 396 71.615 990 12 
49 425 425 70.153 990 11 
50 .01454 .01455 68.750 .99989 10 
51 483 484 67.402 989 9 
52 513 513 66.105 989 8 
53 542 542 64.858 988 7 
54 571 571 63.657 988 6 
55 .01600 .01600 62.499 .99987 5 
56 629 629 61.383 987 4 
57 658 658 60.306 986 3 
58 687 687 59.266 986 2 
59 716 716 58.261 985 1 
60 .01745 .01746 57,290 .99985 0 

cos ce tan sin I ' 

89° 

1 I cot cos I 

0 .01745 .01746 57.290 .99985 60 
1 774 775 56.351 984 59 
2 803 804 55.442 984 58 
3 832 833 54.561 983 57 
4 862 862 53.709 983 56 
5 .01891 .01891 52.882 .99982 55 
6 920 920 52.081 982 54 
7 949 949 51.303 981 53 
8 .01978 .01978 50.549 980 52 
9 .02007 .02007 49.816 980 51 

10 .02036 .02036 49.104 .99979 50 
II 065 066 48.412 979 49 
12 094 095 47.740 978 48 
13 123 124 47.085 977 47 
14 152 153 46.449 977 46 
15 .02181 .02182 45.829 .99976 45 
16 211 211 45.226 976 44 
17 240 240 44.639 975 43 
18 269 269 44.066 974 42 
19 298 298 43.508 974 41 
20 .02327 .02328 42.964 .99973 40 
21 356 357 42.433 972 39 
22 385 386 41.916 972 38 
23 414 415 41.411 971 37 
24 443 444 40.917 970 36 
25 .02472 .02473 40.436 .99969 36 
26 501 502 39.965 969 34 
27 530 531 39.506 968 33 
28 560 560 39.057 967 32 
29 589 589 38.618 966 31 
30 .02618 .02619 38.188 .99966 30 
31 647 648 37.769 965 29 
32 676 677 37.358 964 28 
33 705 706 36.956 963 27 
34 734 735 36.563 963 26 
35 .02763 .02764 36.178 .99962 25 
36 792 793 35.801 961 24 
37 821 822 35.431 960 23 
38 850 851 35.070 959 22 
39 879 881 34.715 959 21 
40 .02908 .02910 34.368 .99958 20 
41 938 939 34.027 957 19 
42 967 968 33.694 956 18 
43 .02996 .02997 33.366 955 17 
44 .03025 .03026 33.045 954 16 
45 .03054 .03055 32.730 .99953 15 
46 083 084 32.421 952 14 
47 112 114 32.118 952 13 
48 141 143 31.821 951 12 
49 170 172 31.528 950 11 
50 .03199 .03201 31.242 .99949 10 
51 228 230 30.960 948 9 
52 257 259 30.683 947 8 
53 286 288 30.412 946 7 
54 316 317 30.143 945 6 
55 .03345 .03346 29.882 .99944 5 
56 374 376 29.624 943 4 
57 403 405 29.371 942 3 
58 432 434 29.122 941 2 
59 461 463 28.877 940 1 
60 .03490 .03492 28.636 .99939 0 

1 cos I cot tan I sin 1 • 

524 88° 



2° 3° 
' sin tan cot i cos 

0 .03490 .03492 ' 28.636 .99939 60 
1 519 521 .399 938 59 
2 548 550 28.166 937 58 
3 577 579 27.937 936 57 
4 606 609 .712 935 56 
5 .03635 .03638 27.490 .99934 55 
6 664 667 .271 933 54 
7 693 696 27.057 932 53 
8 723 725 26.845 931 52 
9 752 754 .637 930 51 

10 .03781 .03783 26.432 .99929 50 
11 810 812 .230 927 49 
12 839 842 26.031 926 48 
13 868 871 25.835 925 47 
14 897 900 .642 924 46 
15 .03926 03929 25.452 .99923 45 
16 955 958 .264 922 44 
17 .03984 .03987 25.080 921 43 
18 .04013 .04016 24.898 919 42 
19 042 046 .719 918 41 
20 .04071 04075 24.542 .99917 40 
21 100 104 .368 916 39 
22 129 133 .196 915 38 
23 159 162 24.026 913 37 
24 188 191 23.859 912 36 
25 .04217 04220 23.695 .99911 35 
26 246 250 .532 910 34 
27 275 279 .372 909 33 
28 304 308 .214 907 32 
29 333 337 23.058 906 31 

30 .04362 .04366 22.904 .99903 30 
31 391 395 .752 404 29 
32 420 424 .602 902 28 
33 449 454 .454 901 27 
34 478 483 .308 900 26 

36 .04507 04512 22.164 .99898 25 
36 536 541 22.022 897 24 
37 565 570 21.881 896 23 
38 594 599 .743 894 22 
39 623 628 .606 893 21 
40 .04653 .04658 21.470 .99892 20 
41 682 687 .337 890 19 
42 711 716 .205 889 18 
43 740 745 21.075 888 17 
44 769 774 20.946 886 16 

46 04798 .04803 20.819 .99885 15 
46 827 833 .693 883 14 
47 856 862 .569 882 13 
48 883 891 .446 881 12 
49 914 920 .325 879 11 

60 04943 .04949 20.206 .99878 10 
51 .04972 .04978 20.087 876 9 
52 .05001 .05007 19.970 875 8 
53 030 037 .855 873 7 
54 059 066 .740 872 6 

55 .05088 .05095 19.627 .99870 5 
56 117 124 .516 869 4 
57 146 153 .405 867 3 
58 175 182 .296 866 2 
59 205 212 .188 864 1 
60 .05234 .05241 19.081 .99863 0 

cos 1 cot I tan en ' 

87° 

' sin tan cot cos 

0 .05234 .05241 19.081 .99863 60 
1 263 270 18.976 861 59 
2 292 299 .871 860 58 
3 321 328 .768 858 57 
4 350 357 .666 857 56 
5 .05379 .05387 18.564 .99855 56 
6 408 416 .464 854 54 
7 437 443 .366 852 53 
8 466 474 .268 851 52 
9 495 503 .171 849 51 

10 .05524 .05533 18.075 .99847 50 
11 553 562 17.980 846 49 
12 582 591 .886 844 48 
13 611 620 .793 842 47 
14 640 649 .702 841 46 
15 .05669 .05678 17.611 .99839 45 
16 698 708 .521 838 44 
17 727 737 .431 836 43 
18 756 766 .343 834 42 
19 785 795 .256 833 41 
20 .05814 .05824 17.169 .99831 40 
21 844 854 17.084 829 39 
22 873 883 16.999 827 38 
23 902 912 .915 826 37 
24 931 941 .832 824 36 
25 .05960 .05970 16.750 .99822 35 
26 .05989 .05999 .668 821 34 
27 .06018 .06029 .587 819 33 
28 047 058 .507 817 32 
29 076 087 .428 815 31 
30 .06103 .06116 16.350 .99813 30 
31 134 145 .272 812 29. 
32 163 175 .195 810 28 
33 192 204 .119 808 27 
34 221 233 16.043 806 26 
35 .06250 .06262 15.969 .99804 25 
36 279 291 .895 803 24 
37 308 321 .821 801 23 
38 337 350 .748 799 22 
39 366 379 .676 797 21 
40 .06395 .06408 15.603 .99795 20 
41 424 438 .534 793 19 
42 453 467 .464 792 18 
43 482 496 .394 790 17 
44 511 525 .325 788 16 
45 .06540 .06554 15.257 .99786 15 
46 569 584 .189 784 14 
47 598 613 .122 782 13 
48 627 642 15.056 780 12 
49 656 671 14.990 778 11 
50 .06685 .06700 14.924 .99776 10 
51 714 730 .860 774 9 
52 743 759 .795 772 5 
53 773 788 .732 770 7 
54 802 817 .669 768 6 
55 .06831 .06847 14.606 .99766 5 
56 860 876 .544 764 4 
57 889 905 .482 762 3 
58 918 934 .421 760 2 
59 947 963 .361 758 1 
60 .06976 .06993 14.301 .99756 0 

cos cot tan en ' 

525 86° 



4° 5° 
' I sin tan cot cos I 

0 06976 .06993 14.301 .99756 60 
1 07005 .07022 .241 754 59 
2 034 051 .182 752 58 
3 063 080 .124 750 57 
4 092 110 .065 748 56 
5 07121 .07139 14.008 .99746 55 
6 150 168 13.951 744 54 
7 179 197 .894 742 53 
8 208 227 .838 740 52 
9 237 256 .782 738 51 

10 07266 .07285 13.727 .99736 50 
11 293 314 .672 734 49 
12 324 344 .617 731 48 
13 353 373 .563 729 47 
14 382 402 .510 727 46 
15 07411 .07431 13.457 .99725 46 
16 440 461 .404 723 44 
17 469 490 .352 721 43 
18 498 519 .300 719 42 
19 527 548 .248 716 41 
20 07556 .07578 13.197 .99714 40 
21 585 607 .146 712 39 
22 614 636 .096 710 38 
23 643 665 13.046 708 37 
24 672 695 12.996 705 36 
26 07701 .07724 12.947 .99703 36 
26 730 753 .898 701 34 
27 759 782 .850 699 33 
28 788 812 .801 696 32 
29 817 841 .754 694 31 
30 .07846 .07870 12.706 .99692 30 
31 875 899 .659 689 29 
32 904 929 .612 687 28 
33 933 958 .566 685 27 
34 962 .07987 .520 683 26 
35 .07991 .08017 12.474 .99680 26 
36 .08020 046 .429 678 24 
37 049 075 .384 676 23 
38 078 104 .339 673 22 
39 107 134 .293 671 21 
40 .08136 .08163 12.251 .99668 20 
41 165 192 .207 666 19 
42 194 221 .163 664 18 
43 223 251 .120 661 17 
44 252 280 .077 659 16 
46 .08281 .08309 12.035 .99657 16 
46 310 339 11.992 654 14 
47 339 368 .950 652 13 
48 368 397 .909 649 12 
49 397 427 .867 647 11 
50 .08426 .08456 11.826 .99644 10 
51 455 485 .785 642 9 
52 484 514 .745 639 8 
53 513 544 .703 637 7 
54 542 573 .664 635 6 
55 .08571 .08602 11.625 .99632 6 
56 600 632 .585 630 4 
57 629 661 .546 627 3 
58 658 690 .507 625 2 
59 687 720 .468 622 1 
60 .08716 .08749 11.430 .99619 0 

I cos ug tan sin ' 

85° 

- ' I sin tan cot I cos 

0 08716 .08749 11.430 .99619 60 
1 745 778 .392 617 59 
2 774 807 .354 614 58 
3 803 837 .316 612 57 
4 831 866 .279 609 56 
5 .08860 .08895 11.242 .99607 55 
6 889 925 .205 604 54 
7 918 954 .168 602 53 
8 947 .08983 .132 599 52 
9 .08976 .09013 .095 596 51 

10 .09005 .09042 11.059 .99594 50 
11 034 071 11.024 591 49 
12 063 101 10.988 588 48 
13 092 130 .953 586 47 
14 121 159 .918 583 46 
15 .09150 .09189 10.883 .99580 46 
16 179 218 .848 578 44 
17 208 247 .814 575 43 
18 237 277 .780 572 42 
19 266 306 .746 570 41 
20 .09295 .09335 10.712 .99567 40 
21 324 365 .678 564 39 
22 353 394 .645 562 38 
23 382 423 .612 559 37 
24 411 453 .579 556 36 
25 .09440 .09482 10.546 .99553 36 
26 469 511 .514 551 34 
27 498 541 .481 548 33 
28 527 570 .449 545 32 
29 556 600 .417 542 31 
30 .09585 .09629 10.385 .99540 30 
31 614 658 .354 537 29 
32 642 688 .322 534 28 
33 671 717 .291 531 27 
34 700 746 .260 528 26 
36 .09729 .09776 10.229 .99526 26 
36 758 805 .199 523 24 
37 787 834 .168 520 23 
38 816 864 .138 517 22 
39 845 893 .108 514 21 
40 .09874 .09923 10.078 .99511 20 
41 903 952 .048 508 19 
42 932 .09981 10.019 506 18 
43 961 .10011 9.9893 503 17 
44 .09990 040 .9601 500 16 
46 .10019 .10069 9.9310 .99497 15 
46 048 099 .9021 494 14 
47 077 128 .8734 491 13 
48 106 158 .8448 488 12 
49 135 187 .8164 485 11 
60 .10164 .10216 9.7882 .99482 10 
51 192 246 .7601 479 9 
52 221 275 .7322 476 8 
53 250 305 .7044 473 7 
54 279 334 .6768 470 6 
66 .10308 .10363 9.6493 .99467 5 
56 337 393 .6220 464 4 
57 366 422 .5949 461 3 
58 395 452 .5679 458 2 
59 424 481 .5411 455 1 
60 .10453 .10510 9.5144 .99452 0 

I cos cot tan sin ' I 

526 84° 



6° 7° 
I I sin j tan cot cos I 

0 .10453 .10510 9.5144 .99452 60 
1 482 540 .4878 449 59 
2 511 569 .4614 446 58 
3 540 599 .4352 443 57 
4 569 628 .4090 440 56 
5 .10597 .10657 9.3831 .99437 55 
6 626 687 .3572 434 54 
7 655 716 .3315 431 53 
8 684 746 .3060 428 52 
9 713 775 .2806 424 51 

10 .10742 .10805 9.2553 .99421 50 
11 771 834 .2302 418 49 
12 800 863 .2052 415 48 
13 829 893 .1803 412 47 
14 858 922 .1555 409 46 
15 .10887 .10952 9.1309 .99406 45 
16 916 .10981 .1065 402 44 
17 943 .11011 .0821 399 43 
18 .10973 040 .0579 396 42 
19 .11002 070 .0338 393 41 
20 .11031 .11099 9.0098 .99390 40 
21 060 128 8.9860 386 39 
22 089 158 .9623 383 38 
23 118 187 .9387 380 37 
24 147 217 .9152 377 36 
25 .11176 .11246 8.8919 .99374 35 
26 203 276 .8686 370 34 
27 234 305 .8455 367 33 
28 263 335 .8225 364 32 
29 291 364 .7996 360 31 
30 .11320 .11394 8.7769 .99357 SO 
31 349 423 .7542 354 29 
32 378 452 .7317 351 28 
33 407 482 .7093 347 27 
34 436 511 .6870 344 26 
35 .11465 .11541 8.6648 .99341 26 
36 494 570 .6427 337 24 
37 523 600 .6208 334 23 
38 552 629 .5989 331 22 
39 580 659 .5772 327 21 
40 .11609 .11688 8.5555 .99324 20 
41 638 718 .5340 320 19 • 
42 667 747 .5126 317 18 
43 696 777 .4913 314 17 
44 725 806 .4701 310 16 
45 .11754 .11836 8.4490 .99307 16 
46 783 865 .4280 303 14 
47 812 895 .4071 300 13 
48 840 924 .3863 297 12 
49 869 954 .3656 293 II 
50 .11898 .11983 8.3450 .99290 10 
51 927 .12013 .3245 286 9 
52 956 042 .3041 283 8 
53 .11985 072 .2838 279 7 
54 .12014 101 .2636 276 6 
55 .12043 .12131 8.2434 .99272 5 
56 071 160 .2234 269 4 
57 100 190 .2035 265 3 
58 129 219 .1837 262 2 
59 158 249 .1640 258 1 
60 .12187 .12278 8.1443 .99255 0 

Icos cot tan j sin I ' 

83° 

' 1 sin tan I ce cos I 

0 12187 .12278 8.1443 .99255 60 
1 216 308 .1248 251 59 
2 245 338 .1054 248 58 
3 274 367 .0860 244 57 
4 302 397 .0667 240 56 
5 .12331 .12426 8.0476 .99237 55 
6 360 456 .0285 233 54 
7 389 485 8.0095 230 53 
8 418 515 7.9906 226 52 
9 447 544 .9718 222 51 

10 .12476 .12574 7.9530 .99219 60 
II 504 603 .9344 215 49 
12 533 633 .9158 211 48 
13 562 662 .8973 208 47 
14 591 692 .8789 204 46 
15 .12620 .12722 7.8606 .99200 45 
16 649 751 8424 197 44 
17 678 781 .8243 193 43 
18 706 810 .8062 189 42 
19 735 840 .7882 , 186 41 
20 12764 .12869 7.7704 .99182 40 
21 793 899 .7525 178 39 
22 822 929 .7348 175 38 
23 851 958 .7171 171 37 
24 880 .12988 .6996 167 36 
25 .12908 .13017 7.6821 .99163 35 
26 937 047 .6647 160 34 
27 966 076 .6473 156 33 
28 .12995 106 .6301 152 32 
29 .13024 136 .6129 148 31 
SO .13053 .13165 7.5958 .99144 30 
31 081 195 .5787 141 29 
32 110 224 .5618 137 28 
33 139 254 .5449 133 27 
34 168 284 .5281 129 26 
35 .13197 .13313 7.5113 .99125 25 
36 226 343 .4947 122 24 
37 254 372 .4781 118 23 
38 283 402 .4615 114 22 
39 312 432 .4451 110 21 
40 .13341 .13461 7.4287 .99106 20 
41 370 491 .4124 102 19 
42 399 521 .3962 098 18 
43 427 550 .3800 094 17 
44 456 580 .3639 091 16 
45 .13485 .13609 7.3479 .99087 15 
46 514 639 .3319 083 14 
47 543 669 .3160 079 13 
48 572 698 .3002 075 12 
49 600 728 .2844 071 11 
50 .13629 .13758 7.2687 .99067 10 
51 658 787 .2531 063 9 
52 687 817 .2375 059 8 
53 716 846 .2220 055 7 
54 744 876 .2066 051 6 
55 .13773 .13906 7.1912 .99047 5 
56 802 935 .1759 043 4 
57 831 965 .1607 039 3 
58 860 .13995 .1455 035 2 
59 889 .14024 .1304 031 1 
60 .13917 .14054 7.1154 .99027 0 

Icos I cot I tan en 

82° 



8° 9' 
e ' en I tan cot cos 1 

0 13917 .14054 7.1154 .99027 60 
I 946 084 .1004 023 59 
2 .13975 113 .0855 019 58 
3 .14004 143 .0706 015 57 
4 033 173 .0558 011 56 
5 .14061 .14202 7.0410 .99006 55 
6 090 232 .0264 .99002 54 
7 119 262 7.0117 .98998 53 
8 148 291 6.9972 994 52 
9 177 321 .9827 990 51 

10 .14205 .14351 6.9682 .98986 50 
Il 234 381 .9538 982 49 
12 263 410 .9395 978 48 
13 292 440 .9252 973 47 
14 320 470 .9110 969 46 
16 .14349 .14499 6.8969 .98965 45 
16 378 529 .8828 961 44 
17 407 559 .8687 957 43 
18 436 588 .8548 953 42 
19 464 618 .8408 948 41 
20 .14493 .14648 6.8269 .98944 40 
21 522 678 .8131 940 39 
22 551 707 .7994 936 38 
23 580 737 .7856 931 37 
24 608 767 .7720 927 36 
25 .14637 .14796 6.7584 .98923 35 
26 666 826 .7448 919 34 
27 695 856 .7313 914 33 
28 723 886 .7179 910 32 
29 752 915 .7045 906 31 
30 .14781 .14945 6.6912 .98902 30 
31 810 .14975 .6779 897 29 
32 838 .15005 .6646 893 28 
33 867 034 .6514 889 27 
34 896 064 .6383 884 26 
35 .14925 .15094 6.6252 .98880 25 
36 954 124 .6122 876 24 
37 .14982 153 .5992 871 23 
38 .15011 183 .5863 867 22 
39 040 213 .5734 863 21 
40 .15069 .15243 6.5606 .98858 20 
41 097 272 .5478 854 19 
42 126 302 .5350 849 18 
43 155 332 .5223 845 17 
44 184 362 .5097 841 16 
45 .15212 .15391 6.4971 .98836 15 
46 241 421 .4846 832 14 
47 270 451 .4721 827 13 
48 299 481 .4596 823 12 
49 327 511 .4472 818 11 
50 .15356 .15540 6.4348 .98814 10 
51 385 570 .4225 809 9 
52 414 600 .4103 805 8 
53 442 630 .3980 800 7 
54 471 660 .3859 796 6 
55 .15500 .15689 6.3737 .98791 5 
56 529 719 .3617 787 4 
57 557 749 .3496 782 3 
58 586 779 .3376 778 2 
59 615 809 .3257 773 1 
60 .15643 .15838 6.3138 .98769 0 

cos cot ! tan sin ' 

81° 

' en , I tan I cot cos 1 

0 .15643 .15838 6.3138 .98769 60 
1 672 868 .3019 764 59 
2 701 898 .2901 760 58 
3 730 928 .2783 755 57 
4 758 958 .2666 751 56 
5 .15787 .15988 6.2549 .98746 55 
6 816 .16017 .2432 741 54 
7 845 047 .2316 737 53 
8 873 077 .2200 732 52 
9 902 107 .2085 728 51 

10 .15931 .16137 6.1970 .98723 50 
11 959 167 .1856 718 49 
12 .15988 196 .1742 714 48 
13 .16017 226 .1628 709 47 
14 046 256 .1515 704 46 
15 .16074 .16286 6.1402 .98700 45 
16 103 316 .1290 695 44 
17 132 346 .1178 690 43 
18 160 376 .1066 686 42 
19 189 405 .0955 681 41 
20 .16218 .16435 6.0844 .98676 40 
21 246 465 .0734 671 39 
22 275 495 .0624 667 38 
23 304 525 .0514 662 37 
24 333 555 .0405 657 36 
25 .16361 .16585 6.0296 .98652 35 
26 390 615 .0188 648 34 
27 419 643 6.0080 643 33 
28 447 674 5.9972 638 32 
29 476 704 .9865 633 31 
30 .16505 .16734 5.9758 .98629 30 
31 533 764 .9651 624 29 
32 562 794 .9545 619 28 
33 591 824 .9439 614 27 
34 620 854 .9333 609 26 
35 16648 .16884 5.9228 .98604 25 
36 677 914 .9124 600 24 
37 706 944 .9019 595 23 
38 734 .16974 8915 590 22 
39 763 .17004 .8811 585 21 
40 16792 .17033 5.8708 .98580 20 
41 820 063 .8605 575 19 
42 849 093 .8502 570 18 
43 878 123 .8400 565 17 
44 906 153 .8298 561 16 
45 .16935 .17183 5.8197 .98556 15 
46 964 213 .8095 551 14 
47 16992 243 .7994 546 13 
48 .17021 273 .7894 541 12 
49 050 303 .7794 536 11 
50 .17078 .17333 5.7694 .98531 10 
51 107 363 .7594 526 9 
52 136 393 .7495 521 8 
53 164 423 .7396 516 7 
54 193 453 .7297 511 6 
55 17222 .17483 5.7199 .98506 5 
56 250 513 .7101 501 4 
57 279 543 .7004 496 3 
58 308 573 .6906 491 2 
59 336 603 .68-09 486 1 
60 .17365 .17633 5.6713 .98481 0 

cos cot tan sin ' 

528 80° 



10° 11° 

' sin tan I cot cos 

0 .17365 . 17633 5.6713 .98481 60 
1 393 663 .6617 476 59 
2 422 693 .6521 471 58 
3 451 723 .6425 466 57 
4 479 753 .6329 461 56 

5 .17508 .17783 5.6234 .98455 55 
6 537 813 .6140 450 54 
7 565 843 .6045 445 53 
8 594 873 .5951 440 52 
9 623 903 .5857 435 51 

10 .17651 .17933 5.5764 .98430 50 
11 680 963 .5671 425 49 
12 708 .17993 .5578 420 48 
13 737 .18023 .5485 414 47 
14 766 053 .5393 409 46 

15 .17794 .18083 5.5301 .98404 45 
16 823 113 .5209 399 44 
17 852 143 .5118 394 43 
18 880 173 .5026 389 42 
19 909 203 .4936 383 41 

20 .17937 .18233 5.4845 .98378 40 
21 966 263 . 4755 373 39 
22 .17995 293 .4665 368 38 
23 .18023 323 .4575 362 37 
24 052 353 .4486 357 36 

25 .18081 .18384 5.4397 .98352 35 
26 109 414 .4308 347 34 
27 138 444 .4219 341 33 
28 166 474 .4131 336 32 
29 195 504 .4043 331 31 

30 .18224 .18534 5.3955 .98325 30 
31 252 564 .3868 320 29 
32 281 594 .3781 315 28 
33 309 624 .3694 310 27 
34 338 654 .3607 304 26 

35 .18367 .18684 5.3521 .98299 25 
36 395 714 .3435 294 24 
37 424 745 .3349 288 23 
38 452 775 .3263 283 22 
39 481 805 .3178 277 21 

40 .18509 .18835 5.3093 .98272 20 
41 538 865 .3008 267 19 
42 567 895 .2924 261 18 
43 595 925 .2839 256 17 
44 624 955 .2755 250 16 

45 .18652 .18986 5.2672 .98245 15 
46 681 .19016 .2588 240 14 
47 710 046 .2505 234 13 
48 738 076 .2422 229 12 
49 767 106 .2339 223 11 

50 .18795 .19136 5.2257 .98218 10 
51 824 166 .2174 212 9 
52 852 197 .2092 207 8 
53 881 227 .2011 201 7 
54 910 257 .1929 196 6 

56 .18938 .19287 5.1848 .98190 5 
56 967 317 .1767 185 4 
57 .18995 347 .1686 179 3 
58 .19024 378 .1606 174 2 
59 052 408 .1526 168 1 
60 .19081 .19438 5.1446 .98163 0 

cos cot tan I en I ' 

79° 

' Mn I tan cot cos 

0 .19081 .19438 5.1446 . 98163 60 
1 109 468 .1366 157 59 
2 138 498 .1286 152 58 
3 167 529 .1207 146 57 
4 195 559 .1128 140 56 

5 .19224 .19589 5.1049 .98135 65 
6 252 619 .0970 129 54 
7 281 649 .0892 124 53 
8 309 680 .0614 118 52 
9 338 710 .0736 112 51 

10 .19366 .19740 5.0658 .98107 60 
11 395 770 .0581 101 49 
12 423 801 .0504 096 48 
13 452 831 .0427 090 47 
14 481 861 .0350 084 46 

15 .19509 .19891 5.0273 .98079 45 
16 538 921 .0197 073 44 
17 566 952 .0121 067 43 
18 595 .19982 5.0045 061 42 
19 623 .20012 4.9969 056 41 

20 .19652 .20042 4.9894 .98050 40 
21 680 073 .9819 044 39 
22 709 103 .9744 039 38 
23 737 133 .9669 033 37 
24 766 164 .9594 027 36 

25 .19794 .20194 4 9520 .98021 36 
26 823 224 .9446 016 34 
27 851 254 .9372 010 33 
28 880 285 .9298 .98004 32 
29 908 315 .9225 .97998 31 

30 .19937 .20345 4.9152 .97992 30 
31 965 376 .9078 987 29 
32 .19994 406 .9006 981 28 
33 .20022 436 .8933 975 27 
34 051 466 .8860 969 26 

35 .20079 20497 4.8788 .97963 26 
36 108 527 .8716 958 24 
37 136 557 .8644 952 23 
38 165 588 .8573 946 22 
39 193 618 .8501 940 21 

40 .20222 .20648 4.8430 .97934 20 
41 250 679 .8359 928 19 
42 279 709 .8288 922 18 
43 307 739 .8218 916 17 
44 336 770 .8147 910 16 

45 .20364 .20800 4.8077 .97905 15 
46 393 830 .8007 899 14 
47 421 861 .7937 893 13 
48 450 891 .7867 887 12 
49 478 921 .7798 881 11 

50 .20507 .20952 4.7729 .97875 10 
51 535 .20982 .7659 869 9 
52 563 .21013 .7591 863 8 
53 592 043 .7522 857 7 
54 620 073 .7453 851 6 

56 .20649 .21104 4.7385 .97845 6 
56 677 134 .7317 839 4 
57 706 164 .7249 833 3 
58 734 195 .7181 627 2 
59 763 225 .7114 821 1 

60 .20791 .21256 4.7046 .97813 0 

cos I cot I tan 

529 78° 



12° 13° 
' en I tan I cot I cos 

0 .20791 .21256 4.7046 .97815 60 
1 820 286 .6979 809 59 
2 848 316 .6912 803 58 
3 877 347 .6845 797 57 
4 905 377 .6779 791 56 
6 .20933 .21408 4.6712 .97784 55 
6 962 438 .6646 778 54 
7 .20990 469 .6580 772 53 
8 .21019 499 .6514 766 52 
9 047 529 .6448 760 51 

10 .21076 .21560 4.6382 .97754 50 
11 104 590 .6317 748 49 
12 132 621 .6252 742 48 
13 161 651 .6187 735 47 
14 189 682 .6122 729 46 
15 .21218 21712 4.6057 .97723 46 
16 246 743 .5993 717 44 
17 275 773 .5928 711 43 
18 303 804 .5864 705 42 
19 331 834 .5800 698 41 
20 .21360 .21864 4.5736 .97692 40 
21 388 895 .5673 686 39 
22 417 925 .5609 680 38 
23 445 956 .5546 673 37 
24 474 .21986 .5483 667 36 
26 .21502 .22017 4.5420 .97661 35 
26 530 047 .5357 655 34 
27 559 078 .5294 648 33 
28 587 108 .5232 642 32 
29 616 139 .5169 636 31 
30 .21644 .22169 4.5107 .97630 30 
31 672 200 .5045 623 29 
32 701 231 .4983 617 28 
33 729 261 .4922 611 27 
34 758 292 .4860 604 26 
35 .21786 .22322 4.4799 .97598 25 
36 814 353 .4737 592 24 
37 843 383 .4676 585 23 
38 871 414 .4615 579 22 
39 899 444 .4555 573 21 
40 .21928 .22475 4.4494 .97566 20 
41 956 505 .4434 560 19 
42 .21985 536 .4373 553 18 
43 .22013 567 .4313 547 17 
44 041 597 .4253 541 16 
45 .22070 22628 4.4194 .97534 15 
46 098 658 .4134 528 14 
47 126 689 .4075 521 13 
48 155 719 .4015 515 12 
49 183 750 .3956 508 11 
50 .22212 .22781 4.3897 .97502 10 
51 240 811 .3838 496 9 
52 268 842 .3779 489 8 
53 297 872 .3721 483 7 
54 325 903 .3662 476 6 
56 .22353 .22934 4.3604 .97470 5 
56 382 964 .3546 463 4 
57 410 .22995 .3488 457 3 
58 438 .23026 .3430 450 2 
59 467 056 .3372 444 1 
60 .22495 .23087 4.3315 .97437 0 

- cos cot tan en ' 

77° 

' en tan I cot cos 

0 .22495 .23087 4.3315 .97437 60 
1 523 117 .3257 430 59 
2 552 148 .3200 424 58 
3 580 179 .3143 417 57 
4 608 209 .3086 411 56 
5 .22637 .23240 4.3029 .97404 55 
6 665 271 .2972 398 54 
7 693 301 .2916 391 53 
8 722 332 .2859 384 52 
9 750 363 .2803 378 51 

10 .22778 .23393 4.2747 .97371 50 
11 807 424 .2691 365 49 
12 835 455 .2635 358 48 
13 863 485 .2580 351 47 
14 892 516 .2524 345 46 
15 .22920 .23547 4.2468 97338 46 
16 948 578 .2413 331 44 
17 .22977 608 .2358 325 43 
18 .23005 639 .2303 318 42 
19 033 670 .2248 311 41 
20 .23062 .23700 4.2193 .97304 40 
21 090 731 .2139 298 39 
22 118 762 .2084 291 38 
23 146 793 .2030 284 37 
24 175 823 .1976 278 36 
25 .23203 .23854 4.1922 .97271 35 
26 231 885 .1868 264 34 
27 260 916 .1814 257 33 
28 288 946 .1760 251 32 
29 316 .23977 .1706 244 31 
30 .23345 .24008 4.1653 .97237 30 
31 373 039 .1600 230 29 
32 401 069 .1547 223 28 
33 429 100 .1493 217 27 
34 458 131 .1441 210 26 
35 .23486 .24162 4.1388 .97203 25 
36 514 193 .1335 196 24 
37 542 223 .1282 189 23 
38 571 254 .1230 182 22 
39 599 285 .1178 176 21 
40 .23627 .24316 4.1126 .97169 20 
41 656 347 .1074 162 19 
42 684 377 .1022 155 18 
43 712 408 .0970 148 17 
44 740 439 .0918 141 16 
45 .23769 .24470 4.0867 .97134 15 
46 797 501 .0815 127 14 
47 825 532 .0764 120 13 
48 853 562 .0713 113 12 
49 882 593 .0662 106 11 
50 .23910 .24624 4.0611 .97100 10 
51 938 655 .0560 093 9 
52 966 686 .0509 086 8 
53 .23995 717 .0459 079 7 
54 .24023 747 .0408 072 6 
55 .24051 .24778 4.0358 .9706U 5 
56 079 809 .0308 058 4 
57 108 840 .0257 051 3 
58 136 871 .0207 044 2 
59 164 902 .0158 037 1 
60 .24192 . 24933 4.0108 . 97030 0 

cos I cot tan 

530 76° 



14° 15° 
' sin I tan I cot I cos 

0 .24192 .24933 I4.0108 .97030 60 
1 220 964 .0058 023 59 
2 249 .24995 4.0009 015 58 
3 277 .25026 3.9959 008 57 
4 305 056 .9910 .97001 56 

5 .24333 .25087 3.9861 .96994 55 
6 362 118 .9812 987 54 
7 390 149 .9763 980 53 
8 418 180 .9714 973 52 
9 446 211 .9665 966 51 

10 .24474 .25242 3.9617 .96959 50 
11 503 273 .9568 952 49 
12 531 304 .9520 945 48 
13 559 335 .9471 937 47 
14 587 366 .9423 930 46 

15 24615 .25397 3.9375 .96923 45 
16 644 428 .9327 916 44 
17 672 459 .9279 909 43 
18 700 490 .9232 902 42 
19 728 521 .9184 894 41 

20 24756 .25552 3.9136 .96887 40 
21 784 583 .9089 880 39 
22 813 614 .9042 873 38 
23 841 645 .8995 866 37 
24 869 676 .8947 858 36 

25 .24897 .25707 3.8900 .96851 35 
26 925 738 .8854 844 34 
27 954 769 .8807 837 33 
28 .24982 800 .8760 829 32 
29 .25010 831 .8714 822 31 

30 .25038 .25862 3.8667 .96815 30 
31 066 893 .8621 807 29 
32 094 924 .8575 800 28 
33 122 955 .8528 793 27 
34 151 .25986 .8482 786 26 

36 .25179 .26017 3.8436 .96778 25 
36 207 048 .8391 771 24 
37 235 079 .8345 764 23 
38 263 110 .8299 756 22 
39 291 141 .8254 749 21 

40 .25320 .26172 3.8208 .96742 20 
41 348 203 . 8163 734 19 
42 376 235 . 8118 727 18 
43 404 266 . 8073 719 17 
44 432 297 . 8028 712 16 

45 .25460 .26328 3.7983 .96705 15 
46 488 359 .7938 697 14 
47 516 390 .7893 690 13 
48 545 421 .7848 682 12 
49 573 452 .7804 675 11 

50 25601 .26483 3.7760 .96667 10 
51 629 515 .7715 660 9 
52 657 546 .7671 653 8 
53 685 577 .7627 645 7 
54 713 608 .7583 638 6 

55 .25741 .26639 3.7539 .96630 5 
56 769 670 .7495 623 4 
57 798 701 .7451 615 3 
58 826 733 .7408 608 2 
59 854 764 .7364 600 1 

60 .25882 .26795 3.7321 .96593 0 

cos cot tan sin ' 

75° 

I en 
tan cot cos 

0 .25882 .26795 3.7321 . 96593 60 
1 910 826 .7277 585 59 
2 938 857 .7234 578 58 
3 966 888 .7191 570 57 
4 .25994 920 .7148 562 56 

5 .26022 .26951 3.7105 .96555 55 
6 050 .26982 .7062 547 54 
7 079 .27013 .7019 540 53 
8 107 044 .6976 532 52 
9 135 076 .6933 524 51 

10 .26163 .27107 3.6891 .96517 50 
11 191 138 .6848 509 49 
12 219 169 .6806 502 48 
13 247 201 .6764 494 47 
14 275 232 .6722 486 46 

16 .26303 .27263 3.6680 .96479 46 
16 331 294 .6638 471 44 
17 359 326 .6596 463 43 
18 387 357 .6554 456 42 
19 415 388 .6512 448 41 

20 .26443 .27419 3.6470 .96440 40 
21 471 451 .6429 433 39 
22 500 482 .6387 425 38 
23 528 513 .6346 417 37 
24 556 545 .6305 410 36 

25 .26584 .27576 3.6264 .96402 36 
26 612 607 .6222 394 34 
27 640 638 .6181 386 33 
28 668 670 .6140 379 32 
29 696 701 .6100 371 31 

30 .26724 .27732 3.6059 .96363 30 
31 752 764 .6018 355 29 
32 780 795 .5978 347 28 
33 808 826 .5937 340 27 
34 836 858 .5897 332 26 

35 .26864 .27889 3.5856 .96324 25 
36 892 921 .5816 316 24 
37 920 952 .5776 308 23 
38 948 .27983 .5736 301 22 
39 .26976 .28015 .5696 293 21 

40 .27004 .28046 3.5656 .96285 20 
41 032 077 .5616 277 19 
42 060 109 .5576 269 18 
43 088 140 .5536 261 17 
44 116 172 .5497 253 16 

45 .27144 .28203 3.5457 .96246 15 
46 172 234 .5418 238 14 
47 200 266 .5379 230 13 
48 228 297 .5339 222 12 
49 256 329 .5300 214 11 

50 .27284 .28360 3.5261 .96206 10 
51 312 391 .5222 198 9 
52 340 423 .5183 190 8 
53 368 454 .5144 182 7 
54 396 486 .5105 174 6 

55 .27424 .28517 3.5067 .96166 5 
56 452 549 .5028 158 4 
57 480 580 .4989 150 3 
58 508 612 .4951 142 2 
59 536 643 .4912 134 1 

60 .27564 .28675 3.4874 .96126 0 

cos cot tan en ' 

531 74° 



16° 
'I sin tan cot . cos I 

0 .27564 .28675 3.4874 .96126 00 
1 592 706 .4836 118 59 
2 620 738 .4798 110 58 
3 648 769 .4760 102 57 
4 676 801 .4722 094 56 
6 .27704 .28832 3.4684 .96086 55 
6 731 864 .4646 078 54 
7 759 895 .4608 070 53 
8 787 927 .4570 062 52 
9 815 958 .4533 054 51 

10 .27843 .28990 3.4495 .96046 50 
11 871 .29021 .4458 037 49 
12 899 053 .4420 029 48 
13 927 084 .4383 021 47 
14 955 116 .4346 013 46 
15 .27983 .29147 3.4308 .96005 45 
16 .28011 179 .4271 .95997 44 
17 039 210 .4234 989 43 
18 067 242 .4197 981 42 
19 095 274 .4160 972 41 
20 .28123 .29305 3.4124 .95964 40 
21 150 337 .4087 956 39 
22 178 368 .4050 948 38 
23 206 400 .4014 940 37 
24 234 432 .3977 931 36 
25 .28262 .29463 3.3941 .95923 35 
26 290 495 .3904 915 34 
27 318 526 .3868 907 33 
28 346 558 .3832 898 32 
29 374 590 .3796 890 31 
30 .28402 .29621 3.3759 .95882 SO 
31 429 653 .3723 874 29 
32 457 685 .3687 865 28 
33 485 716 .3652 857 27 
34 513 748 .3616 849 26 
35 .28541 .29780 3.3580 .95841 25 
36 569 811 .3544 832 24 
37 597 843 .3509 824 23 
38 625 875 .3473 816 22 
39 652 906 .3438 807 21 
40 .28680 .29938 3.3402 .95799 20 
41 708 .29970 .3367 791 19 
42 736 .30001 .3332 782 18 
43 764 033 .3297 774 17 
44 792 065 .3261 766 16 
46 .28820 .30097 3.3226 .95757 15 
46 847 128 .3191 749 14 
47 875 160 .3156 740 13 
48 903 192 .3122 732 12 
49 931 224 .3087 724 11 
50 .28959 .30255 3.3052 .95715 10 
51 .28987 287 .3017 707 9 
52 .29015 319 .2983 698 8 
53 042 351 .2948 690 7 
54 070 382 .2914 681 6 
65 .29098 .30414 3.2879 .95673 5 
56 126 446 .2845 664 4 
57 154 478 .2811 656 3 
58 182 509 .2777 647 2 
59 209 541 .2743 639 1 
60 .29237 .30573 3.2709 . 95630 0 
1 cos cot tan sin I ' 

17° 
I sin tan cot cos I 

0 .29237 .30573 3.2709 .95630 60 
1 265 605 .2675 622 59 
2 293 637 .2641 613 58 
3 321 669 .2607 605 57 
4 348 700 .2573 596 56 
6 .29376 .30732 3.2539 .95588 66 
6 404 764 .2506 579 54 
7 432 796 .2472 571 53 
8 460 828 .2438 562 52 
9 487 860 .2405 554 51 

10 .29515 .30891 3.2371 .95545 50 
11 543 923 .2338 536 49 
12 571 955 .2305 528 48 
13 599 .30987 .2272 519 47 
14 626 .31019 .2238 511 46 
15 .29654 .31051 3.2205 .95502 45 
16 682 083 .2172 493 44 
17 710 115 .2139 485 43 
18 737 147 .2106 476 42 
19 765 178 .2073 467 41 
20 .29793 .31210 3.2041 .95459 40 
21 821 242 .2008 450 39 
22 849 274 .1975 441 38 
23 876 306 .1943 433 37 
24 904 338 .1910 424 36 
25 .29932 .31370 3.1878 .95415 35 
26 960 402 .1845 407 34 
27 .29987 434 .1813 398 33 
28 .30015 466 .1780 389 32 
29 043 498 .1748 380 31 
SO .30071 .31530 3.1716 .95372 30 
31 098 562 .1684 363 29 
32 126 594 .1652 354 28 
33 154 626 .1620 345 27 
34 182 658 .1588 337 26 
35 .30209 .31690 3.1556 .95328 25 
36 237 722 .1524 319 24 
37 265 754 .1492 310 23 
38 292 786 .1460 301 22 
39 320 818 .1429 293 21 
40 .30348 .31850 3.1397 .95284 20 
41 376 882 .1366 275 19 
42 403 914 .1334 260 18 
43 431 946 .1303 257 17 
44 459 .31978 .1271 248 16 
45 .30486 .32010 3.1240 .95240 15 
46 514 042 .1209 231 14 
47 542 074 .1178 222 13 
48 570 106 .1146 213 12 
49 597 139 .1115 204 II 
50 .30625 .32171 3.1084 .95195 10 
51 653 203 .1053 186 9 
52 680 235 .1022 177 8 
53 708 267 .0991 168 7 
54 736 299 .0961 159 6 
55 .30763 .32331 3.0930 .95150 6 
56 791 363 .0899 142 4 
57 819 396 .0868 133 3 
58 846 428 .0838 124 2 
59 874 460 .0807 115 1 
60 .30902 . 32492 3.0777 . 95106 0 

1  cos cot tan I en ' 



18° 19° 
' I ea tan cot cos I 

0 .30902 .32492 3.0777 .95106 60 
I 929 524 .0746 097 59 
2 957 556 .0716 088 58 
3 .30985 588 .0686 079 57 
4 .31012 621 .0655 070 56 
5 .31040 .32653 3.0625 .95061 55 
6 068 685 .0595 052 54 
7 095 717 .0565 043 53 
8 123 749 .0535 033 52 
9 151 782 .0503 024 51 
10 .31178 .32814 3.0475 .95015 50 
11 206 846 .0445 .95006 49 
12 233 878 .0415 .94997 48 
13 261 911 .0385 988 47 
14 289 943 .0356 979 46 
15 .31316 .32975 3.0326 .94970 45 
16 344 .33007 .0296 961 44 
17 372 040 .0267 952 43 
18 399 072 .0237 943 42 
19 427 104 .0208 933 41 
20 .31454 .33136 3.0178 .94924 40 
21 482 169 .0149 915 39 
22 510 201 .0120 906 38 
23 537 233 .0090 897 37 
24 565 266 .0061 888 36 
25 .31593 .33298 3.0032 .94878 35 
26 620 330 3.0003 869 34 
27 648 363 2.9974 860 33 
28 675 395 .9945 851 32 
29 703 427 .9916 842 31 
30 .31730 .33460 2.9887 .94832 30 
31 758 492 .9858 823 29 
32 786 524 .9829 814 28 
33 813 557 .9800 805 27 
34 841 589 .9772 795 26 
35 .31868 .33621 2.9743 .94786 25 
36 896 654 .9714 777 24 
37 923 686 .9686 768 23 
38 951 718 .9657 758 22 
39 .31979 751 .9629 749 21 
40 .32006 33783 2.9600 .94740 20 
41 034 816 .9572 730 19 
42 061 848 .9544 721 18 
43 089 881 .9515 712 17 
44 116 913 .9487 702 16 
45 .32144 .33945 2.9459 .94693 15 
46 171 .33978 .9431 684 14 
47 199 .34010 .9403 674 13 
48 227 043 .9375 665 12 
49 254 075 .9347 656 11 
60 .32282 .34108 2.9319 .94646 10 
51 309 140 .9291 637 9 
52 337 173 .9263 627 8 
53 364 205 .9235 618 7 
54 392 238 .9208 609 6 
55 .32419 .34270 2.9180 .94599 5 
56 447 303 .9152 590 4 
57 474 335 .9125 580 3 
58 502 368 .9097 571 2 
59 529 400 .9070 561 1 
60 .32557 .34433 2.9042 .94552 0 

Icos cot tan sin I ' 

71° 

Mal tan cot cos 

0 32557 .34433 2.9042 .94552 60 
I 584 465 .9015 542 59 
2 612 498 .8987 533 58 
3 639 530 .8960 523 57 
4 667 563 .8933 514 56 
5 .32694 .34596 2.8905 .94504 55 
6 722 628 .8878 495 54 
7 749 661 .8851 485 53 
8 777 693 .8824 476 52 
9 804 726 .8797 466 51 

10 .32832 .34758 2.8770 .94457 50 
11 859 791 .8743 447 49 
12 887 824 .8716 438 48 
13 914 856 .8689 428 47 
14 942 889 .8662 418 46 
15 .32969 .34922 2.8636 .94409 45 
16 .32997 954 .8609 399 44 
17 .33024 .34987 .8582 390 43 
18 051 .35020 .8556 380 42 
19 079 052 .8529 370 41 
20 .33106 .35085 2.8502 .94361 40 
21 134 118 .8476 351 39 
22 161 150 .8449 342 38 
23 189 183 .8423 332 37 
24 216 216 .8397 322 36 
25 .33244 .35248 2.8370 .94313 35 
26 271 281 .8344 303 34 
27 298 314 .8318 293 33 
28 326 346 .8291 284 32 
29 353 379 .8265 274 31 
30 .33381 .35412 2.8239 .94264 30 
31 408 445 .8213 254 29 
32 436 477 .8187 245 28 
33 463 510 .8161 235 27 
34 490 543 .8135 225 26 
35 .33518 .35576 2.8109 .94215 25 
36 545 608 .8083 206 24 
37 573 641 .8057 196 23 
38 600 674 .8032 186 22 
39 627 707 .8006 176 21 
40 .33655 .35740 2.7980 .94167 20 
41 682 772 .7955 157 19 
42 710 805 .7929 147 18 
43 737 838 .7903 137 17 
44 764 871 .7878 127 16 
45 .33792 .35904 2.7852 .94118 15 
46 819 937 .7827 108 14 
47 846 .35969 .7801 098 13 
48 874 .36002 .7776 088 12 
49 901 035 .7751 078 11 
60 .33929 .36068 2.7725 .94068 10 
51 956 101 .7700 058 9 
52 .33983 134 .7675 049 8 
53 .34011 167 .7630 039 7 
54 038 ' 199 .7625 029 6 
55 .34065 .36232 2.7600 .94019 5 
56 093 265 .7575 .94009 4 
57 120 298 .7550 .93999 3 
58 147 331 .7525 989 2 
59 175 364 .7500 979 1 
60 .34202 36397 2.7473 .93969 0 

Icos cot tan sin I ' 

533 700 



20° 21° 
jen tan cot 1 cos 

0 .34202 .36397 2.7475 .93969 60 
1 229 430 .7450 959 59 
2 257 463 .7425 949 58 
3 284 496 .7400 939 57 
4 311 529 .7376 929 56 
5 .34339 .36562 2.7351 .93919 55 
6 366 595 .7326 909 54 
7 393 628 .7302 899 53 
8 421 661 .7277 889 52 
9 448 694 .7253 879 51 

10 34475 .36727 2.7228 .93869 50 
11 503 760 .7204 859 49 
12 530 793 .7179 849 48 
13 557 826 .7155 839 47 
14 584 859 .7130 829 46 
15 .34612 .36892 2.7106 .93819 45 
16 639 925 .7082 809 44 
17 666 958 .7058 799 43 
18 694 .36991 .7034 789 42 
19 721 .37024 .7009 779 41 
20 .34748 .37057 2.6985 .93769 40 
21 775 090 .6961 759 39 
22 803 123 .6937 748 38 
23 830 157 .6913 738 37 
24 857 190 .6889 728 36 
25 .34884 .37223 2.6865 .93718 35 
26 912 256 .6841 708 34 
27 939 289 .6818 698 33 
28 966 322 .6794 688 32 
29 .34993 355 .6770 677 31 
30 .35021 .37388 2.6746 .93667 30 
31 048 422 .6723 657 29 
32 075 455 .6699 647 28 
33 102 488 .6675 637 27 
34 130 521 .6652 626 26 
35 .35157 .37554 2.6628 .93616 25 
36 184 588 .6605 606 24 
37 211 621 .6581 596 23 
38 239 654 .6558 585 22 
39 266 687 .6534 575 21 
40 .35293 .37720 2.6511 93565 20 
41 320 754 .6488 555 19 
42 347 787 .6464 544 18 
43 375 820 .6441 534 17 
44 402 853 .6418 524 16 
45 .35429 .37887 2.6395 .93514 15 
46 456 920 .6371 503 14 
47 484 953 .6348 493 13 
48 511 .37986 .6325 483 12 
49 538 .38020 .6302 472 11 
50 .35565 .38053 2.6279 .93462 10 
51 592 086 .6256 452 9 
52 619 120 .6233 441 8 
53 647 153 .6210 431 7 
54 674 186 .6187 420 6 
65 .35701 .38220 2.6165 .93410 6 
56 728 253 .6142 400 4 
57 755 286 .6119 389 3 
58 782 320 .6096 379 2 
59 810 353 .6074 368 1 
60 .35837 .38386 2.6051 .93358 0 

cos I cot tan en ' 

69° 

' en tan 1 cot 1 cos 

0 .35837 .38386 2.6051 .93358 60 
1 864 420 .6028 348 59 
2 891 453 .6006 337 53 
3 918 487 .5983 327 57 
4 945 520 .5961 316 56 
5 .35973 .38553 2.5938 .93306 55 
6 .36000 587 .5916 295 54 
7 027 620 .5893 285 53 
8 054 654 .5871 274 52 
9 081 687 .5848 264 51 

10 .36108 .38721 2.5826 .93253 50 
11 135 754 .5804 243 49 
12 162 787 .5782 232 48 
13 190 821 .5759 222 47 
14 217 854 .5737 211 46 
15 .36244 .38888 2.5715 .93201 45 
16 271 921 .5693 190 44 
17 298 955 .5671 180 43 
18 325 .38988 .5649 169 42 
19 352 .39022 .5627 159 41 
20 .36379 .39055 2.5605 .93148 40 
21 406 089 .5583 137 39 
22 434 122 .5561 127 38 
23 461 156 .5539 116 37 
24 488 190 .5517 106 36 
25 .36515 .39223 2.5495 .93095 35 
26 542 257 .5473 084 34 
27 569 290 .5452 074 33 
28 596 324 .5430 063 32 
29 623 357 .5408 052 31 
30 .36650 .39391 2.5386 .93042 30 
31 677 425 .5365 031 29 
32 704 458 .5343 020 28 
33 731 492 .5322 .93010 27 
34 758 526 .5300 .92999 26 
35 .36785 .39559 2.5279 .92988 25 
36 812 593 .5257 978 24 
37 839 626 .5236 967 23 
38 867 660 .5214 956 22 
39 894 694 .5193 945 21 
40 .36921 .39727 2.5172 .92935 20 
41 948 761 .5150 924 19 
42 .36975 795 .5129 913 18 
43 .37002 829 .5108 902 17 
44 029 862 .5086 892 16 
45 .37056 .39896 2.5065 .92881 15 
46 083 930 .5044 870 14 
47 110 963 .5023 859 13 
48 137 .39997 .5002 849 12 
49 164 .40031 .4981 838 11 
50 .37191 .40065 2.4960 .92827 10 
51 218 098 .4939 816 9 
52 245 132 .4918 805 8 
53 272 166 .4897 794 7 
54 299 200 .4876 784 6 
55 .37326 .40234 2.4855 .92773 5 
56 353 267 .4834 762 4 
57 380 301 .4813 751 3 
58 407 335 .4792 740 2 
59 434 369 .4772 729 1 
60 .37461 .40403 2.4751 .92718 0 

1 cos cot tan en ' 

534 68° 



22° 23° 
' I aim tan cot I cos I 

0 .37461 .40403 2.4751 .92718 60 
1 488 436 .4730 707 59 
2 515 470 .4709 697 58 
3 542 504 .4689 686 57 
4 569 538 .4668 675 56 
6 .37595 .40572 2.4648 .92664 55 
6 622 606 .4627 653 54 
7 649 640 .4606 642 53 
8 676 674 .4586 631 52 
9 703 707 .4566 620 51 

10 .37730 .40741 2.4545 .92609 50 
11 757 775 .4525 598 49 
12 784 809 .4504 587 48 
13 811 .843 .4484 576 47 
14 838 877 .4464 565 46 
16 .37865 .40911 2.4443 .92554 45 
16 892 945 .4423 543 44 
17 919 .40979 .4403 532 43 
18 946 .41013 .4383 521 42 
19 973 047 .4362 510 41 
20 .37999 .41081 2.4342 .92499 40 
21 .38026 115 .4322 488 39 
22 053 149 .4302 477 38 
23 080 183 .4282 466 37 
24 107 217 .4262 455 36 

25 .38134 .41251 2.4242 .92444 36 
26 161 285 .4222 432 34 
27 188 319 .4202 421 33 
28 215 353 .4182 410 32 
29 241 387 .4162 399 31 
30 .38268 .41421 2.4142 .92388 SO 
31 295 455 .4122 377 29 
32 322 490 .4102 366 28 
33 349 524 .4083 353 27 
34 376 558 .4063 343 26 

35 .38403 .41592 2.4043 .92332 25 
36 430 626 .4023 321 24 
37 456 660 .4004 310 23 
38 483 694 .3984 299 22 
39 510 728 .3964 287 21 

40 .38537 .41763 2.3945 .92276 20 
41 564 797 .3925 265 19 
42 591 831 .3906 254 18 
43 617 865 .3886 243 17 
44 644 899 .3867 231 16 

45 .38671 .41933 2.3847 .92220 15 
46 698 .41968 .3828 209 14 
47 725 .42002 .3808 198 13 
48 752 036 .3789 186 12 
49 778 070 .3770 175 11 

50 .38805 .42105 2.3750 .92164 10 
51 832 139 .3731 152 9 
52 859 173 .3712 141 8 
53 886 207 .3693 130 7 
54 912 242 .3673 119 6 

55 .38939 .42276 2.3654 .92107 6 
56 966 310 .3635 096 4 
57 .38993 345 .3616 085 3 
58 .39020 379 .3597 073 2 
59 046 413 .3578 062 I 

50 .39073 .42447 2.3559 .92050 0 

Icos ce tan sin 1 ' 

67° 

' sin tan cot cos I 

0 .39073 .42447 2.3559 .92050 60 
1 100 482 .3539 039 59 
2 127 516 .3520 028 58 
3 153 551 .3501 016 57 
4 180 585 .3483 .92005 56 
5 .39207 .42619 2.3464 .91994 56 
6 234 654 .3445 982 54 
7 260 688 .3426 971 53 
8 287 722 .3407 959 52 
9 314 757 .3388 948 51 

10 .39341 .42791 2.3369 .91936 60 
II 367 826 .3351 925 49 
12 394 860 .3332 914 48 
13 421 894 .3313 902 47 
14 448 929 .3294 891 46 
15 .39474 .42963 2.3276 .91879 45 
16 501 .42998 .3257 868 44 
17 528 .43032 .3238 856 43 
18 555 067 .3220 845 42 
19 581 101 .3201 833 41 
20 .39608 .43136 2.3183 .91822 40 
21 635 170 .3164 810 39 
22 661 205 .3146 799 38 
23 688 239 .3127 787 37 
24 715 274 .3109 775 36 
25 .39741 .43308 2.3090 .91764 35 
26 768 343 .3072 752 34 
27 795 378 .3053 741 33 
28 822 412 .3035 729 32 
29 848 447 .3017 718 31 
SO .39875 .43481 2.2998 .91706 30 
31 902 516 .2980 694 29 
32 928 550 .2962 683 28 
33 955 585 .2944 671 27 
34 .39982 620 .2925 660 26 
35 .40008 .43654 2.2907 .91648 26 
36 035 689 .2889 636 24 
37 062 724 .2871 625 23 
38 088 758 .2853 613 22 
39 115 793 .2835 601 21 
40 .40141 .43828 2.2817 .91590 20 
41 168 862 .2799 578 19 
42 195 897 .2781 566 18 
43 221 932 .2763 555 17 
44 248 .43966 .2745 543 16 

45 .40275 .44001 2.2727 .91531 15 
46 301 036 .2709 519 14 
47 328 071 .2691 508 13 
48 355 105 .2673 496 12 
49 381 140 .2655 484 11 
50 40408 .44175 2.2637 .91472 10 
51 434 210 .2620 461 9 
52 461 244 .2602 449 8 
53 488 279 .2584 437 7 
54 514 314 .2566 425 6 
55 .40541 .44349 2.2549 .91414 6 
56 567 384 .2531 402 4 
57 594 418 .2513 390 3 
58 621 453 .2496 378 2 
59 647 488 .2478 366 1 
60 40674 .44523 2.2460. .91355 0 

1 cos cot tan . Bin I ' 

535 66° 



24° 
Isin tan cot cos 

0 . 40674 . 44523 2.2460 . 91355 GO 
1 700 558 . 2443 343 59 
2 727 593 . 2425 331 58 
3 753 627 . 2408 319 57 
4 780 662 . 2390 307 56 
5 . 40806 . 44697 2.2373 . 91295 55 
6 833 732 . 2355 283 54 
7 860 767 . 2338 272 53 
8 886 802 . 2320 260 52 
9 913 837 . 2303 248 51 

10 40939 . 44872 2.2286 . 91236 50 
11 966 907 . 2268 224 49 
12 . 40992 942 . 2251 212 48 
13 . 41019 . 44977 . 2234 200 47 
14 045 . 45012 . 2216 188 46 
15 . 41072 . 45047 2.2199 . 91176 45 
16 098 082 . 2182 164 44 
17 125 117 . 2163 152 43 
18 151 152 . 2148 140 42 
19 178 187 . 2130 128 41 
20 . 41204 . 45222 2.2113 . 91116 40 
21 231 257 . 2096 104 39 
22 257 292 . 2079 092 38 
23 284 327 . 2062 080 37 
24 310 362 . 2045 068 36 
25 . 41337 . 45397 2.2028 . 91056 35 
26 363 432 . 2011 044 34 
27 390 467 . 1994 032 33 
28 416 502 . 1977 020 32 
29 443 538 . 1960 . 91008 31 
30 41469 . 45573 2.1943 . 90996 30 
31 496 608 . 1926 984 29 
32 522 643 . 1909 972 28 
33 549 678 . 1892 960 27 
34 575 713 . 1876 948 26 
35 . 41602 . 45748 2.1859 . 90936 25 
36 628 784 . 1842 924 24 
37 655 819 . 1825 911 23 
38 681 854 . 1808 899 22 
39 707 889 . 1792 887 21 
40 41734 . 45924 2.1775 . 90875 20 
41 760 960 . 1758 863 19 
42 787 . 45995 . 1742 851 18 
43 813 . 46030 . 1725 839 17 
44 840 065 . 1708 826 16 
45 . 41866 . 46101 2.1692 . 90814 15 
46 892 136 . 1675 802 14 
47 919 171 . 1659 790 13 
48 945 206 . 1642 778 12 
49 972 242 . 1625 766 II 
50 . 41998 . 46277 2.1609 . 90753 10 
51 . 42024 312 . 1592 741 9 
52 051 348 . 1576 729 8 
53 077 383 . 1560 717 7 
54 104 418 . 1543 704 6 
55 . 42130 . 46454 2.1527 . 90692 5 
56 156 489 . 1510 680 4 
57 183 525 . 1494 668 3 
58 209 560 . 1478 655 2 
59 235 595 . 1461 643 I 
80 . 42262 . 46631 2.1445 . 90631 o 

cot tan 
65° 53(i 

25* 
sin tan cot cos 

o 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
so 
31 
32 
33 
34 
ss 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

.42262 
288 
315 
341 
367 

42394 
420 
446 
473 
499 

.42525 
552 
578 
604 
631 

.42657 
683 
709 
736 
762 

42788 
815 
841 
867 
894 

.42920 
946 
972 

.42999 

.43025 

.43051 
077 
104 
130 
156 

43182 
209 
235 
261 
287 

.43313 
340 
366 
392 
418 

.43445 
471 
497 
523 
549 

.43575 
602 
628 
654 
680 

.43706 
733 
759 
785 
811 

43837 

.46631 
666 
702 
737 
772 

.46808 
843 
879 
914 
950 

.46985 
47021 

056 
092 
128 

.47163 
199 
234 
270 
305 

.47341 
377 
412 
448 
483 

.47519 
555 
590 
626 
662 

.47698 
733 
769 
805 
840 

.47876 
912 
948 

.47984 

.48019 

.48055 
091 
127 
163 
198 

.48234 
270 
306 
342 
378 

.48414 
450 
486 
521 
557 

.48593 
629 
665 
701 
737 

.48773 

2.1445 
'.1429 
.1413 
.1396 
.1380 

2.1364 
.1348 
.1332 
.1315 
.1299 

2.1283 
.1267 
.1251 
.1235 
.1219 

2.1203 
.1187 
.1171 
.1155 
.1139 

2.1123 
.1107 
.1092 
.1076 
.1060 

2.1044 
.1028 
.1013 
0997 
.0981 

2.0965 
.0950 
.0934 
.0918 
.0903 

2.0887 
.0872 
.0856 
.0840 
.0825 

2.0809 
.0794 
.0778 
.0763 
.0748 

2.0732 
.0717 
.0701 
.0686 
.0671 

2.0655 
.0640 
.0625 
.0609 
.0594 

2.0579 
.0564 
.0549 
.0533 
.0518 

2.0503 

.90631 
618 
606 
594 
582 

.90569 
557 
545 
532 
520 

.90507 
495 
483 
470 
458 

.90446 
433 
421 
408 
396 

.90383 
371 
358 
346 
334 

.90321 
309 
296 
284 
271 

.90259 
246 
233 
221 
208 

.90196 
183 
171 
158 
146 

.90133 
120 
108 
095 
082 

.90070 
057 
045 
032 
019 

.90007 

.89994 
981 
968 
956 

.89943 
930 
9t8 
905 
892 

89879 

60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
37 
36 
35 
34 
33 
32 
31 
SO 
29 
28 
27 
26 
26 
24 
23 
22 
21 
20 
19 
18 
17 
16 
15 
14 
13 
12 
H 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 
O 

Icos j cot I tan I sin I 

64° 



26° 27° 
' 1 sin tan I cot I cos I 

0 .43837 .48773 2.0503 .89879 60 
1 863 809 .0488 867 59 
2 889 845 .0473 854 58 
3 916 881 .0458 841 57 
4 942 917 .0443 828 56 

5 .43968 .48953 2.0428 .89816 65 
6 .43994 .48989 .0413 803 54 
7 .44020 .49026 .0398 790 53 
8 046 062 .0383 777 52 
9 072 098 .0368 764 51 

10 .44098 .49134 2.0353 .89752 50 
11 124 170 .0338 739 49 
12 151 206 .0323 726 48 
13 177 242 .0308 713 47 
14 203 278 .0293 700 46 

15 .44229 .49315 2.0278 .89687 45 
16 255 351 .0263 674 44 
17 281 387 .0248 662 43 
18 307 423 .0233 649 42 
19 333 459 .0219 636 41 

20 .44359 .49495 2.0204 .89623 40 
21 385 532 .0189 610 39 
22 411 568 .0174 597 38 
23 437 604 .0160 584 37 
24 464 640 .0145 571 36 

26 .44490 .49677 2.0130 .89558 35 
26 516 713 .0115 545 34 
27 542 749 .0101 532 33 
28 568 786 .0086 519 32 
29 594 822 .0072 506 31 

30 .44620 .49858 2.0057 .89493 30 
31 646 894 .0042 480 29 
32 672 931 .0028 467 28 
33 698 .49967 2.0013 454 27 
34 724 .50004 1.9999 441 26 

35 .44750 .50040 1.9984 .89428 25 
36 776 076 .9970 415 24 
37 802 113 .9955 402 23 
38 828 149 .9941 389 22 
39 854 185 .9926 376 21 

40 .44880 .50222 1.9912 .89363 20 
41 906 258 .9897 350 19 
42 932 295 .9883 337 18 
43 958 331 .9868 324 17 
44 .44984 368 .9854 311 16 

46 .45010 .50404 1.9840 .89298 15 
46 036 441 .9825 285 14 
47 062 477 .9811 272 13 
48 088 514 .9797 259 12 
49 114 550 .9782 245 11 

50 .45140 .50587 1.9768 .89232 10 
51 166 623 .9754 219 9 
52 192 660 .9740 206 8 
53 218 696 9725 93 7 
54 243 733 .9711 80 6 

66 .45269 .50769 1.9697 .89 67 6 
56 295 806 .9683 53 4 
57 321 843 .9669 40 3 
58 347 879 .9654 27 2 
59 373 916 .9640 14 1 

60 .45399 .50953 1.9626 .89101 0 

cos 1 cot 1 tan sin ' 

63° 

' en I tan I cot j cos 

0 .45399 .50953 1.9626 .89101 60 
1 425 .50989 .9612 087 59 
2 451 .51026 .9598 074 58 
3 477 063 .9584 061 57 
4 503 .099 .9570 048 56 
5 45529 .51136 1.9556 .89035 55 
6 554 173 .9542 021 54 
7 580 209 .9528 .89008 53 
8 606 246 .9514 .88995 52 
9 632 283 .9500 981 51 

10 45658 .51319 1.9486 .88968 50 
11 684 356 .9472 955 49 
12 710 393 .9458 942 48 
13 736 430 .9444 928 47 
14 762 467 .9430 915 46 
15 .45787 .51503 1.9416 .88902 45 
16 813 540 .9402 888 44 
17 839 577 .9388 875 43 
18 865 614 .9375 862 42 
19 891 651 .9361 848 41 
20 45917 .51688 1.9347 .88835 40 
21 942 724 .9333 822 39 
22 968 761 .9319 808 38 
23 .45994 798 .9306 795 37 
24 .46020 835 .9292 782 36 
25 .46046 .51872 1.9278 .88768 35 
26 072 909 .9263 755 34 
27 097 946 .9251 741 33 
28 123 .51983 .9237 728 32 
29 149 .52020 .9223 715 31 
30 .46175 .52057 1.9210 .88701 30 
31 201 094 .9196 688 29 
32 226 131 .9183 674 28 
33 252 168 .9169 661 27 
34 278 205 .9155 647 26 
35 46304 .52242 1.9142 .88634 25 
36 330 279 .9128 620 24 
37 355 316 .9115 607 23 
38 381 353 .9101 593 22 
39 407 390 .9088 580 21 
40 .46433 .52427 1.9074 .88566 20 
41 458 464 .9061 553 19 
42 484 501 .9047 539 18 
43 510 538 9034 526 17 
44 536 575 .9020 512 16 
45 .46561 .52613 1.9007 .88499 15 
46 587 650 .8993 485 14 
47 613 687 .8980 472 13 
48 639 724 .8967 458 12 
49 664 761 .8953 445 11 

50 .46690 .52798 1.8940 .88431 10 
51 716 836 .8927 417 9 
52 742 873 .8913 404 8 
53 767 910 .8900 390 7 
54 793 947 .8887 377 6 
55 .46819 .52985 1.8873 .88363 5 
56 844 .53022 .8860 349 4 
57 870 059 .8847 336 3 
58 896 096 .8834 322 2 
59 921 134 .8820 308 1 
60 .46947 .53171 1.8807 .88295 0 

1 cos cot tan en ' 
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28' 29° 
' I en I tan I cot cos 

0 .46947 .53171 1.8807 .88295 60 
1 973 208 .8794 281 59 
2 .46999 246 .8781 267 58 
3 .47024 283 .8768 254 57 
4 050 320 .8755 240 56 
6 .47076 .53358 1.8741 .88226 55 
6 101 395 .8728 213 54 
7 127 432 .8715 199 53 
8 153 470 .8702 185 52 
9 178 507 .8689 172 51 

10 .47204 .53545 1.8676 .88158 50 
II 229 582 .8663 144 49 
12 255 620 .8650 130 48 
13 281 657 .8637 117 47 
14 306 694 .8624 103 46 
15 .47332 53732 1.8611 .88089 45 
16 358 769 .8598 075 44 
17 383 807 .8585 062 43 
18 409 844 .8572 048 42 
19 434 882 .8559 034 41 
20 .47460 .53920 1.8546 .88020 40 
21 486 957 .8533 .88006 39 
22 511 .53995 .8520 .87993 38 
23 537 .54032 .8507 979 37 
24 562 070 .8495 965 36 
26 .47588 .54107 1.8482 .87951 36 
26 614 145 .8469 937 34 
27 639 183 .8456 923 33 
28 665 220 .8443 909 32 
29 690 258 .8430 896 31 
30 .47716 .54296 1.8418 .87882 30 
31 741 333 .8405 868 29 
32 767 371 .8392 854 28 
33 793 409 .8379 840 27 
34 818 446 .8367 826 26 
36 .47844 .54484 1.8354 .87812 25 
36 869 522 .8341 798 24 
37 893 560 .8329 784 23 
38 920 597 .8316 770 22 
39 946 635 .8303 756 21 
40 .47971 .54673 1.8291 .87743 20 
41 .47997 711 .8278 729 19 
42 .48022 748 .8265 715 18 
43 048 786 .8253 701 17 
44 073 824 .8240 687 16 
45 .48099 .54862 1.8228 .87673 15 
46 124 900 .8215 659 14 
47 150 938 .8202 645 13 
48 175 .54975 .8190 631 12 
49 201 .55013 .8177 617 11 
50 .48226 .55051 1.8165 .87603 10 
51 252 089 .8152 589 9 
52 277 127 .8140 575 8 
53 303 165 .8127 561 7 
54 328 203 .8115 546 6 
56 .48354 .55241 1.8103 .87532 5 
56 379 279 .8090 518 4 
57 405 317 .8078 504 3 
58 430 355 .8065 490 2 
59 456 393 .8053 476 1 
60 .48481 .55431 1.8040 .87462 0 

Icos cot tan Win ' 

61° 

' I en I tan cot 1 cos I 

0 .48481 .55431 1.8040 .87462 60 
1 506 469 .8028 448 59 
2 532 507 .8016 434 58 
3 557 545 .8003 420 57 
4 583 583 .7991 406 56 
6 .48608 .55621 1.7979 .87391 55 
6 634 659 .7966 377 54 
7 659 697 .7954 363 53 
8 684 736 .7942 349 52 
9 710 774 .7930 335 51 

10 .48735 .55812 1.7917 .87321 50 
11 761 850 .7905 306 49 
12 786 888 .7893 292 48 
13 811 926 .7881 278 47 
14 837 .55964 .7868 264 46 
15 .48862 .56003 1.7856 .87250 46 
16 888 041 .7844 235 44 
17 913 079 .7832 221 43 
18 938 117 .7820 207 42 
19 964 156 .7808 193 41 
20 .48989 .56194 1.7796 .87178 40 
21 .49014 232 .7783 164 39 
22 040 270 .7771 150 38 
23 065 309 .7759 136 37 
24 090 347 .7747 121 36 
26 .49116 .56385 1.7735 .87107 36 
26 141 424 .7723 093 34 
27 166 462 .7711 079 33 
28 192 501 .7699 064 32 
29 217 539 .7687 050 31 
20 .49242 .56577 1.7675 .87036 30 
31 268 616 .7663 021 29 
32 293 654 .7651 .87007 28 
33 318 693 .7639 .86993 27 
34 344 731 7627 978 26 
35 .49369 .56769 1.7615 .86964 25 
36 394 808 .7603 949 24 
37 419 846 .7591 935 23 
38 445 885 .7579 921 22 
39 470 923 .7567 906 21 
40 .49495 56962 1.7556 86892 20 
41 521 57000 .7544 878 19 
42 546 039 .7532 863 18 
43 571 078 .7520 849 17 
44 596 116 .7508 834 16 
45 .49622 .57155 1.7496 .86820 16 
46 647 193 .7485 805 14 
47 672 232 .7473 791 13 
48 697 271 .7461 77? 12 
49 723 309 .7449 762 II 
50 .49748 .57348 1.7437 .86748 10 
51 773 386 .7426 733 9 
52 798 425 .7414 719 8 
53 824 464 .7402 704 7 
54 849 503 .7391 690 6 
55 .49874 .57541 1.7379 .86675 5 
56 899 580 .7367 661 4 
57 924 619 .7355 646 3 
58 950 657 .7344 632 2 
59 .49975 696 .7332 617 1 
60 .50000 .57735 1.7321 .86603 0 
1 cos cot tan sin I ' 

538 



30° 31° 
.--- I en I tan ce cos 1 

0 .50000 .57735 1.7321 .86603 60 
1 025 774 .7309 588 59 
2 050 813 .7297 573 58 
3 076 851 .7286 559 57 
4 101 890 .7274 544 56 
6 .50126 .57929 1.7262 .86530 55 
6 151 .57968 .7251 515 54 
7 176 .58007 .7239 501 53 
8 201 046 .7228 486 52 
9 227 085 .7216 471 51 

10 .50252 .58124 1.7205 .86457 50 
11 277 162 .7193 442 49 
12 302 201 .7182 427 48 
13 327 240 .7170 413 47 
14 352 279 .7159 398 46 
15 .59377 .58318 1.7147 .86384 45 
16 403 357 .7136 369 44 
17 428 396 .7124 354 43 
18 453 435 .7113 340 42 
19 478 474 .7102 325 41 
20 .50503 .58513 1.7090 .86310 40 
21 528 552 .7079 295 39 
22 553 591 .7067 281 38 
23 578 631 .7056 266 37 
24 603 670 .7045 251 36 
25 .50628 .58709 1.7033 .86237 35 
26 654 748 .7022 222 34 
27 679 787 .7011 207 33 
28 704 826 .6999 192 32 
29 729 865 .6988 178 31 
30 .53754 .58905 1.6977 .86163 30 
31 779 944 .6965 148 29 
32 804 .58983 .6954 133 28 
33 829 .59022 .6943 119 27 
34 854 061 .6932 104 26 
35 .50879 .59101 1.6920 .86089 25 
36 904 14) .6909 074 24 
37 929 179 .6898 059 23 
38 954 218 .6887 045 22 
39 .50979 258 .6875 030 21 
40 .51004 .59297 1.6864 .86015 20 
41 029 336 .6853 .86000 19 
42 054 376 .6842 .85985 18 
43 079 415 .6831 970 17 
44 104 454 .6820 956 16 
45 .51129 .59494 1.6808 .85941 15 
46 154 533 .6797 926 14 
47 179 573 .6786 911 13 
48 204 612 .6775 896 12 
49 229 651 .6764 881 11 
50 .51254 .59691 1.6753 .85866 10 
51 279 730 .6742 851 9 
52 304 770 .6731 836 8 
53 329 809 .6720 821 7 
54 354 849 .6709 806 6 
55 .51379 .59888 1.6698 .85792 5 
56 404 928 .6687 777 4 
57 429 .59967 .6676 762 3 
58 • 454 .60007 .6665 747 2 
59 479 046 .6654 732 I 
60 .51504 .60086 1.6643 .85717 0 

' cos J cot tan en 

59° 

' Mn I tan I cot cos I' 

0 .51504 .60086 1.6643 .85717 60 
1 529 126 .6632 702 59 
2 554 165 .6621 687 58 
3 579 205 .6610 672 57 
4 604 245 .6599 657 56 
5 .51628 .60284 1.6588 .85642 55 
6 653 324 .6577 627 54 
7 678 364 .6566 612 53 
8 703 403 .6555 597 52 
9 728 443 .6545 582 51 

10 .51753 .60483 1.6534 .85567 E? 
11 778 522 .6523 551 49 
12 803 562 .6512 536 48 
13 828 602 .6501 521 47 
14 852 642 .6490 506 46 

15 51877 .60681 1.6479 .85491 45 
16 902 721 .6469 476 44 
17 927 761 .6458 461 43 
18 952 801 .6447 446 42 
19 .51977 841 .6436 43i 41 
20 .52002 .60881 1.6426 .85416 40 
21 026 921 .6413 401 39 
22 051 .60960 .6404 385 38 
23 076 .61000 .6393 370 37 
24 101 040 .6383 355 36 
25 .52126 .61080 1.6372 .85340 35 
26 151 120 .6361 323 34 
27 175 160 .6351 310 33 
28 200 200 .6340 294 32 
29 225 240 .6329 279 31 
30 .52230 .61280 1.6319 .85264 30 
31 275 320 .6308 249 29 
32 299 360 .6297 234 28 
33 324 400 .6287 218 27 
34 349 440 .6276 203 26 

35 .52374 .61480 1.6265 .85188 25 
36 399 520 .6255 173 24 
37 423 561 .6244 157 23 
38 448 601 .6234 142 22 
39 473 641 .6223 127 21 
40 .52498 .61681 1.6212 .85112 20 
41 522 721 .6202 096 19 
42 547 761 .6191 081 18 
43 572 801 .6181 066 17 
44 597 842 .6170 051 16 
46 .52621 .61882 1.6160 .85035 15 
46 646 922 .6149 020 14 
47 671 .61962 .6139 .85005 13 
48 696 .62003 .6128 .84989 12 
49 720 043 .6118 974 11 
50 .52745 .62083 1.6107 .84959 10 
51 770 124 .6097 943 9 
52 794 164 .6087 928 8 
53 819 204 .6076 913 7 
54 844 245 .6066 897 6 
55 .52869 .62285 1.6055 .84882 5 
56 893 325 .6043 866 4 
57 918 366 .6034 851 3 
58 943 406 .6024 836 2 
59 967 446 .6014 820 1 
60 .52992 .62487 1.6003 .84805 0 

' cos cot tan en 

539 58° 



32° 33° 
Sm I tan, cot «is' 

0 .52992 .62487 1.6003 .84805 60 
1 .53017 527 .5993 789 59 
2 041 568 .5983 774 58 
3 066 608 .5972 759 57 
4 091 649 .5962 743 56 
6 .53115 .62689 1.5952 .84728 55 
6 140 730 .5941 712 54 
7 164 770 .5931 697 53 
8 189 811 .5921 681 52 
9 214 852 .5911 666 51 

10 .53238 .62892 1.5900 .84650 50 
11 263 933 .5890 635 49 
12 288 .62973 .5880 619 48 
13 312 .63014 .5869 604 47 
14 337 053 .5859 588 46 
15 .53361 .63095 1.5849 .84573 45 
16 386 136 .5839 557 44 
17 411 177 .5829 542 43 
18 435 217 .5818 526 42 
19 460 258 .5808 511 41 
20 .53484 .63299 1.5798 .84495 40 
21 509 340 .5788 480 39 
22 534 380 .5778 464 38 
23 558 421 .5768 448 37 
24 583 462 .5757 433 36 
25 .53607 .63503 1.5747 .84417 35 
26 632 544 .5737 402 34 
27 656 584 .5727 386 33 
28 681 625 .5717 370 32 
29 705 666 .5707 355 31 
30 .53730 .63707 1.5697 .84339 30 
31 754 748 .5687 324 29 
32 779 789 .5677 308 28 
33 804 830 .5667 292 27 
34 828 871 .5657 277 26 
35 .53853 .63912 1.5647 .84261 25 
36 877 953 .5637 245 24 
37 902 .63994 .5627 230 23 
38 926 .64035 .5617 214 22 
39 951 076 .5607 198 21 
40 .53975 .64117 1.5597 .84182 20 
41 .54000 158 .5587 167 19 
42 024 199 .5577 151 18 
43 049 240 .5567 135 17 
44 073 281 .5557 120 16 
45 .54097 .64322 1.5547 .84104 15 
46 122 363 .5537 088 14 
47 146 404 .5527 072 13 
48 171 446 .5517 057 12 
49 195 487 .5507 041 11 
50 .54220 .64528 1.5497 .84025 10 
51 244 569 .5487 .84009 9 
52 269 610 .5477 .83994 8 
53 293 652 .5468 978 7 
54 317 693 .5458 962 6 
55 54342 .64734 1.5448 .83946 5 
56 366 775 .5438 930 4 
57 391 817 .5428 913 3 
58 415 858 .5418 899 2 
59 440 899 .5408 883 1 

60 .54464 64941 1.5399 83867 0 

cos cot tan en , 

57° 

' en tan cot I cos I 

0 .54464 .64941 1.5399 .83867 60 
1 488 .64982 .5389 851 59 
2 513 .65024 .5379 835 58 
3 537 063 .5369 819 57 
4 561 106 .5359 804 56 
5 .54586 .65148 1.5330 .83788 66 
6 610 189 .5340 772 54 
7 633 231 .5330 756 53 
8 659 272 .5320 740 52 
9 683 314 .5311 724 51 

10 .54708 .65355 1.5301 .83708 50 
11 732 397 .5291 692 49 
12 756 438 .5282 676 48 
13 781 480 .5272 660 47 
14 803 521 .5262 645 46 
16 .54829 .65563 1.5253 .83629 46 
16 854 604 .5243 613 44 
17 878 646 .5233 597 43 
18 902 688 .5224 581 42 
19 927 729 .5214 565 41 
20 .54951 .65771 1.5204 .83549 40 
21 975 813 .5195 535 39 
22 .54999 854 .5185 517 38 
23 .55024 896 .5175 501 37 
24 048 938 .5166 485 36 
25 .55072 .65980 1.5156 .83469 35 
26 097 .66021 .5147 453 34 
27 121 063 .5137 437 33 
28 145 105 .5127 421 32 
29 169 147 .5118 405 31 
30 .55194 .66189 1.5108 .83389 30 
31 218 230 .5099 373 29 
32 242 272 .5089 356 28 
33 266 314 .5080 340 27 
34 291 356 .5070 324 26 
35 .55315 .66398 1.5061 .83308 25 
36 339 440 .5051 292 24 
37 363 482 .5042 276 23 
38 388 524 .5032 260 22 
39 412 566 .5023 244 21 
40 .55436 .66608 1.5013 .83228 20 
41 460 630 .5004 212 19 
42 484 692 .4994 195 18 
43 509 734 .4985 179 17 
44 533 776 .4975 163 16 
45 .55557 .66818 1.4966 .83147 16 
46 581 860 .4957 131 14 
47 605 902 .4947 115 13 
48 630 944 .4938 098 12 
49 654 .66986 .4928 082 11 
50 .55678 .67028 1.4919 .83066 10 
51 702 071 .4910 050 9 
52 726 113 .4900 034 8 
53 750 155 .4891 017 7 
54 775 197 .4882 .83001 6 
56 .55799 .67239 1.4872 .82985 5 
56 823 282 .4863 969 4 
57 847 324 .4854 953 3 
58 871 366 .4844 936 2 
59 895 409 .4835 920 1 
60 .55919 .67451 1.4826 .82904 C1 

cos ce I tan sin • 1 

540 56° 



34° 35° 
' I sin tan cot cos I 

0 .55919 .67451 1.4826 .82904 60 
1 943 493 .4816 887 59 
2 968 536 .4807 871 58 
3 .55992 578 .4798 855 57 
4 .56016 620 .4788 839 56 
5 .56040 .67663 1.4779 .82822 55 
6 064 705 .4770 806 54 
7 088 748 .4761 790 53 
8 112 790 .4751 773 52 
9 136 832 .4742 757 51 

10 .56160 .67875 1.4733 .82741 50 
II 184 917 .4724 724 49 
12 208 .67960 .4713 708 48 
13 232 .68002 .4705 692 47 
14 256 045 .4696 675 46 
15 .56280 .68088 1.4687 .82659 45 
16 305 130 .4678 643 44 
17 329 173 .4669 626 43 
18 353 215 .4659 610 42 
19 377 258 .4650 593 41 
20 .56401 .68301 1.4641 .82577 40 
21 423 343 .4632 561 39 
22 449 386 .4623 544 38 
23 473 429 .4614 528 37 
24 497 471 .4605 511 36 
25 .56521 .68514 1.4596 .82495 35 
26 545 557 .4586 478 34 
27 569 600 .4577 462 33 
28 593 642 .4568 446 32 
29 617 685 .4559 429 31 
30 .56641 .68728 1.4550 .82413 30 
31 665 771 .4541 396 29 
32 689 814 .4532 380 28 
33 713 857 .4523 363 27 
34 736 900 .4514 347 26 
35 .56760 .68942 1.4505 .82330 25 
36 784 .68985 .4496 314 24 
37 808 .69028 .4487 297 23 
38 832 071 .4478 281 22 
39 856 114 .4469 264 21 
40 .56880 .69157 1.4460 .82248 20 
41 904 200 .4451 231 19 
42 928 243 .4442 214 18 
43 952 286 .4433 198 17 
44 .56976 329 .4424 181 16 
45 .57000 .69372 1.4415 .82165 15 
46 024 416 .4406 148 14 
47 047 459 .4397 132 13 
48 071 502 .4388 115 12 
49 095 545 .4379 098 11 
50 .57119 .69588 1.4370 .82082 10 
51 143 631 .4361 065 9 
52 167 675 .4352 048 8 
53 191 718 .4344 032 7 
54 213 761 .4335 .82015 6 
55 .57238 .69804 1.4326 .81999 5 
56 262 847 .4317 982 4 
57 286 891 .4308 965 3 
58 310 934 .4299 1 949 2 
59 334 .69977 .4290 932 1 
60 .57358 .70021 1.4281 .81915 0 

Icos cot tan en ' 

55° 

' I en tin I cot cos I 

0 .57358 .70021 1.4281 .81915 60 
1 381 064 .4273 899 59 
2 405 107 .4264 882 58 
3 429 151 .4255 865 57 
4 453 194 .4246 848 56 
5 .57477 .70238 1.4237 .81832 55 
6 501 281 .4229 815 54 
7 524 323 .4220 798 53 
8 548 368 .4211 782 52 
9 572 412 .4202 765 51 

10 .57596 .70455 1.4193 .81748 60 
11 C19 499 .4185 731 49 
12 643 542 .4176 714 48 
13 667 586 .4167 698 47 
14 691 629 .4158 681 46 
15 .57715 .70673 1.4150 .81664 45 
16 738 717 .4141 647 44 
17 762 760 .4132 631 43 
18 786 804 .4124 614 42 
19 810 848 .4115 597 41 
20 .57833 .70891 1.4106 .81580 40 
21 857 935 .4097 563 39 
22 881 .70979 .4089 546 38 
23 904 .71023 .4080 530 37 
24 928 066 .4071 513 36 
25 .57952 .71110 1.4063 .81496 35 
26 976 154 .4054 479 34 
27 .57999 198 .4045 462 33 
28 .58023 242 .4037 445 32 
29 047 285 .4028 428 31 
30 .58070 .71329 1.4019 .81412 30 
31 094 373 .4011 395 29 
32 118 417 .4002 378 28 
33 141 461 .3994 361 27 
34 165 505 .3985 344 26 
35 .58189 . 71549 1.3976 .81327 25 
36 212 593 .3968 310 24 
37 236 637 .3959 293 23 
38 260 681 .3951 276 22 
39 283 725 .3942 259 21 
40 .58307 .71769 1.3934 .81242 20 
41 330 813 .3925 225 19 
42 354 857 .3916 208 18 
43 378 901 .3908 191 17 
44 401 946 .3899 174 16 
45 .58425 .71990 1.3891 .81157 15 
46 449 .72034 .3882 140 14 
47 472 078 .3874 123 13 
48 496 122 .3865 106 12 
49 519 167 .3857 089 11 
50 .58543 .72211 1.3848 .81072 16 
51 567 255 .3840 055 9 
52 590 299 .3831 038 8 
53 614 344 .3823 021 7 
54 637 388 .3814 .81004 6 
55 .58661 .72432 1.3806 80987 5 
56 684 477 .3798 970 4 
57 708 521 .3789 953 3 
58 731 565 .3781 936 2 
59 755 610 .3772 919 1 
60 .58779 .72654 1.3764 .80902 0 

cos cot tan sin 

541 54° 



36° 37° 
' I en tan cot cos I 

0 .58779 .72654 1.3764 .80902 60 
1 802 699 .3755 885 59 
2 826 743 .3747 867 58 
3 849 788 .3739 850 57 
4 873 832 .3730 833 56 
5 .58896 .72877 1.3722 .80816 55 
6 920 921 .3713 799 54 
7 943 .72966 .3705 782 53 
8 967 .73010 .3697 765 52 
9 .58990 055 .3688 748 51 

10 .59014 .73100 1.3680 .80730 50 
11 037 144 .3672 713 49 
12 061 189 .3663 696 48 
13 084 234 .3655 679 47 
14 108 278 .3647 662 46 
15 .59131 .73323 1.3638 .80644 45 
16 154 368 .3630 627 44 
17 178 413 .3622 610 43 
18 201 457 .3613 593 42 
19 225 502 .3605 576 41 
20 .59248 .73547 1.3597 .80558 40 
21 272 592 .3588 541 39 
22 295 637 .3580 524 38 
23 318 681 .3572 507 37 
24 342 726 .3564 489 36 
25 .59365 .73771 1.3555 .80472 35 
26 389 816 .3547 455 34 
27 412 861 .3539 438 33 
28 436 906 .3531 420 32 
29 459 951 .3522 403 31 
30 .59482 .73996 1.3514 .80386 30 
31 506 74041 .3506 368 29 
32 529 086 .3498 351 28 
33 552 131 .3490 334 27 
34 576 176 .3481 316 26 
35 .59599 .74221 1.3473 .80299 25 
36 622 267 .3465 282 24 
37 646 312 .3457 264 23 
38 669 357 .3449 247 22 
39 693 402 .3440 230 21 
40 .59716 .74447 1.3432 .80212 20 
41 739 492 .3424 195 19 
42 763 538 .3416 178 18 
43 786 583 .3408 160 17 
44 809 628 .3400 143 16 
45 .59832 .74674 1.3392 .80125 15 
46 856 719 .3384 108 14 
47 879 764 .3375 091 13 
48 902 810 .3367 073 12 
49 926 855 .3359 056 11 
50 59949 .74900 1.3351 .80038 10 
51 972 946 .3343 021 9 
52 .59995 .74991 .3333 . 80003 8 
53 .66019 .75037 .3327 . 79986 7 
54 042 082 .3319 968 6 
55 .60065 .75128 1.3311 .79951 5 
56 089 173 .3303 934 4 
57 112 219 .3295 916 3 
58 135 264 .3287 899 2 
59 158 310 .3278 881 1 
60 .60182 .75355 1.3270 . 79864 0 

cos cot I tan [ Síu 

53° 

' sin tan cot cos I 

0 .60182 .75355 1.3270 .79864 60 
1 205 401 .3262 846 59 
2 228 447 .3254 829 58 
3 251 492 .3246 811 57 
4 274 538 .3238 793 56 
5 .60298 .75584 1.3230 .79776 55 
6 321 629 .3222 758 54 
7 344 675 .3214 741 53 
8 367 721 .3206 723 52 
9 390 767 .3198 706 51 

10 .60414 .75812 1.3190 .79688 50 
11 437 858 .3182 671 49 
12 460 904 .3175 653 48 
13 483 950 .3167 635 47 
14 506 .75996 .3159 618 46 
15 .60529 .76042 1.3151 .79600 45 
16 553 088 .3143 583 44 
17 576 134 .3135 565 43 
18 599 180 .3127 547 42 
19 622 226 .3119 530 41 
20 .60645 .76272 1.3111 .79512 40 
21 668 318 .3103 494 39 
22 691 364 .3095 477 38 
23 714 410 .3087 459 37 
24 738 456 .3079 441 36 
25 .60761 .76502 1.3072 .79424 35 
26 784 548 .3064 406 34 
27 807 594 .3056 388 33 
28 830 640 .3048 371 32 
29 853 686 .3040 353 31 
30 .60876 .76733 1.3032 .79335 30 
31 899 779 .3024 318 29 
32 922 825 .3017 300 28 
33 945 871 .3009 282 27 
34 968 918 .3001 264 26 
35 .60991 .76914 1.2993 .79247 25 
36 .61015 .77010 .2985 229 24 
37 038 057 .2977 211 23 
38 061 103 .2970 193 22 
39 084 149 .2962 176 21 
40 .61107 .77196 1.2954 .79158 20 
41 130 242 .2946 140 19 
42 153 289 .2938 122 18 
43 176 335 .2931 105 17 
44 199 382 .2923 087 16 
45 .61222 .77428 1.2915 .79069 15 
46 245 475 .2907 051 14 
47 268 521 .2900 033 13 
48 291 568 .2892 .79016 12 
49 314 615 .2884 .78998 11 
50 .61337 .77661 1.2876 .78980 10 
51 360 708 .2869 962 9 
52 383 754 .2861 944 8 
53 406 801 .2853 926 7 
54 429 848 .2846 908 6 
55 .61451 .77895 1.2838 .78891 5 
56 474 941 .2830 873 4 
57 497 .77988 .2822 855 3 
58 520 .78035 .2815 837 2 
59 543 082 .2807 819 1 
60 .61566 .78129 1.2799 .78801 0 

cos oe tan en I ' 

542 52° 



38° 39° 
' en tan cot I cos I 

0 .61566 .78129 1.2799 . 78801 60 
1 589 175 .2792 783 59 
2 612 222 .2784 765 58 
3 635 269 .2776 747 57 
4 658 316 .2769 729 56 
5 .61681 .78363 1.2761 .78711 55 
6 704 410 .2753 694 54 
7 726 457 .2746 676 53 
8 749 504 .2738 658 52 
9 772 551 .2731 640 51 

10 .61795 .78598 1.2723 .78622 50 
11 818 645 .2715 604 49 
12 841 692 .2708 586 48 
13 864 739 .2700 568 47 
14 887 786 .2693 550 46 
15 .61909 .78834 1.2683 .78532 45 
16 932 881 .2677 514 44 
17 955 928 .2670 496 43 
18 .61978 .78975 .2662 478 42 
19 .62001 .79022 .2655 460 41 
20 .62024 .79070 1.2647 .78442 40 
21 046 117 .2640 424 39 
22 069 164 .2632 405 38 
23 092 212 .2624 387 37 
24 115 259 .2617 369 36 
25 .62138 .79306 1.2609 .78351 35 
26 160 354 .2602 333 34 
27 183 401 .2594 315 33 
28 206 449 .2587 297 32 
29 229 496 .2579 279 31 
30 .62251 .79544 1.2572 .78261 30 
31 274 591 .2564 243 29 
32 297 639 .2557 225 28 
33 320 686 .2549 206 27 
34 342 734 .2542 188 26 
35 .62365 .79781 1.2534 .78170 25 
36 388 829 .2527 152 24 
37 411 877 .2519 134 23 
38 433 924 .2512 116 22 
39 456 .79972 .2504 098 21 
40 .62479 .80020 1.2497 .78079 20 
41 502 067 .2489 061 19 
42 524 115 .2482 043 18 
43 547 163 .2475 025 17 
44 570 211 .2467 .78007 16 
45 .62592 .80258 1.2460 .77988 15 
46 615 306 .2452 970 14 
47 638 354 .2445 952 13 
48 660 402 .2437 934 12 
49 683 450 .2430 916 11 
50 .62706 .80498 1.2423 .77897 10 
51 728 546 .2415 879 9 
52 751 594 .2408 861 8 
53 774 642 .2401 843 7 
54 796 690 .2393 824 6 
55 .62819 .80738 1.2386 .77806 5 
56 842 786 .2378 788 4 
57 664 834 .2371 769 3 
58 887 882 .2364 751 2 
59 909 930 .2356 733 1 
60 .62932 .80978 1.2349 .77715 0 

Icos I cot tan sin ' 

51° 

' I sin tan cot cos 1 

0 .62932 .80978 1.2349 .77715 60 
1 955 .81027 .2342 696 59 
2 .62977 075 .2334 678 38 
3 .63000 123 .2327 660 57 
4 022 171 .2320 641 56 
5 .63045 .81220 1.2312 .77623 55 
6 068 268 .2303 605 54 
7 090 316 .2298 586 53 
8 113 364 .2290 568 52 
9 135 413 .2283 530 51 

10 .63158 .81461 1.2276 .7/531 50 
11 180 510 .2268 513 49 
12 203 558 .2261 494. 48 
13 225 606 .2254 476 47 
14 248 655 .2247 458 46 
15 .63271 .81703 1.2239 .77439 45 
16 293 752 .2232 421 44 
17 316 800 .2223 402 43 
18 338 849 .2218 384 42 
19 361 898 .2210 366 41 
20 .63383 .81946 1.2203 .77347 40 
21 406 .81993 .2196 329 39 
22 428 .82044 .2189 310 38 
23 451 092 .2181 292 37 
24 473 141 .2174 273 36 
25 .63496 .82190 1.2167 .77255 35 
26 518 238 .2160 236 34 
27 540 287 .2153 218 33 
28 563 336 .2145 199 32 
29 585 385 .2138 181 31 
30 .63608 .82434 1.2131 .77162 30 
31 630 483 .2124 144 29 
32 653 531 .2117 125 28 
33 675 580 .2109 107 27 
34 698 629 .2102 088 26 
35 .63720 .82678 1.2095 .77070 26 
36 742 727 .2088 051 24 
37 765 776 .2081 033 23 
38 787 825 .2074 .77014 22 
39 810 874 .2066 .76996 21 
40 .63832 .82923 1.2059 .76977 20 
41 854 .82972 .2052 959 19 
42 877 .83022 .2045 940 18 
43 899 071 .2038 921 17 
44 922 120 .2031 903 16 
45 .63944 .83169 1.2024 .76884 15 
46 966 218 .2017 866 14 
47 .63989 268 .2009 847 13 
48 .64011 317 .2002 828 12 
49 033 366 .1995 810 11 
50 .64056 .83415 1.1988 .76791 10 
51 078 463 .1981 772 9 
52 100 514 .1974 754 8 
53 123 564 .1967 735 7 
54 145 613 .1960 717 6 
55 .64167 .83662 1.1953 .76698 6 
56 190 712 .1946 679 4 
57 212 761 .1939 661 3 
58 234 811 .1932 6e 2 
59 256 860 .1925 623 1 
60 .64279 .83910 1.1918 .76604 0 

1 cos cot tan en 1 ' 

548 50° 



40° 41° 
' I inn I tan tat I atal r 

0 .64279 .83910 1.1918 .76604 60 
..1 301 .83960 .1910 586 59 
,1,2 323 .84009 .1903 567 58 
-3 346 059 .1896 548 57 
'4 368 108 .1889 530 56 
5 .64390 .84158 1.1882 .76511 55 
6 412 208 .1875 492 54 
7 435 258 .1868 473 53 
8 457 307 .1861 453 52 
9 479 357 .1854 436 51 

10 .64501 .84407 1.1847 .76417 50 
II 524 457 .1840 398 49 
12 546 507 -.1833 380 48 
13 568 556 .1826 361 47 
14 590 606 .1819 342 46 
15 .64612 .84656 1.1812 .76323 45 
16 635 706 .1806 304 44 
17 657 756 .1799 286 43 
18 679 806 .1792 267 42 
19 701 856 .1785 248 41 
20 .64723 .84906 1.1778 .76229 40 
21 746 .84956 1771 210 39 In 768 .85006 .1764 192 38 
23 790 057 .1757 173 37 
24 812 107 .1750 154 36 
25 .64834 .85157 1.1743 .76133 35 
26 856 207 .1736 116 34 
27 878 257 .1729 097 33 
28 901 308 .1722 078 32 
29 923 358 .1715 059 31 
30 .64945 .85408 1.1708 76041 30 
31 ,967 458 .1702 022 29 
32 .64989 509 .1695 76003 28 
33 .65011 559 .1688 75984 27 
34 . 033 609 .1681 965 26 
35 .65055 .85660 1.1674 .75946 25 
.36 077 710 .1667 927 24 
37 100 761 .1660 908 23 
38 122 811 .1653 889 22 
39 144 862 .1647 870 21 
40 .65166 .85912 1.1640 .75851 20 
41 188 .85963 .1633 832 19 
42 210 .86014 .1626 813 18 
43 232 064 .1619 794 17 
44 254 115 .1612 775 16 
0 .65276 .86166 1.1606 .75756 15 
46 298 216 .1599 738 14 
47 .320 267 .1592 719 13 
48 342 318 .1585 700 12 
49 364 368 .1578 680 11 
50 .65386 .86419 1.1571 .75661 10 
51 408 470 .1565 642 9 
52 430 521 .1558 623 8 
53 452 572 .1551 604 7 
54 474 623 .1544 585 6 
55 .65496 .86674 1.1538 .75566 5 
56 518 725 .1531 547 4 
57 540 776 .1524 528 3 
58 562 827 .1517 509 2 
59 584 878 .1510 490 1 
60 .65606 .86929 1.1504 75471 0 

Icos I cot I tan I sin I ' 

49° 

' ' 1 sin tan cot I cos I 

0 .65606 .86929 1.1504 .75471 60 
I 628 .86980 .1497 452 59 
2 650 .87031 .1490 433 58 
3 672 082 .1483 414 57 
4 694 133 .1477 395 56 
5 .65716 .87184 1.1470 .75375 55 
6 738 236 .1463 356 54. 
7 759 287 .1456 337 53 
8 781 338 .1430 318 52 
9 803 389 .1443 299 51 

10 .65825 .87441 1.1436 .75280 50 
11 847 492 .1430 261 49 
12 869 543 .1423 241 48 
13 891 595 .1416 222 47 
14 913 646 .1410 203 46 
15 .65935 .87698 1.1403 .75184 45 
16 956 749 .1396 165 44 
17 .65978 801 .1389 146 43 
18 .66000 852 .1383 126 42 
19 022 904 .1376 107 41 
20 .66044 .87955 1.1369 .75088 40 
21 066 .88007 .1363 069 39 
22 088 059 .1356 OSO 38 
23 109 110 .1349 030 37 
24 131 162 .1343 .75011 36 
26 .66153 .88214 1.1336 .74992 35 
26 175 265 .1329 973 34 
27 197 317 .1323 953 33 
28 218 369 .1316 934 32 
29 240 421 .1310 915 31 
30 .66262 .88473 1.1303 .74896 30 
31 284 524 .1296 876 29 
32 306 576 .1290 857 28 
33 327 628 .1283 838 27 
34 349 680 .1276 818 26 
35 .66371 .88732 1.1270 .74799 26 
36 393 784 .1263 780 24 
37 414 836 .1257 760 23 
38 436 888 .1250 741 22 
39 458 940 .1243 722 21 
40 .66480 .88992 1.1237 .74703 20 
41 501 .89045 .1230 683 19 
42 523 097 .1224 664 18 
43 545 149 .1217 644 17 
44 566 201 .1211 625 16 
45 .66588 .89253 1.1204 .74606 15 
46 610 306 .1197 586 14 
47 632 358 .1191 567 13 
48 653 410 .1184 548 12 
49 675 463 .1178 528 II 
50 .66697 .89515 1.1171 .74509 10 
51 718 567 .1165 489 9 
52 740 620 .1158 470 8 
53 762 672 .1152 451 7 
54 783 725 .1145 431 6 
55 .66805 .89777 1.1139 .74412 8 
56 827 830 .1132 392 4 
57 848 883 .1126 373 3 
58 870 935 .1119 353 2 
59 891 .89988 .1113 334 1 
60 .66913 .90040 1.1106 .74314 0 

_ I cos I cot l tan I sin I ' 

511 48° 



42° 43° 

Isin tan cot cos 

0 .66913 .90040 1.1106 .74314 60 
1 935 093 .1100 295 59 
2 956 146 .1093 276 58 
3 978 199 .1087 256 57 
4 .66999 251 .1080 237 56 

5 .67021 .90304 1.1074 .74217 55 
6 043 357 .1067 198 54 
7 064 410 .1061 178 53 
8 086 463 .1054 159 52 
9 107 516 .1048 139 51 

10 .67129 .90569 1.1041 .74120 60 
11 151 621 .1035 100 49 
12 172 674 .1028 080 48 
13 194 727 .1022 061 47 
14 215 781 .1016 041 46 

15 .67237 .90834 1.1009 .74022 45 
16 258 887 .1003 .74002 44 
17 280 940 .0996 .73983 43 
18 301 .90993 .0990 963 42 
19 323 .91046 .0983 944 41 

20 .67344 .91099 1.0977 .73924 40 
21 366 153 .0971 904 39 
22 387 206 .0964 885 38 
23 409 259 .0958 865 37 
24 430 313 .0951 846 36 

25 .67452 .91366 1.0945 .73826 35 
26 473 419 .0939 806 34 
27 495 473 .0932 787 33 
28 516 526 .0926 767 32 
29 538 580 .0919 747 31 

30 .67559 .91633 1.0913 .73728 30 
31 580 687 .0907 708 29 
32 602 740 .0900 688 28 
33 623 794 .0894 669 27 
34 645 847 .0888 649 26 

35 .67666 .91901 1.0881 .73629 25 
36 688 .91955 .0875 610 24 
37 709 .92008 .0869 590 23 
38 730 062 .0862 570 22 
39 752 116 .0856 551 21 

40 .67773 .92170 1.0850 .73531 20 
41 795 224 .0843 511 19 
42 816 277 .0837 491 18 
43 837 331 .0831 472 17 
44 859 385 .0824 452 16 

45 .67880 .92439 1.0818 .73432 15 
46 901 493 .0812 413 14 
47 923 547 .0805 393 13 
48 944 601 .0799 373 12 
49 965 655 .0793 353 11 

E0 .67987 .92709 1.0786 .73333 10 
51 .68008 763 .0780 314 9 
52 029 817 .0774 294 8 
53 051 872 .0768 274 7 
54 072 926 .0761 254 6 

55 .68093 .92980 1.0755 .73234 5 
56 115 .93034 .0749 215 4 
57 136 088 .0742 195 3 
58 157 143 .0736 175 2 
59 179 197 .0730 155 1 

60 .68200 .93252 1.0724 .73135 0 

cos 1 cot ! tan I en ' 

47° 

' sin tan cot I cos 

0 .68200 .93252 1.0724 .73135 60 
1 221 306 .0717 116 59 
2 242 360 .0711 096 58 
3 264 415 .0705 076 57 
4 285 469 .0699 056 56 

5 .68306 .93524 1.0692 .73036 55 
6 327 578 .0686 .73016 54 
7 349 633 .0680 .72996 53 
8 370 688 .0674 976 52 
9 391 742 .0668 957 51 

10 .68412 .93797 1.0661 .72937 50 
11 434 852 .0655 917 49 
12 455 906 .0649 897 48 
13 476 .93961 .0643 877 47 
14 497 .94016 .0637 857 46 

15 .68518 .94071 1.0630 .72837 45 
16 539 125 .0624 817 44 
17 561 180 .0618 797 43 
18 582 235 .0612 777 42 
19 603 290 .0606 757 41 

20 .68624 .94345 1.0599 .72737 40 
21 645 400 .0593 717 39 
22 666 455 .0587 697 38 
23 688 510 .0581 677 37 
24 709 565 .0575 657 36 

25 .68730 .94620 1.0569 .72637 36 
26 751 676 .0562 617 34 
27 772 731 .0556 597 33 
28 793 786 .0550 577 32 
29 814 841 .0544 557 31 

30 .68835 .94896 1.0538 .72537 30 
31 857 .94952 .0532 517 29 
32 878 .95007 .0526 497 28 
33 899 062 .0519 477 27 
34 920 118 .0513 457 26 

35 .68941 .95173 1.0507 .72437 26 
36 962 229 .0501 417 24 
37 .68983 284 .0495 397 23 
38 .69004 340 .0489 377 22 
39 025 395 .0483 357 21 

40 .69046 .95451 1.0477 .72337 20 
41 067 506 .0470 317 19 
42 088 562 .0464 297 18 
43 109 618 .0458 277 17 
44 130 673 .0452 257 16 

45 .69151 .95729 1.0446 .72236 15 
46 172 785 .0440 216 14 
47 193 841 .0434 196 13 
48 214 897 .0428 176 12 
49 235 .95952 .0422 156 11 

50 .69256 .96008 1.0416 .72136 10 
51 277 064 .0410 116 9 
52 298 120 .0404 095 8 
53 319 176 .0398 075 7 
54 340 232 .0392 055 6 

55 .69361 .96288 1.0385 .72035 5 
56 382 344 .0379 .72015 4 
57 403 400 .0373 .71995 3 
58 424 457 .0367 974 2 
59 445 513 .0361 954 1 

60 .69466 .96569 1.0355 .71934 0 

cos cot tan sin ' 
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o 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
II 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
46 
46 
47 
48 
49 
50 
51 
52 
53 
54 
56 
56 
57 
58 
59 
60 

.69466 
487 
508 
529 
549 

.69570 
591 
612 
633 
654 

.69675 
696 
717 
737 
758 

.69779 
800 
821 
842 
862 

.69883 
904 
925 
946 
966 

69987 
.70008 

029 
049 
070 

.70091 
112 
132 
153 
174 

.70195 
215 
236 
257 
277 

.70298 
319 
339 
360 
381 

.70401 
422 
443 
463 
484 

.70505 
525 
546 
567 
587 

.70608 
628 
649 
670 
690 

.70711 

.96569 
625 
681 
738 
794 

.96850 
907 

.96963 

.97020 
076 

.97133 
189 
246 
302 
359 

97416 
472 
529 
586 
643 

.97700 
756 
813 
870 
927 

.97984 

.98041 
098 
155 
213 

.98270 
327 
384 
441 
499 

.98556 
613 
671 
728 
786 

.98843 
901 

.98958 

.99016 
073 

.99131 
189 
247 
304 
362 

.99420 
478 
536 
594 
652 

.99710 
768 
826 
884 

.99942 
1.0000 

1.0355 
.0349 
.0343 
.0337 
.0331 

1.0325 
.0319 
.0313 
.0307 
.0301 

1.0295 
.0289 
.0283 
.0277 
.0271 

1.0265 
.0259 
.0253 
.0247 
.0241 

1.0235 
.0230 
.0224 
.0218 
.0212 

1.0206 
.0200 
.0194 
.0188 
.0182 

1.0176 
.0170 
.0164 
.0158 
.0152 

1.0147 
.0141 
.0135 
.0129 
.0123 

1.0117 
.0111 
.0105 
.0099 
.0094 

1.0088 
.0082 
.0076 
.0070 
.0064 
.0058 
.0052 
.0047 
.0041 
.0035 

1.0029 
.0023 
.0017 
.0012 
.0006 

1.0000 

.71934 
914 
894 
873 
853 

.71833 
813 
792 
772 
752 

.71732 
711 
691 
671 
650 

.71630 
610 
590 
569 
549 

.71529 
508 
488 
468 
447 

.71427 
407 
386 
366 
345 

71325 
305 
284 
264 
243 

.71223 
203 
182 
162 
141 

.71121 
100 
080 
059 
039 

.71019 

.70998 
978 
957 
937 

.70916 
896 
875 
855 
834 

.70813 
793 
772 
752 
731 

.70711 

60 
59 
58 
57 
56 
56 
54 
53 
52 
51 
oo 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
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34 
33 
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23 
22 
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20 
19 
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14 
13 
12 
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10 
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o 

cos I cot I tan I sin 

45° 



INDEX 

A 

Absorption, dielectric, 201 
Acoustics, 500 
Addition of sine waves, 116 
Admittance, 310 
Air cell, 85 
Air-cored coil, 138 
Algebraic representation, 284-301 
Alternating currents, 104-129 
Alternating-current solutions, 126 
Alternating voltage, 105 
Alternator, 242 
Ammeter, 221 
Ampere, 15 
Ampere-hour, 90 
Ampere-hour efficiency, 91 
Amplifiers, 450-472 

class A, 467 
class B, 468 
class C, 470 
equivalent circuit for, 452 
feedback, 476 
linear, 450 
power, 450, 460-472 
push-pull, 465 
resistance coupled, 453 
transformer coupled, 458 
voltage, 450, 453-460 

Amplification factor, 413 
Antenna coupling circuits, 400 
Antenna impedance, 398 
Antennas, 394-401 

receiving, 400 
transmitting, 394 

Antiresonance, 276 
Antiresonant frequency, 317 
Apparent power, 261 
Atom, 3 

Attenuation constant, 390 
Average value, 111 

Back voltage, 158 
Balanced networks, 325 
Batteries, 84-94 

dry, 86 
storage, 88 
wet, 84 

Beam-power tube, 423 
Bridge transformer, 365 
Bridges, 343-366 

alternating-current, 348 
direct-current, 343 
electrolytic condenser, 364 
equal-ratio-arm, 349 
impedance, 358 
incremental inductance, 361 
precautions in measurements with 

355 
unequal-ratio-arm, 351 
Wheatstone, 343 

Cable, coaxial, 392 
Cable electrolysis, 96 
Capacitance, 190-198 

calculations of, 194 
definitions of, 191 
problems in, 197 

Capacitive reactance, 251 
Capacitor, 175, 307 
Capacity, electrostatic, 192 

power, 73 
Carbon microphone, 511 
Cathode-ray oscilloscope, 493 

547 
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Cathodes, 405-408 
cold, 429 
filament, 406 
oxide-coated, 407 
separate-heater, 407 
thermionic, 405 
thoiiated-tungsten, 406 
tungsten, 406 

Cell, air, 85 
dry, 86 
Edison, 94 
gravity, 85 
photoelectric, 436, 494 
primary, 85 
storage, 88 
wet, 84 

Characteristic impedance, 377 
Charges, electric, 4 
Charging current, condenser, 198 
Circuit breaker, 171 
Circuit protection, 98 
Circular-mil-foot, 49 
Closed-circuit voltage, 19 
Coaxial cables, 392 
Coefficient of coupling, 322 
Coercive force, 168 
Coils, heat, 99 
impedance of, 353 

Cold-cathode tubes, 429-433 
Communication instruments, 228 
Compliance, 198 
Condenser, 175 

charge and discharge, 198 
Condensers, 175-205 

capacitance of, 193 
dielectric absorption of, 201 
electrolytic, dry, 204 

wet, 203 
energy stored in, 200 
in parallel, 195 
in series, 195 
voltage distribution in, 184 

Condenser microphone, 510 
Conductance, 26-28, 310-312 

alternating-current, 310 
direct-current, 26 
mutual, 414 

Conduction, electrolytic, 94 

Conductors, 45 
Conjugate impedance, 332 
Copper oxide instruments, 229 
Copper oxide rectifiers, 435 
Copper wire, 49 
Cosine, 288 
Coulomb, 96, 180, 191 
Coupled circuits, 321 
Coupling, coefficient of, 322 

close, 322 
Coupling circuits, antenna, 400 
Crystal loud-speaker, 516 
Crystal microphone, 514 
Crystal structure, 2 
Current, 12, 15-41, 104-129 

alternating, 104-129 
direct, 12, 15-41 
leakage, 61 

Cycles per second, 114 

D 

Darafs, 180 
Decibel, 334 
Demodulation, 485 
Depolarizer, 87 
Detection, 485 
Dielectric, 177-205 

absorption, 201 
circuit, 178 
constant, 178 
hysteresis, 188 
strength, 181 
voltage distribution in, 184 

Difference of potential, 8 
Diodes, 409-411, 424-427, 429-431 

cold-cathode, 429 
gas, 424 
high-vacuum, 409 

Direct current, 12, 15-41 
Direct-current energy, 84 
Discriminator, 492 
Distortion, 391-392 

delay, 392 
frequency, 391 
nonlinear, 392 

Drainage bond, 97 
Dry cell, 86 
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Dry electrolytic condenser, 204 
Dynamic loud-speaker, 515, 517 
Dynamic microphone, 512 

E 

Echo, 502 
Eddy currents, 168 
Effective resistance, 257 
Effective value, 112 
Elastance, 180 
Electric charges, 4 
Electric current, 12, 15-41, 104-129 

alternating, 104-129 
direct, 12, 15-41 

Electric energy, 75 
transmission of, 82 

Electric field, 175-205 
Electric filters, 336 
Electric generators, 11, 242 
Electric networks, 303-339 
Electric power, 69 
Electrically long lines, 373 
Electroacoustic.s, 500 
Electrodynamic instruments, 220 
Electrolysis, 96 
Electrolyte, 86 
Electrolytic condenser, 202-205 

dry, 204 
wet, 203 

Electrolytic conduction, 94 
Electrolytic rectifier, 202 
Electromagnet, 168 
Electromagnetic waves, 370-389, 396-

401 
production of, 370 
propagation of, 375 
radiation of, 396 
reflection of, 378, 397 

Electromotive force, 9, 85, 156, 244 
Electronics, 1-13, 405-439 
Electrons, 3, 6, 12 
Electrostatic instruments, 227 
Emission, 405-439 

cold-cathode, 429 
photoelectric, 433 
secondary, 418 
thermionic, 405 

Energy, 68, 75 
direct-current, 84 

Equivalent impedance, 313-321 
Equivalent resistance, 21 

Fading, 488 
Feedback amplifiers, 476 

negative, 476 
positive, 476 

Field, electric, 175-205 
magnetic, 133-171 

Figure of merit, 306 
Filaments, 406 
Filters, 336, 445 
Flux, electric, 176 

magnetic, 144 
Flux leakage, 153 
Force, 68 
Free electrons, 3, 6, 12 

Frequency, 114 
Frequency distortion, 391 
Fringing effect, 180 
Fundamental, 129 
Fuses, 99 

G 

Gas diodes, 424 
Gauge, wire, 52 
Generated voltage, 245 
Generator, 242 

action of, 155 
electric, 11, 242 

Gradient, voltage, 183 
Graphic methods, 122 
Gravity cell, 85 
Guides, wave, 393 

H 

Harmonics, 129 
Hay bridge, 362 
Hearing, 508 
Heat coils, 99 
Henry, 158, 164 
High-pass filter, 338 
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Horn, loud-speaker, 518 
Horsepower, 70 
Hysteresis, 164, 188 

IR drop, 32 
Impedance, 256 

characteristic, 377 
equivalent, 313-321 
iron-cored coils, 353 
matching, 332 
nonlinear, 478 

Impedance bridge, 358 
Impedance transforming circuits, 333 
Impedances, conjugate, 332 
In phase, 110 
Incremental inductance, 360 
Inductance, mutual, 164 

self, 157 
Inductive reactance, 250 
Inductometer, 357 
Inductors, 305 
Input impedance, 385 
Instantaneous value, 111 
Instantaneous voltage, 109 
Instruments, 209-238 
ammeter, 214, 221 
communication, 228 
copper oxide, 229 
damping, 212, 226 
electric, 209 
electrodynamic, 220 
electrostatic, 227 
milliammeters, 213 
millholtmeters, 215 
moving-coil, 210 
moving-iron, 224 
ohmmeter, 218 
permanent-magnet, 210 
voltmeter, 216, 222 
Wattmeter, 222 

Insulating materials, 62 
Insulation resistance, 63 
measurements of, 219 

Insulators, 45, 60, 188 
Ionization, 426 
Ionosphere, 397 

Ions, 95, 426 
Iron-cored coil, 139 

Kennelly-Heaviside layer, 397 
Kilohm, 16 
Kilovolt, 16 
Kilowatt, 70 
Kirchhoff's laws, 34 

Laminations, 169 
Lead-acid storage cells, 88 
Leakage, magnetic, 146, 152 

surface, 62 
Leakage current, 61 
Leakage flux, 153 
Lens's law, 155 
Limiter, 492 
Linear network, 330 
Line termination, 377 
Lines, electric, 374 
- resonant, 385 

transmission, 375 
Lines of force, electric, 189 

magnetic, 133 
Local action, 88 
Long lines, 373 
Loop mile, 51 
Loss, eddy current, 168 

hysteresis, 166 
Loud-speaker, 515 

dynamic, 515, 517 
horn, 518 

Low-pass filter, 337 

Magnetic action, 135 
Magnetic circuit, 140 

calculations for, 150 
Ohm's law, 141 

Magnetic field, 133-140 
air-cored coil, 138 
iron-cored coil, 139 

permanent magnets, 134 
right-hand rule, 137 
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Magnetic field, residual, 167 
screw rule, 137 
around wires, 135, 137 

Magnetic flux, 144 
leakage, 146, 152 

Magnetic permeability, 144, 148 
Magnetic reluctance, 143 
Magnetic saturation, 147 
Magnetism, residual, 167 
Magnetization curves, 147, 148 
Magnetizing force, 145 
Magnetomotive force, 141 
Magnets, permanent, 167 
Matching impedances, 332 
Matter, structure of, 1 
Maximum power transfer, 78 
Maximum value, 111 
Measuring instruments, 209-238 

(See also Instruments) 
Megohm, 16 
Meters, 209 
Mhos, 27, 311 
Microampere, 16 
Microphone, 510 
Microvolt, 16 
Microwatt, 70 
Mil-foot, 51 
Milliammeter, 213 
Milliampere, 16 
Milliwatt, 70 
Millivolt, 16 
Millivoltmeter, 215 
Modulation, 477-485 

amplitude, 479 
frequency, 490 
nature of, 484 
principle of, 477 
systems of, 479 

Motor action, 154 
Multigrid tubes, 421 
Murray loop, 345 
Musical sounds, 508 
Mutual inductance, 163, 321. 356 

N 

Negative feedback, 476 
Negative space charge, 408 

Nepers, 390 
Networks, 303-339 

balanced, 325 
bilateral, 330 
linear, 330 
nonsymmetrical, 327 
symmetrical, 327 
unbalanced, 325 
unilateral, 330 

Neutralization, 475 
Nickel-iron storage cells, 94 
Noise, 509 
Nonlinear distortion, 392 
Nonlinear impedance, 478 
Nonsinusoidal waves, 127 
Nucleus, 4 

o 

Ohm, 15 
Ohmmeter, 218 
Ohm's law, 12, 15 

for dielectric circuits, 179 
for magnetic circuits, 141 

Open-circuit voltage, 18 
Oscillators, 472 

audio, 472 
crystal, 473 
radio, 473 

Oscilloscope, 493 
Output transformer, 463 

Parallel circuits, 19, 265-279, 312-
320 

direct current, 19 
resistance and capacitance, 267,314 
resistance and inductance, 265, 312 
resistance, inductance, and capaci-

tance, 274, 315 
Pentode, 419 
Permalloy, 165, 167, 169 
Permanent magnet, 134, 167 
Permeability, 144, 148 
Permittivity, relative, 178 
Phase constant, 390 
Phase distortion, 392 
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Phase relations, 115, 247, 249 
Photocell, 436 
Phototube, 433 
Phototube circuits, 494 
Photox cell, 437 
Photronic cell, 437 
Plate resistance, 415 
Polar coordinates, 297 
Polarization, 86 
Potential, rise and fall, 24 
Potential difference, 7, 8 
Power, 68, 259 

alternating-current, 259 
direct-current, 68 

Power factor, 261 
Power-handling capacity, 73 
Power supplies, 449 
Power transfer, 78 
Primary cells, 85 
Propagation, 375 
Propagation constant, 390 
Protection, circuit, 98 
Protons, 3 

Q of coils, 306 

Radiators, acoustic, 517 
Radio, antennas for, 394 

interference in, 188 
system of, 479 

Reactance, 250 
Reactive power, 261 
Receivers, 515 
Receiving antennas, 400 
Reciprocity theorem, 330 
Rectangular coordinates, 285 
Rectifiers, copper oxide, 435 

electrolytic, 202 
thermionie, 442-449 

calculations, 448 
full-wave, 446 
half-wave, 442 
theory, 442 

Reflection, from ionosphere, 397 
on lines, 378 

Regulated power supplies, 449 
Regulation, voltage, 83 
Relative permittivity, 178 
Relay, 39 

slow-acting, 169 
Relay circuits, vacuum tube, 495 
Reluctance, 143 
Remote cutoff tube, 421 
Repeater, telephone, 366 
Residual magnetism, 167 
Resistance, 12 

calculations of, 48 
effective, 258 
equivalent, 21 
insulation, 63 
plate circuit, 415 
temperature effect on, 52 

Resistance thermometer, 58 
Resistance wire, 60 
Resistivity, 47, 62 
Resistors, 45, 58, 74, 304 
Resonance, 270, 276, 310, 317 

parallel circuits, 276, 317 
series circuits, 270, 310 

Resonant lines, 385 
Reverberation, 503 
Rheostat, 38 
Ribbon microphone, 512 
Right-hand rule, 137 

S 

Saturation, magnetic, 147 
vacuum tube, 410 

Screw rule, 137 
Secondary emission, 418 
Self-inductance, 157 
Separators, 88 
Series circuits, 17, 253-265, 307-310 

direct-current, 17 
resistance and capacitance, 255, 

264, 308 
resistance and inductance, 253, 262, 

307 
resistance, inductance, and capaci-

tance, 268, 309 
Series-parallel circuits, 28, 320 
Shielding, 154, 328 
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Side bands, 479 
Side frequencies, 491 
Signal-to-noise ratio, 391 
Sine, 288 
Sine waves, 109 
Sizes of wires, 52 
Skin effect, 259 
Sound, 500, 507, 508 

absorption of, 501 
coefficient of, 505 

Sound-level meter, 509 
Space charge, negative, 408 
Speech sounds, 507 
Square waves, 109 
Standing waves, 379 
Storage batteries, 88 

efficiency of, 91 
lead-acid, 88 

Superposition, 36, 330 
Surface leakage, 62 
Surface resistivity, 62 
Susceptance, 310 
Symmetrical networks, 327 

Tangent, 288 
Telephone circuit, 30 
Telephone repeater, 366 
Temperature, coefficient of, 55 

effect of, on resistance, 52 
Termination, line, 377 
Tetrode, 416 
Theorems, 330 
Thermionic cathode, 405 
Thermocouples, 231 
Thermometer, resistance of, 58 
Thévenin's theorem, 331 
Thoriated-tungsten filament, 406 
Time constant, 200 
Transconductance, 414 
Transformer, 324 

bridge, 365 
output, 463 

Transmission of electric energy, 82 
Transmission line, 375 

calculations for, 389 
Transmitters. 510 

Transpositions, 327 
Triodes, 412, 427, 432 

cold-cathode, 432 
gas, 427 
high-vacuum, 412 

Tube (see Vacuum tube) 

Unbalanced networks, 325 
Units of measure, 16 

Vacuum tube, 405-496 
beam power, 423 
as circuit elements, 442 
coefficients of, 413 
cold-cathode, 429 
diode, 409 
as electronic devices, 405 
gas, 424 
multigrid, 421 
pentode, 419 
phototube, 433 
remote-cutoff, 421 
tetrode, 416 
triode, 412 

Valve, 410 
Variable-g tube, 421 
Variometer, 357 
Varistor, 436, 489 
Varley loop, 347 
Vector addition, 121, 293 
Vector division, 296 
Vector multiplication, 294 
Vector representation, 119, 12C 
Vector subtraction, 123, 294 
Vectors, 119 

algebraical expression, 292 
analytical expression, 290 
polar expressions for, 297 

Velocity microphone, 512 
Volt, 15 
Volt-ampere, 262 
Voltage, back, 158 

closed circuit, 19 
open circuit, 18 
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Voltage, regulation of, 83 
Voltage divider,_ 40 
Voltage drop, 19 

direction of, 32 
Voltage gradient, 183 
Voltmeter, 216, 222 
Volume-level indicator, 336 
Volume resistivity, 62 
Volume unit, 336 

Watt, 69 
Watt-hour efficiency, 91 
Wattmeter, 222 
Wave analyzer, 444 
Wave filters, 337 
Wave guides, 393 
Wave length, 374 
Wave propagation, 375 

Wave reflection, 378 
Wave shape, 107 
Waves, electromagnetic, 375, 39€ 

standing, 397 
square, 109 

Wet cells, 84 
Wheatstone bridge, 343 
Wire, copper, 49 

resistance, 60 
sizes of, 52 
tables of, 53 

Wire calculations, 50 
Wire gauges, 52 
Wire-wound resistors, 74 
Wires, resistance of, 60 
Work, 68 

Zero level, 335 


