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The N2 carrier terminal, a 12-channel, double-sideband, amplitude
modulated multiplex, is the first of a new family of short-haul carrier
facilities. The new carrier family is designed to take advantage of
improvements possible with solid-state technology and to meet chang-
ing needs of the growing Bell System toll network. Increased demands
on the short-haul trunks have resulted from the growth of voice and
nonvoice services on the DDD network, tightening requirements such
as those for over-all net loss variations between channels and gain
variations across the channel frequency band. Maintenance and opera-
tional features of short-haul facilities also are affected by the increase
in complexity and size of the Bell System carrier network: newer
equipment must have fewer adjustments, and the design must provide
built-in margins to permit longer maintenance intervals and more
effective alarm and trunk processing features in case of failure. The new
carrier family must compete economically with existing short-haul
systems, yet work with in-place carrier systems and facilities.

The new terminal meets the above objectives. In addition, improve-
ments in the performance of N-carrier repeatered lines are indicated
as a result of the systems analysis of short-haul carrier systems which
led to the requirements for the N2 terminal.

I. INTRODUCTION

A comprehensive development program is in progress to provide a
new family of solid-state terminal and repeatered line equipment for
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short-haul carrier systems. Each unit will meet modern requirements
imposed by the long distance Bell System network for the transmission
of voice, data, and other special services. The new short-haul family
includes:

— a 12-channel double-sideband N2 terminal to replace the N1

terminal

— a 24-channel single-sideband N3 terminal to replace the ON2

terminal

— an N2 repeatered line and its adjuncts to replace the N1 re-

peatered line.
The members of the family are being designed so that they will be
compatible with each other and with their existing short-haul counter-
parts. Thus N1, ON, N2, or N3 terminals can provide the frequency
division multiplexing for the N1 or N2 repeatered carrier lines.

This paper deseribes the N2 terminal, which is the first member of
the new family. Included are the reasons for its development and its
important objectives and requirements, system characteristics, and
performance. Included also is a discussion of the over-all N system
made up of the N2 terminal and the N repeatered line. Companion
papers will cover the N2 circuitry in detail and discuss the terminal
equipment features.'® The other members of the new short-haul car-
rier family will be described in subsequent series of papers.

The operating telephone companies began using N2 terminals at the
end of 1962 to provide telephone and special-service channels in a
number of locations. In 1964 over 9600 N2 terminals were produced
by the Western Electric Company. The first use of N3 terminals
began in late 1964. The N2 repeatered line equipment is being devel-
oped on schedules that will make initial production units available
in quantity from Western Electric early in 1966.

II. BACKGROUND FOR NEW SHORT-HAUL CARRIER FAMILY

The new solid-state short-haul carrier family is being developed to
meet the changing needs of the growing Bell System network. In the
late 1940’s Bell Lahoratories engineers developed the first short-haul
system, the type N1 carrier.®* The N1 channels were designed to pro-
vide short-haul toll and exchange trunks up to 200 miles long and the
toll conneeting trunks used as the end links in a switched, multilink
connection. Initially the N1 short-haul carrier system was designed to
provide only voiee transmission channels, Other channel arrangements
were developed in the years that followed. In addition, a number of
related systems, including O, ON and ON/K carrier, and the ON radio
multiplex, were developed subsequently to meet comparable needs.?
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As use of direet distance dialing (DDD) has grown in the Bell
System, the inereasing eomplexity of the hierarchal switehing network
with automatie alternate routing has in turn increased the number of
trunks that may be switched in tandem. The number of short-haul
carrier trunks in a typical switched connection has increased to as
many as 4 or 5. In addition, the trunk layout has grown more complex.
A short-haul channel may be wired in tandem with a long-haul carrier
channel to make a single trunk. Finally, short-haul carrier channels
may be a part of one or more of the links in a switched connection
spanning intercontinental distances. The growing use of submarine
cables and the potential use of satellites increases the likelihood of
such connections.

In addition to its predominant use for voice channels, the Bell
System network is being used to transmit a growing variety of non-
voice services, One or several teletype or digital data circuits can be
transmitted over a short-haul carrier channel of voice-frequency band-
width (200-3000 eps). In addition, all or part of the 96-ke N-carrier
band has been used to transmit wideband services, including high-
speed digital data.

These changes in the Bell System environment have imposed more
gevere requirements on the individual short-haul channels than can
be met by the performance capabilities designed into the original
short-haul systems. In the switehed message network, the possibility
of more links in tandem has tightened the requirements on the per-
formance of each link. The variations in over-all net loss of existing
channels must be reduced materially. This applies both to long-term
variations due to aging, changes in temperature, and office battery
voltage variations and to short-term variations such as cyeliec changes
in net loss, called “beats.” The bandwidth provided by a channel must
be increased, and the variations in gain across the band redueed. The
crosstalk coupling between channels within a system must be reduced
by controlling the sources of coupling within the terminals and re-
peaters. The background noise contributions of the terminals and the
repeatered line must be reduced.

The increasing number of links in tandem, earrying both voice and
nonvoice services also has imposed new requirements on the control of
impulse noise and envelope delay distortion. Consistent with economic
limitations, both should be controlled in the basie terminals and also
in the repeatered line. Where necessary, additional equalization may be
provided as required for specific voice-band or wideband services.

These new requirements have been important in the design of the
new N2 terminal. In addition, it will be necessary to correct deficiencies
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in the performance of the existing short-haul earrier channels to meet
as many of these up-to-date objectives as economically practical. At
the end of 1961, the N1 and ON channels in service provided about
55 per cent of the carrier channels in the Bell System plant. Techniques
developed for the N2 terminal have indicated improvements that are
being incorporated into existing N1 and ON terminals, and this mod-
ernization program will continue.

The increase in complexity and sheer size of the Bell System carrier
network has also focused attention on the maintenance and operational
features of the N2 terminal. One important implication is that the design
should have a minimum number of adjustments. Design margins have
to be increased to permit longer intervals between adjustments. Also
needed are more effective alarm and trunk processing features which
operate when the system fails, including automatic restoral to service
when the carrier system again has been made satisfactory for commer-
cial service.

Finally, development of a modern family of short-haul carrier units
will provide other benefits to Western Electric and the operating tele-
phone companies. An up-to-date design taking advantage of new solid-
state and ferrite components, modern design, and new manufacturing
techniques will be easier to manufacture and operate in the long run
than existing short-haul equipment.

III. BROAD OBJECTIVES

The basie objective for the new family of short-haul carrier systems
is implied by the preceding seetion, which gave the reasons for under-
taking the development program. That is, the new systems must meet the
requirements imposed by the changing Bell System environment. In
addition, however, there are certain other broad objectives which have
had a major influence on the development of the new units.

One objective is that the members of the new short-haul family must
be competitive in cost with their existing counterparts. Improvements in
performance were expected to inerease the basic costs of the equipment
itself. These increases must be offset by savings in the first cost of de
power in central offices, due to the lower de power drains of transistor
circuitry vs eleetron tubes and the related use of lower, more economieal
central office battery voltages. Other savings can be expected from the
smaller size of the equipment and from the substantially simpler engi-
neering and installation and maintenance effort.

Another objective applying to all of the new carrier units is that
each must be compatible with the transmission plan for existing short-
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haul systems, The carrier frequencies, signal powers, and transmis-
sion levels must match. By doing so, it will be possible to operate the
different terminals on repeatered lines in the same cable. The differ-
ent repeaters must provide compatible carrier lines in a cable or work
in tandem on a given line.

One important reservation has been applied to this desirable compati-
bility. An N2 terminal operated at one end of a repeatered line with an
N1 terminal at the other end would restrict the performance improve-
ments provided by the N2 terminal. Therefore, N1-N2 terminal com-
patibility was not taken as an objective for the project. This reservation
was justified on two bases. One is the high rate of growth in new short
haul earrier channels. The other is the anticipated low level of N1 ter-
minal reassignments that might lead to the desire to have N1 and N2
terminals work together. The combined growth of short haul channels
has been equal to or greater than 20 per cent per year, and in 1965 there
will be equal numbers of N1 and N2 terminals in the plant.

A further objective is that the N2 terminal would not use the built-in,
3700-cycle signaling system designed for N1, O, and ON terminals. In
its place, the existing, in-band, single-frequency (SF') signaling system
should be used. With this change, all of the signaling options of the
modern Type I SF signaling system can be used without any changes
in the N2 channels. The need for this change has grown out of the in-
creasing complexity of the Bell System trunk network. Many of the
trunks made up of two or more carrier channels wired in tandem now
include one short-haul carrier channel. For a trunk ineluding two chan-
nels in tandem, with in-band tones used for signaling, only one set of
signaling terminals is required, with none at the junction of the two
channels. This saving of in-band equipment offsets the lower costs that
might have been achieved with built-in, out-of-band signaling,

The use of SF signaling with N2 channels has led to the need to
integrate the system failure indications provided by the N2 terminal
and the appropriate signaling information provided by the SF units
to condition properly the derived trunks in the event of carrier failure.
System failure alarms in the N2 terminal should be similar to those now
a part of N1 and ON terminals. In addition, during a system failure, the
N2 terminal and SF units must have features like those in N1 or ON
terminals that permit the customer to disconnect himself or be discon-
nected. The processing equipment must then make the trunks appear
busy so they will not be seized when they are not usable. In addition, an
objective for the N2 terminal is that its system failure processing equip-
ment should be able to restore the trunks automatically to an operating
condition when the N2 system is properly restored to a condition suitable
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for commercial service. This objective poses the dual requirements of
having the N system, including the associated SF units, first test itself to
determine when transmission becomes satisfactory after a failure and
then provide signals to process each of the trunks so that it will be
ready to accept calls again. These objectives imply that a universal
trunk processing arrangement be provided for all E-type signaling
units connected to I and M, loop, or revertive trunk circuits.

IV. DESCRIPTION OF N2 CARRIER SYSTEM

Although the subject of this paper is the N2 carrier terminal, this
section and the next will deal more generally with the N2 carrier
system, That is, they will cover both the N2 terminal and the N re-
peatered line. This broader perspective will make it possible to point
out similarities and differences between the N1 and N2 system philoso-
phies and requirements. The perspective will also help to clarify the
transition from over-all system objectives to requirements for the N2
terminal and N repeatered line.

As in N1 systems, the N2 terminal is a 12-channel, double-sideband,
amplitude-modulated multiplex for N-carrier repeatered lines. The
voice-frequency channels derived by the N systems are used by the op-
erating telephone companies to provide direct, toll-connecting, and in-
tertoll trunks up to about 200 miles long on paired cables. The cables are
of both low-capacitance (0.066 mf/mile) toll and high-capacitance
(0.085 mf/mile) exchange types. As an indication of the range of system
lengths in the N family, Fig. 1 shows two length distributions: one for
systems multiplexed with N1 or N2 terminals and one for those multi-
plexed with ON or N3 terminals. The curves are based on samples of
system lengths existing and estimated through 1965 by the Bell System
operating companies.

4.1 Frequency Allocation

Fig. 2 shows the frequency allocation for the N1 and N2 ecarrier
terminals. Twelve N2 carrier channel modems amplitude modulate the
voice-frequency input signals into double sidebands along with their
modulating carrier in the high group, generally using the channel 2
through 13 assignments. Channel 1 can be used as a spare, or as a re-
placement in case unavoidable carrier-frequency interference is present
in another channel assignment. However, the use of channel 1 is not
preferred due to the relatively high delay distortion encountered on long
N repeatered lines. The high group is applied to the repeatered line or
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Fig. 1 — Distribution of lengths of typical short-haul carrier systems,

modulated into the low-group allocation, which is then applied to the
line.

1.2 N System Transmission Plan

Fig. 3 shows one combination of transmitting and receiving groups.
The figure illustrates that both groups are used in each repeater sec-
tion, one for each direction of transmission. Fig. 3 also shows the
frequency inversion, or “frogging,” used at each repeater. The group re-
ceived at the repeater is modulated with 304 ke into the other group and
transmitted to the next repeater seetion. The frequency separation be-
tween the input and output groups at a terminal or repeater greatly
simplifies the control of the effects of near-end crosstalk and of near-
end interaction crosstalk between cable pairs adjacent to the re-
peaters. The frogging of the two groups also improves far-end cross-
talk. For a given direction of transmission for the high-group frequencies
where crosstalk is poorer, the total length of exposure is cut in half be-
tween parallel systems in the same cable.

Frequency frogging of the two groups also provides first-order equali-
zation for the variation of line loss with frequency. The slope of line loss
encountered, for example, across the high group band in one line see-
tion is nearly offset by the opposite slope in the loss of the low group
in the next line section, after the group is inverted by the frogging re-
peater. This compensation and the slope equalization provided in the
repeaters and terminals are diseussed further later in this section.
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Fig. 4 summarizes the important transmission level points for the
major functional transmission units in an N2 system. The values for
message power on the line side of the channel modulator and demodu-
lator are the power which would be measured in one of the sidebands
of a carrier channel if a 0-dbm one thousand-cycle sine wave were ap-
plied at a 0-db system level (SL) point (see Appendix of Ref. 1) on the
voice-frequency input leads. The message power on the line for that
(compressed) tone is 12.5 db below the channel earrier power.
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In the earlier paper on the N1 system,® values were also given for
“message level,” which represented a fictitious set of levels in the
terminal and on the line. They were powers for a 0-dbm at 0-SL one
thousand-cycle input wave if it were not eompressed in the compressor.
The message levels could be used along with an appropriate expandor
advantage to caleulate the output power of noise or other interferences
on N lines. The message level for an uncompressed 0-dbm at 0-SL tone
in a single sideband in the carrier portion of the N system would be 15
db below the carrier. Message levels have been omitted from Fig. 4 for
simplification.

The carrier-to-sideband ratios mentioned above are those used in
both the N1 and N2 systems. This is necessary to simplify operation
of N1 and N2 terminals in a telephone office and of N1 and N2 systems
in the same cable. The ratios were chosen so that, for even the highest
speech volumes, the index of modulation would not exceed 100 per cent.

The power of the channel carrier is used to define the transmission
level of the channel signals in the earrier portion of the N system. Thus,
the earrier must represent that level without significant interference
from the sidebands. The over-all net gain of the channel is regulated
by the receiving ehannel regulator, indicated as “REG” in the channel
unit in Fig. 4, which operates on the amplitude of the received carrier
signal. This is necessary because the reeciving amplifiers in the receiv-
ing group units and their counterparts in the repeater all regulate the
total group power at their outputs, which essentially consists of the
channel carriers.

4.3 N-Carrier Line Engineering and Equalization

The carrier powers shown on the carrier line in Fig. 4 were set by
the practical need to have N2 terminals work on N1 and NIA re-
peatered lines. The total powers of the high-group or low-group
carriers transmitted to the carrier line are the same as those for the
comparable groups at N1 terminals or the appropriate N repeaters.
However, the slope of the carrier powers is used as a flexible parameter
in engineering modern N lines, and the N2 terminal provides slope
equalization in a much wider range than does the N1 terminal. Slope
is defined for a terminal or repeater as the difference in power output,
or gain, for Channel 13 with respect to Channel 2, being positive when
Channel 13 has greater power or gain. The block shown in Fig. 4 for
slope equalization in the N2 terminal is provided by plug-in networks
available in 3-db steps from 49 to —9 db supplemented by mop-up
switched equalization in three 1-db steps in the receiving terminal.
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POWER-DBM

ABBREVIATIONS:

ADJ = ADJUSTMENT
AMP = AMPLIFIER
BPF = BANDPASS FILTER
CARR OSC = CARRIER OSCILLATOR
CHAN = CHANNEL
COMB MULT = COMBINING MULTIPLE
COMP = COMPRESSOR
DEMOD = DEMODULATOR
EQL = EQUALIZER
EXP = EXPANDOR
HPF = HIGH-PASS FILTER
HYB = HYBRID
LPF = LOW-PASS FILTER
MOD = MODULATOR

MESSAGE POWER
(ALL CHANNELS ALIKE)

CARRIER POWER
(CHANNEL 2)

CARRIER POWER
(CHANNEL 13)

NOTE:

1. SINGLE SIDEBAND MESSAGE POWER IS
12.5DB BELOW CARRIER
2.ASSUMED:
GROUP MOD PLUS FILTER LOSS:
LGR =9DB
LGT =10DB
REPEATER MOD =5DB

3. FREQUENCIES SHOWN BETWEEN
TERMINALS ARE FOR CHANNELS
2 AND 13
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The slope of the carrier powers —and indeed the layout of the
entire carrier line including line losses, repeater and terminal gains,
and the use of equalizers — is aimed at controlling the slope and signal
magnitudes of the channel carriers and the accompanying sidebands.
That control has several objectives:

(1) to control over-all channel noise by keeping the channel carriers
and sidebands above the noise present on the line

(2) to control crosstalk between systems by keeping the powers of
each carrier in one system close to the powers of the corresponding
carriers of other systems in the same cable

(3) to keep the slope linear across both sidebands of a given channel
so that the two sidebands will add in the channel demodulator without
distorting the channel gain-frequency response.

In meeting the above objectives, the philosophy used in engineering
the N line has changed over the years. Originally, all N lines were
laid out so that there would be a nominal 14-db total slope in the
cable loss between repeaters. For shorter repeater sections, the loss
was built out with flat loss span pads and the slope made up by one
of the three steps of slope equalization built into the N1 and N1A
repeaters. For quite short repeater sections, the pads were supplemented
by artificial eable networks roughly simulating the loss and slope of one
or two miles of 19-gauge low-ciupucitance cable. For any length repeater
section, the transmitted signal was pre-equalized to a 7-db slope, one-
half of the expected nominal slope of the cable loss in a repeater section,
The pre-equalization was neeessary so that the frequency-frogging at
the repeaters could equalize adjacent line slopes. However, the pre- and
post-equalization also helped minimize the noise produced by mis-
alignment and imperfections in equalization.

The original layout philosophy has been changed for several reasons
that arise from the need to control the interference that external impulse
noise produces in both voice and nonvoice signals which must be trans-
mitted over N systems. N repeater spacings have been shortened for
repeater sections adjacent to telephone eentral offices which are sources
of impulse noise. For 19-gauge cable, sections of 3 to 5 miles are now
prevalent, compared to the 7- to 8-mile sections used in early N systems.
Use of the original N line engineering philosophy for short sections re-
quired use of large numbers of sloped line buildout units. The only such
buildout units generally available until recently were the one- or two-
mile artificial cable networks. These networks do not provide a good
match for the loss of modern polyethylene insulated cable (PIC). The
mismatch shows up as a bulge in the carrier frequency characteristic
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across an N group. The result penalizes the channels in the center of the
group band. As a means of controlling impulse noise in sections with se-
vere exposures, it is advantageous to have all carriers received at the
same power at a terminal or repeater rather than with a slope across the
group, thus not forcing a few of the channels farther down into the noise
than the others.

All of the above influences resulted in a change to a new philosophy
of N line engineering termed “natural-slope” engineering. The basis
of the philosophy is that any value of slope within wide limits is per-
mitted at repeater or terminal outputs. That is, the loss slope “naturally”
contributed by the line section is acceptable and should not be supple-
mented by artificial lines to obtain the fixed 7-db slope previously re-
quired at all repeater outputs. This degree of freedom facilitates obtain-
ing zero slope when required at terminals at locations of severe noise
induetion. Oceasionally, when the range of slope adjustments within
the repeater is inadequate, fixed slope equalizers may be required.

The examples of slopes shown in Fig. 4 illustrate a variety of slopes
of line loss and carrier powers at terminal or repeater outputs. Actual
values on practical N lines may differ very widely from those shown.

4.4 N2 Terminal Levels

Most of the signal levels in the N2 terminal shown in Fig. 4 were
determined by noise and erosstalk considerations. The minimum levels
were chosen as a compromise between levels high enough to keep
above noise sources and low enough to keep from producing distortion
in nonlinear cireuits or circuit elements.

The noise sources in the terminal include first circuit noise in the
amplifiers and external interference. An example of the latter which
posed a problem was magnetic pick-up of 60-cps energy within the ex-
pandor. As shown in Fig. 4, a very low level for voice frequencies exists
in the expandor at the output of the variolosser and input of the ampli-
fier. Until proper shielding was provided for the expandor amplifier
input transformer, the 60-cps interference substantially exceeded the
noise objective for program channels.

The primary sources of nonlinear distortion within the voice-fre-
quency portion of the terminal are the variable loss (“variolosser”)
elements in the compressor and expandor. In the carrier portion of the
terminal, nonlinear distortion occurs in the group amplifier and group
modulator and demodulator resulting in the generation of unwanted
modulation produets. Such distortion shows up as intermodulation cross-
talk between channels in the group. The carrier levels were chosen so
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that the intermodulation crosstalk arising in an N2 terminal does not
contribute materially to the total interchannel crosstalk in an N sys-
tem. Interchannel crosstalk in the terminal is primarily leakover from
adjacent channels through the receiving channel band filters.

The maximum levels in the terminal were determined by two con-
siderations. In the recciving channel portion of the terminal, enough
carrier power was needed to ensure that the envelope detector operates
properly as a demodulator. High carrier power at that point also
minimized the de gain needed in the channel regulator control loop.
The carrier power needed at the regulator and demodulator, taking into
account the in-band loss of the channel band filter, determined the out-
put power of the amplifier in the receiving group unit.

The maximum terminal power is at the output of the transmitting
group amplifier. It is desirable to transmit as much power as feasible
from the terminal to the line to permit the maximum cable loss to be
spanned in the face of external noise and interference. That power
was limited by the transmission plan of the N line. However, even
within that constraint, an amplifier transmitting a total of +12 dbm
(rms) with the tight intermodulation requirements imposed by crosstalk
objectives posed a design challenge. The slope equalizer was put ahead
of the amplifier so that the amplifier output power would not be re-
duced before it was applied to the line.

4.5 Terminal Net-Loss Stability

As discussed in earlier sections, the N2 terminal must meet exacting
requirements on its net-loss stability. The carrier-to-sideband ratio
established in the transmitting terminal must be determined precisely
and held constant over the life of the channel modem. In addition, the
voice-frequency transmission levels must not vary significantly. Both
precision and stability are provided by large amounts of feedback in
the voice-frequency amplifiers and by a precision channel modulator.
The carrier-to-sideband ratio, 1.e., the index of modulation, is earefully
controlled by fixed voice-frequency gain ahead of the modulator and by
built-in bias on the modulator. The receiving terminal channel regulator
provides very tight regulation of the carrier, unaffected by sideband
power.

1.6 Special-Service N2 Terminal Units

In addition to the terminal units which provide the message channels
deseribed thus far, other channel options are available for use in the N2



744 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

terminal. A VF amplifier can replace the compandor unit when non-
compandored operation iz desired for voice-band data transmission
on private lines. Two VF amplifier units can be used at the junction
of two N2 compandored channels which are wired together to form
one derived circuit. By that means, only one compressor and one ex-
pandor are needed at the ends of the cireuit rather than using two
complete compandors in tandem. A Schedule C and D program chan-
nel modem can be used to replace any of the normal message channel
modems for channels 3 through 7 to meet the more stringent program re-
quirements for the channel gain-frequency characteristic. Finally,
plug-in modems can replace the plug-in units for channels 5 through
11 to provide a wideband channel to transmit 40.8-kilobit synchronous
data over part of the N carrier frequency band.

4.7 N2 Terminal Alarm Arrangements

In the N2 terminal, a number of alarm functions are carried out
automatically if either the carrier line or the terminal common equip-
ment fail. The alarm arrangements:

(1) keep customers from being charged falsely for a eall in progress
when service has failed,

(2) keep the failed trunks from being seized by the switehing ma-
chine, and

(3) restore the system automatieally when the failed portion is made
good so that the derived trunks can be used without delay.

The functional alarm units inelude the terminal alarm unit and an
external carrier group alarm (CGA) panel through which pass all the
derived voice channels as well as the supervisory signaling leads. The
operation of the alarm system is described in a companion paper.®

A special feature of the alarm system is necessary for automatic res-
toration. When an N line fails, the many N repeaters in tandem will in-
crease their gain as their built-in regulators regulate on the power of
the noise and crosstalk present in the failed line. The receiving channel
regulators do likewise. This regulation provides enough extra gain so
that the total interference power is usually equal to the normal total
carrier power. The excess gain is enough so that when carrier transmis-
sion is restored the net gain of the individual channels will be many db
too high, often to the point where the trunks will sing. In addition, the
channels will be very noisy. The many regulators in tandem will grad-
ually return to their proper operating points, but only after that time has
elapsed will the channels be suitable for service. Therefore, the alarm
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system includes a means of assuring that transmission is satisfactory on
the restored channels before they are returned to serviee.

1.8 Summary of N System Fealures

Table I summarizes a number of the features of N systems discussed
in Section TV. It highlights features common to both N1 and N2 termi-
nals. In addition, it points out those features of the N2 terminal which
are an improvement over the N1 terminal. The quantitative value of
some of those improvements are discussed further in Section VI.

TapLE [ — SumMARY oF N SysTEM FEATURES

Features Common to N1 and N2 Terminals

N2 Terminal Features Improved over N1

Transmission plan

Frequencies, powers, levels, and type
of modulation

Built-in compandors, and channel
and group regulation

Frequency frogging of high and low
groups

Separate, single-frequency, in-band

mgnulmg (N1 also provides built-in
out-of-band signaling)

Layout Hexibility of repeatered line
Repeater spacings up to 7 miles
Control of impulse noise
Power feed over line to remote re-

peaters

Variety of plug-in units
Message (compandored)
Nonecompandored
Schedule C and 1) program

Small, lightweight, portable test equip-

ment
Sets for in-service switching of group
units

Simple order wire and alarm system

Wider channel gain-frequency response

Smaller long- and short-term net-loss
variations

Closer to ideal compandor tracking

Greater channel overload capacity

Tighter channel and group regulation

Reduced intrasystem erosstalk

Solid state components instead of elee-
tron tubes

Built-in carrier failure alarm
automatie restoration

Built-in power supply for —48-volt
operation with filtering and regula-
tion for improved stability

In-service, hit-free switching of power
unit (Nnt required for N1)

Simplified maintenance

Packaged bay including signaling

with

V. SYSTEM DESIGN ANALYSIS

5.1 Over-All Transmission Requirements

The terminals for the N2 earrier system have been designed to meet
the performance objectives that apply for transmission of message, pro-

gram, data and other special serviees on intertoll trunks,

Table 1T sum-

marizes the over-all transmission requirements on a four-wire voice-
frequency channel which were established for this system.
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TaBLE IT — N2 Carrier SystEM: OVER-ALL TRANSMISSION
REQUIREMENTS

Channel gain-frequency response (3-db
points)
Net-loss stability
Long-term stability vs time and tem-
perature
Short-term variations from intra-
system sources (‘‘beats’)
Compandor tracking and load eapacity

Compandor advantage (measured)*

Channel noise referred to 0 db SL
Terminals
Over-all System:
Measured
Effective
Channel crosstalk from intrasystem

200-3400 cps

e =0.5db
0.1 db peak-to-peak

+1.0 db for inputs 48 to —40 dbm0;
+2.0 db for inputs +10 to —52
dbm0

28 db minimum

30 db average

16 dbrne
26 dbrne

31 dbrne
70 db loss for all terminal sources

sources (equal level coupling loss)
Channel intermodulation distortion 30 db average for one second- or third-
order type product below either
one of two simultaneous funda-

mentals of 0 dbm0

* The effective advantage is usually considered to be about 5 db less than
the measured advantage due to the effect of increased noise present along with
the syllabic speech spurts.

5.2 Derived Transmission Requirements

Based on over-all transmission objeetives such as those given in Table
11, analytical studies were made leading to the derivation of detailed
technical requirements for the functional blocks of the N2 terminal.
Sinee the overall performance of the N2 system is controlled by both the
terminals and the repeatered line, it was necessary to develop require-
ments for the new N2 repeater as part of this study. The analysis
involved the quantitative study and evaluation of all significant trans-
mission and interference mechanisms, for the purpose of translating oh-
jectives into specific circuit design requirements (e.g., required filter
suppression, modulator balance, repeater linearity or crosstalk). Table
IIT lists some of the N2 circuit units for which detailed technical
requirements were derived from system design studies.

5.3 Ixample of System Analysis

To illustrate a typical system analysis study, this section describes
a problem concerned with the control of short-term net-loss varia-
tions, or beats, in short-haul carrier systems. The problem is important
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because interference mechanisms causing beats of as much as several
db characterized N1 and ON systems operating in the field. The follow-
ing discussion deseribes the quantitative analysis of the important in-
terference mechanisms producing beats, and shows how detailed techni-
cal requirements on the appropriate circuit blocks were derived. The
analysis has been applied to the solution of the present beat problem
in existing N1 repeatered lines, and to the design of circuits for the N2
carrier terminal and the new N2 repeater.

5.3.1 Sources of Short-Term Net-Loss Vartations (Beals)

Nominal carrier and sideband power relationships of the transmitted
signal may be modified by interferences that originate along the high-
frequency line of an N2 system. Such interferences can cause beats,
due to small frequency differences between the wanted and interfering
signals. These frequency shifts occur because group frequencies in a
given N system are not synchronized from one repeater section to the
next, as they are frequency-frogged by a separate 304-ke oscillator
in each repeater along an N line. It also follows that group frequencies
are not synchronized among the different systems operating on a com-
mon ecable.

Beat interference may originate from two sources: (1) intrasystem
sources, which are subject to design control within the system itself,
and (2) intersystem sources which are independent of internal system
characteristics. To keep beats within desirable over-all limits, a total

TABLE III — DERIVED REQUIREMENTS AND INTERFERENCE

(CHARACTERISTICS

Circuit Unit Derived Requirement Interference Characteristic
Terminals | receiving channel out-of-band suppres- | system noise and in-
band filter sion terchannel ecross-

. talk
receiving channel out-of-band suppres- | system noise and in-
low pass filter sion tei'channel eross-

talk

group unit filters out-of-band suppres- | beats

sion

Line amplifier modulation perform- | beats and intelligible
repeat- | modulator ance and cross- crosstalk
ers output coupling net- talk between oppo-

works

group bandpass and
low-pass filters

site directions of
transmission

out-of-band suppres-
sion

beats and system
noise
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TasLe IV — Arrocation ofF 51-db S/I INTRASYSTEM LINE
BeaT OBIECTIVE

Type of Interference A“"S%?g__“ﬁ?’i S/1
Crosstalk coupling between repeater halves 54 db
Low-high repeater image frequencies (344432 ke) 58 db
Second- and third-order line repeater modulation products_ 58 db
Crosstalk coupling between transmit and receive terminal units 60 db
Total objective 51 db

high-frequency line objective of 0.1 db peak-to-peak allowable varia-
tion in transmitted carrier power was specified. Assuming that the total
line objective was allocated equally between internal and external
sources, the allowable peak-to-peak carrier variation for all intra-
system sources is 0.05 db. This can be translated to a signal-to-inter-
ference (S/I) ratio of 51 db for the high-frequency line. This also corre-
sponds to a voice-frequency variation of 0.1 db peak-to-peak at the
channel output because of the doubling action of the N2 expandor. The
allocation of 51 db to external sources is in keeping with objectives for
intelligible crosstalk from other short-haul systems in the same cable,

Within an N2 system, there are five independent mechanisms that
can produce beats. Of these, four are allocated a significant share of
the 51-db objective. The fifth mechanism, input leak through low-high
repeaters, is so easily controlled through group filter suppression that
it can be assigned a negligible portion of the 51-db requirement. The
allocation of this requirement among the four significant sources is
given in Table IV, assuming independent mechanisms which add in
random phase. The allocation shown reflects the relative difficulty of
controlling each type of interference.

5.3.2 Derivation of Technical Requirements

Bazed on the allocations given above, specifie technical require-
ments were derived for individual parts of the system. In the alloca-
tion diagram of Fig. 5, for example, the repeater crosstalk objective
of 54 db is equally divided among 40 repeaters of a long system to
derive a per-repeater crosstalk objective of 54 + 10 log 40 = 70 db.

Similarly, the 58-db allocation to the low-high repeater image band
leads to an allocation of 58 -+ 10 log 20 = 71 db per pair of repeaters.
Meeting this objective assures that frequencies in the unwanted image
band from 344 to 432 kec generated in the low-high repeater are ade-
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Fig. 5 — Allocation of beat objectives.

quately suppressed before reaching the next repeater, where modula-
tion of the image band causes it to disturb the low-group band at the
modulator output of the high-low repeater. From the stated 71-db ob-
jective, image band suppression requirements on the two filters which
control this interference mechanism are readily derived. Fig. 6 shows
minimum suppression requirements in the low-high repeater image fre-
quency range which the low-high repeater output filter and the high-low
repeater input filter taken together must provide.

This figure also shows the required combined suppression from the
same pair of filters over the low-high repeater leak-through range of
36-140 ke. In this instance, an unwanted band of signals at low-group
frequencies “leaks through” the low-high repeater modulator, is trans-
mitted over the line and in turn leaks through the following high-low
repeater modulator, where it disturbs the wanted low-group band of
frequencies.

Similar image and leak-through bands of frequencies occur in the
high-low repeater, Suppression requirements in the 468- to 572-ke
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Tig. 6— Minimum diserimination requirements of HL repeater input plus
LH repeater output filters.

image band and the 164- to 268-kc leak-through bands necessary to
reduce to acceptable limits the interferences from these sources are
shown in Fig. 7.

The third item in the allocation table above provides for beats due
to modulation products generated along the repeatered line. On the
basis of a detailed analysis of all second- and third-order products
generated in a 40-repeater system, it was concluded that significant im-
provement is needed in repeater linearity over that of the N1 repeaters
0 meet the beat objective of 58 db allocated to modulation sources.
lable V summarizes these conclusions, indicates the required N2 re-
peater modulation coefficients, and compares them with the correspond-
ing N1 performance.

Terminal crosstalk coupling, the final item in the allocation table,
is allocated an objective of 60 db, This relatively severe objective
reflects the fact that there are only two sets of terminal contributors
per system and the expectation that terminal crosstalk should be more
easily controlled than crosstalk along the repeatered line. As Fig. 5
shows, each terminal is allocated one half of the terminal objective, or
63 db. A further suballocation of 66 db is made within each terminal
to each channel unit and group unit, respectively.

To summarize this illustrative example of the system analysis, in-
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Fig. 7— Minimum discrimination requirements of LH repeater input plus
HL repeater output filters.

dividual circuits which meet the derived transmission objectives de-
seribed above will assure that short-term net-loss variations from in-
ternal system sources will meet the over-all line beat objective of 51
db for systems of up to 40 repeaters. As a result, short-term net-loss
stability in N2 systems will be governed hy external sources of inter-

ference.

5.3.3 Application of System Analysis of “Beals” lo Type N Repeatered
Lines

The analysis deseribed in the preceding sections has been applied
to the problem of beats in existing N repeatered lines. On the basis
of this analysis, it was possible to identify the dominant source of
intrasystem beats in these systems as unwanted low-high repeater
image band energy. The next step was to specify the design of a new
high-low repeater input filter to control beats generated by this mech-
anism. Field tests of the new design demonstrated that the new filter
virtually eliminated all intrasystem beats from this source generated
on an N-repeatered line. The new filter is included in all current N1 and
N1A repeater produection, and is being installed widely on a replacement
basis on existing N repeatered lines.

vi. N2 TERMINAL PERFORMANCE

This seetion summarizes the measured over-all performance of N2
terminals connected on a back-to-back basis. The performance is given
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TaeLe V— ComparisoN oF N1 aAND N2 REPEATER
MopurATiON COEFFICIENTS
Produet Magnitudes are Referred to 0 dbm Fundamental Power at Repeater
Output.

Repeater N1 Required N2
L-H M2A = —75 dbm M2A = —91 dbm
L-H M2A-B = —99 dbm M2A-B = —99.4 dbm
H-L M2A = —71.5 dbm M2A = —84.5 dbm
H-L M2A-B = —86 dbm M2A-B = —87.4 dbm

in terms of the characteristics of the over-all derived four-wire voice-
frequency channel. Included are results of measurements of the channel
gain frequency characteristic, compandor tracking, channel intermodu-
lation, noise, crosstalk, and carrier failure arrangements. More detailed
information on the performance of the functional circuit units is given
in a companion paper.!

6.1 Channel Frequency Characteristics

Fig. 8 shows the gain frequency characteristics for typical N2
channels. The curve labeled “average” represents typical performance
of N2 channels using the channel band filters incorporating quartz
crystals. These filters have been in production since the fall of 1964.
They replace an earlier design which was based on high-Q ferrite
inductors. The performance of the channels with both types of filters
is summarized in Table VI, which compares the frequencies at which
the average channel gain is 3 db down from the gain at 1000 eps for
N2 channels and for the A5 channel banks used to provide Bell System
long-haul channels. It is expected that even the worst N2 channels
vith ferrite filters will provide a 3-db point at the high end of the
channel characteristic whose frequency is greater than 3000 cycles.

A typical envelope delay distortion characteristic for N2 channels
is shown in Fig. 9. The curve applies to channels with crystal filters.
The bar values represent the standard deviation of the values meas-
ured at the indicated frequencies. The points represent average values
for N2 channels with ferrite filters.

6.2 Channel Net-Loss Stability

Measurements have been made of the over-all net loss of N2 chan-
nels provided by two back-to-back N2 terminals installed at the Bell
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Tig. 8— Typical over-all channel frequency characteristics provided by N2
terminals.

Laboratories field trial site in Virginia. (The over-all channel actually
provides a net gain of 23 db between the —16-db input system level
point and the +7-db output system level point. However, stability of
the transmission of the channel is generally referred to in terms of the
net loss of the derived trunk. Thus loss is used in this and following sec-
tions for convenience of association.) After six months without adjust-
ment of over-all loss, the distribution of channel net losses had an aver-
age which deviated from nominal loss by 0.1 db and a standard devia-
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TasrLe VI — CHANNEL GAIN-FREQUENCY CHARACTERISTIC

Frequencies in cps for Average Gain 3-db Down

Type of Channel

Lower End | Upper End
N2 with crystal filters 100 3480
N2 with ferrite filters 100 3200
A5 channel bank 140 3370

tion of 0.3 db. Variation of net loss with changes in ambient tempera-
ture would increase those values by only small amounts.

6.3 Compandor Tracking Performance

The compressor and expandor which make up the compandor in an
N2 channel must track each other, both statically and dynamically. The
over-all input-output statie characteristic of the compandor must mini-
mize the changes in over-all channel net loss introduced for different
powers of input signal within the design range. The input-output track-
ing of compressor and expandor separately and the dynamic tracking
performance of the N2 compandor for step changes in input power are
discussed in a companion paper.! Regarding the dynamic tracking,
suffice it to say here that the N2 compandor has essentially no effect
on the wave shape of signals for step changes in the input signal power.

The over-all compandor tracking performance for N2 channels
versus input power is summarized in Fig. 10. The center curve rep-
resents the average deviations from the channel net gain measured for
an input power of 0 dbm at 0 system level. A perfect tracking char-
acteristic would have no deviation for any input power up to the point
at which the channel overloads. The upper and lower curves show the
limits within which 99 per cent of the compandor tracking character-
istics may be expected to fall. For perspective, the shaded areas show
the limits for tracking characteristics given in Section 5.1 and also
those being proposed by the CCITT* for compandors to be used on
long intercontinental circuits. The overload characteristic of the com-
pandors shown in Fig. 10 is comparable to the performance of A5 channel
banks.

The compandor tracking performance was measured at room temper-
ature (26°C). If either the compressor or the expandor is operated at
higher temperatures, there will be changes in the deviations from nomi-
nal. These changes are summarized in Table VII for a typical channel.

* International Telegraph and Telephone Consultative Committee.
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Fig. 9— Typical envelope delay distortion characteristic provided by N2
channels.

These changes with temperature are not corrected by the channel regu-
lator. However, they are small enough to allow the over-all channel to
meet, the requirements on tracking and net loss stability set forth in See-
tion 5.1. The latter requirement may be interpreted as meaning that the
distribution of net loss over a 6 month period for a given channel should
have a standard deviation less than 0.5 db.

6.4 Channel Distortion

The distortion introduced by an N2 channel is an indication of the
fidelity with which the channel can transmit voice signals, signaling
tones such as multifrequency key pulsing, and voice-band data sig-
nals. The distortion ean be characterized by measuring intermodula-
tion produets formed when two sine waves are transmitted over the
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channel. The two frequencies used, 740 and 1250 cps, were chosen
g0 that the important second-order products of the f; = f» type and
third-order products of the 2f; = fa type would fall within the trans-
mitted voice band. Each of the two input signals was introduced at
0 dbm at 0 system level. The measured performance of recently manu-
factured compandors is summarized in Table VIIL. Present indications
are that the performance will be entirely satisfactory for transmission
of one of the most critical signals, multifrequency key pulsing.

TasLe VII — Companpor TrackiNG vs TEMPERATURE
Deviations from Ideal Net Loss in db for Inputs from -8 to —52 dbm at 0 SL.

Temperature of

Max Deviation Max Change in Channel Net
- (Over Range of Input) Loss (for 0 dbm at 0 SL Input)
Compressor Expandor
26°C 26°C —+0.2 0.0 (reference)
50°C 26°C +0.4 0.0
26°C 50°C —+0.3 +0.2
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TasLe VIII—DistorTiON FOR CoMPANDORED N2 CHANNELS

Modulation Product — db Down on One
Fundamental

Type of Product

| Average | Worst

Second-order (f; + fa) 44 35
Third-order (2f1 &= f2) 36 31

6.5 Channel Noise

The back-to-back terminal noise performance of N2 channels is sum-
marized in Table IX below. The performance of the channels was well
within the objective of 16 dbrnC at 0 system level for the compandored
channels. The noise measured on a noncompandored basis meets the ob-
jective of 48 dbrnC at 0 system level for voice-band special services
provided on a private line basis.

An expandor advantage which averaged 30 db, with values ranging
from 29.0 to 32.8 db, was provided by the N2 channels for noise from
the carrier line and most of the carrier line terminal circuitry. The ad-
vantage is reduced by an average of 5 db when speech is present. The
reduction results from the smaller expandor advantage during syllabic
speech spurts and the consequently higher noise present during the
speech spurt.

The background noise diseussed thus far, however, is only part of the
total noise which may be present in N2 channels. Babble noise will
result from the multiplicity of small intrasystem crosstalk sources
within the terminals, which will contribute both intelligible and un-
intelligible crosstalk. As a measure of such noise, several of the channels
in an N2 terminal were loaded with white noise shaped to simulate
speech, and the total noise was measured in the other channels. The
total noise was separated into the noise power contributed by back-
ground noise and by crosstalk babble. Each of the contributions is
summarized in Table X. The performance indicated in Table X con-

TaBLE IX—BackgrounDp CHANNEL Noise v dbrnC at 0 SL

Channel Noise in dbrnC C at 0 SL
Type of Channel

C Message Weighting | Flat Weighting
Compandored Channels 7-14 10-17
Noncompandored Channels (Private 25-27 26-37

line data line-up)
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Tapre X — Mepian CuanneEL Noise 1N dbrnC aT 0 SL
Due 1o SysTEM LoAbpING
(40 per cent of channels loaded with Fl-shaped white noise at 88 dbrnC at
0 3SL.)

Background noise 10
Babble noise
in channels adjacent to loaded channels 13
in channels not adjacent to loaded channels 10

firmed the expectation that leak-over from adjacent channels through
the receiving channel band filters would be the prime source of intra-
system crosstalk. The value of 13 dbrn C at 0 system level implies an
equal-level coupling loss of 75 db, which is 5 db better than the system
design objective given in Section 5.1. It should be emphasized that this
performance was achieved in the face of a stringent 40 per cent system
loading with noise simulating loading of 0 vu at 0 system level in each

active channel.

6.6 C'rosslalk

The babble noise discussed in the preceding section is one form of
crosstalk between channels within an N system which arises in the
N2 terminal. Other forms of interchannel crosstalk were measured by
using simulated speech as a disturbing signal in one channel and meas-
uring total noise in the disturbed channel. The results are summarized
in Table X1 in terms of equal level coupling loss between channels. Even
the worst coupling loss more than meets the 70-db system objective for
crosstalk, with margin left for contributions from the repeatered line.

6.7 Failure Alarm and Automalic Restoration

Comprehensive tests of the N2 terminal in conjunction with its car-
rier group alarm (CGA) panel have demonstrated that the channels
will provide satisfactory alarms and trunk processing in the event of
transmission failure and satisfactory channel performance upon auto-
matic restoration to service. The measured channel noise will come down

TasLe XI — Far-Enxp Equan Lever Courning Loss v db
FOR WEIGHTED NoOISE As DISTURBER

Average Range

77 74 to 84
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from values which can exceed 90 dbnC at 0 system level during failure
to values of about 30 dbrnC0 at 0 system level before the CGA circuitry
will restore the channels to service.
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The N2 Carrier Terminal — Circuit
Design

By W. R. LUNDRY and L. F. WILLEY

(Manuscript received December 7, 1964)

The N2 carrier circuit design takes advantage of solid-state tech-
nology to provide economies in power consumption and space require-
ments over earlier N-carrier equipment. At the same time, improve-
ments in performance have been obtained in the areas of noise, signal
distortion, and net loss stability. The last two are obtained through the
extensive use of negative feedback in amplifiers and regulators and the
use of variolosser diodes in the compandor which are stable over a
wide operating range. Wider effective channel bandwidths have been
attained. Where the terminal is used for nonveice services, the resulting
decrease tn delay distortion is significant. Maintenance and testing on
an in-service basis have been provided, including in-service switching
of group units and power supplies.

I. INTRODUCTION

During the early 1950’s there began to appear a series of carrier
telephone systems intended for short-haul use. The first of these was
NI1,t a 12-channel double-sideband system for single-cable application.
The rapid growth of the telephone plant resulted in large demands
for these systems. Advances in the art, particularly those associated
with the transistor and other solid-state devices, have made possible
an improved design of the N system terminal. The circuits used in the
new N2 terminal are deseribed in this paper.

The N2 carrier system funections primarily as a conneecting link over
moderate distances for four-wire voice-frequency circuits. Basie con-
siderations affecting the system layout are covered in a companion
paper.? The principal features of the earlier N1 system are retained,
including the use of compandors, double-sideband modulation and
detection, and gain regulation on both a group and an individual
channel basis, as well as provision for slope and flat gain adjustment of
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Tig. 1 — N2 carrier terminal.

levels at both ends of the line. Channel frequency assignments are
unchanged.

Fig. 1 is a block diagram indicating the over-all circuit arrangement
of the N2 terminal. The first step in preparing a signal for trans-
mission over the N carrier system is to compress the volume range.
Voice signals arriving at the carrier terminal may have a volume
range as large as 60 db. For optimum system performance it is neces-
gary to reduce this volume range to 30 db. This is accomplished by a
compressor cireuit which operates on a logarithmic basis. Each change
of 2 db in the incoming signal is reduced to a variation of only 1 db
in the outgoing signal. This increases the level of the lowest-volume
signals by approximately 30 db, to a point where they are much less
suseeptible to noise interference which may be picked up in subse-
quent transmission over the line. The compressed signal is applied to a
modulator where, after going through a band-limiting filter, it is
modulated and added to a carrier frequency of accurately controlled
amplitude. This fixes the carrier-to-sideband ratio of the signal
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transmitted over the carrier line. The carrier frequency is generated
by a ecrystal-controlled osecillator whieh is an integral part of the
modulator unit. The modulator output is a double-sideband modulated
signal. This is delivered to a summing ecircuit where it is combined
with similar outputs from 11 other compandor and modulator ecir-
cuits.

The carriers are spaced 8 ke apart, and both sidebands can be
transmitted over the N line without interference between channels.
The composite signal arriving at the summing point occupies the
frequency band 172 to 268 ke. This is referred to as the high-group
frequency band. Signals are transmitted over the line both in this
frequency range and in another range commonly referred to as the
low group. The low-group frequencies are from 36-132 ke.

The 12-channel composite signal is at a low level when it leaves
the summing circuit. It also contains a large number of unwanted
modulation products. These deficiencies are eliminated in the group
transmitter. Two types of group transmitter are available. If trans-
mission is to be in the high-group band, then a simple filter to select
this band and a power amplifier to raise the levels to those desired
on the line will be sufficient. On the other hand, if low-group trans-
mission is desired, it will first be necessary to select the desired fre-
quencies, modulate them with a carrier frequency of 304 ke, select
the lower sideband resulting from this modulation step and amplify
it to the desired line transmitting levels. In either case, the input
and output of the group transmitter are wired through a line terminat-
ing unit which serves several functions in addition to the obvious
one of eonnecting the carrier frequency signals to the line. First of all
it provides access points for making in-service tests on the group trans-
mitters and also for making in-service switches for maintenance pur-
poses. In addition, the line terminating unit contains lightning protec-
tion devices and means for feeding simplex power over the lines to
provide the energy required by remotely located repeaters.

Although the carrier line signals are transmitted and received over
separate cable pairs, they are separated further by being placed in
different frequency bands to simplify crosstalk suppression problems.
Thus a particular terminal may be receiving high-group and trans-
mitting low-group signals or vice versa. Except for this distinction
and the obvious level differences, signals arriving at the carrier termi-
nal from a distant repeater are treated in a manner inverse to that
accorded to the outgoing signals. The 12-channel composite signal
enters the line terminating unit with its protection and power supply
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features. Provision is also made for adding loss to the circuit in cases
where the distance from the nearest repeater is relatively short. This
loss brings the signal levels within operating range of the regulation
cireuit in the group receiver. Two designs of group receiver are avail-
able. If the received signals are in the high-group band, then the
unit known as the high-group receiver will select the desired fre-
quency band and amplify the signals to the desired output level. If
the incoming signals are in the low-group band, then the group re-
ceiver will select this band, perform a modulation process to convert
these to the high-group frequency band, equalize for line slope,
amplify the resultant signal and regulate its level. Therefore the sig-
nals coming out of a group receiver are always in the high-group
frequency range. Regulation is on a total power basis, so that any
errors in line equalization must be further compensated by regulation
in the channel receiving units.

The channel demodulator contains a highly selective bandpass
filter which selects one of the 12 channels available at this point.
Since this is a carrier-transmitted system, a simple full-wave rectifier
is adequate for demodulation purposes. Moreover, the carrier is
transmitted at a known level relative to the sidebands, and this in-
formation can be used for regulating the voice-frequency output level.
The resultant signal is passed to an expandor circuit which inverts
the operation performed at the far end by a compressor. Each change
of 1 db in the input signal to the expandor appears as a 2-db change
in the level of the signal coming out of the expandor. Thus the received
signal is restored to the full 60-db volume range it had when it ar-
rived at the transmitting N carrier terminal.

Power for the N2 carrier terminal is obtained from the 48-volt
office battery. However, substantial economies are obtained by
interposing a de-de converter between this battery and the active
circuits of the N2 terminal. By doing this, a tightly regulated power
supply is obtained which is quite free of the usual types of noise
encountered in battery supplies. The output of the converter is regu-
lated to 21 volts = 1 per cent for input voltage variations of 10 per cent
or less. Both the lower voltage and the tight regulation make possible
greater efficiency in the choice of bias conditions for the transistors.
The power supply itsell has an over-all efficiency of better than 85
per cent.

The state of the terminal is continually monitored by an alarm
unit. One function of this unit is to maintain a check on the power
supply and to provide a warning in ease the 21-volt output goes out-
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side working limits. Another function is to monitor the received car-
riers and to provide a warning whenever their level changes signifi-
cantly from the normal value. In case there is a total failure of the
received carriers such as would happen in the case of a line break, a
processing circuit takes over and initiates certain alarm and checking
conditions which take the system out of service until normal operation
has been restored. The alarm unit also contains an access jack through
which terminal power may be supplied from an external source, per-
mitting removal and replacement of the normal power supply unit
in the terminal without interrupting service.

1I. COMPANDOR

Each terminal contains compressor and expandor circuits, the com-
bination being designated a compandor. Although these units are
closely associated in a given terminal, it should be kept in mind
that it is the performance correlation (tracking) between a compressor
at one terminal and an expandor at a distant terminal which affects
channel net loss.

The compression and expansion functions are performed by con-
trolled resistance pads known as variolossers. The heart of the vari-
olosser is a pair of diffused silicon diodes whose ac impedance is an
accurately calibrated inverse function of a small de bias current of
the order of 10 to 300 microamps. Using the diode pair as a shunt
element in a high-impedance circuit and making the bias current
proportional to the magnitude of the compressed signal gives the
desired compressor action. Using the diodes as series elements in a
low-impedance circuit and making the bias current proportional to
the compressed signal gives the desired expandor action. Voice cur-
rents in the diodes must be kept small relative to the bias currents
to avoid harmonic distortion.

The diode bias current is obtained by rectifying the compressed
voice signal. This is done in a full-wave rectifier having relatively
fast response time so as to follow the syllabic variations of speech.
The voltage to be rectified is obtained from a transistor amplifier.

The compressor is “backward acting,” since the compressed signal
required to drive its variolosser appears at its output, while the low
signal levels suitable for control by the variolosser appear at its input.
This creates a potential feedback path which may produce low-
frequency oscillations. The present design depends on the longitudinal
balance of the variolosser to give high loss in this feedback path. This
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requires a high degree of inherent balance in the diodes and in their
individual bias currents. The amplifier must bhe capable of delivering
80 milliwatts to the rectifier to develop the required bias current. This
is almost the total output, since only 1 mw is delivered to the channel
modulator.

The expandor receives a compressed signal from the channel de-
modulator and hence must be “forward acting.” The received voice
frequency current is split, with the major part going to a control am-
plifier, while a small fraction is fed through the variolosser and an
amplifier to the four-wire voice circuit. Both of these amplifiers are
capable of delivering 80 mw to their respective loads. The output of
the control amplifier is rectified and delivered as a de bias to the
variolosser diodes, with the result that for each 1 db increase in the
voice signal the loss of the variolosser is reduced 1 db. This results
in a 2-db increase in output to the four-wire circuit.

A schematic of the compressor ecircuit is shown in Fig. 2 and the
expandor schematic is shown in Fig. 3.

In designing these circuits economy and compactness have been
stressed. To this end semiconductor devices have been used through-
out. The amplifiers use alloy junction pnp germanium transistors in
the first stages and diffused silicon npn transistors in the output
stage. The germanium units are Western Electric 12B transistors,
which have been in production for several years. The silicon epitaxial
24B transistor was developed for this application. It operates as a
linear amplifier over an extremely wide range of current and voltage
swings. The higher temperature tolerable in silicon transistors permits
class A operation at 340 milliwatts bias and ambient temperature of
140°F with a heat radiator of modest size.

The diffused silicon variolosser diodes also were developed for this
application. They have a well-defined and stable ac impedance char-
acteristic as a function of bias current. Variolosser action is obtained
by varying this current over the range 7 to 300 microamps, corre-
sponding to an impedance range of 7000 to 160 ohms for each diode.
Diodes are used in matched pairs in order to maintain good circuit
balance, low modulation distortion and, in the compressor, freedom
from singing.

From the previous discussion it will be apparent that when there is
no voice-frequency input signal to an N2 terminal, the compressor
gain is at its maximum. Such a condition may oceur during dialing
and switching operations, and it is just at this time that supervisory
relays associated with the trunk circuits may produce high-level tran-
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sient voltages. Such voltages, if allowed to reach the compressor
amplifier, would cause serious overload.

Protection against high-level transients is provided by a “click-
reducer” varistor connected across the primary of the compressor
input transformer. The varistor consists of two parallel silicon diodes
which limit the transients to a maximum value of 0.5 volt. This
limitation, coupled with the fact that the duration of the transients
is less than 4 milliseconds, restricts amplifier overloading to a toler-
able range. Recovery from such overloads is sufficiently rapid to per-
mit proper transmission of signaling tones. Those same transient volt-
ages can induce longitudinal impulse noise in voice-frequency inputs
to other N2 channels. A grounded shield in the compressor input trans-
former blocks that source of impulse noise interference to N2 terminals.

The signal-carrying amplifiers in both compressor and expander
consist of three grounded-emitter transistor stages. To bring the
voice-frequency currents from the low levels necessary for satisfactory
variolosser operation to the levels required at amplifier outputs re-
quires about 60 db of voltage gain. This gain is made independent of
transistor parameters and their variation by using approximately 35
db of negative feedback. The expandor control amplifier uses a
grounded-collector followed by a grounded-emitter stage. Higher sig-
nal levels can be delivered to this amplifier, so that only about 20 db
of voltage gain is required. Low sensitivity to parameter variations
is obtained by using approximately 20 db of negative feedback.

A full-wave voltage-doubler rectifier fed by the compressed speech
signal is used to derive the bias currents for the variolosser diodes.
A voltage which may be anywhere between 2 and 105 volts, de-
pending on the signal level, is coupled to the diodes through large
resistances to produce bias currents proportional to the signal level.
Striet proportionality is not obtained because of the finite forward
voltages of hoth the rectifier and variolosser diodes. Because these
voltages are subject to relatively wide manufacturing variations, it is
necessary to provide low-level tracking adjustments.

Before discussing these adjustments it is necessary to consider
the ecompandor characteristics shown by TFig. 4. As praetical matter
the 2:1 compressor characteristic can be maintained over only a
limited range. This is partly due to the properties of the variolosser
diodes and partly to the finite circuit impedance levels required. When
the attenuation of the compressor variolosser has been reduced to
its minimum value the input vs output curve has a 1:1 slope. The
behavior of the N2 compressor is approximated by two solid-line
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Fig. 4 — Compandor tracking characteristic.

segments, one having a 2:1 slope from +8 to —52 dbm0 and the
other a 1:1 slope from —52 dmb0 through all lower values. For good
compandor tracking the expandor must follow a complementary pat-
tern, also shown by solid lines in Fig. 4. The actual performance is
shown by the dashed curves.

To insure that these curves are matched exactly, so that every
compressor will track every expandor, adjustments are provided.
Three of these are factory set and one is available for service line-up
adjustment. The gains of the amplifiers are set to give the desired
outputs with 0 dbm0 input signal. Then the low-level adjustments are
made with an input signal level of —52 dbm0. In the compressor the
tracking adjustment furnishes a small forward bias to the variolosser
diodes and hence determines the minimum loss at extremely low signal
levels. There is also developed a small reverse bias on the rectifier
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diodes which reduces the amount of low-level noise rectified. The
tracking adjustment is set to force the compressor output to be
—28.5 dbmO rather than the “ideal” value of —26 dbm0. Similarly,
in the expandor the variolosser diodes are forward biased to limit their
maximum loss and the rectifier diodes are forward biased to improve
efficiency at low signal levels. The tracking adjustment is set to
force an expandor input of —28.5 dbm0 to give an output of —52
dbm0.

The end result of these adjustments is the over-all compandor
tracking characteristic shown by the central dotted curve of Fig. 4.
The maximum deviation from ideal is typically less than 0.2 db and
in rare cases may be as much as 0.5 db.

Another important aspect of compandor performance is the response
to suddenly applied signals. For example, a 12-db increase in the
input signal will appear initially as a 12-db increase in compressor
output but will immediately start dropping toward its ultimate value
6 db above the original output. The converse action holds for a de-
crease in input signal. The rates at which such changes take place
have been defined as the “attack” and “recovery” times respectively
of the compressor. These times are essentially determined by the
rectifier filtering, The full-wave rectifier requires only simple filtering
and hence permits fast attack and recovery times.

The CCITT-proposed recommendations furnish a precise definition
of these times. The test signal is a 2-ke tone and at a zero system level
point its magnitude is switched between —16 dbm and —4 dbm. The
envelope of the compressor output wave resulting from such an input
is indicated by the solid line of Fig. 5(a), where unit voltage repre-
sents the output for a steady input of —16 dbm0. The 12-db input
level change temporarily changes the output level to 4 voltage units.
However, the variolosser immediately starts reducing the output to-
ward its ultimate value of 2. Attack time, ¢,, is defined as the interval
between switching and the point where the output envelope reaches
the value 3.

After the input signal has been held at the —4-dbm0 level long
enough for the output to reach its steady-state value of 2, the input
level is reduced 12 db. The envelope of the output signal follows the
pattern shown at the right of Fig. 5(a). There is an instantaneous
drop to 0.5 followed by a gradual increase to the steady-state value
1. Recovery time, t,, is defined as the time required to reach the value
0.75. In the first case (attack) the variolosser must increase its loss
by the ratio 4/3 = 1.33. In the second case the variolosser must re-



772 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

44— 4-_,"— OUTPUT ENVELOPE
I

E 2.5D8 ————D.C. VARIOLOSSER VOLTAGE
o
>3k — ¢
z
w
2
o 2L
o 2 ,” h
a Vad .
@ s i N
24 e RVE ¥ T
= ‘ ¥ 2508 7‘/”;-—__—
< 1
w
o« I |

0

ATTACK RECOVERY

OUTPUT
SIGNAL

I’ﬂﬂ1ilﬁ|ﬂ|\l1

i

D.C.
VARIOLOSSER
VOLTAGE

2 MSEC/DIV 5MSEC/DIV

(b)

Fig. 5 — Compressor response times: (a) comparison of output voltage envelope
to de variolosser voltage; (b) oscillograms of response times with 2-ke input sig-
nal.

cover to the point where its loss is 1/0.75 = 1.33 times its value with
the low-level signal. Hence both times are measured at the instant
when the loss is 2.6 db (20 logye 1.33) greater than its value with the
steady —16-dbmO tone.

This fact makes the measurement of the compressor response time
relatively simple. The variolosser itself responds instantaneously to
changes in the bias current of the diodes. To a reasonable approxima-
tion the ac impedance of the diodes is inversely proportional to the
bias current and the loss is inversely proportional to the ac impedance.
Hence there is a direct proportionality relation between the diode
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bias current and the loss. Either may be represented by the dashed line
of Fig. 5(a).

The behavior of a typical N2 compressor when tested in this way
is shown in Fig. 5(b). The upper oscillogram of each pair shows the
instantaneous magnitude of the 2-ke output wave and the lower
shows a control voltage proportional to the diode bias current. From
these it is apparent that the attack time is 1.7 and the recovery time
13 milliseconds. Tentative recommendations of CCITT are 3 = 2 and
13.5 == 9 milliseconds for attack and recovery time respectively. The
N2 compressor meets these requirements.

In order to obtain good compandor response to stepped changes in
signal level, the attack time of the expandor has been made faster
than that of the compressor. The over-all result is a very rapid set-
tling of the output signal, as shown by the osecillograms of Fig. 6.

This figure also shows the response to an “infinite” step where the
input is suddenly changed from no signal to a tone level of —5 dbmo0.
At the start of such a tone the compressor is in its maximum gain
condition and the output stage overloads. This situation lasts for about
3 cyecles, or less than 2 milliseconds.

III. CHANNEL MODEM UNIT

The channel modem unit for the N2 carrier telephone terminal
comprises both the transmitting modulator circuit and the receiving
demodulator circuit for a particular carrier-frequency channel. Thir-
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teen separate channel modem units are available to provide for trans-
mission of double-sideband channels with carrier frequencies spaced
at 8-ke intervals in the frequency range from 168 ke to 264 ke inclusive.
A complete terminal employs 12 channels, usually channels 2 to 13
inclusive. The lowest-frequency channel (channel 1 at 168 ke) is pro-
vided as an option for use in place of any other channel which
may be unavailable or unsatisfactory for use at a particular installa-
tion.

3.1 Modulator Cireuit

The output voltage of the compressor is applied to the modulator
circuit, which translates the voice-frequency input into an appro-
priate portion of the frequency spectrum between 164 ke and 268
ke. As shown in Fig. 7, the modulator circuit consists of input and
output pads, low- and high-pass filters, a transistor switch modulator,
and a crystal-controlled transistor carrier-frequency oscillator.

The input pad is designed to provide a high-impedance load (11,500
ohms) to the compressor and to terminate the transmitting low-pass
filter in its design impedance of 3000 ohms. The low-pass filter band-
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limits the voice frequencies from the compressor, passing frequencies
up to 3250 eps with minimum distortion, and suppressing frequencies
above 4000 eps by at least 20 db to reduce interchannel interference.

The modulator in the N2 modem is a simple shunt modulator
consisting of a transistor switch driven by a square-wave carrier-
frequency generator, The transistor switch interrupts the voice-fre-
quency voltage periodically at a earrier-frequency rate, producing
upper and lower sidebands on the carrier frequency. The carrier-
frequency voltage component of the modulator output is directly
proportional to the de bias voltage on the transistor switch. Since the
net-loss stability of the N2 system is dirvectly related to the carrier-
frequency output stability, a special temperature-compensated diode
voltage regulator is used for deriving the de bias voltage applied to
the emitter of the transistor switch. A variable resistor in the emitter
cireuit permits factory adjustment of the carrier output to establish
a precise earrier-to-sideband ratio for a known input signal.

The output voltage of the modulator is applied to a high-pass
filter which eliminates the voice-frequency component of the signal.
The output pad terminates the high-pass filter and provides isolation
for paralleling the 12 modulator outputs at the combining pad in the
line terminating unit. Unwanted components of the modulator output
voltage, composed primarily of sidebands on the harmonics of the
carrier frequency, are suppressed by the bandpass filter at the input
of the group transmitting unit.

The earrier-frequency generator in the modulator circuit is a two-
stage multivibrator eireuit with a quartz erystal unit as the frequency
controlling component. This eireuit provides the square-wave output
for driving the transistor switeh, and for manufacturing convenience
permits the 13 modulator circuits to be identical except for selection
of the erystal unit.

3.2 Demodulator Circuit

The channel demodulator circuit shown in Fig. 8 includes the chan-
nel bandpass filter, a regulating amplifier, a demodulator, and a re-
ceiving low-pass filter. The bandpass filter seleets the particular
channel from the output of the group receiving unit. The bandpass
filter and the carrier-frequency oseillator erystal unit are at the same
frequency for a given channel modem plug-in unit, and these filters
and erystal units are the only differences among the 13 channel
modem units,

Initial production of N2 channel modem units employed a channel
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Fig. 8 — Channel demodulator circuit schematic.

filter design using ferrite inductors and capacitors. A new filter design
using quartz crystal units has recently been introduced to give im-
proved performance, particularly with regard to time and temperature
stability. A typical characteristic of the erystal filter is shown in
Figs. 9 and 10. As noted, the filter introduces less than 1 db distortion
over the desired voice band and provides a minimum of 45 db sup-
pression to adjacent channel carriers.

The output of the channel bandpass filter is amplified in a two-
stage amplifier whose gain is regulated by a thermistor in the emitter
circuit of the first stage. The output signal of the amplifier is de-
tected by a full-wave rectifier and transmitted through a low-pass
filter to the expandor. The de component of the detected signal, ob-
tained from carrier-frequency rectification, is compared to the volt-
age drop across a temperature-compensated diode voltage regulator.
The difference voltage is then amplified by the de control amplifier
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and applied to the thermistor to control the gain of the regulating
amplifier and maintain the carrier level input to the detector at a
constant level. The regulation obtained by this arrangement is shown
on Fig. 11. As noted, the variation of a 1000-cycle test tone at the
voice-frequency output is less than =0.25 db for carrier level changes
of =10 db at the input to the channel bandpass filter.

The

LOSS IN DECIBELS

receiving low-pass filter is designed to equalize at voice {re-
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quencies the distortions introduced by the modulator circuit, the
channel bandpass filter, and the compandor. The low distortion and
reproducibility of the frequency characteristics of the above compo-
nents have made possible a single fixed design of the receiving low-pass
filter for all channels. The response characteristic of a typical channel
for back-to-back terminal measurements is shown in Fig. 12. This
figure also shows the expected 2o limits for the manufactured product.
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IV. GROUP UNITS

Four different group unit designs are required for complete flexi-
bility in engineering N2 carrier systems. All of the functions performed
by group units are found in the low-gro:n receiver. Therefore a full
deseription will be given of only this one w.'t, shown schematically
in Fig. 13. Signals in this unit first go through a filter which selects
only the low-group frequency band and rejects out-of-band noise
which may have been picked up due to crosstalk or other sources in
the incoming line. The wanted signals are delivered to a ring modula-
tor consisting of a silicon diode bridge and appropriate coupling trans-
formers, A modulating carrier frequency of 304 ke is introduced
longitudinally through the transformers. This carrier frequency is
obtained from a crystal-controlled oscillator and a driver stage which
are integral parts of the low-group receiver. The output of the modu-
lator consists of two sidebands and, because of transformer balance,
very little carrier power. The lower of these sidebands is in the high-
group frequency range and is selected by an appropriate bandpass
filter.

A slope equalizer, selected to correct the attenuation distortion of
the preceding line section, is inserted between the modulator and the
filter. Therefore the wanted signals are essentially equal in level
across the frequency band of interest at the filter output. However,
the levels are quite low and amplification is required to obtain ap-
propriate driving levels for the channel demodulators. This amplifica-
tion is obtained in a three-stage transistor amplifier. To provide
adequate power levels, the third stage of this amplifier uses two tran-
sistors operating in parallel. Degenerative feedback is also used to
further enhance the modulation performance of the amplifier.

The feedback circuit is connected in shunt with the output trans-
former and to a hybrid tap on the input transformer. This provides
the resistive input impedance required by the bandpass filter and a
very low output impedance to drive the 12 paralleled e¢hannel band-
pass filters. To make the impedance terminating the output stage
substantially independent of the type and number of channel units
actually in service, the output transformer is further terminated in
a very low resistance.

Automatic gain control of the amplifier is obtained by including in
the feedback ecircuit a thermistor whose impedance will depend upon
the total power being delivered by the output stage. High output
power will increase the energy absorbed by the thermistor, heating its
internal element, thus reducing its resistance and hence reducing the
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gain of the amplifier. In this manner, input level changes of =+8
db ean be reduced to less than #0.5 db. Also included in the feedback
circuit are slope networks which can be used to provide fine adjust-
ments of equalization in steps smaller than are obtainable in the slope
equalizers. The desired slope network can be selected by operating a
switch on the front of the unit.

The high-group receiver may be thought of as a stripped-down
version of the low-group receiver. Since the signals received by it are
already in the high-group range, the first selective filter, the modu-
lator, and its associated oscillator are not required. Otherwise its
performance is the same and it delivers the same signals at the same
levels to the channel units. The group transmitters are simpler than
the group receivers in two respects. First, since the signals delivered
to them are at a constant and desired level, it is not necessary to
provide gain regulation; moreover, since they are at the beginning end
of a transmission circuit, the fine degree of slope equalization also is
not needed. Provision is made, however, to provide some slope equali-
zation which will act to pre-equalize the transmitted signal levels and
facilitate line engineering. The low-group transmitter receives the
high-group band, modulates it with the 304-ke group carrier, and
selects the lower sideband for amplification and transmission to the
line. The high-group transmitter does not require the modulation
step and hence filters the received signal to eliminate unwanted mod-
ulation products developed in the channel modulators, amplifies the
resultant signal after slope equalization and transmits this signal
to the line.

V. DATA TRANSMISSION

Provision has been made for the transmission of a wideband 40.8-
kilobit signal over the N2 system. This is done by removing the
channel equipment associated with channels 5 through 11 and sub-
stituting equipment which has been designated as the N2WM1 wide-
band modem. These circuits are designed to accept signals in the
band 10.2 to 51.0 kiloeyeles as generated by the 301B data set and
modulate them into the band 203.5 to 244.3 kilocycles in the high-
group N2 band. The resultant signal is summed with the six voice
channels obtained by using channels 1, 2, 3, 4, 12 and 13 to give a
composite signal which is delivered to the group unit and from there
transmitted over the N carrier line.

The channel filters used in the wideband modem are delay equalized.
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Provision is also made for additional delay equalization to com-
pensate for high-frequency line distortion. The smallest delay equali-
zation unit provides delay equalization for two high-frequency line
repeater sections, including one high-low and one low-high repeater.
Any number of delay equalization units between 1 and 18 can be
obtained by selecting appropriate equalizer units and plugging them
into sockets of the equalizer. Thus any number of line sections between
2 and 36 can be equalized. Since provision has not been made to
equalize a single repeater section, any line involving an odd number
of sections will have the delay errors associated with a single section.

VI. SPECIAL-SERVICE VOICE UNITS

Situations can arise where N2 circuits are connected together on a
voice-frequency patching basis. In such cases, if standard N2 equip-
ment were used, there would be several compandors operating in
tandem on the same voice-frequency signal, This is undesirable. There-
fore a special service unit has been made available which provides
the necessary gains without the use of the compandor and its vario-
lossers. By substituting the special unit, designated a VF amplifier,
for the compandor at the intermediate points the circuit can be set up
s0 as to operate with only one compressor at the transmitting end and
one expandor at the receiving end, or the compandors may be elimi-
nated from the circuit entirely. The latter situation is often used in
transmitting certain kinds of voice-band data. In this case the signal
levels used are somewhat higher than those encountered with voice
signals, and therefore the VF amplifier units have been designed for
such levels.

Another type of special service unit is the modem designed to handle
the wider bands required to provide Schedule C & D program trans-
mission service. These modem units are available only for channels
3 through 7. They differ from the standard units used in these chan-
nels only in their wider bandwidth. The wider band is obtained by
using higher-quality transformers and improved filter designs.

VII. TESTING AND MAINTENANCE

The N2 terminal requires relatively few maintenance checks. The
long life of the solid-state circuit components, adequate feedback in
amplifiers and ecareful temperature compensation require only the
simplest of maintenance measurements at intervals as infrequent as
6 or 12 months. Most of the measurements can be made on a working
system by bridging conventional test gear at pin jacks located on
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the front of the plug-in units. A special test set is provided, separate
from the N2 terminal, for making out-of-service measurements on
compandors, modems or alarm units. Another special test set makes
possible the in-service substitution of a stand-by unit for either the
power supply or any one of the group units. This permits removal and
replacement of these units without a service interruption.

Only one operating adjustment is required. This is provided by the
OUTPUT ADJUST potentiometer (Fig. 3) which controls the gain
of the expandor amplifier. This sets the over-all net gain of the channel
and compensates for any variations from channel to channel oc-
curring in the compressor, modulator and resulting carrier-to-side-
band ratio, receiving channel band filter losses relative to its center
frequency, channel regulator and expandor variolosser. In addition,
the adjustment also mops up variations in the common equipment
and carrier line not completely eliminated by the channel regulator.
The adjustment is made by introducing a 1000-cycle tone at a stand-
ard power at the distant terminal and setting the local output
power to a standard value.

VIII. SUMMARY

Circuits for the N2 Carrier System have been designed to take
advantage of the special properties of semiconductor devices. The
low-current, low-voltage operating points of these devices coupled with
the use of a closely regulated de-de power supply makes possible a
highly efficient design with power requirements approximately one-
fourth that of the earlier N1 system.

Significant performance improvements have been achieved in free-
dom from signal distortion, lower noise and better net loss stability.
The latter is obtained by extensive use of negative feedback in am-
plifiers and regulators and partiuelarly by the uniform characteristies
over a wide operating range of the diodes used in the eompandor
variolosser.

The performance improvements and the simple maintenance pro-
cedures have made N2 a very popular system. As of the end of 1964,
more than 160,000 channels of N2 equipment have been sold.

APPENDIX

Levels

The conecept of “system level” provides a convenient method for
keeping track of signal levels at various points in a system. The
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level diagram shown as Fig. 4 in the companion paper? is constructed
by assuming 1 milliwatt of power to be injected into the system at a
convenient point, which is arbitrarily designated as the zero-level
point, and calculating the resultant levels at other points in the system.
This is especially convenient while the signals are traveling through
linear eircuits where the ratio of the magnitude of the output signal to
the magnitude of the input signal is totally independent of either
magnitude.

However, when we consider the input-output characteristics of
compressors and expandors a new dimension is added and further
definition is required. Since the primary purpose of a compressor is
to permit low-power message signals to produce greater carrier
modulation and hence higher sideband levels than would be obtained
without compression, it seems natural to define the power or “level”
of the compressed signal relative to the power of the carrier signal
at some arbitrary level point. The modulation ratio should be chosen
as high as possible while still allowing some margin against exceeding
100 per cent modulation under extraordinary, high-power message
conditions.

These considerations have led to the following definition for the
N carrier systems:

After modulation, a zero system-level point (0SL) is any point
where the energy in one sideband is +5 dbm when the signal produc-
ing this sideband is +5 dbm at a 0 voice level point. It is a require-
ment on the N2 system that the magnitude of the (unmodulated)
carrier at such a point shall be +15 dbm.* The +5-dbm0 signal is
thus the one which is not affected by the compressor and expandor
characteristies; it is referred to as the “unaffected level” or “point
of no compression” on the compandor characteristics.

The 2-db-for-1 characteristic of the compressor results in a power
of +2.5 dbm for one sideband at this reference level point when the
voice signal is 1 milliwatt at its 0-level point. Therefore, a test tone
of 0 dbm 0 results in a carrier-to-(one)-sideband ratio of 12.5 db.
Once the signal has been modulated, the broadband nature of the
system insures that subsequent level changes will affect the carrier
and sidebands equally. Therefore the carrier-to-sideband ratio is un-
changed until the signals reach the channel demodulator.

The presentation of the compandor characteristics in Fig. 4 has

* This hypothetical point is not reached in the N2 system. In a normally
operating system, the maximum level of a single carrier is nowhere greater than

4 milliwatts (+6 dbm).
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been augmented by the addition of scales showing the carrier-sideband
(C/SB) ratio over the appropriate range. The relation between voice
frequency input and output of the compandor or either of its parts
is shown by the top and right-hand scales respectively. Alternatively,
the output of the compressor may be interpreted as that which will
result in the earrier-to-sideband (C/SB) ratio at the modulator shown
hy the left-hand scale. Similarly, the input to the expandor may be
interpreted as that resulting from an input signal to the modulator
with the carrier-to-sideband ratio shown by the bottom seale.
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Equipment Aspects of Packaged N2

Carrier System Terminals

By D. T. BELL, L. H. STEIFF and E. R. TAYLOR

(Manuseript received December 30, 1964)

Packaging the N2 carrier terminal has significantly reduced space
requirements, the mnumber of interbay wiring connections, and the
number of wired options as compared to former N-type carrier equip-
ment. At the same time noise and crosstalk performance has been im-
proved, and ease of maintenance and operation has been provided. Isola-
tion of “noisy” (high signal level) leads from “quiet” (low signal level)
leads has been effected by routing the two sets of leads in separate ducts
on newly developed double-bay duct-type frames. Wired options are
simplified by furnishing optional equipment on a plug-in basis, with
wiring confined to simple strapping. Automatic alarm, circuit condition
and restoral equipment is furnished as part of the packaged terminal,
Muaintenance of multichannel equipment can be performed on an in-
service basis

I. INTRODUCTION

The N2 carrier system provides twelve two-way message, program
or narrow-band data channels over two pairs of a single toll or ex-
change plant cable. Ocecasionally, a two-way wideband channel for
40.8-kilobit data will be used in lieu of six narrow-band channels. Like
the earlier N1 carrier system, double-sideband transmitted carrier sig-
nals in the 36- to 268-kc frequency band are used with repeaters at
intervals up to eight miles, depending on the type of cable.

This paper deseribes the operational, functional, and mechanical
aspects of N2 carrier terminals packaged to include not only the
carrier circuits but also the signaling, cireuit conditioning, patching
and monitoring circuits required for the complete channels derived
from the N2 system. Transmission performance, ease of maintenance
and economy are optimized by the use of a packaged terminal frame-
work containing mounting shelves, connectors and shop wiring such

787
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Fig. 1—(a) Earlier N-type carrier installation (96 channels) with equipment
mounted on separate installer-connected bays; (b) N2 packaged shop-wired
frame installation (72 channels).

that any desired combination of ecircuits for message or program
service may be obtained by the choice of suitable plug-in units and
the placing of option strapping in accordance with standard templates.

Fig. 1 compares a 72-channel packaged frame installation to an early
96-channel installation wherein the carrier, patching and monitoring,
E-type signaling and cireuit conditioning equipment was located in
four or more different frames. The 648 wires (9 per channel) from the
distributing frame to the packaged terminal frame are about one-third
of those required in the earlier installation. This is indicative of the
savings in distributing frame space and installation effort because
numerous long interconnections via the distributing frame are no
longer required.
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II. OBJECTIVES

The nature of type-N carrier systems and the numerous services
using the channels derived therefrom result in wide ranges in fre-
quencies, signal energy and susceptibility to interference, as well as
numerous combinations of carrier, signaling and circuit conditioning
options. Many of these options cannot be determined before a terminal
is engineered and installed. Frequently, new options must be chosen
to provide new services from time to time during the life of the ter-
minal. In many cases, individual channels must be rearranged without
affecting services using the remaining channels.

Consideration of these conditions and of economy in manufacture,
installation and maintenance leads to the following objectives:

(a) transmission performance of terminals and office wiring suitable
for all combinations of services with negligible contributions to im-
pulse noise or crosstalk. This requires shielding, lead segregation, bal-
ancing and pairing, as well as the use of click-suppression networks.

(b) automatic circuit conditioning and alarms during failure of the
carrier line between offices. This affords release of individual message
channels, prevents billing for unusable time and seizure of disabled
circuits.

(e) flexibility in message channel uses — same capability for all
twelve channels.

(d) alternate use of wideband data channels in lieu of six message
channels,

(e) universal terminal and office cabling suitable for all normal
services.

(f) office engineering of economical numbers of system terminals
before options are determined and with deferred expenditures for main
optional (plug-in) units.

(g) functional compatibility with existing N2 carrier terminals. The
inherent limitations of existing terminals still apply when a system
includes both existing and packaged terminals.

(h) use of existing designs of E-type signaling units and tone supply
panels.

(1) plug-in units for optional circuits and those requiring periodic
maintenance adjustment. This not only aids trouble location and the
substitution of spare units, but also permits expenditures for main
circuit components to be deferred until needed.

(j) packaged terminal frames arranged for all of the plug-in units,
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circuit conditioning, signaling tone supplies, alarms and fuses normally
required for an economical number of systems.

(k) close association and simple identification of the components of
each system or channel by physical proximity and numerous designa-
tions. This simplifies maintenance and restoration of service, minimizes
exposure to electrical or maintenance interference, and facilitates meet-
ing of strict resistance limitations between signaling and switching
cirecuits.

(1) in-service monitoring of circuit performance and in-service
switching of common units.

(m) portable test sets for in-service switching and testing of channel
units and alarm and restoral unit.

(n) simplified circuit options through the use of option screws or
wiring templates.

(o) seldom-used options obtainable with negligible effect on the cost
or performance of the more usual options.

(p) optional high impedance monitoring and maintenance talking
circuits.

(q) optional ecireuits for access to and remote control of centralized
transmission or noise measuring equipment.

(r) separate power filters and fuses for odd and even numbered
terminals so that a single failure will not affect more than half the
terminals.

(s) application schematic covering all the options in the packaged
terminals and all associated office wiring.

III. ELECTRICAL DESIGN FEATURES

In this section the electrical design of the packaged terminal and its
external connections are discussed. Many of the requirements stem
from the over-all system objectives discussed in a companion paper.}
The electrical design of most of the plug-in units, both carrier and
signaling, is discussed in other papers.*?

Plug-in units for line terminating and for alarm and restoral func-
tions are discussed with associated terminal eircuits below.

3.1 General

A major factor in the electrical design is the control or avoidance
of electrical interference or erosstalk. As indicated elsewhere,! nominal
level differences between carrier frequencies may be as high as 65 db.
This may be increased by as much as 30 db by differences in talker
volume. In most installations this is alleviated by the use of separate
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frequency bands for transmitting and receiving, but some systems in a
terminal frame oceasionally may use transmitting frequencies which are
in the same band as receiving frequencies in other systems and vice
versa. This occurs in rare junctions of carrier routes. In any case, how-
ever, received carrier frequency energies may be low enough for inter-
ference energies as low as —120 dbm to be significant.

Nominal voice-frequency level differences may be as high as 26 db
and may be increased by as much as 60 db by talker volume differences.
Interference energies as low as —100 dbm may be significant. The
benefits to be obtained by lead segregation are limited because the
same voice-frequency conductors are used for both transmitting and
receiving in many types of message switching circuits to which the
carrier-derived channels may be connected. Furthermore, many types
of signaling and supervision circuits use the same conductors for speech
(or data) signals and for low-frequency signaling and supervisory
signals, This results in sizeable limitations on the degree of balance to
ground obtainable in transmission conductors and correspondingly in-
creases the susceptibility to erosstalk and interference.

It is evident that the electrical design of packaged terminals, in-
eluding signaling and direct connection to switehing eircuits, is much
more complicated than it was in the older terminals without signaling
or direet connection, However, the same problems existed elsewhere in
the telephone office and were aggravated by the long cables between
the wvarious locations of carrier, signaling and circuit conditioning
equipments. The compactness and shop wiring of the packaged termi-
nals afford mueh ecloser control of the end results.

Another factor in the clectrical design is the eontrol of eonductor
resistance and potential differences between signaling units, circuit
conditioning equipment and switehing ecircuts. Many telephone offices
were designed and cabled to meet strict conductor resistance limits be-
tween signaling and switching circuits without allowance for circuit
conditioning equipment inserted between them, because the latter had
not been needed or invented. Accordingly, the packaged terminals,
including both signaling and circuit conditioning equipment, are
designed and cabled to the distributing frame to meet the same require-
ments as the older signaling equipment. This avoids expensive recabling
of existing offices or the redesign of switching circuits.

3.2 Packaged Terminals

This section will make reference to the eircuit units indicated on Fig.
2, which is a block schematic of a packaged N2 carrier terminal ar-



792 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

ranged for message use and includes common equipment for as many
as six terminals (72 channels) within the same framework. The ecarrier
group alarm (CGA) unit includes the circuit conditioning circuit for
the twelve channels derived from one carrier system, and the 2600-
cycle oscillator and transfer unit furnishes signaling tone for the entire
frame. Other boxes marked UNIT rather than PANEL are plug-in
units which may be replaced with other units for different serviees or
frequencies or are removable for maintenance purposes.

High-level carrier- and voice-frequency pairs, and signaling tone
supply, alarm, and power leads are run in so-called “noisy” ducts at
the outside of the packaged terminal frame, as described in Section
4.3. Low-level pairs are run in a “quiet” duct in the center of the frame
and are automatically shielded from “noisy” leads or circuits which
may be in adjacent bays. Carrier-frequency pairs are normally
balanced and individually shielded. Voice-frequency transmission and
signaling tone supply leads are paired and balanced by twisting and
by the use of similar resistors, relay contacts, etc., in both leads.

Exceptions are voice-frequency connections between compandor,
modem and restoral oscillator units and carrier-frequency connections
between modem and group units via the line terminating unit. These
connections are two-wire, but are unbalanced in the interest of economy
in the plug-in units, particularly in the filters. This is made possible
by the physical arrangements shown in Fig. 3 and diagrammed in Fig.
4, The group and line terminating units are located together and close
to the modem units. Each modem is located adjacent to its compandor
and on a shelf immediately above or below the shelf containing the
group units. Wiring and wiring terminals for the transmitting path are
well separated from the receiving path. Wiring between shelves is
shielded. The restoral switching relays for switching channel position
A and B modem connections from compandors to the alarm and
restoral unit and the restoral oscillator unit are located within inches of
the compandor and modem connectors. Shielded pairs are used between
these relays and the restoral units.

Common impedance between cireuits in the two directions of trans-
mission is minimized by the low impedance of the regulated 48- to 21-
volt convertor and by the use of individually paired battery and ground
leads from the power supply unit to each shelf.

Transmission leads traversing the CGA unit are subject to numerous
options depending on the type of service, type or omission of signaling
unit, ete. A terminal strip containing groups of terminals which are
individual to each channel are provided for these options and for con-
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Fig. 4 — Diagram of N2 carrier shelf positions.

nections into and out of the CGA. These groups of terminals are
located close to associated relays and signaling unit connectors to
minimize noise and crosstalk exposures. Wiring terminals for execut-
ing the options in the transmission paths are separated from those for
signaling or supervision options and are located close together for each
direction of transmission. Normal option straps are less than one
inch long. This is in contrast with optional cross connections for similar
purposes in the older multibay arrangements, which often were many
feet long and exposed to many interfering circuits.

Many types of signaling units connect battery to transmission pairs,
making the transmission circuits vulnerable to noise on the power
leads. Accordingly, a filter is provided to attenuate noise on the power
feeders and to reduce the impedance common to signaling units. This
and pairing of battery and ground feeders is helpful in meeting No. 1
ESS office objectives for preventing interframe interference. Separate
power feeders, filters and fuses are used for odd- and even-numbered
terminals to lessen the chance of a single failure affecting more than
half the systems.

3.3 Connections to and from Packaged Terminals

Individually shielded pairs are used for carrier-frequency connections
to and from the packaged terminals. The shields of these pairs are
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connected to those of corresponding pairs in the terminal. In small
offices, these pairs connect directly to the high-frequency interoffice
cable protectors which may be located in one of the packaged frames.
In somewhat larger offices, where the length of these pairs would
exceed 200 feet, the individually shielded pairs terminate on a distribut-
ing terminal strip for connection to a multipair aluminum shielded cable
which in turn is connected to the protectors or to a high-frequency
cross-connecting cabinet which includes the protectors. In these cases,
the shields of the individually shielded pairs connect to the shield of
the ABAM cable which is connected to the shield of the interoffice
cable. In any case, physical separation on the cable racks is specified
between carrier pairs and noisy pairs or pairs carrying the same fre-
quencies at substantially different levels. These provisions protect
against carrier-frequency mnoise or interference from other circuits in
the office.

Voice-frequency connections between the packaged terminals and
the distributing frame are protected from noise and crosstalk by segre-
gation of low-level pairs from high-level pairs or neisy conductors.
This segregation may be obtained by the use of separate cables or by
separate layers in the same cable.

3.4 Wiring within the P(Lckager{iBay

Universal shop wiring is used in each frame for all of the options that
may be required in the ehannels and terminals contained therein. This
is made possible by liberal use of plug-in units — usually 41 per termi-
nal or 247 per frame. The connectors for the plug-in units are multi-
conductor — 18 for signaling units, 20 for carrier units and 40 for line
terminating or alarm and restoral units. With a few exceptions, the
circuits assigned to the contacts of the connectors are chosen so that
inadvertent insertion of a wrong unit into a pesition on a working
terminal will not cause component failure or major service reaction.
The exceptional positions where this electrical protection is not feasible
are safeguarded by simple mechanical keying which is also used in the
test stand.

The eighteen conductors for signaling unit connectors are required
for the twelve different types of signaling units which may be used. The
twenty conductors for carrier unit connectors are often more than are
required for circuit connection, but the extras afford valuable lead
segregation or shielding. In other cases, the extras permit close associa-
tion of restoral switching relays or optional use of broadband data
modems. The conductors of the carrier connectors are chosen so that
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mueh of the eritical wiring is run directly between adjacent positions
avoiding the exposure to interference of more circuitous wiring.

3.5 Alarm and Circuit Conditioning

Relays common to all the terminals are used for both major and
minor office alarms. They are multipled to fuses and individual termi-
nals through isolating diodes. Separate relay contacts are provided for
the numerous combinations of ground or battery and series contacts
required for the variety of office alarm eircuits which may be en-
countered in local and toll offices.

During complete system failures such as interruptions to the carrier
line, alarms are brought in at both terminals of the system for two
purposes — first, the customary alerting of maintenance personnel and
seeond, eircuit conditioning whereby the effects of the failure are
minimized for the users or prospective users of the individual channels
of the system. When the failure is corrected, the alarm indications are
automatically restored and the channels are again offered for service.
The circuit conditioning circuits have been designated “carrier group
alarm” (CGA) because the alarms originate from loss of the group
carrier energy. Subsequent testing and restoral to service processes are
designated “restoral.”

The eircuit conditioning and restoral elements of Fig. 2 are CGA
unit, alarm and restoral unit, restoral oscillator, CGA delay and
restoral switching relays in channel positions A and B. These and
similar elements at the distant terminal automatically proceed as
follows:

(a) recognize carrier system failure,

(b) force transmission failure in other direction to start alarm
sequence at distant terminal,

(e) alarm and start trunk conditioning at both terminals of the N2
system,

(d) transmit restoral tone (2600 cycles) over the carrier channel
associated with channel position A and observe the restoral tone-to-
noise ratio at the distant terminal,

(e) when this ratio has been satisfactory for an adequate time,
transmit restoral tone in the opposite direction over the carrier channel
associated with channel position B,

(f) restore alarms simultaneously at both terminals when restoral
tone transmission is satisfactory over both channels in both directions
of transmission, and

(g) return trunks to service at both terminals at the same time.
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The alarm and restoral circuits include lamps which provide visual
indication of the direction of transmission in which a carrier failure
oceurs and a counter which indicates the number of failures. These are
maintenance aids obtained as byproducts of the restoral functions. The
lamp is controlled by a CGA relay which is operated during the interval
from [ailure to the receipt of satisfactory restoral tone at channel posi-
tion A. Accordingly, the lamp lights on both carrier failure and carrier
interruptions produced automatically to alarm the distant terminal.
However, the latter lasts for less than a minute, so continued operation
indicates a real receiving failure. The counter or register is controlled
by a thermistor and CGA relay contacts to advance one step each
time restoral tone is not received at channel position B immediately
after satisfactory reception of restoral tone at channel position A. Ac-
cordingly, it ignores the forced interruptions and counts the real
failures. This ean be a real aid to detecting and locating intermittent
troubles which otherwise would cause intangible service reactions.

3.6 CGA Options

Each message channel and associated supervision as well as each
program channel passes through the CGA unit to a cable to the dis-
tributing frame. Any one of 33 different circuit configurations may be
required and severe requirements on crosstalk and interference exist,
as indicated in Section 3. The 54 leads required for the 33 configura-
tions are connected to a terminal strip in a pattern which preserves
pairing and level segregation and thus the optional straps which com-
plete the cireuit configurations are rarely more than a hali-inch long. As
deseribed in Section 4.5, templates depicting the straps for each con-
figuration are furnished for each channel.

IV. MECHANICAL DESIGN

This section discusses the general plans for mechanieal design and
describes the plug-in units designed specifically for N2 earrier termi-
nals, the packaged terminal frames in which they are mounted, and the
agsociated equipment common to several terminals.

4.1 General Plans

The flexibility and office engineering objectives discussed in Section
IT indicate liberal use of plug-in units. Detailed study of the cireuit
options determined the cireuit subdivisions for the plug-in units. Ap-
proximate volume requirements for each unit were determined after
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selection of the smallest reliable apparatus components economically
obtainable and consideration of feasible packaging techniques, such as
printed wiring and AMPLAS.

The requirement that existing E-type signaling units be used in-
dicated the use of 23-inch bay frameworks. Later studies of frame sizes
and capacities confirmed the desirability of using this standard along
with the 12-inch standard for frame depth.

More detailed study of these factors and of manufacturing costs
resulted in the use of die-cast aluminum mounting shelves, each divided
into twelve modules 1§ X 4% x 11 inches, and the packaging of the
plug-in units in 1-, 2- or 4-module sizes to afford the desired flexibility,
interference-free interconneetions and compactness. The twelve-module
shelf is well adapted to a twelve-channel system, as the channel units
are single module size — two per channel completely filling two shelves,
The twelve single-module units on one shelf are replaced by four two-
module and one four-module units when wideband data replaces six
voice channels. A third shelf contains the common units of the terminal
consisting of four two-module units and one four-module unit,

4.2 Plug-in Units

A full complement of terminal plug-in units consists of 12 com-
pandors, 12 modems, a group receiving unit, a group transmitting unit,
an alarm and restoral unit, a line terminating unit, and a power supply
unit. In addition, a number of special-service units, such as schedule
A and B program channel units, schedule C and D program channel
units, voice-frequency amplifier unit and wideband data units either
are or soon will be available to the field, to be plugged in to meet
service requirements.

Most of the eircuitry in the plug-in units is contained in AMPLAS
assemblies, The word “AMPLAS” is an acronym of “apparatus
mounted in plastie.”

The AMPLAS process, developed by the Western Electric Company
at the Merrimack Valley Works, begins with the casting of a cellulose
acetate butyrate mold in the shape of a shallow tray, as shown in
Fig. 5. Cellulose acetate butyrate is a thermoplastic material. In its
solid state, the particular formulation used is waxlike, flexible and
translucent. The mold is placed over a full-size assembly drawing which
shows the locations and positions of all the components of that particu-
lar assembly. The translucency of the material permits the operator
to view the layout through the bottom of the mold. Components are
furnished to the operator with their leads cut to length and formed. The
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Fig. 5— Cellulose acetate butyrate mold for Amplas process.

operator inserts the components by pressing the leads into the floor of
the mold in the positions indicated by the assembly drawing. The in-
sertion operation is shown in Fig. 6. The leads easily pierce the wax-
like cellulose acetate butyrate and extend through to the bottom sur-
face of the mold. After the last of the necessary components is inserted
into the mold, a properly proportioned mixture of epoxy resin and
hardener is metered into the mold. The mold, full of components and
epoxy resin, is placed in an oven at 150°F for one-half hour, during
which the epoxy cures into a hard, tough substrate. After cooling, the
cellulose acetate butyrate is stripped away, leaving an epoxy substrate
to which all of the component leads are bonded. The thickness of the
substrate now corresponds to the depth of the tray-like mold, and the
length of the protruding leads corresponds to the thickness of the floor
of the mold. Pencil wiring is applied to the protruding leads to provide
cireuit continuity as shown in Fig. 7. Completed AMPLAS assemblies
are shown in Fig,. 8.

Special die-cast aluminum unit frames were designed to carry the
circuit-laden substrates. The unit frame slides into tracks in the mount-
ing shelf, which provides precise alignment of the plug-in unit with its
mating connector. The front of the unit frame is a face plate which
provides space for unit identification, test jacks, and a latch. When
placed side-by-side in a terminal, the face plates provide an attractive
facade for the terminal.

Each message channel requires two units a compandor and a
modem. The compandor and modem units occupy alternate spaces in
and completely fill the top and bottom shelves of a three-shelf stack
which constitutes a complete terminal housing. Each channel unit is
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Fia. 7— Application of pencil wiring to component leads in AMPLAS sub-
assembly.

mounted on a single-unit frame and occupies a single modular space
on the shelf. The compandor and the modem circuits each include more
components than could be conveniently mounted in a single AMPLAS
assembly. This problem was resolved with a rather unusual sandwich-
type structure, wherein one subassembly was suspended over another
with their component faces toward each other. Inasmuch as the com-
plete structure was designed to fit into a single modular space, the
distance between the subassemblies was severly limited. Printed wiring
assemblies are lighter and somewhat more efficient in space utilization
than are equivalent AMPLAS assemblies; and it was determined that
a printed wiring subassembly, suspended above an AMPLAS sub-
assembly, would fit into the available space. Hence was effected a rather
neat marriage between AMPLAS and printed wiring. To assure inter-
ference-free positioning of the sandwich halves, care was taken to lay
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Fig, 8 — Completed AMPLAS subassemblies.

out the eircuity in such a manner that tall components on either sub-
assembly fall opposite short components on the other subassembly.
This caused some diffieulty in incorporating changes after the initial
layouts were finished but was not an insurmountable obstacle.

Care was taken to keep intersubassembly wiring within the “sand-
wich” to a minimum. In the compandor, this was accomplished by
putting the entire expandor circuit on the AMPLAS subassembly and
almost all of the components of the compressor circuit on the printed
wiring subassembly. All interboard wiring was dressed to a common
edge of the structure so that the halves of the sandwich could be opened
like a book for servicing.

The design of the modem is similar to that of the compandor. Here
the wiring between the subassemblies was minimized by placing the
entire demodulator circuit on the AMPLAS subassembly, and most of
the components of the modulator circuit on the printed wiring sub-
assembly. A compandor and a modem are shown in Fig. 9.

An electrostatic shield is placed hetween the two cireuits of the
modem to inhibit erosstalk. Because of the contours of the two sub-
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Fig. 9— Compandor (a) and modem (b) fabricated by “sandwiching” printed
wiring board and Amplas assembly.

assemblies, with the interleaving of the components, it was necessary
to form the shield to the contours of one of the subassemblies. It was
decided to form the shield to the contour of the printed wiring sub-
assembly, the smaller of the two. A rigid vinyl sheet is vacuum formed
to the contour of the printed wiring subassembly. Two-ounce copper
foil is formed by hand over the formed rigid vinyl sheet, and a second
rigid vinyl sheet is vacuum formed over the copper foil. The resulting
produet is a shield, which consists of a copper foil between two rigid
vinyl sheets, and which conforms to the contours of the printed wiring
subassembly. The shield is shown in Fig. 10.

The middle shelf of a terminal houses the common units. These are
the power supply, alarm and restoral, line terminating, and two group
units — either a high-group receiver and a low-group transmitter or
a low-group receiver and a high-group transmitter. The group units
are double units: that is, they occupy two modular spaces in the
terminal housing. The group unit circuity is contained in two AMPLAS
subassemblies, each supported on its own die-cast unit frame. The
frames are attached to each other and accurately spaced by means of
four specially designed brackets. Accurate spacing is essential to enable
the two frames to slide in adjacent tracks in the housing without
binding. Here again, all intersubstrate wiring is dressed to a common
edge so that the units can be opened for servicing. For the sake of
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Fig. 10 — Electrostatic shield to isolate subassemblies of modem.

simplicity, the two substrates are referred to as “lower substrate” and
“‘upper substrate,” the lower being the one the components of which
fall between the two substrates. Plug-in slope equalizers are carried
on the lower subassembly, and can be inserted or extracted through the
side of a completely assembled group unit. The group units are equipped
with only one connector, and it is carried on the lower subassembly.

The line terminating unit, like the group units, is a double-module
unit, but unlike the group units houses part of its circuitry in an
AMPLAS subassembly and the remainder on an aluminum panel,
and is equipped with two connectors. The two subassemblies are
electrically independent of one another; there is no intersubstrate
wiring. The aluminum panel carries a slide-wire resistor and serew-
operated power options for feeding de power to either one electron tube
line repeater or one, two, or three transistorized line repeaters. The
AMPLAS subassembly carries the line terminating circuitry. Suspended
in the epoxy substrate are two tube sockets into which line build-out
span pads can be plugged. The face plate of the unit frame on which
the amplas substrate is mounted is equipped with two pairs of paralleled
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Tig. 11 — Low-group receiving unit (left) and line terminating unit (right).

9-pin jacks. Group unit input and output cireuits are wired to the
jacks. Mating plugs provide group circuit continuity through the
jacks. These jacks and plugs provide access for in-service switching
of group units. Although the power feed cireuit and the line terminat-
ing circuit are earried on separate unit frames and are electrically
independent of one another, they are tied together mechanically simply
because the four switching jacks on the face plate on the line terminat-
ing unit frame leave no room for a lateh. The power feed unit frame is
equipped with a latch, and when tied mechanically with the line ter-
minating unit frame, the pair is treated like an ordinary double unit. A
low-group receiver unit and a line terminating unit are shown in Fig. 11.

The alarm and restoral unit, another double unit, contains its
circuitry on printed wiring hoards only. Because of the very high com-
ponent density and the complexity of the printed wiring pattern, the
upper subassembly consists of a “mother” board and four “slave”
hoards. Two of the slave boards contain no components — only wiring
— and provide numerous crossovers. The alternative would have been
either double-sided printed wiring boards, with the attendant through-
connection problem, or many surface wires, always susceptible to
operator error. The slave board approach to the crossover problem
provides a compact, reliable, easy-to-manufacture solution which is
virtually immune to operator error. The alarm and restoral unit is
shown in Fig. 12

Shown in Fig. 13 is the power supply unit. Occupying four modular
spaces, it is the largest plug-in unit in the N2 terminal. The circuitry
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Fig. 12— Alarm and restoral unit.

is mounted on a steel panel except for the power transistors. These
are mounted on a massive heat sink at the connector end of the unit
where they are free to generate conveetion currents.

Laboratory tests have indicated that the N2 terminal is capable of
withstanding acceleration forces considerably in excess of the 3g

Fig. 13 — Power supply unit.
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Fig. 14 — Socket and clip for 24-type transistor (left) and plastic elamp for 37C
thermistor.

required of all new Bell System equipment. In hardening the equipment,
special hardware was provided to reinforce otherwise vulnerable com-
ponents. Among these are the 24-type transistor and the 37C thermistor.
The 24-type transistor has a tiny body onto which is clamped a com-
paratively massive heat radiator. A number of transistors tore from
their leads when the assemblies of which they were a part were
vibrated at slightly more than 3g. To overcome this difficulty a special
socket and reinforcing clip were designed. The socket and clip are
shown in Fig. 14 together with a plastic clamp which was designed to
provide the necessary support for the 37C thermistor. The thermistor
is simply snapped into the jaws of the elamp, where it is held securely.
Each plug-in unit is equipped with a lateh, which serves both to lock
the unit into place and to provide the leverage necessary to disengage
the unit from the terminal. In the pushed-down position, the lateh
cannot be operated and the unit is locked in position. In its pulled-up
position, the latch can be operated and serves as an extraction tool.

4.3 Frameworks

The newly developed double-bay duct-type framework, shown in
Fig. 15, as used for all packages containing more than one twelve-chan-
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I'ig. 15 — Double-bay duct-type framework: (a) front, (b) rear.

nel terminal. Use of a double-bay rather than a single-bay framework
is more economical and permits much more efficient utilization of space.
The frame uprights are drilled for mounting plates both front and rear.
This affords more efficient utilization of bay space through loecation
of some units in otherwise unused space in the rear of units mounted
on the front. The frame will be shipped and installed without plug-in
units, so the extra size and weight are not objeetionable.

The five-inch deep uprights, with wide flanges in front and narrow
flanges in the rear, form cable ducts at the sides and in the middle of
the frame. The narrow flanges afford access for shop wiring or installer
cabling. Low-level wiring is placed in the middle duet and is auto-
matically shielded from the high-level or noisy wiring in adjacent bays
or in the outside ducts of the frame. The wide front flanges not only
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afford duct space, but also permit the use of assignment card holders
adjacent to shelves for plug-in units or jack strips as shown in Fig. 17
(Section 4.4).

The single-bay 7-foot framework used for the twelve-channel pack-
aged terminal is similar to the double-bay except that the cable ducts
are between frames and automatic shielding is not feasible. The bases
of the frames include guard rails and commercial power outlets both
front and rear for convenience in powering maintenance and installa-
tion equipment. The bases and the upper sections of the frameworks
are designed for ready attachment of tools to facilitate handling in the
shop and in the telephone office during installation. These tools permit
upending the frame and rolling it into position between other frames
separated by only nominal tolerances.

4.4 Packaged Terminal Frames

Fig. 16 is a photograph of the six-terminal (72-channel) packaged
terminal frame which is diagrammed in Fig. 17. The main components
of a twelve-channel N2 terminal — the carrier units, the CGA and E-
signaling units — are located as close to one another as economy of
space and shelf capacities permit. For example, positions for channel
units 1A to 1M, CGA No. 1, E-type signaling unit positions 1A to 1M,
all in the lower part of the frame, and the lowest of six horizontal jack
strips in the patehing and monitoring jack field, are all components of
terminal No. 1.

The patching and monitoring jack field includes a horizontal group
of patching and monitoring jacks and associated terminal alarm lamps
and keys for each twelve-channel terminal. Monitoring and talking
jacks, keys and lamps; transmission and noise measuring control
switeh, keys and lamps; and trunk jacks and lamps, when required, are
mounted at one end of the horizontal groups mentioned above.

4.5 Carrier Group Alarm (CGA) and Associated Signaling Shelves

Fig. 18 shows how the CGA is designed and located to take advantage
of otherwise unused space and to permit short wiring runs between
the terminal blocks, the CGA relays, and the majority of the connectors
for the signaling units. This is not only economical, but also affords
minimum ecrosstalk and noise exposure for the numerous critical leads
which have been sources of trouble in other installations. The CGA
relay and register strip is located immediately below the lower mount-
ing of the shelf which mounts ten signaling units associated with the
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Fig. 16—Front view of six-terminal (72-channel) packaged carrier terminal
[rame.
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CGA, and immediately above the upper mounting of another shelf.
The terminal strip and cabling of the CGA occupy the space behind
the two signaling shelf mountings and the relay and register strip. The
terminal strip is hinged to give wiring and maintenance access to the
relay and register terminals and the shop-wiring side of the terminal

strip.

Fig. 19 shows how each CGA terminal strip is divided into twelve
regular channel blocks, three spare channel blocks, and a miscellaneous



THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

814

‘so)pjdwe) Fuum pur sdugs [puUULE) UWWUB[E dnoid J9LIE) JO juduLFuBLY — G "dig

neoLoNwY L LTS 5] Moioel |~ | wmoios3 LTSS ] X 0L 03
¥ 0L M3 0L ko
' | 355, | 1]s

i d
aL

m
ai

TR

ol me

7004 908§
LT
. 1

o w3
T i 1

W 0L M L LT

’ r

W 0L M) W 0L W
? 1

:.:.:_ oo oy

ALLTEUS) — 20 04 B0

" 1




N2 EQUIPMENT 815

bloek, thereby providing for the twelve channels of an N2 terminal and
for three spare signaling channels which may be used for circuits
requiring auxiliary as well as regular signaling units, i.e., two signaling
unit positions per channel. These auxiliary signaling units and those
for the A and B channels cannot be accommodated on the nearby
signaling shelf and are wired with shop cabling to connectors on other
signaling shelves (refer to Fig. 17). The shelves for the A and B
channels are located in the same frame as the CGA, but the spares may
or may not be in that frame. Fortunately, the spare or auxiliary unit
channels have less eritical noise and crosstalk requirements.

The regular CGA channels may be used with any one of eleven dif-
ferent signal units, program or noncompandored channels and with a
wide variety of office trunk circuits. Accordingly, the CGA’s are uni-
versally wired so that any condition may be established by suitable
straps between terminals on the terminal blocks. This includes optional
straps to tone supply resistors for E1F signaling units and for 20-cycle
ringing supply which may be required for E18 units.

Only wire-wrapped connections are used on the side of the CGA
terminal blocks where the optional strapping is done. Solder connec-
tions are avoided because a terminal once soldered cannot be wire-
wrapped. Option changes on a working CGA are often required be-
cause it is impracticable to “turn down” twelve channels when one is
reassigned. Soldering of option straps on a working CGA unit would
constitute an unnecessary service hazard. Changes in wire-wrapped
connections may be made with negligible hazard because the tool is
insulated and pliers are not required.

Plastic templates for use with the CGA unit afford a simple guide
for applying optional strapping hetween terminal block terminals to
provide the various trunk circuit and signaling features for the dif-
ferent channels. These templates are perforated so they may be slipped
over the terminals of the CGA terminal block of the desired channel
after installer wiring has been connected, but before the option straps
are placed. Each template is designated as to the channel use, the
associated KE-type signaling unit, and the trunk condition to which it
applies. As illustrated in Fig. 19, the desired straps are indicated by
heavy lines and option letters between the terminals which must be
strapped. When a new or different type signaling unit or trunk cireuit
is to be used, existing straps must be removed using an unwrapping
tool, the existing template removed, the new template added, and then
new straps following the option lines will be added using a hand-
actuated or power-driven wrapping tool. Visual inspection at any time



816 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

can determine whether the template, strapping, signaling unit, and
trunk circuit have been coordinated.

V. MAINTENANCE AND LINE-UP FEATURES

Maintenance and line-up are considered together because many of
the provisions for one are used for the other and both are performed by
operating company personnel. Line-ups may be a part of routine
maintenance but they also oceur when systems or channels are first
put into service or are rearranged for changes in type of service. They
include the choice of plug-in units and the administration of ecircuit
options as well as the adjustment of controls.

5.1 Portable Test Stands and Switching Sets

All twelve channels of the N2 terminal depend on the proper opera-
tion of the group units and the power supply unit. Therefore it is
essential to provide the means for routine maintenance of these units
without interrupting service. Accordingly, portable switching sets
capable of effecting in-service switching of group units, power supply
units, and wideband 40.8-kilobit data channel units which operate in
conjunction with the 301-type DATAPHONE data sets are available
to the operating companies. The switching set is powered from the
power receptacle on the face plate of the alarm and restoral unit.

The routine for in-service switching of group units begins with the
removal of one of the plugs from either of the paralleled receiving 9-
pin jacks or either of the paralleled transmitting 9-pin jacks (depend-
ing on which group unit is being switched) on the face of the line
terminating unit. The group circuit is maintained intact by the
remaining plug. The group-switching cord of the switching set is plugged
into the vacated jack, and an alternate group unit is plugged into the
switching set. At this point, the switching set and the remaining plug
provide parallel paths for the group circuit. Now, upon removal of
the plug, group ecircuit continuity is maintained by the switching set.
Controls are provided so that the output of the alternate group unit
in the switching set can be adjusted to the level of the regular group unit
in the in-service terminal. When the levels are equal, a switch is
operated, removing the regular group unit from service and simulta-
neously inserting the alternate unit. The regular group unit is now
removed from its position in the terminal and a spare regular group
unit inserted in its place. The output level of the alternate group unit
is readjusted, if necessary, to match the output of the unit now in the
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terminal shelf. The switch is returned to its original position, removing
the alternate group unit from service and simultaneously inserting the
spare regular unit. The plug is replaced in the line terminating unit,
the group switehing cord is removed, and the second plug is replaced,
completing the process. In-service switching of group units produces a
1-db hit per channel on the system.

In-service switching of power supply units is ecompletely hitless,
The procedure begins by powering the switching set from the power
receptacle on the face of the alarm unit. An alternate power supply is
plugged into the switching set. Controls are operated, adjusting the
output voltage of the alternate power supply to the level of the regular
power supply. A switch is thrown, removing the regular supply from
service and simultaneously inserting the alternate supply. The regular
unit is removed from its position in the terminal, and a spare unit is
inserted into the vacated position. The output voltage of the spare
unit is adjusted, the switch returned to its normal position to transfer
the load to the new regular unit and the switching set is disconnected
from the terminal. The switching set is shown at the left in Fig. 20.

A portable test stand — capable of routine tests on channel units, the
alarm and restoral unit and the restoral oscillator unit — is also avail-
able to the operating companies. The test stand serves as an extender,
providing convenient access to each contact of any plug-in unit connector
into which it is plugged. Tracks and connectors are provided into which
one or more plug-in units can be inserted. This permits testing or
trouble shooting the units in question in a convenient fixture while the
units are electrically connected to the terminal circuit. Jacks, keys,
lamps, switches and fuses provide the capability for a number of tests,
including a compandor-modem loop-around test, permitting one end of
a channel to be tested by itself.

Alarm and restoral units and restoral oscillator units can be tested
and adjusted in the test stand without connection from the stand to
the alarm or oscillator positions in the terminal. These tests require
only a power connection to an N2 terminal. These plug-in units may be
replaced with spares during the tests or the terminal may be operated
without them, providing a failure requiring circuit conditioning does
not occur, The test stand is shown at the right in Fig. 20.

The performance of signaling units is monitored by a portable set
which may be plugged into a connector located on the face of each
signaling unit. Adjustment and minor repairs are made with the unit
removed to a more claborate test set.

Signaling tone oscillators are furnished in pairs so that either may
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Fig. 20. — Portable switching set (left); test stand (right).

carry the entire load while the other is disabled or switched out for
maintenance. The oscillator panels are equipped with transfer circuits,
controls and jacks for maintenance adjustment.

Jacks are provided for headsets used in talking over N-carrier order
circuits or idle channels to the distant terminal.

5.2 Patching and Monitoring

Patching and monitoring jacks which provide voice-frequency access
to the various channels are furnished to permit circuits assigned to
individual channels of one system to be routed over channels of an-
other system during carrier line failures. These jacks may also be used
for monitoring or for terminated measurements both toward and away
from the carrier system, although all essential maintenance may be
done without them, as indicated in Section 5.1. When centralized
transmission and noise measuring equipment is available, it may be
connected to these jacks and controlled by circuits and equipment as-
sociated with the pateching jacks. This affords somewhat faster and
more accurate circuit line-up than is possible with the portable equip-
ment.



N2 EQUIPMENT 819

The monitoring jacks associated with the patching jacks may be
connected to a high-impedance four-wire monitoring set which not
only affords two directional monitoring without serviee impairment but
also provides amplification for monitoring at a comfortable level and
for the detection of low-energy interference.

This monitoring option also includes a telephone set and intraoffice
communication eircuit terminations for maintenance purposes.

VI. ENGINEERING AND INSTALLATION FEATURES

Many features can be provided to simplify engineering and expedite
installation. They may increase or decrease manufacturing and mer-
chandising costs. Accordingly, a prime objective of equipment design is
an economic balance between manufacturing, engineering, and installa-
tion costs in light of the probable percentages of installations requiring
various options. In general, shop wiring is much less expensive, more
uniform and more readily tested than installer wiring.

Certain options, such as the use of E1F signaling units for revertive
pulsing, are seldom required and involve considerable equipment and
wiring which must be coordinated with the wiring for other options.
In the N2 packaged frame, wiring terminals for administering this
option are always provided, but the equipment and wiring is furnished
only when specified. Preferably it is installed in the shop, but it may be
added in the field.

As other options, such as monitoring and talking circuits, are required
in an appreciable number of N2 terminals, the wiring is always furnished
but the equipment may be added in the shop or field when required.

The broadband data option is seldom required when a terminal is
initially installed, but is expected to be required in inereasing numbers
during the life of the equipment. The conversion to broadband data
transmission involves simple but eritical wiring and special terminal
equipment. The wideband data terminal equipment consists of plug-in
units which may be provided as needed, but the terminal wiring is
always provided and terminated on the frame.

6.1 Basic Plan

Each packaged terminal frame includes plug-in unit mountings and
common equipment suitable for any eircuit option for a number of
terminals. The complete frame is shop wired to terminal strips so
that the frame wiring may be continually checked in the shop on a
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machine routined basis. Installers’ connections are made to terminal
strips rather than apparatus terminals. This not only minimizes
installer wiring and testing costs but also affords close control of
critical wiring. The range of telephone office ceiling heights results in
frame heights of 11 feet, 6 inches, 9 feet and 7 feet, with corresponding
numbers of terminals per frame of 6, 4 and 3, respectively.

The N2 packaged terminal meets the A.T.&T. Co. objective of office
engineering and installation of a sufficient number of circuits to permit
economical anticipated growth over a reasonable period of time. Major
equipment expenditure may be deferred until service needs require
specific plug-in units. The initial installation suffices until growth
exceeds the anticipated number of terminals. Initial cabling to the dis-
tributing frame is suitable for all circuit options. Distributing frame
space requirements and the size of installer cables are minimized by
the use of the same leads for various options. This is made feasible by
provision of terminal strips and wiring options at the packaged terminal
and optional cross connections to trunk circuits at the distributing
frame. Both types of optional wiring are normally made by operating
company personnel.

An interesting variation occurs in 7-foot packaged terminal frames
for 3 terminals because the common equipment for the first frame is
adequate for a second frame. Accordingly, alternate frames do not con-
tain common equipment but are furnished with factory-connected cable
for installer connection to an adjacent frame. Connections to the
distributing frame are the same as those for other terminals,

Additional cabling to and from the packaged terminals is required
when wideband data channels are desired but additional frame wiring is
not required. The additional external cabling is engineered and installed
as a part of the wideband data project.

In some of the larger offices where centralized patching jacks are
furnished for other systems, the telephone company may elect to use
jacks in the centralized location rather than in the packaged terminals.
An 11-foot, 6-inch frame for six terminals with terminal strips instead of
jacks is available for this choice. It obviously requires greater engineer-
ing and installation effort as well as more expense. These terminals in-
clude all the other features of packaged terminals.

A single-terminal 7-foot frame is available for installation where
more than one terminal will not be required in the foreseeable future.
Engineering and installation are exceedingly simple, but per-terminal
costs are high because there are no terminals to share the expense of
common equipment.
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8.2 Power and Alarm

The packaged terminals include fuses and alarm circuits suitable for
individual or multiple connection to the power distribution boards and
office alarms of all types of offices, including No. 1 ESS. Busy hour
power requirements and permissible feeder voltages are specified so
that the engineering of power plants and power feeder cables to the
frames is simplified. Optional connections permit operating company
choice of alarm division between major and minor alarms, if the normal
arrangement is not desired. Special engineering or additional apparatus
is not required for the alarm circuits of different types of offices.

6.3 Optional Features

Most optional features may be ineluded in the original specifications
and furnished in the shop without the need for additional installation.
Others, such as protector blocks for distributing interoffice cable pairs,
may be mounted in the packaged terminal frame and connected by the
installer. Any of the options may be engineered and installed at a
later date if unforeseen need arises.

Options requiring engineering and installation consideration include:

(a) E1F revertive signaling,

(b) E1LA or E1SA auxiliary signaling,

(¢) 20-cycle supply for E1S signaling,

(d) 2000- or 2400-cycle oscillator for testing certain signaling units,

(e) interbay transmission trunks,

(f) 4-wire monitoring and intraoffice talking trunks, and

(g) centralized transmission and noise measuring equipment.

In each case, engineering and installation are simplified by the pro-
vision of equipment codes and space assignments on packaged terminal
frames. However, some auxiliary signaling units will require space out-
side the packaged terminals. Shelves for this purpose include con-
nector-terminated cables, the free ends of which are installer-con-
nected to terminal strips in the packaged terminals. No other
connections are required.

6.4 Telephone Office Considerations

Telephone offices often differ from one another in many important
aspects, including ceiling heights, power facilities, alarm -ecircuits,
cabling plans, grounding practices and noise environs. N2 carrier termi-
nals are intended for installation in many types of offices—frequently
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in some, and rarely in others. Accordingly, packaged N2 terminals are
designed with the built-in capability of being used in any office without
special engineering or equipment except for conditions that are rarely
encountered.

The packaged N2 terminals are capable of satisfactory operation
from near freezing to the maximum normal telephone office tempera-
tures. Extremely low temperatures are sometimes encountered in com-
munity dial or other offices, and under these conditions some trans-
mission impairment is permissible.

VII. CONCLUSIONS

Recent technological advances were used to advantage in the design
of the packaged N2 carrier terminal. Solid-state devices, improved
cireuitry and modern packaging techniques were combined to produce
a terminal which provides many advantages heretofore unavailable,
It is felt that the features deseribed in this paper are of considerable
importance to the Bell System, and will earn for the packaged N2
carrier system a large share of the short-haul carrier market.
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Miniaturized RC Filters Using Phase-
Locked Loop

By G. 5. MOSCHYTZ

(Manuscript received September 15, 1964)

It is shown thal an automatic phase-locked loop (APLL) can be used as
a bandpass filter and FM discriminator while salisfying the circuit condi-
tions 1mposed by microminiaturization lechniques. It has the advantage
over other methods of ease of adjustment and reduction in the number of
circuil components. For this veason 1t is to be assumed that the APLL will
be added o the few practical solutions of the frequency selection problem
i microminiaturization available to dale.

In contrast to most other applications, no assumptions can be made here
about the ratio of the natural undamped system frequency to the lock range
of the loop. This is laken accound of in an analysis of the APLL which
enables design equations and considerations to be derived. An approxima-
tion of the so-called caplure ratio, defined as the ratio of caplure-to-lock
range, is presented. It produces resulls thal correspond very well with the
equivalent measurements.

The description of an APLL designed as RC channel filter and dis-
criminalor for @ multichannel data receiver is presented. RC aclive circuils
that are compatible with current microminiaturization techniques arve
employed exclusively. They are described in delail, and an analysis of the
voltage-controlled oscillator used is included in the Appendiz.

I. INTRODUCTION

One of the main problems in the microminiaturization of frequency-
selective ecircuits is the considerable deterioration of @ of magnetic
components when these are reduced in size to an extent comparable
with other miniaturized components.! *:® For the design of highly selec-
tive bandpass filters and frequency diseriminators, completely new
circuit design concepts that eliminate magnetic components and over-
come other limitations imposed by current mierominiaturization tech-
niques must therefore be employed. At low frequencies they invariably
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lead to the synthesis of narrow-band active RC filter circuits that are
compatible with the state of the microminiaturization art. To this
end a number of new ecircuit techniques have been described in the
literature, but practical solutions to the problem are still few and not
wholly satisfying.*

In this paper a new approach in this direction has been taken in the
field of FM multiplex signal filtering by utilizing both the filtering
properties of the APLL and the possibility of designing its circuits along
the lines prescribed by present-day miniaturization technology. The
resulting network, characterized by its simplicity, ease of adjustment
and stability, shows that the APLL is a very useful filtering device in
the field of circuit miniaturization. At the same time, if so desired, it
also serves as a frequency discriminator.

For the purpose of introducing the APLL into the area of circuit
miniaturization and to facilitate its implementation the characteristics
and performance of the APLL covered in present literature are briefly
reviewed. In designing the APLL for the specific function of signal
filtering, the capture ratio, defined as the ratio of capture-to-lock range,
has to be considered in detail. The exact capture range is given by the
solution of a second-order nonlinear differential equation that is only
goluble graphically by phase plane methods. To make it available in
more tangible form to the circuit designer, a relatively simple yet suffi-
ciently accurate approximation for the capture range is derived.

Design details pertinent to the realization of the APLL as an active
RC network are given, and considerations involving the transition
from diserete RC to thin film or integrated circuits presented. Finally,
to demonstrate the effectiveness of the APLL in the field of REC fre-
quency-selective circuits and to illustrate its implementation, the circuit
design of an APLL employed as combined FM filter and discriminator
in a multichannel data receiver operating in the audio-frequency range
is deseribed in detail. The circuits were designed to satisfy the circuit
restrictions imposed by miniaturization techniques, in particular by that
of tantalum thin film technology.

II. THE AUTOMATIC PHASE LOCKED LOOP

A block diagram of the automatic phase locked loop (APLL) is shown
in Fig. 1. A signal corresponding to one of numerous incoming channels,
which is frequency modulated about the channel center frequency w,,
is assumed at the input. Here it is multiplied by the output of a voltage
controlled oscillator (VCO) whose frequency is also centered at w,.
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Fig. 1 — Functional block diagram of APLL.

The product is passed through a low-pass filter such that only a voltage
proportional to the instantaneous phage difference, in other words to
the integral of the frequency difference between the two multiplier
inputs, remains. This voltage is amplified, controls the frequency of the
VCO and can be considered as the output of a frequency discriminator
since it is a measure of the input frequency. The multiplier serves here
as a phase comparator. Furthermore it is assumed here that the fre-
quency deviation at the input is limited to that characteristic range
of steady-state frequencies within which tracking by the VCO is possible.
This frequency range is called the “lock range” of the APLL, and will
be discussed in more detail further on.

The frequency integration by the phase comparator results in zero
error between the frequencies of the input signal and the VCO output
signal in the steady state. It is maintained by a finite error voltage which
is proportional to the phase difference between these two signals. This
integration results in bandpass properties of the APLL with respect to
noise and to interference from neighboring channels. They can be modi-
fied by the type of low-pass filter incorporated in a given loop, and are
of particular significance for the applieation in question here.

The APLL can be designed to perform not only as a frequency de-
modulator but simultaneously as a selective device in the form of an
FM signal separator. The extent to which either or both of these two
properties is emphasized depends on the distribution and total value
of the loop gain as well as on the parameters of the low-pass filter.

It will prove useful in the following discussion of APLL characteristics
to apply conventional control theoretical terminology such as loop-gain,
transfer funetion, phase margin, or cutoff frequency. The definitions
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of these terms, which are somewhat unconventional, will be given as
they appear in the following analysis.

2.1 The Lock Range

Assuming a phase comparator whose output is proportional to the
sine of the error phase angle, the error voltage v.(t) after passing through
the low-pass filter (see Fig. 1) is given by:

0e(t) = Kif (t)#* sin [0 (1) — ¢o(1)] (1)

where
K, = u(AE/2) volts

and the * denotes convolution. K, represents the sensitivity of the
phase comparator multiplied by the gain p of the amplifier, and f(t)
is the impulse response of the low-pass filter.

The VCO frequency s is assumed to be a linear function of the error
voltage. This condition is not generally difficult to fulfill for a limited
deviation ratio. With the same center frequency w, as that of the in-
coming signal, the VCO frequency is then given by:

d
w0=wu+£9' (2)

With K, in radians/ (see, volt) given as the voltage sensitivity of the
VCO:

wy = we + Koo (1). (3)
Substituting (1) for the error voltage and solving for the FM input

signal:

fh%fﬂ - S—f + K[ (@) xsin ¢ (1) “

. where

K = K,K, rad/seec.

K is a system parameter corresponding to loop gain in conventional con-
trol theory. It equals the VCO frequency shift oceurring at phase errors
of 4+ =/2.

For unity de gain of the low-pass filter and an input frequency devia-
tion from the center frequency of Aw; = dep;/dt, the steady-state solu-
tion of (4) is given by:
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sin ¢ = Awi/K. (5b)

The sine of the static phase error of the APLL is therefore proportional
to the input frequency deviation Aw; and inversely proportional to the
gain constant K. The system locks as long as

| Aw;| = K. 6)

Only within this range does (4) have a steady-state solution and a
zero frequency difference dp/dt; thus the oseillator lock range is equal
to the gain constant K.

2.2 The Capture Range

The capture range defines the range of input frequencies to which
the VCO ecan be synchronized when initially in the unlocked state.
With an idealized low-pass filter network in the loop that rejects the
high-frequency components of the phase comparator output and passes
the low-frequency components unattenuated, the capture and lock
ranges coincide. Modifications of this idealized case that narrow the
system bandwidth with respect to the lock range can reduce the capture
range appreciably.

For the application being considered here, the reduction in capture
ratio (defined as the ratio of capture-to-lock range) due to narrowing
of system bandwidth has to be taken into aecount. If, namely, the
system is both to lock rapidly onto any initial frequency within the
specified input frequency deviation as well as to relock rapidly after
extraneous perturbations (e.g., impulse noise) might have thrown the
system out of lock, the capture range has to cover the maximum fre-
quency deviation. It is this last requirement that limits the attainable
selectivity of a system all of whose parameters except those of the
incorporated low-pass filter are given. However, substituting the impulse
response of a generalized, or even of a simple, low-pass network in (4)
and solving for the capture range is only possible by graphical phase
plane methods.”® The resulting second-order differential equation is
nonlinear and becomes indeterminate at the values of input frequency
for which the system just returns to lock. It is possible, however, to
make an approximate analysis of the capture process that gives a good
estimate of the capture range for a specified filter network and also
some insight into the mechanism of the APLL at the time it recaptures
the locked condition. The minimum attainable bandwidth compatible
with a given frequency deviation thus results.

As long as the APLL is locked and in its steady state (e.g., constant
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input frequency) the frequency response of the low-pass filter incorpo-
rated in the loop has no influence on the behavior of the loop. This is
governed entirely by the loop gain K which defines the lock range.
Out of lock, the VCO is modulated by a periodically varying signal.
It therefore produces an ac error voltage at the input terminals of the
low-pass filter which is subsequently attenuated according to the trans-
fer function of the filter. This has an effect equivalent to attenuating
the loop gain and with it the capture range, resulting in a capture-to-
lock ratio smaller than one.
The transfer function of the low-pass filter can be expressed by

F(jw) = F.e™ (7)

where F, and ¢ (w) respectively denote the frequency and phase re-
sponse. With the loop open at the VCO input terminals the error voltage
for an input deviation Aw, is given by

ve(t) = KiFau, sin Aw;t (8)

whose peak value equals K Fa., . At the capture frequency Aw;., the
corresponding peak error voltage therefore equals

Do = KiFa, . ©)

By definition of the eapture frequency this peak voltage is just large
enough to produce the VCO frequency Aw, = KiKsFa,, such that
Aw, = Awi when the loop is closed. In other words, at this peak error
voltage the difference frequency hetween input and VCO becomes zero,
thus enabling the loop to go into its locked state. To do so the peak
error voltage must take on its equivalent steady-state de value

v = K sin o, (10)

which it does within the so-called “capture time” T, . This time is in
turn a function of loop parameters and initial conditions (see below).
According to (5), (10) can also be written

Vee = Ky (Awi/K). (11)

Equations (9) and (11) give the peak ac and steady-state de error
voltages corresponding to the unlocked and locked states respectively.
Both produce the same VCO frequency Aw,. such that Aw,, = Awi.
Thus both voltages must be equal, and (9) and (11) can be combined
to give an approximate expression for the capture frequency Awi in
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terms of filter attenuation and loop gain, namely
Awi RS KFQN“ T (12)

As is briefly explained further on, this is an approximation inasfar as
the frequency Aw;. in the term Fa,, of (9) is actually not identical but
somewhat smaller than Aw; in (11).

For an idealized low-pass filter for which F, = 1, (12) gives the
capture range Aw;. = K, as is to be expected. For a single low-pass
filter, as shown in Fig. 2(a), the attenuation as a function of frequency
is given by

Fo=1/[1 + 'T%) (13)
where T., = RC. Substituted in (12), we get
Awye Weo oo\ } INTAY t
ks {” (K)}‘z(f)] e

where w,, is the 3-db cutoff frequency of the low-pass filter and equals
1/T.0.

R Rz
—AM—p—o —AM
14745
F(s) =757
Teg =RE R, reTes
T¢ . 1 T, =R,C
§) = —mm————=-
1+5T¢o c 7, =(R,+Ry) C
4 N
(a) (b)

Fig. 2 — (a) Low-pass filter; (b) lag network low-pass filter.

Fig. 3 displays (14) graphically. Clearly, a simple low-pass filter in
the APLL reduces the capture ratio if it attenuates frequencies within
the lock range. The capture ratio decreases with the filter cutoff fre-
quency w, and approximately equals the square root of the ratio of
filter cutoff frequency to loop gain, when this ratio is small.

For a low-pass lag network as shown in Fig. 2(b), the attenuation as
a function of frequency is given by

7 It was brought to the author's attention that this expression was also derived
by J. A. Narud in unpublished work.



830 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

0.9
o
o8
A MEASURED VALUES A /
OF CAPTURE RATIO
o7 /1

) /

0.5 /

Awic/K

04 7

03

0.2

/

o} (o3 0.2 0.3

(=R

0.5 06 0.7 08 0.9 10

0.4
1 / 'J KTeo

Tig. 3 — Capture range versus low-pass filter bandwidth.

2_27]4
i S [%} (15)
where
n = RC (15a)
and
o = (B + R»)C. (15b)

The following substitutions may be made

1+ Kny
op@s _ = T 71
‘R~ En
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Wn * _ 1
(K) = K—T; (17)

where w, represents the undamped natural system frequency and {
the ratio of actual to critical damping in the small-signal closed-loop
transfer funetion of the APLL. Combining (12), (15), (16) and (17),
the capture ratio as a funetion of filter parameters results as

Aw;. ~ @n W, i 3 y (N :
il -] -+G-] o

This expression is plotted graphically as a function of ¢ with the param-
eter w,/K in I'ig. 4. As is to be expected, the capture ratio increases with
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Fig. 4 — Capture range versus damping factor with parameter w,/K for APLL
with lag network.
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damping for a given system natural frequency. By making an appro-
priate choice of the additional parameter supplied by the lag filter, the
capture ratio can now be kept closer to unity for a much smaller system
bandwidth than is the case with a simple RC filter. In the next section
the considerations that determine this choice will be discussed.

Measurements give capture ratio values that are larger than those
derived from (12). The reason for this is that by equating the peak
open-loop error voltage (9) with the steady state error voltage at cap-
ture (11) the assumption is made that when out-of-lock the oscillator
mean frequency is equal to its rest frequency w, . Actually, when out-
of-lock, the waveform at the phase detector output is not a pure sine
wave with zero mean voltage.” As the VCO is frequency modulated by
it, the beat frequency between input and VCO is varied, causing the
rate at which the phase error characteristic (5) is traversed to vary
accordingly. When the rate of traverse is slow (corresponding to a small
beat frequency) the error voltage half cycle will be wider than when it
is fast (large beat frequency). A net de voltage, varying inversely with
the instantaneous beat frequency, results at the phase comparator
output. It causes the VCO mean frequency to leave its rest frequency
by an amount Aw, in the direction of the locked state. The exact equiva-
lent to (12) is therefore given by

Awi, = KFy, (19)
where
Aw = Awi; — Bwg . (20)
As a result of (20)
Aw = Awic (21)
so that
Fry Z Fau,, (22)

since F, is the amplitude response of a low-pass filter. Thus the actual
capture range given by (19) is larger than the approximation given by
(12).

Richman has shown that Aw, can be derived for the idealized case
in which F, = 1 by integrating (4) over a cycle and dividing by the
period of the asynchronous loop beat frequency T,. The results are
shown qualitatively in Fig. 5. Unfortunately, as mentioned earlier (4)
cannot be integrated in closed form when the impulse response of a
general or even a lag network low-pass filter is substituted in the equa-
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without a low-pass filter incorporated in it.

tion. IFor this reason (19) cannot he derived analytically for anything
but the idealized case.

In some circumstances, to eliminate the incompatibility of narrow
bandwidth with wide capture range inherent in the APLL, the fre-
quency-dependent control voltage mentioned above can be artificially
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increased. One way of doing this is by adding a detector to the loop tha.t
is sensmve to the absolute value and polarity of the beat frequency.”
Another" is to use a simple peak detector sensitive only to the beat
frequency to disconnect the shunt elements of the low-pass filter when
the loop is out-of-lock.

2.3 Small-Signal Properties of the APLL

Using the APLL as a frequency discriminator, the limits on phase
error are set by the required system stability (lock and capture range)
and by the desire to avoid distortion of the output error voltage (non-
constant loop gain). To satisfy these conditions it is important to
operate within the linear range of the phase comparator characteristic,
e.g., within one radian phase error. Equation (4) can then be linearized
and, respresenting the loop variables by their Laplace transforms
(upper-case symbols), a linearized servo block diagram may be de-
rived (see Fig. 6). The 1/s term takes the integration of the frequency
difference by the phase comparator into account. The open-loop trans-
fer funetion is given by

907 _ KleF(S)

AQ 8 (23)

and the closed-loop transfer function in terms of the output voltage V,
and input deviation @ is given by

Ve 1 KKsF(s) (24)

Thus the APLL has an inherent low-pass filter characteristic that is
modified by the type of network F(s) inserted in it. Obviously, the
filter bandwidth is understood to be with respect to sinusoidal modula-
tion of the input phase or frequency caused by noise or neighboring
signal channels, and not to amplitude modulation as in conventional

| Vi
- + ™\ Anls) _15_ @(s) K, Fts) e
L Z
Qo

Ka

Fig. 6 — Linearized servo bloek diagram of APLL.
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filter terminology. In this sense the APLL operates as a frequency noise
or a jitter filter with respect to the input signal or signals.

The 3-db closed-loop bandwidth of the system characterized by (24)
is equal to its open-loop crossover frequency or the frequency for
which the open-loop gain given by (23) is equal to unity. Evaluation
of this frequency results in precisely the same expression as was ob-
tained in the capture frequency derivation given by (12). This means
that an approximation for the capture range of an APLL is given by its
3-db closed-loop bandwidth.

Tt has been shown'' that the mean square jitter of the VCO frequency
and of the phase error caused by random interference at the input is
proportional to the noise bandwidth of the system given by

B= f_: | T(jw) [ do. (25)

This is constant for a simple R(C' filter (Fig. 2a), because the decrease
in damping ecompensates for the area of the squared transfer function
decreased by a reduced cutoff frequency. It can, however, be reduced by
the lag network shown in Fig. 2(b), and previous papers™"™™ have
demonstrated how the proper choice of its parameters ecan optimize
system performance for various applications. The lag network also allows
for the static phase error to be determined independently of the 3-db
closed loop or of the noise bandwidth, which is important for the pres-
ent applieation. Unfortunately, as was shown earlier, a reduction in
bandwidth with respect to lock range always results in a reduced cap-
ture ratio. The ratio of capture range to noise bandwidth therefore rep-
resents a useful figure of merit that characterizes the APLL ade-
quately for certain applications.

To caleulate the noise bandwidth, (15), (16) and (17) are substituted
into (25). Integrating gives

%=%‘i§[1+(2y—“§2]. : (26)
Minimizing the noise bandwidth results in the following condition for
the network parameters
o= 31 + (/KT (27)
Substituting this in (26)
Buin/K = 2 (w./K)(1 + (K/wa)} — 1] (28)

which represents the two-sided minimum bandwidth as a funetion of
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natural frequeney and lock range, (see Fig. 7). Substituting (27) into

(18) gives
i/ K) o 2l @ + 2! — 3@+ 1
— {2 4 2D — 31 + ) ! '

where
xr = w,.j’,K.

Equation (29), plotted in Fig. 7, represents the approximate capture
ratio given by (12) after the system has been optimized for minimum
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Fig. 7 — Relative noise bandwidth (Bmin/2K), capture range approximations
(Awi/K) and (Aw:'/K) and damping factor {o as a function of (w./K) for an
APLL optimized for minimum noise bandwidth.
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noise bandwidth. Simultaneously, as was pointed out earlier, it exactly
defines the open-loop crossover frequency or the 3-db closed-loop band-
width of the APLL for an optimized lag filter.

Measurements for the capture ratio of an APLL incorporating a lag
filter optimized with respect to noise bandwidth were made. The re-
sults suggested that for this case a closer approximation of the capture
ratio is given by the geometrical mean of the crossover frequency de-
rived from (12) and the lock range K. Denoting this improved ap-
proximation of capture range by Awre , we get from (29)

(Bwie /K) Jope = [2{ (21 + 2" — 31 + 2" + 1)}
— {x(l + .1‘,2)% — 11+ 7)) }%]%.
This expression has also been plotted in Fig. 7.

Combining (28) with (30) to give the figure of merit F, for a system

optimized for minimum one-sided noise bandwidth gives

(30)

capiure range
minimum noise bandwidth

[e{{le @ + 29" — 30 4+ 2HP + 11} — {21 +2Y)! — 30 + D}
mx[(1 + 2%)f — 2] .

Fu=

i~
~

(31)

This expression is plotted in Fig. 8. It can be seen that the capture range
is generally smaller than the minimum noise bandwidth. For narrow
noise bandwidth systems, this may make unduly high demands on the
stability of the system, in particular on the VCO and, if present. on the
de amplifier. It may then be worthwhile incorporating the already
mentioned additional frequency-sensitive loop or the peak detector,
gensitive to the out-of-lock beat frequency at the phase detector output,
to increase the capture ratio.

For the application described here, the ratio of capture range to closed
loop bandwidth Awi, / Aw;, designated by F is a more practical figure of
merit than the econventional Fy. It is therefore also plotted in Fig. 8.
The resulting eurve determines the degree of stability with respect to
frequency drift that is required by a given system. This can best be
illustrated by the channel frequeney distribution of part of an FM
multiplex system shown in Fig. 9. The assumption was made there that
the bandwidth of each receiving channel filter equals the total fre-
quency deviation in that channel. The total bandwidth BW of each
channel extends halfway into the guardband on either side of a channel.
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Limits on the capture frequency range can then be obtained by inspec-
tion, namely
total frequency deviation < eapture range
< channel bandwidth BW, W
Expressing (32) in terms of F, we get
1 = F = (BW/20uwi). (33)

The closer F is to its lower limit the less frequency drift may be tolerated
in the receiving APLL. The more it approaches its upper limit the smaller
the ratio w,/K must be, as Fig. 8 shows. Referring to Iig. 7, a decreasing
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Fig. 9 — Channel frequency distribution of part of an FM multiplex system.

value of w,/K in turn results in a decreasing ratio Aw:/K. In other
words, the extent by which the lock range K must exceed the closed-
loop system bandwidth Aw;. increases as F is varied from its lower to
its upper limits. Using conventional circuit techniques, the choice of F
would thus be reduced to the question of whether it is more economical
to attain a high degree of circuit stability or a high loop gain. Using
circuit microminiaturization techniques, however, the choice depends
on which of the two major approaches existing to date is taken. If
integrated semiconductor eircuits are to be used, low-precision com-
ponents and therefore substantial frequency drift in the APLL must be
expected. In this case F should be chosen as close to the upper limit
given by (33) as possible. If high-stability thix film eircuit components
are available for design, the choice of F will be as close to the lower
limit as the attainable over-all circuit stability and the lower limit on
lock range allow.

The limits on lock range (or loop gain) K are determined by two dif-
ferent aspeets of loop operation. The upper limit results directly from
the upper limit on capture frequeney range. With the same approxima-
tion for the capture range as that used to derive (30), namely

Awie = (KAwi. ) (34)

and referring to Fig. 9, the upper limit on lock range in terms of channel
and receiving filter bandwidth of a given system is (BW)*/Aw;. . Tt
must be remembered, however, that (34) was empirically verified only
with a lag network low-pass filter such as that shown in Fig. 2(b) con-
nected in the APLL. By inspection of Fig, 9 the lower limit on lock range
might be considered to equal the input frequency deviation. However,
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this is true only for the case that a linear phase detector (e.g., sawtooth
output) is used, since only then is loop operation linear throughout the
frequency range covered at the input. With sinusoidal phase detectors
which are simpler in implementation and therefore more widely used,
the output is linear only to within a given percentage for phase error
values that do not exceed a corresponding maximum value gryy . Refer-
ring to Fig. 9 and (5) and (33), the limits on lock range then result as
follows

AWir/siﬂ CLIN < K _é (BIV)E/Aw.c . (35)

Using a sinusoidal phase detector accordingly reduces the lower bound
on F, thereby modifying (33) to give

(1/sin graw )t = F < BW/2Aw;, . (36)

Besides decreasing the capture ratio, the inclusion of a low-pass filter
network in the loop also increases the capture time 7. . Richman has
shown' that for input frequencies within the capture range, this can be
approximated by :

T, ~ 324f/B’ (37)

where Af; is the maximum initial frequency offset and B the noise
bandwidth. For many applications, the maximum frequency offset is
equal to the system bandwidth. Approximating this by the noise band-
width, the capture time is then given by

T, ~ 8/7°B. (38)

III. RC CIRCUIT DESIGN OF APLL

In this section general considerations for the design of an APLL filter
and discriminator are discussed using RC active circuits that are com-
patible with microminiaturization techniques.

3.1 The Phase Comparator

Analog multipliers can be built'® such that the output contains a de
term proportional to the input phase difference, but these are either
complex or unsuitable for a composite input signal. Semiconductor
switched modulators or phase-sensitive choppers can be used for the
same purpose and are very much simpler and more economical to build.
This is why they have been described quite extensively in the litera-
ture,'®1® particularly with the advent of the epitaxial planar transistor,
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which makes an excellent switch when used in the inverted mode.?
However, since these circuits are most easily operated when driven
from a transformer the methods usually described are not directly
applicable here. To climinate the transformers while retaining the isola-
tion and performance they afford it was found that the transistors can
be driven from an ac-coupled current source.

The equivalent diagram of a simple series switched modulator is
shown in Fig. 10(a). A sinusoidal signal is periodically switched from
the output of a voltage generator with source resistance R to the load
R, during the time 7' . The input signal period and the switching period
both equal T, and ¢ is the phase angle between the two signals. Fig.
10(b) illustrates a schematic interpretation of this process, in that the
input sinusoidal voltage is multiplied by a square wave of unity ampli-
tude, period 7" and pulse width 7. The de component of the resulting
output voltage is then given by

E_ R
T Rs + R,

The switch S can be replaced by a transistor operating in the inverted
mode to give a configuration such as that shown in Tig. 10(c). The
transistor must be driven from a constant current source; therefore R,
must be large, yet still allow the transistor to be saturated throughout
the ON state. The ratio of reference to input signal level E./E, which
should be as large as possible, determines the actual values of R, and
R, in a straightforward way. To prevent emitter breakdown, a diode is
connected in series with the transistor base.

With the transistor connected in the inverted mode, it is the base
collector junction that is driven by the reference voltage. For this reason
and to sustain saturation both the ratio Rs/R. and Rj itself must be
made as small as possible, the limits again being determined by the
ratio of E./E. This suggests the use of an emitter follower from which to
apply the input signal, as shown in Fig. 10(d). Here the variable resistor
R. is initially adjusted to cancel the offset voltage by making the voltage
difference between points A and B equal to zero. The switched modulator
is shown feeding into a simple de amplifier stage T . If necessary, this
amplifier can be increasingly stabilized by well known means, as was
done in the application deseribed in the next section. If — as is the case
when operating as a phase detector — only the de component of the
switched modulator output voltage is required, the low-pass filter R,C
shown in Fig. 10(d) can be added.

In the switched modulator shown in Fig. 10(d) the transistor offset

sin (#To/T) cos e. (39)

Vo oY =
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voltage can be entirely eliminated initially, but no compensation takes
place for subsequent drift caused by temperature variations. However
the circuit is operated essentially as a high-level switch, inasmuch as
the input signal can be increased by more than half the reference voltage
level, particularly if the latter signal is a square wave. In such cases
offset voltage drift, being in the order of microvolts for silicon planar
epitaxial transistors,? is usually negligible. For extreme stability with
ambient temperature or for low-level switching applications a balanced
modulator using two inverted transistors connected back-to-back gives
excellent results.!® Here again the transformer customarily driving the
transistors can be replaced by a current source. Such a cireuit is shown
in Iig. 11 with the switching transistors driven by a high output im-
pedance phase inverter. Offset voltages and currents can be canceled
here over a wide temperature range without having to preselect or
match the transistors.

Equation (39) shows that the output de voltage of the switehed
modulator depends not only on the phase difference between the input
and reference signals but also on the input signal amplitude. To eliminate
this latter dependence an AGC circuit should precede the APLL when
mput level variations are anticipated.

3.2 The Voltage-Controlled Oscillator (VCO)

Stability of the VCO frequency is one of the main factors that deter-
mines the stability of the APLL. For a narrow filter characteristic,

= ) A é
§ S e [ —

Rp
E¢-SINwet REFERENCE SIGNAL ?

Fig. 11 — Balanced series-switched modulator fed from a phase inverter.
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frequency stability with respect to temperature and power supply varia-
tions is therefore important. This ean be achieved by designing the
oscillator so that its frequency depends only on reliable low-tolerance
passive ecircuit components. Highest stability can be attained with
precision thin film resistors and capacitors that are matched with respect
to temperature coefficients.

For circuit simplicity and economy it is desirable to minimize the
number of voltage controllable elements needed to give a specified
frequency deviation. Nevertheless the frequency versus control voltage
must be linear for linear operation of the loop. As for the components
presently available as voltage controlled elements, this depends on the
frequency range of operation. Applications at high frequencies using
varactors are not uncommon, whereas the mean capacitance value of
these components is generally not large enough for low frequencies. In
the latter case field effect transistors, varistors or diodes can be used
as voltage controllable resistors over a certain range of their voltage-
current characteristics.

RC oscillators suitable for frequency modulation by a control voltage
can be grouped into three categories, i.e., relaxation oscillators, zero
phase shift oscillators and 180° phase shift oscillators.

With relaxation oscillators, the period of oscillation is controlled by
the input signal voltage. If so desired, the fundamental frequency com-
ponent can be filtered out by a low-pass filter. For frequency stability,
threshold compensation due to temperature variation and line voltage
compensation are necessary. This entails additional regulating eircuitry.

Zero phase shift voltage-controlled oscillators (i.e., Wien bridge,
twin-T, bridged-T, or zero phase shift ladder network in the feedback
loop) require more than one voltage-controlled element or the incorpora-
tion of some means of AGC. Changing any single element of the fre-
queney determining network changes network loss and results in ampli-
tude modulation.

Over a limited frequency range, amplitude variations can be elimi-
nated in a 180° phase shift oscillator when varying only one element in
the frequency determining ladder network. This is shown in Fig. 12,
where attenuation and frequency curves for three and four equal-section
ladder networks in which the value of a single element is varied are

\ plotted. The ladder networks considered differ in the mode of operation
(voltage or current driving source) and in the choice of variable element.

“all cases the attenuation curve goes through a broad minimum rather

“alling monotonically as is the case with networks used in zero

“oscillators. Experiments have verified this, in that negligible
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amplitude change was measured with up to 20 per cent frequency
change. This range allows for modulation and initial tuning to be per-
formed either by one and the same element or by two separate ones. If
the amplifying section of the oscillator can be designed to be inde-
pendent of transistor parameters and to have negligible phase shift at
the frequencies in question, then the oscillator frequency is dependent
only on the ladder network and control element. In the next section
and the Appendix, the design of an RC 180° phase shift VCO utilizing
these features is deseribed in detail.

IV. RC FILTER AND FREQUENCY DISCRIMINATOR FOR THIN FILM DATA
RECEIVER

In this section an application of the APLL as RC channel filter and
frequency discriminator for a multichannel binary FM data receiver
is deseribed. The channel and frequency distribution of the transmitted
data signal are shown in Fig. 13. Eight signal channels and one timing
channel spaced evenly over a 1.43-ke frequency band are received
simultaneously from the transmission line. Each channel is frequency
modulated with a deviation of 35 cps at a maximum rate of 75 bps.
Adjacent channels are separated by a guard band of 100 cps.

The block diagram in Fig. 14(a) shows the circuits that are normally
used in a receiver for this kind of binary FM data.?® An AGC system
is connected to the receiver input to compensate for losses suffered in
the transmission line. Each channel has a bandpass filter and T'M dis-
criminator assigned to it. A post-detection filter follows to separate the
actual data output from the higher-frequency detection products. It
might also be used to give additional noise rejection and shaping in the
baseband region. The filtered data signal drives a slicer whose output is

CHANNEL— 1 TIMING
fm fs fm Fs fm fs fm -Fs fm fs fm fs fm fs fm -Fs fm 'Fs

L[ (L

CPS —» 763 1105 121’5 1445 1515 1765 1955 2125

fm=MARK FREQUENCY
fs = SPACE FREQUENCY

Fig. 13 — Frequency distribution of a multichannel data receiver.
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sampled at appropriate instants by the timing channel to recover the
binary data sequence. Fig. 14(b) shows the equivalent block diagram us-
ing the APLL. An APLL replaces the receiving bandpass filter and FM
diseriminator in every channel. Each APLL is followed by an RC active
low-pass filter that serves the same purpose as the post-detection filter
mentioned above. The transmitted binary data sequence can be ob-
tained from a sampled slicer in the conventional way.

This particular transmission system was chosen because its very
stringent filtering requirements are well suited to test the efficiency of
RC active cireuits that satisfy the restrictions imposed by mierominia-
turization techniques.

TO
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MISSION

LINE CHANNE
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Fig. 14 — Block diagram of multichannel data receiver: (a) conventional cir-
cuits, (b) bandpass filters and FM discriminators replaced by APLL’s.
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4.1 Design Requirements

The miniaturization technique that has been chosen for these data
sets combines tantalum thin film passive components with specially
packaged active components.” The requirements that the circuits must
then fulfill can be summarized as follows:

(a) for compatibility with thin film techniques:

no magnetic elements (inductors, transformers, etc.)

resistors not larger than 100 kilohms, not smaller than 100 ohms

high-quality capacitors not larger than 0.01uf; coupling capacitors
not larger than 1uf

only one resistor adjustment at a time (by anodization); ease of
tuning. This implies minimum interdependence between @ and fre-
quency adjustments of a circuit.

(b) for stability, size reduction and economical compatibility:

circuit characteristies dependent only on passive components

as few components, in particular active ones, as possible.

4.2 Loop Gain Requirements

The over-all loop gain or lock range K is determined either by the
linearity or capture frequency range, depending on the stability of the
cireuitry involved. High-stability tantalum thin film components are
available for the application described here. The choice for high system
stability and poor figure of merit F' was therefore a natural one, so that
the smallest loop gain compatible with loop linearity (35) was used.

Assuming a linearity error of approximately 10 per cent, the maximum
phase error ¢y should not exceed =445°. With an input frequency
deviation of -£35 cps the lock range is then given by:

K = 27 X v/2 X 35 &~ 2x X 50 rad/sec. (40)

The distribution of gain within the loop is determined by the required
diseriminator output voltage for a specified frequency deviation at the
input, in other words by the VCO sensitivity K . If the switched modu-
lator cannot supply the remaining gain K, = K/K,, a de amplifier has
to be incorporated in the system.

The discriminator output level was chosen at 4 volts peak-to-peak.
Therefore

= 110 rad/volts sec, (41)

2 35
Ky = %
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and
K, = K/K, = 2806 volts. (42)

The switched modulator output voltage (39) is maximum for equal
ON/OFF switching times. With Rs <« R, and E designating the ampli-
tude of the input signal being filtered, (39) then simplifies to:

Pout = (E' ’7]') cos (P- (43)

For n independent channels of equal average energy, the amplitude
of a single-input signal in terms of the total rms input voltage E, is
given hy:

E = 2/n)'E, (44)

which is approximately 0.35 v for each of the nine channels of the system
here in question. The constant factor in (39) then equals 0.11 v. To
satisfy (42), a de amplifier with a voltage gain of 26 has to be added in
the loop. An emitter-coupled differential de amplifier was used for this
purpose.

4.3 Bandwidth Requirements

For the data system considered here, optimum detection results when
the receiving filter bandwidth is equal to the total frequency deviation
in each channel. This corresponds to a bandwidth or erossover frequency
of the open-loop gain (18) of 435 cycles. To minimize distortion caused
by interference at the input, a system with minimum noise bandwidth is
chosen. I'rom (29) or Fig. 7, setting Aw;. = 35/50 = 0.7, the relative
system frequeney

r = w,/K =077 (45)
and with (27), the damping factor
fo = 0.63. (46)

71 and 72 can now be caleulated from (16) and (17). Referring to Fig.
2(b), with R, = 5.1 kilohms, R; and C follow from (15a) and (15b),
giving 3 kilohms and 0.67 uf respectively.

The switched modulator is followed by a simple RC low-pass filter
section that greatly attenuates the ac components of the error voltage
before applying it to the de amplifier. The ratio of channel frequency
to system bandwidth is large enough to permit this without affecting
the capture ratio (see Section 2.2). With the 3-db cutoff frequency
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weo = 18K = 27 X 90 eps the fundamental frequency (i.e., twice the
channel frequency) is attenuated by approximately 30 db in the lowest
channel.

The baseband low-pass filter following the APLL is designed to reject
the remaining high-frequency products, generated in the APLL by
the switched modulator, while passing the data output with minimum
attenuation. To obtain sufficient selectivity for this purpose an active
low-pass filter with a cutoff frequency of 60 eps and a slope of 18 db/oct
is used.

4.4 Stability Requirements

The maximum phase error griv = =445° that was used to derive the
lock range given by (40) also defines the ratio of capture range to
system bandwidth. From (36) we get:

F= ( ) )% = (2t = 1.19 (47)

SN @rIN

which could have been obtained directly from Fig. 8. With the frequency
deviation of 435 cps the capture range therefore extends over +42 cps.
This allows for a drift in frequency of the APLL of 7 eps or 0.33 per
cent at the highest channel (2125 cps). Designing the active circuitry
of the APLL to depend solely on the high-precision thin film eompo-
nents, this stability can well be maintained. Initial tuning of the VCO
(see Appendix) is accomplished by means of precision anodization of a
resistor in the ladder network. This ean be performed with up to 0.02
per cent accuracy.” Frequency stability is maintained by balancing the
temperature coefficient of the capacitors by that of resistors. In this
way the temperature coefficient of frequency can be held well under
the permissible limit.

4.5 Circuit Design

The breadboard model of an APLL for one channel of the data receiver
desecribed above was built with conventional RC' components. Channe]
center frequency was 1955 cps. A schematic of the circuit is shown in
Fig. 15. High quality NPN Si planar epitaxial transistors and Si diffused-
junction diodes were used throughout.

A 180° phase shift oscillator with one voltage-variable ladder element
was used as VCO. This was quite adequate, as the maximum relative
frequency deviation oceurring at the lowest channel does not exceed 5
per cent. To insure linear operation of the voltage-variable element, it
was inserted in a network section of low signal level. Since the attenua-
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tion minimum is flatter for four- than for three-section ladder networks,
while the difference in frequency sensitivity is not appreciable, the
former configuration was used. The necessary gain is also lower for this
configuration, allowing for sufficient current and voltage feedback to
make the 3-stage voltage amplifier independent of transistor parameters.
A varistor limits the oscillation amplitude, enabling the amplifier to
be operated in its linear range. This improves temperature and voltage
stability. It also eliminates signal distortion, so as to maintain constant
switching intervals at the modulator.

The small-signal ac resistance of two forward-biased parallel silicon
diodes was used as the voltage-variable shunt element in the ladder
network. It is inversely proportional to the biasing current, if the semi-
conductor and lead resistance can be neglected. To reduce temperature
variations, the diodes are biased by a constant current which is much
larger than the leakage current. The frequency-voltage characteristic
for small frequency deviations is derived in the Appendix.

A one-transistor switched modulator is used as multiplier. It is driven
by the 15-vpp reference signal coming from the VCO. A preceding
emitter follower feeds the composite signal into the APLL of each
channel. The biasing voltage divider is adjusted for minimum voltage
offset across the switched transistor. The simple RC low-pass filter
mentioned in Section 4.3 conneects the multiplier with an emitter-coupled
de amplifier.

The amplifier output is passed through a lag network and current
controls diodes D; and D: in the oscillator. The initial steady-state
biasing current in the diodes is set by a voltage divider. The diodes D3
and D, serve to temperature stabilize the oscillator (see Appendix).

The diseriminator output voltage is taken from the lag filter output
terminal. To reject still remaining high-frequency components it is
passed through an active low-pass filter before being further utilized.

4.6 Eaperimental Results

Measurements on the over-all performance of the APLL both as
bandpass filter and diseriminator and with respect to stability with
temperature and voltage supply variations were made. The bandpass
characteristic was measured while varying the bit rate of the incoming
signal. One side of it is plotted in Fig. 16 in terms of the corresponding
modulation frequency. It coincides well with the requirements listed in
Section 4.3. The influence of the post-detection active low-pass filter
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Fig. 16 — Measured frequency response of the APLL used as channel-filter
and FM discriminator in a multichannel data receiver.

following the loop is illustrated in the same figure by the dashed curve.
Fig. 17 shows waveforms for single- and multiple-channel inputs and
for two different data speeds as they appear at the output of the post-
detection filter. Fig. 18 shows the measured and calculated charac-
teristics of the voltage-controlled oscillator used. It was built for a rest
frequency of 1955 cps following the design procedure given in the
Appendix. With the means of temperature compensation deseribed there
the relative frequency drift attained with conventional RC components
was reduced to 0.25 per cent over a temperature range varying from
70°F to 140°F. Due to the amount of feedback possible in the three-
stage amplifier section of the oscillator, the relative frequency change
with =+2-v supply voltage variations was in the range of 0.1 per cent.
The transistors of the de differential amplifier were preselected and
housed in a ten-lead TO-5 package. In this way the voltage drift with
temperature variations was negligible.

Error rate measurements on the APLL designed as a combined filter
and diseriminator for one channel of the data receiver with different
loop parameters have been performed. Further experimental and
analytical work must, however, be completed before an evaluation of the
error performance of the APLL or a comparison with conventional
discriminators can be made.
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EIGHT DATA AND ONE
ONE CHANNEL TIMING CHANNEL

OUTPUT: 75 BPS OUTPUT: 75BPS

Fig. 17 — Output waveforms for single- and multiple-input signals and varia-
ble data speeds.

V. CONCLUSION

It has been shown that the APLL can be used as an FM signal sepa-
rator and discriminator. Its signal separating properties allow for it to
replace conventional bandpass filters in FM multiplex applications.
The eircuits entailed can be designed to satisfy the restrictions imposed
by RC circuit miniaturization techniques. This makes it a useful device
in the microminiaturization field, where practical solutions to the fre-
quency selection problem are still few. Furthermore, it has the advantage
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Fig. 18 — Oscillator frequeney versus control voltage for the VCO shown in
Fig. 12.

of ease of adjustment and reduction in cireuit components over other
comparable RC filtering methods.

In most applications the basic purpose of the APLL is to track narrow-
band signals in a high-noise environment while maintaining minimum
phase error. To do this the loop is designed so that the slowly varying
frequency deviations to be tracked and the effective system bandwidth
are very small with respect to the lock range. For this case the fact that
the narrow bandwidth severely decreases the capture range is of no
consecquence.

For the type of application deseribed in this paper, the system re-
quirements of the APLL differ somewhat from those usually encountered.
The limitations on phase error magnitude are given only by the require-
ment of linear loop action and are, therefore, not severe, i.e., the phase
error may be as large as one radian. When the APLL is employed
specifically as a digital data filter and demodulator the input frequency
deviation is constant; for analog data applications the maximum devia-
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tion must be given. The modulation frequency at the input may vary
within a wide range, the only limit being given by the system band-
width itself. The bandwidth of a given system cannot be arbitrarily
reduced by low-pass filter modifications within the loop, because of the
ensuing decrease in capture range. If, namely, the system is both to lock
rapidly onto any initial frequency within the specified input frequency
deviation as well as to relock rapidly after extraneous perturbations
(e.g., impulse noise) might have thrown the system out of lock, the
capture range has to cover the maximum frequency deviation. It is
this last requirement that limits the attainable selectivity of a system
all of whose parameters except those of the incorporated low-pass filter
are given. An approximate expression relating system bandwidth and
capture range has been derived for two types of low-pass filters. The
minimum usable bandwidth compatible with a given frequency devia-
tion thus results. It extends over a frequency band comparable to the
capture range. Frequency deviation, minimum bandwidth, and capture
range do not, therefore, differ greatly from one another.

As long as the lock range extends sufficiently beyond the maximum
given frequency deviation, its value is not critical theoretically. Since
it represents the total loop gain, however, it is uneconomical to make it
larger than necessary. Its minimum value is determined by the require-
ment for linear loop operation. At the same time allowance must be
made for a degree of cireuit instability. This becomes increasingly im-
portant for narrow band systems operating at high channel frequencies.
Using conventional circuit components and techniques the choice of
lock range is therefore decided by the economics of designing for high
circuit stability or for high loop gain. On the other hand with the major
current microminiaturization techniques involving semiconductor
integrated or thin film circuits the decision depends mainly on the
inherent stability characteristics of the particular technique being used.
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APPENDIX

Analysis of 4-Section 180° Phase Shift Voltage-Conirolled Oscillator with
Single Variable Resistance

An equivalent diagram of the type of phase shift oscillator used is
shown in Fig. 19. For an ideal voltage amplifier, ¢ = 0, m = 1. The
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variable element is nR. For no control voltage, the oscillator is at its
rest frequency w. and n = ny . The generalized oscillator frequency de-
rived from Fig. 19 is given by:

m:i( 20+ m + q + 4 )* @7
""" RC\mn(qg +3) +ndg+4) F3mlg+1) +g¢
and the voltage gain neeessary to compensate for network losses by :
Va1 1
Vi mno'CRY GC°R?
(48)

.[3(1+q)+7+2q+41q+1}+q[;—1+%+2]+1.

mn m

Usually at least one of the two conditions for a perfect voltage am-
plifier can be fulfilled, sometimes at the cost of the other. Assuming for
instance that the amplifier input impedance is much higher than the
ladder shunt resistance (m = 1), (47) simplifies to:

1 2n+ g+ 5 : ‘
“~ RO (m_? + 6g) + 49 + 3) ' e
Substituting (49) in (48):
Ve _ 1[(;1 (7 + 6g) + 4q + 3
Vi n 2n +q+ 5
Jn(7 + 6g) +4¢+ 3
I2n + ¢ + 5

Equations (49) and (50) have heen plotted for different values of ¢ in
Trigs. 20 and 21, respectively.

)' — (n(8 +2¢) + 49+ 7)
(50)

} + n3qg +1) + q:|.

qr @ c c C

-

8
v %m () | RS % re

Fig. 19 — Equivalent diagram of a four-section 180° phase shift audio oscil-
lator with a single variable resistance, when fed from a nonideal voltage source.
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Fig. 20 — Frequency curves of a four-section ladder network with one yariable
resistor and the parameter g.

Fig. 21 shows that the point of minimum voltage loss does not ogcur
when the ladder configuration is uniform. In the vicinity of the attenua-
tion minimum, the curves are flat and it is possible over a given fre-
quency range to choose a point 7, for negligible voltage variation:

Txpanding the frequency in a Taylor series around the rest frequency
we = wo(no), (49) becomes:

wo(n) = f(n)
(51)

df(ﬂu) (n — ng) + d%f(ﬂu) (n — n0)2

dn 1! dn? 21 RER

= f(nu) +

Retaining only the first two terms of the series, whereby

1 O2ng + g+ 5 !
“ " RC (”0(7 F60) +4g+ %) -

and
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we 6g° + 20¢ + 29
2 (2n0 4 ¢ + 5)[n(7 + 6q) + 4q + 3]

rad/sec  (H3)

(51) becomes:
w(n) = w. + v(n — ny). (54)

A voltage-dependent shunt element consisting of a combination of
current-driven silicon diodes, a resistor and a capacitor is shown in Fig.
22, The diodes are de-biased in series, but due to the large capacitor
shunting them are ac-connected in parallel. The resulting symmetrical
ac resistance seen from the ladder network reduces distortion that might
arise from nonlinear operation of the diodes if the signal level is not
sufficiently small. To keep the level as small as possible, this configura-

80
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50—} “ .
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Vin

40 \
l-_-___-_
r—-_'_--_-—_-__--.

30

20 —_—

n

Fig. 21 — Attenuation curves of a four-section ladder network with one vari-
able resistor and the parameter g (see text).
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Fig. 22 — Voltage-variable, ladder shunt resistance using diodes.

tion substitutes the third shunt element of the ladder network. The
fourth is reserved as a voltage divider to bias the first amplifier stage of

the oscillator.
The ineremental ac resistance of an ideal forward-biased diode is

given by:

kT 1 Eb
I Py (55)

where the familiar term £7'/e equals 25 millivelts at room temperature.
I'» and [, denote the forward biasing and leakage currents, respectively.
Silicon diodes are used, which have very small leakage currents, so
that 7p > [y and

i ke L
B = e Ip

>

(56)

by
=]

The small-signal resistance is therefore inversely proportional to the
diode current.

Fig. 23 shows the measured small-signal conductance of two silicon
diodes of the type used in a configuration as shown in Fig. 22. The
curve extends linearly over a wide range as theoretically predicted.
Furthermore, measurements with numerous silicon diodes were very
consistent. Because no account is taken of the lead and semiconductor
resistance of the diode, nor of surface leakage effects, a steeper slope
would, however, be expected. Nevertheless, since the modified diode
configurations actually used reduce the influence of the diode charac-
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teristics, the resulting VCO performance can be predicted sufficiently
accurately.

It can be shown™ that rp is considerably less dependent on temperature
change when fed from a eurrent rather than from a voltage source. If
necessary, additional temperature compensation is easily effected for
current-fed diodes, as will be shown later.

Referring to Fig. 22, it is now of interest to calculate the change in
oscillator frequency caused by the control voltage deviation v, . To do so,
the Taylor series (51) can be expanded around the steady-state diode
current, [ 5 corresponding to the steady-state control voltage V; and to
the oscillator rest frequency w.. With the results already obtained in
(54) and referring to Fig. 22, the first two terms of (51) then become:

o lo
w(r) = We Fm (Ite) d_v‘ (Im)la (57)
2000
1800

1600 /

S
°
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o
(=]

o/

g
=5

CONDUCTANCE IN MICROMHOS

400 4

200 /

o] 00t 002 003 004 005 006 007
Ip IN MILLIAMPERES

Fig. 23 — Small-signal conduetance of two silicon diodes versus biasing cur-
rent in the configuration shown in Fig. 22.
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where
vi= Vio+ ve

and V. is the steady-state component of the control voltage and v, its
voltage increment. With the substitutions

e(lp) = dn/dly (58)
x(Ip) = dIp/dv; (59)
(57) becomes:
w(v;) = we — Verv, . (60)
Comparing Figs. 19 and 22,
nR =r, + %}—2 (61)
so that:
) = =55 1% (62)
Trom inspection of Fig. 22, we may write:
vi = rid + 2V, (63)
and
I1=1, (64)

where V, is the voltage across one of the diodes. Assuming idealized
diodes with negligible lead resistance:

Vo = Ve 1n(é + 1). (65)
T

Combining (63), (64) and (65) and differentiating with respect to
the input voltage v;,

Iro
?‘Jnn + 2Vu.

In (60) » is determined by the oscillator frequency w., the optimum
choice of no, and the ratio of amplifier output to ladder resistance g.
To insure current biasing of the diodes, r; is limited in size either by
the values attainable with thin film technology or by the output capa-

K(It;o) = (65)



MINTATURIZED RC FILTERS 863

bilities of the preceding de amplifier. This leaves the diode current
I no to be chosen appropriately for a specified VCO sensitivity K . Since

Ky = vex (67)
it follows from (62) and (66) that:

{0 s v Y e
Ip = ﬁ_i—ﬁgﬁ’_?',) Vn/h- (68)

As would be expected from the forward-biased diode characteristic or
from Fig. 23, the current operating point decreases with an increase in
the specified VCO sensitivity K.

The remaining network parameter r, can now be determined by satisfy-
ing the condition that n = ny when /5 = Ipo. From (61)

Ly
21y

ry = mk — (6Y)
The frequency characteristic of the VCO incorporating the network
shown in Iig. 22 and given by (53), (60), (62) and (67) is linear only
over very small voltage increments. This is due to the nonlinear diode
characteristics. Linearity can be greatly improved by modifying the
voltage variable network according to Fig. 24. The additional resistor
rp shunting the diodes reduces « and with it the influence of the non-
linear diode characteristics. Going through the same derivations as
above

K lpe) = —2 Ton
so) =

i+ ; 70

ri + 15 TTP‘qu-I—QVn (70)

i+ 1p
while » and e remain unchanged. This simplifies to
- 7
K(I,u;o) :7_"1—1_—“0—- (71)

ri T‘p[po -+ 2V,
ifr;>nr,.

A value of r, can now be chosen such that r; is at least an order of
magnitude larger. The diode current necessary to establish a specified
VCO sensitivity K. then follows from (62) and (70), namely:

_ Vo ¥ Vru i _ Vn -
I = [(F,?) + L*);KQRTI_:I ;‘? (72)
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Fig. 24 — Modification of Fig. 22.

where
L Tali
[ T (73)
Sinee 7; >> 1
- Vu 2 VVu :r _ Vu
Ing [(Tp) + 3% = (74)

It is apparent again here that 7y increases with reduced VCO sensitivity
K,.

As in the preceding case, the remaining resistor r, can now be de-
termined by comparison of Figs. 19 and 24. The same value as before,
given by (69), is found.

The characteristics of the low-pass filter consisting of r; and C, in
the diode configuration of Fig. 24 will interfere with the operation of
the APLL if its 3-db cutoff frequency cannot be maintained higher than
the lock range of the loop (see Section IT of main text). If this is the
case the configuration shown in Fig. 25 must be used. If 7; is sufficiently
larger than 7,; and rp., the latter two resistors can be made equal.
Derived in the same manner as before,

Tp Inn

K(IDD) = ret .7
: ?f + rp(2ri + rp)Ip0 + 2V,

(75)
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where again » and e remain unchanged. If r; >> r,

1y Iuo
21y TpIDu + Vu.

K(I,v;u} ~

(76)

With the choice of r, at least an order of magnitude smaller than r;
and substituting (62) into (75

2 i
T R 2 T R (-
L {‘“ |:?',,(2’r;- + rp)] T SR + 1)

-V it Ty
Vs [r;(Zm + m]'

o~ ]7[) 3 V-[fu * —_ .V'G
Ip = l:(ng) + 41&’2R'f‘i:| 5;1 ) =

I'rom a comparison of Tigs. 19 and 24

(77)

With r; 2> r,

i
re = nk — =2 —

n 1'70 1
2

¥ 2 Ipu

(79)

Eliminating the diode current from (78) and (79), a simplified expres-
sion relating r, with 7, results, namely:

"
SRR (n _ m) (80)
G &
I IL
I S
Srs
D,y Da ri
P < A
- e,
Ip 1

>
S lﬁl ér-pa lVL=VLo+Ve
<

Tig. 25 — Another modification of Fig. 22.
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when the specified VCO sensitivity

Bl
s Va

The oscillator design can now proceed as follows: R is chosen such
that with the largest available high-precision thin film ecapacitors
(0.01 uf) the lowest necessary oscillator frequency can be obtained (in
the data receiver described in the text, this corresponds to the lowest
channel frequency). For all higher frequencies only the ladder capaci-
tors are changed. If the capacitor value is not critical, R is chosen to
conform with amplifier biasing considerations and to minimize ¢q. g
is given by the ratio of amplifier output impedance to /. ng is chosen
for minimum voltage loss over a given frequency range and is obtained
from Fig. 21. C results from (52) for a given frequency w, . v is obtained
from (53). The largest value of r; compatible with thin film techniques
and the output capabilities of the preceding stage is chosen, and r, is
made at least an order of magnitude smaller. The steady-state diode
current is then given by one of the appropriate equations above, using
the desired VCO frequency-voltage slope K. To obtain oscillation at
the desired rest frequency, r, is then determined by the appropriate
expression derived above.

At this point a word must be said about the accuracy of (47) or (52)
in connection with thin film tuning techniques. (47 might just as well
have been used for the above computations, but would have been some-
what cumbersome.) In spite of the input and output impedances of the
oscillator being taken into account, the frequency of the actual circuit
may be lower than the predicted value owing to coupling, blocking and
stray capacitance in the amplifier section not taken into account by the
calculations. Initial oscillator frequency adjustment is therefore im-
perative. Thin film resistor adjustments can be made either by addi-
tional anodizing of the resistor films or by scratch-pad techniques in
which the sides of thin film lattice configurations are progressively
opened mechanically. Both methods are irreversible and only increase
resistor values. To accommodate this circuit peculiarity, a frequency
approximately 10 per cent higher than required is substituted in the
equations defining the ladder capacitor C. In doing so nis assumed equal
to unity. Tuning the oscillator now consists of increasing the ladder
resistance 7, (see Figs. 22, 24 and 25) and with it ng, until the required
frequency is reached. The necessary increase of n, can be computed
from (54) and is approximately 25 per cent. Fortunately, this coincides
with the region of minimum loss shown in Fig. 21. However, since the
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attenuation curve is relatively flat for values of n larger than unity the
exact value of initial frequency offset is not eritical.

When biasing diodes from a constant-current source such that the
leakage current is negligibly small, only the increase with temperature
of Vi = kT/e has to be compensated for. The increase of this voltage
has the over-all effect of increasing the oscillator frequency. By inserting
two forward-biased silicon diodes in series with 7, (see Fig. 25), the
relative frequency variation is reduced to 0.25 per cent when the ambient
temperature is varied from 70°F to 140°F. Due to the amount of feed-
back possible in the three-stage amplifier section of the oscillator,
(see Tig. 15) the relative frequency change with £2-v supply voltage
variations is in the range of 0.1 per cent.

GLOSSARY

A: amplitude of VCO output

B: noise bandwidth of APLL

C capacitance in uniform RC ladder network of 180° phase
shift VCO

Cy: capacitance shunting diodes in VCO voltage variable
network defined in Appendix

I amplitude of single-channel input signal

E,: amplitude of voltage controlling the switched modulator

2 total rms voltage at APLL input

I APLL figure of merit: capture range/3-db closed-loop
bandwidth

Fy: APLL figure of merit: capture range/minimum-noise
bandwidth

Fjw): transfer function of low-pass filter

F,: amplitude-vs-frequency response of low-pass filter

Faw; filter frequency response at input frequency Aw;

Fau,, ¢ filter frequency response at capture frequency Aw;,

f(): impulse response of low-pass filter

Af; - maximum initial frequency offset before ultimate locking
by APLL

I: input control current of VCO

Ip: diode bias eurrent

Ipo: steady-state diode bias current

Iy: diode leakage current

Ip: current through resistance parallel with diodes in VCO

voltage variable network defined in Appendix
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I(] 5

1(2 b

ﬂ:l{ —_ I(]Kz :
m:

n:
Ny 2
q:

R:

'p:
Tpl:rpﬂ:rp,}
¥y 5

T:

Tﬂ :

T

Teo:

Tn :

T (juw):

Vfg :

Vo= kT/e:

Vg &

Vee -
|
vt
Vout :
X

e = dn/dlp :
£

{o:
gk = dlp/dv; :

gain of phase detector and de amplifier in volts

gain (voltage sensitivity) of VCO in radians/ (sec, volts)
steady-state loop gain and lock range of APLL in rad/sec
ratio of amplifier input impedance to ladder resistance
R in 180° phase shift VCO

ratio of variable resistance to ladder resistance R in 180°
phase shift VCO

ratio of variable resistance to ladder resistance R at
VCO rest frequency

ratio of amplifier output impedance to ladder resistance
R in 180° phase shift VCO

resistance in uniform RC ladder network of 180° phase
shift VCO

incremental ac resistance of ideal forward-biased diode
resistors in diode configurations dealt with and defined
in Appendix

period of VOO output frequency

period of beat frequency w,

capture time, i.e., time it takes APLL to lock onto input
frequency

time constant of simple RC low-pass filter

switching time of switched medulator

diseriminator transfer function of APLL

de component of VCO control voltage v;

where & is Boltzmann’s constant, ¢ the charge of an
electron and T the temperature in degrees Kelvin
increment of VCO control voltage (error voltage) and
diseriminator output

error voltage at capture instant

amplitude of error voltage at capture instant

control voltage of VCO

de component of switched modulator output voltage
ratio of APLL undamped natural frequency w, to lock
range K

sensitivity of resistance ratio n to ineremental change
in diode current for diode configuration dealt with in
Appendix

ratio of aetual to critical damping of APLL

damping ratio for system with minimized noise bandwidth
sensitivity of diode current to incremental change in
control voltage for diode configurations dealt with in
Appendix
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™ de amplifier gain
v = dw/dn: sensitivity of VCO frequency to incremental change in n
T, T2 time constants of low-pass lag network defined in Fig.
2(b)
o(l): instantaneous difference (error) between input and VCO
phase
@c : phase error at capture instant
i(1): instantaneous input phase
OLIN ° maximum phase error corresponding to given percentage
linearity error in phase detector output characteristic
o (t): instantaneous VCO phase
Y(w): phase versus frequency response of low-pass filter
wp : out-of-lock beat between input and VCO frequency
W, channel center frequency; VCO rest frequency
Weo 3-db cutoff frequency of simple RC low-pass filter
w;(t): instantaneous frequeney of APLL input signal
Wy ! undamped natural frequency of APLL
wo(l): instantaneous VCO frequency
Aw(t): difference between instantaneous input and VCO fre-
quency
Aw;(t): instantaneous input frequency deviation from e,
Awi, : first approximation of capture frequency deviation at
input and 3-db closed-loop bandwidth of APLL
Bwie : closer approximation of capture frequency than Aw;,
Aw(t): instantaneous VCO frequency deviation from e,
Awo mean VCO frequency in the unlocked state
Awge : first approximation of VCO capture frequency devia-
tion; by definition Aw;. = Awo.
Awie/K: first approximation of capture ratio, defined as ratio of
capture-to-lock range
Awi. /K: closer approximation of capture ratio than Aw;/K.
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Some Results on the Theory of Physical
Systems Governed by Nonlinear
Functional Equations

By 1. W. SANDBERG
(Manuseript received February 2, 1965)

The main purpose of this paper is to present a reasonably complete pic-
ture of the results of the first phase of some recent research on the properties
of solutions of nonlinear functional equations that frequently arise in the
study of physical systems. We consider in delail the properties of a vector
nonlinear Volterra integral equation. of the second kind, and some condi-
tions are presented for the norm boundedness of solutions of a functional
equation of similar type defined on an abstract space.

More specifically, concerning the Vollerra equation, conditions are pre-
sented under which the solutions (a) approach zero ast — «, (b) approach
zero exponentially as t — =, (¢) are uniformly bounded on t = 0, (d) are
square integrable on [0, ), or (e) are ullimalely periodic. On the basis of
these results, it appears that an input-output stability theory of a large class
of time-varying nonlinear sysiems of engineering interest ts well within
sight.

I. PRELIMINARY NOTATION AND DEFINITIONS

The set of real measurable N-vector-valued functions of the real vari-
able ¢ defined on [0, ) is denoted by 3Cx (0, ) and the jth eomponent
of £ 3Cx (0, ) is denoted by f; .

The sets Loy (0, ) and L.y (0,= ) are defined by

San (0,0) = {f]f £ 3s (0, ), sup [f" (O)f ()] < o]

Lon(0, @) = {f|f£ 3w (0, =), _/u-mf'(t)f(t) dt < w},

in which f'(¢) denotes the transpose of f(t). In order to be consistent
with standard notation, we let £.(0,% ) = £y (0,) when N = 1.
Let y ¢ (0, ) and define f, by

871
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fu@®) = f(@) for tel0,y]
=0 for t>y
for any f € 3¢y (0, ), and let
&y = {f|fedn(0,=), f, e Lav(0,0) for 0 <y < oo},

With A an arbitrary real measurable N X N matrix-valued function
of ¢ with elements {@,.} defined on [0,% ), let K,» (p = 1,2) denote

For an arbitrary [ e 3Cx (0, ), let ¥[f(t),t] denote
(\bl[fl (t),t],\bz[fz(t),t], Tty U”NU‘N (t),t]),

where Y, (w,t),pa(w,t), -+, ¥n(w,t) are real-valued functions of the
real variables w and ¢ for w ¢ (— o, ) and ¢ £ [0, ) such that

(7) . (0t) = 0forte[0,o)andn = 1,2, --- , N

@) dafw(@),d] (n = 1,2, ---,N) is a measurable function of
whenever w (1) is measurable.

Let « and 8 denote real numbers such that @ = 8. We shall say that
Vi, -] e ¥o(a,B) if and only if

%(w t) €8 (= 10 e )
w

for ¢ £ [0, ) and all real w > 0; and we shall say that ¢[- , -] e ¥ (,8)
if and only if

éupn(wl,t)—%(’wz,t)éﬂ (?’L—l,g,"',N)

w — W

for ¢ £ [0, ) and all real w, , w, such that w, # w,.

II. INTRODUCTION

In the study of physical systems containing time-varying nonlinear
elements, attention is frequently focused on the properties of the
equation

g(t) = 1) +f k(t — o )lf(r),ddr, t20 (1)

in which g £ 85, f € &x, k € Huw and ¢[- , -] & ¥y (e,B) for some @ and B.
For example, consider the multi-input multi-output nonlinear feedback
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system of Fig. 1 in which u, », f, w, 2, and y are assumed to denote ele-
ments of &y with the input u & £.5(0, ). Let the block labeled ¢ repre-
sent N memoryless time-varying nonlinear elements which introduce the
constraint w(t) = ¢[f({{),t] for t = 0 with ¢[-, -] € ¥(a,8), and let
the blocks labeled K, , K. , and K; , which represent linear time-invariant
portions of the system, introduce the constraints

0) fﬂ ka(t — )o(r) dr + gi(t)

(1)

f ka(t — m)w(r) dr + ga(t)
0

y(t) = [ ket = D)a(r) dr + g0)

~0

for ¢ = 0, in which the impulse response matrices &y, ks, and Iy are
elements of X;x and the initial condition functions g,, ¢, and g; are
elements of Loy (0,5 ). Then

t
o) = (0 + [ (e = Wlfr), dldr,  t20
0
where &, the inverse Fourier transform of

R —iwl F —iat ” (g et
.£ ]Ll(t)e d!j(; l‘ug(t)@ dt‘/[; k.j(l—)e dt,

is an element of &y, and g defined for i = 0 by

g(l) = g;(t) -+ fﬁ In(t — m)uls) dr — ‘£ kit — 7)ga(r) dr

— f kit — 7) f ko(t — q)gs(q) dg dr
0 0

is an element of Lay (0, ).

u v f w T
t K1—o—.¢.—o—bK3

K,

Fig. 1 — Nonlinear feedback system.
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Equations of the form

dtr

also arise in a natural way in the study of physical systems. For example,
this type of equation with n = 1 is encountered in the theory of feed-
back control systems containing a motor in the forward path.

This paper is addressed primarily to the engineer interested in the
mathematical aspeets of nonlinear systems. Its main purpose is to present
a reasonably complete picture of the results of the first phase of some
recent research on the properties of solutions of (1) and of equations of
similar type defined on an abstract space. The essentials of the material
to be presented are drawn largely from Refs. 1 and 2.

With the exception of some observations in connection with the
problem of determining lower bounds on the decay rate or upper bounds
on the growth rate of solutions of (1), each of the results of Section ITI
constitutes a set of sufficient conditions, in which a certain frequency-
domain conditionf, §{ plays a central role, under which the solutions of
(1) are stable in one of several significant senses. More specifically,
conditions are presented under which: f(t) — 0 (i.e., the zero vector)as
{— o, qge Lov(0,) implies f & Law (0,0 ), g € Lo (0,00 ) implies [ &
Lon (0,0 ), and g ultimately periodic with period 7' implies that f is
ultimately periodic with period T. Conditions are also presented under
which f depends continuously on g. On the basis of these results, it ap-
pears that an input-output stability theory of a large class of time-
varying nonlinear systems is well within sight. In particular, the class
is not restricted to lumped-parameter systems. An example is presented
concerning the necessity of some of the conditions.

Section 1V is devoted to the proof of a previously unpublished result
concerning (2) with » an arbitrary nonnegative integer, and, for sim-
plicity, f and g scalar functions (i.e., N = 1). A set of conditions is es-
tablished under which g £ £.(0, ) implies that f £ £:(0, ).

In Section V, we consider some properties of equations defined on an

d_“f = g(t) + ‘[ E(t — r)¢lf(7), 7] dr, t=z0 (2)

1 For some other results concerned with frequeney-domain conditions for the
stability of nonlinear or time-varying systems, see Refs. 3-6. In particular, Ref.
3 describes in detail the work of V. M. Popov.

11 After this paper had been submitted for publication, the following related
papers came to the writer’s attention: B. N. Naumov and Ya. Z. Tsypkin, A Fre-
quency Criterion for Absolute Process Stability in Nonlinear Automatic Control
Systems, Automation and Remote Control, 25, Jan. 1965; and V. A. Yakubovich,
The Matrix-Inequality Method in the Theory of Stability of Nonlinear Control
Systems: I. The Absolute Stability of Forced Vibrations, Automation and Remote
Control, 25, Feb. 1965.
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abstract space. More specifically, the basic problem considered is a
direct generalization of the problem of establishing the £ay(0, )-
boundedness of solutions of nonlinear functional equations (i.e., a gen-
eralization of the central problem of Ref. 1). In particular, Theorem 8 is
of immediate utility in obtaining results similar to those of Section IIT
for other types of equations [e.g., the discrete analog of (1) which is of
interest in the theory of sampled-data systems]. Section 5.2 is essentially
a restatement of the key argument of Ref. 1 in a more abstract setting. In
Section 5.3 some new results are proved.

In the Appendix we state some results concerning an integral equation
gimilar to (1) that arises in the study of ordinary linear differential equa-
tions, and conditions are presented under which all solutions of a system
of second-order equations with varying coefficients approach zero
exponentially as { — .

IIT. RESULTS CONCERNING THE PROPERTIES OF (1)

3.1 Further Notalion and Definitions

Let M denote an arbitrary matrix. We shall denote by M ' M* and
M, respectively, the transpose, the complex-conjugate transpose, and
the inverse of 2. The positive square-root of the largest eigenvalue of
M™M is denoted by A{M}, and 1 denotes the identity matrix of order
N.

The norm of f & £ax(0,% ) is denoted by | f || and is defined by

1= ([ o .

The symbol s denotes a sealar complex variable with ¢ = Re [s] and
w = Im [s].

We shall say that % is an element of the set ®(«,8) if and only if
k ¢ Xix and, with

K(s) =_/; k(t)e™ dt for o« =0,

(7) det [ly + 2(e + B)K(s)] #0 for ¢ 20
(i) (8 — «) sup Aflly + 3(e + B)K (i) 'K (iw)} < 1.
—WL WO
Comments: Tt can be shown that conditions (7) and (¢2) above are
satisfied if @« = 0 and [K(iw) + K(iw)*] is nonnegative definite for all

.



876 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1065

For N = 1, conditions (i) and (#7) above are met if 8 > 0 and one of
the following three conditions is satisfied:

() @ > 0; and the locus of K (iw) for — o < o < « (a) lies out-
side the cirele € of radius 2 (¢ — ') centered on the real axis of the
complex plane at [—3(a " 4+ §7),0], and (b) does not encircle C; (see
Tig. 2)

(#) a = 0, and Re [K (iw)] > —B" for all real

(#77) a < 0, and the locus of K (iw) for —» < w < = is contained
within the circle C; of radius 2(8' — « ') centered on the real axis of
the complex plane at [—3 (e + 87),0] (see Fig. 3).

Concerning the condition for @ > 0, if 8 = «, then the circle C; de-
generates to a point, and the criterion becomes the well-known Nyquist
stability criterion.

3.2 Results

Our first theorem, which is proved in Ref. 1 as an application of an
abstract result similar to Theorem 8 of Section V, is the key result of
this section. It is of direct interest in the theory of stability of dynamical
systems, and it plays an important role in the proof of each of the other
theorems of this section.

Theorem 1: Let k € ®(a,8), let Y[ , -] € ¥o(a,8), and let
g(t) = J) + [ Bt = i), ldr, 120

where g ¢ Loy (0,2) and [ ¢ &x. Then f & Loy (0, ), and there exists a
positive constant p which depends only on k, «, and 8 such that

IFll=ellgl

Fig. 2 — Location of the “eritical cirele” €y in the complex plane (@ > 0).
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§§§j
N
.

N

Fig. 3 — Loecation of the “‘critieal circle’ Cs in the complex plane (a < 0).

Caorollary 1{(a): Lel k e ®{e,8), let ¥[- , -] e ¥ (a,B), and let

a(l) = filt) + [ K(t — oWlh(e), A dr, 120

(t) = f(1) +fo k(t — D), 7l dr, L2 0

where ¢y, g2, 1y Jo € 8y and (g1 — ¢2) € Loy (0, ). Then (fi — fo) €
Lan (0, ), and there exists a posilive constant p which depends only on I,
a, and B such thal

=Ll Zellg— gl
Proof of Corollary 1(a): Let q;(t) be defined on [0,=) by

o o Wl — ilfa(),0 _ _
QJ‘(t) - fl.i(t) _ fgj(t) ) te “‘ j I = Osflj(t) ;ffz,(i)]

= }a + 8), teft|t=0,0;(8) = fo(t)}

for j = 1,2, ---,N; and let ¢(¢) denote the diagonal matrix diag
g (t),q2(t), - -+, gv(8)]). Then a < ¢;(t) < Bforj =12, ---, N and

a(t) — go(t) = fi(t) — fo(1)
+ f k(t — )g(r)filr) — )l dr. L2 0.
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The conclusion of the corollary follows from this equation and the
theorem.

Remarks: A direct application of the Schwarz inequality and the Rie-
mann-Lebesgue Lemma showsf that if the hypotheses of Theorem 1
are satisfied and g({) — 0 ast— = [ie., g;(t) 2 0ast— = forj =
1,2, ---, NJ, then f(t) — 0 as t — « provided that k ¢ Koy [observe
that k& &£ Kox if k £ K1v and the elements of k are uniformly bounded on
[0,00)]. Similarly, if the hypotheses of Corollary 1(a) are met and
[0:() — g2(8)] = 0ast— =, then [f(t) — fo(t)] > 0 ast— o provided
that &k £ Koy .

Theorem 8 of Section V leads to a result for the integral equation (1)
that is actually somewhat stronger than that stated as Theorem 1. If
k, ¢[-, -] and f are as defined in Theorem 1, and if g £ &y satisfies the
integral equation, then it can be shown that Theorem 8 implies the
existence of a positive constant p which depends only on %, e, and 8
such that || f, | < o || gy || forally > 0.

Thearem 2: Let
g(t) = f(1) +fn k(t — TWL(e), rldr,  tZ0 (3)

in which [+ , -] € ¥o(o,B), f € Ex, and there exists a real constant ¢, such
that
() ge™' & Lav(0,0)
(‘H,) Ic&cll £ Xan ﬂ Kow
(i41) ke & ®(a,B).
Then there exists a positive constant ¢, such that

£, < | gi@)] +ee™, 20
forj=1,2,---,N.
Corollary 2(a): Let

g(t) = f(t) + f k(t — r)Ylf(s), 7 dr, 120

in which Y[ , -] € To(e,B), kb £ ®(a,B), f € &, and there exists a pasitive
constant ¢, such that

(@) ge™*' £ L (0,)

(?:T:) ke"'" £ .'Em n 3“.2}\' a

t See the proof of Theorem 6 of Ref. 1.
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Then there exist positive constants c¢a and cs such that
i) = |gi)] +ee™, 20,
Proof of Theorem 2: From the fact that f and g satisfy (3), we have

eVg(t) = (1) + j; e k(L — )Yl (2), 7l dr, tZ0 (@)
in which f(t) = f(1)e*". Since

e"';b,.[eﬂ":z, t]
xr

a =

1A

B (n=12---,N)

for all real x ¢ 0 and ¢ = 0, it follows from Theorem 1 that f £ £5x (0, ).
Thus e"Y[f(-), -] € Lw (0, ), and by the Schwarz inequality, there
exists a positive constant ¢, such that the modulus of the jth component
of

| IR — e YL, o dr

does not exceed ¢; fort =2 0Oand j = 1,2, --+ , N. Thus, using (4),
[£i)] = [giO)] + ™, 120

forj =12+, N.

Proof of Corollary 2(a): Let

Rl — ) = fo E(1)e 5P g

for p £ ¢y and —» < w < =, It clearly suffices to prove that there
exists a positive constant ¢; < ¢ such that ke’ ¢ ®(a,8) for0 < p < ¢4.
The existence of such a constant follows easily from the fact that each
element of [K(s) — K(s — p)] approaches zero uniformly in ¢ = 0
as p — 0+. The details are omitted.

For some results related to Theorem 2 and Corollary 2(a), see the
Appendix.

The following theorem is proved in Ref. 2 with the aid of Theorem 1.

Theorem 3: Let k & ®(a,8) with {*k € Xyx N Kon for p = 0,1,2. Let Y- , -] &
Yo (e,B), and let

o) = 1) + [ k= s, ddr, 20
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where g £ Lon (0,0 ) and f & &y . Then f &€ Lxn (0,% ), there exists a positive
constant p which depends only on k, o, and B such that

max sup | f; ()| = p max sup | g;()],
i t=o0 i t=0

and f;(t) = 0 ast— o for j = 1,2, ---, N whenever g;(t) — 0 as
t— o forj=12,---,N.

Corollary 3(a): Let k & ®(a,8) with 'k ¢ Fanv N Kaw for p = 0,1,2. Let
Y-, -] e ¥ (e,B), and let

a(t) = 1) + fo kGt — r)¢lfi(r), rldr, t20

() = fa(t) + f k(t — )lfa(r), 7l dr, €20

where gy, g, fir, f2 € Ex and (g1 — ¢2) € Lon (0, ). Then (fy — f2) &€ Lon
(0, ), there exists a positive conslant p which depends only on k, e, and 8

such that

max sup | f15(0) — S5 ()] < p max sup | gu; (1) = g2 (0]
i 2 7 2

and [f1;(t) — fo;(@)] —0ast— = forj =12, -+, N whenever [gi;() —
Gz;(t)]—>0ast—> w forj = 1,2, - ,N.

Comments: If the hypotheses of Theorem 3 are altered to the extent
that the integrability condition on "k is replaced with the assumption
that there exists a positive constant ¢, such that ek e %y M Kax , then
it is possible to give a considerably simpler proof (than that of Ref. 2)
of the fact that f & Lwy(0, ). Specifically, under the new assumptions,
it can be easily verified that for any positive constant co < ¢, there
exists a positive constant c; such that the modulus of the jth component
of

v
[k = Dlr ) Air
0
does not exceed cze " || ¢*'f, || forally > Oandj = 1,2, ---, N. By
arguments very similar to those of the proofs of Theorem 2 and its
corollary, it can be shown that there exist positive constants p and ¢
such that ¢; < ¢, and

le*full < pllegll
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for all ¥ > 0. Since g £ Lonv(0,=), and for y > 0

@) =9l — f "Ry — DIf () rldr

and

. Ny .,
| egy || = (2—6) e max sup | ¢;(t) |,
i i otzo

it follows that f ¢ L.y (0, ). This type of approach, when coupled with
the techniques of Section V, ean be used to establish the L£.y(0, =)-
boundedness of solutions of more general funetional equations.

For results similar to Theorems 1 and 3 concerning the diserete
analog of (1), see Ref. 2.
Definition: Let T be a real positive constant, and let

D=1{f|fe Lan(—,=), J)y =7+ 7T) for —»o <t < =

where Loy (— =,% ) is the natural extension of the space L.y (0,%) to
N-vector-valued functions defined on the entire real line.

Theorem 4: Let k & ® (a,8) with 1"k & Kox N Kaw for p = 0,1,2. Lel g, ¢ D,
Ja € "B"“N((Lm )1 Jo (“') —0ast— 5 and V”[ ’ ] £ \I’(alB) with ¥n ('w,t) =
o (it + T) for all real w and { = 0. Let f € &y satisfy

) b gall) = P 4 f k(t — )lf(r), 7l dr, L2 0.

Then © contains an element §, which does not depend on gs, such that

[f(t) — f )] — Oas t — =.
If, in addition tp the hypotheses stated above, there exist positive constants
e, €2, and e; such that

e“‘k & Kin r Kon $ f I kmn(ﬂﬁ) i dx é 622‘*93" {
t

v
o

Jormm = 1,2, -}, N; and

[g0i()] S ™, t20
for 7 = 1,2, --- [IN; then there exist positive constants ¢y and cg such that
|7it) = i) £ ee™', 120

forj=12---,N.

Proof of Theorem|/: Assume that the hypotheses of the first part of
Theorem 4 are safisfied. Let ¢, (w,t) be defined for t < 0 by the condi-
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tion that ¢, (w,t) = ¥.(w,t + T) for all real t, all real w, and n =
1,2, --- , N. We need the following result, which is easily provable (see
the proofs of Lemmas 4 and 5 of Ref. 8) with the aid of Theorem 4 of
Ref. 7 and the remarks relating to its proof.

Lemma: The set © contains a unique element f such that

0 = JO + [ K= if), b, —w <1< .

Thus we have

(@) — [ b= i), dr = 0
+ [ W= vl 20

() + ga(t) = f(t) + j: k(t — 7)¢lf(z), 7] dr, tE 0
Since
w0 + [ k= DI, dr >0 st e,

by Corollary 3(a), [f(t) — f(t)] > 0ast— «.
The second part of the theorem follows at once from Corollary 2 (a)
and the fact that here

0
o:(0) + [k = D), dr = [(0) = F0)

+ k(e = D) W), 7] — ), ) dr, 120

with ¢[- , -] & ¥(e,8).

Comments: A result similar to the first part of Theorem 4 is proved in
Ref. 8. There it is assumed that gs £ £a2x(0, ).

Under the additional assumptions that ¢;(f) is a constant N-vector,
and that ¢, (w,?) is independent of ¢ forn = 1,2, --- | N, it can be shown
that f(t) of the lemma is a constant N-vector, and hence that f(t) of
Theorem 4 approaches a limit as t — «.

It is a simple matter to construct examples involving f’s not contained
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in Luy(0,%) which illustrate that the conclusion of the first part of
Theorem 4 can be false if k& does not belong to ®(e,8) (with the under-
standing that the remaining hypotheses are satisfied). The following
example shows that the conelusion can be false in some relatively simple
situations in which f & £.x(0, %), if k does not belong to ®(«,8).

Let N = 1, and for { = 0 let

|p(w,t)=w, —w <w=1
= (w)}, 12w=9
= 3w + 3, w = 9.

Let Pk ¢ %u N &Ko for p = 0, 1, 2; and let K(0) = 0 and K(i) = —4.
Here ¢[-,-] e¥(%, 1) and, since K(7) is a point on the real-axis diameter
of the disk of Fig. 2 when « = § and 8 = 1, it is clear that & does not
belong to ®(}, 1).

Fort > 0, let

() = § — fcos 2t
gult) = ¢ + j;l k(t — 7){¢[s + 4sint — % cos 2r 4+ ¢ 0]
— 8 + 4 sin 7 — L cos 27,0]}dr
— f_: k(t — 7){¢[# + 4 sin 7 — } cos 2r,0]}dr.
(Observe that gs,(f) is uniformly bounded on [0,%) and that gs.(f) — 0
ast — =.) Then, using the identity (2 +sint) = (§ +4sint — } cos 20)°

which is valid for all real {, it can be verified that fi({) = § + 4 sin
t — % cos 2t + ¢ ' satisfies

t
gi(t) + gu(t) = f1() + j; k(t — )yl (r),0ldr, t =0
Note that although fi is ultimately periodie, it contains a component of
one half the frequency of g .
At this point it is convenient to comment on the necessity of the hy-

potheses of Corollaries 1(a) and 3(a). Let ¢, fi, k, and ¢ ke as defined
in the preceding two paragraphs, and assume that

j:w | k() | dr & £:(0,).

Fort = 0, let
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t
gnt) = ¢! + f k(t — ) {¢[§ —4sinr — §cos 2r + ¢ ",0]
0
— y[§ — 4sin r — % cos 27,0]}dr
0
— f E@ — 7)¢[§ — 4sin 7 — 2 eos 2r,0]dr.

Then, using the identity mentioned above, it can be verified that
fa(t) = & —4sint — 1 cos 2t + ¢ ' satisfies

i (t) + ga(t) = f2(t) + fo k(t — 7)¢lfa(r) 0ldr, ¢ = 0.

Although [g=.(t) — gu(l)] approaches zero at infinity and belongs to both
L1(0, ) and £:(0,=), it is obvious that [fi(f) — f.(f)] (.e., 8 sin {)
does not approach zero at infinity and does not belong to £2(0, ).

1V. SUFFICIENT CONDITIONS FOR THE £:-BOUNDEDNESS OF THE SOLUTIONS
or (2)

Let f* denote df"/dt" for n = 1,2, ---, and let f° = f.

Theorem 5: Let y[- , -] ¢ Ty(e,8) with N = 1, g ¢ £:(0,%), k ¢ X,
and, with n a nonnegative tnteger,

() = g(0) + aglf (0,0 + [ k(t — W), Al dr, 120
0
where f £ 3¢,(0, ), /" ¢ & , and a s a real constant. Suppose that, with
Ris) =i 4 f” ke dt for o2 0,
0

() s" — 3(a + B)K(s) =0 for ¢ 20 (s = 1), and
1—34(@+Ba=0if n=0
(%) $(8 — ) sup [[Gw)" — §(a + B)K ()] "K(iw)| < 1.
Then
Je & (0,2);and [f|| £ (1 —p) mllgll + (1 — po) p2, where
po=3(8 — ) sup [[(#)" — 3(a + B)K (iw)]"K (iw)|

pr = sup [[(w)" — da + BK @) | [(w)' = 1]
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and

1 @
n=lz L

[(i0)" —3(a + B)K (iw)]™

(n—1)

- g (i)’f" " (0)

2 ]
dw]

Proof: Assume that the hypotheses of the theorem are satisfied, and
let y be an arbitrary positive number. From the fact that

forn > 0;forn = 0, p. = 0.

() = g(t) + aplf(e), +fn Kt — W), ] dr, 120

we have for —» < w <€ =

fy e (L) dt = f” e “g(t) dt + a fy e “NIf,(0), 1] dt
0 0 0
y ¢
+ [ﬂ e_'”tfn k(6 — o)yl fy(r), 7] dr
in which
Jult) = Jt) for te[0y]
=0 for ¢ > y.
For — < w < =, let

u 5
F, = f ¢ ", (1) dt
0
" ry
G, =f e “g,(t) dt
0

H, = f” R IRONE
0

X = af e YL, (1), 1] dt+[ f‘“‘f k(¢ — m)lfy(r), 7] dr
v y 0
(n—1)
U = _ZOZ (@) (y), n>0

(n—1)

V = ;ﬂ ()" 0), n>0

U=V=0n=0.
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Then, using the fact that

fﬂ e (L) dt = (iw)"Fy, + ¢ U — V

0

forn = 0and — =« < w < o, we have
(iw)"F, + ¢ ™U -V = G, + K(iw)H, — X
forn = 0and —» < w < . It follows that
Fy + ()" — $(a + B)K ()] '[X + ¢ U]
= [(@w)" — 3(a + BK @) K @w)H, — j(a + BF] (5)
+ [(@@)" — 3 (a + B)K (i)]'[Gy + V]

forn =2 0and — o < 0w < =,

Observe that [(iw)" — (e + B8)K (iw)]™ is uniformly bounded for
we (—o,), and that [(iw)" — 3(a + B)K (iw)]'U is square integra-
ble on the w-set (— o, ). Thus, since ¥[f, (t),f] € £2(0, ),

[(iw)" — (a + B)K ()] '[X + ¢ U]

is the Fourier transform of a square-integrable function f, . Further,
since both

(n—1)

[" — 3a + B)K(s)] and [" — 3(a + B)K()]™ 2 &f"(y)

=0

are analytic and uniformly bounded for ¢ > 0, it follows™" that f, (t) = 0
almost everywhere on (— = ,y).
Using (5), Parseval’s identity, and Minkowski’s inequality,

([150 1 @)

< ( f C150 +H@ P a‘tt)i
< (& [ 116" = 3o+ DK )] K (i)
L]
(H, — 3 + BOF[ dw)

T (ﬁl} ,[: | [(G0)™ — (& + B)K (i)] (G, + V1 ! dw)‘
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< (g [ 11" = bl + DKo K i)
'
Uy~ Ha + DR do)
3 TR et o M
+ (g 116" = b + ORI [ do)
™ o0

+ (e L

[(iw)™ — 3(a + B)K (iw)]!

(n—1)

. j;u (im)if(ﬂ—-l*j) (0)

)

with the understanding that the last integral vanishes if n = 0.
Thus

([ 1500 p )

= (% [: | [(i0)" — 3(a + B)K (iw)] K (i)
¥
Uy~ 3a + BRI [ do) -+ sup [(ia)"

— }a + BK (i)™ | ( [t au)’ t o

where

P = (il; _[: | [({0)" — 4(a + B)K (iw)]™

H=1 i
) (E) (iw)jf(nfl“‘j)(o) ]2 dm)

j=0
fn >0and p, = 0if n = 0.
Since |z 'Y (x,t) — 3(a + B)| = 3(B — a) for all real z 0 and
t = 0, we have

([ 1t = 4a = @By (i0) T o)
v i
= (27"[ | Ylfu(t), 1] — 3(a + B)fu(2) lz dt)
! v }
<46 - (2r [150 Far)
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It follows that

([ 140 Fa) = 0 = W sup | )" = 3a+ DR
" ] ; (6)
x ([ 1o@1* @) + (1 = w7

in which
p=346— a)sup[[(w)" — §+ B)K (iw)] 'K (iw)|

(recall that py < 1 by assumption). Thus, since ps and
sup |[(iw)" — ¥(a + B)K ()] |

are finite, and (6) is valid for all ¥ > 0, it follows that [ ¢ £,(0,% ), and
that
7] = (= p)7" sup [[(w)" = 3+ B)KG@)] || gl

+ (1= o) pe.

Comment: With regard to the hypothesis concerning f* of Theorem 5,
observe that if f ¢ & , and if /" exists and satisfies the integral equation,
with g, a, k, and ¢[- , -] as defined, then [" ¢ & .

V. SOME RESULTS ON THE PROPERTIES OF EQUATIONS DEFINED ON AN
ABSTRACT SPACE

5.1 Definitions and N olation

Let X% denote an abstract linear space that contains a normed linear
space £ with norm || - ||

Let © denote a set of real numbers, and let P, denote a linear mapping
of X into £ for each y £ Q.
Let g ¢ £ if and only if g ¢ X and || P, g || is uniformly bounded on 2.
The norm of a linear transformation A defined on £ is denoted by
A ||, and I denotes the identity operator on X.
We shall say that a (not necessarily linear) operator 7T is an element
of the set © if and only if 7 maps X into itself and P,7 = P,TP, on X
for y ¢ Q.1

t As a concrete example, we note that the development of Ref. 1 is concerned
with the complex-valued-function version of the case in which £ = Liy(0,),
K =8wn,02=1[0,m),and P,is defined by: (P,f) (1) = f(t) for e [0,5] and (P,f)(t) =

0 for ¢ > y where f is an arbitrary element of &x . With that definition of P, , an
operator belongs to @ only if it is “causal.”
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As a matter of convenience, we shall let g, denote P,g for g ¢ & and
y € Q. Thus, for example, if f ¢ X and T €0, then (T,), denotes P,TP,f
for i e Q.
5.2 Results of the Type Presented in Ref. 1

Our first two observations, which are stated as Theorems 6 and 7,
are instructive.

Theorem 6: Let T ¢ Oy fy, f2 £ X; and
o=+ Th
g:=fo+ Tha.
Suppose that there exisls a positive constant k < 1 such that
[(Tfuw)y — (Tha)y || k|| o — Full, wel.
Then

(@) ”flu — Jay ” < (1= 'l"')_l H Gy — G2y ”, yeQ
(@) (fi — fs) € £ provided that (g, — g=) € L.

Proof of Theorem 6: Tor y ¢ Q,
Jiw = Jow = g1y — g2 — Py[ThH — Tf]
= g — gu — PulThy — Tfy].
Thus

“ fly = f‘lu ” = ” T — G I ek ”(Tflrr)u == (Tfﬂy)y H
| g1 — g2y !I + k ”fly — S |l

I

IIA

for y £ Q. Hence
| fro = fou H = 0= ]")—] [ g0 — go Il, ye
If (g1 — g2) € &, then

S‘ép | fio = full & 0 — "“)k[ Sgp [ g — G2y H < =,

and hence (f; — fu) £ £. This proves the theorem. A similar argument
establishes

Theorem 7: Let T € O; f & 3, and
g=1r+TF.
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Suppose that there exists a positive constant k < 1 such that

H(Tfy)v ” =k ”fy “r y e
Then

@ IHlls A=k el vee

(7)) f & £ provided that g £ L.

Our next result is quite useful. For example, it leads to Theorem 1.
Theorem 8: Let P, be such that | P,h || = || k| and P,Pyh = Pyh for
he £ andyeQ Let LN ¢ ©, with L linear and L mapping £ into itself.
Let f ¢ X, and

g = f + LNJ.
Suppose that there exists a scalar A (X real if £ is a real space) such that
(#) (I + AL)™" exists on £, and
P,(I + L) = P,(I +\L)"'P,
on £ foryeQ

@) |+ M) L < =
(#i1) there exists a positive constant ky with the property that

[Ny = Mol S |l fy || for ye
(i) | (I + AL)7'L || & < 1.
Then
[fulls @ =) [P +AL) Tgull, wed
in which
r= ||+ AL k.

Corollary 8(a): Suppose that the hypotheses of Theorem 8 are salisfied
and that g ¢ £. Then f £ £.

Proof of Theorem 8: Let y ¢ . From the fact that g = J + LN, we clearly
have

gy = fu + P,LNY.
Since L and N belong to 9,
gy = Jy + P,LP,Nf
= fy + P,LP,NJ, .
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Thus
Ju = PH(I + AL)fy + PyLPu(ny - ?\fy)-

Since (I + AL)™ exists on £ and P,(I + AL)™ = P,(I + AL)'P,,
we have |

Py(I + AL)"'Py(I + ML)y = 1y,
and hence
fu = =Py + \L)"'P,LP,(Nf, — N,) + P,(I + A\L)7'g, .

Using the fact that
I Py + ML) "PL| = | Py(I + L)L |

S|Pl - I +A0)7L| = [+ AL)7L ],
it follows that
I5ll S 1Py + NL)TPL | - || (Nf)y — Mull 4 | P 4+ L) g, |

ST A+N)TL o (| fo | 4+ || Pyl 4+ ML) gy |-
Therefore
Ifil= Q=" P,UT+N) g, wye@
in which

r=|[(I +AL)"'L| k.
This proves the theorem.

Proof of Corollary 8(a): Assume that the hypotheses of the corollary are
satisfied. Then

sup [, |
yeld

IIA

(r—-n" sup | P,(I + AL) g, ||

(1 —r)"sup | P,(I +AL)7g|| < o
yefl

1A

and hence f ¢ £.
Arguments similar to those of the proof of Theorem 8 and its corollary
establish the following theorem and corollary.
Theorem 8: Let P, be such that || P,h|| £ || h| and P,P,h = P,h for
he&andyeQ. Let LN ¢ O; with L linear and L mapping £ into itself.
Let f] ,fz &K and
g1 = fl + LNf;

(/P :fz + LNfz-
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Suppose that there exists a scalar X (N real if £ is a real space) such that
() (I + ML)~ exists on £, and P,(I + L)™' = P,(I + \L)"'P,
on £ fory e
@) (I +AL)TL|| < =
(#71) there erists a positive constant kb with the property that

H (fvfln)u - (Nny)rf - h(flu - fﬂu)” = ]"‘h H.'rlu - .szf ”

foryeQ
() | (I +AL)TL| ks < 1.
Then

[ fiw = Fu | € @ =) | Py + ML) (g — g2)ll,  we®
in which
r= ||+ AL k.
Corollary 9(a): Suppose that the hypotheses of Theorem 9 are satisfied and
that (g — g2) € £. Then (fi — f2) € &.
5.3 Results for the Case in Which £ is an Inner-Product Space

In this section we employ the definitions and notation of Section 5.1.
It is further assumed here that £ is an inner-product space, with inner
product (-, -). The norm of f ¢ £is || f[| = O

It is also assumed throughout this section that A and B are clements
of ©.

Lemmai: Let f ¢ ®, h = Bf,and g = [ + Ah. Then

| Re ((Bf,)y £ + Re {(ARy)y Rl = [ g |l - Il B
forye Q.
Proof: Since A and B belong to &, we have

h, = (Bf,), and g, = [, + (4h,), for yeQ.
Thus, for y € @,
Re ((Bfy)u, fw + Re ((4h,), , ky) = Re{fy, (Bfy)w + Re{(Ah,),, by

= Re(f, + (4hy)s, hy) = Re gy, hy)

and so, by the Schwarz inequality,

| Re ((Bfy)y, fu) + Re ((Ahy)y b | = [ gy |l - | 2y ]
for y £ Q.
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Remarks: An application of the Schwarz inequality similar to that of
the proof of Lemma 1 shows that if g = f + Af with f ¢ & and if there
exists a constant § > 0 such that

J ”fu ”E"i"((Afu)y:fu)l =4 ”fy “27 yeQ

then || f, || = 87" || g, || for y £ @ and thus then f ¢ £ provided that g ¢ £.
Observe that for £ an inner-product space, this is a stronger result than
that of Theorem 7.
Theorem 10: Let g e £, fe X, and g = f + ABf. Let
Re ((Aqu)u ] %r} ;- 0 ﬂﬂd RB ((qu)ll 1 qy) g 0

Jor qe X and y & Q. Then f & £ provided that at least one of the following
conditions 1s satisfied:

(1) A maps £ into £, and there exist constants « > 0 and p > 1 such
that Re ((Aq,)y, @) Z a | ¢, ||" forge K and y £ @

(#i) there exist constants k > 0, > 0,and p > 1 such that || (Bg,), || =
k llgy || and Re ((Bgy)y,qs) Z @ || g, || for g e XK and y £ Q

(491) there exist constants ky > 0, ks > 0, and p > 1 such that Re
((Ag)y, @) Z kb [[(Ag)y |I” and [|(Bg,)y || £ ke | gy || for ¢ ¢ & and
yeld

(i) A maps £ inlo £, and there exist constants k > 0 and p > 1 such
that Re ((Bq,),, q,) = k || (Bq,), |" for g e X and y ¢ Q

Proof of Theorem 10: Let h = Bf. Suppose that condition () is met
Then, using Lemma 1,

al by |” = Re{(Ahy)y, b) = gl - B, weQ
from which
Il s @ e D, yea
Thus
sup || By || = @)™ (sup [l g DT < w0
and hence h ¢ £. Since A is assumed to map £ into itself, Ah ¢ £ and

since £ is a linear space, f = (¢ — 4h) ¢ £.
Suppose that condition (i7) is satisfied. Then, using Lemma 1,

alfull® = Re(Bf). S S llaull - 1Al kgl - 15l
for y £ ©, and so
Il = G/)™™ (g ID*P7,  yean.
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Since sup || g, || < =, fe L.
Assuiw now that condition (¢71) is met. Then, using the lemma,
ky || (Ahy), | < Re ((ARy)y, by) = [ gull = 1 Al
for y £ Q. Thus
by [l gy = full” S kallgull - 15,  weg
It follows that sup I full < eo.

Finally, assume that condition (i) is satisfied. Then, using the lemma,

kllhy I” = Re{(Bfy)y,Sd = llgull - Al
for y & Q. Therefore
Il = G (e D"

from which it is clear that h £ £. Since A is assumed to map £ into £,
and £ is a linear space, f £ £.

Remarks: The requirement of conditions (z) and (iv) that A map £ into
itself can be replaced with the condition that

sup Re{(Bg)y ,q) = += for ge (X — £)

which (through Lemma 1) implies that f ¢ £ whenever h ¢ £ and
Re ((Aqu)y,q) = 0 and Re (Bgy)y,qn 20

for g e 3% and y € .

It is possible to extend Theorem 10 in many other directions. For ex-
ample, an argument essentially the same as that used to establish the
sufficiency of condition (#27) of Theorem 10 shows that if g ¢ £, f ¢ X,
and g = f + ABY/, then f £ £ provided that (a) Re ((Bg,),, ¢,) = 0 for
ge X and y e @ and (b) there exist constants k& > 0, k2 > 0, ks > 0,
and p > 1 such that

Re ((Ag)y, @) = K| (Ag)u[]” — ksll (Ag)y || — ks

and ||(Bg)y || < kel g || for ge X and y £ .

For some earlier material related to Theorem 10, see Ref. 1, Theorem
3, and the observations of Ref. 7 concerning the relation between passiv-
ity and conditions for certain nonlinear operators to be contraction
mappings.

The following lemma and theorem can be proved with essentially the
same arguments used in the proof of Lemma 1 and Theorem 10.
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Lemma 2: Let fi , foe X; by = Bfy, ha = Bfy; and

g = fl + Ahy
gz = f2 + Ahs,
Then

|R8 <(Bf1w - Bfﬂu)u ;.flu - f21r> + Re ((Ahlu - Ah2y)u ) hlu - hEu) |
= H iy — o H ' ” hlu - hZM ”

fory e Q.

Theorem 11: Let f1, f» € X; and let
g = hHh + ABf
g: = fo + ABfs

with (g — ¢2) € £. Let

Re{((Aqy — Agqu)y, @y — @) = 0
and
Re ((Bgiy — Bgsy)y, iy — @) = 0

forqu,peXandy e Q. Then (fi — f2) € X provided that al least one of
the following conditions is satisfied.

(7) (A — Aqu) £ £ whenever 1, g2 € K and (1 — q:) € £; and there
extst constanis a > 0 and p > 1 such that Re{(Aq, — Aqsy)y, iy — Goy) =
allgy — qul"forq, e XandyeQ.

(12) there exist constants k > 0, o > 0, and p > 1 such that

H (Bqiy — Baay)y “ <k H Qs — ey “

and Re ((Bqy — Baw)y, ¢ — qu) Z @ [[quw — qul® for @i, @ e X
and y € Q.
(i%i) there exist constants ky > 0, ks > 0, and p > 1 such that Re

((Aqy, — Ago)y, @y — q) = kb || (Aqy, — Agay), || and
” (Bqlu = quy)u ” =k ” Gy — G2y ”

for g e X and y € Q.

(v) (Aqn — Ag:) € & whenever g1, g2 € K and (g1 — @) € £; and there
extst constants k> 0 and p > 1 such that Re ((Bqy, — Bgsy), qiy — qu) =
k || (Bqw — Baw)y || for g1, gz e K and y e Q.

Results similar to Theorems 10 and 11 can be established for the
equation

g = Af + Bf.
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In particular, we can very easily prove
Lemma 3: Let f ¢ X, and ¢ = Af -+ Bf. Then

| Re <(Bﬁry)u ) + Re((Afy)y I | = ” Ju ” : ” Ju ”
for y e Q.
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APPENDIX

Some Results Related to Theorem 2 and Corollary 2 (a)

Let Ky, Kov, &y and £2x(0,% ) denote the natural complex exten-
sions of the real sets Kuy , Kon , & and Lav (0,0 ), respectively.

Using arguments very similar to those of the proofs of Theorem 2,
Corollary 2(a), and the lemma of Ref. 11, it is not difficult to prove the
following theorem and corollary.

Theorem 12: Let Q(-) denote a complex measurable N X N matriz-valued
function of t defined on [0, ), and let the elements of Q(¢) be uniformly
bounded on [0, ). Let

g(t) = £(1) + f k(L — 7)Q(r)f(r) dr, 20 (1)

in which f € &x , and there exists a real constant ¢, such that

@) g™’ e Lo (0, )
(’L?.) ]{'-Bclr & Kayn n Kan
(#41) with

K{iw — c1) :f (e ™ dt for —eo <w < o,
o
sup A{Q()}  sup AlK(iw —a)} < 1.
t>0 —wLwl®

Then there exists a postiive constant ¢s such that

15 = 1g:0)] + ™, 120
forj=12,---,N.
Corollary 12(a): Let Q(-) denate a complex measurable N X N matriz-



NONLINEAR FUNCTIONAL EQUATIONS 897

valued function of 't defined on [0, ). and let the elements of Q(t) be uni-
Jormly bounded on [0,=< ). Let

g(t) = f(t) +fﬂ Kl — 0)Q(r)f(r) dr, £Z0

in which f € &, and there exists a positive constant ¢, such that

() ge”' € Lav(0,2)
(77) ke e Kin N Kow .

With
K (iw) =f k(e ™ dt for —w < @< ®,
0

let
sup A{Q(t)] sup AlK (iw)] < 1.
t=0 —w<u<®m

Then there exist positive constants ¢ and ¢; such that
[Fi)] £ |g; @) +ee™, t=0

forj=12,.--,N.

With the aid of Corollary 12 (a) and arguments very similar to those
used to establish the corollary of Ref. 11, it is a simple matter to prove
the following result conecerned with conditions under which all solutions
of a well known type of linear differential equation approach zero ex-
ponentially at infinity. T

Thearem 13: Let A denate a constant positive-definite N X N Hermitian
matrix. Let B(t) denote an N X N posttive-definite Hermitian-matriz-
valued function of t for ¢ = 0, and let the elements of B(t) be measurable
and wniformly bounded for t = 0. Let [ be a complex N-veetor valued func-
tion of t defined and twice differentiable on [0, ) such that

df(t) |, (D)

g T AT+ B =g,  tz0

with
ge™' & Loy (0,0)

for some positive constant ¢, .

T Theorem 13 ean be obtained also from the corollary of Ref. 11 by using it to
show that there exists a positive constant § sueh that, under the conditions of
Theorem 13, f(t) can be written as h(l)e ® for t = 0 with ht!) — 0 as t — «. That
is, the corollary ean be applied to the differential equation in & for § sufficiently
small.
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Let A{ A}, A{B(£)}, and X B ()} denote, respectively, the smallest eigen-

value of A, the smallest eigenvalue of B(t), and the largest eigenvalue

of

B (t). Suppose that
inf M{B(t)} > 0
=0

and that

M4} > (sup NB@®)}) - (‘ingB(t)})".

Then there exist positive constants ¢. and ¢; such that

Ifi®)] S e ™, t20

forj =12, -+ ,N.
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The Attenuation of the Holmdel Helix
Waveguide in the 100-125-Kme¢ Band*

By WILLIAM H. STEIER

(Manuseript received January 4, 1965)

The attenuation of the Holmdel, N. J., Bell Telephone Laboratories
two-inch diameter heliz waveguide operating in the circular electric mode
has been measured in the 100—125-kmc band. With these measurements the
heliz waveguide atlenuation s now known from 33 kme to 125 kme. Above
100 kme the loss increases with frequency, as contrasted lo all previous
lower-frequency measurements, which show the loss decreasing with in-
creasing frequency. The minimum loss of 2 db/mile occurs around 90 kme.
The loss is below 3 db/mile from 40 kme to 116 kme. A loss peak observed
al 122 kmc is believed due to the method of supporting the sections of the
waveguide measured. An analysis of the loss peak is presented which indi-
cates that this loss peak can be avoided by suilably supporting a helix
installation.

I. INTRODUCTION

The advantages of overmoded circular waveguide using the TEy mode
for long-distance transmission in the millimeter-wave region have long
been recognized.! The added advantage of the circular helix waveguide
in giving spurious mode suppression hag also been considered.? The
propagation characteristics of the Holmdel, N. J., Bell Laboratories
two-inch diameter helix waveguide, which is made to very precise
tolerances, have been investigated extensively, and its attenuation has
previously been measured from 33 kme to 90 kme.? The work reported
on here extends these measurements to 125 kme.

Over the previously measured band the attenuation decreases with
increasing frequency and falls below 2 db/mile at 90 kme. It was previ-
ously not known how high in frequency this decreasing trend would
continue nor to how low the attenuation would fall. The measurements

* This paper was presented at the Conference on Precision Electromagnetie
Measurements, June 1964, Boulder, Colorado.

899



900 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

in the 100-125-kme band show that the minimum has been passed and
that the losses in this band increase with frequency.

As far as is known, these are the only relatively precise measurements
which have been reported on low-loss millimeter waveguide in the range
from 100 to 125 kme. They extend the known communications hand-
width of a practical waveguide by about 30 kme.

I1I. MEASBURING METHOD

The measuring technique used was the single-oscillator shuttle-pulse
method described by others.?

The rectangular waveguide components were of the RG 138/U size,
and the circular waveguide components were designed for use in the
120-kme band. The millimeter-wave mixer diodes used were developed
by Sharpless.* The mode transducer for exciting the circular electric made
is a two-stage transducer. The rectangular TEg is converted to rec-
tangular TEy, and then to circular Ty .>*

The waveguide being measured was filled with dry nitrogen at a
positive pressure to avoid losses due to gas absorption.

I1I. ATTENUATION MEASUREMENTS

The measured attenuation of the 2-inch helix waveguide as a function
of frequeney is shown in Fig. 1. The attenuation from 33 to 90 kme was

1Y
|
|

y 7
\\\ L

/

n

ATTENUATION IN DECIBELS PER MILE

\\ =
1
THEORETICAL FERFEET\?-_-'-‘_'—-—
COPPER
0 | | |
30 40 50 60 70 80 90 100 110 120 130

FREQUENCY IN KILOMEGACYCLES

Fig. 1 — Measured altenuation of ecircular electric moth in 2-inch diameter
helix waveguide.
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measured by King and Mandeville.? The dashed curve from 90 to 105
kme and around 40 kme indicates that no measured data are available
in these ranges. The dashed curve under the loss peak at 122 kme indi-
cates the expected curve in the absence of the loss peak. Also shown is
the theoretical loss for perfect copper waveguide.

The measurements in the 120-kme band were taken on several differ-
ent sections of helix to give an indication of the performance of typical
helix. The aceuracy is #+=0.1 db/mile.

The new data show the losses inereasing with frequency, with a mini-
mum loss of 2 db/mile around 90 kme. The loss of the 2-inch helix
waveguide is less than 3 db/mile over a band from 40 kme to 116 kme.

The theoretical loss for the TTy mode in perfeet copper pipe continues
to decrease with increasing frequency. The fact that the helix loss
increases above 100 kme can probably be attributed to imperfections in
the helix. These imperfections, such as changes in diameter, ellipticity,
and random deviations of the axis from a straight line, cause mode
conversion and henee increased loss. Caleulations indicate that the loss
of the TRy mode itself in the Holmdel helix is the same as in solid copper
pipe even at the highest frequencies used here.

The additional loss peak at 122 kme is believed not a property of the
helix itself and is considered below.

IV, ANALYSIS OF LOSS PEAK

A peak in the loss curve is clearly shown in Fig. 1 at 122 kme. The
analysis presented in this section indicates that the loss peak is probably
due to the way in which the helix was supported. This means that in a
helix waveguide installation this loss peak can be avoided by proper
support methods. The loss is believed caused by power being converted
to the TEy mode or possibly the TEy: mode and hence lost in the lossy
lining of the guide. The TEy and TEw. conversion is caused by the
flexing of the waveguide between the support points due to its own
weight. This is the serpentine bend effect deseribed by Unger.” It is
believed that this is the first time this effect has been observed in helix
waveguide.

The measured waveguide was supported at 15-foot intervals and
fexed =~0.040 inch between support points. At a frequeney where the
beat wavelength between the TEy and some spurious mode reaches 15
feet or some submultiple of 15 feet, the coupling to the spurious mode
will be greatly increased.

From the caleulations of Unger* and Miller* for helix waveguide,
Fig. 2 shows a plot of beat wavelength vs frequency for several spurious
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modes. At 122 kme the beat wavelength for the TEy; mode is 7.5 feet,
which is one-half the nominal 15-foot support interval. Hence a loss
peak due to TEx mode conversion is to be expected at 122 kme.

At 122 kme the beat wavelength for the TE;; mode is 4.7 feet, which
would correspond to one-third of a support spacing slightly less than
15 feet. Since the actual support spacing varied somewhat around 15
feet, it may be possible that the TEy; also contributes to the loss peak.

To see if this explanation of the loss peak is reasonable, a calculation
of the expected magnitude of the TEy loss peak in helix can be made
from the analysis for copper waveguide by Rowe and Warters!® and by
Unger.” Although the following ealculation is for the TEy mode, a
similar calculation can be made for the TEs» mode.

Rowe and Warters show that the shapes of these mode conversion
loss peaks vary with frequency, f, as

sinw%}(fu—f) i

L
Wm(fn—f)

for the case of no differential attenuation between the TEy and the
spurious mode. Here L is the distance over which the energy is fed in
phase into the spurious mode, f, is the center frequency of the loss peak,
and B, is the beat wavelength at fo . The longer the interaction distance,
the narrower and higher is the loss peak.

When differential loss is introduced between the TEy, and the spurious
mode, as in the helix case, the first-order effect is to reduce the inter-
action length. This causes a lower and wider loss peak, but to first order
the area under the curve remains the same as for the case of no differen-
tial loss. The expected area under the loss curve for helix can therefore
be caleulated from the theory for copper waveguide.

From equations (171) and (178) of Ref. 10, assuming a [(sin X)/X]?
shape, the area of the loss peak is expected to be:

area = 2.06 X 10* Bofy | ¢ | 2(db/mile) kme (1)

where
fo = frequency at the peak of the loss curve in kme
By beat wavelength in feet of the spurious mode at frequency fy
¢. = Fourier coefficient in feet—! of the curvature mode coupling
coefficient corresponding to a spatial wavelength equal to By.
For axial bends the curvature mode coupling coefficient, C(z), is
inversely proportional to the radius of curvature, E(z), of the bend.
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T'ig. 2 — Beat wavelength vs frequency for 2-inch diameter helix waveguide.

C(z) = C/R(2)

where (', is the tilt coupling coefficient for TEy to TEn conversion as
computed by Morgan.' If the radius of curvature is computed assuming
the guide bends from its own weight between the support points, the
nth Fourier coefficient of the coupling coefficient is

¢, = Cwl2/AEI(mn)? 2)
where
w = weight per unit length of the pipe
L = distance between support points
E = Young’s modulus for the pipe
I = moment of inertia of the pipe
n = L/B.

Using the appropriate value for 2-inch diameter helix waveguide and
C; = 12, n = 2, one finds:

area = 3.53 (db/mile) kme.

An estimation of the width at the half-height points on the loss hump



904 THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965

can be obtained from Young.'? This assumes that the differential attenu-
ation is relatively large, as is the case in helix:

Af = (2Aa/AB)fH (3)

where

fo frequeney at the peak of the loss eurve

Aa = differential attenuation = a(TExn) — a(spurious)

AB = differential propagation constant = g(TEn) — B(spurious) =

211'/31] .

TFrom the work of Unger® and Miller? the differential loss between the
TEq and TEy in helix at 122 kme is 8.3 X 10~% nepers per foot. This
gives an expected half-height width at 122 kme of

I

Af = 2.4 kme.

From Fig. 1, if the curve is assumed symmetrically, the area and half-
height width of the measured hump can be computed. The area is
measured as that above the extrapolated average-loss curve shown in
Fig. 1 as a dashed line under the loss peak.

A comparison of the theoretical and measured properties of the loss
peak is made in Table L.

The comparison between the measured and the theoretical values is
reasonable and indicates that the observed hump is most probably due
to mode conversion as discussed. Because of the underground installa-
tion it was not physically possible to check this conclusion by varying
the support spacing.

It is expected that a similar phenomenon should cceur when the beat
wavelength is 5 feet, or 4 of the support spacing. For the TEn — TMu
beat this oceurs at 97 kme, where good experimental data are not
available. For the TEq — TE beat this occurs at 132 kme and may
contribute to the observed loss peak as mentioned earlier. The TEy —

TasLE I — ComparisoNn oF OBSERVED Loss PrEAK WITH
TaEORETICAL Loss Prax Assuming TEg — TEqy
Mope CONVERSION

Position in Frequency | Area under Loss Peak Hnlf—fgg;:;hg;\;zdlh of

Theoretical 122 kme db-kme 2.4 kme
3.53 “ile
Observed 122 kme 3.0 db-kme 3.0 kme

mile
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TTu beat wavelength is 5 feet at 82 kme, which falls in a measured range.
It is of interest to compute the expected magnitude of the loss peak at
82 kme to see if the effect is observable.

Using the same appropriate constants as earlier, with ¢, = 8.1,
n = 3, the area from (1) is

area at 82 kme = 0.149 (db/mile) kme.

The expected half-height width, using Ae = 3.6 X 10* nepers per
foot, is

Af at 82 kme = 4.7 kme.

The height of the loss peak above the average eurve is then approxi-
mately 3 X 10-2 db/mile. This small, wide peak would not be observable
in the measurements.

VY. SUMMARY

The attenuation of the Holmdel two-inch diameter helix has now been
measured from 33 kme to 125 kme. Above 100 kme the losses inerease
with frequency. This increase is attributed to mode conversion due to
random imperfections in the waveguide. The loss ig less than 3 db/mile
from 40 kme to 116 kme.

The loss peak observed at 122 kme is believed to be not a property of
the waveguide itself but of the method of support. It is important there-
fore in a helix installation to take eare in supporting the waveguide so
that these loss peaks do not fall in a frequency range where the wave-
guide is to be used.
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The Optical Ring Resonator

By W. W. RIGROD

(Manuseript received February 1, 1965)

Expressions are derived for the stability parameter, spot size, and wave-
front curvature of a Gaussian beam tn a ring resonator confaining up to
four spherical mirrors unequally spaced. Higher-order transverse modes
and aperture effects are not considered. Two methods of analysis are used:
(1) replacement of the mirrars by an infinite sequence of equally-spaced
identical thick lenses, and (2) transformation of the beam inlo itself after
one cireuit of the ring, by means of a ray matrix representation of the equiva-
lent thin lenses. The procedure can readily be extended to ring resonators
with any number of spherical mirrors.

I. INTRODUCTION

In the ring laser, a light beam is directed about a closed loop,
typically by three or four mirrors, and regeneratively amplified at
frequencies for which the circuit path equals an integral number of
wavelengths."* The only available analysis of a ring resonator with
more than one spherical mirror appears to be that of Clark," who used
a ray-optical approach to derive the stability conditions for a ring with
mirrors of two different curvatures and spacings. However, the means
for a complete analysis of any arbitrary ring resonator are contained
implicitly in the optical-mode theory developed in recent years in
connection with two-mirror resonators.” The purpose of this note is to
trace the connection between this theory and that of ring resonators in
two different ways, and to derive the formulae defining the Gaussian
(fundamental mode) beam in an arbitrary four-mirror resonator. A
third method has been proposed recently by Collins in general form,®"
but will not be employed here because of its greater complexity.

In a two-mirror resonator, the wavefront curvatures of the light beam
coincide with those of the mirrors, since the beams are reflected back on
themselves. This is not the case in ring resonators, in which the beam is
reflected obliquely. The boundary condition of the latter is merely that

907
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the beam reproduce itself after each circuit, following its passage through
a series of focusing elements or equivalent lenses.

As noted by Boyd and Kogelnik,” the stability conditions and beam
size in spherical mirror resonators are the same as in an equivalent
sequence of lenses. Thus the problem consists of applying the traveling-
wave boundary condition to the appropriate equivalent-lens system.
Owing to the astigmatism of concave mirrors in oblique reflection, they
must be replaced by two different sequences of lenses, and each analyzed
separately. For example, in the quadrilateral resonator of Fig. 1(a), the
equivalent lens sequence for the clockwise traveling wave is shown in
Fig. 1(b), where the focal length of the ith lens is given by"

fei = § bicos (¢:i/2) (1a)
in the plane of the ring, and
Jui = bi/2 cos (ei/2) (1b)

in the plane normal to the ring, for a mirror with radius of curvature b, ,

T " CLOCKWISE —>

(b)

Fig. 1 — (a) Ring resonator with four spherical mirrors, unequally spaced.
(b) Equivalent sequence of thin lenses for clockwise wave, with focal lengths
given by equations (1a) and (1b) for tangential and sagittal planes, respectively.
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gubtending an included angle ¢;. The beam, consequently, is usually
elliptical in cross section.

The cireulating beam in a ring laser can be made circular in cross
section, if need be, by the use of astigmatic mirrors or lenses, such that
the effective curvatures of the ith mirror, b.; and b,; , in and normal to
the plane of the ring, respectively, are related through

byi = bzicos’ (gi/2). (2)

When the laser beam is plane-polarized, it is possible to design such
correcting lenses for insertion at the Brewster angle to the optic axis,
to minimize transmission losses. Alternatively, the elliptic output beam
of a ring laser can be transformed into one of cireular cross section by
means of a single astigmatic element outside of the ring, placed where
the spot is circular.

1I. EQUIVALENT SEQUENCE OF THICK LENSES

The first method of analyzing the iterated sequence of four thin lenses
shown in Fig, 1(b) is to replace them by a sequence of identical thick
lenses f, whose principal planes are separated by a constant distance L.
The stability condition for this system,"”

0 < & <4 (3)
7
is then expressed in terms of the focal lengths and spacings of the
equivalent thin lenses, and the beam deseription (radius, wavefront
curvature, ete.) obtained from the known relations for an equivalent
two-mirror resonator.”

The beam waist w, is located at a distance L/2 from the principal

planes of each thick lens, and is given by

2rwe . (4f J
X - (E N ) 4)

where X is the wavelength. At a distance z from the waist in real space
(when there are no intervening lenses), the beam radius is given by

een[i (2]

and the wavefront curvature R by

R =z [1 4 (%"2)2] (6)
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where R has the same sign as z, positive when the center of curvature is
to the left of the surface, i.e., when the surface is to the right of the
beam waist.

The detailed procedure is illustrated in Fig. 2, in which the four thin
lenses are taken in the order fi, di --- fi, ds. First f; and f, are com-
bined to form a thick lens fi» with principal planes located at distances
h, and h, from the two lenses; then fi. and f; are combined to form the
thick lens fyz with its prineipal planes located at distances h," and ks’ from
the principal planes of the component lenses; and similarly for the
combination of fiz and fi to form fiz . The principal planes of fio are
located at distances H, and H., respectively, from each of the thin
lenses f, and f; as shown.

The value of f = fizu, as well as of Ly, depends on the way in which
the thin lenses are grouped, i.e., fisss # fus . Thus, whereas L/f is in-
variant for the group of iterated thin lenses, there can be as many dif-
ferent beam waists as there are lenses. For the group shown in Fig. 2,
the waist defined by Ly in (4) above is located at a distance Ss to the
right of lens fi (i.e., measured clockwise from mirror bs in the ring
resonator). Given the location and radius of the beam waist, the beam
size and wavefront curvature at any distance z from the waist can be
computed from the foregoing relations.

The expressions for the significant parameters of the equivalent thick-

|"PRINCIPAL. -3l J ’
PLANES “"! s
—_— L4 —_——

L_l.__/ \—__‘—/
L.._ BEAM

ﬁ234 ﬁ234

WAIST

Fig. 2 — Reduction of iterated four-lens system to sequence of identical thick
lenses(f = fiau).
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lens sequence of Fig. 2 are listed below. The remaining three beam waists
in this system of four lenses can be found either by imaging the known
waist about its nearest lens,*™ or simply by permuting the indices for
the thin lenses and their spacings.

1 _ (1,1 .1 1) df1 1 1) dfl 1,1
Jos (fl +.’f2 +fn +f4) h (f2+fs +f4) Ja (f1 +f2+fa)

(DD ) ) o

+d1da(£ Hl,)—-d—ldads
Nfs \Ja I3 Jifafafa
L _ 1,1,1,1) dd(1 1,1
}__ (dl+d2+([a+d4)(f1+ﬁz+fs+f4) o (fa+ft+fl)

G ) - G- G )
—aa(p )R -eaGra) Gen) @

+d1dada(l+1)+d2dad4(1+l)+d3d4d1(1+1)

fs \Fi N fofe \lL ' fa fifi \L ' fi
d4 dl dg 1 1 - dl dz da EL;
t R (ﬁ*ﬁ) RAR;
Ld = fm:ﬂ(L/F) = Hl + H2 + d-a (9)
ol (i pa (Ll ) e
= flml:fa + o (fa +f4) T (fz +f:t +f4) Js fa (10)
_(l:;di l l _dl d‘z l l d) deda
f (Jz+fu) % (fs+f4)+fefaf4]
T (L) (Ll 1)
Ha = o [fl + 5 (f: +f2) B (f: T +fs) Y
(1 1) da(1 1) dba]
i (f2+fa) I (f1+f2)+ Jifofs
Sy = iLs — H,. (12)

Less general ring resonators can be reduced to an iterated sequence of
three, two, or one lens, respectively. The corresponding expressions for
an iterated sequence of three thin lenses can be obtained from those for
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four lenses by putting dy = 1/f; = 0 with appropriate redefinition of H,
to locate the right-hand principal plane relative to lens f; :

= Grit) R GrR) -2 Goe) + i 0

L 1 1 1 d] dg 1
?:(&+@+%%f+ﬁ+ﬁ ﬁ(ﬁ+ﬂ

dy, d. 1 dy d dy dy d (14)
_ U dy 3 (1 1 (g Uy
fi (fl +)T2) h (fz +fa) 3 Jifa s
Ly = fin(L/f) = ds + Hy + H. (15)
& 11\ did
, Ly Lyt 16
= s [f (fz +fa) fafs] 16
dl 1 (il flz:l
2 = Jim L e e
=0 l:f * (fi +f2) Jife (17)
1L di 1,1 dy dz:l
3 = lL' — Hy = fin do | — — —_— .
5 ’ s [’ I h (fl +f'z) + Jife 1)

Similarly, for an iterated sequence of two thin lenses, f, d; , f2, d2 we
obtain:

]. 1 ]. (11

R TR AR (19
L 1 (!1 dg

2 o Ll il =) — 25 2
I (dh + da) (fl +f2) Jife )
Ly = fiol L/f) = ds + ha + ha (21)

Ji2 dy
hy =
2 (22)

L (23)
Y, = AL, — ha 1 E _ El 2
So = 4Ly — by = fu [“ jl] (24)

III. MATRIX REPRESENTATION OF LENS GROUP

A second method of analyzing an infinite sequence of thin-lens groups
has been derived recently by Kogelnik,"” based on the representation of
a lens system by a 2-by-2 matrix of transmission-line parameters 4, B,
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(!, D. He has shown that the same A BCD matrix which deseribes the
transformation of position and slope of a ray, between input and output
planes of the system, also serves to transform the radius w and wave-

front curvature B of a Gaussian beam. The transformation is expressed
by

q; = (Ag: + B)/(Cq: + D) (25)

where 7 refers to the input plane and j to the exit plane of the system,
and

1 1 . A
E ‘]_f_'? T’ (26
The ray matrix for any lens system is given by
I W L
o= |4 Bl_|" T f (27)
¢ D [ 1 1 hy
] i

where Ry and As locate the principal planes relative to the input and
output planes, respectively (Fig. 3), and [ is the focal length of the
system. Because of reciprocity,

AD — BC = 1. (28)

For an element consisting of a thin lens f; followed by a distance d, ,
we have

f=fi, h=0 Jh=d. (29)

N N f N N ’
vV VTV N TV Ve
- ,»[ > He }'S,,a-zr—H,

e

ra %"\ e ’)[ /'{
/ N 7z
INPUT PRINCIPAL r\&
PLANE PLANES yd OUTPUT . RLANE

/" [“~BEAM WAIST
wy, Ra W, Ry

Tig. 3 — Optical system of four thin lenses for transformation of a beam into
itself at the reference planes.
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The ray matrix of this element is thus given by
dy

1-2 g4
ol =| [ . (30)
—= 1
i

The transformation of a beam into itself, after traversing a group
of (say) four thin lenses, each followed by a spacing as indicated in
Fig. 3, is then expressed by evaluating the ABCD parameters of the
product matrix:

‘A B
¢ D

wherein each element matrix has the same form as (30); and then set-
ting q; = ¢; in (25), to obtain (at the reference plane):

2B
Ro= 2 (32)
g _ 2B
A Vi—(A+Dy
Combining these expressions with relations (3)-(6), we find the spot
size wy of the beam waist to be given by

'=mexmxm (31)

(33)

mwy’/A = — /4 — (4 + D)¥/2C (34)
and the location of that waist given by
z= (A — D)/2C (35)

where z is measured from the waist to the reference plane (just in front
of f, in Fig. 3).

The expressions for the equivalent thick lens of Fig. 2, evaluated in
the previous section, can be related to the ABCD parameters of the
lens system of Fig. 3 with the help of (27), as follows:

Hi=h= (D—1)/C (36)
Ho+di=h= (4 —1)/C (37)
L4=h2+h1=(A+D_2)/C (38)
L _ ¢ (39)

Jin
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§’=2—(A+D> (40)
z2=dy— Sy = 3L, — H, (41)

where z is also given by (35).

The ABCD parameters for the four-lens system of Fig. 3 have been
evaluated as indicated in (30) and (31) and listed in the Appendix.
The parameters for a similar three-lens group fi, di, -+ fs, ds can be
found by setting dy = f;* = 0; and for a two-lens group by setting in
addition d; = f;' = 0.

Although the ray matrix formalism of Kogelnik offers no economy in
computational labor over the straightforward derivation of the equiva-
lent thick lens parameters, it has greater analytical flexibility and per-
mits almost automatic extension to any number of lenses.
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APPENDIX

Ray Matriz Parameters of Four-Lens System (Fig. 3)
f=1-% _g (L 1)_
i (fx +fa) “ (ﬁ * +fs)
( + +fa +f)
by hd(l 1), dd(L, 1)
PR T A AR BT REAE R
dqdl( ) dnd.,( 1 l)
+ T f2+fa+f4 + T f1+f2+f3 (42)
1 1 1
b dy
+aa(z+7)(; +7)
_(l]dp_dz_d«dad;( +l) d3d4d1( +l)
flfzfa f1f4 f1 f2 f4f1 fz fa

_dy dy dp 1 dy ds dy d,
“his (fa + ﬁ) w JifeJs fa
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= (dl-]-dz-f-da‘f‘d&)—cjﬁl(dz‘i-da'i"df —%(d1+d2+dn)

_ (di + do) (dy + ds) dl ds dy d;
7 _f 7 (ds + di) + it (dv + da) (43)
dy dy _ dhdsdads
7ihh (ds + ds) Fihifs

"= (f+f:+ +fa)+;1(fe+fa+ﬂ)
a3+ (G +7)
+ 257 2GR -2 Gr )
?1 i Gt s) i
~a(grgrg) -aGr ) -7
+d}d2(js+f)+dlda(f + el g,
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Diffraction Loss and Selection of Modes
in Maser Resonators with
Circular Mirrors

By TINGYE LI
(Manuseript received February 4, 1965)

The losses, phase shifts and field distribution functions for the two lowest-
order modes of interferometer-type maser resonators consisting of spherically
curved mirrors with circular apertures are computed by solving a pair of in-
legral equations numerically on a digital computer. Solutions are obtained
for the symmetric geometry of identically curved mirrors and for the half-
symmetric geomelry consisting of one plane and one curved mirror, with the
radius of curvature of the mirrors as a variable parameter. The confocal or
near-confocal configuration is shown to have good mode-selective properties
in that the ralio of the loss of the second lowest-order (TEM,,) mode to that
of the lowest-order (TEMg) mode is the largest of the configurations con-
sidered. The numerical results should be of interest to those concerned with
the problem of mode selection in optical masers and with the design of single-
mode masers with relatively low gain.

I. INTRODUCTION

Interferometer-type resonators used for optical masers usually have a
number of modal resonances falling under the gain profile of the active
medium. Therefore optical maser oscillators generally can and often do
oscillate in many modes, each mode having its own characteristic fre-
quency and field pattern. Such a multimode, multifrequency output is
undesirable for applications in communications and metrology. Many
mode-selection schemes have been devised and tried, but most of them
involve added complications and are beset by problems of stability. A
simple solution was obtained by Gordon and White,! who built a stable
single-frequency gas optical maser using a short, thin discharge tube.
The resonator length was made short to reduce the number of longi-
tudinal resonances and the mirror curvature was chosen so that only the
lowest-order transverse mode had enough gain for oscillation. (The dif-

917
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fraction losses of the higher-order modes were all greater than the gain
of the tube.) Choosing the appropriate mirror curvatures for mode sup-
pression is preferable to the commonly used method of aperturing the
mirrors, because the former method does not restrict the amount of ac-
tive material that can participate in maser action and therefore is capa-
ble of producing greater output power.

In order to select a pair of mirrors with the appropriate radii of curva-
ture for single-mode operation, it is important to know accurately the
diffraction losses of the modes as funetions of the mirror size, spacing and
curvature. Much work has been done on resonators with rectangular
mirrors: Boyd and Gordon? and Boyd and Kogelnik? have derived ap-
proximate formulas for estimating the losses; Fox and Li* have made
numerical calculations on a digital computer by solving the appropriate
integral equations by the method of successive approximations; Streifer®
recently made similar caleulations using Schmidt expansion theory;
Gloge® used perturbation techniques for his calculations. Unfortunately,
these results are not very practical because the discharge tubes usually
have circular cross sections and the diffraction losses for square mirrors
and for circular mirrors are not simply related. Recently, Heurtley” has
made some calculations on the modes and the eigenvalues of resonators
with circular mirrors using Schmidt expansion theory. But published
data on the diffraction losses suitable for practical design purposes are
still lacking. It was with this purpose in mind that we computed the
diffraction losses of the two lowest-order modes of the maser resonator
with circular mirrors for various mirror eurvatures. The results, which
complement our earlier work,*8:% should be of interest to those concerned
with the problem of mode selection in optical masers.

II. MATHEMATICAL FORMULATION

The geometry of a maser resonator with circular mirrors is shown in
Fig. 1. It is convenient to use the cylindrical coordinate system, with its
axis coinciding with the axis of the resonator. The mirrors are spherically
curved and have radii of eurvature equal to R, and R, . The mirror aper-
tures are circular, their radii being a, and a; . The separation between the
mirrors along the axis is d.

The integral equations for the modes of the resonator with mirrors of
arbitrary curvature and shape are given in Ref. 4. For the present case,
they are in the form

ag . P27
YU (11, 1) = j; fu K® (r1, 1572, 00¢® (ra, @) radepadrs (1)
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Ya
MIRROR 1 MIRROR 2

(RADIUS OF CURVATURE=R,) (RADIUS OF CURVATURE=Rj)

Tig. 1— Geometry of the maser resonator consisting of spherically curved
mirrors with eirecular mirror apertures.

ay p2T
v P® (ra, 2) = f f K (ra, 00571, 009" (11, @) ridipudry  (2)
0 0

where K@ and K® are equal and are given by
I{(2)(?.1 @1, 7, 992) = I{(”(T‘Z y @2 30, PI)

= XJ?I exp { - Jﬂ [’ + gors® — 2rirz cos (o1 — qaz)]} . )
In the above equations, ¥ and ¥ are the eigenvalues associated with
the eigenfunctions ¢ (r1, 1) and ¢ (ra, ¢s), which are distribution
functions of the reflected field at each mirror surface; g, is equal to
1 — (d/R)) and g, is equal to 1 — (d/R.); k is 2/X and X is the wave-

length in the medium between the mirrors. Making use of the relation!®
exp [jn(r/2 — B8)1J.(xy)

- 31_1r j:.-’ exp {jlzy cos (& — B) — nall da @

and integrating (1) and (2) with respect to ¢, and ¢. , respectively, it is
seen that

YO(r, @) = R, M (r)einey, (n = integer) (5)
and

YO (s, @) = R, (ra)e e, (n = integer) (6)
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satisfy (1) and (2), respectively. Thus the azimuthal variation is sinus-
oidal in form. The radial functions R, (r;) and R,® (r.) satisfy the re-
duced integral equations

PORL @) Vi = [ K, RE @) Vidn @)
0

5 1
'Yuﬂ)an’ (7'2) WZ = f Ku (7'1 ] T’g) Rn”] (Tl) ‘\/T_J. d'rl (8)
0
where

1), ) i
K, (r, r) = Jd—]‘ I (fl‘- ‘4’177'2) \/771?2 exp {— Jzid (9'17'12 + 9-17‘22)} 9)
and J, is a Bessel function of the first kind and nth order. It is unneces-
sary to show that the modes are orthogonal over their respective mirror
surfaces, since this has been demonstrated for the general case of arbi-
trary mirrors.*

III. COMPUTED RESULTS AND DISCUSSION

An IBM 7094 computer was programmed to solve (7) and (8) for the
two lowest-order modes (TEMy; and TEM,) and their eigenvalues using
the method of successive approximations.*® Solutions were obtained for
the symmetric and half-symmetric geometries; the symmetric geometry
consists of identical mirrors (a, = a: = a, g1 = g» = g) and the half-
symmetric geometry consists of one plane and one curved mirror
(a1 = az = a, g1 = 1.0). In all cases, fifty or more intervals were used
for the numerical integration of (7) and (8). When the losses were low
and the convergence was slow, as many as one hundred intervals were
used.

Figs. 2 and 3 show the relative field distributions of the lowest-order
(TEMgq) and the next lowest-order (TEM;) modes for the symmetric
case. Except for geometries close to plane-parallel or concentric (g &~ ==1),
the relative amplitude distributions can be closely approximated by
Gaussian-Laguerre functions, with the spot sizes of the TEM;, mode
equal to (\d/m)'(1 — ¢, as given by Boyd and Gordon.” Also, for
geometries other than plane-parallel or concentric, the equiphase sur-
faces almost coincide with the mirror surfaces. The agreement between
the computed field distributions and those of the generalized confocal
theory?® becomes closer with larger Fresnel numbers (N > 1).

The power losses per transit of the two lowest-order modes are given
in Figs. 4 and 5 for various values of g lying in the low-loss region
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Tig. 2— Relative field distributions of the fundamental (TEMw) mode for
the symmetric geometry (N = a*/Ad = 1.0).
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Fig. 4— Power loss per transit of the fundamental (TEMw) mode for the
symmetric geometry.

(0 = |g| £ 1).34 The curves for | g | = 1 (plane-parallel or concentric)
and g = 0 (confocal) are the same as those given previously by Fox and
Li.8 Curves for other values of ¢ lie between these two. The computed
loss values for the confocal configuration are in perfect agreement with
those of Slepian,!* who has obtained various analytical expressions to ap-
proximate the losses. For our interest, the most useful form of the ex-
pression for the loss of the TEM,,,, mode obtained by Slepian is

2r (SWEV) 2m+n+1e—4m\’
I'(m+ 1I'(m4+n+ 1)

loss =

(10)

Lt-c 6 1 i
.[1 + C_(l‘_?%j\r:i + higher-order terms in Ei_N]
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Tig. 5 — Power loss per transit of the TEMi mode for the symmetry geometry,

where n and m are the azimuthal and the radial mode numbers respec-
tively, and I'(x) is the gamma function. The computed curves for the
plane-parallel or the concentric configuration are in excellent agreement
with those of Vainshtein,2 who has obtained an approximate formula for
the loss of the TEM.,.,, mode. It is of the form

BUL+6) -
(M + 8)* + B°F
where v, in the mth zero of the Bessel function J,(z), 8 = 0.824 and
M = (8xN)!. Both formulas (10) and (11) fail for small Fresnel num-
bers where losses are appreciable.

It is seen from Figs. 4 and 5 that the diffraction losses are very sensi-
tive to changes in mirror curvature; also, provided | g | is not very close

g
loss = 8vum
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to unity, the losses decrease very rapidly as N increases. By choosing g
and N suitably, it is possible to have a strongly oseillating fundamental
mode in an optical maser with all higher-order modes suppressed. For
example, if a maser tube has a gain of five per cent and the Fresnel num-
ber of the resonator is two, higher-order modes will not oscillate with
g = 0.90. (Loss of TEMg mode =1 per cent and loss of TEM,;, mode
~5.2 per cent).

While the loss of each mode is given by the magnitude of its eigenvalue,
its resonant frequency is determined by the phase of its eigenvalue,
which is equal to the phase shift (relative to the geometrical phase shift)
per transit for the mode. The phase shifts for the two lowest-order modes
are plotted in Figs. 6 and 7. The curves shown are for positive g only;

100
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Fig. 6 — Phase shift, per transit (leading relative to the geometrieal phase shift)
of the fundamental (TEMw) mode for the symmetric geometry.
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Fig. 7—Phase shift per transit (leading relative to the geometrical phase
shift) of the TEM mode for the symmetric geometry.

the phase shift for negative g is equal® to 180 degrees minus that for posi-
tive g. The horizontal portions of the curves can be calculated from the
theory of Boyd and Kogelnik? as

phase shift = (2m + n + 1) arc cos vV gige

(12)
= 2m +n + 1) arccos g, for gi=g..

The problem of mode discrimination in an optical maser can be ap-
proached in two different ways which depend on the available gain of
the active medium. If the gain is large, the relative magnitudes of the
eigenvalues of the different modes are of importance.’**'* On the other
hand, if the gain is small, such as in 6328A He-Ne masers, the relative
losses are important.? The ratio of the loss of the TEM,, mode to the loss
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of the TEM gy mode, which is a measure of mode selectivity for the low-
gain case, is plotted in Fig. 8 as functions of the Fresnel number. The
dotted curves are contours of constant loss for the TEMy, mode. It is
clear from this plot that the confocal or near-confocal geometry possesses
good mode-selective properties, and that the plane-parallel or the con-
centric geometry is rather poor. However, if an aperture is placed in the
midplane of a concentric resonator, its mode-selective properties have
been shown to improve and to approach the confocal resonator.?

One of the commonly used resonator configurations is the half-sym-
metric geometry consisting of one plane and one curved mirror. If the
spot size of the mode pattern at the plane mirror is very much smaller
than the effective mirror aperture, such as in the case of the half-con-
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centric or near half-coneentric configuration, the half-symmetric resona-
tor can be regarded as equivalent to a symmetric resonator of twice the
length. However, if the mirror configuration is such that it lies between
the half-confocal and the plane-parallel (z; = 1.0 and 0.5 = g, £ 1.0)
and the effective mirror apertures are the same, the equivalence of half-
symmetric and symmetric resonators is not valid and the modes and their
eigenvalues must be recomputed. Computations were carried out for
¢=1.0 and g¢.=0.5, 0.75, 0.9 and 0.95 corresponding to g=0, 0.5,
0.8 and 0.9 of the symmetric case. Since the mode pattern at the plane
mirror is now different from that at the curved mirror, the losses and the
phase shifts incurred at the mirrors are also different. As before,* we de-

fine the average loss per transit as 1 — |y@y® | and the average phase
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Tig. 11— Average phase shift per transit (leading relative to the geometrical
phase shift) of the fundamental (TIEEMw) mode for the half-symmetric geometry.
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shift per transit as (phase of y® 4 phase of v®)/2. The computed
average losses and average phase shifts per transit for the two lowest-
order modes are given in Figs. 9 to 12, which are to be compared with
those of the symmetric geometry shown in Tigs. 3 to 6. The ratio of the
loss of the TEM;, mode to the loss of the TEM 5, mode for the half-sym-
metrie resonator is plotted in Fig. 13. Comparing T'igs. 8 and 13, it is
seen that the mode-selective properties of the half-symmetric resonator
are very similar to those of the corresponding symmetric resonator.

Although the computed results are for equal mirror apertures (a, = as),
they are also applicable to certain “equivalent” geometries with un-
equal mirror apertures. The equivalence relations are discussed and
given in a recent paper by Gordon and Kogelnik.'®
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Fig. 12— Average phase shift per transit (leading relative to the geometrical
phase shift) of the TEMw mode for the half-symmetric geometry.
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F1a. 13 — Ratio of the average losses per transit of the two lowest-order modes
for the half-symmetric geometry. The dotted curves are contours of constant
average loss for the TEMow mode.

1V. CONCLUSIONS

The diffraction losses of the modes of interferometer-type maser
resonators can be utilized for mode diserimination. Results of the com-
putation show that the confoeal or near-confocal resonator has good
mode-selective properties; but its mode volume is small compared with
those of the plane-parallel or coneentric resonator of the same Fresnel
number.2'7.8 Sinee it is desirable to utilize as much of the active mate-
rial as possible in order to obtain the maximum output power from a
maser, a geometry that is as close to plane-parallel as is consistent with
the requirements of mode discrimination and mechanical stability is
to be preferred. In practice, the perturbing effects of the maser tube
wall, the mirror irregularities, the nonlinearity of the active medium,
ete. will modify the idealized modes and their losses and therefore should
be taken into consideration.
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