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What’s the :
secret .. “

()i p['()du(jing Is it a matter of design, of {l
' reful checking of materials
g00d valves? | core checking of mate

and skilled workmanship, or is

it rigid control of production and careful testing to |
maintain a very high standard? We believe every one
of these points is important. That is why we pay
such careful attention to them all and that is why our
valves are so good that we can’t keep pace with the

demand for them.

EDISWAN

MAZDA

Valves and Television Tubes

The Edison Swan Electric Co., Ltd., 155 Charing Cross Road, Londen, W.C.2.

Member of the A.E.I. Group of Companies |
i

|
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Reg'd Trade Mark

regulating transformers

’VBRIRC' voltage

-

. - R 3 *VARIAC’ infinitely variable voltage-
i ) regulating transformers are designed

and constructed for many years of
trouble-free operation. Not only do
they supply perfectly smooth control
of voltage from zero, but many types
(including 100-R) also furnish output
voltages considerable above line
voltage while the 100-RM/2B is a dual
output type. Illustration left shows
Type 100-R, Rating 2,000 va., Input
Voltage 230/118, Output Voltage 0-270.

Left—
Type 200 C.U.H.

SPECIFICATIONS — { -
Jrere Rating | Ineur CURRENT, _ OutpPuT Loss PRicy
| vourace RATtD Maximum 7V(EAGF ‘ £ s d
100-K 000 va s 52 175 a o.11s 0 was | 1717 0
Ty T s 5a 175 1 o115 20 watts | 1812 0
100-L 2000 va T30S 8s 9a [ 020 | 25wams | 1717 0 |
‘ 100-LM 2000 va “230q115 3a ~ 9a om0 25 watts TRERD)
| T 2000 va s T isa T 115a 0.135 20 watts 15 9 0
J000M b 000 va. | 1S 157, T 1msa | s 20 wates 1 1 0
[T 00w 2000 va Boj0S “%a 9a 0270 | 30 wates 8 9 0
100-RM | 2000 va. | 23/01s 8a 9a ) 30 watts 19 4 0
100-LH | 120 va. | 4sozem Za 25a 080 | 2 was | 2115 0 |
S00-L | 1450 va. wo | 8a T 9a 0-180 25 watts 1717 0
000K : 1000 va 123 8 9. 0125 25 wans 1717 0

Write for catalogue V549 which gives dt of VC’ transformers and suggestions for use.

CLAUDE LYONS LIMITED

ELECTRICAL AND RADIO LABORATORY APPARATUS, ETC,

180 Tottenham Court Road, London, W.! ; and 76 Oldhall Street, Liverpool 3, Lancs.
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Decade Capacitance Units Type B-23 for Panel Mounting

HESE self-contained units employ hermetically
sealed mica capacitors, and in consequence a high
stability is attained. The individual capacitance steps
are normally adjusted to an accuracy of +19,, but can
be adjusted to +to.19 if requested (except for the
lowest values), thus providing a decade unit which can
also be used as a standard when occasion demands.
Designed for panel mounting, these units find many
applications in A.C. bridges, A.F. oscillators, and other
instruments.
Specification
Accuracy: o.001 wF steps +59, (£19, for an extra
charge.)
o.or vFand o.1 wF steps + 19, (+ 0.19 for
an extra charge).
Stability: Within +o0.19,.

. Temp. Coeff: —20 to +50 parts in 106 per °C.
For further details Power factor: Less than o.0005 at 1000 ¢fs.
. ) Insulation: 10,000 megohm-microfarads.
write for Bulletin B-654 Whkg voltage: 250 volts peak.

MUIRHEAD & Co, LTD.

PRECISION ELECTRICAL INSTRUMENT MAKERS MUIRHEAD
B E C K E N H A M o K E N T ® E N G L A N D ELECTRICAL INSTRUMENTS

Phone: BECkenham oco41 Telegrams & Cables: MUIRHEADS ELMERS-END .

Recognised as the Most Reliable Valveholders
“Sub-Miniature Valveholders

e

R {SM5 U. Panel Mounting

B5A TYPES - ; .
ol 1 {SM5 US. Chassis Mounting
All Moulded in Silica-loaded Polystyrene ] \SM8 U. Panel Mounting

B8D TYPES 1SM8 UA. Chassis Mounting

Wholesale Enquiries;— CYRIL FRENCH LTD., HIGH STREET, HAMPTON WICK, MIDDLESEX + KIN. 2240

Maaufacturers' Enquiries:—THE McMURDO INSTRUMENT CO. LTD., VICTORIA WORKS, ASHTEAD, SURREY
ASHTEAD 340!
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3)/160E (TRIODE)
Filament 10 volts 29 amp.

Ratings Va 3kV. talamp.

Wa I kW. Max. trequency 120 Mc/s.
Overall diameter 2-5 ins.

Max. height 5-2 ins.

3)/192E (TRIODE)

Filament 5 volts 66 amp.

Ratings Va 7kV. l1a2amp

Wa 4'5 kW. Max. frequency 22 Mc/s.
Overall diameter 5'875 ins.

Max. height 8750 ins.

3)/260E (TRIODE)
Filament
Ratings Va I1 kV.
Wa 20 kW. Max. frequency 30 Mc/s.
Overall diameter 8'031 ins.

Max. height 15°125 ins.

10 volts

80 amp.

la S amp.

Incorporate thoriated
tungsten filaments. Efficient
air-blast cooling. Require
exceptionally low filament
power. Facilitate the

design of simpler and smaller

radio equipment

5)/180E (PENTODE)
Filament 10 volts 28 amp.

Ratings Va 6 kV. 1a1'5amp.

Wa 3'5 kW. Max. frequency 25 Mc/s.
Overall diameter 5'875 ins.

Max. height 8750 ins.

Srandard Telephones and Cables Limired

Registered Office : Connaught House, Aldwych, London, W.C.2

RADIO DiVISION, OAKLE!IGH ROAD, NEW SOUTHGATE, LONDON. N.U
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AT THE

R.E.C.M.F. EXHIBITION M".TO'D lTD

STAND 76

Murex will be showing

STOCKISTS OF

ZIRCONIUM BX

ROD -SHEET - STRIP POLYSTYRENE
TUNGSTEN A first-class

rigid insulating material

MOLYBDENUM supplied

in sheets and rods

TANTAI_UM in a range of

thicknesses and diameters

and fabricated instrument and ex stock

valve components in these metals
*

SINTERED PERMANENT MAGNETS Information and guidance on

manipulation, machining and

SINTERED COMPOSITE MAGNETS cementing available on reguest
*

MUREX LTD (Powder Metallurgy Division)
RAINHAM, ESSEX. Telephone: Rainham, Essex 240.

LONDON OFFICE : CENTRAL HOUSE, UPPER _ MI LI OI D ll D y

WOBURN PLACE, W.C.I. Telephone : EUS 8265. S 34/36 Royal College St, London, N.W.1
2D Phone: EUSton 6467 'Grams: Celudol, Norwest, London q
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OUARTZ CRYSTAL
ACTIVITY TEST SET

UNSURPASSED AS A SIMPLE & ACCURATE INSTRUMENT

FOR THE MEASUREMENT OF CRYSTAL PERFORMANCE

&
Q(G
0 -

~
X : .

\ Ry | ‘
' : @ Foonim

. T A e
ATy 3¢

The G.E.C. Quartz Crystal Activity Test Set measures the equivalent parallel
resistance of a quartz crystal when oscillating in a circuit having an input capacity
of either 20 pF. 30 pF or 50 pF, the alternative capacities being seiected by a
switch.

The dial is calibrated and has a range of 4 kilohms to 130 kilohms and is direct
reading. No calculation is necessary. Measurements can be made at any con-
venient amplitude of osciflation up to 10V. R.M.S. at the crystal terminals for
crystals of normal activity.

The accuracy of the loss dial calibration is 4- 29.

WRITE FOR DESCRIPTIVE LEAFLET—

SALFORD ELECTRICAL INSTRUMENTS LTD.

PEEL WORKS : SILK STREET : SALFORD : LANCS.
Subsidiary of THE GENERAL ELECTRIC CO. LTD. OF ENGLAND
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7/- /o .
Ado bo Bhe frnBn G L EXILANT

MOUNTING

For the protection from shock of the most delicate
of instruments and of panels wchich are subject to

vibration, this range of “"Flexilant™ light
mountings 15 at your serrice. Hare yvou any

problems where we could help ?

wl’l‘H
IN ASSOCIATION
AS WG MILES

LTl

(PROPRIETO

PUNSTABLE:

R8.81

— ALL-POWER ——

REGULATED POWER SUPPLIES

Semi-standard designs are available
covering output voltages from 0:| to
2,000 volts and output currents from
| mA to 10 amps.

Special units can be made to any specifica-
tion, and although the demand for our
products is continually increasing we can
still offer reasonably prompt delivery.

ALL-POWER TRANSFORMERS LTD.

CHERTSEY ROAD, BYFLEET, SURREY.
el : Byfleet 3224/5.
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..... in the range o.corptl to

jomH, the ‘CINTEL’ Mutual and
Selt Inductance Bridge will be
tound unequalled for accuracy and
simplicit) ol use. Also measuring
resistance m the range ioopQ to

30000, this bridge is an essential

piece of laboratory cquipment,

full details ot which are available

on request.

CINEMA-TELEVISION LIMITED

A Company within the J. Arthur Rank Orgamsation

WORSLEY BRIDGE ROAD - LONDON SE26

Telephone: HITher Green 4600

SALES AND SERVICING AGENTS
F. C. Robinson & Parners Ltd. H. Hawnt & Co., Ltd., Atkins, Robertson & Whiterord Lid..
287 Deansgate, Manchester, 3 59 Moor St., Birmingham, 4 100 Torrisdale Street, Glasgow, S.2

EGISTERED TRADE MARK

WIRELESS ENGINEER, \PRIL 1932




STABILISED POWER SUPPLY TYPE 698

Jor
Klystron Valves

STABILISED H.T. OUTPUTS: Stabilisation Output change of less than

Maximum  Minimum +200 mV for input change of

Cathode Volts —2-4kV  —1kV 210-250 V.
Grid Volts (relative to Ripple Voltage Not greater than 20 mV R.M.S.
Cathode) Maximum —220V —100 V N
Minimum oV oV Regulation Output Impedance less than 500

ohms at 10 mA.
Reflector Volts (relative to

Cathode) Maximum —500 vV —280 V .
MihimTm oV R L.T. OUTPUTS:
Rati 40V D.C. 1-4 A.
Cathode Current (Maximum ating 0V D.C. at
on load) 18 mA 10 mA Ripple Less than 150 mV R.M.S.

Full details of this or any other Airmec equipment will be provided upon request.

AIRMEC iorirorss LIMITED

HIGH WYCOMBE *+ BUCKINGHAMSHIRE - ENGI.AND

TEL: HIGH WYCOMBE 2060 CABLES: AIRMEC HIGH WYCOMBE

{ \ Weighed in the balance. ..

i . . . and found thoroughly reliable on every count is this Wimbledon Heavy
Duty Vibrator. It was produced for heavy work after a good deal of
research and its performance since then has amply fulfilled the claims made.

AVAILABLE IN BOTH SYNCHRONOUS

LD Ko LS a LY, S CAS R A 4123 ® It has been carefully designed and tested
Wholesale and Retail enquiries to :

® It is constructed of selected high grade materials
J. & H. WALTER LIMITED,

Domestic Appliance Division, 9 It will give sound service over a long period
Gloucester House, |9 Charing Cross Road, ° . . . . ..
London, W.C.2. It is reliable in operation under rated conditions of use
Wn M E E D@N ENGINEERING COMPANY LIMITED
Garth Road, Lower Morden, Surrey. Tel: Derwent 4814/5010

CRCS
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The “Belling-Lee”’ page
for Engineers

375" | | | -425

953M/m. 10-8MM. 425" 120, 3-05M/m DIA

10-BM/M
f (" A o FIXING HOLES.
I588M/ 0.0 B 0 U BP0 UG 9

f
¢

12-WAY 5 amp. FLEXIBLE TERMINAL BLOCK

LIST NUMBER L.744. The unique construction and design of this P.V.C. flexible
Captive Terminal Screws.  terminal block greatly increases the variety of uses for this
P.V.C. Flexible Moulding. type of component. Terminal screws are securely gripped by

the resilient moulding and cannot be shaken out or fall out, even
when the block is mounted upside down.

Its grear flexibility in both planes enables the block to be
Proof. ;ecured to irregular or radiused surfaces without the risk of
racture.

Easily Sectionalised.
Mechanically Shock-

LID ALSO SUPPLEED
SEPARATELY AS L 732

812"
=TT 4604y
_2500" | | 1406 |
63:50M/\ 357297,

TWIN NEON INDICATING FUSE HOLDER

S%PPL'ED SE;ARATE\LY OR Another addition to the “Belling-Lee” range of fuseholders.
EOFLEL&'-SE,_ ITH BASE AS  The Jid carrier takes two neon lamps, and is interchangeable

with the normal fuse carrier on “Belling-Lee” standard twin
L.730 Twin fuseholder  fuse box L.1033. The depth of the lid is slightly increased
with neon lid and clip.  but of course the panel area remains unchanged.

End Entry. Two lamp holders are built into the moulding and the
L.731 as above with back arrangement of the resistor network ensures that the correct
connections. lamp gives visual indication when either fuse blows. The
L.732 Twin neon lid with  neons will operate on an A.C. or D.C. circuit of not less than
retainingclip. Withoutfuses. 80 Volts.

A new non-reversible retaining clip is supplied with the lid.
We invite you to inspect these  This ensures that, when the box is properly wired, the neons
and many other new lines at can OIlly be inserted in the correct polarity.

our stand Vo. 23, R.E.C.M.F.

Erhibition, 2th—9th April.
CAMBRIDGE ARTERIAL RD., ENFIELD, MIDDX., ENGLAND

1952,
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SIGNAL GENERATORS BRIZGES - VALVE

Things that count...

Important Characteristics of the
Marconi F.M. RECEIVER TESTER :—

* Crystal standardised c.w., fon. and a.m. signal

generator with audio frequency power merer.

Carrier range 21-168 Mc s in three bands.

Outpur 14V 1o 31.6 ml’, continuously variables

high level 0.1V max.

Frequency modulation up to 75 kc s on the low

frequency band, 150 kc s on the medium band

or 300 kc s on the high frequency band.

* Amplitude modulation to a nominal depth of
30", over the complete range.

% Internal modulation ar 1000 ¢ s.
modulation over wide range.

*
*
*

External

VOLTMETERS

FREQUENCY STANDARDY

F.M. RECEIVER TESTER

Type TF 913

There are other impressive features also in an
instrument which is up to date in technique,
soundly-designed and carefully engineered. Full
spccification on request.

MARCONI instruments

MARCONI INSTRUMENTS LTD -
Midland Office: |9 The Parade, Leamington Spa.

ST. ALBANS -
Northern OFffice: 30 Albion Streec, Hull.

HERTS * PHONE: ST. ALBANS 6161/7

Export Office: Marconi House, Strand, London, W.C.2

QUTPUT METERS - WAVE METERS - WAVE ANALYSERS - B AT FREQUENCY OSCILLATORS
4 .
ntomarie Poductions /
S APXY
63,0.9[«211 & turret Lathe work ﬂ y ‘
CABLES
‘?Tlcuu\“ i
7w b ‘
/‘f leydn}:z’ﬂorl
~— ATIIN 1MPED | ATTENiokOmef
TYPes. | o (0%, e | OD.
THE LOWEST EVER | a7 (72 [1.7 | 0.4 036
CAPACITANCEOR | a2 [ 74 | 1.3 024|044
‘ ATTENUATION | A34]73 [06[1.5]|038
ot sholl, INMEDIATE || 5 S o
2 /s,
melal siwells .
DELIVERIES |ocitiontiasotodt
CH | 6,3 /173 3.2 |036
e A
GRIFFITHS, GILBART, LLOYD TRANSRAL D A :
AND COMPANY LIMITED BRACAOMILION ‘D°""°" el Caa | 44 [252[2.4 [1.03

Empire Works, Park Rd.,Birmingham 18
Telep hone: NORthern 2132/4

10
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FERRANTI

Transformers
and Ghokes

The ‘H’ range transformers and chokes are designed to meet
the most stringent requirements for Service and Civil Radar
and Radio Equipments. They are hermetically sealed and
fully tropicalized, and their compactness is made possible by
using ‘C’ cores of high efficiency. Each unit is individually
tested. Components can be supplied to meet individual needs
with ratings up to 1} kVA at 50 cycles and correspondingly

higher ratings at higher frequencies. '

‘W range
. iny " =
Hermetically sealed. G core construction m

FERRANTI LTD. TECHNICAL SALES DEPARTMENT FERRY ROAD EDINBURGH § 'J_EM

WIRELESS ENGINEIR, APRIL 1052 11



THE CONE TAKES SHAPEK

Second of a series telling the storv of Goodmans Loudspeakers.
-— N ; It is in the processing tank that the cone
first assumes a recognisable shape. Here the
pulp, the manufacture of which we described
in the first of this series, is held in sus-
pension in water : a suspension of which the
concentration is strictly controlled to ensure
absolute uniformity of weight and texture
of the finished cones.

The suspension is drawn through a cone-
shaped gauze filter by vacuum action, and
there emerges a damp, fibrous, but recognis-
¢bly cone-shaped *‘felt”. The operator in
the foreground is seen removing a “‘felt” as
the vacuum filter head rises from the
processing tank.

From the processing tank the “felts” pass
through an oven where advanced techniques
of infra-red drying are applied before passing
to the press room for the final shaping and
testing which will be described in thée next of
this series.

Distinct from the “Open Felting” method
described above is the ‘“Transfer” process,
by which diaphragms possessing special
characteristics are made to customers’
sPecified acoustic requirements.

;l‘::lﬁng st every lh,ge’. lnﬁ;‘m eqre 12 taken to maintain Mgh AUDIOM 60. This tamous
ity of cones. (Below. left) “¥Felts'" from the drying oven 12° 15W P.M. Lond i

are tested rtfualld for texture before besng welghed on a dellcate now available uﬁ:::z;:k:‘rm::
balance. (right) Producing a cone by the “Transfer' process. market, and inqniries are invited

5 o ? -

AN\ - WE SHALL BE AT THE
GOODMANS  (Nomricay
INDUSTRIES LIMITED, greﬂll.?ngc“c:gnwn

Axiom Works, Wembley, Middx. WEMbley 1200 Apr.23-May 3

BRITISH MADE

» e
~e In theory M‘DG \ODES
that pressing — spinning — stamping problem GAS
may appear to be impossible. In practice it is EL&CT
just the job we like to tackle. May we have
the opportunity of solving problems which
hitherto have seemed impractical.

R.E.C.M.F. EXHIBITION, APRIL 7th, 8th & 9th
GROSVENOR HOUSE, PARK LANE, LONDON

STAND NO. 98

U
' Hivac Ltd
—"‘“SFH & “a rper lI'I GREENHILL cxesc&nmﬁaw.ou-mf-mu, MIDDX,

On M.0.5.,, M.AP. and ADMIRALTY Lists

REGENT PLACE - BIRMINGHAM - 1| Telephone: HARrow 2655
5342D

12 WIRELESS ENGINEER, APRIL 1952



MARCONI {

broadcasting
equipment

|i !‘ Ilh‘ l Iy

e o

AIR COOLED TRANSMITTERS
Remotely controlied, air cooled

transmitters for operation in the HF,
MF and LF bands up to 150 kWV.

MARCONI!'S WIRELESS TELEGRAPH COMPANY LTD ' CHELMSFORD * ESSEX

WIRELESS ENGINEER, APRIL 1952 13
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METALLISED CERAMICS
FOR HERMETIC SEALS

Steatite & Porcelain Products present an outstanding

advance in the technique of metallising ceramics ;

they can now offer ceramic bushes for

hermetically sealed components free from all shortcomings

There are five important advantages of the new
process:

I The new metallising is robust and highly resis-
tant to solution in any soft solder alloys.

2 Any method of soldering may be used, without
precautions of controlled temperature and
soldering time; no special skill in soldering is
necessary for consistent results.

3 The new metallised ceramics may be repeatedly
mounted and demounted: they may be removed
from faulty or broken-down components and
used again.

4 High melting-point soft-solders (such as silver-
lead) may be used in assembly of these new

STEATITE & PORCELAIN PRODUCTS LTD

STOURPORT-ON-SEVERN WORCESTERSHIRE TEL : STOURPORT 111 GRAMS : STEATAIN STOURPORT

14

common to earlier types of metallising

metallised ceramics. Thus, all risk is eliminated
of failure of the hermetic sealing during component
assembly into equipment.

5 No gas or oil leakage can occur—the bond
between the new metallising and the ceramic is
stronger than the ceramic itself.

SEND FOR FULL DETAILS

The new metallising is applied to all the hermetic
seals of the standard range (shown in catalogue No.
25, available on request). Special types, including
multi-seals, can readily be produced to customer’s
requirements. Please write to us for further details.
We shall be glad to answer any queries on the new
metallised ceramics.

8P
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A Range of
Thyratrons for
Static and
Mobile
Applications

The Mullard range of thyratrons now includes
types suitable for use in both static and mobile
applications.

For static power and motor control
applications a group of mercury-vapour valves is
available, with anode current ratings ranging
from o.5 to 6.4 amperes.

For switching, servo mechanisms and motor
control applications in aircraft, ships and mobile
industrial equipments, there is a series of
xenon-filled thyratrons available, with anode
current ratings ranging from o.1 to 6.4 amperes.
On account of the small variations-with-
temperatures of xenon, these tubes are
specially suitable for use in equipments
operating over a large ambient temperature
range.

For special applications where extremely
rapid rates of current rise are required, as, for
example, in the modulation of radar
transmitting systems, there is also a hydrogen-filled
thyratron, the ME1503. This valve,
characterised by its very low ionisation and
de-ionisation time, is the first of a group of
hydrogen thyratrons now being developed.

Brief technical details of the Mullard range of
thyratrons are given below. More
comprehensive information will be gladly
supplied on request.

TYPE DESCRIPTION

va (pk) Py ia (pk) la (
Ll max. (KV)| max. (KV) m:x.p ()] mnnx.n(})

MERCURY-VAPOUR
MTI7 Triode

MT57
MT105

Triode
Tetrode

4-pin UX 2.5 5.0 2.0 05

4-pin UX
B4D

1.0
25

1.0
25

15

2.5
6.4

XENON-FILLED
2021
MT5544*
MT5545*

Tetrode
Triode
Triode

B7G
B4D
B4D

0.65
1.5
1.5

1.3
1.5
1.5

0.1
3.2
6.4

HYDROGEN-FILLED
ME1503

Triode

B4D

8.0

8.0

60

0.0!5

* Supplies temporarily

16

——— e 4 o e o . e o 0 e ey

restricted to Government Contractors only.

Mullard

Mullard

MULLARD LTD., | COMMUNICATIONS & INDUSTRIAL VALVE DEPT., CENTURY HOUSE, SHAFTESBURY AVENUE, W.C.2

VT 13
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Mechanical Force on the Short Side of a Long
Rectangular Circuit

plained a very simple method of determining

this force, based on the fact that the force is
transmitted from one end of the rectangle to the
other by the compressional stress in the medium.
If a cross-section of the line or rectangle be taken
at a point not too near the end, the lines of force
lie entirely in this plane and the Maxwellian
stress normal to the plane is equal to H?%8x
dynes per cm? The integral of this over the
plane gives the total longitudinal force, but since
the energy stored in each cubic centimetre is also
equal to H?/8x ergs, the integral gives the energy
stored in a centimetre length of the line or
rectangle. But this is also equal to 0-3 LI? ergs,
where L is the inductance of unit length and I the
current in absolute units. Hence, the total
mechanical force on the cross-connection at the
end must be equal to 0-5 LI2 whatever its shape.
Since L = 4 log.D|r + 1 for two parallel con-
ductors of radius » with a distance D between
centres, the end force for unit current must be
equal to 2 log.D[r + 0-5 dynes.

This force can be calculated in various ways, but
unless this result is obtained something has gone
wrong, as has often happened in the past. This is
the total end force; the actual measured force on a
movable cross-bar may be somewhat different
from this, since it may not experience the total
force. In most practical cases the accurate
calculation of the force on the movable element
is very complicated, especially at the corners
where the distribution of current and magnetic
field is very complicated.

I'.\' the Editorial of November 1945, we ex-
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In another Editorial of October 1945, we
discussed this corner effect and described a
method of avoiding it in a fictitious experiment by
terminating the two long conductors with discs
of infinitely-conducting material. The end
connection can be pictured as a rod going either
from edge to edge of the discs or from centre to
centre. Since the discs are of infinite conductivity
the current density in the conductors will be
uniform right up to the discs, and the force on
the cross-rod can be accurately calculated. As a
numerical example we assumed D/r to be 60,
for which L = 17-38, and the total longitudinal
force 8-69 I% dynes. Assuming the cross-rod to be
a fine wire and applying the Biot-Savart formula,
the force on it when going from edge to edge will

be 2J :Q’dx‘ x = 8135 I%; when going from centre to
oo dx|x
9-19 I2. As we pointed out, the mean of these two
values is 8-67 12 which is almost exactly the same
as the value of the total longitudinal force.

We are indebted to Dr. G. F. C. Searle, of
Cambridge, for the suggestion that the discs
should be regarded as a part of the cross-connection
and the forces on them calculated in both cases.
As he pointed out, this can be done very simply
even when the rod goes from edge to edge, since
the force on an element of current going from A to
P in Fig. 1(a) is the same as it would be if the
current followed the path AOP. The magnetic
flux” is in the plane of the disc and the flux
crossing the line AP is the same as that crossing

centre this will be increased to1l + 2 f

r
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AOP. Considering first the radial components
such as AO, let AO — x, then at \ the magnetic
field I7 — Ix/?, and the current crossing the
circle of radius x on its way to the centre O will be
I1(r2 — x¥®)/r%. Hence, the force on the circle of
radial width dx will be (Ix/i?){I(¥* — «*)/r2idx,
that is 7%(x/r2 — ¥3/r¥)dx, and the total force on
the disc due to these radial currents will be the
integral of this from r to O which is equal to

- I?/4. The minus sign means that the force is
away from us towards the conductor.

D

(b)
IFig. 1.

Considering now the path OP, the current along
which is the whole current /, and the mean value
of H on which is /27 we have for the force on OP
I(1/2r)r = I%;2. Thisforce is towards us amd away
from the conductor. Hence the resultant force on
all the paths such as AP will be I2/2 — [2/4
I?/4 away [rom the conductor.

I the cross-connection is made to the centres of
the discs instead of the edges, as shown in I1ig. 1 (D),
the component O does not exist in the disc, and
we only have the components such as AO for
which we have seen that the total lorceis — [%/4
on each disc.

When the connection is made from edge to
edge cach disc experiences a small force due to the
magnetic field of the other conductor. In [Iig.
I(a) the resultant force on all the radial com-
ponents is zero, but the whole current / flows from
O to P, and the magnetic ftield due to the other
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conductor will have a mean value of (//r) log
D/(D — y) giving a force on OP of % log D/(D —r);
which in most cases will be very small.

Sumimarizing our results we have for
current:

unit

A, with edge-to-edge connection,

X ) D
force on cross bar — 2 log

A

force on each disc due to main field == 0-25

force on each disc due to other field

| D
%€
Total force
D —r r D 7
2 21025 + lo
log | >+ log 4 r»‘
D -
2 log = = 05,
B, with centre-to-centre connection,
) I
force on cross-bar — | -+ 2log )
force on each disc 025
. A D .
l'otal force = 2 log . + 0-5,
0017 D
& I ==
625 ]
! 1
i
8689 : 8155 8689 :9'|89
’ I ”
! l
i 1
:nozs 1 ! _ o2
oo
(2) (b)
Fig, 2

thus substantiating our statement that the total
end force for unit current must be 2log D/r +
0-5 in all circumstances.

In Fig. 2 the numerical values are given for the
case in which D/r = 60. The small component in
IFig. 2(a) is that due to the field of the other
conductor. The forces are given in dynes for a
current ol 1 absolute unit, that is, of 10 A; the
inductance L is given throughout in absolute

units (1 henry = 10% units).
G.W. 0. .
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HIGHLY-SELECTIV

E AMPLIFICATION

AT LOW FREQUENCIES

By F. J. Hyde, M.Sc., Grad. L.E.E.

(Communication from the Direc

SUMMARY.
shunt arms a/?/2 and 2C, is analysed.
given in complex form with ¢ as parameter.

The locus of t
For (

the phase angle varies continuously from 0 to 27 radians.
1) hasa Q of A/4, when ., the loaded stage gain without feedback,

through a balanced twin-T" filter (a
is large. Deliberate unbalancing of the filter, by ma
virtue of the selective positive feedback introduce

Experimental results are given for filters having resonant frequencies of approximately 0-23 c/s, 0-5

and 360 c¢/s.

1. Introduction

HE problem of selective amplification at
Tau(lio and sub-audio frequencies can be

solved by using twin-T filters to provide
feedback. The transmission characteristic of a
balanced twin-T filter shows null-transmission at
the resonant frequency, so that, if the filter is
connected between grid and anode of a valve,
there will be no feedback at resonance and
increasingly large feedback on either side of
resonance. The feedback is negative at all
frequencies.

It has been found,! however, that a reduction of
the shunt resistance arm to give an unbalanced
filter, will cause the phase of the transmitted
voltage to vary continuously from 0 to 2= radians
with respect to the input voltage, with frequency.
With the filter connected between grid and anode
of a valve, it is then possible to use the selective
positive feedback (in the frequency range where
the real component of the transmission vector is
negative) to give a considerably higher Q than
with the balanced twin-T filter.

tor of Radio Kesearch, D.S.L.R.)

The unbalanced twin-T resistance-capacitance filter, having series arms /# and C and

he transmission vector, as a function of frequency, is
)5 <a <1, the locus is approximately circular and
A single-stage amplifier with series feedback

king a less than unity, gives improved selectivity by
d, and a working () of 20 can be readily obtained.

b cfs
a = 1. The resonant frequency is f, = 1{2=RC,
With x = f[f,, the filter transmission is,
1 .
\Bles®
e )
Ty
where
] H
8 162} ;6 tan lxhéx-l 2)
(x2 — 1)2

Plotted in the complex plane, the locus of the
transmission vector is a circle, tangential to the
imaginary axis at the origin, with its centre on the
positive real axis. (Curve 1, Fig. 2).

For x increasing from 0 to I, [B| decreases from
I to 0 and @ varies from 0 to — #f2. Atx =1, 6
changes abruptly from — #/2 to #/2. For «x
increasing from 1 to o, |8] increases from 0 to 1
and @ varies from + =/2 to 0.

2.2 Unbalanced Filter
The transmission is,

B — |Blei® — « + jy, where

(1 —ax®) {1l — x2(3a + 2)} + ax?(l ¥¥) (@ +4 — ax?
* (0 22Ba + 2} + 22a + 4 ax?)? ()

ax{l —x%) {1 — x%(3a 2)} — x(l —ax?) (a + 4 — ax?) b
U {1 — 22Ba + 2)}2 + 2%a + 4 — ax?)? (b) \
8 ' (1 — ax?)? ¢2x2(|_ - %2 1 (c)/ (4)

1 {1 — 2%3a + 2)}2 + x2(a + 4 — ax?)?

D fad( g2 2 2y 9

6 — tan ‘xsazx{x ,f::(az u);)a) 1 (Zg(a-zu, ) 3) } i (d)

2. Transmission Characteristic of a Twin-T Filter
2.1 Balanced Filter

For the balanced twin-T filter, the resistance
and capacitor values are as given in Iig. 1, with

MS accepted by the Lditor, June 1951
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The locus of the transmission vector for a
0-5 is given by curve 2 in Fig. 2. Over a limited
frequency range § lies between /2 and 3«/2. This
range encloses the shaded area between the locus
and the imaginary axis. Antiphase transmission
for this value of @ occurs at x — 1-2, representing
a frequency 209, higher than f,, the frequency of
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null transmission of the balanced filter. For the
limiting case of a = (), the locus is given by curve
3 in Fig. 2. Thisis tdngentlal to the negative real

axis at the origin at infinite frequency.

Fig. 1. Twin-T filler.

When the filter is connected between grid and
anocle of an amplifier, to provide feedback, the
maximum gain corresponds to antiphase trans-
mission (2 — zg,/y =0) and the Q of the amplifier
may be derived from the shape of the locus
diagram m the antiphase region, coupled with a
knowledge of the frequencies corresponding to the
various points on the locus. The conditions for
quadrature transmission (% =0, 5y = yi_/)
are relatively easy to deduce and form a con-
venient reference for defining the shape of the
locus and the corresponding tfrequency shifts. The
antiphase transmission o, the quadrature trans-
missions y ../, and the corresponding frequency
shift ratios x,; and v/, will accordingly be studied
as functions of a.

INCREASING
xX

Fig. 2. Twin-T transmission; 1, a 1; 2, «a 0.5
3, a 0.
221 Antiphase Transmission

The quadratic in x* in the numerator of equa-
tion 4(d) is equal to zero, so that

- (a—a?) ' \/(a—a®)2+8(a2+4a) .

2! e s (5)
Trom equations_4+(a) and 4(b)

" 1 — ax;? (6)

I — x.2(3a + 2)
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%q 18, of course, inhcrently ncgutive.

The qua(llatlc in a4 in the denominator of
equation 4(d) is equal to zero, so that

x2 4/ 3x8 o 21 )
PONIP N | At 4 224 1)
where x = x../5.
From equations 4(a) and 4(b)
ax(l — x?)
= o]
YErl T x¥(3a + 2) (

where x == x . /,, and a is the corresponding value
from equation (7).

5

X N Fig. 3. Variation with ‘a
" of [requency vralios foi
® \Y antiphase and quadyature
] 6 \ (ransmission.
S \

><l

v 4

< %

K /2

xxé i \‘\ |
8 2

[¥ad —

=] X I

=z = [ ———
ey JXap X-nf2

= {
A X-n/2 |
g o ©0f 02 03 04 05 06 07 08 09 IO
& a

2.2.3 Conclusions

The variations of x, and x_ .+, with a are shown
in IYig. 3. The frequency of antiphase trans-
mission, ¥nf,, is seen to rise with decreasing a.
The geometric mean of x,/, and x ., is also shown
in the figure,and is seen to be coincident with xp,
except at smallvaluesofa. The variation of 2, and
ol y. 55 with a are shown in I'ig. 4.

Consider the range 0-5 < « << 1. From Fig.4
it is seen that y,yand —y_./, are virtually equal
and (y.n/)? is “approximately equal to —
which is a property of intersecting chords of a
circle.  Thus in this range, the locus of 8 is
approximately a circle with centre on the real
axis. lFor a < 0-3, the part of the locus above the
real axis becomes flatter and in the limiting case
where a = (), the locus lies wholly below the real
axis.

3. Feedback from Anode to Grid of a Single-Stage
Amplifier

Two possible arrangements, in which the feed-
back voltage is either in shunt or in series with the
valve input voltage, are shown in Iig. 5.

3.1 Shunt Ieedback
Both the input voltage and the feedback voltage
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are applied to the grid. The effect of feedback is
to vary the impedance Z;,, presented by the
amplifier to the source, which is taken to include
the grid leak, and has open-circuit voltage ¢ and
internal resistance R,. The gain is,
Zin 1

G=A4 (9

Zint Ro ~ 1+ (0 +ApRo/Z
, Z
and l;’n 1 _‘, AB (10)
Here,

4 = — v/vg is the stage gain of the amplifier
without feedback, but with the anode
loaded by the filter.

Z = is the impedance presented at the grid, by
the filter loaded by the valve output
impedance.

G = — v/e is the overall gain.

B s the filter transmission.

A detailed analysis of the gain of the amplifier
in terms of x and a is complicated by the fact that
Z, as well as B, is complex and a function of x and
a. For the case of negative feedback through a
balanced filter (a = 1), a case often met in prac-
tice, a simple analysis is possible. This embodies
the assumptions that Z = R/(1 -+ ;), which is the
input impedance of a balanced twin-T filter at its
null frequency with the output terminals either
open or short-circuited, and furthermore that Z
does not vary with frequency. It is shown in an
appendix that the frequency of maximum
response and @ are given by

f=fo(l + RJAR,)
o A+RIR
2(2 4+ R/R,)
Q will have a maximum limiting value of A/4
when R, is infinite. If R, is made too large,

however, the overall gain G [equation (9)] is
reduced. If R is made small so that the ratio

(Iy
(12)

~%n/

S
I
v

o
V]

<
N

\N
r _a" '\\
P
-\\
T —

0 oF 02 03 04 05 06 07 08 09 |0
a
Variation with ‘a’ of magnitude of antiphase and
quadrature lransmission.

MAGNITUDE OF TRANSMISSION: _ O 7. Yate. Ll
(=] Q
— ~

Fig. 4.
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R/R, becomes small, although the limiting value
for Q, of A/4, is again approached, A itself is now
reduced, because of the increased loading of the
anode by the filter. For these reasons, the @
obtained in practice, with this type of circuit, is
disappointingly low. N

HT.+

TWIN-T
FILTER %

-V

!
R.é z,
)

—

(a)

(b)
Fig. 5. (a) Shunt feedback, (b) series fecdbuck'.

3.2 Series IFeedback

The input signal to the amplifier is injected into
the cathode circuit from a cathode follower,
which presents a high impedance to the source
[Fig. 5(b)]. The feedback voltage is applied to the
grid and is therefore in series with the input
signal. The overall gain is now virtually indepen-
dent of the source resistance K,, as the cathode-
follower input impedance is high. The series
resistance arm of the filter, R, may be made as
large as is consistent with the capacitance values
of the filter being large compared with stray valve
and circuit capacitances. This minimizes the
loading effect of the filter on the anode circuit.
With the grid leak of the amplifier on the anode
side of the filter, although the stage gain is some-
what reduced by the leak being in parallel with
the anode load, the voltage fed back to the grid is
fully B times the anode voltage. The gain from

cathode to anode of the amplifier is,
_wtl A4 4
G = w T TARS T+4B (13)
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where 4 — uly'[(Ra’ + 74) is the stage gain from
grid to anode, with the anode loaded by the filter
and grid leak, resulting in a composite anode load
R;’. ra — a.c. anode resistance of the valve.

3.2.1 Series Ieedback with a Balanced Iilter

This case, when B is ghen by equation (1), has
been treated by Fleisher,? who shows that Q is
approximately 4/4 when A is large.

3.2.2 Series Feedback with an Unbalanced Iilter
In the range 0-5 < a < I, it has been shown
that the locus of 8 is approximately circular and
that points on the locus, symmetrically disposed
about the negative real axis, correspond to fre-
quencies which have geometric symmetry about
the resonance frequency. Thus, near resonance it
may be assumed that the gain is represented by,

G

G‘ U jou .. .. o (19)
where, G is the maximum value of gain, occurring

at frequency f %nfo
G is the galn at frequency f

wis fIf — fif

Putting Bin the form « - jy, equation (13) may be
rewritten as

A
: _ 24
G [+ Aot jdy = .. .. (15)
The maximum value of gain occurs when o = «,
(y = 0, x = x,).
. 4 -
G 1+ Aa, .. .. .. (1e)

The general expression for gain may, therefore,
be written,

G Nt k)

The presence of the factor (I + Aa)/(1 + Aay), in
the denominator of equation (17), shows that
equation (14) cannot accurately represent the
response of the feedback amplifier and that Q does
not have an exact meaning. The representation is,
however, a good approximation near resonance
when (1 + Ae)/(l + Aa,) ~ 1, and also when
[Ay! > |1 4+ Aal (« is negative in the region of
positive feedback), so that the imaginary term in
the denominators of equations (14) and (17) is the
dominant term. The latter condition is fulfilled at
the quadrature points. A comparison of equations
(14) and (17) shows that

Ay
S 1 + Aa,

Q may be derived from this expression, using the
corresponding values of # and v, calculated in

(18)
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The
resultmg variation of Q with a, w1th A as para—
meter, is shown in Fig. 6. Itis noted that for each
value of A, oscillation occurs at that value of a
for which o, — —1/A4. This value may be obtained
from Iig. +.

3.3 Lxperimental Results

Results are given for feedback through different
twin-T filters having resonant frequencies, with
the shunt arm balanced, of approximately (-25 ¢/s,
0-5 c¢/s and 360 c/s. The circuit arrangement used
is that of Fig. 5(b), with the amplifier grid leak
connected on the anode side of the filter.

The variation of Q, f, the frequency of maximum

response, and x,, the frequency shift ratio f/f,, are
studied in terms of a. [t will be noted that the
largest experimentally-determined value of « at
which oscillation occurs affords a measure of 4,
the loaded stage gain of the amplifier without
feedback. In the condition where oscillation is
incipient A 1/an [equation (16)], the value
of a,, corresponding to the measured value of a,
being given in Fig. 4

Example |

The valves used with two very-low frequency
filters are type EI'37A pentodes, the cathode-
follower being triode connected. The amplifier
anode load and cathode-follower anode voltage
are adjusted to give measured values of 45 and 30
for A. Results for each filter are given in Tables 1
and 2.

TABLE 1

(a) Variation of Q and frequency-shift ratio, xn, with ‘a’.

Iilter  components:—R = 670,000 ohms; C = 0-97 ul;
Jo = 0-247 ¢/s.
A =45 A =30
a n :
0 fhe 0 fifo
1-00 12-0 1-000 7-8 1-000
0-95 15-8 1-015 10-0 1-018
0-92 18-2 1-026 11-5 1-026
0-89 25-6 1-034 12-2 1-034
0-86 40-0 1-050 155 1-050
0-82 Oscillation 20-2 1-063
0-745 Oscillation
(b) Check on measured value of A, from A — loay for
incipient oscillation.
A4 (measured) a ar (Fig. 4) | 4 1jom
45 0-82 -0-023 435
30 0-745 0-0325 30-8
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TABLE 2

(&) Variation of () and frequency shift vatio, xa, with ‘a’.

Iiltey components:—K = 670,000 ohms, C — 0-495 ul°;
fo 0-48 c/s.
1 =45 1 30
a 5
Q flfo Q flfo
1-00 110 1-000 8-2 1-000
0-95 16-0 1-:010 10-5 1-011
0-92 20-7 [-015 115 1-021
0-89 246 1-0235 14-0 1-030
0-86 48 1-:037 16-0 1-040
0-83 Oscillation 210 1-045
0-75 Oscillation
(b) Check on measured value of A, from .4 Vaa for
incipient oscillation.
A (measured) a an (Fig. 4) | A Houn
45 0-83 0-022 455
30 0-75 0-032 31-2

Example 2 .

A type ECC32 double triode valve, with operat-
ing conditions giving a measured valué of 4 of 18,
is used with a filter having f, — 363 c/s. Results
are given in Table 3.

TABLE 3

(a) Variation of Q) and frequency shift ratio, xa, with ‘a’.

IFiter  components:—R = 92,000 ohms, C 0-477 ukF;
fo — 363 ¢/s.
I.oaded amplifier stage gain .4 18
a Q Tt
1-0 4-6 1-000
0-776 96 1-075
071 14-7 1-095
0-601 30-0 1-16
0-54 Oscillation
i
(b) Check on measured value of A, from A 1/an for
incipient oscillation.
.4 {measured) a an (Fig. 4) | A lfan
18 0-54 0-059 17

The experimental points are found to show good agree-
ment with the theoretically-determined curves relating )
and x5 to a (Figs. 6 and 3 respectively).
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4. Conclusions

It is seen that accurate matching of com-
ponents of a twin-T filter, to give a sharp null in
the transmission is unnecessary, since it will not
result in- the maximum possible selectivity,
when the filter is used as a feedback network,
in a single-stage amplifier. The selective positive
feedback provided by the filter, when unbal-
anced by reduction of its shunt resistance arm,
enables working values of Q up to 20 to be
readily obtained. The increase in @ is accom-
panied by a rise in the frequency of maximum
response. If a certain value of Q is required at a
particular central frequency, with a given value of
A, the twin-T components may be determined,
using first Fig. 6, to give the required value of a,
and then I7ig. 3 to give the corresponding value of
%n, from which f; may be determined. R and C
are then calculated from f, = 1/2#RC.

The value of @ obtainable, for a single-stage
amplifier, with series negative feedback through a
balanced twin-T filter, is usually quoted as A/4
when A is large. It is seen that this is an upper
limiting value in the case of shunt feedback.

I /
Ty /
1

50
Q

/
7 /

e,

20

Z4

|t

0!
0 095 09 085 08 075 07 065 06 055 05 045
a

Fig. 6. Variation of Q with ‘a’.
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APPENDIX
SHUNT NEGATIVE FEEDBACK THROUGH A
BALANCED FILTER
The overall gain is,
A

- \ruTagezZ - - - ®
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DISTORTION IN BEAT-FREQUENCY
SOURCES

Effect of ‘Pulling’ on W aveform

By C. G. Mayo, M.A., B.Se., M.LLE.E.

(Research Department, B.B.C. Engineering Division)

SUMMARY.

termed ‘pulling’.

Ifin a beat-frequency tone source there is stray coupling between the two oscillators
there is a tendency for the oscillators to lock into step at very low beat frequencies.
At higher beat frequencies than the frequency at which the oscillators lock there is

This is generally

distortion of the beat-frequency waveform. It will be shown that there is a simple relation betweer: the
second-harmonic distortion at any frequency w/27 and the highest beat-frequency setting w,/27 at

which the oscillators lock. The relation is: ’ercentage second harmonic distortion

General

HE general solution of oscillators and their
Tinteraction has been treated by van der

Pol.! His method of attack is from the
differential equation

v — ol — v} + v =0 (1 ('1>
w X

(If «/w<<] the solution is approximately sinu-
soidal whereas if it is large the solution is more
like that of a multivibrator.)

In this non-linear equation the so-called
damping term is — a(l — v?) v’ and it is due
to this term that a stable oscillation at a
definite level is possible. In general approximate
terms, if ¥2> | this term becomes positive and the
resultant oscillation tends to die away, whereas if
v% <1 the oscillation tends to build up. This term
can be taken as due to specific non-linearity in the
characteristic of the driving valve or as the effect
of grid current when the voltage exceeds a certain
value.

In certain cases there may be in addition an
automatic regulator of a different type. Ior
example, the bias of the driving valve may be
controlled by the output in such a way as to
reduce the mutual conductance of the valve when
the output exceeds a definite value. This control
may involve time delay and serve to set the operat-
ing level, but in general the instantaneous stability
is due to the van der Pol term — «(1 — 22)v".

This non-linear equation is solved by van der
Pol for various cases including that of oscillators
with two degrees of freedom, and also that of an
oscillator with an external drive of fixed frequency.
In the latter case the external drive tends to
suppress the oscillator’'s own frequency to an
increasing extent as the frequencies are more
nearly equal.

In the present case an approximate solution is
obtained, not from the differential equation in
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which the regulating effect is explicit in the term
—a(l — %', but by taking account of the
regulator effect at a later stage of the analysis.

Analysis
Suppose the oscillator voltages are ¢, cos st and
¢y c0s (s — w)t for oscillators A and B respectively
where w < s and w/27 is the beat-frequency.
Suppose the coupling between the oscillators
to be represented by mutual admittances

g + b = yest

g+ = ye

where y represents the magnitude of the current
flowing in the tuned circuit of oscillator A due to
unit voltage on oscillator B and ¢ is the phase
angle of such current relative to the phase of the
unit voltage. ¥’ and ¢’ are the corresponding
quantities for the effect of oscillator A on
oscillator B.

It is now assumed that oscillator B can be con-
sidered as oscillating at a frequency s/27 with a
small rate of change of phase — w.

This premise is justifiable on the grounds that
the principal effect of the small difference fre-
quency w/2m is in fact the cumulative change of
phase due to it. Owing to the fact that w Ls
impedances in terms of s or s — w differ only by
a very small quantity. On this basis the pulling
current in oscillator A due to oscillator B is

and

ip = e,yeite—iut
€y . .
e eg yeide -iwt
1
. . . € .
Le., as if due to a self admittance 2 yeite it across
e
1

the oscillator tuned circuit. This admittance
behaves as a positive or negative conductance, or
positive or negative susceptance in accordance
with the value of ¢.

The inphase component of iy tends to increase
or decrease ¢, without affecting the frequency and
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the tendency will be counterbalanced by the non-
linear elements in the oscillator. The quadrature
components of 7, will tend to increase or decrease
the frequency of oscillator A. This is the effect
known as ‘pulling’.

Now €i2 yeld’e Jot
2
= Dei®— 72) — Dsin § + jD cos 8
co b — ot LT
where D P yand § = ¢ — wt 2

that is, 6 differs from the actual phase angle
between the oscillators only by a constant.
The quadrature component of #p is thus

D cos 6

Hence the change of frequency of oscillator A due
to the mutual coupling is

8,(s) = 8,(db/dt) = K, cos 8
Similarly the effect of oscillator A on oscillator B

is to cause a change of the frequency of oscillator
B and thus of 46/dt

8,(d0/dty — K, cos 6

‘Thus the total change of d6/dt due to both coup-
lings can be simply written

8(d/dt) — K cos 0§
or dlldt = w + K cos 8

That is, (d6/dt), the actual rate of change of 6
or the so-called instantaneous frequency differs
from the beat-frequency w in the absence of
pulling by a term K cos 8 where K depends on the
magnitude of the coupling between the oscillators.

Now suppose w < K

Then for some value of §, w + K cos 6, = 0
so that for values of 8 near 6, say 6§ — 6, + 86,

do .
7 ~ — K sin 8, 86

Thus if sin §, is positive the condition is stable,
since small deviations § are concomitant with
restoring forces. If sin 6, is negative the condition
is unstable. The stable condition means that the
oscillators lock at a phase difference 6,. Although
there are two values of 6, which make w + K cos
6 — 6 only one is a stable locking phase. As
w —> K the tworoots of w + K cos 8 tend towards
8, — = and the condition is one of neutral equili-
brium when w = K.

Thus if w, is the highest value of w (i.e., the
highest difference frequency at which the oscil-
lators lock),

dbldt — w + wycos b

The solution of this differential equation gives
the required result, but before going on to the
solution it is useful to derive the equation in a
different manner.
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The oscillator circuit may be considered as a
tuned circuit with loss, together with a maintain-
ing amplifier which exactly supplies the loss at
some specific amplitude. It may equally well be
considered as a loss-free tuned circuit with a
regulating amplifier which supplies positive or
negative loss if the amplitude varies from a
datum.

Such a loss-free impedance may be written for
oscillator A as

Z = Zyps/(p® + 5?)

where p = jw

This represents a loss-free tuned circuit of
angular frequency s. Z;is a constant.

Suppose the voltage without stray coupling is

e = e sin st

Suppose the current in this circuit due to oscil-
lator B is
2
Z,
where 21/Z, is the numerical value of the mutual
admittance from oscillator B to oscillator A and
6 is the effective relative phase.

Using well-known methods the total resultant
voltage on oscillator A is

2 e, sin {(s

w)t + 6}

€, = €, sin st
2A .
+ " e’ [sm {(s —w) t + 8} —sin (st + 0):'

e [:sin st ':{sin {s —wit+ 6

sin (st + o)}]

where u is a coupling constant.

It is seen that the stray coupling produces no
immediate change of either phase or amplitude
since when ¢ — 0, ¢, — ¢, sin wi.

Now e, may be written

ey — R sin (st + )
2
where R? — ¢,2 [l - cos (wt — 8) —* cos 0:'
. w

w

2

et [" sin (w! — 6 + ¥ sin 9]
w w

B .
" [sin (wt — 6) + sin 6]

and tan ¢

M

| + Lt

cos (wt — ) — = cos @
w

In the absence of the regulator this would be
the solution valid for all time. As there is no
non-linearity there is no distortion as yet. The
voltage e, is, in fact, merely the sum of two voltages

[
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of different frequencies and may be considered as
a carrier and a single sideband. If were constant
e, would be an amplitude-modulated carrier of
angular frequency s and if R were constant e,
would be phase modulated.

The effect of the regulator is, however, to
maintain R constant without effect on ¢, since the
operation of the regulator is in effect to insert
positive or negative conductance into the tuned
circuit as required to maintain R constant.

Since the regulator has no direct effect on ¢ the
formula

-::[sin (w! — 8) + sin 6]
tany

©

1+ " cos (w! — 8) cos 8
w w

gives the correct value of  and dy/d/ at time
/=-0. At any later times the régime will be
different owing to the effect of the regulator.

T'rom this equation

(Il/l:l
a4, _,
i.e., the increment of the rate of change of 6 due to
the effect of oscillator B on oscillator A is
d6
df
Thus the ditferential equation to be solved is
dae
dt

~j1 cos f

S, pcos b as before.

w + w, cos 0§

e
w + wj cos )

[/ w— w
or tan B! \/((u w:> tan '\/(wz wy ) {2

2tan 62
1 + tan? 8/2

/ 2
therefore sin 8 J <| “’9,)
.y

Sin '\/(w2 w()z)[

w
1 0 cos 2
eos v/ (w

27 2
] Y0 |sinwt [] @
2 2
/ «w w
2
wy . w,
sin 2w/ | B
2w '\/ w?

Thus (1) Thebeat frequency is reduced by pulling-
in the ratio /(1 — wy? w?) and locking
occurs when w ~ wy,.

(2) The ratio of second harmonic to funda-
mental is w 2w.

and df

and sin @

‘”02)/
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(3) Higher harmonics are of higher order in
wy/w; 1.e., if the second harmonic is 1°,.
the third harmonic will be about 0-01° .
Thus the distortion at 50 c¢'s due to a
locking Irequency of 1 ¢/s is 197,

Wo _ B
w ~03
Lo o1

®o
@ w -8

Fig. 1.

Izffect of pulling for various values of wofw. In
each case one complete cycle of the waweform is shown.
Over the part of the cycle inarked (a) the stray coupling tends
lo increase the velative frequency of the oscillators, whereas
over the part marked (b) it tends to decrease it.

In Fig. 1 are drawn the actual waveforms for
various values of wy/w. It should be observed that
this non-linear distortion is introduced by the
non-linear nature of the oscillator regulators which
have here been assumed to maintain the oscillator
voltages constant. There are two general types of
regulator, one of which operates like grid current,
directly to increase the oscillator circuit loss. The
second type operates by changing the régime over
a comparatively long period of time. Such
regulators may for example operate by ‘thermistor’
action or by change of bias voltage on a variable-u
valve, etc. 1f the time constant of such regulators
is sufficiently long to prevent the regulator from
maintaining oscillator peak voltages constant,
then the distortion introduced is less.
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RESONANT CIRCUIT WITH
PERIODICALLY-VARYING PARAMETERS

By P. Bura*, M.Sc., A.C.G.L,, D.I.C., and D. M. Tombst, M.Se.,
A.C.G.I., D.I.C., AM.LE.E.

(*Edison Swan Electrical Co. t Electrical Department of Imperial College, London.)

SUMMARY. - The circuit with periodically-varying resistance is studied both experimentally and

theoretically.

Experimentally the periodic variation of the resistance is achieved by applying a voltage of a given

frequency to the grid of a dynatron. This varies periodically the slope of the 7,

v, characteristic,

which determines the magnitude of the negative resistance which the dynatron presents to the oscillatory

circuit.

Two separate cases are considered: (1) the steady-state response of the circuit to an applied alternat-
ing e.m.f. of approximately the resonant frequency; (2) the oscillatory regime, when oscillations are
sustained in the circuit by the periodic variation of the resistance.

The steady-state response exhibits a phenomenon of multiple resonance, provided the frequency of
the voltage applied to the grid is much smaller than the resonant frequency of the circuit. A multiple

resonance shows several maxima, instead of a single one as observed for constant parameters.

Each

maximum corresponds to detuning equal to an integral multiple of the frequency of the grid voltage;

i.e., the frequency of the resistance variation.

The resistive case of parametrically-excited oscillations completes the means of generating these
oscillations, since inductive and capacitive oscillations have been achieved previously.

As in the inductive and capacitive case the excitation frequency at which the oscillations are most
easily excited is double the resonant frequency of the circuit. If the alternating voltage applied to the
grid is increased from zero, a certain critical value is reached at which the circuit bursts into oscillations,
the frequency of which is exactly half of the frequency of the grid voltage, even if the circuit is detuned.

Theoretically the problem consists of the solution of Mathieu's and Hill's equations. In Part 1 the
steady state solution of Mathieu’s equation is obtained by means of integral equations, while in Part 2a
solution of an extended Hill’s equation is obtained by a method similar to that of E. L. Ince.

Part 1. Multiple-Resonance Phenomena

SYMBOLS
1, — time constant resistance of the circuit.
, = amplitude of the time variant resistance.
R, = amplitude of the nth harmonic of the time variant

resistance.
5% ‘,Z natural decrement of the circuit.
S R, . . -
3 =3 2 time-variant decrement of the circuit.
~y

x(t) = xof + 8,(f) = decrement of the circuit.
w, = resonant angular frequency of the circuit.
w, — angular frequency of the resistance variation; i.e.,
of the voltage applied to the grid of the dynatron.
w — angular frequency of the driving e.m.f.
P — o — w, = angular frequency detuning.
E —~ amplitude of the driving e.m.f.
voltage applied to the grid.

. — voltage across the capacitor of the
circuit.

amplitude of the n#th harmonic of the envelope
waveform of 17,.
1 mean amplitude of |°..
A, = amplitude of V, for R, = 0.

resonant

G 1 amplification factor due to resistance
4,
variation.

Introduction

SIMPLE resonant circuit consists of
three parameters: inductance, capacitance,
and resistance.

First draft MS accepteq by the Editor, June 1950, and
in final form, April 1951
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The first two are the energy-storing elements
and the third a dissipative element, but its dissi-
pative character is changed if the resistance of
the circuit becomes negative during parts of a
cycle.

The behaviour of the circuit when its para-
meters are constant is well known. Recently
more attention has been paid to the behaviour
of the circuit when its parameters are functions
of time, especially when they vary periodically.
Frequency modulation, for instance, utilizes
variation of capacitance or, to a lesser degree,
inductance. Introduction of super-regeneration
stimulated an interest in periodic variation of
resistance, while in the parametric excitation of
oscillations, such oscillations are excited simply
by varying one of the parameters periodically at
a [requency approximately twice the resonant
frequency of the circuit.

The theoretical basis of these studies rests on
the differential equations of Mathieu and Hill:

dty
a?
d¥y

o+ o — 2qu(2))y = F(2)

+ (a — 2gcos 2z) v = I(2)

The Hill’s equation is a more general one, since
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it contams Mathieu’s equation as a particular
case, viz., $(2z) — cos 2z W(2z) is frequently
written i a series formz 6, cos 2nz.

"

The steady-state forced oscillations corresponc
to a particular integral solution, which gives an
expression for the multiple-resonance pheno-
menon observed with super-regenerative circuits.

A solution for the oscillatory regimes (para-
metric oscillation) is obtained for [(z) — 0
(complementary function), and an unstable
solution is sought; i.c., a solution for which
V—> -} 0 as z—> | o,

2. Derivation of the Differential Equation
The case of a periodically-varying resistance
will be considered, but a similar procedure can
be applied to the cases

c L R(t) where L or C vary.
= v Considering the
series-resonant circuit
of IFig. 1 we have
£(2) Fig. 1. .1 series resonant
0 ~ O civeuit.
di ! 1.
f R R(t it=FE@ .. o (1
%+ R0 + & i = ) (1
where E(/) Esinwland R(t) — Ro | R, cos w,!

and
d*q  R(f) dg K

La .
di? L d ' LC 7,1‘(’)" ()

Putting ¢ = e x®u(l), where ()
Joli;(;) d7 = yof + 8,(¢) and since the dﬂdﬁl)
terms cancel out, we have
d*u l‘ ! R2(1) I dR(I):I”
de 1LC 412 2L di
LEgen L )

This holds for any variation of R, provided
x(f) converges.

3. Steady-State Solution
Equation (3) can be written

M )
(({,;‘{ + wou = 2kip(wnt)u 4 f(t) .. - @)
where
: ] /\’_0;2
“wo=T¢C T4z’
‘)2([),._.]\’ 2 1 d/\)(t)
plent) = e 5y
96

and /{¢) ll, £(t) ex)

Multiplying both sides ol (4) by sin wo! and
integrating by parts we get
du (1)

di wouid)

Sill wol - Wwo II([) COS wo[

=
2k ’ Ji(w,7) sin woru(r)dr
Jo

~t

’ f(‘r) Sin werdr .. ("))
0

And similarly for cos wof we get
du(l)

!
7 COS wol

wout(f) Sin wol

du
df (")

1
+ 2k { Yilw ) cos woru(7)dr
Jo

‘ f(7) cos wordr ()]

.

SN wol
0

Multiplving (5) b ' cos wolf, (6) b :
plving yw,, Yo

and subtracting the first from the second yields
the integral equation

ult) — 1(0) cos (wal) 4 ‘“:{(/“) Sin wol
2k [ ‘
=5 [1/1 (w, 7) SN wo ({ — 7) II(T)ti‘r
"J0
u')' J"/(T) sinwo(f — 7)dr .. (1)
7J0

The first two terms are the transient oscilla-
tions of the circuit at its natural frequency fo.
Since we are only interested in the forced oscilla-
tions due to /(f), these can be omitted.

As a first approximation the first integral
term will be neglected, and we are left with

(f) ui f[f(r) Sin wo ({ 7y dr .. (8)
oW'g

Having evaluated this integral, we can sub-
stitute the expression for «(7) into

) /
€ { l/l (w17> SN wo ([ 7) II(T) dr
wo Jo
to obtain a second approximation, and so on to
any desired degree of accuracy.

The solution will consist of the first approxi-
mate expression for «(f) Equation (8)] plus a
series of terms in ascending powers of #/wo?.

Thus, provided wo®> £ (ie., w > w,?), the
first approximation will give sufficient accuracy.

The integral of cquation (8) will now be
evaluated.
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f1) = ';: e x Wsin wf;

2]
let et x (t) Z ~n etnw i ex,t
” — 0

e 8,(8) 4 ex,t
ko)
and e x( Z o'y einel e Xt
" -— 0

Substituting into (8) and expressing the circular
functions as exponentials we get

q(t) = e x® u(f)
-~ ] ?i
E ¢ S‘tJ e X, (t T)Zl"ei"wlf

wol. 0 n ©

wo) T}
wo) 7}

[ expi{wot + (w exp
1 {wot + (w

+exp — 1 {wof — (w+ wo) T}
+ expi {wol — (@ + wo)t}]dr .. (9)

If the series is uniformly convergent, integra-
tion can be carried out term by term. This holds
for R(¢) periodic in time.

In practice we are usually interested in fre-
quencies near the resonant frequency fo of the
circuit.

Therefore w &~ wo and |w — wo| € w + wo.
We can, therefore, omit integrating terms of
frequency w + wo in 7, since they would, on
integrating, have w + wo in the denominator,
thus making them negligible compared with the
terms of frequency w — wo.

Terms with e %! as a factor do not enter into
the steady-state solution and are omitted.

Under these conditions we have

E ®
- r, einwl
4woL{ Zl e }

—
@ M
eiwt Z o etnwt
Xo T i(nwl + f))
n o
. oty VM1
e twt Z -~ -
i xo + i (nwy — p)}
” — 0

E S ' smew I
ol Re{ Z 0y }

"e —®

i a” el'”wlt eiwt
Xo + t (nwy + P)

" = — 0

q(f)

o

(10)

Where p w wo. Equation (10) can be

written as

q(t) E Re Z 18" einwl gt (11)

2wol
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0

oo
where (Rl
. waﬁ—t(#wﬁ—zﬁ)

We shall now evaluate «5 and o', .

)l R
x(¢) J ST [Ro + R, cos w, 7] d7 = 2—Z°¢

R . .
+ _)—wll—L sin wyt = xof + 8, sin wyt
@
edt) e Ssinawt % einwt
2
- Z( i) ]n (18,) etmod
n - Q0
o = | )" Jn (181) (12)
@
e~ 8(1) e 8, sinwt oy et
2
K
Z,’n Jn (18)) etmwt
n @
" 1';1 " Jn (181) (13)
and
€K
: (— Dr Ju (28) Jnop (28)
ﬁ n JH 1/ . o 1 14
" uz‘rw Xo + 1 (pwy + P) (14)

4. Multiple-Resonance Phenomenon

The voltage across the capacitor of the resonant
circuit is
Ve

q E

(_: zwoLC.Re.ZB"einwll . etwt (15)

This expression shows that the amplitude of
the forced oscillations of frequency f is not con-
stant, but varies periodically with time at
frequency f;; i.e., the frequency of the resistance
variation.

The amplitude envelope consists of the funda-
mental of frequency f; and an infinite series of
harmonics. The magnitude of the nth harmonic
of the amplitude envelope is given by:

E
" SaoLC P
E N (DR Juli®) Jn (is)
2w, LC " Zw Xo + 7 (pw; + ) 1
{16)

The amplitude envelope is not the same as the
resistance waveform. In this case sinusoidal
resistance variation produces an envelope which
contains an infinite series of harmonics.

The Bessel coefficients decrease rapidly with
their order (3, is of the order of 1), hence the
amplitudes of the higher harmonics will be very
small.

In practical

Vn

u

applications one is usually
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interested in the mean value of the amplitude,
since it is this value that determines the amplifica-
tion due to the circuit.

The mean amplitude A is given by

bt it L ]
:{ k3 \ )woLC ZB” ¢ d{ '_’on,C .
<0
Substituting for Bo
Jn? (18) ,
>w,,1c Z LXoti )1w1+/7) (17)

When y, = 0 (1.e., the mean resistance Ko = ())
the amplitude will tend to bhecome infinite
whenever nw, + p — 0.

[T we restrict the meaning of resonance to this
tendency of the amplitude to grow very large
at a certain frequency of the applied e.m.f. (or at
a certain capacitance C of the circuit, for a given
driving frequency), then we are faced with the
phenomenon of multi ple resonance.

lhl< occurs at nw, + p — 0, wo

LW = g nw, or f = fo + ”f1 (18)
IFor finite Ko, the amplitude of the forced oscilla-
rions has its maxima whenever the difference
between the natural frequency of the circuit f,
and the frequency of the applied e.m.l. is an
integral multiple of the frequency of the resistance
variation f;. This is strictly true only for y, = 0;
for finite values of the decrement the resonances
are slightly displaced from p = 4 nw, except for
the main resonance, which alwavs occurs at

f = Jo (w=0).

3. Amplification
The modulus of 4 is

; E Ju® (18y)
4 =5.Te, 2 0
/ Z AoJH )
>w,,Lc\ L o le—}— P)?

(N, —}-/)) W (18,)) % y
2 e +(~w1+/>)2j} )

I'he phase angle ¢ is given by

(nw, + p) Ji*(18))
Xol) + (nw; 4 p)?

3 ]n )
Z Xo~ ”‘”1 p)?

0 (re., the main resonance f— f,)
For ail the remaining resonances ¢ is
Thus, the second condition usually asso-

é — tan 1 (20

For p
o = .
hnite.

a8

ciated with resonance (viz., the voltage in phase
with current) holds only for the main resonance.
IFor constant resistance, 8, = (), we have

4 E 1
O 2wol.C Vi £ P

Defining amplification due to the periodic

. L A
resistance variation as G A we get
- [ 3o v/ 8 + (P} Ju® (1'51)]-
i 8,2 (n + /"wl)
[ > 0t bl V86 + (plw))?
g . 80 + (n + plwy)®
I idy) | (21)
3 oy Xo R,
where 8, o Yo,
Tor p = 0 (i.e., f = f5) the main resonance
el P

802 4 n?

This is greater than 1 for any finite value of §,.
IFor example:

G Zw

n

If Ro— 890, L =0-0851H, f; — 50 c/s
Xo Iflo 519 (as determined by 17, and

valve characteristics)

Xo 519

5 0-1654, 82 ~ 0-027, 8, — 1-2

w, 1007
¥ 2/
C —0-027 Jo 18 2],2(:8,)
l + 602
2),% ( ) 2" (18 1
1+ 6,, 9+ 8% |
0-027 0-054
942 0-510 2
LBl — T VoS 4027
0-054
: 05 00155
0-04105 g.097 % 0-00155
19421 — 0:0269 - 0-0055 . . . 1-921]
G increases rapidly with §;; and is much

greater for values of 8, used in super-regenerative
circuits.

6. Physical Interpretation of Multiple Resonance

This can be deduced from equation (3).
Compared with we? = 1/LC, the terms R3(¢)/41?
and R(¢)/2L can be neglected. This assumption
1s justified as follows:—

s 1

0" - 404 % 108
w IC X

17 X (3200)2 & 201002
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R ok

'_)L — ‘_)L — w1281 — (l(")n)‘lbl 1()47]_2
% 12 = 1184 % 105
B 1-04
wo
i — )3 a : 2( i
RlaL 1184 X 107 = 3420;
R?
Jr\Lé—“’ZSI2 = 10872 5 144 — 142 2 105
wd® 104

7 3 _ 9853
RU4LE  1.42 103 = 2850,
Making this approximation, we have
2, E()

il + wote = 7 ex(t)

This differs from the equation for the circuit
with constant resistance in having a periodically-
varying decrement x(f) instead of a constant one

Xo*

C.RO.
Lo — —
4V
Oc/s
fi-
VALVE
VOLTMETER
_J_ BF.0. TEO.
Iiig. 2. Cirveuit  for measuring multiple rvesonance.
(T.1°.0.—Tuning fork oscillator).
But cx(t) exnt + 6, sin w !

Xt z (— )1 Jo (i) eined
ext [Jo (18, + 2 { Js (i8)) cos 2wt

- Ja(28)) cos 4 wyt + ... }

The product of this series with E(f) = E sin wi,
gives another series of e.m.fs of frequencies
S+ uf, (n — an integer).

2 {Jl (28,) sin wt

f J4(i8,) sin 3wt
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C

Thus, periodic variation of resistance replaces
the driving em.f. by a series of em.fs of
frequencies differing by an integral multiple of
frequency of the resistance variation f.

Since the system is linear we can apply the
superposition principle and obtain the resultant
response curve by adding the separate responses
of the circuit to each e.m.f. of the series acting
alone.

The separate responses have a normal resonance
peak at f= fo + nf;, and their sum will,
therefore, contain all of these peaks.

It can be seen from expression (16) that the
nth harmonic of the amplitude envelope has its
maximum at f— fo + (n — 1)f;. Hence, the
shape of the envelope will change as the circuit
or the driving frequency are detuned from the
resonance at f = f,.

Thus at f=f, 4 f; the envelope was pre-
dominantly of fundamental and second harmonic
frequency; at f= fo + 2f; second and third
harmonic, etc.

Experimental Results

The circuit used in measuring the multiple
resonance response is shown in Fig. 2.

The effective resistance of the resonant circuit
was varied by applying an alternating voltage to
the grid of the dynatron. The resonant circuit
was energized by means of a loose coupling from
a beat-frequency oscillator, the frequency of
which was checked against the tuning-fork
oscillator (t.f.0.), using a c.r. oscilloscope for
viewing the two waveforms.

| T T T ! —
| | | |
l I ]
—
o x cacuaten | | [ [} [ ]
O EXPERIMENTAL| | ]
8 | I [ l | -]
= 60| —T T —
: EEEyEE
X
$ o
I - L
20 '\n-u} A i '
| I
i} 4?\“_ | S T S | i | —
-1600 -1200 ~800 -400 0 400 800 1,200 1,600
4C (pF)
Fig. 3. AMultiple resonance vresponse for 8§ = 1-2,

Dotted ordinates corvespond to Af = + 50 ¢/s.

To simplify the experimental arrangement the
mains frequency of 50c/s was used as the
frequency of resistance variation f,. The resonant
circuit was tuned to f = 3200c/s, thus giving
(f1/f)2 = 0:000244 << 1, as required by the theory.
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The voltage across C was measured with a
peak-reading valve voltmeter. In order to
measure the mean voltage a rectifier voltmeter
was also used. It was connected to the circuit
through the Y-amplitier of the oscilloscope,
acting as a buffer stage, to prevent damping of
the resonant circuit by a direct connection.

In order to increase the accuracy of the
measurements the driving frequency f was kept
constant at 3200c/s, and the response was
measured for different values of detuning of the
circuit capacitance from its resonant value Co.

The results are plotted in IYigs. 3 and 4.

Fig. 3 shows the mean voltage response
1)

A/Amax for 81 _)\l 1-2, Vg 1-4 volts
2w, L

peak = 1-0 V run.s,, 50 c/s.

In this curve three maxima are clearly dis-
tinguishable. They occur at values of A4C corre-
sponding almost exactly to 4f = - 50 c/s. The
calculated points are shown on the curve. They
are in good agreement with the experimental
results.

Fig. 4 shows tlic peak voltage response of the
circuit, as measured by the valve voltmeter. For
this curve the grid alternating voltage was
increased, giving a larger resistance swing; i.e., a
larger value of 8,. As a result, six resonance
maxima are discernible. If the resistance swing
is increased still further, more resonances appear.
As many as thirteen were observed.

Besides increasing the number of separate
maxima, an increased resistance swing causes the
main resonance at 4C = 0 to become sharper.
This is equivalent to the increase of the selec-
tivity or Q of the circuit in the region of the main
resonance.

Since the voltage across the resonant circuit is
proportional to its @, the amplification obtained
through periodic variation of the resistance can be
attributed to this increase in Q.

As the resistance swing is increased the
asymmetry in the response Dbecomes more
noticeable; the maxima corresponding to

Co + 4C are less pronounced than those occurring
at Co — 4C. The reason for this is twofold:
1. V.is inversely proportional to C, therefore the
response tends to be larger for values of C
smaller than Co; 2. the correct circuit for deriving
the differential equation is with the dynatron
represented as a varving resistance in parallel
with L and C (not as a series one as assumed).
This circuit gives the equivalent series resistance
introduced by the dynatron as inversely propor-
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tional to the capacitance ol the circuit. Thus the
effective resistance swing is greater for smaller
value of the capacitance.

Similar curves were obtained for the frequency
detuning (keeping C — C, constant).

If the frequency of the resistance variation f is
increased the resonances move away from the
central one. At the same time they become less
pronounced due to the fact that the argument of

K,

the Bessel coefficients 8, - 5 7
_w] )

1s inversely

proportional to f;.

12, -T=

| )
l 4
T

—-v—‘f—-L~

S

Ve (voLTs)
{PEAK AMPLITUDE)
=]

[ 7 T ST 4IL N
O 1 1 L 1 A 1 ) N
-2500 -2000 1500 -1000 - [ 1500 2000
aC (pF)
Fig. 4. Muldtiple vesonance response for 8, > 2. Curve A

shows the vesponse of a circuit of the same decvement

reduced lo the same maximum, but in the absence of any

time variation of the civcuit vesistance. Dolled ovdinaltes
corvespond lo detining 50n cfs

The difference between snccessive maxima and
minima of the response is more pronounced
due to greater variation in the value of the
denominator x, + i (nw, + p) in the expression
(17) for the mean amplitude.

As f, is decreased the resonances move closer
together and at the same time the difference
between maxima and minima becomes less. Thus,
finally, as f, becomes very small as compared
with /o, the separate resonance peaks merge into
a normal smooth response curve.

This is the reason why the multiple resonance
cannot be observed if the ratio f,/fo is either too
large or too small. The other two factors which
determine the phenomenon are the natural
decrement of the circuit y, and the magnitude of
the resistance swing.

Besides being already the basis of super-
regeneration, the circuits with periodically vary-
ing resistance may, in view of the multiple-
resonance response, find further application in
special filter devices.

(To be concluded in May issue)
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MAGNETOSTRICTION TRANSDUCER
MEASUREMENTS

By H. J. Round

HE name transducer is now given to certain
T reversible devices which transform electrical

energy into mechanical energy or vice versa.
Sometimes the term is localized to piezo-electric
and magnetostriction instruments, but, used in a
wider sense, the Bell telephone, moving-coil
instruments, electrostatic telephones, etc., come
under the same heading.

Magnetostriction action, which will be parti-
cularly studied here, is in fact very similar to the
Bell receiver action. In the telephone receiver an
alternating current passes through the winding,
sets the diaphragm vibrating and, due to the
change of air gap, a change of reluctance takes
place. Owing to the presence of the permanent
magnet this change of reluctance produces a
change of flux which in turn produces across the
input winding a back e.m.f.

All magnetostriction devices are polarized with
a steady field in some way or other. An alternat-
ing exciting field is superimposed on the steady
field. For those not familiar with magnetostriction
instruments, Fig. 1 gives a sketch of a simple
magnetostriction-rod oscillator which can easily
be set up and with which all the measurements
afterwards described can be made.

] GLASS

' TuBE

L o X}
%ICKEL ROD

SOFT-1RON BAR MAGNET
POLE PIECES

ﬁW’
100 TURNS OF wmnmc\
Fig. 1. Simple magnetostriction oscillalor.

A core of laminated nickel stampings 1 cm?
cross-section and 12 cm long is a useful size and it
will have a fundamental resonance of about
20,000 c/s. The stampings (or cuttings from a
nickel sheet) must be well annealed at about
800 C for a few minutes. Then they should be tied
together not too tightly in a bundle, impregnated
with a varnish such as shellac varnish and baked
until a solid rod is formed. Any nickel thickness
from 0-004 in. to 0-012 in. will do, but the thinner
material will give less electrical losses.

The core should now be fitted loosely into a
glass tube which can be the same length as the
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rod. About a hundred turns of wire should now
be wound round the glass tube from end to end.

To polarize the rod, a straight bar magnet 10 cm
long fitted with two iron pole-pieces can be
brought near the rod. The distance from the rod
for best action will depend on magnet strength,
and a rough criterion can be obtained as follows:—

When the apparatus is set up for impedance
measurements, measure the impedance with the
magnet far away from the rod at a frequency well
below the resonant frequency. Now bring the
magnet up to the rod until this impedance falls
to about two-thirds of its initial value. Magneto-
strictive action will then be very strong. Actually
there is quite a large range of field strength which
gives strong action. With normal nickel the best
flux density is about 5,000 gauss.

As in the Bell receiver, alternating current
passing through the exciting winding sets up
mechanical changes of dimensions, this change of
dimension varies the reluctance of the material
and owing to the presence of the polarizing
m.m.f. an additional change of flux is produced
which then appears as a back e.m.f.

Both telephone and magnetostriction instru-
ments are reversible, for vibration applied to the
diaphragm or to the magnetostrictive material
will give an e.m.{f. in the respective windings.

Kennelly’s Research

Kennelly was the first to study the telephone
receiver, chiefly near its resonant points, and he
evolved methods of measurement and analysis
which are now classical.

His method consisted in measuring the impe-
dance of the telephone at a large number of
frequencies, first, with the diaphragm clamped so
that it could not move and then with the
diaphragm allowed to move freely. In these
measurements the reactance and effective resist-
ance were determined at each impedance measure-
ment so that the vectorial impedance was known.
He then vectorially subtracted the two sets of
measurements and showed that the resulting
figures near any single resonance point would
give a circle diagram when plotted with the
reactance as ordinates and the resistance as
abscissa.

He called this a motional-impedance circle and
from its dimensions he reasoned out certain con-
stants of the telephone. The circle was identical
with that which would be given by a parallel
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LCR carcuit but was actually due to the reaction
of the mass, elasticity and mechanical resistance
of the diaphragm.

One further experiment determining the effec-
tive mass of the diaphragm by the method of
adding a small known mass to the diaphragm and
determining the change of period enabled him to
get the energy relation between the electrical
constants of the circle and the mechanical system
which really produced it. For instance he could
say that the mass he measured should be repre-
sented by the inductance of his circle diagram and
then from the energy relation }mw? = JLI% he
would get a relation between the diaphragm
velocity and the exciting current. Thus the
diaphragm velocity or displacement was at once
known for any value of current.

M

Fig. 2.  Equivalent
circuil of magneto-
N striction oscillator.

Kennelly’s circle diagram is still used for
magnetostriction measurements, the only differ-
ence being that a clamped-impedance curve is not
available since it is impossible to clamp the
device except in cases where the amount of
material is very small. An approximate result can
be obtained by interpolation from the unclamped
curve, however, if sufficient readings are taken
well away from the resonant point. The actual
effective mass of the magnetostriction device can
be obtained either by calculation in the case of
straight rods, or generally by using Kennelly’s
added mass method.

Circuit of
Fig. with addi-
tional  shunt cap-
N acitance C,.

Fig. 3.
2

In this way fairly accurate estimates of the
velocities of the device can be obtained and power
outputs into air or water can be calculated.

As is well known, magnetostriction is greatly
used for the production of high-frequency waves
in water for signalling purposes and the behaviour
of the devices has been studied mainly by
Kennelly’s methods.

Actual mechanical movements

are quite
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impossible to measure with any degree of accuracy
owing to their extreme smallness.

Equivalent Circuits

A step forward in the examination of trans-
ducers was made by the introduction of equivalent
circuits. The idea is that all these reversible
devices are similar in action to a leaky transformer
and that an electrical circuit can be constructed
which at its input terminals will behave like the
transducer. The equivalent can then be used for
calculation or in the form of an electrical dummy
to make measurements which would be difficult
to do in the actual transducer. One of the most
convenient of these equivalent circuits is illus-
trated in Fig. 2 where L, represents the inductance
of the exciting winding and LCR represents the
motional action. A resistance R’ in shunt with L,
is found to represent the magnetic losses fairly
well and R represents the mechanical losses.

It is found that the diagram simulates very
fairly the action of the magnetostriction device
near its resonant point.

If such a circuit is set up and the constants
chosen correctly, the impedance behaviour at the
points MN over a small frequency band near the
resonant point will almost exactly duplicate the
impedance behaviour of a magnetostriction instru-
ment such as that of Fig. 1. From Kennelly
measurements, the exact constants in the equiva-
lent circuit can be obtained.

Iig. 4. Circuit of

C Iig. 3 with addi-

tional capacitance C,,

in series with the
inpul.

Simplified Method of Obtaining the Constants

The Kennelly method is rather laborious and an
attempt to simplify it has been made which has
been successful, except in a limited number of
cases which will be considered later.

It will be noted that if a capacitor C, (Fig. 3)
is added to Fig. 2 in shunt with L, and R’, a type
of coupled circuit is produced and if L,C, is made
resonant at the same frequency as LC,an arrange-
ment with unity power factor is obtained across
the terminals MN.

In consequence, this is a useful combination for
the insertion of power from a generator. C, may
alternatively be added in series at the points MN
as in Fig. 4 in which case C,L, will be made to
tune with (L, + L)C and R to give unity power
factor.

This latter arrangement gives the usually
accepted tuned coupled-circuit arrangement and
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L,
L+ L,
By the use of either of these tuning methods a
more rapid method of determining the equivalent
circuit can be obtained.

For certain reasons the shunt tuning arrange-
ment of Fig. 3 is more convenient and in the
following discussion the liberty has been taken of

calling & = \/{‘Z" . The accepted value of % can

the coupling coefficient is given by \/

easily be calculated if required.

Overall Impedance

If Y is the admittance of L,Co,R’ at the terminals
MN of Fig. 3 and Z the impedance of LCR, the

.[ .
YZ +1

1f Qo and Qrefer to LoCoR" and LCR respectively,
fo the frequency to which both are tuned and 4

is a small frequency difference from f, then it can
easily be shown that

1 1 .24
Y wozo|:00+]ﬁ1:|
2
Z = wol |:é+]}f:|

wo has the usual meaning of 2nf,.

total impedance at the terminals will be

The V7 ]

impedance expression then

becomes when rationalized

i [t~ G 4]+ GG o)+ 2l -G 4]
o - () e T+ T o o]

This expression is purely resistive when the j
term is zero. This happens when 4 is zero and
also when

")f—f>2 k2-012 SR

This latter, of course, refers to two points on the
impedance curve equi-distant above and below fo.
Calling the impedance [resistance| when 4 is
zero R;, then from the full equation

Ry = woLo |:k§ ljr ?’QQOJ . )

and calling the impedance at the two equidistant
points R,c we get

1
Rae

1+1 N )
Q  Q

— woLo
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If the values of wolo, fo, 4, Rs and Ryc are
measured, there will be sufficient data to deter-
mine the equivalent circuit.

Experimental Layout

The experimental arrangement for determining
the required constants is shown in Fig. 5. A
beat-frequency oscillator is connected through the
usual high resistance to give constant current to
the transducer T or to the resistance box RB via
the switch S.*

A c.r. oscilloscope is connected as shown, the
b.f.0. voltage being put on the X axis, and the
voltage across the transducer on the Y-amplifier
axis. If the voltages applied to X and Y are in
phase the oscilloscope figure will be a sloping

HIGH
S50 RESISTANCE
MNDS o
M I C.RO.
5
TRANSDUCER T R.B. Y E X
? ' °
1
<4 o L A
- - = = | P
Fig. 5. Arrangement of apparatus for transducer

measurements

straight line; and if they are not in phase an
ellipse will be produced.

A small RC network P is usually necessary
initially to set equality of phase when the switch
is thrown to RB. This network P can be fixed for
quite a large range of frequency and gain control
on some oscilloscopes.

With the transducer and its tuning capacitor
C, connected, a run through the frequency range
on the b.f.o. will give the well-known M curve
shown in Fig. 6, the impedances at any point
being determined by comparison with the
resistance box. The apparatus will also show the
phase changes taking place.

At positions A, B and C it will be noted that the
transducer is resistive. The tuning capacitor

*H. J. Round, *“Impedance Measurements,” Wireless Engincer, May 1950
p. 104,
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should be adjusted until the three resistive points
are equally spaced in frequency, these frequencies
noted and the resistances at A, B and C measured.

The resistances R,c at A and C should of course
be equal but, if not very different,an average value
can be assumed. If they are very different a check
should be made on the frequency spacing between
A, BandC.

The determination of the constants of the
equivalent circuit from these measurements is
now comparatively easy and in certain cases very
easy.

Calculation of Constants

The capacitance C,, which can be measured by
comparing it with a resistance at the frequency
o, will give the value of w,L, at once.

Then from equations (1), (2) and (3) we have

11 2_‘4 ? _RBR‘”_ 4)
Q —‘woLo fo) [RAO'— RB] .
1 woLo 1
e — ) 5
0 Rw Q ©)
24N\2 1
e (fe= — .. .. .. 6
and & fo) + 0 (6)
We also have
1 - R N sz‘ r R wolLo
Q  wll  wolL, )
L L
9 Wolo _ Wolo
k% = ool or wol = 2
Ol— =onIjo or R = woLoQo
o

¥
3
&
£

Ay BY Cl

! 7 :

— 24 ~-J

Fig. 6. Form of resonance curve obtained, together with an
indication of the type of oscilloscope trace obtained.

Simplification of Calculation
In certain cases, such as oscillators in air, Q is
usually very high and neglecting 1/Q in (5) and (6)
gives us
l‘ . woLo N
Qa o R0 -
so that, R" = R,¢
Also from (6)

woLo

R

104

242 24
k= ﬁ> or =% e (7

This equation (7) is very important when study-
ing variations in the experimental apparatus such
as change of permanent field, because it enables
the value of & to be watched all the time without
elaborate calculations.

Finally R can be found in this simplified case
from (4), or more simply by noting that

1 1 1 1

R " Rs Ru  Rs
The curve under these conditions enables the
required constants to be determined almost
directly, as illustrated in Fig. 7.

tMPEDANCE

iR

% i
24 —-l

¥ig. 7. Form of resonance curve obtained when the Q is very
high, indicating simplified calculations.

FREQUENCY

Meaning of Constants

All the previous work is merely for the purpose
of determining the equivalent circuit of a given
transducer. Given these constants what is their
meaning?

L, and R’ represent the magnetic part of the
arrangement. If the tuning capacitor is put in
shunt a certain Q, value results. This Qo can, of
course, be decreased by additional shunt resist-
ance, but can only be increased by the addition of
low-loss inductance which, however, reduces %,
unless the magnetic circuit is a bad one and it is
possible to improve it. A case of this can be noted
with Tig. 1.

There is, of course, a considerable air gap in a
short straight-rod system. If on the opposite side
of the bar to the polarizing magnet is placed a
laminated U piece, or even a straight laminated
bar, & will be increased. Of course, a new value of
Co must be found and possibly the magnet
brought a little nearer. This increase of & will be
at once noticed by an increase of 4.

L can represent the mass of the oscillator or the
compliance, whichever we like to choose, provid-
ing we determine the correct energy relation be-
tween the equivalent circuit and the real thing.
Risafactor whichispartly frictional resistance and
partly radiation. They are not easy to separate.
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Suppose we have a magnetostriction device
designed to radiate in water.

Then first of all we determine its equivalent
circuit in air when Q will be quite high if it is
efficient. Qo, # and wol, will simultaneously be
determined.

If we now immerse the transducer in water, the
only factor that will seriously alter is R. A new
measurement will now determine the new R and
by subtracting the air R, a rough value for the
radiation resistance will be obtained. This is not
entirely accurate because the immersion in water
usually adds some more frictional resistance and
more measurements of a different type are neces-
sary to get the real radiation figure.

Difficult Cases
Examining the equation

24\?2 1
AN e o
( / Q*
it can be seen that the method is inapplicable if
k2 is equal or less than 1/Q?, for in those cases there
is only the central resistance point. This does not
often occur in air oscillators. For instance if @ =
100 the coupling would have to be less than 19%
for the 3 points to come together, that is for k2 to
be less than 1/Q2.

However, when oscillators are used in water it
may occur and in that case, a measurement in air
should be made, giving woLo, k% and Qo, and these
can be assumed ds the same when in water. Then
from equation (2) the value of Q can be obtained.

It is sometimes preferable in these extreme
cases to go back to the Kennelly method, although
even then the analysis will be rather inaccurate as
the motional circle will be small.

It should be noted that the leads between the
capacitor C, and the instrument should be as
short as possible, otherwise the d.c. resistance of
these leads and their inductance may result in the
diagram being really as in Fig. 8 and the equations
on which the method is founded no longer apply.

Kennelly’s method does in a way enable d.c.
resistance and any leakage inductance to be elimi-
nated, but with magnetostriction oscillators the
winding is usually a thick one of very low d.c. re-
sistanceand thelinkage with thenickel is very close.

Results of analysis of oscillators by both
methods give very similar results and the new
method is much more rapid.

It is of particular value in watching the varia-
tions of & when changes, such as, of polarization-
field values, are made. The factor & in magneto-
striction instruments is directly related to the
magnetostriction constant only when closed
toroidal formations are used.

With the short straight rods or, in fact, any
arrangement where an air gap must be reckoned
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with, % will be less than this value. No greater
value is possible unless another material is used.
% for good nickel in a toroidal form, used at the
best polarization, is about 30%,. Straight rods of
dimensions such as in Fig. 1 are about 16%, due

to the air gap.
co% R’ L
|
¥

Fig. 8. Form of ¢ivcuit effectively obtained when long leads
are used to the capacitor C,.

M D.C.
RESISTANCE
WV

LEAKAGE
IMPEDANCE

Fundamental Formula

It may be useful to put down here the magneto-
striction definitions which are commonly used.
The magnetostriction constant A is defined by
the formula.

dF = MB
where dF is the magnetostriction force produced
by a flux change dB.

If, on a unit length of magnetostrictive material
away from the mechanical resonance point, a
change of flux dB is producedby electrical means,
there will be a total storage of potential energy E.
Of this energy E, will be in the form of mechanical
stored energy.

The coupling coefficient is then related to these
two energies by the formula

K? = E\|E
and this results in an overall formula
4y
E
where y is the material permeability and E the
Youngs modulus.

It must be noted that this K is not quite the
same as the & used in the previous work.

Referring to the equivalent circuit diagrams the
k used there is equal to A/ Lo|L whereas this K, the
true coupling coefficient, is equal to A/ Lo|(L + Lo)
The relation between the two is obviously

L2

ZPE -
K2 = i+

Well-annealed nickel operated at a static H
value of 15 has a permeability of about 30 and the
value of E is 20 x 10! so that, with the above
figure of & = 309, the consequent value of K is
28-89, and the magnetostriction constant

£ = 21,000.
4o

K =2

A=K
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TCHEBYSHEV

FILTERS AND

AMPLIFIER NETWORKS

By Vitold Belevitch

(Bell Telephone Manufacturing Company, Antwerp, Belgium)

SUMMARY.- The insertion-loss method of filter synthesis, described by Darlington,! is applied
to the design of simple low-pass filters composed of alternate series coils and shunt capacitors; i.e., to

structures similar to conventional multi-section constant-k filters.

Both the case of two resistive

terminations and of one open-circuit termination are examined. When filters of this type are used as
amplifier input or output networks, the prescribed value of the terminal shunt capacitance imposes
a known physical limitation on the gain-bandwidth product of the stage. This has been studied by
Bode? but additional precision results from the present work. More general filters with one open-circuit
termination are also mentioned and a new method of design is outlined. Only low-pass filters are
considered but the results can be extended to other types of filters by frequency transformations.

SYMBOLS

fe = cut-off frequency
We 2nf,
2 = fIf. normalized frequency
a« = cos!' £, transformed frequency in the
pass-band

R = value of terminal resistance or resistances

L, = R|w, reference inductance

C, 1/Rw, reference capacitance

fifs .. = All filter components are normalized; ie.,

inductances are divided by L, and capaci-
tances by C,. Normalized components are
denoted by f, f, f; . . . irrespective of their
nature

4 = insertion loss in nepers (1 neper — §-68 db)
A, = maximum insertion loss in the pass-band
H = (e2Am 1)}
B = log, coth (A4,/2) = 2 sinh! H!
A, = return loss in nepers
i — number of filter sections (integer or half-
integer)
k = transformer turns ratio

1. Insertion Loss Characteristics

IG. 1 shows three typical forms of charac-
Fteristic which can be obtained for a low-pass

filter according to the method used for the
design.

In the conventional method all normalized filter
components have the value 2, except the two-
terminal components which are halved, and the
resulting insertion loss, for a filter composed of »

A

[4 A4 [ A

[ €
(2) (b) )
Fig. 1. [Insertion loss characteristics of (a) conventional
filter, (b) maximally-flat filter, and (c) Tchebyshev Silter.

o
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complete sections and working between two
resistances R, is

A = }loge (1 + sin? 2na cosa/4 sinZ«)

.. .. (1)
in the pass-band. The trigonometric expression in
(1) is a polynomial in £ = cos « and, in that form,
holds in the attenuation range. A similar com-
pact expression is obtained for the attenuation
range by replacing circular by hyperbolic func-
tions. The characteristic (1) has # — I maxima
of amplitude increasing to cut-off [see Fig. 1 (a)
and, at the theoretical cut-off frequency, the
insertion loss has the large value } log, (I -+ n?).
These are known drawbacks of the conventional
design.

By altering the component values a more con-
venient behaviour of the insertion loss can be
secured. When a maximum attenuation Ay is
imposed in the pass-band, a steadily increasing
characteristic according to IYig. 1 (b} is obtained
from

A = flog. (1 + H2M4m+2) | .. 2
and corresponds to the so-called maximally-flat
filters studied by various authors.

It is well known, however, that the largest loss
in the attenuation range, compatible with a given
A, in the pass-band, is obtained from the
Tchebyshev characteristic [Fig. 1 (c)).

A = }loge [l + H2cos’2n + 1)a] .. (3)
As cos (2n + l)a is a polynomial in 2 = cos «,
with 221021 41 a5 highest term, the asymptotic
behaviour at high frequencies is

A =loge H + 2nlog.2 + (2n + 1) log, 2

.. .. .. (4)
and differs by 2n log, 2 from the corresponding
expression for the maximally-flat filter. Thus,
although both characteristics give the same
maximum distortion in the pass-band, the
Tchebyshev behaviour gives an additional 12-db
loss per section at high frequencies. For small
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values of A, loge H is approximately 4 loge 24
and, thus, halving A, corresponds to a 3-db
decrease in high-frequency loss.

2. Design Formulae for Tchebyshev Filters

Filters having the insertion loss (3) and working
between two resistances equal to R are designed
by Darlington’s method. As the final formulae
seem to have never appeared in the literature,
they will first be stated without proof; an outline
of the derivation is given in next section.

For integral values of » the filter is geometric-
ally symmetrical and contains 2n 4 1 elements,
but only 2 + 1 elements need be calculated. By
considering normalized values, the same formulae
apply to both dual configurations of Fig. 2 (a)
and (b).

Introducing the auxiliary symbols

y = sinh B/2 (2n - 1) .. .. (5)
a; — sin (20 + Da/2 (2n 4 1) } (6)
b; = cos (20 + 1) @[2 (22 + 1) e
where 7 — 0, 1, 2. .. The design formulae for the
n -+ | distinct elements f;, f, . . . are:
L= 2a0y
2a,y
I8 ¥ b2y
i 2a, (y* + % 1) .. (7)
& Y (72 + b2 2)
f 2as 'y(‘y2 T b2n 2)
4- (72 b2y l) (y + by _3)
f 7y 1y f,

(b)

Fig. 2. Dual forins of symmetrical low-pass filter.

Half integral values of 1 lead to antisymmetrical
filters. Expression (3) then shows that the inser-
tion loss takes the value A, at zero-frequency
and, for a low-pass filter, this can only be obtained
by mismatching the terminations. Ior design
purposes it is simpler to keep equal terminal
resistances and to incorporate an ideal trans-
former in the filter. If the transformer is inserted
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in the centre of the filter the structural anti-
symmetry is preserved and it is again sufficient
to calculate half of the elements (Fig. 3). The
transformer ratio is deduced from the mismatch
loss A, and is

k — tanh B/+ .. .. .. .. (8)

This ratio is always smaller than 1 (with the
notation of Fig. 3), the transformer presenting its
low-impedance side to the mid-shunt termination
side of the filter. The mismatch is thus in the
same direction as in the conventional design.

The n -+ 1/2 distinct elements f;, f, . . . are still
given by formulae (7).
i 7. i i
no—fw"lr\-‘.[-—fsfo‘\—{--- 1 --ném_fu&\-rz
noE :%n re

Fig. 3. Antisymmetrical low-pass filter.

3. Derivation of the Forinulae

We briefly indicate the derivation of formulae
(7) for symmetrical filters, according to Darling-
ton’s method. Consider the expression

e 1 + H2cos? (2n + 1)a
|1+ jH cos (2n + 1)a| 2
The roots of

1 + jH cos (2n + 1)z =0
are
2= [(1 + 207 + 7 (— 1)iB])2 (2 + 1),
where i — 0, 1. .. 25, and the corresponding com-

plex frequency roots are
pi—=jcosa;— (— Viya; +7 (1 + y?)id;
By separating roots p,, p, . . . with positive real

parts from roots p,, p, . . . with negative real parts,
two Hurwitz polynomials

A+ pB = (p —p)(p—Pa) ...

Ay + pBy = (p + po) (P 4 P2) - - -
are obtained, where 4,, 4,, B,, B, are polynomials
in p2. The normalized lattice impedances of the
symmetrical filter are then

Zy = pByJA,; Zy — 4,/pB,
By Bartlett’s bisection theorem, a continued
fraction expansion of either Z, or Z, yields all the
elements f,, f,... except the central element
fu+1 which can only be obtained from one of
these expansions. By identifying successive
coefficients of the expansions of Z, and Z, a
number of relations are obtained, which simplify
the calculation of further coefficients. As an
example, the first coefficient of the expansion of
Z, is the ratio of the second to the first highest
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coefficient in A, + pB| and this is the negative
sum of the roots —(p, + py + .. .); similarly the
first coefficient of 7, is py+ p,... . Both
coefficients have the common value

20 n
2 Z (= D)ipi = by Z a; = y[2sin /221 4 1)
1=0 i=0

and this yields the reciprocal of the first filter
component f, as given by (7). The derivation of
the design formulac for further elements and for
the antisymmetrical case involves tedious
trigonometric calculations and will be omitted.

4. Application to Amplifier Circuits

For application to amplifier input or output
circuits the value of the terminal shunt capacitance
C is of particular interest, as it is usually identified
with the valve and transformer parasitic capaci-
tance. Its normalized value

which is the parameter considered by Bode, is /,
in our notation, and the first formula (7) gives

x = 2[sin7[2(2n + 1)]/[sinh B/2(2n + 1)] (10)
which tends to 27/ for large values of ». In
Fig. 4(a) x is plotted versus -1, for various
values of # and it appears that the con-
vergence to the limiting value 27/8 (1 = o)
1s quite rapid.

According to Bode, the terminal shunt
capacitance C of a reactive network

X

=CRw,

x
o o oo

Fig. 4. Normalized value x = CRw, of the last
element of a Tchebyshev filter as a function of the
distortion A,, in the pass-band. Filler working
between resistances (a) and open-civcuit filter (b).

working between resistances R is related to the
frequency integral of its return loss 4, by

fo Adw = m/CR (11)
Using the known relation
e24 4 g2 — ] (12)

and introducing the normalized {requency,
becomes

| :logg (1 — e24)-14Q — 2n/x

(11)

(13)

Bode considers the ideal case where the insertion
loss is infinite in the attenuation range and has
the constant value A, in the pass-band and so
obtains for x the limiting value

% = 2m[loge (1 — e=24m)~1 (14)
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which is also represented in IFig. 4(a).

Bode’s relation yields another method of
establishing formula (10), by calculating the
integral (13), where A has the value (3). The
integral is

| :logg[l 1 HA(2)]d0
7 sinh [sinh=11/2H(2n 4 1)]/sin w/2(2n + 1)
o s)

wliere ¢ (22) denotes the polynomial
$(£2) = cos [(2n + 1) cos~'Q] (16)

It is interesting to note that our result for
1= does not converge to Bode’s limiting
value. In our case, the insertion loss is actually
infinite in the attenuation range, but its oscillatory
behaviour in the pass-band accounts for the
difference; this is essentially due to the Tchebyshev
behaviour, *

5. Open-Circuit Filters

Filters working between a generator of given
internal resistance R at the input and an open
circuit at the output are also studied in Dar-
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