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MACRO-OPTICAL ELEMENTS

The two structures at the left are vastly magnified models Cathode-Coupled Cllpper Circuit
of the atomic arrangements which enable glass lenses
to focus visible light. These structures, however, are effective Abstracts and References

as refractive elements for microwaves, and cover a con-
siderable group of frequencies in each case. (At the right
\ is an clder "delay lens,” incapable of focusing so wide
\ a band of frequencies.)
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Important
Advances
In

/A

Unlimited Life”« Mica Seals Unaffected

Self-Quenching

Radm'"on By Wide Temperature Ranges « Low Oper-
Counter ating Voltages « Uniform Characteristics
Tubes Rugged - Smaller - Thin Mica Windows

AMPEREX End Mica Window types of the Stainless AMPEREX Gamma Ray counter tubes of the Copper
Steel variety for Alpha, Beta, Gamma and X-Ray Cathode variety

‘ouming ® Sturdy mechonicol construction with chemicolly pure
® Vocuum seal of mico to cathode—thereby eliminoting copper cothode
goskets or orgonic wox seals, with their resulting defects ® Uniform choracteristics throughout the life of the tube
and inherent limitatians ® Pure tungsten anode held in position by unique spring
® Uniform choracteristics thraughout the life of the tube suspension that prevents sag
® Mica windows of unifarm thickness ® Standard cap anode terminals
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NOTE: All tubes listed have a dead time of 200 microseconds

0002 in. = 1.4 mg/cm? 5.08 microns .0005 in. 3.5 mg/cm? = 12,70 microns L0008 in. = 5.6 mg/cm? = 20.32 microns

Also Available, TUBES FOR EXPERIMENTAL AND SPECIAL APPLICATIONS
Self-quenching counters with operating voltoges os low as 250 valts . . .
Temperature-free counters that may be operated in the range from—70° C. to 4120° C . . .

V Extra large volume Cosmic Ray counters, with overall lengths of 42" and larger, with 1.D to 311" and

larger . . . olso extra small End Mica Window counters, ¥, ” diameter by 1” long . . . and smaller
. AMPEREX ELECTRONIC CORP.
re-tube W"h Amperex 25 WASHINGTON STREET, BROOKLYN 1, N. Y.
Write for Technicol Roting ond Doto Sheets. In Conodo ond Newfoundlend: Rogers Mojestic Limited

1119 Brentcliffe Rood, Leoside, Toronto, Ontorio, Corodo
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% 7”',‘6 READING TIME. .. TWO SECONDS. The Sperry Engine Analyzer visualizes aircraft

engine performance as fast as that.

TWO SECONDS! In the Analyzer scope, the ilight engineer can examine graph-like patterns that

detect, locate and identify every engine, magneto or ignition irregularity that
occurs during flight or pre-flight check-up.

From lis accurate report — covering both the nature of the difficulty and its
location — the ground crew can make small mechanical corrections in minutes.

%&;y 7%@ FLYING TIME...MORE 1IOURS. The Sperry Engine Analyzer is therefore a three-way

profitable investment for the airline operator.

MORE HOURS? It eliminates the little engine troubles before they grow big and cause expen-

sive repairs, the lost profit of grounded planes and mterrupted schedules.

It improves passenger relations by assuring on-schedule arrivals and departures.
It lowers maintenance costs, keeps planes out of the hangar and in the air.

@D SPERRY GYROSCOPE COMPANY

DIVISION OF THE SPERRY CORPORATION « GREAT NECK, N.Y.

NEW YORK - CLEVELAND - NEW ORLEANS - LOS ANGELES - SAN FRANCISCO - SEATTLE

Proceepings or THE LR.E., September, 1948, Vol. 36, No. 9. Published monthly in two sections by The Institute of Radio Engineers, Inc., at_1 East
79 Street, New York 21, N.Y. Price $2.25 per copy. Subscriptions: United States and Canada, $18.00 a year; foreign countries $19.00 a year. Entered
as second class matter, October 26, 1927, at the post office at Menasha, Wisconsin, under the act of March 3, 1879. Acceptance for mailing at a
special rate of postage 1s provided for in the act of February 28, 1925, embodied in Paragraph 4, Section 412, P. L. and R., authorized October 26, 1927,
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for better readability and for the smooth, modern
appearance that will help give your panels a well-
engineered look.

Thermocouple-type instruments, for measure-
ments of high-frequency alternating current in
radio or other electronic circuits, are available.
There is also a complete line of rectifier types
(a-f), for measuring alternating current or voltage
at high frequencies or where the source is not
sufficient to operate conventional a-c instruments.
Typical applications include television trans-

These general-purpose panel instruments are
particularly suitable for use in radio equipment

and industrial applications where accuracy and mitters, radar wave meters, testing equipment for
quality are required and space is at a premium. electronic circuits. For a full story of G-E instru-
Many of the instruments have been newly styled ments, send for Bulletin GEC-227.

2A PROCEEDINGS OF THE LR.E. September, 1948



CAGED FOR PROTECTION

Suitable for wall or panel mounting,
these cage-type, enameled resistor units
employ a strong, high-heat-resisting
silicate-compound body which with-
stands sudden and extreme temperature
changes without weakening or in any

way being injured. The resistance wire
has a low temperature coefficient so that
the resistance remains nearly constant as
the temperature increases. Ample pro-
tection to the units is provided by
the perforated metal case. Each unit is
rated at 85 watts and is available in
resistance values from 0.5 to 100,000
ohms; one to four units in a cage. For
more complete information please con-
tact your G-E representative.

NEED A “LOW VA"

YOLTAGE STABILIZER?

General Electric’s latest additions to
its line of automatic voltage stabilizers
are three 115-volt, 60-cycle designs in
15-, 25-, and 50-va ratings. Check the
low prices—you may now be able to
utilize the advantages of an automatic
voltage control for your application.
The price consideration plus the low
case height and small size will make
these units especially applicable to radio
chassis and other shallow-depth instal-
lations. Other features include totally in-
sulated design, which is necessary where
isolation is required between primary
and secondary circuits, and universal lead

PROCEEDINGS OF THE I.R.E.

construction which makes these units
adaptable to various wiring and mount-
ing arrangements. If you have an appli-
cation problem, contact your G-E repre-
sentative, or check bulletin GEA-3634B.

SOMETHING NEW IN

CIRCUIT CONTROL DEVICES

Simplify your circuit designs by re-
placing complicated and costly com-
ponents with simple, economical G-E
Thermistors. These electronic semicon-
ductors are unique in that the resistance
changes rapidly with slight variations in
temperature—electrical resistance de-
creases as temperature rises, and in-
creases as temperature falls. G-E Ther-

-

mistors give you these five advantages:
flexible in application, small in size,
available in various shapes, indefinitely
stable, and they are economical. These
new circuit devices are especially adapt-
able as sensitive elements in flow meters,
liquid-level gages, time-delay relays,
vacuum gages, switching devices, and
modulating thermostatic circuits. Check
coupon for technical report CDM-9.

HERMETIC SEAL ELIMINATES

MOISTURE PROBLEMS

The new cast-glass bushings with their
sealed-in metal hardware can be readily
welded, soldered, or brazed directly to
the apparatus, thus eliminating gaskets
and providing a better seal than ever
before. The small, compact structure of
the bushings often makes it possible to

. TIMELY HIGHLIGHTS
~ ON G-E COMPONENTS

_/—\ = i

reduce the overall size and weight of the
electric apparatus. Bushings are prac-
tically unaffected by weathering, micro-
organisms, and thermal shock. Their
great mechanical strength makes them
well suited for use in airplanes, etc.,
where they are subject to continual
vibration. Available in ratings up to
8.6 kv and for currents to 1200 am-
peres. Check bulletin GEA-5093.

MORE SOLDERING WITH LESS POWER

G.E.’s midget soldering iron can do a
big job for you with only one-fourth the
wattage usually used. This handy 6-volt,
25-watt iron is only 8 inches long (with
14" or 14" tips) and weighs but 13{
ounces. It was especially designed for
close-ctxarter, pin-point precision solder-
ing. The “midget” offers you all these
advantages: low-cost soldering; “finger-
tip” operation; quick, continuous heat;
easy renewal; long life; low maintenance.
The iron is a real aid in manufacturing
radios, instruments, meters, electric
appliances, and many other products
requiring precision soldering. Irons and
specially designed 115/6-volt trans-
formers are available from stock. Check
bulletin GES-3488.

F_--- ----------------1

' GENERAL ELECTRIC COMPANY, Section C642-18 '
q Apparatus Department, Schenectady, N. Y. q
l' Please send me the following bulletins: '

[1GEC-227 Instruments
[1GES-3488 Midget Soldering Iron
[1GEA-3634B Voltage Stabilizer

Address

[1GEA-S093 Cast-Glass Bushings Y 4
[ CDM-9 Thermistors I 4

[
[ §
4

State

City .

September, 1948
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© ALLEND. DU MONT LABORATORIES, INC.

ALL IN THE

By way of illustration ... 1. Du Mont transmitter unit utilizing Du Mont cathode-ray tubes as indicators.
2. Du Mont television field equipment for picking up remote programs. 3. Scientific research in medicine, aided
by Du Mon! oscillography. 4. Du Mont Television Transmitting Control Console utilizing Du Mont cathode-ray
tubes. 5. Du Mont Type 208-B oscillographs used in nuclear research. 6. Du Mont Type 280 oscillograph for
precision measurements of television waveforms utilizing the Type SRP-A high-voltage tube. 7. Typical scene in
most radio repair shops, where servicemen make their diagnosis with a Du Mont Type 274 oscillograph. 8. Du
Mont Chatham table set with a 12.inch Du Mont picture tube for clear, bright, truly superlative pictures.
9. The symbol of quality cathode-ray tubes —olways your best buy.

’ Yes, it's all in the tube! No matter what the end use—
in all fields of radio-electronics — youll find the omni-
present cathode-ray tube—the DU MONT cathode-ray
tube.

If it's nuclear research, transmitter signal studies,
felevision monitoring, high-speed-transient oscillog-
raphy, lelevision receivers, examination of mechanical
phenomena, medical research, production testing, or a
multitude of other applications, experience teaches

that ONLY the cathode-ray tube is always adequate as
an indicating and measuring device.

And among the makers of cathode-ray tubes,
Du MONT is foremost by virtue of many years’ ex-
perience and ever-continuing pioneering.

So it is wise, always, 1o specify DU MONT when
ordering a new or when 1eplacing an old cathode-ray
tube. And remember, only Du MONT makes a full
range of cathode-ray tubes.

P Literature on request

[ 4
ALLEN B. DU MONT LABORATORIES, INC., PASSAIC, N.

CABLE ADDRESS: ALBEEDU, NEW YORK, N. Y., U.S.

PROCBEDINGS OF THE I.R.E.
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SHERRON ELECTRONICS CO.

Division of Sherron Metallic Corporation

Sherron
Electronics

1201 FLUSHING AVE. * BROOKLYN 6, NEW YORK



CENTRALAB ANNOUNGES A NEW AND
REVOLUTIONARY ROTARY SWITCH WITH A
MINIMUM LIFE TEST OF 130,000 CYCLES
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New Coil Spring Design Means
Smoother Action, More Positive
Indexing, Longer life

YOU ASKED for it — and here it is! Centralab’s new Rotary Coil and
Cam Index Switch sets an all-time record for ruggedness, long life,
flexibility, installation and maintenance convenience. Check these design
and operation features, and you'll see why this new switch is one of the
important switch developments of the year! (1) 30° index with 11 in-
dexing combinations permit handling up to three sections. (2) New,
tested stop-strength of 48 inch pounds. (Standard RMA stop-strength —
only 24 inch pounds.) (3) Guaranteed minimum life — 150,000 cycles.
(RMA Standard — 10,000 cycles.) (4) Only 14" spacing between front
plate and first section gives you decreased depth behind panel. (5) Re-
movable spring can be replaced without removing switch from chassis.
Write today for complete information on this great new switch. Order
Bulletin 995.

LOOK TO &m& IN 1948

DIVISION OF GLOBE-UNION INC., MILWAUKEE

6A

Four Positions Give
You Wide Choice of
Switching Combinations

Pl — Positive Index
PI SR — Spring Return

1 Two position positive index.

Two position spring return,
from counter-clockwise.

N
@

3 Two position spring return
from clockwise.

Pt

‘

4 Three position positive P!

&

» 3
e

i

Ly

5 Three position spring return
from both sides to center.
Pl

6 Three position index — two
positive spring return from
counter-clockwise,

&4
‘
a4

S

7 Three position index —two
Pl positive spring return from
clockwise. py

8 Four position, three positive,
spring return from counter-
clockwise.,

Pl

@
a4

Pl
9 Four position, three positive,
p] spring return from clockwise.

PI Pl

"4'
=
J*

]O Four position, two positive, Pl
spring return from clockwise
and counter<clockwise. Also
five positions in this same
combination.

%
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Direct Reading, Direct Control

Carrier frequency in mc may be directly
set and read on the large central frequency
dial. R-f output from the reflex klystron
oscillator is also directly set and directly
read, in microvolts or db, on the simplified
output dial. No calibration charts or inter-
polations are necessary. And because the
unique coupling device causes oscillator
repeller voltage to automatically track
frequency changes, no voltage adjustments
are necessary during operation. Even the
bolometer circuit is automatically compen-
sated for temperature changes.

€-W, F-M, or Pulsed Ovutput

R-f output ranging from 0.1 volt to 0.1
microvolt is available. Output may be con-
tinuous or pulsed, or frequency modulated
at power supply frequency. Maximum de-
viation is approximately *5 megacycles.
Pulse modulation may be supplied from an
external source or provided internally.
Pulse rate is variable between 40 and 4000
¢ps, and pulse width ranges from 1 to 10
microseconds. Internal pulsing may be ac-
curately synchronized with either positive
or negative external pulses, or external sine

PROCEEDINGS OF THE ILR.E.
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waves. R-f pulse may be delayed 3 1o 300
micro-seconds with respect to the external
synchronizing pulse. Output trigger pulses
are also available. They may be simul-
taneous with the r-f pulse. Or they may be
in advance of the r-f pulse from 3 to 300
micro-seconds.

Wide Range, Great Stability

A twist-of-the-wrist precision tunes the -hp-
Model 616A to any frequency between
1800 and 4000 mc. Accuracy of calibration
is within * 1% and stability is of the order
of 0.005% per degree centigrade in am-
bient temperature. Line voltage changes of
*+10% cause frequency changes of less
than 0.02%.

Wide Applicability

The -hp- Model 616A UHF Generator is
ideal wherever precision ultra-high fre-
quencies are needed for measuring pur-
poses. Some of its many uses include
determining of receiver sensitivity, signal-
noise or standing-wave ratios, conversion
gain, alignment, antenna or transmission
line characteristics. The instrument is light
and compact, occupying minimum bench
space. It is unusually rugged of design for
long-term, trouble-free operation. Repairs
and replacements, when necessary,are made
extremely easy by straight-forward circuit
layout and ready accessibility of all com-
ponents.

The -hp- Model 616A UHF Signal Gen-
erator is available for early delivery. Write
or wire today for full technical details.

HEWLETT-PACKARD COMPANY

1380 D Page Mill Road, Palo Alto, California

Export Agents: FRAZAR AND HANSEN
301 Clay Street, San Francisco 11, California, U.S. A.

Audio Frequency Oscillators

Noise and Distortion Analyzers
Square Wave Generators

September, 1948

Signal Generators
Wave Analyzers
Frequency Stondards

Vocuum Tube Voltmeters
Frequency Meters

Attenuators Electronic Tachameters
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General Application

! LOAD RANGE *REGULATION
;1 MODEL  VOLT-AMPERES  ACCURACY

3-Phu‘se Regbluﬁon. Extra Heavy Loads | 150 25-150 os%
i

250 25-250 0.2%
‘ LOAD RANGE *REGULATION A -
LOAD RANGE *REGULATION | MODEL VOLT-AMPERES ACCURACY ]5(;)000 ]5000_]500000 834‘:

MODEL VOLT-AMPERES ACCURACY

, v Lot o5 || 5:000% 500.5000  0.5% 2000  200-2000  0.2%

oo 101sonn 0% | o ouiomo o3
; -30, 2 115,000% 1500-15,000 0.5%

3P45,000 4500-45,000 0.5% | B :

* Harmonic Distortion on above models 3.°/..
| . Fower. fu_p(fcities also available.

400-800 cycle Line | The First Line of standard electronic
| smge osemms meernee | AGYoItage Regulators and Nobatrons

LOAD RANGE *REGULATION
MODEL  VOLT-AMPERES ACCURACY

D500  50- 500 EL S GENERAL SPECIFICATIONS:

3%:)22%% ]2250:]225000 82:;: Harmonic distortion max. 5% basic, 2% 'S’ models

3PD750 75 - 750 0.5% ' Input voltage range 95-125: 220-240 volts (—2 models)
Other capacities also available . Output adjustable bet. 110-120: 220-240 (—2 models)
T o Recovery time: 6 cycles: * (9 cycles)
A Input frequency range: 50 to 65 cycles
Power factor range: down to 0.7 P.F.
Ambient temperature range: —50°C to + 50°C

All AC Regulators & Nobatrons may be used with no load.

*Models available with increased regulation accuracy.

Special Models designed to meet your unusual applications.

o ! Write for the new Sorensen catalog. It contains complete

The NOBATRON llne specifications on standard Voltage Regulators, Nobatrons,

Output Load Range j Increvolts, Transformers, DC Power Supplies, Saturable Core
Voltage DC Amps ¢ Reactors and Meter Calibrators.

]5-40-]00 i 000000 6060000 200000 COEOOOS 000000 0O0GP0O SOVOSEOGSOSIOGEOETDSES

SORENSEN & CO., e

* Regulation Accuracy 0.25%, from V/, STAMFORD CONNECTICUT

to full load. Represented in all principal cities,

8a PROCEEDINGS OF THE LR.E. September, 1948



ates one of 18 separate
| as you select the range.

Ranges

20,000 Ohms per Yolt D.C., 1,000 Ohms per
Volt A.C.

Volts, A.C.: 2.5, 10, 50, 250, 1000, 5000
Volts, D.C.: 2.5, 10, 50, 300, 1000, 5000
Milliamperes, D.C.: 10, 100, 500
Microamperes, D.C.: 100

Amperes, D.C.: 10

Qutput: 2.5, 10, 50, 250, 1000

Ohms: 0-2000 (12 ohms center}, 0-200,000 (1200
ohms center}, 0-20 megohms (120,000 ohms
center).

Size: 1234 x 108" x 5%"

Weight: 8 Ibs. 9 oz,

Price, complete with test leads and 28-Page
Operator’s Manual . $69.85

High voltage probe (25,000 wvolts)
for TV, radar, x-ray and ather high
voltage ftests, alsa available.
Ask your Jobber, or write for
° e complete descriptive literature
INSTRUMENTS THAT STAY ACCURATE

IRy

|

A separate scale
for every range—
autamatically!

Large 5%’ meter,
with 18 separate,
full length scales!

WCABO.RE
ov 3PSO ascr =

me €O ¢
ADE 1 USA P
SERIAL WO

woDEL 22!
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IF YOU MACHINE COPPER—

THIS REVERE METAL WILL SAVE YOU MONEY

REVERE makes Free-Cutting Copper Rod, and if you are
making electronic devices requiring machined copper
parts of high conductivity, it will pay you to investigate the
savings made possible by this metal. We would suggest that you
make trial runs to prove what it will do under your own shop
conditions. That was the procedure followed by The Trumbull
Electric Mfg. Co., Plainville, Conn., with these results:

Part #18107 and 18108, contacts for the Type D switch illus-
trated, were designed around this alloy. Trumbull states: “On
both these parts we found we could make them in one operation
instead of two. That is, due to the smooth free cutting of the
metal, it was unnecessary to perform a facing operation . . .
Our Screw machine foreman advises that, in his opinion, both
these parts could be made four times as fast as out of ordinary
electrolytic copper rod.”

#3731, 60 amp. post stud.—5,760 pieces run in 19.6 hours
with no machine down-time; 10,425 pieces of ordinary copper
rod run in 66.6 hours with 11.8 hours machine down-time. In
addition to the extra time required, three sets of dies were used
for the regular rod. “The savings of the free-cutting material
over ordinary copper were figured at $1.81 per thousand, in-
cluding in these costs both material and direct labor.”

#16552, space washer. “Savings per thousand over electro-
lytic copper were 77¢. This figure included the material differ-

ence and direct labor. In addition, there was an 189% saving
in machine down-time."”

#K-60-1A, 70-200 amp. stud. “The use of Free-Cutting
Copper Rod on this part very definitely increased production
and practically voided machine down-time.

In a letter to Revere, Trumbull added: “In general, at least
for most of the parts we have used, we find that there is at
least a 259 saving in machine time of free-cutting over regular
copper. In addition, the workers are enthusiastic about this
material, particularly when running studs, because of the fact
that it is no longer necessary for them to keep a constant close
watch on the machine to see that the turnings do not become
tangled up with the moving parts of the machine.”

The Trumbull experience is being duplicated in other ma-
chine shops. If you have not tried this Revere Metal, we suggest
you get in touch with your nearest Revere Sales Office.

REVERE

COPPER AND BRASS INCORPORATED

Founded by Paul Revere in 1801
230 Park Avenue, New York 17, New York

Mills: Baltimore, Md.; Chicago, 1ll.; Detroit, Mich,; New Bedford, Mass.;
Rome, N. Y. — Sales Offices in Principal Cities, Distributors Everywbere,

10a
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miniature capacitor
9/32” x 1/2” x 3/16"

This tiny capacitor for radio, television and other electronic applications
combines compact design with proven performance. Molded in low-loss bake-
lite the CM 15 s famous for dependability. Impregnated against moisture, it de-
livers at maximum capacity under extreme conditions of temperature and climate.

1

500 D.C. working voltage

2 to 420 mmf. capacity at 500v. DCA

2 to 525 mmf. capacity at 300v. DCA

Temperature co-efficient O + 50 parts per million per degree C. for most capacity values

6-dot color coded to Joint Army-Navy Standard Specifications JAN-C-5

for your product . ..

from the Tom Thumb CM 15 to the CM 40, all El-Menco capacitors give
you — and your product — dependable performance, endurance, and accuracy.
Send for catalog — Specify El-Menco Capacitors.

THE ELECTRO MOTIVE MFG. CO., Inc.

WILLIMANTIC, CONNECTICUT
ARCO ELECTRONICS 135 Liberty St. New York, N. Y.
Sole Distributors for Jobbers and Retailers in U. S. and Canada

oo g = 3 Foreign  Radio and  Electronic

P R < 2 ! Manufacturers communicate  direct

L (N with our Export Department at

‘ Willimantic, Conn. for information,

MOLDED MICA : MICA TRIMMER

CAPACITORS

PROCEEDINGS OF THE I.R.E. September, 1948 NI
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That's the

name fto

remember in

PERMANENT

MAGNETS

THE ARNOLD ENGINEERING CO.

There are values in the use of permanent magnets—

increased efficiencies and economies—that should be
investigated by many a manufacturer of electrical and
mechanical equipment. The past decade has seen great
strides in the scope and utility of permanent magnets,
and this progress is /mportant to you.

Equally important are the extra values you’ll find in
Arnold Permanent Magnets—the natural result of
specialization and leadership, and of complete quality
control in every production step from melting furnace
to final test. ® Call in an Arnold engineer to help with
your design and planning—write direct or to any
Allegheny Ludlum office.

WwWap 1099

|
|
{
!
|

‘

Subsidiary of i

ALLEGHENY LUDLUM STEEL CORPORATION

147 East Ontario Street, Chicugo 11, Winois

Specialists and Leaders in the Design,
Engineering and Manufacture of PERMANENT MAGNETS

PROCEEDINGS OF THE LR.BE. September, 1948
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Hi1-Q TEMPERATURE COMPENSATING CAPACITORS

Hi-Q temperature compensating capacitors are available in three types. CN & SI types with
capacities from .25 mmf to 1830 mmf and CI types from .25 mmf to 595 mmf with a tempera-
ture coefficient range from P 100 to N 1400. All of these Hi-Q styles are of tbnlar ceramic
construction with pure silver electrodes precision coated. Style SI is insulated with a syn-
thetic coating of Durez, style CN is of Styrene and CI is Steatite covered.

Hi-Q GENERAL PURPOSE CERAMIC CAPACITORS

Hi-Q General Purpose Ceramic Capacitors readily replace mica and paper condensers of
corresponding values. Hi-Q General Purpose Ceramic Capacitors should not be confused
with the Hi-Q line of close tolerance temperature compensating units. Hi-@ General Purpose
Ceramic Capacitors are available in capacity ratings from 5 mmf to 33,000 mmf.

Hi-Q FEED-THRU

CAPACITORS

[ AN AN

,mmml. —

Hi1-Q “feed-thru” capacitors provide perfect transmission through the chassis or
ground, as well as by-passing to ground. The high quality construction of Hi-Q “feed-
thru” capacitors, is extremely rugged and will withstand severe vibration, making

them ideal for use in mobile and aircraft applications.

Hi1-Q HIGH VOLTAGE CAPACITORS

Hi-Q HV Capacitors are a
sturdy unit, capable of
withstanding high volt-
ages, operating at extreme
humidity and raised tem-
peratures. They are a nat-
ural television component.
The basic dielectric is
body 20, encased in a low
loss, mineral filled hake-
lite. Available in capacities
50 mmf to 1,000 mmf., Spec-
ify desired capacity after
type HV when ordering.

PROCEEDINGS OF THE IL.R.E.
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Hi1-Q DISC CAPACITORS

Hi1-Q Disc Capacitors are high die-
lectric by-pass, blocking or coupling
capacitors. Designed for application
where its physical shape is more
adaptable than tubular units. The
placement of leads is such that
close connections are easily made,
thus reducing inductance to a mini-
mum, a much desired featurein high
frequency designs, such as television
and FM. Available in three types:
BPD-5: .005 MFD guar. min,,
BPD-10: .01 MFD guar. min. and
BPD-1.5: .0015 MFD guar. min.

WRITE FOR FREE CATALOG

Hi-Q STAND-OFF CAPACITORS

He-Q “stand-off” capacitors are basically tubular with a screw
fixture for mounting to the chassis or common ground. Close
coupling and their unique construction make them an excel-
lent choice for by-passing RF in the high frequencies. Standard
capacity tolerances are + 10% and + 20% for “stand-off ” capaci-
tors and — 20% and + 30% for multiple tap units. Closer tol-
erances available wherever economical manufacturing permits.
All units flash tested for 1000 volts DC with power factor
under 3% maximum and insulation resistance is above 10,000
megohms. All units stamped for capacity.

Y
— P
Z]

J

FRANKLINVILLE, N, Y,

September, 1448

Plants: FRANKLINVILLE, N. Y.—JESSUP, PA.
Sales Offices: NEW YORK, PHILADELPHIA, DETROIT, CHICAGO, LOS ANGELES
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SINCE 19,0\

g TNE INSTULATOR
\ TRADE MARE R1 A

" THE LOW-LOSS, HIGH FREQUENCY INSULATION
@ for every electrical and mechanical requirement

MYCALEX, a most versatile, low-loss insu-
lation material, possesses unusual character-
istics that ideally suit it for use in ultra high-
frequency applications. It can be molded, or
machiner: to very close tolerances—it is im-
pervious to water, oil or humidity: has dimen-

Dielectrics.

Mycalex can be machined to customers’ exact speci-
fications in our new plant at Clifton, N. J. This plant is
especially tooled for large volume machining of Mycalex
in a wide variety of forms. This service offers the following
advantages . . . PRECISION WORKMANSHIP: specialized
equipment that assures remarkable precision and super-

MYCALEX CORPORATION

sional stability, high dielectric strength and
will not carbonize. Metal inserts can be
molded into the material giving it an almost
endless number of applications in the field
of electronics. It is available in the three
following types:

MYCALEX 410

This injection-molded form of Mycalex is useful in 4 cases:
1. When shape is too intricate to permit fabrication by machine.
2. When quantities necessitate high production and low cost.
3. When great dimensional stability is essential. (Mycalex 410
can be molded to very close tolerances.) 4. When metal inserts
must be incorporated into the insulator. These inserts may be
made of any common metal that can withstand temperatures of
about 1200° F and that has a coefficient of thermal expansion
of the order of 100 to 175 x 107 per degree C. Mycalex metal
seals can withstand pressure of 90 psi.

MYCALEX 400

Compression molded for high-frequency applications. Its loss factor is well
within requirements for operation in this portion of the electromagnetic
spectrum. An outstanding characteristic is the long frequency range over
which the loss factor is a minimum. Tropical climates do not impair its
electrical and physical properties. It is, therefore, used for insulation in
radio transmitters, radio receivers, communication panels, switchboard
panels, arc shields in high tension switches, brush holders, relay contact
supports, etc. Available in sheets 14 by 18 in.; thickness of % to | in. Rods
18 in. long, diameter ¥4 to 1 in.

B MYCALEX K series

Ceramic Capacitor

Many ceramic materials offer low power factor, negligible
moisture absorption, high dielectric strength, lack of cold flow, ability to
withstand high temperatures. Few, however, include a dielectric constent
greater than 7 or 8 at radio frequencies. Few are available with flat surfaces
of large dimensions that don't warp, or close tolerances in rods. Mycalex K
capacitor dielectrics combine all of them and is available in practically any
form. Power factor varies from 0.002 to 0.004 at 1 mc.

MYtAl.EX FABRICATING SERVICE

vision by skilled engineers. REDUCED COSTS: substantial
savings effected by eflicient performance on a quantity
basis. RELIEF TO PLANT BOTTLENECKS. PROMPT
DELIVERIES. Consult our engineering staff for advice on
the application of Mycalex to vour insulating problems.

OF AMERICA

“"Owners of "MYCALEX’ Patents’”’

Plant and General Offices CLIFTON, N. J

Executive Offices, 30 ROCKEFELLER PLAZA, NEW YORK 20, N.Y

14a
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Imagine a Réétiﬁer with a
Self-Healing Film!

... that’s the
Mallory Magnesium
Copper Sulfide Rectifier

Mallory Magnesium Copper Sulfide Rectifiers often give
trouble-free service for five years and more when operated at
a normal temperature of 265° F. But, provided as they are
with an extra safety factor, they still perform without failure
when temperatures are raised three times as high.

Check These Features:

Proved long life
Unaffected by high temperatures

Withstands abuse and aceidental short

Occasionally, when tremendous abnormal voltage surges are
circuits

applied (when, for example, lightning strikes a power line), the
rectifier temporarily breaks down. But even then it usually reforms
after only an instant of inaction. Why? Because the rectitying
junctions are so made that they actually heal themselves.

Self-healing rectifying junctions
Constant output over many years

Resists harmful atmospheric conditions
Add this fact to the features at the right and you understand why
Mallory Magnesium Copper Sulfide Rectifiers are unbelievably
rugged—why they outsell all other dry disc types, for low voltage,
medium and high current applications. See your Mallory distribu-
tor for more information—or write direct for engineering help.

i P.R.MALLORY & CO. Inc MAGNESIUM-COPPER
M A L L o RY SULFIDE RECTIFIER STACKS

AND POWER SUPPLIES
RECTOPLATER* SUPPLIES —RECTOTRUCK CHARGERS —

RECTOSTARTER® AIRCRAFT POWER SUPPLIES—
RECTOPOWER* SUPPLIES — AUTOMOTIVE BATTERY CHARGERS

*Reg. U. 5. Pal. OFf.

Rugged, all-metal construction

No bulbs, no brushes, no sparking
contacts

- P P P P P P P P

Millions in use

£ Ry
2% MCSR's ARE THE
WORLD’S TOUGHEST
RECTIFIERS

P. R. MALLORY & CO., Inc., INDIANAPOLIS 6, INDIANA

September, 1948 15a



1 ¢ v DEPENDABILITY

of OHMITE Products

MONG radio engineers everywhere—there’s a definite
A preference for Ohmite resistance products. These
men know—from experience—that Ohmite rheostats,
resistors, and chokes provide long, trouble-free service

Here’s the reason why you get extra performance. Every
Ohmiite product is designed and constructed to stand
up under severe operating conditions. Every unit is
built to withstand the effects of shock, vibration, tem-
perature extremes, altitude, and humidity. Make

sure you get the benefit of this unfailing dependability.
Ask for Ohmite products by name.
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OHMITE MANUFACTURING COMPANY ¢ 4862 Flournoy St., Chicago 44, lll,

8 Righe with @HMII.TE

RHEOSTATS « RESISTORS TAP SWITCHES « CHOKES ATTENUATORS
164
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This high gain trans-
former is used in a 60
cycle chopper circuit

BROAD BAND for measuring small
SHARP CUTOFF : DC voltages—primary
FILTER ! inductance 10 Hys.

Ratio 250:1 = 100 DB
of shielding.

FRUOUL IR Y v AR LS
33 M 37 38 19 e0 e e

This unit weighs but

NARROW BAND 1.3 oz. The rectifier in

K \ which it is employed
SHARP CUTOFF | delivers 2000 V DC
FILTER

with vibrator-battery
input.

This input transformer

was the perfect an-

swer for an amplifier

ATTENUATES with a difficult hum
10KC TO 30 problem. The lock-
MEGACYCLES ’ ing universal joint
4 mounting permits ori-

entation to point of

minimum hum level.

This pulse transformer

LOW FREQUENCY | » - has tight require-

- LOW PASS v : ments. Frequency re-
ILTER ! | N sponse is =3 DB from
; 80 KC to 4 MC,

Write for our Catalog PS-408

74

150 VARICK STREET NEW YORK 13, N. Y
EXPORT DIVISION: 13 EAST 40th STREET, NEW YORK 16, N. Y, CABLES: "ARLAB"




ONE OF THESE 5 WILL BEST FILL YOUR V.0.M. REQUIREMENTS
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MODEL 630. Outstanding Features: (1) The new Triplett
Molded Selector Switch with contacts fully enclosed . . . (2)
Has Unit Construction with Resistor Shunts, Rectifier Batteries
in molded base . . . (3) Provides direct connections without
cabling . . . no chance for shorts . . . (4) Big easily read
51" Red « Dot Lifetime Guaranteed Meter.

TECH DATA

D.C. VOLTS: 0-3-12-60-300-1200-6000, at 20,000 Ohms/Volt

A.C. VOLTS: 0-3-12-60-300-1200-6000, at 5,000 Ohms/Volt

D.C. MICROAMPERES: 0-60, at 250 Millivolts

D.C. MILLIAMPERES: 0-1.2-12-120, at 250 Mullivolts

D.C. AMPERES: 0-12, at 250 Millivolts

QHMS: 0-1000-10,000; 4.4 Ohms at center scale on 1000 scale; 44 Ohms
center scale on 10,000 range.

MEGOHMS: 0-1-100 (4400-440,000 at center scale).

DECIBELS: -301to —4, —16, ~30, —44, —-56, ~70

QUTPUT: Condenser in series with A.C. Volt ranges.

MODEL 630. U.S.A. Dealer net price $37.50

Leather Carrying Case, $5.75. . . Adapter Probe for TV and

High Voltage Extra.

MODEL 666-HH. This is a pocket-size tester that is a marvel
of compactness and provides a complete miniature laboratory
for D.C. and A.C. voltages, Direct Current and Resistance
analyses. Equally at home in the laboratory, on the work bench
or in the field . . . its versatility has labeled it the tester with
a thousand uses . . . housed in molded case . . .

TECH DATA

D.C. VOLTS: 0-10-50-250-1000-5000, at 1,000 Ohms/Volt

A.C. VOLTS: 0-10-50-250-1000-5000, at 1,000 Ohms/Volt

D.C. MILLIAMPERES: 0-10-100-500, at 250 Millivolts

QHMS: 0-2,000-400,000, (12-2400 at center scale)

MODEL 666-HH.. . U.S.A. Dealer Net Price....$22.00
Leather Carrying Case, $4.75.

MODEL 625-NA. This is the widest range laboratory-type
instrument with long 5.6” mirrored scale to reduce parallax.
Special film resistors provide greater stability on all ranges.
Completely insulated molded case. Built by Triplett over a
long period of time, it has thoroughly proved itself in labora-
tories all over the world.

TECH DATA

25-5-25-125-500-2500, at 20,000 Ohms/Volt
SIX D.C. VOLTS: 0-2.5-10-50-250-1000-5000, at 10,000 Qhms/Volt
SIX A.C. VOLTS: 0-2.5-10-50-250-1000-5000, at 10,000 Ohms/Volt
D.C. MICROAMPERES: 0-50, at 250 Millivolts
D.C. MILLIAMPERES' 0-1-10-100-1000, at 250 Millivolts
D.C. AMPERES. 0-10: at 250 Millivolts

SIX D.C. VOLTS: 0-1

QOHMS: 0-2000-200,000, (12-1200 at center scale)

MEGOHMS: 0-40, (240,000 at center scale)

SIX DECIBELS RANGES: —30 +43.0, +15, 429, 443, 455, +69
(Reference level 'O’ DB at 1.73 V. on S00-Ohm line.)

Six Qutput on A.C. Volts ranges.

MODEL 625-NA. U.S.A. Dealer Net Price. . .. $45.00
Carrying Case, $5.50. Accessories available on special order
for extending ranges.

MODEL 2405-A. This instrument combines ultra sensitivity
with a large 53/ " scale meter and is housed in a rugged metal
case. . . It is furnished with hinged cover so that it can be
used for service bench work or for portable field service.
Gives A.C. Amperes readings to 10 Amps.

TECH DATA

VOLTS: 0-10-50-250-500-1000, at 20,000 Ohms/Volt

AMPERES: 0-10, at 250 Millivolts

MILLIAMPERES: 0-1-10-50-250, at 250 Millivolts

MICROAMPERES: 0-50, at 250 Millivolts

VOLTS: 0-10.50-250-500-1000 at 1000 Ohms/Volt

.C. AMPERES: 0.0.5-1-5-10, at 1 Volt-Ampere

OHM-MEGOHMS: 0-4000-40,000 ohms—0-4-40 megohms (self-contained
batteries)

QUTPUT: Condenser in series with A.C. Volts ranges

DECIBELS: —10to +15, +29, +43, 449, 455. (Reference level “*0"' DB
at 1 723 V. on 500-0hm line.)

CONDENSER TEST: Capacity check of paper condensers is possible by
following data in instruction book.

MODEL 24085-A.... U.S.A. Dealer Net Price. .. .$59.75

»»0000
000000

MODEL 2451. Electronic Volt-Ohm-Mil-Ammeter . . . is easy
to use in complicated testing . . . A must in FM. and TV
work in any sensitive circuit where low current drain is
a factor . ..

TECH DATA

D.C.-A.C.-A F. VOLTS: 0-2.5-10-50-250-500-1000

R.F. VOLTS: 0-2,5-10-50

D.C. MILLIAMPERES: 0-2.5-10-50-250-500-1000

OHMS: 0-1K-10K-100K

MEGOHMS: 0-1-10-100

INPUT IMPEDANCE: 11 Megohms on D.C. Volts.
4.8 Megohms on A.C.-RF. Volts

MODEL 2451. U.S.A. Dealer Net Price $76.50
External high-voltage probe available on special order. See
the Triplett V.O.M. line at your local Radio Parts Distributor
or write

o Lasl

TRIPLETT ELECTRICAL INSTRUMENT COMPANY - BLUFFTON, OHIO,U.S.A.

In Canada: Triplett Instruments of Canada, Georgetown, Onfario

PROCEEDINGS OF THE 1.R.E.
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TELEVISION HIGH VOLTAGE
FILTER CERAMICON

The newly developed Erie Type 410
Ceramicon provides a new high stand-
ard of dependability for high voltage
filtering. Retaining the inherent high
flashover protection of the original Erie
Double-Cup design of the dielectric,
extra safety factor has been added by
a low-loss molded bakelite case de-
signed to provide longest possible
creepage path between terminals.

Specifications: Flash test—22,500 Volts; Life

test—15,000 Volts at 85°C for 1,000 hours;
Capacity, 500 MMF, +20%.

9,000 VOLT BY-PASS CERAMICON

This new ceramic dielectric by-pass
condenser is rated at 10,000 RMS test
and 7 KVA load. Maximum operating
temperature is 100° C. Type 2344 Erie
Ceramicon is available in 1,000 MMF
capacity. Size approximately 4 14" high.

200 AMP. FEED-THRU
BY-PASS CERAMICON

Erie Type 2373 Ceramicon is ideal for
power line terminals to by-pass radio
frequency currents on industrial heat-
ing and similar equipment. Conserva-
tively rated at 1,000 Volts DC. operated
with current carrying capacity of 200
Amps. overall length 414" Standard
capacity ranges, 250 MMF, 650 MMF,
1,000 MMF, and 10,000 MMF.

10,000 VOLT, 20 KVA CERAMICON

This plate-type ceramic condenser com-

bines ratings of 20 KVA and 10,000
Volts DC. with compact size, only 434"
dia. x 2-5/16"" height. With forced air
circulation rated load is above 50
KVA at 15 MC. Type 3688 Ceramicon
is made in 500 MMF and 1,000 MMF
capacities.

% Ceramicon is the registered trade name of silvered
ceramic condensers made by Erie Resistor Corporation

PROCEEDINGS OF THE L.R.E. September, 1948
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IRON CORES

From horizontal detlection and flyback trans-
former cores to i.f. and other types, Stackpole
offers a complete line.

Type 10034—For use with tubes of any size
in horizontal deflection circuits. Assures uni-
form results, saves materially on assembly costs.

Type 10748—A smaller horizontal deflection
or flyback transtormer design for tubes up to
10" diameter.

O.T. Types . .. and dozens of standard and
special types to match any circuit requirement.

1.5 MMFD.
I GA to grid of
(L4 Ouciliotor

GA
MINIATURE CAPACITORS

Thetetiny unitscestno more than homemade ' gimmicks'’
yet offer outstanding advantages in terms of greater
stability, higher Q, insulation resistance, breakdown
voltage and non-inductiveness. Standard capacities in-
clude .5—.68—1.0—1.5—2.2-—3.3 and 4.7 mnf.

Insvlated shaft

VARIABLE RESISTORS
—CONTROLS

Insulated shafts as required

Stackpole controls, single or dual, are available
in numerous types and with wattage ratings
and other characteristics adequate for modern
television applications. Samples on request to
quantity users.

STACKPOLE

201 I



ucTs for TELEVISION

MOLDED COIL FORMS

for choke and peaking coils Note: Thess vales D
The advantages of Stackpole Molded Coil ':::::,."::.'; :::c:'?:t !
Forms as inexpensive mechanical supports for
windings include: reduced space factor; easier 600 Kilocycles 4.7 23
assembly; point-to-point wiring with one-thira
fewer soldered connections; extreme flexi- 1000 Kilocycles 4.7 3%

bility of application and absolute minimum
cost. Types include units with coaxial leads,
single hairpin leads, single hairpin lead at one
end with double hairpin lead at other end, and |
double hairpin leads at each end. Iron core 48 Megacycles 4.5 90
sections can be incorporated in most types.

2.3 Megacycles 4.7 45

20 Megacycles 4.7 118

enchored

hairpin leods

FIXED
RESISTORS

The result of more than 15 years
specialized manufacturingexperi-
ence, Stackpole Resistors meet
modern television specifications
—whether from a moisture-
protection, insulation or overload
standpoint, or satisfactory high
frequency characteristic. Stand-
ard ranges are from 10 ohms to
20 megohms in the customary +
tolerances of 59, 109, or 209,.

INEXPENSIVE SNAP
SLIDE OR ROTARY
ACTION SWITCHES

These popular Stackpcle switches
add greatly to the sales appeal and
convenience of almost any electrical
product. Standard, low cost types are
available for practical'y any switch-
ing arrangementor typ= of operation.

Write FOR THIS NEW STACKPOLE
ELECTRONIC COMPOMNENTS CATALOG

Fixed and variable resistors, switches, iron
cores, molded coil forms, GA miniature
capacitors and Polytite cores for high
capacity stability under conditions
of humidity and vibration in high
frequency circuits when prop-
erly supported and insulated.

21a



ﬁammy A NEW LINE OF
SPRAGLE

ELECTROLYTIC
CAPACITORS

&Y
Designed for Television Use

(for operation up to 450 volts at 85° C.) y.
Wth scme 7 times as many camponents in a television receiver /’ wo <d
as in the average radio, the possibility of service calls is greatly Co R THY ‘5
increased. The new SPRAGUE ELECTROLYTIC line offers the Fo P4 N’ON ‘t
first practical solution to this problem. EL E R THE S i

Designed for dependable operation up to 450 volts at 85° C. C TR L NE w i
these new units are ideally suited for television’s severest electro- SPRA G Yr Cs .
lytic assignments. Every care has been taken to make these new Ty ] Mo d Vi
capacitors the finest electrolytics available today. Stable operation B Ut AR Lo ED s
is assured even after extended shelf life, because of a new proces- Highy,, 5. ol p!
sing techaique developed by Sprague research and development Coon'i"”":::;ba"d mojs, k)
engineers, and involving new and substantially increased manu- L8 hvative, iﬁ"" u:;resis'ran, Al
facturing facilities. More than ever before your judgment is con- Smay sj’z‘;"ario‘ed f ‘Z'C‘ed i

C o 5
“Chanjg Iy rely 18sulageq o

firmed when you SPECIFY SPRAGUE ELECTROLYTICS FOR W ’
TELEVISION AND ALL OTHER EXACTING ELECTROLYTIC Trte for Ettgrge, o Tuggeq >
APPLICATIONS! Sprague Electric Company invites your inquiry "7 . i

concerning these new units.
L)
SPRAGUE ELECTRIC COMPANY - NORTH ADAMS, MASS, - R TR - g
E "“",

> E * Koolohm Resistors
P 1 O NEE R S O F
:ELECTRIC AND ELECTRONIC PROGRESS
PROCEEDINGS OF THE I.RE. Septemocr, 1948

®Trademarks reg. U. S. Pat. Office
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Look to RAYTHEON for

RC-11 STUDIO CONSOLE
NOW WITH CUE POTS FOR TWO TURNTABLES

Provides complete high-fidelity speech input facilities with all control, ampli-
fying and monitoring equipment in one cabinet. Seven built-in pre-ampilifiers,
nine mixer positions, cue attenuators for two turntables. Simple, positive
controls reduce operational errors. Frequency response—2 DB from 30 to
15,000 cycles; Distortion—less than 1% from 50 to 10,000 cycles; Noise
Level—minus 65 DB's ar better. Meets all FCC requirements for FM.

For the last word in complete, up-to-the-minute facilities
...or simpie, iow-cost equipment to suit your limited requirements. ..

RR-10 REMOTE AMPLIFIER
SINGLE CHANNEL

All Your Needs

RPC-40 PORTABLE CONSOLETTE

Ideal for remote pickups yet complete enough
to serve as a studio console. Four input chan-
nels far microphones or turntables, high level
mixing, two output lines. Two RPC-40Q's inter-
connected provide 8-channel mixing—a fea-
ture of special interest to new TV stations
planning future expansion.

RR-30 REMOTE AMPLIFIER 3 CHANNEL
A lightweight, easy-to-carry combination of amplifier and
power supply—simple and quick to set up. Provides three
high-fidelity channels, excellent frequency response, high
over-all gain.

A camplete, self-contained unit with
built-in pawer supply. An excellent
low-cost amplifier for remote pick-
ups requiring only one high-fidelity
channel,

RL-10 VOLUME LIMITER
Engineered for high - fidelity AM,
FM or TV speech input. Increases
average percentage madvlation
without distortion,

RZ-10 PRE-AMPLIFIER RP-10 PROGRAM AMPLIFIER

A plug-in type pre-amplifier or booster for micro- A high-fidelity, single-unit amplifier and power
phones ar turntables. Hendles high input level. supply. Over-all gain, 65 db; frequency response
Naise level below 85 db from 0 vu output. Law flat from 30 ta 15000 cps; distortion less than
distortion. Plug-in construction permits using one 2% at + 30 vu. Designed for rack or cabinet

ta faur units for maximum fexibility. mounting.

RAYTHEON MANUFACTURING COMPANY

WALTHAM 354, MASSACHUSETTS

RPL-10 LINE AMPLIFIER

Boilie

A single-contral, two-stage amplifier featuring
wide frequency response, low distortion, low noise
level, freedom from RF pickup. Push-pull through-
out, Mounts in standard rack or cabinet.

EXPORT SALES AND SERVICE IN FOREIGN COUNTRIES
Rayth

C

eon M

v - 4
50 Broadway, New York 4, N. Y., WH. 3-4980



BENDIX-SCINTILLA

the finest ELECTRICAL CONNECTORS
money can build or buy!

AND THE SECRET IS SC| N FLEX!

Bendix-Scintilla* Electrical Connectors are precision-built to
render peak efficiency day-in and day-out even under difficult
operating conditions. The use of “Scinflex” dielectric material,
a new Bendix-Scintilla development of outstanding stability,
makes them vibration-proof, moisture-proof, pressure-tight,
and increases flashover and creepage distances. In temperature
extremes, from —67° F. to +300° F., performance is remark-
able. Dielectric strength is never less than 300 volts per mil.

The contacts, made of the finest materials, carry maximum
carrents with the lowest voltage drop known to the industry.
Bendix-Scintilla Connectors have fewer parts than any other
connector on the market—an exclusive feature that means
lower maintenance cost and better performance.

*REG. U.S. PAT. OFF,

Write our Sales Department for detasled information.

e Moisture-proof, Pressure-tight e Radio Quiet o Single-piece Inserts
o Vibration-proof e Light Weight ¢ High Arc Resistonce o
Eosy Assembly and Disassembly e Less ports thon any other Connectar

Available in all Standard A.N. Contact Configurations

BENDIX

SCINTILLA

24a

News—New Products

These manufacturers have invited PROCEEDINGS
readers to write for literature and further technical

information, Please mention your I.R.E. affiliation.

New Electrolytic Capacitors

A new line of electrolytic capacitors de-
signed specifically for television require-
ments has just been announced b
Sprague Electric Co., North Adams, Mass.

The new units are rated for dependable
operation at 85°C up to 450 volts.

The manufacturer claims that as a
results of improved processing techniques
developed by their research and develop-
ment engineers, and new manufacturing
facilities, the units have an extended shelf
life.

Radio Alarm Clock

The addition of a new radio alarm
clock to its line of timing motors and de-
vices has been announced by The Haydon
Manufacturing Co., Inc., of Torrington,
Connecticut.

The new design is a combination clock
and control for mounting on panels. The
clock is complete with hour, minute, and
sweep-type second hands. It has a three-
position switch for turning the radio “on,”
“off,” or for setting the radio to turn “on”
at a preselected time, as indicated by a red
alarm hand. The manufacturer states that
the clock may be mounted in any position
and that no shielding is required to prevent
interference with radio reception.

When in the “alarm” position the
length of radio play is limited to one hour
and fifteen minutes. The user may there-
fore leave the radio without turning it off.

All controls for this device are grouped
at the base of the clock. The unit can be
supplied with or without cord or plug and
in finishes to the buyer's specification, in
production quantities only.

(Continued on page 40A4)
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BUT it's simpler to design the
radio around the battery!

HERE’S an “Eveready” battery available for

virtually any portable radio design—so why not
do your designing the easy way—by using compact,
long-lasting “Eveready” batteries as the starting
point? “Eveready” radio batteries give your portables
added utility. They provide longer life between
battery changes. Replacements available everywhere
... easy for the user to obtain.

Call on our Battery Engineering Department for
complete data on “Eveready” batteries.

The registered trade-marks “"Eveready”’
and “'Mini-Max’ distinguish products of

NATIONAL CARBON COMPANY, INC.

Unit of Union Carbide and Carbon Corporation

@® The No. 753 “Eveready” “A-B”
battery pack provides plenty of power

TRADE-MARK for compact “‘pickup’’ portables, Send
30 East 42nd Street, New York 17, N. Y. RADIO BATTERIES for Batcery Engineering Bulletin No. 2

which gives complete details.
Ditision Sales Offices: Atlanta, Chicago, Dallas, Kansas City, New York. Pittsburgh, San Francisco

PROCEEDINGS OF THE LR.E September, 1948 254
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If Recorders came s

-

with Mileage Meters...

Presto 6N would be M/ZES AHEFAD

Yes, day after day and year after year over 3,000 Presto 6N

recorders are hard at work in broadcasting stations, recording studios,

educational institutions and government agencies throughout the world.

6N recorders purchased ten years ago are performing as well today
as when they were new. This outstanding record of the 6N recorder
in action is proof again that Presto design is built for hard, continuous

duty and Presto materials are the finest obtainable.

So when you're looking for a new recorder, remember: By actual

test the best recorder for the most people is Old Faithful, the Presto 6N.

Sﬁ@ RECOROING CDRPDRATIDN, Paramus, New Jersey * Moailing Address: P. O. Bax 500, Hockensack, N. J.

In Canada: WALTER P. DOWNS, Ltd., Dominian Sq. Bldg., Mantreal

World’s largest manufacturer of instantaneous sound recording equipment and discs
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in assemblies that must stand the gaff...day-in-
and-day-out . . . for months and years to come:

The

:f.
R

THE SUPERIOR CAPACITOR

In several sizes. This size

1%" long by 2" diameter.

|k

INSTRUMENTS BROADCASTING

AIRCRAFT

SOUND SYSTEMS HOME RADIO

TELEVISION

Minimizes costly
servicecalls. Shows
greater profit on
usual maintenance
deals.

MILITARY

Roughest hsndling
without failure.
Withstands chi-
matic conditions

AUTO RADIO

Unaffected by
temperatures from
sub-zero to 212>
F. Nothing to meit.
Humidity-proof.

No “‘noise’” trou-
bles due to mois-
ture penetration
and electrical leak-
age. Dependabte.

No shelf detenora-
tion.Canbestocked
well ahead of use,
yet reman “fresh™”
and reliable.

Greatestfreedom
from component.
breakdown trou-
bles and ‘‘off-the-
air”’ spells.

Smaller than usual
papercapacitors.
Contribute to more
compact chassis.
Build good will.

Withstand wide
temperature rang-
es,varyingairpres-
sures, vibration,
shock.

PROCEEDINGS OF THE LR.E.

® Componentbzeakdown insurance. That's precisely
why assemblies that must stand up —regardless of
humidity. heat, cold, mechanical or electrical abuse—
are !{eaturing Duranite capacitors.
Duranite means- different. Not just another plastic
tubular. Not just an improvement over previous paper
tubulars. Durarite stands for an entirely new concept

of the capacitor art— new impregnant, Aerclene, doing
the work of both wax and oil; new casing material,
Duranite, providing rock-hard, non-varying, impervi-
ous sealing throughout; new processing methods in-
suring quality with economy. You will never know
how dependable radio-electronic components can be
until you have tried Duranite capacitors.

e Write on your business letterhead for samples. Detailed
literature on request. Let us quote on your requirements.

FOR RADIO-ELECTRONIC AND
INDUSTRIAL APPLICATIONS

"BEDFOR

ROVOX CORPORATION, NE

- o ey
P“"SALES OFFICES |
! 1ess 3

Cable: ¢

September, 1948




Kollsman offers additional AC units for
remote indication or control applications

SYNCHRONOUS
MOTORS —for tim-
ing applications
where variable
loads stay in exact
synchronism with constant or variable frequency source.
Synchronous power output up to 1/100 H.P.

SYNCHRONOUS
DIFFERENTIAL
UNITS—electro-
mechanical error
detector with me-
chanical output for
use in position or
speed contro!l servo
systems. Also a torque-producing
half speed synchroscope. Small com-
bination unit with two variable fre-
quency synchronous motors and differential gearing.

Nij — No

2

Output: Speed = ; torque up to 1.0 oz/in.

DRAG CUP MOTORS — minija-
ture 2-phase motors with high
torque/inertia ratio and ex-
tremely fast stopping, starting
and reversal characteristics.
Suitable for many special ap-
plications requiring torque of
0.4 oz/in. or less.

MOTOR DRIVEN IN-
DUCTION GENERAT-
ORS — combination
of a 2-phase, high-
torque, low-inertia
induction motor and
an induction gener-
ator. Used as a fast
reversing servo motor. Available with maximum stall
torques of 1.0 (unit shown) to 6.7 (other units) oz/in.

TELETORQUE UNITS

-precision built
selsyn type units
for remote indica-
tion. Accurate to
*+1 degree. Actu-
ated by units pro-
ducing as little as
4 gr/cm of torque.

GEARED INDUCTION
MOTORS ~miniature
2-phase servo motors
with gear reducer. De-
sirable motor features:
Maximum torque at
stall with low wattage
inputand high torque/
inertia ratio. Gear re-
ducer conservatively rated at 25 oz/in. Maximum torque
with gear ratios from 5:1 to 75,000:1 available.

B ccause of their high responsiveness and precision, Kollsman Special Purpose Motors are particularly
suited to systems requiring extremely accurate remote indication or positive electronic control. The
units shown above are only representative of a complete line which includes many similar units in
various voltages and frequencies. Among them, the instrumentation or control engineer will find,
in many instances, the device that fills his specifications exactly.

Reliable performance, light weight and compact size are characteristics of the entire line. In each
unit is to be found the same ingenuity of design and care in manufacture that has for twenty years
made Kollsman the outstanding leader in the field of aircraft instrumentation.

For full information on any or all of these Special Purpose Motors, write to: Kollsman Instrument
Division, Square D Company, 80-08 45th Avenue, Elmhurst, N. Y.

KOLLSMAN INSTRUMENT DIVISION

COMPRNY

GLENDALE, CALIFORNIA

SOUARE )

ELMHURST, NEW YORK

PROCLEEDINGS OF THE I.R.E
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THESE ARE IMPORTANT FACTORS of sound high-power FM

operation . . . proven important in over one year of operation

by station KSBR, Mt. Diablo, California, 100.5-Mc., channel 263,

effective radiated power 250,000 watts,

1) Overall power consumption is under 90 kw.

2) Equipment is of compact design.

3) Power tubes have highly efficient thoriated tungsten filaments.

4) Tube servicing is possible without special tools, equipment,
and training.

5) Yacuum tube components are capable of supplying sufficient
output without being run at maximum ratings.

6) 50 kw. final is driven directly by the 10 kw. stage.

7) Air cooled. 3, 10, and 50 kw. stages only require the output
of a single blower driven by a | h. p. motor.

Follow the Leaders to

The Power for FM

And they are made possible because of one component . . .
the Eimac multiunit triode, type 3X12500A3. A pair of these
tubes (as grounded grid amplifiers) are capable of providing
over 50 kw. of useful output power with but 10 kw. of drive.
The lineup of KSBR equipment and operational dats, below,
further illustrates advantages inherent to equipment designed
around the 3X12500A3.

Analyze the vacuum-tube components in the equipment you
consider . . . be sure their design presents the highest advantage
to you. The Eimac sales department will gladly furnish names
of equipment manufacturers and engineers using Eimac tubes.
Phone, write or wire direct.

HERE’S THE KSBR LINE-UP

IPA 1PA PA
MODULATOR  Lso,d EIMAC 4X500A's |3, d EIMAC 3X2500A3's |04, | EIMAC 3X12500A3's | 5oy ..
3 kw stage 10 kw stage 50 kw stage
—A\W
4000V

OVERALL EFFICIENCY: input from OPERATING CONDITIONS

50 watts to SOKW - - - - 65% (Two Tubes)
OVERALL POWER CONSUMPTION 85KW D-C Plate Yoltage & s sl e
TOTAL FLOOR SPACE USED BY D-C Plate Current - - - - |44 amperes

EQU'PMENT - - - - 22 sq. ff. D-C Gri'd Yoltage « « « « -~ 620 volts
TUBE REPLACEMENT COST Dring. Power (Appror) - - 12 Kiawat

4X500A $97.50, 3X2500A3 $180.00, 3X12500A3 $875.00* Plate Dissipation (fotal) - - 15.4 kilowatts

*$1t5 credit for return of radiator and mechanical assembly in good
condition. $35.00 credit for return of crate in good condition,

EITEL-McCULLOUGH,

201 San Mateo Avenue, San Bruno, California

MULTI UNIT DESIGN

PROCEEDINGS OF THE LR.B. September, 1948

Plate Power liput - - - - - 57.6 kilowatts
Useful Power Output - - - - 54.4 kilowatts?
Apparent Efficiency - - - - 94 per cent

IActual power delivered to water-cooled
load. Amplifier output estimated to be 3
kw higher, due to resistance and radiation
losses between amplifier and load.

I NC.

IS ANOTHER EIMAC FIRST

rg]

A



SPECTROGRAPH USED IN SYLVANIA LABORATORIES
DETECTS MINUTE IMPURITIES IN MATERIALS

Study And Control Of Fluorescent And Emissive Materials For
Electron Tubes, Cathode Ray Tubes, Constantly Carried On

As part of Sylvania’s continuing study and re-
search in tungsten, and other materials used in
radio and television tube manufacture, the a-c
arc and spectrograph equipment shown here
detect the most minute traces of impurities.

One of the major portions of the work is
concerned with phosphors for television tubes.
Another is the control of the processing of the
emission coating sprayed on the cathodes of
radio tubes for thermionic emitters.

The photograph shows laboratory techni-
cian placing electrodes in arc chamber. Power
supply controls for a-¢ and d-c arcs are at
far right. hnage of arc is focused by collimator
lens for spectrograph at left. By study of spec-
trum photographed impurities are detected.
Control standards like this assure performance
standards of Sylvania Radio and Television
Tubes, Sylvania Electric Products Inc., Radio
Tube Division, Emporium, Pa.

SYLVANIAN ELECTRIC

RADIO TUBES; CATHODE RAY TUBES; ELECTRONIC DEVICES; FLUORESCENT LAMPS, FIXTURES. WIRING DEVICES; PHOTOLAMPS: LIGHT BULBS

30A PROCEEDINGS OF THE IR.E. September, 1948
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D=C CAPACITORS FOR

Below Zero

OPERATION?

Take advantage of the small size and light weight of
Pyranol® d-c capacitors for those applications in freez-
ing temperatures and below. No need to penalize your
designs with oversize capacitors resulting from the use
of other dielectrics.

Pyranol capacitors, as improved in recent years, are
not only suitable for operation at temperatures up to
85C, but can also be operated at temperatures down
to _40C. Throughout this wide temperature range,
the capacitance remains within plus or minus 5% of
its 25C value.

Here are some of the advantages you'll secure by
using Pyranol capacitors —styles 50 through 69 like
those pictured above—built to commercial standards:

GENERAL @) ELECTRIC
&

Industrial control

Radio filters Stroboscopic
Radar equipment
FOR Electronic equipment s ot
Freres Communicatsn Dust precipitators
P systems Radio interference
transformers Capacitor discharge L el

Fluarescent lomp welding

bollosts AND MANY OTHER APPLICATIONS

September, 1948

Flash photography

impulse generatars

e

-20 0 +20 +40 +60 +B80
Degrees Centigrode

e Size is smaller.

¢ Most commercial standard ratings can be shipped
from stock.

e Pyranol is non-flammable.

e Like other G-E small capacitors, Pyranol com-
mercial-standard capacitors are hermetically sealed in
drawn cases — hot tinned for resistance to corroston.
They use the new silicone-gasketed bushing as insur-
ance against leaks. They are all individually tested.

For specifications and details, ask for GEA-2621.
Apparatus Department, General Electric Company,
Sc/zleneclady 5 N.Y.

407-1%8

™~ i

+100

31a



RCA preferred type tubes . . . for today and tomorrow

RECEIVING TUBES

MINIATURE TYPES METAL AND OCTAL-GLASS TYPES
YOLTAGE AMPLIFIERS VOLTAGE AMPLIFIERS
Triades Pentades Triodes Pentoges

DIODE
CON. With Sharp | Remote | With - E CON.- With | Sharp | Remate DE-
VERTERS| Single Twin [[Diodes § Cutoff | Cutaff |Diode || TECTORY RECTIFIERS § VERTERS Twin (Diodes || Cutoff || Cutoff TECTORS

1RS we | 105 1183.67/8016
5V4-G*

6AGS5t | 68ASE
6AUSt 16BJS - 65C7

65L7-GT
65N7-GT,
12AU6¢t {128A6¢
12AWe

CATHODE-RAY TUBES AND CAMERA TUBES b GAS TUBES PHOTOTUBES

KINESCOPES
SCREEN OSCILLOGRAPH
SIZE || Directly TYPES YOLTAGE
Inches |f Viewed Projection Pl Screen MONOSCOPE [RTHYRATRONS || IGNITRONS|(RECTIFIERS || REGULATORS YACUUM § MULTIPLIER

28P1 5550 3825 OA2§
3KP) 5551 673 OC3/VYRI105 922 931-A
5552 816 OD3/VR150 929
5553 857-8
5uP] 866-A
869-8
8008

POWER AMPLIFIERS' AND OSCILLATORS

MAXIMUM INPUT POWER VS FREQUENCY
Values shawn are Class C Telegraphy Ratings for Continvays Commercial Service
25 50 75 1o 150

802 Pentade 25 20 16 — - —

2€26 Beam 30 30 30 30 25 =

832-A0 Beam 36 36 36 36 36 —

2€24 Beom _

807 Beam 60 60 50 40 —

8150 Beam 60 60 60 —

8025-A Triade 75 75 75 75

829.80 Beam [

826 Triade 100

812 Triade =

8N Triode —

828 Pentode —

8005 Triode 240 240 240 240 195 = —_ — — - = - wotty

5588 Triade 250 250 250 250 250 250 250 250 250 250 250 250 watts

813 Beom 360 360 360 360 300 — —_ —_ -— - — — walts

8000 Triode 500 500 500 500 400 300 — —_ i — - wotls

4-125A¢

4D21 Tetrade 500 500 500 500 500 500 500 500 425 335 -— —_ walts

6C24 Triade 1.5 1.5 14§ 1.5 1.5 1.5 1.5 1.5 - =i = W

833-A Triade 1.8 1.8 1.8 1.75 1.5 1.2 - —_ = = - o kw

7C24 Triade S5 5 5 5 5 5 5 —_ —_— — = w

802l0 Tetrade 10 10 10 10 10 10 10 10 10 10 10 kw

BB9R-A Triade 16 16 16 16 12 9.6 — — - - . kw

889-A Triade 16 16 16 16 16 14 n 8 — - — kw

892-R Triode 18 13.5 10.5 - - - - —_ s = Vo

892 Triade 30 22.5 17 _ _ -_— —_ — = = = Yw

9C25 Triade 40 40 40 40 25 25 25 —_ — -— -~ T

9C27 Triade 40 40 40 40 25 25 25 _— —_ —_ - — (]

5592 Triade 50 50 50 50 50 44 33 - —_— - -— = (&

9C22 Triode 100 91 80 70 —_ —_— —_— _ — - i — w

9cn Triade 150 150 150 105 _ —_ — —_— = P — [
t High-Transcanductance Types. * Included for televisian damper applicatians anly. The world’s mast madern tube plant . . .
©oTwin Type—Input volues per tube far push-pull aperatian. §Miniature Type. RCA, Loncasters P,
$ ICAS Rating=This type is recammended anly for applicatians of a highly inlermiltent nature. & - e A e e

THE FOUNTAINHEAD OF MODERN TUBE DEVELOPMENT IS RCA e T

TUBE DEPARTMENT

RADIO CORPORATION of AMERICA

NARRISON. N. J.
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John B. Coleman

Regional Director, 1948-1949

John B. Coleman was born in Indiana County, Pa.,
on August 29, 1899. He started in radio work as an ama-
teur in 1914. For a short time in 1917 he served as a ra-
dio operator for the Marconi Company, and in 1918 was
an instructor in the Signal Corps Air Service School for
Radio Mechanics at the Carnegie Institute of Technol-
ogy. He was also active in the Westinghouse Company’s
early development of broadcasting.

He was graduated from Carnegie Institute of Tech-
nology in 1923 with the B.S. degree in electrical engi-
neering and joined the radio division of the Westing-
house Electric and Manufacturing Company, where he
was engineer in charge of radio station WBZ from 1923
to 1925; from 1925 to 1927 he conducted development
and design work on transmitters. From 1927 to 1930 he
was section engineer in charge of high-power transmitter

design, still with the Westinghouse Company.

In 1930 Mr. Coleman transferred to the engineering
department of the RCA Manufacturing Company at
Camden, N. J. He was engaged, between 1930 and
1939, in the development and design of transmitters
for broadcasting and commercial and Navy communica-
tions. Through the years 1939 to 1945 he was chief
engineer of the Special Apparatus Engineering Depart-
ment, and in 1945 was appointed assistant director of
engineering for the RCA Victor Division of RCA.

Mr. Coleman joined the IRE as an Associate in
1925, became a Member in 1938, and Senior Member in
1945. He was Chairman of the Philadelphia Section in
1942. He is a member of the AIEE, the American
Society of Naval Engineers, the Army Ordnance Asso-
ciation, Tau Beta Pi, and Eta Kappa Nu.
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Older concepts rigidly restricted the thoughts and activities of the engineer to strictly technical
matters. The mode of utilization of the products of his skill, their suitability to social needs, and |
whalt might be termed the engineer's adaptation to social environments, were matters usually
neglected.

In the following guest editorial, there are presented thoughts based on engineering skill, long
industrial and governmental experience, and a seasoned philosophy of life. The author urges en-
gincers to integrate their environmental, psychological, and technical aspects into a more useful
and humanly satisfying whole. The author is himself a Past President of The Institute of Radio
Engincers, its present Secretary, and vice-president and chief engineer of the American Cable and
Radio Corporation. His thoughtful presentation is earnestly recommended to the readers of this
journal.—The Editor.

Engineering Thinking and Human Progress

HARADEN PRATT

During these troubled days, when people’s thoughts are perplexed by the ideologic confusion
brought about by meaningless propaganda, diverse economic theories and historical teachings,
enlightened yet venal agencies of government, and scientific facts as opposed to spiritual con-
cepts, a special need arises for some means whereby all these seemingly antagonistic forces can
be woven together into a consistent pattern. For youth, with its limited experience, it must be
particularly difficult to judge the accuracy of the vast amount of information available today.
Unless young people are able to separate the wheat from the chaff, they may be guided more by
emotion than reason, and their outlook correspondingly narrowed.

The basic objective of the scientist is an unending search for truth. He constantly secks the
facts that will explain that which he cannot understand. The present-day emphasis on factual
knowledge plus the brilliant achievements of science and technology during the past few decades
have tended to further the view that all truth must be susceptible of concrete proof. This view-
point is shortsighted, limiting belief to the material, and allowing no scope for any concepts be-
yond the immediate reach of hard scientific facts.

The engineer is also an ardent searcher for truth, and the most important substance with
which he works is scientific fact. To accomplish his purpose of serving the public, however, he
must compound an alloy, and draw from fields outside his own—Ilaw, finance, politics, business
administration—to secure the necessary ingredients for his crucible. He succeeds in propor-
tion to his ability to appraise and select from these fields, and his success can, of course, be
attributed to skill in analysis. On the other hand, this approach does not debar empirical
methods per se, for the engineer should recognize that results are not measured as much by the
means by which they are accomplished as by their eventual benefit to society. Civilization has,
after all, been largely the result of learning by trial and error, and this age of industrial and
technical development has made €xtensive use of that method. The engineer thus supplements
reasoning with imagination. His methods of attack reject no suitable tools: only the nonessential
is excluded. In the heat-treating and molding of the alloy he makes, his final conclusions are
reached, and, in arriving at them, he does not neglect to weigh the moral aspect along with the
material.

Because of the enormous increase not only in technology but in public awareness of it brought
about by the last war, an increasing number of laymen without scientific or technical education
are unconsciously adopting the engincer’s outlook in many of their attitudes. This trend will
grow, and the engineering profession must help it by recognizing its responsibility to contribute
actively toward better thinking. Only through such increased perception can we build the better
leadership and firmer moral and spiritual attitudes needed to guide us away from the quicksands
that can so easily impede our progress today.
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Atomic Structure

and controls in the realm of atomic and nucleonic
tributed substantially to that division of their field,

and nucleonic field.

the information contained in papers of Type 1.

lisher is gratefully acknowledged.—The Editor.

It is the policy of The Institute of Radio Engineers, as approved by its Board of Directors, to further the
scientific and technical development of the communications and electronic field. One division of this field,
and accordingly a matter within the scope of interest of the Institute, is the use of electronic instrumentation
phenomena. The IRE membership have already con-
and will doubtless continue to do so. It is therefore ap-
propriate that these PROCEEDINGS shall, from time to time, contain the following:

1. Papers dealing with methods and equipment for electronic instrumentation and controls in the atomic

2. Explanatory papers of general and tutorial nature, dealing with the nature of the outer and inner
portions of the atom and the various interactions between atoms and portions thereof, as well as the natural
and man-induced phenomena in that segment of matter or energy.

3. More specialized papers, also of the tutorial nature, dealing with scientific, technical, and industrial
applications of available knowledge of the atom and its parts.

It is the purpose of papers of Type 1 above to communicate knowledge and to stimulate progress in the
field of the IRE. It is the purpose of papersof Types 2 and 3 above to give the readers of the PROCEEDINGS
such background knowledge in the nuclear field as will enable them more effectively to understand and apply

The constructive presentation which begins on page 1070 is the first of a series of papers of Type 2, as de-
scribed above. Succeeding papers will accordingly form a basis for the necessary knowledge of engineers work-
ing in the nucleonic field. Papers of Types 1 and 3 above will appear in later issues of the PROCEEDINGS.

The following paper and others by the same authors have been made available through the co-operation
of the authors, Ralph E. Lapp and H. L. Andrews, and of Prentice-Hall, Incorporated, publishers of a book
entitled “Nuclear Radiation Physics” by the authors of these papers. This book, which has just been pub-
lished, contains the material of these papers in chapter form. The co-operation of the authors and the pub-

INTRODUCTION
THE CONCEPT of the atom, accepted by scien-

tists from the days of ancient Greece until almost

the twentieth century, was that of a unitary in-
divisible entity. More simply, it was the so-called “bil-
liard-ball atom.” For instance, atoms of fluorine or cop-
per, according to this viewpoint, were hard spherical
minute units of these respective elements, incapable of
separation into anything else, and permanently fixed
as to their status in the universe.

Communications and electronic engineers interested
in modern atomic theory, and in the instrumentation
and control of nuclear processes, are well aware that the
simple atomic theory outlined above has been com-
pletely discarded. Instead, the splitting of the atom
into its component portions has led to the more or less
adequate identification and description of numerous new
“fundamental” particles. It has also led to a fair general
knowledge of the structure of the outer portions of the
atom, but a far less complete though suggestive knowl-
edge of the construction of the nucleus or central por-
tion of the atom. N

The subject of atomic structure is nevertheless still in
a state of partial flux. Thus, some of the information
given in this Introduction must be regarded as subject
to some later revisions. The number of “fundamental”
particles grows apace, as will be judged from the list
appearing further in this discussion. Hence the catalog
of such particles may steadily expand. Nuclear chem-
istry and physics, so to speak, promise to be complex
but fruitful branches of science and technology.

Later in this discussion references are made in some
cases to the mass of certain elementary particles, their
size, their electrical charges, and the length or brevity

of their lives. It must at once be admitted that the
“size” of these particles is a somewhat indeterminate
quantity, subject in effect to the application of the
curious Heisenberg principle of uncertainty or indeter-
minacy. Further, under certain conditions, a particle of
matter may become intrinsically a packet of waves.
It is planned that these topics shall be discussed further
in later articles of this series.

Further, in speaking of the “mass” of an elementary
particle, it should be noted that the extent to which
such mass is purely in the nature of energy, in the
electromagnetic field surrounding the particle or other-
wise, is still a subject for further investigation. It is also
well known that moving charges or bodies acquire an
increased energy as the result of their motion, and that
the magnitude of this energy increase is such that the
conclusion is reached that the “mass” of such particles
increases very rapidly at high velocities, and indeed
reaches infinity for any ponderous particle at a limiting
velocity, namely, that of light. Conversely, energy itself
may be regarded as simply one aspect or exemplification
of mass. i

It is beyond the scope of this Introduction to do more
than mention that certain elementary particles are also
found to possess a quality designated as “spin” which, in
a very general fashion, is analogous to rotary motion
and therefore gives such particles corresponding and
definite angular momenta. Further, charged particles
with finite spins may have corresponding magnetic
moments. This is perhaps to be expected, but it is more
puzzling to find that certain uncharged particles, like
the neutron, also have a magnetic moment.

For convenient reference, there may be briefly men-
tioned in this Introduction such facts as the following:
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Elementary particles, or their aggregations, canexist only
in configurations having certain definite energy levels.
Such particles or aggregations do not acquire or lose
energy continuously and smoothly; on the contrary,
they gain or lose energy only in finite amounts, known
as “quanta.” The magnitudes of these quanta are cal-
culable according to well-demonstrated laws. Further,
within the configurations made up of elementary parti-
cles there exist what are termed “potential wells.”
These are, to all intents and purposes, representations
in graphical and conveniently usable form of the energy
levels encountered in passage into or across an assembly
of elementary particles.

In addition, in the confined central portion of the
atom-—that is, its nucleus—there is evidently some sort
of “nuclear glue” which isresponsible for holding together
what would otherwise be an unstable arrangement of
particles. This stabilizing agency is known as an “ex-
change force.” The exchange forces between elementary
particles in the nucleus of an atom act in manners that
seem strange to the classical physicist, or even to his
modern successors. Yet they seem to hold together the
nucleus of the atom and, in addition, to cause rapid and
recurrent charges in the very nature or identity of the
elementary particles within the nucleus which are thus
held together as a stable assembly.

For convenience of reference there follows a partial
list of elementary units or particles, as at present
known. It must be pointed out that some of these (e.g.,
the neutrino) have not been detected as yet. Yet the
existence of the neutrino has a high degree of probabil-
ity, on the basis of energy analyses of certain nuclear
processes. There has also been included in the following
the photon, although this is usually regarded as a unit of
electromagnetic radiation (light), rather than a material
or electrical particle. Also mentioned are deuterons, and
alpha particles, even though these are well known to
consist of more than one elementary particle. Deuterons
and alpha particles do, however, play an important
part in modern atomic investigations, usually as disrup-
tive missiles. The constants are given in rationalized
nks units.

1. Electrons

Charge: 1.602 X 10~!? coulomb (negative)
Rest Mass: 9.11 X 1073 kilogram
Diameter: 5.6 X 10~'* meter

Life: Permanent.

2. Protons

Charge: 1.602X10~"® coulomb (positive)

Rest Mass: 1.673 X 10~%" kilogram (nearly
the same as that of monatomic hydro-
gen)

Diameter: 2 XX 10-!% meter

Life: Permanent outside of nucleus; pos-
sibly transformable into neutrons with-
in nucleus.

3. Alpha particles

These are helium nuclei, unaccompanied
by the usual two planetary electrons.
They accordingly consist of two protons
and two neutrons in close association.

4. Deuterons

These are heavy-hydrogen (deuterium)
nuclei, unaccompanied by the usual sin-
gle planetary electron. They therefore con-
sist of one proton and one neutron.

5. Neutrons

Charge: Zero

Rest Mass: 1.675 X 10=?" kilogram (nearly
the same as that of monatomic hydro-
gen)

Diameter: 210~ meter

Life: Approximately one-half hour out-
side of nucleus; possibly transformable
to proton within nucleus.

6. Positrons

Charge: Same as that of electron but pos-
itive

Mass: Same as that of electron

Diameter: 5.6 X10~!* meter

Life: Indefinite in free space; usually
combines speedily with free electron,
both electron and positron being “an-
nihilated” with simultaneous emission
of flash of intense radiation. The re-
verse transformation of radiation
(high-energy photons) into electron-
positron pairs also occurs.

7. Neutrinos

Charge: Zero

Rest Mass: Negligible

Diameter: Less than 0.1 that of electron
Life: Unknown.

8. Mesons (or mesotrons) of small mass

Charge: Positive or negative, assumed
equal in value to that of electron

Rest Mass: 1.8 X 10?8 kilogram (about
200 times that of the electron)

Size: Unknown

Life: About 2 microseconds.

9. Mesons of large mass

Charge: Positive or negative, assumed
equal in value to that of electron

Rest Mass: 2.9X 102 kilogram (about
300 times that of the electron)

Size: Unknown

Life: Probably 10~% second.
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10. Photons

Charge: Zero

Rest Mass: Zero (traveling at the velocity
of light in all cases)

Size: Indeterminate

Frequency: The frequency of the photon
is its energy multiplied by a constant
quantity &, which is 6.62 (10)=3 joule-
second.

The authors of the following paper have kindly pre-
pared a convenient tabulation of the above (and cer-
tain added) material (Table I1A). (This Table uses units
not of the rationalized mks system.)

As indicated above, there is some likelihood that addi-
tional “elementary” particles will be discovered from
time to time. Further, the above list may be found to
contain what are now regarded as fundamental parti-
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cles, but which will later be found to be, in fact, com-
binations of new “elementary” particles.

Even now, some 500 or more isotopes of the chemical
elements are known which are made up of some of the
above particles. Some of these elements are found in
nature, others are man-made. Some of them are es-
sentially stable, while others are radioactive.

What the future holds in the way of information con-
cerning the structure of particles is uncertain—except
that the information will doubtless be complex and
challenging. There is thus reason for much encourage-
ment in our present limited knowledge of nuclear
phenomena and elementary particles. Our present
limitations offer, as in the past, the possibility of great
progress and major scientific and technological dis-
coveries and accomplishments in the years to come.

—The Editor

TABLE 1A

Data* About Nuclear “Particles”

Name Symbol Mass!
Electron - —1e? 0.0005
Positron +e? 0 .70005
Proton H1 1.0076
Neutron or;‘ 1 .008§
Deuteron H2 2.0142
Triton s 3.0171
Alpha Particle +Het 4.0028
Gamma Ray hy Zero Rest Alasg
Neutrino on® AI;nost Zero 7

Rest Mass
Meson V x? 0.150 ;
Mesotron m 0.100

Charge? Remarks
—e Also called beta particles (8)
+e Also symbé)lized as ()
+e 7Symbol p is often used
0 Unstable with half life of the order of % hour.
+er Heavy hyt{rogen, also written ,D? A
+e The nucleus a heavy heavy hydrogen-tritium (,73).
Half life=12 yrs.
+2¢ The nucleus of a heli'm atom, symbol a particle.
o 0 7 Also called quantum or a photon or X-ray.
0 ’ Rest mass is probably a few per cent that of the
| electron
+e ] Artificially producedr by nuclear bombardment. Hali
‘ life very short ~107% seconds
+e 7 | Cosmic ray produced. H;alf life = 2.1 X 1078 seconds

* Adapted from Table 12-1, “Nuclear Radiation Physics,” R. E. Lapp and H. L. Andrews, Prentice-Hall, Inc. 1948,
! Expressed in atomic mass units. 1 Mass unit =1.6603 X 10~ gm =931.04 Mev.
2 Units are given in esu. The charge on an electron (e) is 4.80 %10~ esu.

Atomic Structure”®
R. E. LAPPT AND H. L. ANDREWSY

Summary—Data obtained from the Rutherford scattering experi-
ment are used to present a simple picture of the structure of the
atom. This picture is shown to be in agreement with the experi-
mental findings on the electrical nature of matter. On the assumption
that the particles which make up the nucleus (neucleons) are neu-

* Decimal classification: 539. Original manuscript received by
the Institute, April 26, 1948. Reprinted by special permission of, and
copyright by, Prentice-Hall, Inc., New York, N. Y., 1948.

t Research and Development Board, Washington, D. C.

} National Institute of Health, Bethesda, Md.

trons and protons, a ‘‘building-up” of the various atoms is explained
and a system of nuclear nomenclature is developed. The model of
an atom as a central nucleus of neutrons and protons surrounded by
outer shells of electrons is found to fit in with the results of many
physical and chemical experiments. In particular, the results of ex-
perimental spectroscopy yield quantitative agreement with certain
calculations made on this atomic model. Bohr’s theory of the hydro-
gen atom is developed in simple terms and the equation for energy
level in the H-atom is derived. Excitation and ionization of atoms
are described in terms of the Bohr model of the atom.
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THE RUTHERFORD SCATTERING EXPERIMENT

the years have agreed in showing that atoms have

dimensions of the order of 10~% cm, but no real
progress in determining the internal structure of atoms
was made until Rutherford carried out his scattering
studies in 1911. The experimental arrangement used by
Rutherford is sketched in Fig. 1. A stream of alpha
particles (helium atoms from which all the electrons have

THE RESULTS of many experiments throughout

Source ‘Screen

Fig. 1—The Rutherford scattering experiment. The source and foil
are fixed while the microscope and Huorescent screen rotate about
the foil.

been removed) was allowed to fall on a thin foil of gold,
silver, or other metal. The angular distribution of the
alpha particles scattered by the atoms in the foil was
determined by counting the scintillations on a zinc-
sulfide screen with a microscope.

This method of detection is based on the fact that an
alpha particle striking a material such as zinc sulfide
produces a short flash of visible light, which can be ob-
served visually by a dark-adapted eye. Luminous instru-
ment dials, which appear to emit a steady uniform
light, consist of a mixture of radium salt which emits
alpha particles and a phosphor in quantities sufficient
to produce enormous numbers of scintillations.

The angular distribution of the scattered alpha parti-
cles would be expected to depend strongly on the struc-
ture of the scattering atoms. If matter consists of closely
spaced atoms, each a sphere of about 1073-cm radius, no
alpha particles would be expected to penetrate even
thin metal foils. If each atom consists essentially of
empty space with sharply localized masses and charges,
the alpha particles should pass through thin foils with-
out difficulty.

The results of scattering experiments depend, then,
very strongly upon the structure of the scattering mate-
rial. Before 1910, the atom was conceived to be a sphere
of about 10~%-cm radius, with the mass and charges dis-
tributed rather uniformly throughout the volume.

THE RUTHERFORD MODEL

Rutherford assumed that the positive electric charge
in an atom is equal to an integral number Z times the
electronic charge, and is concentrated in a small volume
which contains most of the atomic mass. This relatively
massive nucleus mass was assumed to be surrounded by
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Z electrons, so that the atom as a whole would be elec-
trically neutral. The positively charged nucleus will re-
pel and deflect the incident alpha particles, the exact
amount of deflection depending on the initial path of the
particle (see Fig. 2).

On the assumption that the repulsive forces obeyed
the coulomb inverse-square law, Rutherford deduced

[ -4

Fig. 2—The scattering of alpha particles by a nucleus.

an expression for the number of particles scattered as a
function of the scattering angle. Experiments verified
this relationship accurately, except for particles making
almost head-on collisions with the nucleus. The experi-
ments not only confirmed the original assumptions
made by Rutherford, but also permitted an evaluation
of the atomic number Z.

For the lighter elements, Z was found to have a value
of about one-half the atomic weight, and when the ele-
ments were arranged in order of ascending Z it was found
that the arrangement almost coincided with the periodic
table proposed by Mendelyeev.

Rutherford’s work definitely shows that matter con-
sists mostly of empty space. The experimental results
indicate that the relatively massive nucleus has a diam-
eter of the order of 10~1 cm. Each electron surrounding
this nucleus has a diameter of the same order of magni-
tude. The results from experiments on the macroscopic
properties of materials agree well, and assign to the
atom as a whole a diameter of about 10~% ¢cm. This value
is one hundred thousand times the nuclear diameter, so
that the atom must be as empty, on a minute scale, as
our solar system.

The failure of the Rutherford scattering law at large
angles can be explained by a failure of the inverse-
square law at very small distances, since these alpha
particles approach nearer to the nucleus than those less
strongly scattered.

THE ELECTRICAL NATURE OF MATTER

Electrons can be liberated from matter in a number
of ways. Thermionic emission and the photoelectric ef-
fect have already been described. Electrons always have
the same properties, regardless of their origin. For exam-
ple, the same value of specific charge e/m results when
the measured values of m are corrected for variations in
m with velocity. These negatively charged particles ap-
pear, therefore, to be elementary constituents of matter.
They are fundamental particles, because no smaller
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quantity of negative electricity has ever been observed.

When an electric current passes through a gas at low
pressure, the free electrons move with high velocities
toward the positively charged anode. Because most of
these electrons originate near the cathode, they are fre-
quently called cathode rays. In addition, a stream of
heavy, positively charged particles will move toward
the cathode (see Fig. 3). If a small hole or “canal” is

High voltoge I
+ -

Fig. 3—A gas discharge tube. The canal rays or positive rays pass
through a small hole in the cathode and impinge on the end of the
glass tube.

bored in the cathode, some of these particles will stream
through the aperture and will impinge on the end of the
glass tube. Their presence can be demonstrated by the
visible fluorescence of the glass. In a dark room the
path of the positive rays, or canal rays, as they are some-
times called, is faintly visible behind the cathode as a
glow whose color is characteristic of the gas in the tube.
This stream of positive rays can be deflected by either
electric or magnetic fields and hence must carry an elec-
tric charge.

It is evident that the originally neutral gas molecules
are capable of separation into positively and negatively
charged components, which are then accelerated in op-
posite direction by the electric field, thus forming the
canal rays and cathode rays. When the discharge tube is
filled with hydrogen gas, which has the lowest molecular
weight of any element, the hydrogen molecule (H,) is
found to break up into two positively charged particles
(H*), which are called protons. The specific charge, e/m,
can be measured from electric and magnetic deflections,
and, since the charge e can be measured independently,
the mass m can be determined. The mass is found to be
1.681 X10~% grams, or about 1840 times the mass of the
electren. The charge of 1.60 X 10~® coulombs is equal in
magnitude and opposite in sign to the charge carried by
an electron.

Although many ‘exhaustive experiments have ‘been
carried -out with hydrogen, no more than one electron
has been found associated with one proton. This evi-
dence shows that the hydrogen atom contains only two
components—one proton and one electron. The follow-
ing discussion of the atomic structure of hydrogen is
based upon this fact.

THE SIMPLEST ATOMS

Until the early 1930's, helium, about four times
heavier than hydrogen, was thought to be the next
lightest atom. However, Urey and his collaborators dis-
covered a rare form of hydrogen that proved to be twice
as heavy as ordinary hydrogen. Since it was discovered
in the form of water, the discoverers called it “heavy
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water.” Ordinary water has the chemical formula H,0,
whereas heavy water is often written as D0, which in-
dicates that the heavy-water molecule is made up of one
oxygen atom and two heavy hydrogen atoms. The sym-
bol D stands for deuterium, which is the technical name
given to heavy hydrogen. The deuterium atom is chem-
ically identical with the hydrogen atom.

Since the H-atom is composed of one proton and one
electron, it might be logical to assume that the D-atom,
which is twice as heavy, would be made up of two pro-
tons and two electrons. However, it is known experi-
mentally that the deuterium atom contains only 1 elec-
tron and 1 proton. Furthermore, the exact weight of the
deuterium atom is not quite consistent with the assump-
tion that the nucleus contains two protons. This incon-
sistency perplexed the physicist until the discovery of a
neutral particle of almost the same mass as the proton.
This new particle, the neutron, formed the key to the
riddle of the structure of deuterium, as well as to that of
all other elements.

Prior to the discovery of the neutron, physicists con-
ceived of the deuterium nucleus, or atomic core, as be-
ing made up of 2 protons and 1 electron; the electron in-
side the nucleus was postulated in order to leave a single
positive charge on the nucleus, for the negative electron
would neutralize the charge of one of the protons. How-
ever, conclusive evidence showed that it is not possible
for electrons to exist as separate enties within the nu-
cleus.

With the discovery of the neutron, the deuterium
atom was assumed to consist of a nucleus of 1 neutron
and 1 proton. This assumption has been justified by
the corrections of the results predicted for many nuclear
experiments. These two elementary particles can be used
to build up the nuclei of all heavier elements, such as
helium, lithium, beryllium, iron, lead, and uranium.

Before proceeding to a discussion of the heavier ele-
ments, we will greatly simplify our discussion by in-
troducing a consistent set of definitions and symbols, as
follows:

Z =atomic number, the number of protons in the nu-
cleus of an atom. An atom of atomic number Z
has Z elementary positive charges in its nucleus
and Z electrons outside the nucleus

A =mass number, the sum of all neutrons and protons
in the nucleus of an atom

N =neutron number, the number of neutrons con-
tained in the nucleus of an atom

n=the symbol for the neutron

p=the symbol for the proton

e =the symbol for the electron

Nucleon=a word that refers to either nuclear con-

stituent, the neutron or the proton

Isotopes =two nuclei having the same number of

protons but different numbers of neutrons.

In writing the formula for any isotope, the following
form will be followed:
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(symbol of element)4 or z(symbol of element)4.
Thus the form would be: for normal hydrogen, ,H;; for
heavy hydrogen, 1H? or \D?; for normal helium, ;Het;
for uranium-235, U%%; and so on. Strictly speaking, we
need not include the subscript, since its value is fixed
when the name of the element is given. The subscript
is convenient for balancing nuclear transformation equa-
tions, and for this reason will be given frequently.

THE PERIODIC SYSTEM

Among the many elements, there are certain ones that
bear remarkable relationships to one another in their
physical and chemical characteristics. This relationship
is particularly striking in the case of the alkaline-earth
metals, Be, Mg, Ca, Sr, Ba, and Ra, all of which show
remarkable similarities. All have the same chemical va-
lence, are metallic, have low density, exhibit similar
atomic spectra, and possess other similar physical char-
acteristics.

Mendelyeev arranged the elements in a series of
groups as shown in Table I. Such an arrangement is
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known as a periodic table of elements. Elements in any
one of the vertical groups are chemically related. In the
table, the number following the chemical symbol for the
element gives the atomic weight of the element, and the
lowest number in each box indicates the atomic number
of the element.

Examination of any group in the periodic table reveals
that the differences between the atomic numbers of con-
secutive members of a group follow a pattern—8, 8,
18, 18, 32. The electrons in an atom determine its chem-
ical characteristics; hence, this regularity suggests that
there is a building-up pattern followed by the electrons
in the elements. The building-up principle requires that
the electrons group themselves in discrete shells about
the nucleus. Each shell has an upper limit to the num-
ber of electrons that it can hold. The elements having
complete electron shells form the series of noble gases,
which are characterized by their failure to enter into any
chemical combinations.

All matter is composed of the three elementary parti-
cles: neutrons, protons, and electrons. Different chem-

TABLE 1
PERIODIC ARRANGEMENT OF THE ELEMENTS

Group IV Grou

v Group VI

. | Group 1 Group 11 Group 111 P Group VII |
Series | Period)  Group \ % | RO, | RH. "RO: | RH: ROs | RHy RO: | RH ROr EVIL
| | | ‘ | | |
0
| | | | |
Hydrogen | | ! |
1 H=1,0078 I
No. 1 l { I
Helium Lithium Beryllium Boron Carbon Nitrogen Oxygen Fluorine
2 1 He. =4,002 Li=6.940 Be. =9.02 B =10.82 C =12.00 N =14.008 0 =16.000 F =19.00
0.2 No. 3 No. 4 No. § No. 6 No. 7 No. 8 No. 9
| Neon | Sodium Magnesgium | Aluminum Silicon Phosphorus Sulfur Chlorine |
3 2 Ne. =20.183 | Na =22,997 | Mg. =24.32 Al =26.97 Si =28.06 P =31.02 S =32.06 C1 =35.457
No. 10 No. 11 No. 12 No. 13 No. 14 No. 1§ No. 16 No. 17 [
Argon Potassium Calcium Scandium Titanium Vanadium | Chromium | Manganese | Iron Cobalt Nickel
4 A. =39.944 K. =39.10 Ca. =40.08 Sc. =45.10 Ti =47.90 V =50.95 Cr=52.01 Mn=5493 | Fe=5584 | Co=5894 | Ni=58.69
No. 18 No. 19 No. 20 No. 2t No. 22 No. 23 No. 24 No. 25 No. 26 No. 27 No. 28
3
[ Copper Zinc ' Gallium Germanium Arsenic Selenium Bromine
5 | Cu =63.57 Zn. =65.38 Ga =69.72 Ge, =72.60 A8 =74.93 Se =79.2 Br =79.916
| | No. 29 No.30 | No.31 No. 32 No. 33 No. 34 No. 35
| Krypton Rubidium Strontium Yttrium Zirconium | Columbium | Molybdenum| Masurium | Ruthenium | Rhodium | Palladium
6 Kr. =82.9 Rb, =85.44 | Sr. =87.63 Y =88.92 Zr. =91.22 Cb =93.3 Mo. =96.0 Ma=? Ru=101.7 | Rh=102.91| Pd =106.7
| ( No. 36 No. 37 No. 38 No. 39 No. 40 No. 41 No. 42 No. 43 No. 44 No. 45 | No. 46
7 !
Silver Cadmium Indium Tin Antimony Tellurium Iodine
7 | Ag. =107.880 Cd. =112.41 In=114.8 | Sn.=118.70 | Sb=121.76 Te=127.5 1 =126.932 ‘
[ No. 47 No. 48 No. 49 No. 50 No. 51 No. 52 No. 53 { |
' Xenon Caesium Barflum | Lanthanum | Cerium i
8 Xe.=130.2 | Cs=132.81 | Ba.=137.36 | La=138.90 | Ce =140.13
. No. 54 No. 5§ No. 56 No. 57 No. 58 ‘
9 ‘ |
Hafnium Tantalum Tungsten Rhenium | Osmium Iridium ] Platinum
10 Hf =178.6 Ta, =181.4 W =184.0 | Re, =186.31 | Os.=190.8 | Ir.=193.1 | Pt.=195,23
s No. 72 No. 73 No. 74 No. 75 l No. 76 | No.77 No. 78
Gold Mercury Thallium Lead Bismuth Polonium Alabamine
11 Au=197.2 | Hg=200.61 | Tl1=204.39 | Pb=207.22 | Bi. =209.00 | Po. =209.99 m, =?
No. 79 No. 80 No. 81 No. 82 No. 83 No. 84 No. 85 |
Radon Virginium Radium Actinium Thorium Protoac- Uranium No. 93 | ‘
12 7 Rn =222 Va=? Ra =225.97 | Ac=227.02 | Th=232.12 tinium U=238.14 i
No. 86 No. 87 No. 88 No. 89 No. 90 Pa, =231.03 No. 92
No. 91 | |
ELEMENTS NOT CLASSIFIED IN THE TABLE ABOVE NEew ELEMENTS
Praseodymium  Neodymium Tiinium Samarium Europium Gadolinium Terbium Note: The following elements have been dis-
Pr. =140.92 Nd. =144.27 Il =146.(?) Sm. =150.43 Eu. =152.0 Gd. =157.3 Tb. =195.2 covered in conjunction with the work of
No. 59 No. 60 No. 61 No. 62 No. 63 No. 64 No. 65 the Manhattan District:
Dysprosium Holmium Erbium Thulium Ytterbium Lutecium Neptunium, Np, At. No. 93, At. Wt. 239
Dy. =162.46 Ho. =163.5 Er. =167.84 Tm. =169.4 Yb. =173.5 Lu. =175.0 Plutonium, Pu, At. No. 94, At. Wt, 239
No. 66 No. 67 No. 68 No. 69 No. 70 No. 71 Americium, Am., At. No. 95

Curium, Cm, At. No. 96
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ical elements result from different numbers of protons
in the nucleus because there must be an equal number
of electrons outside the nucleus to make an electrically
neutral atom. With a constant number of nuclear pro-
tons the chemical behavior will be independent of the
number of nuclear neutrons, since each of these isotopes
will possess the same number of extranuclear electrons.

AToMICc SPECTRA AND ENERGY LEVELS

Each element emits a characteristic optical spectrum
which is so specific that one can use it as a means of
identifying the elements. For example, hydrogen gas,
when electrically excited in a discharge tube, will emit
radiation that can be dispersed by a prism or diffraction
grating into a number of sharp lines (see Fig. 4). These
lines form the atomic or line spectrum of hydrogen.

|

”, H, H,

—4861.3
—14340.5
—4101.7

a Iip

Fig. 4—Emission spectrum of the hydrogen atom in the visible and
near ultraviolet region (Balmer series, Herzberg (41)). H,, gives
the theoretical position of the series limit.

It was found empirically that some of the spectrum
lines formed a series whose wavelength is given by the
relation

1 1 1
— = R[ — ] where M =
A 2 M?

The quantity 1/X is the wave number 7 (§1.03). R is
known as the Rydberg constant and has a value of
109,677 cm™'. Most of the lines described by (1) lie in
the visible region of the spectrum and are known as the
Balmer series.

In the ultraviolet region of the hydrogen spectrum
there is a second group of lines called the Lyman series.
The wavelength of the components of this series are
given by

1 1 1
— = R[——-———] where M =

3,4,5,--- (1

2,3,4,- 2

A 12 M?
Other series of lines, all in the infrared, are recognized,
and in each case the wavelengths are given by expres-
sions having the form of (1) and (2) with different values
of the denominators inside the brackets.

The wavelengths and wave numbers of the lines in the
various series have been measured with great accuracy.
Some of the values for the Balmer and Lyman series
are given in Table II.

PROCEEDINGS OF THE I.R.E.
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TABLE 11
BALMER AND LYMAN SERIES WAVELENGTHS AND WAVE NUMBERS
Balmar Series Lyman Series
A (A) l 7 (em™Y) A (A) 7 (cm™Y)
6562.2 (Hs) | 15,233 1215 82,258
4861.3 20,264 1026 97,482
4340.5 23,032 972 102,823
4101.7 24,373 950 105,290
Series Limit 7
27,419 911

109,677

If we substitute M =3 in (1), we find that the wave
number of H, is 15,233, in agreement with the value
listed in column 2 of Table II. When M = « is substi-
tuted in (1), the wave number of the limit of the Balmer
series is obtained.

Instead of using the empirical equations, a new type
of scheme can be employed to illustrate a fundamental
principle of atomic spectra. The wave numbers of the
series limits given in Table II have been plotted in
Fig. 5, putting the Lyman-series limit value of 109,677
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Fig. 5—Energy-level diagram of the H atom (Grotrian (8)).
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cm~! as the lowest line and the Balmer-series limit as
the next line. Similarly, the series limits for the succeed-
ing series in the hydrogen spectrum are located on suc-
ceeding lines in order of decreasing magnitude upward
from the lowest level. The difference between wave
numbers corresponding to the level M’'=1and M’'=2is
109,677 —27,419=82,258, which is the wave number of
the first line in the Lyman series. Note that the value of
M’ corresponds to the constants in the first term of (1)
and (2). In Fig. 5 the vertical lines indicate transitions
from one level to another, and represent graphically the
arithmetical calculation just carried out. In words, this
principle can be stated as follows: For the spectrum of
any atom, there always exists a series of wave numbers
(term values), differences between which yield the wave
number of the observed spectrum lines. This rule is
known as the Ritz Combination Law. Tables used in
connection with it, such as Table I, are called term
tables. The principle signifies that every atom has defi-
nite energy levels. Transitions within the atom from one
energy level to another result in the emission or absorp-
tion of a spectrum line of a characteristic wave number
determined by the difference between the energy levels.

Not all atoms emit a spectrum as simple as that of
hydrogen; nor, indeed, is the hydrogen spectrum really
as simple as has been described. Fig. 6 shows a sodium

544
1

—2594

N 3]
I I

Fig. 6—Absorption spectrum of the Na atom (Kuhn (42)). The spec-
trogram gives only the short wavelength part, starting with the
fifth line of the principal series. The lines appear as bright lines
onlaa dark, continuous background, just as on the photographic
plate.

absorption spectrum, each line of which is really a
doublet instead of a single line. In general, the heavier
elements emit correspondingly more complex spectra.
Iron, for example, emits over 10,000 separate lines,
many of which have been carefully measured and cata-
loged.
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THE Bonr AToM

The Rutherford concept of the hydrogen atom as a
proton-electron system serves to explain the scattering
of alpha particles, but it does not account for the stabil-
ity of the system or for the emission of sharp and discrete
spectral lines. Between the proton and the electron there
is an attractive force given by

4192
2

F =
r
where in this case g =gz2=e. If the electron were at rest,
it would be pulled into the proton by this coulomb
force. The electron must therefore be in a continuous
state of motion, and must experience a central accelera-
tion. From classical electrodynamics, an accelerated
electric charge should radiate energy, and hence the
clectron would quickly spiral into the nucleus after
producing a continuum of protons. Thus in the classical
picture there was no explanation of the stability of the
hydrogen atom or of the emission of discrete line spectra.
In 1913 the Danish scientist, Niels Bohr, proposed a
solution to this difficult problem by applying Planck’s
quantum hypothesis to an atomic system. Planck as-
sumed that electromagnetic energy is emitted in quanta
of energy E given by the relation

E = h. 3)

Bohr saw the relation between the Ritz combination
principle and Planck’s equation, and proposed the rela-
tion

hy = Ez - El (4)

where

v=is the frequency of the emitted electromagnetic
radiation
E;=is the initial energy of the atom (prior to emis-
sion)
E,=is the final energy of the atom (after emission).

Since \v =¢, where ¢ is the velocity of light, this equation
can be written

E, E
re /A= 22 ()
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Fig. 7—More complex atomic spectra shown above are two emission spectra (bright line) taken of an iron arc. Bracketed by the ion
comparison spectra is the absorption (dark line) spectrum of the sun. Only a portion (100 angstrom units) of the spectrum is illus-

trated.
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From (§) it is clear that the values of a term in an
atomic-term table are equal to the energy of a state of an
atom multiplied by the constant factor 1/kc. Analyti-
cally, the energy of an atomic state E is given by the
relation

5 he ©)
Y

Equation (6) is equivalent to stating that there exists,
for every atom, a set of discrete stationary states, each
having a definite energy value. Radiation is emitted
from an atom only when it changes from one stationary
state to another; this transition results in radiation of
wave number given by (5). We should emphasize that,
while the atom is in a stalionary state, no radiation is
emitted. This result is, however, contrary to the predic-
tions of classical theory.

According to the Bohr picture, the simple hydrogen
atom should appear as in Fig. 8. The electron revolves
about the nucleus, which is assumed to be stationary,
in discrete orbits corresponding to the stationary states

n=3
n=4

Fig. 8—The Bohr model of the hydrogen atom. The electron is in its
lowest stationary state. The relative orbital radii are as shown
but the proton and electron have been enlarged relatively about
10% times.

of the atom. Bohr further assumed that these stationary
states are such that the momentum of the electron my
is quantized (restricted) to certain integral multiple
values of h/2xwr.

The first condition is fulfilled if the force required to
accelerate the electron in its orbit (mu?/r) is balanced
by the electrostatic (coulomb) forces between the two
particles. Therefore,

ny:  e?

— = (7
r r

The second condition may be stated as
nh
nor = — (8)
™
where
n=1,2234.--..

Using these relations we can calculate the total energy
of an electron in one of its orbits. This calculation is
sketched as follows: The total energy of the electron is
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equal to its kinetic plus its potential energy, and ele-
mentary electrostatic theory shows that the potential
energy of a charge e distant r from an equal charge of
opposite sign is — (e?/r). Then

e2

E=3im?—- —. 9)

r

Substituting from (7) and (8), we find that

27 imet
E=—

prws (10)

The fact that the energy is negative follows from the
fact that energy of the electron far removed from the
atom (that is, at infinity) is taken as zero. Since the force
between the particles is attractive, work is done by the
system in bringing the electron toward the atom; and
hence the energy of the atom will be negative. The
energy will have a different value for each value of =
which corresponds to a different electron orbit in the
atom.

By (4), the frequency of the radiation emitted when
an electron falls from orbit #, to n, is

E, — E,, 2n%né [ 1 1 ]
v = = P, .
. h h?® n,? nq?

Equation (11) is exactly the form of the empirical rela-
tion for the Balmer series (1) if #,=2 and if the Rydberg
constant is taken as

(11)

27met

B ch®

(12)

All values on the right-hand side of (12) are known,
and R can be calculated. When R is calculated, the re-
sult is in excellent agreement with the experimental
value. This agreement furnishes a remarkable confirma-
tion of the Bohr theory.

The mechanism of the emission of spectral lines re-
quires that initially the electron be in one of the upper
energy states (n=2, 3,4, - - - ). This state has a greater
energy content than the ground state (n=1), and the
electron will return to the ground state either in one
step or in a series of transitions through intermediate
stationary states. The energy liberated by each transi-
tion toa lower state appears as a photon of the appropri-
ate energy and frequency.

ExciTaTioN AND IONIZATION

Normally, the electron in the hydrogen atom is in the
ground state. In order to raise this electron to higher
orbits farther away from the nucleus, energy must be
supplied to the system. This energy is normally supplied
by means of collisions with other atoms or electrons. The
removal of an electron from an atom is known as ioniza-
tion, and the resulting atom is said to be ionized. We
can easily calculate how much energy must be supplied

to the H-atom to completely remove the electron from
it.
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Illustrative Example

To calculate the ionization energy of hydrogen, #n,,
corresponding to the final state, is set equal to infinity in

(11). Then
Zrzme‘[l 1 ]
E = o
ha 12 o0 2

2x*me*

it

When the values of the constants are substituted,

E=22X10"erg
= 135 ev.

The energy required to remove the electron from the
H-atom can be measured and is found to check very
closely with this calculated value. The potential neces-
sary to ionize any atom is known as the tonization po-
tential. *

The experiment to determine the value of the ioniza-
tion potential in hydrogen consists of shooting a beam of
electrons of known energy (voltage) into a tube contain-
ing hydrogen gas at low pressure. If the bombarding
electrons have high enough energy they will cause the
characteristic spectrum lines to be emitted from the gas,
and these lines can be observed with a spectroscope. As
the energy of the beam is dropped below 13.5 ev, ioniza-
tion ceases, but inelastic collisions between the incident
electrons and hydrogen atoms occur and give rise to ex-
citations of different series, and, indeed, of different lines
in these series. This potential necessary to cause emis-
sion of a characteristic line in, say, the Lyman series is
called the excitation potential for these lines.

Atomic spectra can be excited in many ways other
than in a gaseous discharge tube. Commonly used meth-
ods are the carbon arc, the electric spark, and the hot
flame.

In the heavier elements, it can be shown that the
emission of ultraviolet, visible, and some infrared radia-
tion is the result of transitions involving only the outer-
most electrons. Such radiations are completely inde-
pendent of the inner electrons.

As the energy that is inelastically imparted to an atom
increases, it is obvious from the relation E=hv=hc/\
that the wavelength of the most energetic radiation
which can be emitted decreases. Thus, if E is very small,
the wavelengths that can be excited may be in the far
infrared. Then, as E increases, the wavelength decreases,
passing through the visible region and down into the
ultraviolet. Through the use of special techniques,
atomic spectral lines as short as 100 Angstroms can be
observed. Radiations much shorter than 100 A are usu-
ally known as X rays and are characteristically pro-
duced in special electron tubes.
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APPENDIX!
FUNDAMENTALS OF WAVES AND RADIATION
Properties of Waves

It is easy to visualize the transmission of energy by
moving particles that can give up their kinetic energyv
upon collision with stationary targets. Less obvious, but
equally important, is the transfer of energy by wave mo-
tions. All of the sun’s energy reaching the earth is trans-
mitted by electromagnetic waves; all audible sounds
are transmitted by sound waves; and some of the great-
est radiation hazards arise from short-wavelength elec-
tromagnetic waves.

The general concept of wave transmission is simple.
Some type of transmitter vibrates and sets up stresses
in the surrounding medium. The medium, in attempting
to return to its original unstressed state, propagates the
stresses that travel out from the source and act on some
suitable receiver. Thus, when human vocal cords vi-
brate, a succession of pressure impulses is applied to
the surrounding air. Pressure above and below normal
exist and are transmitted by each volume of air to the
volume immediately beyond. The pressure variations
travel out from the source and, upon striking an ear-
drum, set up vibrations that one interprets as sound.

It should be noticed that the medium transmitting
the waves does not move from source to receiver. A dis-
turbance of the medium does travel, but the medium it-
self does not move appreciably. A stone thrown into a
quiet pool will produce a series of waves that spread out
in concentric circles from the source of the disturbance.
A cork floating on the surface bobs up and down as the
waves pass, but it does not move outward from the
source as it would if there were an actual outward flow of
water.

The most obvious property of a wave is its frequency,
or number of vibrations per second, denoted by the let-
ter ». Frequency is really to be associated with the source
of the disturbance, since the wave is merely the trans-

.mission of the disturbance. The frequency of the wave is,

of course, the same as the frequency of the source. It is
sometimes more convenient to use the time of one vibra-
tion 7', known as the period, instead of the frequency.
The two are related by

(13)

Since a wave is propagated, there will be a velocity
associated with the wave motion. The velocity is a
property of the medium and not of the source, for once
the disturbance has been transmitted to the medium it
is independent of the behavior of source. In a’ given
medium a wave motion will be propagated only with
its characteristic velocity. This behavior is in sharp con-

! Arranged from portions of “Nuclear Radiation Physics,” by
R. E. Lapp and H. L. Andrews, Prentice-Hall, Inc., New York, N. Y.,
1948.
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trast to the motion of particles, whose velocities depend
upon their energies.

If a source is vibrating steadily with a frequency v
and the velocity of wave propagation is ¢, at the end of
1 second there will be » waves spread over a distance ¢
in space. One wave will occupy a distance N\, where

) .
A=
14

The distance N, or wavelength, is the shortest distance
between consecutive similar points on the wave train.
Thus it is the distance between consecutive crests or
peaks, or consecutive troughs (see Fig. 9). Spectrosco-
pists frequently specify a wave by the wave number 1 or
the number of waves occupying one centimeter,

(15)

Fig. 9 illustrates another characteristic of wave mo-
tion; its amplitude, 4. If 00’ represents the undis-

f——A—

———r—

Fig. 9—The fundamental relation existing in a wave motion. The
figure shows the spatial conditions at a given instant.

turbed position of the medium, the amplitude is the
distance from this undisturbed position to a point of
maximum displacement. As might be expected, the
amplitude is closely related to the energy carried by the
wave.

If a source starts a wave motion in the surrounding

4

Fig. 10—The relations between wavefronts and rays. The lower
curve is a vertical cross section through the ray R'.
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medium, the waves will, in general, spread out uni-
formly in all directions. Consider again the case of a
stone thrown into a quiet pool. If, at some later time,
an instantaneous photograph is taken of the water, a
series of concentric rings of maximum upward displace-
ment (crests) will be observed, and in between these
there will be a series of concentric rings of maximum
downward displacement (troughs). Each circle drawn
through points having the same displacement (or phase)
is known as a wave front. The wave fronts move out
from the source as the wave proceeds. At every point
the direction of propagation is perpen licular to the wave
front. Lines drawn in the direction of propagation are
called rays. Fig. 10 shows the situation for the water
waves described above. U, U’, U" are double-prime wave
fronts of maximum upward phase; D, D', D" are wave
fronts of maximum downward phase; and R, R’, R" are
rays.

There is sometimes a confusion in terminology be-
tween waves and rays. Thus it has become customary to
speak of radio waves and X rays. Actually, each is a
wave mot'on, having both wave fronts and rays. It
should also be noted that in the older literature the
terms “alpha ray” and “beta ray” are commonly used.
These are now known to be high-speed charged parti-
cles and so should be called, respectively, alpha particles
and beta particles, rather than rays.

All wave motions exhibit certain phenomena when
they move from one medium to another having different
characteristics. One of these phenomena is reflection.
When a ray strikes a reflecting surface, one component
of its velocity is reversed in direction, and the ray is
propagated in a new direction such that the angle of
reflection (the angle between the reflected ray and a
perpendicular to the surface) is equal to the angle of
incidence (the angle between the original ray and the
perpendicular). All waves exhibit reflection, but not all
reflections arise from wave motions. For example, a
tennis ball will bounce off a smooth wall with an angle
of reflection equal to the angle of incidence.

Wave motions are refracted when they enter a new
medium having a different velocity of propagation. For
example, a ray entering a new medium where it has a
lower velocity will be bent so that it makes a smaller
angle with the perpendicular to the surface. Refraction
is also exhibited by motions other than waves.

Diffraction and interference, however, are phenomena
that are unique to wave motions. If two waves of equal
wavelength, but opposite phase, are superimposed, a
crest will fall on a trough: the combined additive effect
will be a complete cancellation, and the two waves are
said to interfere destructively. 1f the two superimposed
waves are in phase, a crest will fall on a crest, an in-
creased intensity will result, and the two waves show
constructive interference. It is extremely difficult to con-
ceive of particles showing constructive or destructive
interference.

Interference is most easily demonstrated through the
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diffraction or bending of waves as they pass through
small openings. Consider a wave front AB of visible
light, striking a diaphragm with two small openings or
slits S; and S, (Fig. 11). Only a small portion of the
wave front will enter each of the slits. Because of dif-
fraction, these small portions of the wave front will
spread out in hemispherical waves after passing through
the slits. If a point C on the screen is so chosen that the
distance S,C is exactly one wavelength greater.than
S.C, there will be constructive interference, and light
will be seen at C. If, again, S,D is one-half wavelength
greater than S,D, there will be destructive interference
and no light will be seen at D. Thus a series of light and
dark bands will appear on the screen.

This experiment, which demonstrates the wave nature
of light, can be used to measure the wavelength. As can
be seen from Fig. 11, the angle of diffraction will be
appreciable only if the distance between the slits is

|

L
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c

Fig. 11—Interference of light. The light passing through S, and
S, will be diffracted and will interfere destructively at D and con-
structively at C. The interference pattern will be repeated on the
other side of the center line of the slits.

approximately equal to the wavelength. This fact ac-
counts for the difficulty physicists have in identifying X
and gamma rays, whose wavelengths are 10~8 cm or less.

The wave properties described are very general and
hold for any type of wave motion. Waves may be classi-
fied in many ways, the most common being based upon
the direction in which displacement occurs in the wave.
In a sound wave, the small to-and-fro motions of the air
molecules are along the direction of propagation. This
condition represents a longitudinal wave. If the end of
a rope is given a sideways displacement, a fransverse
wave is propagated down the rope at right angles to the
displacement. Visible light, X rays, and gamma rays
are all examples of transverse waves, and make up part
of the electromagnetic spectrum.

THE QUANTUM NATURE OF ELECTROMAGNETIC WAVES

All the components of the electromagnetic spectrum
have wave properties; they show interference, and can
be refracted and diffracted. Such phenomena as the
radiation from hot bodies (black-body radiation), the
production of X rays, and the photoelectric effect re-
quire the quantum concept for a complete explanation.
The photoelectric effect will serve as an example.

A photoelectric cell consists of a metallic surface

Lapp and Andrews: Atomic Structure

1079

(cathode) sealed into an evacuated glass bulb together
with a positively charged collecting clectrode, called an
anode (Fig. 12). When light falls on the cathode surface,
electrons may be ejected from the metal. These electrons
will be attracted to the anode and an electric current will
flow.

According to wave theory, the vibrations of the in-
coming electromagnetic waves set the electrons of the
metallic atoms into vibration with increasing amplitude
until they have acquired sufficient energy to break loose
from the metal. It would seem, then, that a weak light
would require more time to liberate an electron than a
strong light, and there might be a light wave so weak
that the electrons could never attain the energy neces-
sary for escape. Such a prediction is at complete vari-
ance with the facts.

The color or frequency of the light plays an important
role in producing photoelectrons. Thus the most intense

hy

@

—i[1]r|1|—

Fig. 12—The photoelectric effect. An incoming photon nv
ejects an electron —e from the cathode surface.

beam of red light (low frequency) will not yield a single
photoelectron from most nictals, whercas the feeblest
blue light (high frequency) will instantly produce a few.
This circumstance suggested to Einstein, who reasoned
from earlier work by Planck, that radiation is not a
smooth, continuous flow of energy, as pictured by the
wave theory, but is, rather, a series of discontinuous
packages of energy. The energy in each package, which
is known as a photon or quantum, increases with the fre-
quency of the light, being given by

E = hy (16)

where £ =6.6X10"%7 erg-sec is Planck’s constant and E
is the energy of the quantum in ergs.

A photon is apparently indivisible, and either exists
or disappears completely upon giving up its energy in
some process such as the photoelectric effect. The energy
relations in the photoclectric effect are given by the
Einstein equation

Wy o= ¢ + ymat. (17

The left-hand side of this equation is the energy avail-

able in the incoming photon. The quantity ¢ (known as
the work function) is the energy required to remove
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an electron from the surface of the metal. If the photon
has an energy greater than ¢, the electron will be ejected
with a kinetic energy given by the last term in (17).

This result immediately explains the photoelectric
behavior of light of different frequency. Red light has a
low frequency, and the associated quantum energy, by
(13), may be less than ¢, and hence no amount will liber-
ate an electron. Blue light has a higher frequency, and
the associated quantum energy may be larger than ¢,
and hence sufficient to produce a photoelectric current.
A series of experiments by Millikan verified the predic-
tion of (17), and there can be no doubt that here radia-
tion behaves like a discontinuous series of energy pack-
ages.

Furthermore, a reverse application of (17) quantita-
tively explains the production of X rays. Here the in-
cident electron has a kinetic energy 1/2mv? and can pro-
duce no radiation of frequency greater than that given
by

Imy? = .

(18)

In this case the work function ¢ is so small compared
with 1/2mp? that one can neglect it. This relation has
also been completely verified by experiment.

In 1901, Planck made the first application of quantum
ideas to the problem of the radiation emitted by hot
bodies. Physicists had developed the idealized concept
of a black body, which is capable of emitting and absorb-
ing radiations of all frequencies. The ideal radiator is
approached by an enclosed furnace with a small opening
through which one may view the interior radiations.
The radiation observed through the opening will depend
only upon the temperature of the furnace and does not
have “color” characteristic of an emitting surface. Care-
ful measurements had been made of the amounts of
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Fig. 13—The wavelength dependence of the energy
emitted by a perfect black body.
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energy radiated at various frequencies. Fig. 13 shows the
experimental results. For each temperature there is a
corresponding frequency at which maximum energy is
radiated. The frequency of this maximum increases with
temperature, according to Wien's displacement law,
which is usually written in terms of wavelength rather
than frequency:

AmT = constant

(19)
where :
An=wavelength of maximum energy emission
T =absolute temperature
constant =0.29 cm degrees.

This is a very useful relation, since by its use the tem-
perature of inaccessible hot bodies may be determined.
For example, the maximum energy of the sun is emitted
at a wavelength of about 4.5X10~% cm (green light),
which corresponds to a temperature of about 6000°C.

Many attempts had been made to explain the shape
of the observed emission curves, assuming radiation to
be a continuous wave moton, but all these efforts yielded
curves that were too high at the short wavelengths.
When Planck introduced the idea of radiation quanta,
the difficulties disappeared and the predicted curves
agreed in all details with those experimentally observed.
This is another example of the dual nature of radiation,
and it should be noted that the original theories failed
at the high frequencies where the quantum character-
istics become more pronounced.

Before leaving the discussion of black-body radiation,
one should note that the curves of the Fig. 13 represent
the total energy radiated at each wavelength. The size
of each emitted quantum increases steadily as the
wavelength decreases, in accordance with (13), but the
energy emitted is, of course, equal to the product of the
number of quanta and the energy of a single quantum.
At high frequencies the number of emitted photons is so
low that the emission curves decrease as shown.

The quantum energy as calculated from (16) will be
expressed in ergs. A new energy unit, the electron voit
(ev) has been found useful in studying nuclear radia-
tions. Obvious extensions are the kiloelectron volt (kev)
and million electron volt (Mev). It is customary to
speak of a “50-kilovolt X ray” or a “2-Mev gamma
ray.” These terms are specifications of the quantum
energy, and do not give the total energy of all the
photons in a beam. In contrast to these energies which
are commonplace in studies of nuclear radiation physics,
the quantum energy associated with a 100-Mc radio
wave will be 4.1 X10~7 ev.

It is evident from the foregoing that we must ascribe
a duality of characteristics to radiant energy. When
propagation is being considered, the wave properties
predominate and serve to explain the phenomena of in-
terference and diffraction. When energy exchanges with
matter are involved, the quantum characteristics are
most important. This latter property is particularly ap-
parent at the shorter wavelengths.
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Theory of Frequency-Modulation Noise*

F. L. H. M. STUMPERST{

Summary—The energy spectrum of frequency-modulation noise
is computed for different ratios of signal to noise. Numerical values
are given for some simple filter amplitude characteristics. The theory
is based on the Fourier concept of noise and treated in three steps:
no signal, signal without modulation, and modulated signal. The re-
sult is given in the form of a series, and it is shown that this develop-
ment is convergent. The suppression of the modulation by noise is
also discussed.

I. INTRODUCTION

INCE THE PAPER by Armstrong! drew atten-
S tion to the possibilities of frequency modulation
with regard to the reduction of noise, a considera-
ble amount of work has been published in this field. So
far as is known, however, the theoretical treatment of
noise and signal has been confined to the case in which
the noise energy is small compared to the signal energy.
In this paper we will try to give a rigorous treatment
valid for all signal-to-noise energy ratios. The theory is
developed by methods which Frinz?® and Rice* applied
to similar problems and which are based on the Fourier
spectrum of the noise. An interesting idea of Mann® has
been used for the counting of the number of zeros.
Usually the instantaneous frequency of a frequency-
modulated signal is defined as the derivative of the
phase with respect to the time. (For this definition, see
van der Pol.®) In this section an alternative definition is
given, which is more suitable for our further computa-
tions. It will be shown that, for a normal frequency-
modulated signal, it gives the same result as the usual
definition. Using this starting point, we further deduce
a mathematical expression for the energy spectrum, and
give a first example of its application. We shall confine
ourselves to signals consisting of high-frequency com-
ponents in such a way that all important components lie
within a relatively narrow band wo + Aw where Aw<w,.
For a sinusoidal signal cos wet, the angular frequency
is equal to the number of zeros in a time interval of 7

* Decimal classification: R148.2. Original manuscript received by
the Institute, August 8, 1947; revised manuscript received, March 11,
1948.

t Natuurkundig Laboratorium der N. V. Philips Gloeilampen-
fabrieken, Eindhoven, the Netherlands.

LE. H. Armstrong, “A method of reducing disturbances in radio-
signalling by a method of frequency-modulation,” Proc. I.R.E.,
vol. 24, pp. 689-740; May, 1936.

? K. Frinz, “Beitrige zur Berechnung des Verhiltnisses von Sig-
nalspannung zu Rauschspannung am Ausgang von Empfingern,”
Elf’k. Nach. Tech., vol. 17, pp. 215-230; 1940. Also, vol. 19, pp. 285~
287; 1942,

3 K.Frinzand T. Vellat, “Der Einfluss von Trigern auf das Rau-
schen hinter Amplitudenbegrenzern und linearen Gleichrichtern,”
Elek. Nach. Tech., vol. 20, pp. 183-189; 1943,

¢ S. O. Rice, “Mathematical analysis of random noise,” Bell Sys.
Tech. Jour., vol. 33, pp. 282-332; July, 1944, Also vol. 34, pp. 46—
156; January, 1945.

¢ P. A. Mann, “Der Zeitablauf von Rauschspannungen,” Elek.
Nach. Tech., vol. 20, pp. 232-237; 1943.

* Balth. van der Pol, “The fundamental principles of frequency-
modulation,” Jour. 1.E.E., part 111, vol. 93, pp. 153-158; 1946.

seconds. Now we choose a time interval 7, large com-
pared to 7m/we but small compared to 7/2Aw:

woT >, 20wr L . (1)

The tnstantaneous frequency is defined at the time £ as the
ratio of the number of zeros between t—7/2 and t+7/2
to 7/, or as the mean density of the zeros averaged over
the time interval 7/m.

As an example, let us take the signal

cos {wot + f()}.

If this function has consecutive zeros at ¢=# and {=¢t,,
then

wolty — t2) + f(t1) — f(t2) = .

If we assume that f'(f) changes slowly compared to
cos wot, then we can replace f(f,) —f(f2) by (tL—1t2) f'(t),
and thus obtain:

h—t =/ {w+ f'(h)}.

7 being defined in such a way that f'(¢) is practically con-
stant during a time interval 7, the number of zeros
within the time 7 is 7 {wo +f'(2) } /7. The definition of the
instantaneous frequency above thus gives the result:

wilt) = wo+ f0). 2)

This, as we have stated, is the same result as is ob-
tained on the basis of the usual definition.

The counting of the number of zeros of a function
v(¢) within an interval 7 is best done with the help of
s-functions such as are used in the operational calculus.
The é-function is defined by:

é(x) =0,
8(x) = =,

f+m6(x)dx =1,

It is plausible to consider the integral

totr/2
f 8{v(0) }v' ()ds.

o—7/2

x#0,
x =0,

If v(¢) has a simple zero in a certain interval, the abso-
lute value of the integral over that interval is 1. In the
subsequent interval, which also is assumed to contain
only one simple zero, the sign of the result will be dif-
ferent. The reason is that, when we introduce v(f) as a
new variable in the integral, this variable of integration
runs from a negative to a positive value in one interval,
and in the opposite direction in the next.

Therefore we modify our procedure so as to count
only those zeros passed through with a positive slope.
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The instantaneous frequency is then

T totr/2
wi(ty) = — 3(v)y' U (v")dt 3)
T to—r/2
in which
U(x) =0, x <0,
U(x) =1, x =0,
Ulx) =1, x> 0.

The result is a function of 7, but as long as 7 is subjected
to the inequalities (1), the variation with 7 will be unim-
portant.

The use of & functions in the integrals can be avoided
when we use the Stieltjes integral. In this way (3) is
written:

2 to+7/2
wi(t) = —

T to—t/2

U@)dU(v). (3a)

In a frequency-modulation receiver, a device is used
which, when a signal is applied to it, gives an output
voltage proportional to the instantaneous frequency of
that signal. This device is the frequency detector, or dis-
criminator. In general, the instantaneous frequency will
not be constant. We can make a registration of it during
a certain time. A Fourier analysis of that registration
will give a spectrum of components at different frequen-
cies. It is in this spectrum of the detected signal that we
are now interested.

When we choose a time interval of 27 seconds for the
Fourier analysis we have the formulas:

wi(t) = 2 fnetm

2r
fm = (2m) ‘f wi(f)eimtdt. - 4)
0
Let us consider a zero £ of v(¢), where the function has a
positive slope whereas fo is not too near to 0 or 2. Its
contribution to the integral (4) is then

to+r/2 )
T ‘f ¢ imtdt = 2(mr)~t sin (mr/2)e im0,
'10—112
In this result, 2(mr)™! sin (mr/2) approximates 1 for
small values of 7. We have chosen 7<«m/2Aw. Therefore,
for all frequencies smaller than Aw we may replace
2(m7)~' sin (mr/2) by 1. Accordingly, for these frequen-
cies we may use

2r
fu = f 5(u)' U e imtdt. (5)
0
Using the Laplace transform, we get
40— ic
8(v) = (2m) “‘f ei“vdu, ¢ >0 (6a)
YU@W) = — (2m)7? ey du, ¢ > 0. (6b)

-t
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The path of integration can also be taken from — « to
« along the real axis with a small indentation below the
origin.

1 40 +w
fm = — (47r2)--lf e—imldtf dulf du2u2—2eiu1v+iu1v’
—r —o0 —o0

This formula gives the spectral composition of the in-
stantaneous frequency. If the frequency detector gives
a potential difference of 1 volt over a resistance of 1 chm
for a frequency deviation of 1 radian per second, the
same formula applies to the output of the frequency de-
tector. We shall calculate the distribution of the energy,
dissipated in that resistance, over the spectrum. The
result is the energy spectrum of the output. In practical
cases there will be a proportionality factor, which is
omitted in our calculations. The energy corresponding
to a certain frequency m is given by 2f.f.* if m=0, or
by fofo* for the dc term. f,* is the complex conjugate of
fw. Hence,

2fmfm* — (87r4)—lf e—-l'm!)dtlf eimlzdtz

—_r —_

+o0
ffff uf21“—2eiu1v(u)+iuzv1(n)+iu,v(tz)+iu4vl(lz)
—0

du;dugduadm. (7)
As a first example, we shall apply this formula to a
frequency-modulated signal cos (wot+mo sin pt).
(mo=Aw/p). In this case,

ginrvim+iu' (1) = exp {4uy cos (wot + mg sin pty)

= iuz(wo + Aw cos Ptl) sin (wotl + m, sin Ptl) } 5

We develop this form into a series:

) -k

Z P {(i‘lh — uza)eiwol)+i mosinpty
k=0

+ (11 + 1g,)e w001 im0 -inpq} k

in which %, = #2(we+Aw cos pty).

Since, in (7), we have to integrate the last result with
e—m4, where m<w, we are only interested in those terms
in the binomial development that have no 7 wef, in the
exponent. Thus the series reduces to

0 -2k

z klk!

k=0

(M’ + “2112) L

This is the well-known development of the Bessel func-
tion of order zero. A relation between Bessel functions

gives
Jo{m’ + %2%(wo + Aw cos pt)’} /2

= i (—1)"™T 2m(%41)J 2m { t42(wo + Aw cos pty) } .
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Now we perform the integration with respect to 1, and
o

+e0
f Jam(1))du, = 2

f 1‘2_'2—,2m { 1&3((»0 + Aw cos P’l) } dits

= (w0 + dwcos p) {2m = 1)~ = 2m + 1)7].

(The last integral reduces to an casier type by one par-
tial integration.) For m =0 the singularity at the origin
is avoided by the small indentation. The result of the in-
tegration with respect to #; and u, is, therefore,

(o + dscos pt)l =4+ H=1+H+3G D+ - -}
= — 2r(wo + Adw cos thy).

In the same way, the integrations with respect to #; and
14 yield

— 27r(w0 + Aw cos ﬁ’-_g).

and, in total,

2 m m* = (272 -t c—"’""e"’"’""(wo + Aw cos ’1)
p

(wo + Aw cos P’z)(”ﬂ”z.

Only for m=0 and m=p do we get a result different
from zero. The dc energy is

f()fo* = w02-

For the frequency p, the energy is
. Aw?
2fofs* = —5— )

These results are in complete agreement with the cus-
tomary definition of instantaneous frequency. We have
chosen this simple problem because the way in which it
is solved will again be used in the more complicated
problems further on. Its aim is also to give the reader
confidence in the following computations, where the re-
sult is less obvious.

I1. FrREQUENCY-MobpuLaTiON NOISE \WITHOUT
SiGNAL

In this section we will first recall some properties of a
noise spectrum, and then apply (7) to a noise band. As is
usual in noise problems, an averaging procedure will be
necessary.

By means of a filter we select a certain band of fre-
quencies from a normal noise source, and apply these
components as an input signal to an ideal frequency de-
tector. As a first example, we shall take a filter with a
rectangular amplitude-versus-frequency characteristic.
This filter is not realizable but, as the phase characteris-
tic is not important for these computations, it can be
approximated. Later on we shall consider a filter with a
gaussian amplitude-versus-frequency characteristic.
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If we register the noise from a normal noise source
during a time interval (— 7T, T'), we can make a Fourier
analysis:

() = Y ancos nxt)T — b, sin nxt/T. 8)
When such a Fourier ana'ysis is made a great many
times consccutively, each time over an interval of the

same length, the Fourier components will show a gaus-
sian probability distribution:

W(an)da, = (xC)~12%o"ICdy,
W(b,)db, = (xC)~12e~bs*IC{p,,.

(92)
(Yb)

The value of a. in one particular Fourier analysis is in-
dependent of the value of the other coefficients. This
subject is treated extensively by Friinz and Rice.

The number of noise lines in a band of 2Aw radians
will be 2AwT/w. As it makes the formulas simpler, we
shall choose T'=2w. If we made another choice, the for-
mulas (4) to (7) which are also based on a time interval
2w, would need an appropriate modification. The choice
of 2w is, however, quite arbitrary, and, whenever we find
it advisable to increase the number of lines in a part of
the spectrum, we shall do so.

The average energy per component is

+e0
%_(tr.":-_b;’) = (2=xC)™! ff (aa? + b,.’)e‘“"“"’"z”cda,.db,.

= (/2.

The effective voltage corresponding to a noise band ex-
tending from wo—Aw to we+Aw is

Yo = (Aw()H2

As the number of lines in the band increases proportion-
ally to the length of the considered time interval, the
average amplitude has to be reduced so as to keep the
average power constant.

\When we introduce the v(¢) of (8) in (7), the result will
be a function of the 4Aw variables @, and b,. As is usual
in noise computations, the average of the result of (7)
over all a's and b's is used to obtain the effective energy
spectrum after detection. Thus,

e [ - foa oo

”/'(UNX crt b‘\'g)fm m(aNl T sz)

N1 = wo — Adu; No = wo + Aw.

The integration does not lcad to great difficulties (sce
Appendix 1). After introduction of a new variable s=n
—w,, we obtain

ﬁ](;* = we? + Aw?/3.

The dc corresponding to the central frequency is usu-
ally suppressed by balanced detection. For the fre-
quency m we obtain the energy in the form of an inte-
gral:

(13a)
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¥

- @t B e [ i (8 sy e
— (2 )23 sein)2ldy (N = 20).

The summation over s has to be taken over all integers
satisfying

(13b)

— Aw £ 5 £ Aw.

To get the energy in a part of the spectrum, the results
for all frequencies m in this part are totaled. Now we are
free to increase the number of lines by enlargement of
the intervals 27T, which we have so far chosen 27 = 2.
In this way a continuous energy distribution E¢(u) will
be approximated, and the sum

N—lz eitv

can be replaced by the integral

1/2
f e ody,
—1/2

Instead of s/N we have introduced the continuous vari-
able «. In the same way,

Aw 1/2
N-! Z s2piee = sz weivvdy.

—Aw 1/2

Equation (13b) can now be written:

Eo(1) = Y 4 (k) 'Aw?ha(u) (149
k=1
where ko (%) is given by the relation
4o
f har(ue)e v du
1/2 1/2 1
= {f eiuvd“} 2k—1 {f ulevdu
—1/2 —12 f
1/2 2k—2 1/2 2
= {f e"'“'du} {f ue"""} c (15)
—1/2 —1/2

The values of hy (%) can be derived directly from this
integral, but a shorter computation will be treated in the
next section. There we shall also see that, for k large,

har(1) = (12)~1(5k — 3)~1/2g—112(15)1 /2~ 16u*/ (6k=3) (16)

The series in (14) is convergent, since for large k the gen-
eral term behaves as k~%2. We have calculated the values
for Eo(u) as shown in Table 1.

Let a filter with a symmetrical, but otherwise arbi-
trary, amplitude characteristic be used, the calculations
being slightly modified. If now the characteristic is
given by f(w)e®, the input signal will be:

v(t) = Y f(n){an cos (nt + ¢n) — b, sin (nt + én)} (8a)

f(w) be normalized in such a way that its maximum
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TABLE I

Noise energy and noise voltage as a function of the frequency
(# =w/2Aw). Energy per unit bandwidth. No carrier wave
present. Rectangular filter amplitude characteristic.

u=w/Aw

Eo(u) vo(u) = { Eo(u) } 2
0 1.2241 Aw? 1.1064 Aw
0.1 ‘ 1.1274 1.0634
0.2 1.0381 1.0189
0.3 0.9557 0.9776
0.4 0.8799 0.9380
0.5 0.8101 0.9001
0.6 0.7462 0.8638
0.7 0.6881 0.8295
0.8 0.6354 0.7971
0.9 0.5877 0.7666
1.0 0.5445 0.7379

value is 1, and the bandwidth 2Aw of the filter be defined
by
4o
S w)dw = 2.
Then (13a) does not change.
As before, we introduce a new variable %=w/2Aw.
The function F(u) is so defined that F(u) =f2(w—wy);

then
+x

F(u)dw = 1.

—®

(18)

Instead of (14), we obtain (see Appendix I)

Eo(u) = Z

k=1

4(B) " (Aw):  In(w)

in which Ha(u) is now given by

f I (w)e odu

™ { frome
_ { f p(,,)emdu}“_z{ f uF(u)e"""du}z. (152)

When F(u) is given, all further functions can be found
successively by direct integration. Here, too, the opera-
tional calculus may furnish a shorter method of calcula-
tion, as is shown in the next section.

As an example, take a gaussian amplitude characteris-
tic. The normalized squared amplitude characteristic is
given by F(u)=e¢=*2". Then, as is shown in the next sec-
tion,

TABLE II

Noise energy and noise voltage (per unit bandwidth) as a function
of the frequency (¥ =w/24w). No carrier wave. Gaussian
amplitude characteristic.

24 =w/Aw Eo(x) | Vo(w) = { Eo(u) } 2
0 1.17594 Aw? 1.08441 Aw
0.2 1.15719 ~ 1.07573
0.4 1.10377 1.05061
0.6 1.02373 1.01180
0.8 0.92702 ; 0.96282
1 0.82527

i 0.90844
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Haow(n) = 2-3/2p—12g-1g-xu?/2k (18)

Table II shows the result. For filters with a nonsym-
metrical amplitude characteristic, the computation
leads to longer formulas, as shown in Appendix I. Ior
this case we have not computed a numerical example.

II1. SoME DISTRIBUTION FUNCTIONS

In our computations of the energy spectra some func-
tions occur regularly, and we shall treat them together
in this section. At first let us consider the problem of
finding the product distribution when the two functions
fiand f; are given.

+e 10 +oo
Sfi(w)etvdu Sfe(w)e dw = fi(zx)ei=*dx. (19)
This can be done directly by considering the product as
a double integral and by the introduction of x =% +w as
a new variable in this integral. The Laplace transforms,
when known, are of much help. Let f,,1(p) be the image

of fi(u):
foa(p) = fi(w),
which shorthand notation stands for:
+eo
foa(p) = . Si(w)e~Pedu.

Then, upon introducing p = —v in (19), we get at once

Jos = 0" pafp

Thus, for the rectangular distribution, the product func-
tions are found by

1/2 k +o
{f e"“"du} = Se(u)eivedu (20a)
—1/2 =
)y =1, —3=u=z}
=10, —w <u< -4 1 <u< o,

f1(u) = e/ — ¢ P12 = 2 sinh p/2
fi(w) = pi=k(er/t — e7?/%)* = pi=*(2 sinh p/2)*.

Therefore,
L k
-3
re=0 r

For the definition of U, see (3).

A function is computed from its Laplace transform by
means of the inversion integral (Bromwich); for in-
stance,

kj2—r)k-t
'(u+ / r)— - U(u+-ks2—r).

 (k—1)! (20b)

otiw0
5 = iy [ g tprerip.

For large k the integrand of this integral (here to be
taken along the imaginary axis) has its maximum for
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p=0, and can be approximated by its development for
small p.

p! k(erl? — ¢ Mk = pe,.’k/u‘
The result is an approximation of fi(u) for large k:
fu(n) = GY2p-12g—126u/ K,

(21

We arrive at another type of distribution function by
differentiation of (20a):

1/2 k-1 1/2 +oo
{f eiuvdu} {f ue"""du} =f cr(w)erdu
—1/2 —1/2 —w
ci(1) = ufi(w)/ k.

A third type, of which we have already met examples,
is

172 k-1 1/2 +o0
{f e"""du} {f u%"""du} =f ar(u)e**du
—1/2 —1/2 —

ay(u) = u?, —l<usgl
ai(x) = 0, — o <u< -1
ar(u) = 471p7(p* — 4p + 8)erl?
— 4717 Pt + 4p + 8)e
ap(n) = 471p 1k {(p2 — 4p + 8)e”’?
— (p? + 4p + 8)e P12} (er!? — emPIR) k-1,

l<u< o,

This gives, for instance,

ars(u) =33+ttt tut+ 45 2 —1=2u=0
==+t —lut4 O0=u=
=0, —wo < u< -1, 1<u< oo,

Approximation of the inversion integral leads to the re-
sult:

ar(1) = api(p) = i e(sk+0)pt120
' 12

ar(u) = (12)"1(30)”2(5k+ 4)—ll21r—ll28—30uzl(6k+4)'

klarge. (22)

Another function worth consideration is

1/2 2 +00
{f ue‘“"du} =f ba(u)ei*"du
—1/2 —a0
1/2 k—2 1/2 2
{ f e"“"du} { f ue"“"du}
—1y2 —1/2

+o0
= f bi(u)e* du

bl(u) = 0.

k=2

The Laplace transform gives in this case:

be(u) = 4’1[)“1”‘{(2 — pler’?
-2+ p)e-plz}z(ep/z — e PlYk-2

Again the originals are easily found; for instance,



1086

ba(u) = 30 — fu — &, —1=22=0
= — 3+ tu — 5, 0=su=1
= 0, —xe < u< —1, 1 <u< o>,

For large k we get the approximation:
bi(ie) = — (72)71(30)3/2(x)~V*(5k — 4)~3/2
{1 — 60u2/(5k — 4)}e3ov’1Gk=b_ (23)

The function k(%) which we have used in the second
section is defined by hi (%) = ai(u) — bi(1). Therefore,

ho(u) = prk{er — (p2 4+ 2) + e P} (er/2 — e PIB) D),
For ha(u), the result is

ha(ae) = $(e 4+ 1)3, — 12450
= (1 — w)?, 0=u=1
=0, — o << —1, 1 <u < o,
For large &k,

h() = hpa(p) = fgpet®i-9r'nw
Re(16) = (12)"2(30)1/2(5k — 6)~Y 2~ 1/2g=30u"/(5k=6)  (24)

The approximate formulas are already fairly good for
low values of k; for instance,

ha(u) = 0.0667 (exact)
he(1¢) = 0.0512 (exact)

0.0688 (approx.)
0.0526 (approx.)

By differentiating the equation (20a) twice, we arrive
at a relation between the functions:

khi() = — k%i(u) + ufi(u).

The functions fi(#) in particular have been treated fre-
quently since De Moivre.” All these functions have a
place in the theory of averages. One may compare
Maurer's® paper, where some asymptotic formulas are
derived in a more precise way. So far the rectangular
distribution has been our starting point, but the com-
putation can be made for another type as well. The
gaussian frequency distribution is attractive because it
gives simple results. Moreover, we have already pointed
out that a gaussian amplitude-versus-frequency char-
acteristic may be better approximated by real condi-
tions than a rectangular one.

Corresponding to the original distribution Fi(%)
=¢~™", we get, in the same way as before,
+w k +0
{f e "‘2+"“"du} = Fi(u)errdu
Fiu) = k12 7'k, (21a)
Analogous to ax(u), we get
Ar() = k8% k{202 4 k(k — 1)/7}  (22a)

k=1,2,3,---,

7 A. De Moivre, “Mensura sortis,” 1711; “Miscellanea analytica,”
1730.

8 L. Maurer, “Ueber die Mittelwerthe der Funktionen einer recl-
len Variabelen,” Math. Ann., vol. 47, pp. 263-280; 1896.

PROCEEDINGS OF THE I.R.E.

September

and, instead of bi(u#), we get

Bi(u) = 3k-312% 15202 — k)
k=23, Bi(u) = 0.

(23a)

Here,

+oo
f Ap(e)eirdu
—o0

+00 k-1 +oc \l
= {f I’x(u)e""”du} {f uzl"x(u)e"""du! .

In the same way, hx(%) is replaced by

1
Hiw) = - ke =
g

(24a)

E=23-.--, () = A1(x).

All these functions have simple Laplace transforms, and
are therefore easily found by this method.

IV. FREQUENCY-MODULATION NOISE IN THE PRESENCE
OF A NOXMODULATED CARRIER WAVE

When an unmodulated carrier-wave is present, to-
gether with a rectangular noise spectrum symmetrically
around it, the input signal is given by:

wot+Aw
v(t) = cos wel + Z (a. cos nt — b, sin nt)

wy—Aw

(25)

This function is substituted 1n (7) and the average is
taken in the same way as in (12). Some comments on the
integration are given in Appendix II.

The dc energy is now

Jofi* = wet + H(Bw)terine (29)

1/NC is the quotient of signal energy and noise energy
at the input of the frequency detector (V=2Aw). After
introduction of the continuous variable % in the same
way as in Section 2, the energy spectrum is given by:

o«

Ei()/4(Qw)? = D r e 2NC B (—r 4 1,1, 1/ NC) hap(20)

ol

ol r

e-*?/NC
(k—1)*(k—2r) (NC)¥~2r
F(=r+1, k=2r41, 1/NC){ khu(u)+ (k—2r)2be (1)} . (30)

In this expression ,F; is the confluent hypergeometric
function, and k(%) and bi(%) are the functions defined in
Section 3. For the calculation we begin with the term
for k=1 and add the terms for the higher values of %
until they are sufficiently small. The convergence of the
development is shown in Appendix 1I. The first term in
the development of E,(u) is

4(Aw)INC(1 — e M NC) 2 (1)
= 4(Aw)2NC(1 — e 1/NCY2y2, 0= u

IA
-
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As we are interested in the energy spectrum, only non-
negative values of « are important. For small values of
NC the first term gives a good approximation of the en-
ergy. Then the effective noise voltage is 2Awu(NC)'2
This gives the well-known triangular noise spectrum
which is already given by the simplificd analysis.

The second term in the development of E;(u) is

10w [e M NChy(u) + N2C2{1 — (1 + 1/NC)e M¥C}2
| ha1) + 2ba()} 1.
The third term is
322N {1 — (1 + 1/NC + 172N*C?)e11¥C)2
A ha(n) + 3bs(u)} 4+ (2NC)~'e=2NC{ 3ha(1) + ba(2) ] |.

For small values of NC the terms containing N*C*
form an asymptotic expansion (asymptotic for NC—0).
We were led to this development when trying to get a
more precise estimate from the same starting point as
the simplified analysis.® However, for the calculation of
the output noise for larger ratios of input noise energy
to signal energy, one has to take into account the full

A" Filter character‘istiq

——— frequency

Erfective noise Voltage
8 R

&

! | L 1 —
02 04 06 08 10 134w
Output noise frequency

Fig. 1—Spectrum of effective noise voltage after detection. Parameter
is input noise-to-signal cnergy ratio (VC). Rectangular ampli-
tude-versus-frequency characteristic of the filter. Remark the
triangular spectrum for NC=0.01 and 0.1. The rms voltage of
the noise in a small band of B cps is (B/24w)Y? times the value
given by the curve.

P

9 F. L. H. M. Stumpers, “Eenige onderzoekingen over trillingen
et frequentiemodulatie,” (in Dutch), diss. Delft, pp. 38-46; 1946.
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terms of the development (30). For very large values
of NC it is seen that the terms of the development (14)
are predominant, thus affirming the result of Section 2.

With the help of (30) we have calculated the energy
spectrum by adding up the terms up to 2= 10, or 2r =10,
and making a graphical estimate for the remainder. In
the following table the effective noise voltage {El(u) }"’
is given for =0, 0.1, 0.2, 0.3, 0.4, and 0.5 (correspond-
ing to frequencies 0, 0.2dw, 0.4Aw, 0.6Aw, 0.8Aw, and
Aw). It is seen that for NC=0.1 the deviation from the
triangular spectrum is still very small. For this value of
NC, the output noise still grows linearly with the input

TABLE III

Effective noise voltage as a function of frequency and input noise-to-
signal energy ratio. Rectangular amplitude characteristic.

A (B }e/30
signal | ——— - — — - =
ratio NC| u=0 | =01 | u=02 | u=03 =04 | u=05
0.01 | | 0.0200 | 0.0400 | 0.0600 | 0.0800  0.1000
0.1 | 0 |0.06485 0.1294 0.1935 0.2574 | 0.3208
0.2 | 0.04032, 0.1014 | 0.1900 | 0.2802 | 0.3702 | 0.4594
0.5 | 0.2763 | 0.2988 | 0.3679 | 0.4564 | 0.5658 0.6750
1 0.5275 | 0.5191  0.5500 0.5933 | 0.6739 | 0.7616
2 0.7071 | 0.6664  0.6500 0.6582  0.6882 | 0.7377
5 0.8836 | 0.8143 | 0.7593  0.7207 | 0.6991 | 0.6930
10 1.0260 | 0.9512 | 0.8868 | 0.8336 | 0.7920  0.7630
_\ 2 T T
w?/2 TTT l N . T
OF o reee s —=
P o
==SE:ii T
1 §85| mm

0007
e
— HHHH— HHHHH
00007 LU ‘ ! |
= gaiil
L (1]
awaobl?/ H 0 00

Input noise-to-signal ratio

Fig. 2—Output noise energy as a function of input noise-to-signal
energy ratio. If bandwidth is 10 times af bandwidth. Rectangular
amplitude characteristic. Owing to the slow convergence of the
series, the values for NC =3 and 10 are less accurate.

noise. (Strict linearity would give 0.3162 instead of
0.3208). There is already a marked deviation from the
triangular spectrum for NC=0.2. All results are shown
graphically in Fig. 1.
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For radio reception only the audible noise is impor-
tant. The ratio of the audio-frequency bandwidth to the
intermediate-frequency bandwidth can vary between
0.1 and 1. The noise energy is computed by integration
of the noise energy Ei(u) between appropriate bound-
aries. For a ratio of 0.1 one has to take into account the
noise between 0 and 0.1Aw (or 0<% <0.05). Figs. 2 and
3 show the energy of the output noise as a function of
the ratio of input noise to signal. Typical is the strong
increase of the noise above NC=0.1 in the curves for
Aw/w, =5, or 10, as compared to the curve for Aw/w,=1.
This effect was found experimentally by Guy and Mor-
ris.!® The influence of pre-emphasis can be calculated by
multiplying the energy distribution after detection by
(14+R?*C*»?~'. This we have done for an audio-fre-

TABLE IV

Effective noise voltage (per unit frequency) as a function of
frequency and input noise-to-signal ratio. Gaussian
amplitude characteristic.

{Exw) }V2/8w
NC ~ - - —
=0 | u=0.1 | 4=02 | =03 | u=04 | 4=0.5
0.01 0 | 0.01969 0.03756 0.05209 0.06222 0.06752
0.1 | 0.004684 0.06369 0.1214 | 0.1686 | 0.2000 | 0.2200
0.2 | 0.06681 | 0.1129 | 0.1865 | 0.2513 | 0.2983 | 0.3253
0.5 | 0.3486 | 0.3706  0.4223 0.4809 | 0.5278 | 0.5554
1 0.5932 | 0.6054 | 0.6363 | 0.6724 | 0.7008 | 0.7137
2 0.7999 | 0.8050 | 0.8176 | 0.8311 | 0.8380 | 0.8334
5 0.9579 | 0.9577 | 0.9563  0.9513 | 0.9399 | 0.9203
10 [1.0183 | 1.0160 | 1.0090 | 0.9963 | 0.9772 | 0.9578
Aw/2
, ++ pe R ) — — ——
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Fig. 3—Output noise energy as a function of input noise-to-signal
energy ratio. If bandwidth_ i8 5, 2, or 1 times af bandwidth.
Rectangular filter characteristic.

10 R. F. Guy and R. M. Morris, “N.B.C. frequency modulation
field test,” RCA Rev., vol. 5, pp. 190-225; October, 1940,
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quency bandwidth of 15,000 cps and an RC time of
75.107% seconds. The result is shown in Figs. 4 and 5.
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Fig. 4—Output noise energy as a function of input noise-to-signal
ratio, when pre-emphasis is applied with an RC time constant
of 75.107¢ seconds. Analogous to Fig. 2.
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Fig. 5 —QOutput noise energy as a function of input noise-to-signal
energy ratio. Pre-emphasis applied. RC time constant, 75.10~¢
seconds. Analogous to Fig. 3.
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So far, the filter amplitude characteristic has been ideal-
ized to a rectangular form. As in Section 2, we shall con-
sider now a gaussian amplitude characteristic, which

SESSmEEEEESEEEEE

A7 F/ftwcharacgnstlc; L 1 +T-
.

LI I I

8

Effective noise wltage
ie[
- e . =
: -
|
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8 §

\
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Sl S S T S S—

(7] /
D.A//
0 02 04 06 08 10 12 14 16w
Output noise frequency

Fig. 6—Spectrum of effective noise voltage (per unit frequency band-
width) after detection. Parameter is input noise-to-signal ratio
(NC). Gaussian amplitude-versus-frequency characteristic of the
filter. See also Fig. 1.
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Fig. 7—Output noise energy of a receiver with an ideal frequency
detector as a function of input-noise-to-signal energy ratio (NC).
Gaussian amplitude characteristic of the filter. If bandwidth
(energetically defined) 10 times af bandwidth.
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provides a better approximation of actual conditions.
All calculations are similar to those already given, and
we have only to replace the functions k(%) by Hi(x),
ar(u) by Ai(u), bi(u) by Bi(u), etc., in the final result.
Compare (21a) to (24a). The effective noise voltage is
given as a function of the frequency and the input noise-
to-signal ratio in Table IV.

The results are shown in Fig. 6. Comparison with
Fig. 1 makes it clear that the general behavior does not
change, although there are minor deviations. In Figs. 7
and 8 the energy of the noise is drawn as a function of
the i put noise-to-signal ratio in the same way as in
Figs. 2 and 3, but now for a gaussian amplitude char-
acteristic.

Aw?/2
1

Output noise energy
)

0001 :
N i e
H Gaussian amplitude chanacteristic
T T 1 7 T T11T1
RN AR
T t 1T +++
LU L
000% 57 0 00

Input noise-to-signal rato

Fig. 8 —Analogous to Fig. 7, but if bandwidth §, 2, or 1
times the af bandwidth.

V. NOISE IN THE PRESENCE OF A FREQUENCY-
MODULATED SIGNAL. SUPPRESSION OF TIIE
MobpULATION BY NOISE

When a frequency-modulated signal is amplified in a
receiver, there may be some distortion of the modula-
tion due to insufficient bandwidth or to a nonlinear
phase characteristic. In the following calculations we
shall leave this effect out of account and assume that
the signal passes the filter undistorted.

With a rectangular amplitude characteristic of the
filter, the input-signal is given by

v(®)

cos (wot + my sin pt)

wytAw

+ D (a.cos nt — b, sin nt)

wo—Aw

(31)

my = Awi/p.
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It is necessary to substitute this function »(¢) in (7) and
to take the average, as in (12). Some remarks on the
integration are given in Appendix I1I. Use is made of
the following abbreviations:

“= =il o)

Jn{(k = 20)ymy} = Jn
Fi(—r+1,k—2r+1,1/NC) = X
Fi(—r k=2 +1,1/NC) = ¥

e—ZINC

(A'VC) k—2r

U — mp/2hw = Un.

The noise energy is then given by

Eq(1)/4A0® = Z r 1N Fi(—r 4+ 1,1, 1/NC) ho(16)

re=1

0 1/2(k-1) +w

+ 2 2 X [aX?a | khi(um)

ksl Mm—o

+ (k — 2r)2s(um) }
+ 22k X { X — 2(k — )V imp(2aw) T m2itnfi(t6m)
+a(k—2r){ X — 2(k — 1)V } 2m2p2(23w)~ 2 m2fi(t4m) ]

+ > H(NC)-2e2NC\B(—r + 1, 2; 1/NC)

(801)?(28w) = { for(r) + far(ugn) }.

Jw is the Bessel function of order m and argument
(k—2r)m;. The functions hi(u), bi(u), fi(u) are dis-
cussed in Section I11. We have not yet used fo(#) = 6(u)
(this is the same é-function as used in Section I).

In calculating the spectrum from (33), one has to
start with the terms of the lowest order. Here the last
term of (33) gives the only term of order zero. It gives
a result different from zero only if u=p/2Aw; that is,
only for the frequency p. The energy for that frequency
is

(33)

L(NC)=2%=2N¢ \F12(1, 2, 1/ NC)(Aw))?

= 3(dwn)¥(1 — e1¥o)2,

Moasiation amplitude

0 , , | ‘ ‘ :
0 05 10 15 20 25
Input norse -to-signal rato

Fig. 9—Suppression of the modulation by noise. Ordinate: amplitude
of the modulation. Abscissa: noise-to-signal energy ratio.
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Whereas, in general, E;(#) gives the energy per unit
bandwidth, here the energy is concentrated in a single
line (this is the meaning of the é-function). It is the
energy of the modulation. If no noise is present, the
amplitude of the modulation is Aw,. In the presence of
noise this amplitude is modified to Aw,(1 —e~'/NC) where
1/NC is the ratio of signal energy to noise energy (if).
(See Fig. 9). Thus (33) takes into account the suppression
of the modulation by noise.
The first-order term in (33) gives:

4(Aw)INC(1 — e 1N 02 4 4(Aw;)2(NC)~te 2N

For small values of NC, this is a fair approximation for
the output noise. Then the sweep of the modulation has
no effect on the noise energy. We see from this term,
however, that, when the noise energy is not small com-
pared to the signal energy, the sweep of the modulation
affects the noise after detection. This effect was found
experimentally by Guy and Morris,'® and is fully de-
scribed by (33). When, instead of the result for a rec-
tangular filter, one wishes to know the result for another
symmetrical filter, one has only to substitute the ap-
propriate functions for hx(#), bix(u), fi(#). For a gaussian
amplitude characteristic, these functions have been dis-
cussed in Section I11. As the amount of work involved in
numerical calculations of the noise by means of (33) is
considerable, a numerical example is omitted.

All of the above calculations refer to the noise ener-
gies inherent in the system of. frequency modulation.
They will give an increasingly better approximation of
the practical results as the frequency detector more
nearly approaches the ideal.

AprPENDIX IM

Starting from (12), we integrate first with respect’to
a». This integral has the form

(1rC)”‘”f+wexp { —aa2/C+ian(u1 cos nty — nus sin nty
—w
+ u3 cos nés — nuy sin nts) }da,,
exp { —(C/4)(u; cos nty — nu, sin nt,
4+ u3 cos nly — nuy sin 11!2)2}.
In the same way, the integration over b, gives
exp { —C/4(uy sin nty + nu, cos nt,
+ u3 sin nty + nuy cos nty)?}.
Multiplying all probability integrals, we get
exp [—(C74) X {m? + n?ug® + us? + nuy?
+ 2(w113 + n2usus) cos nv + 2116124 — uaney) sin nv} ] (16)

. In the Appendixes a more specified outline of the calculations
is given, but for space considerations much ordinary algebra has been
left to the reader.
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where the summation has to be taken over all # satisfy-
ing

wo— dw = 1 £ w + Aw

and
v =1 — L

Let us introduce new variables Bs=tawo, Bs=14wo,
s=n—w,, and make a series development of that part
of the exponential form which contains cos (wov+sv)
and sin (wev+sv):

© [

S (= /017N X {2a, cos (wov + sv)

—30
+ 2y, sin (wew + sv) } |~

Here

ey + BaBa(1 + 5/wo)*;

(1184 — Bauz)(1 + 5/wo).

This form can also be written:

e

Y

Aw
Z {(a. — ) eiwortiev

3 (—CrHr( R |
+ (e, + ,'.y')ewuo»-m} J*.

As in Section I, we are only interested in such values of
m in (7) and (12) which are small compared to wo.
Therefore, as in the example treated in Section I, we
usc the binomial formula and retain only those terms
which contain no wev. The result is

D (C/H(REY YD (e — iv)ei )k
A (as + dv)e ik (17a)

Now we develop the integrand with respect to s/wo and
stop at (s/wo)% The result can be integrated straight-

forwardly. The following types of integrals occur
(y=NC/4, N=2Aw):

+oo
ff e Y (3, b ) kg 2dnduy = 0, if k£ 0
= —2r,if k=0

+o0
2 2
ff e v Hue®) (3,2 b g2y k1 200 2d 1y d 1y
e

= —(k— Dlmy % k=1
: +o0
ff e-v(ul’+uz’)(ul2 + 1o?) - darduy
=(k—Dwy % k=1
+o0 ,
ff s +"22’(u1'-’ + ) kgt 2 1y A1y
= —3/2(k — )lmy %, k=1,

This leads directly to (13a) and (13b). The introduction

of (8a) (symmetrical amplitude characteristic) modifies
(16) into
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exp [— C/4 Y f2(n) {ua® + nua® + 1s® + n'ng?

+ 2(s11034 n2usnes) cos nv+ 2n(uyus — tsus) sin nv} . (16a)
The phase characteristic does not influence the calcula-
tions. On account of the symmetry in the characteristic,
we only have to introduce an extra factor f*(s) in both
sums of (17a). After changing to the new variable u,
this leads directly to (15a). In case the amplitude char-

acteristic is not symmetrical, the change in (17a) is
greater. Instead of (17a), we now get:

S C/H)2RE) T F25) (e — dva)ei )
A 6) (e + dvide i E

After introduction of the new variable %, the analogue of
form (15a) is, then,

<+ o0 1
f Hay(w)e' du = N {fF(u)c"""Juf W (—uw)e'* du

+ fl’(—u)e"‘"dufugF(u)e"“’du

— 2f uI"(u)e""”duf uI"(—u)e"“’du}
k-1
-{fl"(u)e"""dufI’(—u)e‘""du} .

In this expression all integrals are from — < to «.

ArprENDIX I1

Equation (25) is substituted in (7) and the average is
taken as in (12). The integration over a, and b, goes
exactly in the same way as in Appendix I. As in (16),
the result is a function of f2—f{,=v. When we introduce
new variables ¢ and v, instead of #, and #, the integra-
tion over ¢, gives the result:

(1‘118—i""_,0 { ng + u-_»"’w()’ + 1432 + N42w02

+ 2(uq1e3 + w210400%) cOs nv

1/(47%) f

+ 2(i1104 — tat43)wg sin v} 12 (26)

The Bessel function can also be written

40

Z (= DT (1012 + 122w0*) V2T (1032 + 14%w®) M 2eie(nv+e) (27)
—x

where ¢ is defined by
1103 + 1att4wo®
cos ¢ = N . — — P
(142 4 u2%wo?) 1 2(13% 4+ 14°wo?) /2
and

(12103 — wy16g)wo

sin ¢ = —
(1412 + 1¢22w02)"9(1t32 + ”42(”02)1/2

Introduce new variables as in Appendix I, and expand
into a series that part of the exponent which contains
cos (wev+sv) and sin (wev+sv). This gives the same re-
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sult as in (17). Binomial development of the terms of
this sum results in the double sum:

w0 k

> €D =Y (o — iy)e e

k=1l r=0

: { Z (al + 1"7.)8‘ i""}r-ei(k_2f)wov'

Now we have to integrate the product of (27) and (28)
and

(4x%)le i exp { —(C/4) Z (112 4 B2a> + u3 + 34.:2)}

(28)

in which

B2a = B2(1 + s/wo); Bia = Bu(1 4 s/w0).

As m is small compared to wo, we have to choose
g+k—2r=0. ¢g=2r—k. Again we expand into a series
with respect to s/we, and stop at (s/we)? We introduce
the continuous variable # and we use the functions in-
troduced in Section III. The result is

w k

> 2 {2ui(u) — 8(k — r)rbiu(u) }{(k — )it} -iyk,

keml re=0
ff dxdyT k_ap(2)T p_ar(y) x*-1yk-le- v 0D,
0

Here y=NC/4. These integrals are of the type called
by Watson'? “Weber’s first exponential integral.” Their
computation leads to equation (30).

To show the convergence of the development, we re-
turn to a single sum. The part of the formula con-
taining bx(%) is modified into

0

D — 8bi(u) (k1)1 (2y) ¥(2m) !

2
2r no 0
f d.pf dxf dyJof (22 + ¥* — 2xy cos ¥)!/2}
0 0 0

. (cos \//) k=257 (z24y?) xk—-lyk— 1

This series is even convergent when J, is replaced by 1
when the rest of the integrand is positive, and by —1
when the rest is negative. For k large, the general term
of the scries behaves as b, or is smaller, and converges
to zero at least with k=32 The part of the formula con-
taining fx(u) is still faster convergent.

12 G, N. Watson, “A Treatise on the Theory of Besselfunctions,”
second edition, p. 393; Cambridge, 1944.
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ArpeNDIX [I1

After the introduction of (31) in (7), the averaging
has to be done as in (12). The first steps in the com-
putation are the averaging over all a,, b,, and the re-
moval of all terms containing cos we!. Further, we in-
troduce new variables as in Appendix II. If, now,

G(Ba, Bsy ¥) = w12 + B2 + 43 + B4?
+ 21,2 + B2V 13 + B4H)'? cos ¢,

the result of these first steps can be written in the form:

2 fm® = (87%)~1wy? f dt, f dve i

.ffffexp—- (C/4G) D (Bray Baay ¥a)

'Jo[{G(ﬁun Bas, ¥b) } 1’2132_234_211“1(132(1“31134- (32)

In this formula we have used the following abbrevia-
tions:

Bea = Ba(1 + s/wo);
Awi
B2 = 52(1 + — cos ph);

Wo

Bia = Ba(1 + s/w0);
Awl

B = B4<1 + — cos p(ty — v));
Wo

VYo = wot + SV — ¢a;

Yo = wov — my sin p(t — v) + my sin pt — ¢o;

my = Aw/p
ity + (284
cos (B2, Bs) = (us® + 322)1/2(,‘32 + gy’
#1Bs — e

Sin ¢(B2r 54) =

'(;1214_7622)1/2(“32 + 642)-”2 ’
s = d’(ﬁ?av Bln); Py = d’(ﬁ?br B!b)-

As before, we take the terms in the exponent containing
wev and expand into a series. We also use the series of
(27) for Jo, and take the terms together in such a way
that wev disappears from the result (¢g=2r —k).

This time we are interested in terms up to (s/wo)?
(Swa/woz), and (Aw12/wo’).

The integrals are of the same type as in Appendix 11,
The result of the integration is given in (33).

CTIE=TO
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A Note on a New Ionospheric-Meteorological
Correlation”
T. G. MIHRAN{, STUDENT MEMBER, IRE

Summary—Past investigations in the field of ionospheric-
meteorological correlation are reviewed, with special emphasis on
ionospheric characteristics correlating with barometric pressure.

An attempt to verify past correlations involving pressure has been
made with negative results. However, a new correlation is pre-
sented between the time-of-occurrence of the maximum F, critical
frequency during a single day and the average daily barometric pres-
sure.

INTRODUCTION

N GENERAL, ionospheric characteristics have been
]I correlated with two types of meteorological phe-

nomena—the variation of barometric pressure at the
surface of the earth, and the occurrence of thunder-
storms. Very little work has been done in this field by
American investigators. It would seem desirable to at-
tack the great mass of ionospheric data which has been
gathered during the past ten years with a view toward
verifying past correlations and discovering new ones.
What can be done along this line is indicated by the new
correlation noted below. This was uncovered in a defi-
nitely limited study. It would seem quite possible to
discover other correlations, if available data are sub-
jected to a thorough, systematic study.

CORRELATION WITII BAROMETRIC PRESSURE

The first experimental evidence of an ionospheric-
meteorological correlation was reported by Ranzi from
Italy. He found that there was an increase of E-layer
ionization after sunset when barometric depressions oc-
curred at the place of observation or north of it.! In
one of the few American investigations, Colwell re-
ported on some data which indicated a lack of E-layer
reflection in high-pressure regions.? From Australia,
Martyn reported a very close correlation between
E-layer ionization density at night and the barometric
pressure at ground level 12 to 36 hours later.? Many
interesting correlations were pointed out by Martyn and
Pulley, one of which was between the occurrence of
nocturnal E-layer ionization and barometric pressure.
Another showed direct correlation between E-layer
critical frequency and barometric pressure. The pub-
lished curves showing these and other,correlations cover

* Decimal classification: R113.501.3. Original manuscript re-
ceived by the Institute, November 7, 1947; revised manuscript
received, March 5, 1948.

t Stanford University, Stanford Village, Calif.

U'I. Ranzi, “Causes of ionization in the upper atmosphere,”
Nature (London), vol. 130, p. 545; October 8, 1932.

*R. C. Colwell, “Cyclones, anticyclones, and the Kennelly-
Heaviside layer,” Proc. I.R.E., vol. 21, pp. 721-725; May, 1933.

3 D. F. Martyn, “Atmospheric pressure and the ionization of the
Kennelly-Heaviside layer,” Nature (L.ondon), vol. 133, pp. 294-295;
February 24, 1934,

a period of only eleven days, but the authors state that
they found similar correlation for several months.* The
only negative results that have been reported were ob-
tained by Best, Farmer, and Ratcliffe in England. They
reported that E-layer ionization did not correlate with
barometric pressure.?

Martyn and Pulley also presented several correla-
tions with Fy-layer characteristics. They found direct
correlation between maximum F; critical frequency and
pressure. In addition, they found inverse correlation
between pressure and both the minimum height of the
F: layer and the time-of-occurrence of the minimum
height. They were the first to attempt even a qualita-
tive explanation of their results. They suggest that,
since pressure changes on the surface of the earth cause
a variation in the ozone content of the atmosphere, this
variation of ozone content causes a variation in tem-
perature. Thus, over a barometric depression, the ozone
content of the atmosphere is high, the temperature is,
therefore, high, and ionization densities are low.* Bajpai
and Pant, working in India, found fair inverse correla-
tion between the time-of-occurrence of the minimum
height of the F: layer and pressure, but poor direct cor-
relation between F; critical frequency and pressure.®

In an investigation using Australian data, Bannon,
Higgs, Martyn, and Munro found a correlation between
Fe-layer characteristics and certain meteorological con-
ditions. Rather than attempting to compare data on a
day-by-day basis, they instead divided days into two
types, “frontal” and “nonfrontal.” “Frontal” days are
those in the transition zone between two successive
anticyclones. In this region, there is a sudden discon-
tinuity in the characteristics of the air. In an analysis
extending over a period of 530 days, it was found that
the average value of the square of F; critical frequency
was higher on “frontal” days than on “nonfrontal” days.
They think convection or diffusion times of pressure
effects would be so long as to be prohibitive in explain-
ing correlations obtained. Rather, they suggest large-
scale movements of air in the high atmosphere appar-
ently paralleling movements at lower levels. They con-
clude that a great, and probably the major part, of the
day-to-day fluctuation of F-layer ionization density is

¢ D. F. Martyn and O. O. Pulley, “The temperature and constitu-
ents of the upper atmosphere,” Proc. Roy. Soc. A, vol. 154, pp. 455~
486; April, 1936.

5 J. E. Best, F. T. Farmer, and J. A. Ratcliffe, “Studies of region
?of the ionosphere,” Proc. Roy. Soc. A, vol. 164, pp. 96-116; January

, 1938,

¢ R. R. Bajpai and B. D. Pant, “Further studies of F-region at

Allahabad,” Indian Jour. Phys., vol. 13, pp. 57-71; February, 1939.
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associated with meteorological changes at the ground.”

Most recently, descriptive reports from Russia indi-
cate a correlation has been noted there. Kessenikh and
Bulatov compare data taken at Tomsk and Moscow.
These stations differ only thirty minutes in latitude but
have a widely different climate. It was found that, in
winter, when Tomsk mean monthly atmospheric pres-
sure was higher than that of Moscow, so was F; critical
frequency. In summer, when the pressure equalized, so
did F; critical frequency.? It should be noted, however,
that from geomagnetic considerations, higher winter F,
critical frequencies would be expected in Tomsk than in
Moscow.

CORRELATION WITH THUNDERSTORMS

Some eight years in advance of any experimental
data, C. T. R. Wilson predicted qualitatively that the
electrostatic fields of thunderclouds might affect the
ionization of the Kennelly-Heaviside layer.? In a mathe-
matical analysis based upon ionization by the radiation
field of lightning flashes, Bailey and Martyn arrived at
the same conclusion.!® However, an error in their work
was detected by Healey and, upon subsequent correc-
tion, the analysis predicted no correlation.® In a later
paper, Bailey suggested a more accurate method of
approach.” Accordingly, the work was reviewed by
Healey and another analysis was carried out using the
modified approach. From this it was concluded that,
during the day, less than 1 per cent of the lightning
flashes will cause a notable increase in the ionization
density of the E layer, but that at night this proportion
is considerably greater; and that if there always exists
in the ionosphere a constant eclectric field of the order of
0.5 volt per meter, the increase will often be very
marked.®

The first experimental verification of a correlation be-
tween thunderclouds and E-layer ionization was made
by Ratcliffe and White in England. A statistical study

7]. Bannon, A. J. Higgs, D. F. Martyn, and G. H. Munro,
“The association of meteorological changes with variation of foniza-
tion of the F; region of the ionosphere,” Proc. Roy. Soc. A, vol. 174,
pp. 298-309; February 21, 1940.

8 V. N. Kessenikh and H. D. Bulatov, “The continental effect in
the geographic distribution of electron concentration in the Fy
layer,” Compt. Rend. Acad. Sci. (U.R.S.S.), vol. 45, pp. 234-237;
ngember 30, 1944, Abstract: Wireless Eng., vol. 22, p. 394; August
1945.

? C. T. R. Wilson, “The electric field of a thundercloud and some
of its effects,” Proc. Phys. Soc. (I.ondon), vol. 37, pp. 32D-37D;
November 28, 1924,

1V, A. Bailey and D. F. Martyn, “The influence of electric
{vaves on the ionosphere,” Phil. Mag., vol. 18, pp. 369-386; August,

1 R. H. Healey, “The influence of the radiation field from an
electrical storm on the ionization density of the ionosphere,” Phil.
Mag., vol. 21, pp. 187-198; January, 1936.

12V, A, Bailey, “The motion of electrons in a gas in the presence
of variable electric fields and a constant magnetic field,” Pkil. Mag.,
vol. 23, pp. 774-791; April (Sup.), 1937,

13 R. H. Healey, “The effect of a thunderstorm on the upper at-
mosphere,” A.W.A. Teck. Rev., vol. 3, pp. 215-227; April, 1938,
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of the results appeared to indicate that a correlation did
exist.” On the basis of an investigation carried out in
India, Bahr and Syam reported a correlation coefficient
of 0.5 between thunderstorms and an abnormal increase
in E-region ionization.!® Best, Farmer, and Ratcliffe
again rejected the correlation. Further, they re-ex-
amined data used by Ratcliffe and White and decided
that, when analyzed under stricter standards, correla-
tion did not exist.b

INVESTIGATION BY THE AUTHOR

Since attempts at correlation with thunderstorms
necessitate the establishment of a somewhat arbitrary
standard as to just what constitutes a thunderstorm, it
was decided to let pressure represent meteorological
phenomena. It should be noted that there is a unilateral
relationship between thunderstorms and barometric
depressions; i.e., thunderstorms are always accom-
panied by barometric depressions,'® but barometric de-
pressions frequently occur without thunderstorms. Con-
sequently, a correlation of ionospheric characteristics
with thunderstorms should of necessity also indicate a
correlation with pressure. This suggests the possibility
that the variation of pressure is associated with the
fundamental agency affecting the ionosphere, and that
the occurrence of thunderstorms is merely an indirect
measure of occasional decreases in pressure. Unfor-
tunately, the truth of this conjecture could not be in-
vestigated at this locality because of the almost com-
plete absence of thunderstorms.

Continuous pressure information was available from a
recording barograph in the Physics Department of
Stanford University, and hourly ionospheric informa-
tion was obtainable from the Electrical Engineering
Department as a result of research sponsored by the
Bureau of Standards. Daily means of pressure were
used in all correlation studies, although examination
showed little difference between noon values and daily
means, pressure being a relatively slowly varying func-
tion of time.

At first, it was thought that a purely statistical study
would be most satisfactory, but this approach was dis-
carded after further consideration since most elemen-
tary statistical methods are not suitable for studying
two sets of data between which there might possibly be
a lag. Instead, during a two-week period of violent
pressure variation, ionospheric data and corresponding
daily means of pressure were plotted simultaneously. If
there appeared t® be any indication of correlation, the

u J. A. Ratcliffe and E. L. C. White, “Some automatic records of
wireless waves reflected from the ionosphere,” Proc. Phys. Soc.
(London), vol. 46, pp. 107-115; January, 1934,

5 J. N. Bahrand P. Syam, “Effect of thunderstorms and magnetic
storms on the ionization of the Kennelly-Heaviside layer,” Phil.
Mag., vol. 23, pp. 513-528; April, 1937,

18 S, Petterssen, “Weather Analysis and Forecasting,” p. 85,
McGraw-Hill Book Co., New York, N. Y., 1940,
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period was extended. Correlation was sought between
pressure at the ground and the following ionospheric
characteristics: (1) maximum E-layer critical frequency,
(2) occurrence of sporadic-E layer, (3) maximum
sporadic-E critical frequency, (4) minimum Fp-layver
height, (5) time of minimum F-layer height, and (6)
maximum Fe-layer critical frequency. All attempts at
correlation were unsuccessful.

Upon further examination, the data yielded an un-
expected correlation. It was found that on days when
the daily mean pressure at the ground was high the
maximum F critical frequency occurred in the morn-
ing; whereas on days of low pressure the maximum
critical frequency occurred in the late afternoon. This
tendency prevailed quite markedly during the winter of
1945-1946, in particular during the months of December
and February. Simultaneous plots of mean pressure and
the peak ionization time of the F; layer for this period
are given in Fig. 1. Both plots are of winter-time condi-

Mihran: New Ionospheric- Meteorological Correlation
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Fig. 1—Simultancous plots of daily mean barometric pressure at the
ground and peak-ionization time of the F; layer.

tions. Correlation was not found during the summer for
two reasons: Firstly, pressure variations are much less
pronounced during the summer months than during the
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winter months; consequently, any possible correlative
variations in the ionosphere are masked by other effects.
Secondly, during the summer months the F, critical fre-
quency has a very broad peak during any one day,
which makes determination of the hour of maximum
critical frequency difficult and rather meaningless.
During the winter months there is usually a definite
peak of ionization, although quite often there are
secondary peaks during morning increases and after-
noon decreases of ionization density. Less often there
are two equal peaks of ionization, one in the morning
and one in the afternoon. In such a case there is no
purely objective method of determining which peak
corresponds to the pressure variation. During the forty-
four days covered in Fig. 1, there were six such double
peaks. The alternative points are marked. Values giving
best correlation were used for drawing the curve, but it
can be scen that correlation would not be destroyed by

_using the less desirable points. This double-peak com-

plication indicates that a modified method of analysis
would be desirable.

Data were also examined for months other than those
covered in Fig. 1. Data for January and February, 1945,
showed interesting correlative tendencies, but iono-
spheric data was not complete, preventing comparison
of data for more than a few days at a time. In Novem-
ber, 1945, there was a preponderance of secondary and
multiple peaks, making data difficult to interpret. In
January, 1946, ionospheric data were not complete for
the first fifteen days, whereas pressure variation and
shift in peak ionization time were indecisive during the
last fifteen days. During the four months of winter in
1946-1947, correlation was not as good as that obtained
during the previous winter.

It is difficult to attemipt an explanation for the correla-
tion found, since ionization and recombination processcs
in the F: laver are not well understood. However, if a
decrease in air pressure at the ground may be associated
with a corresponding decrease in atmospheric density in
the F. layer and a consequent increase in the mean
time necessary for recombination, it might be expected
that the peak of ionization would occur later in the
afternoon than normal. This checks with the experi-
mental data.

ACKNOWLEDGMENT

This work was carried out under the sponsorship of
the United States Army Air Forces. Thanks are due to
[.. A. Manning and R. A. Helliwell for their interest and
advice, and to A. L.. Lange.

C2NEET0O




1096

PROCEEDINGS OF THE ILR.E.

September

A Phase-Shift Oscillator with Wide-Range Tuning’

G. WILLONERY anp F. TTHELKAfY

Summary—A new audio oscillator of the phase-shift type is dis-
cussed. The oscillator can cover continuously the entire audio-fre-
quency range, and tuning is achieved by varying but one element
of the feedback network. The theory of the new principle and a de-
scription of the oscillator are given.

INTRODUCTION
ﬁ-DEQUATE FREQUENCY stability, the most

important demand of modern audio oscillators,

has been achieved by the utilization of the RC
principle.!~® RC oscillators have a low harmonic content
and a simple electrical and mechanical structure, largely
because of the direct manner of their oscillation and
the use of thermistor amplitude control.

Regeneration networks of RC oscillators contain only
resistive and capacitive elements. The circuits gen-
erally used cover a frequency range of 1 to 10, obtained
by the simultaneous varying of two circuit elements.
Tuning of a wider frequency range makes band-switch-
ing necessary. This weakness of RC oscillators explains
why heterodyne oscillators still are utilized.

The oscillator described in this paper is of the phase-
shift type, but its feedback network is of a more complex
structure than that of RC oscillators. Besides RC ele-
ments it contains self inductances, and it employs also
mutual inductances.

A phase-shift oscillator is an amplifier in combina-
tion with a feedback network. Steady-state sinusoidal
oscillation fulfills the equation

A—1 (
= )

Both A (the feedback factor) and G (the gain of the
amplifier) are vector quantities. Equality of absolute
values in the above equation indicates constancy of the
amplitude, and equality of phases ensures stability of
the generated frequency.

According to (1), fundamentally it is possible to build
an oscillator so long as G>1, and for this reason the
oscillator discussed in this paper was developed for a
single-tube amplifier. As the phase-shift of a single-

* Decimal classification: R355.914.31. Original manuscript re-
ceived by the Institute, August 15, 1947; revised manuscript re-
ceived, February 24, 1948.

t Telephone Factory Company Ltd., Budapest, Hungary.

P H. H. Scott, “A new type of selective circuit and some applica-
tions,” Proc. I.R.E., vol. 26, pp. 226-235; February, 1938.

*F. E. Terman, R. R. Buss, W. R, Hewlett, and F. C. Ca-
hill, “Some applications of negative feedback with particular refer-
ence to laboratory equipment,” Proc. I.R.E., vol. 27, pp. 653-655;
October, 1939,

3E. L. Ginston and L. M. Hollingsworth, “Phase shift oscilla-
tors,” Proc. I.R.E., vol. 29, pp. 4349; February, 1941,

¢ G. Willoner and F. Tihelka, “Tongenerator ohne Schwinguns-
kreis,” Arch. fiir Tech. Messen., No. 117, T44; March, 1941.

§ G. Willonerand F. Tihelka, “Uber Phasenschiebergeneratoren,”
Hochfrequenst. und Elektroakustik, vol. 61, pp. 48-51; February, 1943,

tube amplifier with resistive load is 180°, an oscillator
can be obtained with the help of a feedback network
which gives a further phase shift of 180° at the gen-
erated frequency. The feedback path should have mini-
mum attenuation, so as not to require unnecessary gain
from the amplifier.

Such a network can be obtained by means of a reac-
tive filter. If there is no energy reflected from the input
terminals and there is no loss in the filter itself, energy
passes without attenuation.

THE ALL-PAss LATTICE SECTION

The characteristic impedance and the voltage ratio
of a symmetrical filter section can be expressed® by the
two pairs of impedances of its lattice-type equivalent
(Fig. 1):

3 iy z 1 J’_

I

2,

3
2

2,

Zy

Fig. 1—Circuit of the lattice.

z = VIZ; @
2
= L
E, Z,
.. ®
E, A .

With a resistive characteristic impedance R, the rela-
tion of Z; and Z; of the lattice is given by (2) to
R2
Zy = —, 4
ol 4)

and the voltage ratio becomes, with (3),

R*/Z,
T
El Zl R+Zl
E:  JRYZ, T R-2Z
Z,

Fig. 2 shows the vector diagram of the above circuit if
Z, is a pure reactance. In that case R+Z; and R—Z, are
conjugate, so that

E,
E,

_IR+z
'R—le

¢ See Appendix.
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the lattice network has zero attenuation at all frequen-
cies, and thus it is an all-pass section. The angle of the
voltage ratio represents the phase shift of the network

(Fig. 2):

IMMAG.

Fig. 2—Vector diagram showing phase-shift of an all-pass
lattice section.

¢ 2 aretg A2
= arc — = 2 arctg —— -
E, & R
If Z, takes the form of an inductance, then Z;=jwlL,
and

? wk (s)
= arctg ——. S
¢ g

The impedance Z: of the lattice is, according to (4),

: R? 1
Zy=—e=—— .
jwL L
Jw;{,
Hence, Z, must take the form of a capacitance of the
value

L
@ e o (6)
Fig. 3 shows the resulting all-pass lattice section. Its
characteristic impedance is, from (2) or (6),

L
cz: 3C
L

Fig. 3—The all-pass lattice section.

/!

¢ = 2 arctg wv/LC.

R -—
and its phase shift is
The above discussion is based on the lattice which is

the general type of four-terminal network. For use in
phase-shift oscillators, a three-terminal equivalent of
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the lattice is more convenient. This form has the ad-
vantage of a common input and output terminal, and
can be easily applied as a feedback network.

Fig. 1 shows the lattice, and Fig. 4 its three-terminal
equivalent. The equivalence is evident in view of the
symmetry theory of Bartlett which was generalized by
Brune, and which states” that a two-terminal network

-1

TEE

X4 z,

Fig. 4—Three-terminal equivalent of the lattice.

of the lattice impedance Z, is obtained if a four-ter-
minal network is divided through its axis of symmetry,
and if the ideal transformers on the half network with
the ratio —1:1, connecting the two halves, are short-
circuited. The lattice impedance Z; is obtained in a
similar way, but in this case the imagined transformers
with the ratio 1:1 are short-circuited.

-1
2L
L L 0 ?‘? 0
I 2C
== 2C
() (b)
Fig. 5—(a) Three-terminal all-pass section. (b) Simplified

circuit.

With the lattice impedances of Fig. 3, the three-
terminal all-pass section changes into that of Fig. 5(a),
and, as the transformer is an ideal one, the circuit is
equivalent to that of Fig. 5(b).

THE ALL-Pass FILTER

The feedback path of the oscillator discussed is built
up of all-pass sections as seen in Fig. 5(b). To obtain
continuous tuning, the filter sections are shunted by a
high-resistance potential divider from which the feed-
back voltage can be obtained by means of a sliding
contact (Fig. 6).

70. Brune, “Note on Bartlett's bisection theorem,” Phil. Mag.,
Ser. 7, vol. 14, p. 806; November, 1932. A proof of the equivalence
of the networks of Figs. 1 and 4 is given in the Appendix.
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A vector diagram of this feedback device is shown in
Fig. 7. The frequency corresponding to each slide posi-
tion is the frequency that gives 180° phase shift from
filter input to the tapped point:®

$1+ 2+ -0+ daa + ¢ = 180°

AMPL. INPUT

Fig. 7—Vector diagram to Fig. 6.

Feedback voltage E has a fluctuation accordirg to
the position of the slide (Figs. 8(a) and (b)). To keep

Eny
En
(a) (b)
Fig. 8—(a) All-pass filter sectjon. (b) Its vector diagram at

tuning.

fluctuations low, the maximum phase shift of a filter
section, in its own frequency range, should not exceed
90°. In this case, according to (5),

wn_1Ln

2 arctg = 90°

8 Using an all-pass filter with many filter sections, oscillation
would be possible at frequencies for which the phase shift through the
feedback path is 180+n(360) degrees, where n is an integer. Oscilla-
tion at the higher frequencies is generally automatically avoided in
consequence of the smaller gain of the amplifier at these frequencies.
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and
n—1Ln
Wp—1 -1
R
or
R
L, = (8)
Wn_1
where

L, =the half self-inductance of the nth section
R =the characteristic impedance of the filter
Wn_1=2mfn_y, where f,_ is the highest frequency ob-
tained at the nth section, i.e., the lowest fre-
quency at the n—1 section.

The half-capacitance of the nth section, according to
(6), is

Cn = )

Rl

DEsIGN OF THE OSCILLATOR

An oscillator designed on the above principles for the
frequency range of 100 to 10,000 cps is briefly de-
scribed, and the calculation of the filter is shown. Fig. 9
shows the circuit diagram, where a power pentode is
used as the amplifier. The matching transformer between
the tube and the filter is built for high self-inductance

fr
fo=2¢

15000
¥ "" l‘ A"'

AAAAAA,
VVVVVVY
i
u
2

T ZTF ETF !1;|;F ﬁTF ZT‘ ‘ljzp g

Fig. 9—Circuit diagram of a phase-shift-oscillator for a
frequency range of 100 to 10,000 cps.

"lﬂ

and minimum leakage, so as not to cause unnecessary
phase shift. The magnetic circuit of the transformer con-
tains no air gap, and dc magnetization is compensated
by a secondary winding. (The transformer can be
omitted if the following filter has a high characteristic-
impedance.)

The characteristic impedance of the filter was chosen
R =50 ohms. In designing the filter elements, it may be
noted that the first section is unbridged, and so its
maximum phase shift can be over 90°. In the case of the
filter discussed, ¢, was chosen to be 172° at the upper
end of the frequency range. According to (5),



1948
w1L1
2 arctg —— = 172°,
R

and

L

—L g
R

With the angular velocity of w;=2%xX10,000= 62,800
radians per second, and the characteristic impedance
R =50 ohms, the half self-inductance of the first filter
section becomes L;=11.4 mh. According to (6), the
half-capacitance of the section is Ci=L,/R?=4.55 uf.

The second filter section is designed for a maximum
phase shift of 90°. According to (8),

R
L,=—.

Wy
As R=C(;50 ohms and w,=62,800 rad/sec™!, L,=0.8
mh, and C?=L,/R*=0.32 uf.

The angular velocity w: can be calculated according
to (5):

waly

2 arct —-—.2 ! + 2 arct = 180°
r 0

or

24 oarctg—r = 9P
ar = 90°,
4390 862,500

arctg

which gives w»=16,700 rad/sec™! and f,=2660 cps.
The elements of the third section are Ly=R/w;=3.0

mh and C;=L3;/R*=1.2 uf w; is given by
w3 W

arctg
4390 +arctg 62,500

arctg

-+ arct =0 o 90°
€ 16,700
and gives wy;=7400 rad/sec! and fys=1180 cps.

Calculation of the remaining filter section is similar.
The described procedure may be continued until
the lowest desired frequency is reached. The values of
the filter elements 2L and 2C are shown in Fig. 9.

To have linear filter reactances and a close coupling
within the filter sections, iron-powder ring cores were
used with double windings.

Limitation of the amplitude, necessary in all types of
oscillators, can be achieved by various methods. In the
circuit shown in Fig. 9 a nonlinear element is used. An
incandescent lamp L, with a resistance close to the
characteristic impedance of the filter, is in series with
the filter input circuit and keeps the amplitude at a
constant value.

CoNCLUSION

The most usual all-pass filter is the transmission line.
Transmission lines are often used as resonant circuits in
the ultra-high-frequency region, but they cannot be ap-
plied in the audio-frequency range on account of their
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dimensions, which are determined by the wavelength.
To obtain smaller dimensions in the audio-frequency
range, the distributed inductances and capacitances of
the transmission line must be concentrated into filter
sections. The results of this concentration are the tee-
and pi-type filters. As the square of the cutoff fre-
quency is inversely proportional to the product LC of a
filter section, the all-pass character of a transmission
line with infinitesimal sections changes into a low-pass
character at the tee and pi filters.

An all-pass filter in the audio range is obtained in the
lattice network. Its three-terminal equivalent, discussed
in this paper, is convenient for designing phase-shift
oscillators.

APPENDIX
Matrix of a Four-Terminal Nelwork

A linear four-terminal network can be characterized
by the following equations (Fig. 10):

el Iz
O————of 1—*—@
E, Ey
f——

Fig. 10—Schematic diagram of a four-terminal network.

Ey =2y + Z1oJ» (10)
Ey, =20J,+ Z2oJa. (11)
In these equations, Zy=E,/J, (for J,=0) and

Zyp=E,/J; (for J;=0) are the open-circuit input and
output impedances, Zp=E;/J, (for J1=0) and
Zn=E,/Jy (for J;=0) are the transfer impedances of
the network. Equation (12) is the impedance matrix of
the four-terminal network:

|2
Zzl

le
222

. (12)

All networks containing only passive elements have

ZIZ = Z2l, (13)
and the symmetrical ones have
Zu S Zzz. (14)

Matrix of the Lattice

The input impedance of the unterminated lattice is,
from Fig. 1,

Zy+ 2,
2

=2y = (15)

The open-circuit output voltage is

E; = 62y — 22,
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and, as ¢, =1,=J,/2, the transfer impedance

Zy —

Ji 2

Z]g = 221 (16)

Thus the impedance matrix of the lattice is, from equa-
tions (15) and (16),

I _ZI+Z2 Zy— 27, ||
2 2
= | 17
[ Z:{—Z] Z v+ Z,
2 2 i

Characteristic Impedance of the Laitice

A symmetrical four-terminal network terminated in
its characteristic impedance presents also at its input
terminals the characteristic impedance, so E,=ZJ, and
E,=—ZJ,. These values introduced into (10) and (11)
give, taking (13) and (14) into consideration,

ZJI =leJl+Zl2J2

and
—2Jy =21+ ZwJ e

Ji/J. expressed of both equations gives

Z1a B Z+Zn
Z—27n  Zn
or
Zy =72~ 2%
and

Z = an - 2122 = (Zn - le)(Zn + le)-
With (15) and (16),
72

ZlZ2v
and the characteristic impedance of the lattice

Voltage Ratio of the Lattice

(18)

If current J; of the four-terminal network (Fig. 10)
is constant, i.e., the generator has infinite impedance,
then the generated no-load voltage in the output circuit
is given by

JiZiy = — Jz(Zn + Z)

2 2
2

(a) (b)
Fig. 11—(a) Circuits for matrices Z’. (b) Z".
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and the voltage ratio

E, o Jl_ Zn+2
E Ji Zn
From (15), (16), and (18),
v+ Z2 I
E 5 + 77
A )

2
_ (\/Zl + \/2—2)2
(VZs+ VZ)NZ: — N'Z))

/22 1
Vot )
%
Z

Three-Terminal Lattice Equivalent

(19)
-1

Matrices can be summed up by adding the corre-
sponding elements. According to this rule, matrix (17)
can be split into

Zo+ 2 Zo— 2, |

. 2 2

| z-z 242
| 2 2
|| Z2e Z2 | [Zl Z,

“lz 2|t 2 Z|TFTE
12 201 172 =2

The elements of matrix Z’ are Zn/'=2Zp'=2Zn' =2y’
=Z,/2;thusitsequivalent network is that of Fig. 11(a).
Replacement of matrix 2’ with the elements Z,,"" = Zy"
=27,/2;and Zy'' =Zy'"' = —(Z1/2) can be seen on Fig.
11(b).

According to the network theory, addition of matrices
corresponds to the series connection of networks, and
this can be obtained by connecting the input and out-
put terminals separately in series. Fig. 12 shows the
series connection of the networks shown in Figs. 11(a)
and (b). The result is identical with the circuit of Fig. 4,
which is a three-terminal equivalent of the lattice.

-1

|

~f

2
2

Fig. 12—Three-terminal equivalent of the all-pass lattice section.
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An Experimental Investigation of the Radiation
Patterns of Electromagnetic Horn Antennas’
DONALD R. RHODESY, ASSOCIATE, IRE

Summary—A systematized set of radiation patterns of rect-
angular electromagnetic horn antennas have been measured and are
shown as a function of electric and magnetic plane flare angles and
radial length of the horn. A total of two hundred and fifty patterns
are included for representative flare angles from zero to 50° and
radial lengths from zero to fifty wavelengths. This set of patterns
reveals many characteristic properties which may serve as a guide
in the design of electromagnetic horn antennas.

INTRODUCTION

ONSIDERABLE WORK of a theoretical nature

on radiation-pattern characteristics of rectangu-

lar electromagnetic horn antennas has appeared
in the literature. Of particular interest are the patterns
calculated by Chu and Barrow.!? The theoretical pat-
terns which they felt were most accurate were calcu-
lated on the basis of Huygens' principle, considering
each individual element of the assumed Hertzian vector
potential at the mouth of the horn to be radiating a
spherical wave, the composite radiation pattern being
calculated by a vector integration of the individual ele-
ments. Since it was assumed that the radiating clements
were the electric and magnetic fields which would exist
at the horn mouth if the horn were infinitely long, the
pattern calculated on this basis for short horns becomes
inaccurate.® At the present time there are no accurate
theoretical radiation patterns for short horns. For infor-
mation on horns less than six wavelengths long it is nec-
essary to revert to experimental methods.

Some experimental work on horn patterns has been
published,?45 but due to the limited radio-frequency
spectrum then available it was physically impractical to
measure more than the minimum necessary to establish
the validity of the theoretical work. With the currently
available oscillators developed during the war, it is pos-
sible to obtain several watts output at frequencies up to
24,000 Mc, thus increasing many times the range of

* Decimal classification. R120XR221. Original manuscript re-
ceived by the Institute, October 24, 1947; revised manuscript re-
ceived, February 27, 1948. The work reported in this paper was done
at the Antenna Laboratory, under Contract No. W33-038ac16520
(17380), Air Matéricl Command, Wright Field, Dayton, Ohio.

Presented, joint meeting, American Section, URSI and \Wash-
ington Section, IRE, Washington, D. C., May 24, 1948,

Oh'T The Antenna Laboratory, Ohio State University, Columbus,

10.

1\, L. Barrow and L. J. Chu, “Theory of the electromagnetic
horn,” Proc. I.R.E., vol. 27, pp. 51-64; January, 1939.

2].. J. Chu and W. L. Barrow, “Electromagnetic horn design,”
Trans. A.I.E.E. (Elec. Eng., July, 1939), vol. 58, pp. 333-338; July,
1939.

3 A more rigorous approach in which radiation from currents
flowing on the outer surface of the horn can be included is given by
S. A. Schelkunoff, “On diffraction and radiation of electromagnetic
waves,” Phys. Rev., vol. 56, p. 308; August 15, 1939.

¢W. L. Barrow and F. D. Lewis, “The sectoral electromagnetic
horn,” Proc. [.R.E., vol. 27, pp. 41-50; January, 1939,

8 W. L. Barrow and Carl Shulman, “Multiunit electromagnetic
horns,” Proc. I.R.E., vol. 28, pp. 130-136; March, 1940,

electrical dimensions which can be conveniently realized
physically for antenna measurements. A horn having an
electrical length of fifty wavelengths has a physical
length of two feet at 24,000 Mc. Such a horn as this can
easily be supported and rotated to obtain its radiation
pattern.

Most of the published work on rectangular horn an-
tennas deals only with sectoral horns,!*+ or horns which
are flared in one principal plane alone. There is little
mention of the pyramidal type of horn which is flared in
both planes, other than to say that the pattern in any
one plane is approximately dependent upon the flare
angle in that plane only, independent of the flare angle
in the other plane. Generally, a horn is designed to have
a specific radiation pattern in each of the two principal
planes. Hence, a knowledge of the pattern in the two
principal planes and the effect of a flare angle in one
plane upon the pattern in the other plane would be quite
valuable.

It is the purpose of this paper to present a series of ex-
perimentally determined patterns over the most useful
range of horn parameters for use in the design of electro-
magnetic horn antennas requiring a radiation pattern
having specific characteristics. The patterns shown rep-
resent relative clectric field intensity at a large, fixed dis-
tance from the antenna for any direction in the plane of
measurement. Since the patterns are only relative and
give no indication of gain of the antenna, all patterns
have been drawn to the same maximum amplitude for a
more pleasing presentation.

HORN PATTERN MEASUREMENT

The radiation pattern measurements described in this
paper were prompted by a need for data for use in the
design of transmitting horn antennas to illuminate
model aircraft antenna systems. The principal require-
ment of such an antenna is that it must produce an es-
sentially plane wave over the area in which the model air-
craft is to be measured. This requirement can be realized
by proper separation of transmitting and receiving an-
tennas and by using a transmitting horn whose direc-
tional properties will permit the radiated energy to il-
luminate the model directly, without part of the energy
being first reflected from the ground before arriving at
the model.

‘The measuring techniques used were similar to those
described by Sinclair, Jordan, and Vaughn.® Due to

¢ George Sinclair, E. C. Jordan, and Eric W. Vaughn, “Mecasure-
ments of aircraft antenna gatterns using models,” Proc. I.R.E., vol.
35, pp. 1451-1462; December, 1947.
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mechanical difficulties inherent in the measurement of a
transmitting antenna, the horn patterns were measured
using the horn as a receiving antenna. By applying the
reciprocity theorem, it can be seen that the pattern of an
antenna when transmitting is the same as when receiv-
ing.

The most useful radiation patterns of a rectangular
horn antenna excited in its dominant mode are those in
the two principal planes of the horn, usually designated
by the terms E plane and H plane because of the fact
that these planes are parallel to the lines of electric and
magnetic field intensities, respectively. Because of pre-
vious reference in the literature to flare angles in the E
and H planes by the symbols 6 and ¢, respectively, and
to radial length of a horn by the symbol R, these sym-
bols will be adhered to. The three parameters, 6, ¢, and
R, and the two principal planes of measurement are
shown in Fig. 1.

In an effort to determine the degree of approximation
involved in assuming that the principal-plane patterns
of a pyramidal horn antenna are dependent only upon
the radial length of the horn and the flare angle in the
plane of measurement, independent of the flare angle in
the other principal plane, a series of patterns were meas-
ured at 24,000 Mc on a set of horns whose flare angles in
the E plane were held constant, while the IT plane flare

Fig. 1—Co-ordinate system showing the two principal planes of a
rectangular horn and the parameters ¢, 6, and R.

angles varied from 10° to 50° in 10° increments. The an-
gle of flare in the E plane was 40°. This set of patterns is
shown for various horn lengths R in Fig. 2. A compari-
son of the patterns in any vertical column in Fig. 2 shows
that the E-plane patterns, for a horn of fixed flare angle
in that plane, are essentially independent of the flare an-
gle in the H plane, assuming that the radial length of the
horn is constant. This same phenomenon has been ob-
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served for H-plane patterns for a horn of fixed flare an-
gle in the H plane, but only the patterns for the E plane
are presented because of the fact that the H-plane pat-
terns are much less sensitive to changes in parameters,
as will be shown later.

R= 41 61 8) 100 M) 18) 22X 261 30X 35) 40L 45) 50)

~ 300000 TTTIINY
ad SN AAVIVivIvivly
ad IVAVAIvAVLGAVAY,
e AAVVIVIvvAvivAvLY,

el NINRVVAAVIAVAYAVLY

Fig. 2—Comparison of E-plane patterns for a horn having a con-
stant flare angle in the E plane but a variable H-plane flare
angle.

For horns which are only a few wavelengths long, the
radiating elements are not confined to the mouth aper-
ture. Considerable energy is diffracted around the
mouth, causing currents to flow on the outside walls of
the horn which, in turn, contribute to the radiation pat-
tern of the horn. In the extreme case of a horn of zero
length (an open waveguide) the energy radiated in back

H-plane

A =1.25 cm |

Fig. 3—Comparison of principal plane patterns of electrically
equivalent open waveguide at a wavelength of 10 and 1.25 cm.
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of the waveguide is comparable to that which is radiated
forward. In Fig. 3 are shown the principal plane patterns
for electrically equivalent open waveguides at wave-
lengths of 10 and 1.25 cm, the patterns being measured
under similar conditions. Energy reflection from sur-
rounding objects is quite objectionable at 1.25 cm, but
at 10 cm becomes almost negligible. For this reason the
patterns of those horns whose lengths were less than or
equal to four wavelengths were measured at 10 cm.
Utilizing the fact that the radiation pattern in one
principal plane of a pyramidal horn antenna is independ-
ent of the flare angle in the other principal plane, the ef-
fect of variation of the three horn parameters 6, ¢, and
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R can be seen by plotting the patterns for the flare an-
gles 8 and ¢ independently against the horn length R.
This has been done for several values of § and ¢ up to
50°, and the results are shown in Figs. 4 and 5. The pat-
terns shown are taken from the original patterns as re-
corded on a Speedomax polar recorder and have not
been retouched.

PATTERN BANDWIDTH

Pattern bandwidth, or the width of the frequency
spectrum over which a given antenna can operate with-
out an appreciable change in its radiation pattern, is
quite frequently one of the primary considerations in

240 26, 28 30) 35 40, 43) 50)

00000

0000001
RN
RERREENRN
IR R R
VAYAVAVRVATAVAVARY
VAVAVAVAVAVAVAVAVAY,

Fig. 4—E-plane patterns of a rectangular horn antenna as a function of radial horn length R and E-plane flare angle 6.
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Fig. 5—H-plane patterns of a rectangular horn antenna as a function of radial horn length R and H-plane flare angle ¢.
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the design of an electromagnetic horn. When operating
a given horn at two different frequencies, the dimensions
of the throat aperture, mouth aperture, and horn length
are transformed in the ratio of the two frequencies, but
the flare angles are preserved. There are no electrical
limitations on the dimensions of mouth aperture for a
particular horn used over a frequency band; there are,
however, both high- and low-frequency limits which
must be placed upon the throat-aperture dimensions for
dominant-mode (TE,) excitation. The lowest usable
frequency is limited by the cutoff frequency of the par-
ticular waveguide in question, this frequency being

c

Voutofi =

2b

where b is the width of the waveguide in the II plane and
¢ is the velocity of light. The highest usable frequency is
limited by the frequency at which waves other than the
dominant-mode waves can exist in the waveguide; this
limitation is determined by how the waveguide is ex-
cited. If the waveguide is symmetrically excited, the
TEgx mode cannot exist; however, the TEg mode can
exist at three times the cutoff frequency of the dom-
inant mode. Hence, the usable frequency limits for a
given horn and waveguide combination which is sym-
metrically excited are

[
Vw = E
3c
Vhign = 3Vlow = 5 :

For long horns the horn lengths will be proportional to
the ratio of frequencies used (to a very close approxima-
tion); for shorter horns the error introduced by this ap-
proximation becomes greater than for long horns, due to
the fact that the horn length is measured from the
mouth aperture to the throat aperture rather than to the
virtual intersection of the conducting walls. However,
the approximation is close enough for most applications.

When choosing a horn to operate over a band of fre-
quencies for a specific application, the throat dimension
should be chosen such that all frequencies in the speci-
fied band fall within the frequency limits given above.
The variation in the two principal plane patterns for
this range of frequencies can be found from Figs. 4 and
5, for the particular flare angles and radial length, to lie
between the longest and shortest electrical lengths as
determined from the low- and high-frequency limits, re-
spectively.

CONCLUSIONS

There are two important characteristics of the princi-
pal-plane patterns of a pyramidal horn excited in its
dominant mode which can be observed from the pat-
terns in Figs. 4 and 5. They are the secondary-lobe struc-
ture in the E plane and the total absence of secondary
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lobes in the I plane. From the theory of arrays carrying
equal currents, it is to be expected that a uniform field
distribution (which is equivalent to a uniform current
distribution), such as that which exists in the E plane,
will produce side lobes in the plane of the uniform field.
An approximate explanation of the absence of secondary
lobes in the H plane is the following. In the II plane a
sinusoidal field distribution exists. It has been shown by
Stone’ that the ideal array without secondary lobes has
its currents distributed according to the binomial coef-
ficients. The binomial distribution reaches a maximum
at the center of the array and goes to zero at the array
extremities. The sinusoidal distribution of fields found
at the aperture of a horn has the same general character-
istics as the binomial distribution; hence, it is to be ex-
pected that its radiation pattern should be essentially
free of secondary lobes.

Several interesting trends can be observed by close
examination of the E-plane patterns. For any particular
flare angle (8=30° for example), a side lobe can be
traced from its origin at R=2\ through a series of
lengths during which the magnitude of the side lobe is
growing larger relative to the main lobe until, at R =16\,
the major lobe and the first side lobes are of equal am-
plitude. Beyond the length R=16\ the side lobes be-
come of greater amplitude than the main lobe. It is this
growth of secondary lobe structure that is responsible
for the divided characteristic of the beam which occurs
at large horn lengths. This same evolutionary process
can be observed by tracing any other side lobe through
its various stages of development. As the horn becomes
of very large aperture, the pattern has a large number of
side lobes of comparable magnitude, as, for example, the
long horns at § =50°.

A characteristic trend which is most noticeable in the
evolution of a waveguide as it grows into a horn is the
rapid decrease in beam width with the first few wave-
lengths of a horn’s development. An illustration is given
in Fig. 6, showing patterns measured at a wavelength of

H-plane

E-plane

Fig. 6—Superposition of principal plane patterns for short
horns having constant flare angles.

7 John Stone Stone, U. S. Patent Nos. 1,643,323 and 1,715,433.
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10 cm for three lengths of a horn whose flare angles are
#=10° and ¢ =30° The pattern showing the largest
beam angle (the outer pattern) is for a horn of zero
length; for lengths R=1\ and R=3\ the patterns be-
come considerably narrower, and radiation in back of
the horn becomes negligible.
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Fields in Nonmetallic Waveguides”
ROBERT M. WHITMERT, ASSOCIATE, IRE

Summary—An infinite plate of dielectric material is taken as the
prototype of nonmetallic waveguides. The Green’s function is found for
the case in which the electric field is parallel to the surfaces of the
plate. The solution is set up as a Fourier integral, which is then re-
placed by a complex contour integral. There are but a finite number
of real poles, the residues at which correspond to the propagating
modes in the metallic guide. An integral around a branch cut gives
a wave radiating into space, which is the analog of the attenuated
modes of the metallic guide.

The modal field distributions are discussed for the plate and for
circular rods. The surface fields are not small, but they are attenu-
ated transversely at rates of 28 db per radius and higher; a system
using a dielectric guide would be at least fairly well shielded. The
nonmetallic guide should be useful wherever a low-cost flexible con-
ductor is needed and imperfect shielding can be tolerated.

INTRODUCTION

F VISIBLE LIGHT be injected at one end of a glass
I[ rod, it is transmitted to the other end with very

little loss, in spite of rather violent convolutions of
the rod. \We explain the effect in terms of ray optics and
total internal reflection. It occurs quite naturally to an
investigator working in the centimeter region that
something similar might be done with microwaves, us-
ing plastic rods or strips. These might be mechanically
flexible, and they could be more easily and cheaply
fabricated than metallic guides, especially for extremely
short wavelengths. It was this idea, brought to the
attention of the author by H. Kallmann in the MIT
Radiation Laboratory, which started the present inves-
tigation. The subject of dielectric guides turned out to
be an old one; it was studied both theoretically and ex-
perimentally in the first two decades of this century.'=?
This paper contains some new results, and some old
material restated in modern language.

* Decimal classification: R118. Original manuscript received by
the Institute, October 24, 1947; revised manuscript received, March
12, 1948. Presented, 1948 IRE National Convention, March 23,
1948, New York, N. Y. The research in this paper was begun at the
MIT Radiation Laboratory.

t Rensselaer Polytechnic Institute, Troy, N. Y.

1 D. Hondors and P. Debye, “Elektomagnetische Wellen an di-
elektnschcn Drahten,” Ann. der Phys., vol. 32, pp. 465476; 1910.

. Zahn, “Uber den Nachweis elektromagnetlscher \\ ellen an
dlelektrlschen Drahten,” Ann. der Phys., vol. 49, pp. 907-933; 1916.

30. Schriever, “Elektromagnetische Wellen an_diclektrischen

Drahten,” Ann. der Phys., vol. 63, pp. 645-673; 1920.

It is now a familiar concept that, when the walls of a
waveguide are perfectly conducting, any field distribu-
tion can be described in terms of two sets of modes;
those of one group, finite in number, are propagated
along the axis of the guide without attenuation, while
the infinite number in the other group are reactively
attenuated without change in phase. That is, the propa-
gation factors of the first group are pure reals; those of
the second are pure imaginaries. The objects of this
paper are to determine to what extent the mode descrip-
tion is applicable to nonmetallic guides, and to discuss
their engineering value.*

In a circular dielectric rod there are modes of the Eq,
and H,,. types. These were studied in preference to those
resembling the 77, field (which is the lowest mode in a
circular metallic guide), because in the dielectric any
field having an angular dependence is complicated by
longitudinal components of both electric and magnetic
fields.®* However, a dielectric plate shows the same char-
acteristics as a rod; since here we find a simpler geome-
try and more familiar functions, the detailed discussion
will be confined to this example.

FORMULATION

We propose to find the field in and about a dielectric
plate due to a unit filament of current. The result is the
Green’s function, in terms of which the field due to any
actual distribution of current having the same symme-
try can be expressed.

Consider the slab of dielectric material shown in Fig.
1. It has an index of refraction #n (dielectric constant
n?); it extends from x= —a to x=+a and to + « in the
v and 2 directions. The filament of current is at x=»,
2=0, and it extends to y=+ «. We then have only a
y component of the electric field, and we assume that

4 Some of the results have alrcady been given limited circulation
in R. M. Whitmer, “Waveguides without metal walls,” MIT Rad.
Lab. Report No. 726 May 10, 1945.

8 Some conclusions similar to those found here have been stated
by G. Roe, “Normal modes in the theory of waveguides,” Phys. Rev.,
vol 69, p. 255 (A); March, 1946.

SJ. A, Stratton, “Electromagnetlc Theory,” McGraw-Hill Book
Company, New York, N. Y., sec. 9.15, 1941,
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9/dy of any quantity vanishes identically. If we call
the electric field ¥, the wave equation which it must
satisfy is

(V2 4+ En)Y(x, 2) = — 278(x — b)é(2) (1)

where k is 27 times the free-space wave number, # is a
constant greater than unity for lxl <a, n=1 for
|x| >a, and & is the Dirac delta function.” A time-de-
pendence factor of e~i“* has been omitted; with this
sign, convention e** represents a wave moving in the
positive z direction. All statements can be put into con-
ventional engineering form by replacing 7 by —j; e~ is
a wave moving in the positive z direction.

n=1
x=a
«———50UrCe
T__—
.
? n>1
x=-a
n=1

Fig. 1—A slab, of index of refraction n>1, extends Letween x= ta,
and to * « in the y and 2 directions. A filament of current at
x=>0, 3=0 produces an electric field parallel to the surfaces of the
slab.

The Fourier integral

Y(x, 3) = fwv(x, h) exp [ihz]dh (2)

—c0

is a solution of (1), provided that

2
(d— + kn? — h’)v(x, k) = — 8(x — b) )
dx?

independently of %, as may be shown by direct substi-
tution.

The necessary continuities of the electric and mag-
netic fields require that y be continuous everywhere,
and that dy/dx be continuous at x= t+a. These condi-
tions on Y and its derivative must apply to each Fourier

Y(x,2) =a
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Also,
v(b — 0) = »(b + 0). (5)

Integrating (3) over a small interval of x at b,

40/ g2
— 4 R — h’) vdx
fb_o (dx’

b+0
=—f o(x — b)dx = — 1

b—0
dv 0
_] -
dxd p_o
or
Y(b+0)—v(k—0)=—1. (6)
Let
Bt — k= (\/a)?; kY — B2 = (u/a) (7

Then (3) may be written as

(d_z ~ ()\/a)’>v =0 for |z[>a,  (82)

dx?
and
d2
("— - (.u/a)’> =—56(x—b) for |x| <a (8b)
da?
The solutions of (8) are
x < —a, 9, = A,ePzle
for
—a< x<b, vy = Aqer*le 4 Age-nzlo
b< x<a, v3 = Aeb7% 4 Agenzla (9)
¢ < x, v, = Ager®le,

Note that N is given by a square root; its sign must be
so chosen that v; and v, each represents an outgoing
wave.

The conditions stated in (4)-(6) on v and v’ give us
six equations (inhomogeneous because (6) is) from which
to find the six coefficients of (9). For our purposes, it is
sufficient to calculate only 4¢. For x >a, we find that

component of Y. Hence,
?(+a—0)=9(+ac+0)
and

4 + O—d(+ 0 4
—a(t a0 = — st o +0). @

7 The function 8, when its argument is time, is called the “unit
impulse” in engineering analysis. The unit impulse is, in turn, the
derivative of the familiar ;tep-function. 8(u) has the property that

= [f(0) if the integration interval contains u=0.
H(w)5(s)du {zero if the interval does not contain u =0.

s (e — N2 exp [2u] — (u + N2 exp [~ 24]

exp [A(x/a — 1) + ihz]dh. (10)

SINGULARITIES

Equation (10) is to be integrated as a contour integral
in the complex % plane. The residues at the poles of the
integrand will give rise to modal-type waves. Let us
first consider those poles; they are given by the roots of
the denominator:

(b — N)%e* — (u4 N> =0

which, with p=4w and kav/n?—1=d, may be rearranged
to take the form
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2w\/d? — w?

2wt — &

tan 2w =

(11)

This will be recognized as the transcendental equation
which gives the quantum-mechanically allowed energy
levels for a one-dimensional rectangular potential
“well,” with the index of refraction of the slab corre-
sponding to the depth of the well. There are a number
of analogies between the two problems.

This equation could have been obtained more easily,
simply by assuming waves like those in (9) as solutions
of the wave equation ((1) with the right-hand side
zero), and applying the boundary conditions. The
Green's-function method was chosen in order to be cer-
tain that we have all possible types of fields which could
arise from the assumed excitation. To be more specific,
the branch-cut wave to be discussed later would not
have appeared at all if we had started with the exponen-
tial waves of (9).

Equation (11) has a finite number of roots for
0 <w<d. These give real values of % between k and kn,
in which region \ is real and negative. The residue of the
integrand of (10) at a pole k. gives a wave whose z
dependence is e®n*; clearly, these poles correspond to
the real propagation factors of the metallic guide, and
one looks for the analogs of the imaginary factors. There
are no roots of (11) which give imaginary &’s, but one
might expect to find complex &'s which would give
“leaky” modes; that is, waves which would propagate
with attenuation in the z direction while losing power
sidewise. The author has been guilty of saying that
such modes exist.* That they cannot exist may easily
be shown; outside the slab the space dependence of such
a mode would be of the form of

exp [(ip — @)x + (ir — 5)z]

with p, ¢, r, and s each positive for x, 2>0, in order to
satisfy the radiation condition. Substitution into the
wave equation shows that this function is not a solution
unless

pg+rs =0,

which cannot be true for the type of wave suggested
above. Hence, there are no attenuated, leaky modes.
One may ask what does happen to the propagation
factor as a mode is “squeezed out,” as by reducing ka.
It may be shown from (11) that as ka is made smaller
the propagation factor k. of the highest mode® moves
down the real & axis to the point A=k, which is a
branch point of the integrand. If, now, ka is made still
smaller, the root does acquire an imaginary part, but
the signs are such that it represents an incoming wave,

8 For the modes, k<hw<kn. That is, the guide wavelength is
shorter than the free-space wavelength, because the field travels
partly in a dielectric. In accordance with standard waveguide ter-
minology we speak of the mode nearest cutoff as the highest; it has
the longest guide wavelength and the smallest value of A.
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and it is not on the Riemann surface over which we
integrate.®

Braxcu Cut

The integrand of (10) has branch points at h= &,
the roots of N\. The integrand is even in p, and so does
not have branch points at its roots. We employ the
radiation condition to determine the paths of integra-
tion around +k%; if X\ be real, it must be negative; if
imaginary, it must be positive imaginary. This tells us
that the path of integration goes above the branch
point at —k and below the one at +k, as in Fig. 2, so
that when the contour is closed in the upper half-plane
there must be a branch cut upward from 4k, and con-
versely. For |h|>>k, A= —ha in the first and fourth
quadrants, and A= +ha in the second and third. The
integrand of (10) then vanishes along the infinite semi-
circle in the upper half-plane for >0, in the lower half-
plane for 2 <0. The contour goes above the poles on the
negative real axis, below those on the positive side.

———

path for z>0

path for z<o

Fig. 2—The path of integration in the complex / plane is shown by
the arrows. There are poles along the real axis between +k and
+kn. There are branch points at tk.

If the integral around the branch cut could be per-
formed rigorously, it is probable that it would be found
to represent a radiated field, and hence loss of power.
Roe!® has found this to be true for a special case of an
analogous problem. This “branch-cut wave” is attenu-
ated in the z direction because the integrand contains
e, and along the branch cut the imaginary part of & is
positive. It is apparent that this wave corresponds, for
the dielectricslab, to the attenuated modes of the metal-
lic guide.

The branch-cut integration has been performed using
approximations valid when k231, 2> x —a. That is, the
point of observation is a long way from the source and

% The author is indebted to Glenn Roe for pointing out what hap-
pens to the root kn after it has become equal to k.

19 G. Roe, unpublished Ph.D. thesis, University of Minnesota,
March, 1947.
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close to the guide surface. The result is a wave having
the form of

Chk(x —a)+ D
(k)i

ikz

¥ (branch cut) «~-

where Cand D are real constants.

It must be borne in mind that this is not a modal-
type wave. It arises, not from a pole at a single value of
k, but from an integration over a continuous range of .
Even if the integral could be performed rigorously, this
wave would not have the form of a function of the
transverse variable times a single exponential contain-
ing the axial variable.

DisTRIBUTION OF THE PROPAGATING-MODE FIELDS!

In the dielectric slab there is always at least one
propagating mode, no matter how small ke may be, nor
by how little the index of refraction exceeds unity. The
fields are sinusoidal functions of x inside the guide; out-
side, they decay exponentially.

In a dielectric rod the electric field for an H, mode
has only a tangential component. If the index be inde-
pendent of the radius 7, it depends upon r like

Ji(krv/n® — 1 = (B B)%)

inside the surface, and outside like
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H\ Y (ihr).

Here J, is the Bessel function of the first order and
H\® is the Hankel function of the first order and first
kind. The quantity % is a root of a transcendental equa-
tion corresponding to (11).

The dielectric rod with

nt =14V 4 3/(2kr)?,

with V an arbitrary constant, corresponds to a cylindri-
cal quantum-mechanical problem with a “square” po-
tential well of depth V. It was considered here in order
to learn whether a single mode could be effectively fo-
cused by making » large near the center; this particular
dependence of n upon r was chosen simply because the
wave functions for it are known. Inside the rod the field
behaves like

rY2sin [kr/V — (] k)?];
outside, it again goes like
11,V (ihy)

where this & is the root of still another transcendental
equation. Although increasing the index of refraction
toward the center of the rod decreases the surface field

TABLE I

Case and mode Cutoff ka

Next mode, cutoff ka

Surface field
Maximum internal field

Transverse attenuation,
db per radius or
half-thickness

» per cent

Circular rod, constant n

Z id: ts 3.831
Hylike mode ero.(gt.u e suppor 3.
principal mode) Vni—1
3 2.4048 5.5201
' Vni—1 Vni—1
2.4048 5.5201
HOI F 3
Vni—1 Vni—1
Circular rod, nw~1/r
. 2.029 4.89
" V-1 V-1
Flat plate, constant n
a Zero (guide supports _x/2
’ principal mode) |

Cutoff Conditions and Comparisons of Field Intensilies,
Lowest Modes

Here #n is the index of refraction of the dielectric, and n, its value
at the surface for the case n~1/r (see text); ka=2xa/\ where a is
the radius or half-thickness, \ is the free-space wavelength.

4 The differential equations and the transcendental equations
whose roots give the propagation factors are discussed in some detail
in footnote reference 4. They also appearin great detail and for more
general casesin Roe’s thesis; see footnote reference 10.

28.2
37.5
44 39.0
39 35.3
59 13.8

Although the cutoff values of ka for the E,, and H,. modes are
the same, there is no degeneracy for intermediate values of ka.

The surface-field ratios and the transverse attenuations are cal-
culated for the lowest mode of each type with the next mode just at
cutoff, in order to obtain the most favorable condition.

a little, it also decreases the rate at which the field falls
off with distance from the rod.
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Mode cutoff conditions and data on transverse decay
are given in Table I. The decay data were calculated
with the parameters such that the second mode (of its
type) was just at cutoff; this gives the most favorable
condition (weakest external field) with only the lowest
mode propagating. For hr large, I, (ihr) behaves like
(r/a)~‘exp [—(ha)r/a], where a is the radius of the
rod. This asymptotically exponential attenuation has
been expressed in db per radius in Table 1.

The Hj,-like mode in the rod and the H, mode of the
dielectric plate have zero cutoff wave number. Because
of this characteristic they have been described in Table
1 as principal modes, but they have longitudinal field
components and their phase velocities depend upon fre-
quency.

ENGINEERING APPLICATIONS

Although the external modal field is not in itself radi-
ated, it will induce currents in objects near the guide
surface, and hence indirectly cause both reflections and
radiation. By reciprocity, power could be received from
another system.

If the guide were designed to support a few or several
modes, their resultant field could be concentrated near
the center. For a given dielectric material and a given
frequency this would require a guide mechanically larger

PROCEEDINGS OF TIHE I.RE.

1109

than for a single mode, and over any appreciable dis-
tance dispersion would still push the field to the surface.
In the present state of the art it is difficult to couple
in and out of any kind of guide which propagates more
than one mode, but we may learn how in the future.

For comparison with the visible light analog, where
we know the external field to be very weak, a glass rod
1 cm in diameter, with an index of 1.4 and yellow light,
will support 17,000 I1,, modes.

The dielectric slab might be made useful by bounding
it with metal plates parallel to the x—z plane and ex-
tending them so far in the x direction that the field at
their edges is weak. This is just an involved way of
describing a parallel-strip transmission line with a bar
of dielectric material to concentrate the field near the
center.

The dielectric guide will be useful for transmitting
power over short distances where mechanical flexibility
and low cost are important, and imperfect shielding can
be tolerated.
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The Relationship Between the Emission Constant
and the Apparent Work Function for Various
Oxide-Coated Cathodes

HAROLD JACOBSt, GEORGE HEESf, ano WALTER P. CROSSLEY'}

Summary—Measurements were made of the emission of oxide-
coated cathodes on six chemically different metal wires over a period
of 500 hours. An empirical emission equation was employed which
was found to be as accurate as the conventional Dushman equation
and to be simpler to use. It was found that the logarithm of the
emission constant A’ varied as the sum of the apparent work function
times a constant, and the constant B.

INTRODUCTION

N THE HISTORY of oxide-coated cathodes, there
]:[ has been considerable discussion on the meaning of
the constants of the various emission equations.
A considerable difference in opinion exists at the present
time as to how these constants vary. According to

* Decimal Classification: R138. Original manuscript received by
the Institute, October 9, 1947; revised manuscript received, Febru-
ary 12, 1948. Presented, joint meeting, URSI, American Section, and
IRE, Washington Section, Washington, D. C,, October 22, 1947.

This work was performed under sponsorship of the United
States Army Signal Corps Engineering Laboratories, Camp Evans,
Belmar, N. J.

+ Advanced Development Laboratory, Sylvania Electric Prod-
ucts Inc., Kew Gardens, L. I., N. Y.

Blewett,! Espe? concludes that “activation is due to an
increase in the A factor while the work function re-
mains constant.” Heinze and Wagener® claim that
activation follows from a decrease in the work function
alone. Others, Detels* and Huxford,® show that the work
function and A factor both decrease in such a way that
log A is a more or less linear function of the work func-
tion. DeBoer® theorizes (using a concept of thermal ioni-
zation of surface atoms) that the A factor should change
and the work function remain constant. Actually, some
of the difficulty in attaining unified results and opinions

1]. P. Blewett, “Properties of oxide coated cathodes,” Jour.
Appl. Phys., vol. 10, pp. 831-848; December, 1939.

t\V. Espe, “Thermionic constants of oxide coated cathodes,”
Zeil. fur. tech. Phys., vol. 10, p. 489; 1929.

3V, Heinze and S. Wagener, “Variation of emission constant of
oxide cathodes during activation,” Zeit. fur. Phys., vol. 110, p. 154;
1938.

+ F. Detels, “Formation processes in oxide cathodes,” Zeil. fur.
Hochfrequenz, vol. 30, pp. 10-52; 1927.

s\W. S. Huxford, “Photoelectric emission from oxide coated
cathodes,” Phys. Rev., vol. 38, p. 379; 1931.

¢ . H. DeBoer, “Electron Emission and Absorption Phenomena,”
Cambridge University Press, 1935, p. 34.
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may reside in studying the constants under different ex-
perimental conditions, where, due to different pressures,
temperatures, and general conditions, the actual experi-
ments may have differed.

In the work to be reported an attempt was made to
observe the changes of the constants of an empirical
emission equation

I =A4"ex
()

over a 500-hour period of life, after the oxide-coated
cathodes had been broken down and aged rather com-
pletely. Using this equation, we have set up the problem
of describing the electron emission from oxide-coated
cathodes as a function of life, and to determine whether
or not any relationship exists which may be indicated
experimentally between the A’ factor and the work
function. It was decided to use this equation for two
reasons: firstly, it is in the simplest form for practical
use; secondly, this equation can perhaps have future
possibilities, since it can be shown to have some relation
to the modern theory of solids.”

1)

DEscCRrIPTION OF EXPERIMENTAL TUBES
AND TUBE PROCESSING

To study thermionic electron emission, special emis-
sion-test diodes were constructed as sketched in Fig. 1.
These tubes contained three grade-A nickel cylinders to
be used as anodes in a standard soft-glass “lock-in”-type

Fig. 1—Experimental diode.

vacuum-tube bulb. The purpose of the slotted end cylin-
ders was to act as guard rings and help provide a uni-
form electrostatic field at that portion of the filament

7 A. L. Reimann, “Thermionic Emission,” John Wiley and Sons,
Inc., New York, N. Y., 1934; pp. 227-229.
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being studied. The use of guard rings also minimized
“end effect”—cooling of the ends of the filament by ther-
mal conduction. The center anode was isolated electri-
cally and used as the collector for the emission studies.
To reduce the probability of evolution of gas, no mica or
lava spacers are used as is customary in commercial
tubes, but all spacing was accomplished by means of
nickel supports. The outside diameter of the anode cyl-
inders was 0.500 inch; the inside diameter, 0.125 inch.
The center anode was 0.375 inch long, and the guard
rings 0.125 inch long. A 0.050-inch peep hole was pro-
vided in the center anode so that the brightness tem-
perature of that portion of the filament being studied
could be measured directly with an optical pyrometer.
A spectral-emissivity factor of 0.68 was used as a correc-
tion for the emissivity of the oxide coating, and resulted
in a correction of 33°C at a color temperature of 900°C
brightness.

The filaments consisted of 0.005-inch diameter wire,
coated with a standard triple-carbonate suspension to
an approximate outside diameter of 0.0065 inch. The
coating density was held within 1.0+0.3 grams per
cubic centimeter.

The diodes are exhausted, activated, aged, and life-
tested under identical conditions to eliminate, to the
greatest extent possible, the effects of these factors on
the ultimate thermionic emission. Table I gives ex-
haust, activation, and aging schedules used, and Table
II gives the life-test conditions.

METHODS OF MEASUREMENT

Data to plot the emission curves were obtained in the
filament-temperature ranges of 850 to 1100°K by rais-
ing the plate voltage, and recording plate current and
voltage until temperature-limited current was drawn.
The highest filament temperature was, in general, that
which gave a temperature-limited current of 12.0+2
ma at a plate voltage of 200.0 volts dc. It has been ob-
served that the filaments can be heated markedly by the
cathode current being drawn, and because of this it was
sometimes necessary to run emission curves at initial
currents less than 12.0 ma.

The filament temperature in the region below 1050°K
was determined from the filament volt-amperes by ex-
trapolation on a temperature calibration curve. Filament
temperature was measured as a function of filament volt-
amperes at several points in the visible temperature re-
gion (900, 860, 820, and 790°C brightness) and extra-
polated to room temperature at 0 volt-amperes input.

The logarithm of the plate current was plotted against
the plate voltage. The slopes of the space-charge region
and the temperature-saturation region. were extra-
polated. The point of intersection of these projected
lines was taken as the point of zero effective field on
electrons leaving the filament. The current at this point

8 J. P. Blewett, “Properties of oxide coated cathodes,” Jour.
Appl. Phys., vol. 10, pp. 668~679; October, 1939.
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was used as the total thermionic emission I from the
filament independent of field effects.

The log of the total emission in amperes per cm? was
plotted against the reciprocal of the absolute tempera-
ture (see Fig. 2) to evaluate the emission constant A’
and the apparent work function x of the empirical emis-
sion equation (1).
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Fig. 2—Plot of emission equation to evaluate 4’ and x:
I = A’ XIiT,

It is of interest to note at this point how the Dushman
equation can serve just as well to describe the experi-
mental determination of emission as a function of tem-
perature. Using the same data as obtained in Fig. 2 and
plotting log Io/ I versus 1/T—0.10~, we find thata fairly
good straight line can still be approximated (see Fig. 3).
However, the Dushman equation is more complicated in
reading, since to get the emission one must multiply by
a T2 factor at any given temperature.

DaTa

To define the thermionic-emission properties of a
given filamentary material, the emission constant A’,
the work function x, and the total emission at 800°K
I, were determined as a function of life. The tempera-
ture ranges used in the measurements of the above val-
ues are also reported. To present this large mass of data
in a comprehensive form, a statistical breakdown was
employed.

The standard deviation has been selected as a meas-
ure of dispersion.

Results are given in Table I11.

A particularly interesting feature of the data can now
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be presented concerning the relationship of 4’ and x as
a function of life.

20

IN AMPS /CM2%2/°K? -10°

o
2

LOG I,/T?

'RECIPROCAL TEMPERATURE IN (‘)™ =10°

0 2 4 6 8 10 12
Fig. 3—Plot of Richardson’s equation:
1 = AT2e%T,
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Fig. 4—Variation of 4’ with x for pure nickel filamentary alloy.
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The measurements of A’ and x were made for each
tube at approximately 24, 100, 250, and 500 hours of life.
If the tubes were placed in groups such that all of the
oxide-coated filaments coated in one type of filament
wire were grouped, a straight-line relationship could be
found between the log A’ and x. For instance, in Fig. 4
the A" and yx values for six tubes containing a pure nickel
{lament, coated with the oxide, were studied over life.
Each particular reading for this type of material was
plotted. The log A’ and x can be seen to be related to
each other. Similarly, Fig. 5 represents the data taken
for A" and x of each particular tube at each measure-

1
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o
-

20 V_JORK IFUNCHON X IN 'E.V. .

e} 02 04 06 08 1.0 1.2
Fig. 5—Variation of log 4’ witlll x for boron-nickel filamentary
alloy.

ment on life, where the oxide is coated on a nickel wire
with boron impurity. Fig. 6 illustrates the data for the
commercial Tensite filament coated with the oxide. In
the case of all wire samples, as the points of 4’ and x
for each tube are plotted over various periods of life, a
straight-line relation is formed between the log 4’ and
x- It is also of interest to notc that the slopes of these
lines are somewhat different, depending on the nature of
the core material. It would be of interest to test other
core materials and to determine how much the slope
will actually be different for different samples. To the
authors’ knowledge, work of this type has never been
published.

One questionable point is whether this changein A4'is
a real change in the constant, or whether a changein 4’
is due to an exponential temperature factor inherent in
4'. Suppose, for instance, that in our temperature range
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of measurement A’ changes exponentially with tem-
perature. This could give a result which would mask, to
some extent, the nature of log 4’ varying with x.

In order to investigate the effect of temperature on 4’
and the temperature range of the emission measure-
ments, the following device was utilized.

According to Reimann,® from photoelectric evidence,
a variation in the work function with temperature does
not exist.

TUBE  CODE
. 320 x
E 327 °
X 324 o
o 325 .
S 322 a
<
)(.
40, %
<

o
2
LOG OF EMISSION CONSTANT

20 WORK FUNCTION X INE.V.
"0 02 04 06 08 10 12
Fig. 6—Variation of 4’ with x for Tensite filamentary alloy.

Over the small range in temperatures studied it would
not be expected that the work function would shift with
temperature. For the case of oxide-coated pure nickel
wire, an effective work function of 0.93 electron volts
was assumed. From the data in Table 111, this is not
far from the average value determined.

Then, for each tube, A’ was calculated for each I, at
each particular temperature. This method of determin-
ing A’ is somewhat independent of the previous method,
since here we are assuming a constant work function and
calculating A" by a measurement of Iy as a function of T.

The resulting 4’ values, as determined from (1), are
tabulated in Table IV,

An inspection of these results shows that, if we as-
sume x to be constant over the range of temperatures in
which Iy was measured, then log 4’ has relatively small
changes in value with temperature, and certainly
changes much less than the observed variations in Figs.
4-9,

% A. L. B. Reimann, “Thermionic Emission,” John Wiley and
Sons, Inc., New York, N. Y., 1934, pp. 267-269.
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5P
= Ak It might be inferred from this that variationsin log 4’

& ﬁ\\lth x do not represent a temperature effect but are in-  — — ——

g 4

alloy.

herently due to physical and chemical changes in the
cathode for small temperature ranges.

INTERPRETATION

From the data above, it appears that log A’ varies
linearly with the apparent work function x, over various
periods of life, for the case of oxide-coated cathodes on
nickel. Why this should occur is by no means clear, since
there is not enough fundamental work yet available
upon which to build a general theory. In addition, the
results indicate that emission is very much a function of
the impurities in the core metal.

TABLE I

1. Bake at 400°C for 30 minutes to dnve off occluded gases on glass.

2. Degas elements at red heat not to exceed 850°C by rf heuting to
thoroughly degas metal parts. (This required about 15 minutes of
heating.)

3. Set filament temperature at 900 +25°C for 2 minutes (keeping
anodes at a red heat) to reduce the alkaline earth carbonates to the
oxides.

4. Following this, the processing was established as below:

(a) Set TF=1000°C brightness; E,=10 v for 1 minute
(b) Set Tr= 900°C brightness; E,= 50 v for 5 minutes
(c) Set Tr= 900°C brightness; E, =150 v for 10 minutes
5. Flash getter and tip off.

TABLE I1

Life Test Conditions
Tr=775°C brightness
E,=40.0 V rms, 60-cycle ac
Emission was measured at 24, 100, 250 and 500 hours of life.
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TABLE III
MEAN VALUE oF EMisstoN CONSTANTS VERSUS LIFE
Alloy Number and Hours A AR : _- __— “ 7 l q N
Nominal Composition Life N A-107 | o410 X 7X ‘ L ‘ ol I ar l T'min | T max
1 24 6 1 21.5 11.9 0.93 | 0.07 \ 0.029 | 0.013 | 130 760 1065
Pure Ni 102 6 | 9.6 13.3 0.93 0.13 0.017 0.008 135 840 1105
248 6 4.7 | 1.6 0.89 | 0.07 0.013 0.006 145 865 1090
490 6 l 4.8 | 5.6 0.93 0.11 0.009 0.005 120 840 1150
2 25 4 17.1 27.1 0.83 0.09 0.022 | 0.009 165 815 | 1100
Tensite 99 4 6.5 5.1 0.83 0.14 0.023 0.022 170 665 1105
1.349,A1,0.0159%, Mg,0.33% | 265 4 38.2 36.5 0.90 0.17 0.043 0.028 165 690 | 1020
Si by weight 501 4 1.53 1.27 0.82 0.15 0.042 0.038 ’ 140 620 | 1080
3 24 4 9.6 SHS) l 0.94 0.05 0.009 | 0.010 | 170 895 1110
. B-Ni 102 4 28.8 22.3 1.03 0.16 0.005 | 0.001 | 130 940 1115
0.5 Atomic 9%, Boron 248 4 157.0 238.0 1.16 0.18 l 0.004 | 0.002 | 145 925 1190
490 4 41.0 41.0 1.09 0.12 0.003 0.004 | 130 925 1175
4 25 3 15.0 8.9 . 0.98 | 0.08 | 0.009 0.005 | 160 850 | 1260
Co-Ni 99 3 9.6 1.9 0.92 0.05 0.019 0.015 160 820 1290
2.0 Atomic %, Cobalt 265 5 34 .4 48 .4 0.92 0.125 | 0.017 0.013 165 815 1265
501 3 2.9 1.5 0.77 0.014 | 0.045 | 0.032 165 735 1250
5 2 | 6 20.8 35.6 0.91 0.16 0.018 0.019 | 180 775 | 1105
Pt-Ni 100 6 3.7 2.5 0.81 0.12 0.017 0.009 180 840 1090
2.0 Atomic 9, Platinum 250 6 8.8 9.5 0.90 0.14 | 0.014 0.007 185 830 1095
506 S 2.8 2.5 0.80 0.03 | 0.018 0.008 190 830 1105
6 25 6 28.0 39.0 1.93 0.14 l 0.004 t 0.003 155 930 1235
V-Ni 100 6 12.8 14.9 0.98 0.15 0.008 | 0.005 165 840 1190
2.0 Atomic %, Vanadium 249 5 15.2 | 13.6 1.02 0.14 0.007 0.006 150 860 1250
505 6 225.0 293.0 1.22 0.25 | 0.007 | 0.021 140 860 1250

Z’=arithmetic mean (a.m.) of th

¢ emission constant in amp/cm?

oA’ =standard deviation (s.d.) of A’

X =a.m. of the apparent work function in electron volts

ox =s.d.of x
I.=a.m. of total thermionic emission at 800°K true in amp/cm?
ol.=sd.of I,
_N=number of tubes
AT =a.m. of temperature range used in evaluating A’ and x in °K
T max =maximum temperature used, in °K
T min =minimum temperature used, in °K.

TABLE IV
VARIATION OF L0G A’ wiTH TEMPERATURE, AsSUMING CONSTANT x
Tube No. | 126 | 127 | 128 | 129 130 131
No.of Hoursl log A’ T l log A’ T | log A’ T log A’ T log A’ T log A’ T
24 4.52 600 | 4.15 705 4.36 645 4.26 625 3.88 790 4.27 685
| 4.56 555 | 4.26 670 4.39 595 4.28 580 3.85 755 4.37 640
4.56 520 4.12 630 | 4.39 560 4.38 540 3.80 765 4.42 600
| 458 485 | 4.00 585 4.41 510 4.33 495 3.6 660 4.37 855
102 | 4.01 725 3.85 775 4.08 700 3.94 770 | 3.51 830 4.06 735
4.08 685 3.85 735 4.08 655 3.97 730 3.49 790 4.12 700
| 4.05 630 3.79 685 4.06 610 4.03 690 | 3.44 745 4.15 655
4.07 580 3.37 625 4.14 565 4.00 640 | 3.4 700 | 4.10 605
248 I 3.92 755 3.70 815 3.55 755 | 3.92 780 3.53 815 4.09 740
3.90 705 3.68 770 4.01 695 4.05 730 3.54 780 4.14 695
3.94 650 3.75 725 4.04 650 | 4.68 685 3.48 725 4.19 645
4.17 605 3.1 675 3.97 610 | 4.11 625 3.48 675 4.21 590
490 3.62 775 3.45 800 3.46 825 | 3.85 695 3.38 875 3.58 810
3.54 725 3.43 755 3.40 775 3.88 650 3.46 840 3.57 770
3.58 675 3.50 700 3.38 725 3.96 605 3.44 805 3.59 730
| 3.50 660 3.95 565 3.44 765 3.61 685
T in °C

log A’ in amp/cm?
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Effects of Hydrostatic Pressure on Electron
Flow in Diodes®

W. C. HAHNT, SENIOR MEMBER, IRE

Summary—Inclusion of the hydrostatic pressure term, with con-
stant temperature, in the electron force equation of a diode is shown
to give a way by which the effect of Boltzman’s relation for a retard-
ing field disappears as the field becomes accelerating. Thus, one
equation holds from the cathode surface through the potential mini-
mum to the anode. As a result, one may deduce the usual tempera-
ture-limited emission formula for maximum current, the space-
charge-limited characteristic, and the transition region from one to
the other. Some remarks on this, from the standpoint of transport
theory, are included.

HERMIONIC EMISSION is ordinarily regarded
Tas a problem in the evaporation of electrons from

the surface of a hot metal. The argument pro-
ceeds along thermodynamniic lines. As thermodynamics
applies precisely to an equilibrium state, it is usual to
calculate the current leaving the cathode for such a
state and set the maximum emission equal to this
value. It would seem reasonable that this would give a
fairly close value; but, as Fowler! points out, the
method gives no way of evaluating the error. Strictly
speaking, one must use kinetic theory to discuss such
problems of flow. The same thing appliecs, of course, to
the space-charge-limited flow in diodes.

In applying kinetic theory to problems of electron
flow in high-vacuum tubes, one must consider the effect
of interactions between electrons. Little or no work has
been done along this line, aside from the use of a
smoothed charge density in Poisson’s equation. As it
stands today, the kinetic theory? consists essentially of
the hydrodynamic equations with an extra equation
giving the temperature. The components of the stress
tensor and the heat conduction vector contain all the
required information about statistics, etc. The usual
plan of solution of these equations contemplates em-
ploying a series of approximations for these compo-
nents; and in theory, at any rate, it is possible to appeal
to the next approximation to get an idea of the order of
magnitude of the error.

In this paper it will be shown that, in a very simple
approximation, the effect of hydrostatic pressure is to
limit the current flow over the potential barrier at the
boundary of a metal, in much the same way as gas flow
through an orifice is limited. The same equation can
describe the flow in a space-charge-limited diode from
the cathode through the potential minimum to the

* Decimal classification: R138. Original manuscript received by
the Institute, December 5, 1947. Presented, IRE Electron Tube
Conference, New Haven, Conn., June, 1946.

t General Electric Research Laboratory, Schenectady, N. Y.

1 Fowler, “Statistical Mechanics,” University Press, Cambridge,
England, 1936; p. 346.

2 Chapman and Cowling, “The Mathematical Theory of Non-
Uniform Gases,” University Press, Cambridge, England, 1939; p. 51.

anode. Since it holds for both temperature-limited and
space-charge-limited conditions, it can be used to give
the transition between these conditions.

INTERACTIONS BETWEEN ELECTRONS

First, it may be profitable to consider exactly what is
meant by interactions between electrons. In ordinary
monatomic gases, the simplest theory of collision phe-
nomena considers the molecules as smooth elastic
spheres (such as rubber balls) which bounce off each
other. The theory of such collisions leads directly to the
concept of a mean free path. Results of this theory, as
applied to gases, were only approximately verified by
experiment. Actual forces between molecules may be
considered electrical in origin (such as dipole or quad-
rupole forces), and, in this case, they may be considered
to fall off as the vth power of the distance between them,
so that the molecules do not touch during a collision.
Furthermore, the nearest distance may vary with the
relative velocity, etc. The sum of the charges being
zero, the gas is still electrically neutral. By this means,
very much better checks with experiment have been
made. Considering electrons, the inverse square law is
to be assumed, of course; but it is found that the colli-
sion integrals do not converge. This condition arises
primarily because the inverse square law falls off so
slowly with distance that, in effect, all of the electrons
are always in collision with each other.

Suppose that one considers the electrons to be located
in a regular manner throughout the volume and the
whole to move as though they were fastened together.
In this sense there are no collisions, and the interactions
can be taken as the sum of the repulsions of each for all
the others; i.e., one can smooth the space distribution
of charge and calculate the force on each electron by
Poisson’s equation. This is already common practice.
Now if the electrons have a random motion relative to
these ordered positions, we will mean by interactions or
encounters the additional forces (varying randomly
with time) produced on an electron by such motions.
It may be considered that, there being such a large
number involved, the sum of the random forces pro-
duced by those a long way off is practically zero by can-
cellation. Thus the encounter forces on an electron are
mainly the random forces produced by its nearest
neighbors. One way to calculate these forces is to con-
sider the theory of fluctuations of the space-charge
forces.? This has not been done as yet. In fact, the only

3 See chap. XX of footnote reference 1.
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work applying to this situation seems to be that of
Chapman,? who considered only interactions involving
two electrons.* While these values may be considered
indicative of the order of magnitude of the quantities
involved, much remains to be done before it may be
said that the theory is in reasonably good shape. In
particular, it should be pointed out that some experi-
mental work on measuring the required quantities is
essential. In this paper, the effect of collisions is assumed
to be such that the temperature is constant in the dis-
charge, while any effects of viscosity are neglected.

HyDROSTATIC PRESSURE OF ELECTRONS

Suppose we consider a plasma of electrons whose
mean velocity, normal to a plane, is 7. There is, on the
average, a density of n per unit volume; and each has,
in addition, a random velocity relative to the mean,
the probability of any velocity between « and u+du
being given by a Maxwellian distribution. In problems
of this kind, the mean and random motions are kept
distinct, just as one separates dc terms from ac
terms in circuit analysis. The temperature is defined as
2. times the average of the random kinetic energy and
constitutes a measure of it. Here k is the usual constant
relating energy and temperature and has a value of
1.38 X107 ergs per degree in the cgs system. Now
one calculates the flow of kinetic energy per unit area,
normal to the plane, caused by the electrons crossing it
both ways. Dividing this by the average velocity with
which they cross, gives the average energy associated
with such movement. For the mean motion, we get
(nm/2)-v®, and for the random motion, nkT. Now the
derivative of this energy with respect to distance x, nor-
mal to the plane, gives the equivalent force F which
must have acted to produce the energy change. Thus,

dvp dnkT
F =wm— .
dt dx

(1

This is the usual force required to accelerate the mass of
the particles to the mean velocity v, plus an additional
force required on account of the random motion. The
quantity nkT is called the hydrostatic pressure. This
force Fis produced by the electric gradient E,, so that

F = neE, (2)

(per unit area). Setting these equal and dividing by # to
get an equation applying on a per-electron basis,

dvp 1 dnkT
m— = eE; — — : 3
dt n  dx

If one assumes that v, is zero, so that the plasma is in
equilibrium, integrating this equation immediately gives

¢ A. Vlasov, “On the kinetic theory of an assembly of particles
with collective interaction,” Jour. Phys. (U.S.S.R.), vol. 9, no. 1, p.
25; 1945,
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Boltzman’s relation for the density n. In this way one
can see that, even though there is an electric gradient
acting on the electrons, they have no average motion
because the force generated by the varying hydrostatic
pressure exactly balances the electrostatic forces on the
average.

It is customary to use Boltzman's relation in a retard-
ing field and to discard it when the field becomes ac-
celerating. This creates a discontinuity at places where
the direction of the electric gradient changes sign, such
as a potential minimum. The restrictions on the validity
of (3) are not with respect to the sign of E,, but rather
are implicit in the assumption of the velocity distribu-
tion and the value of T. From this standpoint, (3)
should hold right through the potential minimum; and
clear out to the anode, for that matter. Thus the appli-
cation of Boltzman'’s relation and its disappearance be-
come automatic and inherent in the equation.

In this study, it usually will be assumed that the tem-
perature T throughout the whole discharge is constant
at the cathode temperature. The rather remarkable suc-
cess in explaining well-known experimental results jus-
tifics the statement that T cannot vary a great deal un-
til one is beyond the potential minimum when the latter
is close to the cathode.

The rest of the analysis will be made on the basis of a
parallel-plane diode with the mean electron motion in
the x direction only, esu units, and cartesian co-ordi-
nates. These conditions with constant temperature T,
give

d*x kT dn

m— =¢E, — — — 4
ae n dx )

TEMPERATURE-LIMITED EMISSION
In addition to (4), there is the continuity equation

7 dx s
= en — 5
°T M )

where I, is the anode current per square centimeter.
Now differentiate (5) with respect to ¢ and resubstitute

(5):

Io dlogn d%x (10)2 dlog n 6
en dt  de en dx (©)
Using this in (4), there is
eE; dlogn (Io>2 m dlogn o
— —_— — —_— . {
kT, dx en) kT, dx

This equation, since E= —(dV/dx), can be integrated
to give

1% i n n m <Io)2( 1 1 ) ®

—_ — = log — — e

kT, & ne 2kTo\ e n? no®
where V' is measured from the point where the clectron
density is 7o. Neglecting the last term, this is recognized
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as Boltzman'’s relation. Thus the latter is changed, un-
der conditions where there is a flow, by subtracting from
—(eV/kT,) a term which easily can be seen from (5) to
represent the kinetic energy of the flow in equivalent
units. This is a relation of the Bernoulli type, as might
be expected.

Now consider Fig. 1. On the right is plotted —(el’/
kT,) versus x for a typical image force field with an
added accelerating field.

i e S

T,

i

k.
= |

g g g g gy

t
d’l’

Fig. 1

The abscissa x is taken as zero at the surface of the
metal lattice structure, and the maximum of the curve
occurs where V is about equal to the thermionic work
function V,, (neglecting any reduction of the maximum
due to the external field). On the left is plotted equation
(8). The solid line is the first term on the right of (8);
and the dotted lines represent this with the second term
subtracted, using various values of I,. Considering
curve A and noting that the same values of —(eV/kT,)
must exist in both sets of curves simultaneously, it will
be seen that one cannot go over the top of curve A be-
cause the maximum V is not high enough, and thus » re-
turns to its original value of #no. This corresponds to a
metallic contact, not an electron tube, and will be dis-
carded. For curve C, one cannot go over the top of the
right-hand curve and must return down it. But obvi-
ously this requires that dx/dt must reverse, and thus
this is not a physical condition. Finally, consider curve
B where the maximum of the two curves are exactly the
same. One may then go over the top of the image field
V. and, at the same time, go over the top of curve B so
that » continually decreases. This is the only condition
corresponding to a cathode; and, since V,, is fixed by the
constants of the metal, the current I, is also fixed.

Mathematically, we may solve (7) for (d log n/dx) to
get
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dlog n kT,
S S el S (9)
dx ] m (10>2
kTo\en

If we assume that n continually decreases, and note that,
from Fig. 1, E; must go through zero; then at that point
(the potential minimum) we must have

1 m (Io )2
a kTo en

/kTs
I, = en, —
m

or

(10)

where 7, is the density at the potential minimum. This
is precisely what we would get by differentiating for a
maximum of curve B and using this simultaneously with
the maximum 1, of the right-hand curve. Note that (9)
and (10) are true for any potential minimum (such as
occurs in space-charge-limited flow), and the present
application for temperature-limited flow comes about
by the identification of V, with the thermionic work
function of the surface. We may substitute (10) in (8)
and get

eV,,. I 10 + 1
I o\, b
kT, O iTe | 2

m

Hoé

1 Io 2

-— ). (11
5 T

noe /‘/
m

It will be found that the last term is negligible.
Solving for I,

I /‘/ kTo ( CV,,. )
= 1ot —exp|——).
P e PN kT
Now V. is customarily measured from the metal, and

thus 7, is the density at the surface of the metal. Fowler®
gives this as

(12)

3/2
o = _2(21!’ka0) - (13)
h3
This value is that which one would find at the metal-
lic surface, if Maxwellian statistics held to this point,
and is appropriate for this calculation. Its derivation
takes into account the Fermi-Dirac condition actually
present. Substituting (13) in (12), we finally arrive at

el'm
Io = AI‘O2 exp (— R “)

14)
kT, ¢

§ Sce p. 345 of footnote reference 1.



1118

where the constant 4 has the value of 181 amperes per
square centimeter. This is the standard equation de-
rived by Dushman and Richardson and for which Fow-
ler gives the value 4 =120, based on the previously men-
tioned extension of equilibrium arguments. Actual ex-
periments do not give 4 with great accuracy as a
fundamental constant, its value depending to some ex-
tent on what one uses for V,,. As a matter of fact, con-
sidering that we have neglected viscosity and tempera-
ture variations, the simplicity of the derivation and the
relative correctness of the result are startling.

It will be noted that, for space-charge-limited flow,
the potential minimum occurs at some voltage greater
than the thermionic work function. The same equation
(14) can be used to determine this voltage from the as-
sumed current. Thus, in this sense, the emission current
is always limited by the same mechanism; and at high
currents the potential minimum moves over so close to
the metal that the externally applied gradient cannot
appreciably affect its potential, and the emission be-
comes constant. Examination of the left-hand side of
Fig. 1 will disclose that, until one gets very close to the
potential minimum on the cathode side, Boltzman's re-
lation holds very accurately. Beyond the potential mini-
mum, n/no goes on down. As the log n/n, is a slowly
varying function of %, to a first approximation, one may
set

eV m (Io )’ no?

kTo - 2kTo Not n?
by measuring V from a suitable zero point. Integration
of this with Poisson’s equation immediately gives the
well-known 3/2-power law of the Langmuir-Child’s
equation. Thus (8) contains within it the two funda-

mental relations which distinguish the operation of a
high-vacuum electron discharge device.

(15)

SPACE-CHARGE-LIMITED FLOW

In the preceding section, it was shown that the flow
has the usual characteristics before and after the poten-
tial minimum. Langmuir assumed that, in our notation,
the flow was isothermal to the potential minimum and
essentially adiabatic beyond, and derived the potential
distribution for these assumptions by integrating Pois-
son’s equation. It will be interesting similarly to inte-
grate (8) with

ax

— = — 47ren
dx?

(16)
for purposes of comparison. This must be done nu-
merically on account of the form of (8). Although the
solution is continuous through the potential minimum,
the boundary conditions are set, at this point, by (9)
and (10), and thus one integrates each way from this
point. In doing this, it is found, as previously men-
tioned, that Boltzman's relation holds from the cathode
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surface to a point very close to the potential minimum
Thus we may disregard the image field, decreasing # by
exp (—eV,./kT,), where V,, is the thermionic work func-
tion, and regard this as an equivalent value of 7, at the
surface.

The integration of (8) is conveniently performed by
making the substitutions

AEEE o
y = (ﬁ)z m 1 (18)
e kTq no
which reduces (8) to
y=1+log¢y+2f'dsf.-£s— (19)
0 o Vy
and
-e—V-=f'dsf'—d—s— (20)
kT, o Vy

where we measure x and V from the potential minimum,
and y is the ratio of the mean kinetic energy to that at
the potential minimum. In Fig. 2 is plotted the resulting
(—eV/kTo) versus s (full line). It will be noted that
Langmuir’s 5 is simply (—eV/kT,), and his £ is related
to our s by

£ = (2mts = 1.583s. (21)

His curve is plotted in Fig. 2 as a dotted line. Esti-
mates of the temperature variation, using Chapman'’s
values of the coefficient of thermal conduction, indicate

~

\\

30 /ﬁ T

20| 7 1

Fig. 2
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a variation of temperature of the order of magnitude of
about 5°, starting at 2500° at the cathode, between the
metal and the end of the image field. Thus it seems prob-
able that, in all cases, the discharge starts isothermally,
or nearly so. On the other hand, consideration of the
equation for temperature leads to the conclusion that,
if the anode is an infinite distance away, somewhere the
discharge becomes practically adiabatic. The change-
over point may be on either side or immediately at the
potential minimum, depending on the conditions (such
as current, original temperature, etc.). Examination of
(15) shows that, if the changeover point occurs subse-
quent to the potential minimum by a sufficient amount,
the curve will be practically the full line in Fig. 2 (inas-
much as T, cancels out of (15) and does not affect the
voltage-current curve). On the other hand, it is prob-
able that, if the changeover is about at the potential
minimum, Langmuir’s curve is more nearly correct. In
any case, the important point is that the difference in
the resulting curves is small enough so that experiments
would have to be made very carefully to distinguish be-
tween no interaction at all (dotted line) and a very con-
siderable amount of interaction (full line). On the other
hand, the temperature of the discharge is vitally af-
fected by such differences in assumptions. From the
point of view of the external characteristics of the tube,
plate noise might suffer the largest change; and it would
seem that calculations of this, especially for space-
charge-limited tubes, should consider such effects.

TRANSITION FROM SPACE-CHARGE- TO TEMPERA-
TURE-LIMITED EMISSION

As was remarked before, the transition from space-
charge- to temperature-limited emission is accomplished
by the potential minimum moving toward the cathode.
Ultimately it will move into the image field far enough
to be relatively unaffected by the applied gradient from
the anode. Some slight effect will still remain, and calcu-
lations of this immediately give the Schottky effectin its
customary form.

It is usual to assume the potential as that of a true
image field having a maximum value of V,, with a dis-
placed origin of x to keep the gradient at the surface
finite. Although this is admittedly approximate, it has
given reasonably good results in quantum mechanical
calculations.

To do this we note that, if subscript ¢ is used for im-
age fields,

e2
eE.~ = — =

4(x - xo)2 (22)

or

eV, e?

e, 23
kTo 4kTo(x - xo) ( )
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and if the cathode is located at x;, the displaced origin
of the image field is at x, and the origin of x is at the po-
tential minimum (so that both xo and x, are negative).
Then

eV e?
_ = (29)
g ETo  4kTo(x1 — x0o)
or
e
X = X1+ AV, ‘ (25)

Here we are measuring V; from the metal. If we meas-
ure it from the potential minimum, we should use

ev;
A, - +
ETo 4kTo(x — x0) i 4kToxy  4kToxe?

e e2 2

, (26)

and the last term is an added constant field to give zero
gradient at x=0. We may put this in the dimensionless
form

V¢ 52
kETo (514 s0)%(s — 51 — s0)
where
e 4me? T ol
S0 = — /‘/ R N (28)
4V kT, e kT,
9 4—‘2_—?—___
_— [ 1/ e __0 _ﬁ (29)
4kTo kTo [ kTo
and so and s; correspond to xo and x;.
Thus we have the complete equation
1+ log. y + vs?
== [0} € - —
4 g7 (s1 4+ 50)2(5 — 51— So)
+2f'df'ds (30)
) —= 0
0 0 \/)’

With so many parameters, it is difficult to put a gen-
eral solution in a useful form. For reasons which will be-
come apparent, let us determine the maximum current
at which the image force term is negligible. To do this,
expand (30) in a Taylor’s series in s around the point
x=0. We have

Y
=1 2{1 — — 300 31
’ +S/‘/ ( (51+So)‘>+ ( )
Thus, if we define the constant 8 as
Y
=— 32
g (514 s0)? 32)

then B/2 will be approximately the per-unit change in
the coefficient of the first term of the series (31). Now if
we assume B, remembering that s, must be negative
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(and also B8), we may find s; from (32). In doing this, we
use saturation current for Io as a first approximation.
Since s, is probably small (it is the distance of the cath-
ode from the potential minimum), we may use the Tay-
lor’s expansion of (31) with ¥ =0in (20), to get (—eV,/
kT,) from s;. This is

8V1

= — 524 .23653 4+ - - -
kTo 1 1

(33)

where, in effect, V; is the additional voltage, besides
Va, between the cathode and potential minimum caused
by space-charge. From (14) we can see that the current
under these circumstances is below the temperature-
limited current by the factor exponent (—eV/kT).

To put numerical values in the problem, assume
To=2500°, V,=—4.55, A=120 (amperes per square
centimeter). Then we find that s;,=0.183 for 8=0.002
(or a change in the series terms of about 0.001). This
gives the current as 3.5 per cent less than saturation. If
we choose $=0.02, then the current is only 0.7 per cent
below saturation. In the latter case, we might expect a
maximum change in anode potential of about 1 per cent
due to the initial slope being changed. This is estimated
by comparing the next to the last term of (30) with the
full line of Fig. 2. The space charge will tend to reduce
this to some extent, so that the actual anode voltage
change will be something less than 1 per cent. From this
we may conclude that the transition takes place, to all
intents and purposes, within about 1 per cent change in
current and voltage.

In actual tubes, the transition usually requires much
more variation in current and voltage. This is not too
surprising when we consider that the cathode surface in
the problem was a plane on the scale of the depth of the
image field (of the order of several times the distance
between molecules). For actual surfaces, the roughness
and variation in V,, will always introduce further round-
ing of the transition point. The above calculation must
be regarded as approximate because we do not know the
exact variation of the image field; and furthermore, it
represents approximately the maximum degree of sharp-
ness in the transition region which one could obtain
with a perfectly flat and uniform cathode surface. This
being so, there seems to be no need to calculate in more
detail the exact shape given by (30).

VELOCITY DISTRIBUTION

From the standpoint of the kinetic theory, informa-
tion concerning the velocity distribution is all contained
in the stress tensor and the thermal-conduction vector.
In the first approximation, where viscosity and thermal-
conduction effects are neglected, the velocity distribu-
tion is purely Maxwellian, being a function of the tem-
perature only. If viscosity effects are present, they alter
this condition by putting bumps or hollows on both sides
symmetrically around the center. In the present instance
we have heat conduction which produces an asymmetri-
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cal change in the distribution (bumps on one side and
hollows on the other). Ordinarily, these distortions are
small; but for an electron gas they may possibly become
noticeable under some conditions. For the assumptions
made here, the distortions approach zero; and, conse-
quently, we have practically a pure Maxwell distribu-
tion, so far as these effects are concerned.

From a general standpoint, Burnett® has given a gen-
eral orthogonal series for the velocity distribution. The
coefficients for two terms are functions of the compo-
nents of the stress tensor and thermal-conduction vector
and apparently the only ones concerned with the aver-
age values used in mass flow. What the other coefficients
mean has not been indicated, except that the series is
general enough so that, for a given boundary condition,
one could presumably specify an arbitrary velocity dis-
tribution somewhere and evaluate the coefficients from
this. From this standpoint, it would seem that the actual
velocity distribution would not have to be that given by
Chapman’s approximations, since they only represent
certain terms in the over-all expansion. Thus one cannot
conclude from this that a close approximation to the
half-Maxwellian distribution assumed by Langmuir can-
not exist in the gas.

Even though they be small, there are always some in-
teractions; and one can reason that the gas will ap-
proach as closely to an equilibrium condition as the
stresses due to its motion will allow. Since the gas from
the cathode becomes Maxwellian long before it sur-
mounts the potential barrier, it is reasonable to suppose
that it has as nearly a complete Maxwellian distribution
as the stresses will allow, using the usual approximations
of the kinetic theory. This would argue very strongly
against a discontinuous thing like a half-Maxwellian dis-
tribution.

EQUIVALENT MEAN FREE PATH

The use of collision integrals to describe encounters
takes away any meaning from the term mean free path.
The concept is, however, still useful in estimating pos-
sible errors from the use of any given approximation to
the stress tensor, etc. For example, in the second approx-
imation, one uses viscous forces derived from the deriva-
tives of velocity with respect to the various co-ordinates.
Now, if the velocity change is not reasonably linear in
the length of a mean free path, then one might expect
that it would be necessary to consider second deriva-
tives, which requires Chapman's third approximation to
the stress tensor. Ordinarily, such conditions are found
in shock waves, capillary tubes, etc. The third approxi-
mation is so complicated that it is of little practical use;
and if it is required, a radical change in the analytical
approach is necessary. In the case of high-vacuum tubes,

¢ Burnett, “Mean motion in a nonuniform gas,” Proc. Math. Soc.
(London), vol. 40, p. 382; 1935.
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it has long been considered that such is the case; and this
condition led to the analysis in use at the present time.

The numerical value of the coefficient of viscosity, as
given by Chapman, may be easily evaluated for elec-
trons and comes out to be 3 X 10718752 (esu) where one
uses 2500° and #=10' in evaluating the limits of inte-
gration. Now one can define an equivalent mean free
path as that value which, in the usual free-path theory,
would give the above coefficient of viscosity. This comes
out to he

fay)

I =107 X 10—,
n

(34)

and at 2500° and #=10'?, [=6.67 centimeters. In con-
nection with this formula, it is interesting to consult
Langmuir’s equation (229),” which gives the free path
as the average distance traversed by an electron before
suffering a deflection of 8 degrees. Using this formula,
where the average velocity of the electron relative to the
swarm is taken equal to that corresponding to the pre-
vailing temperature, one finds that the free path, given
by (34), is that length in which the electron suffers an
average deflection of 13.7°. Thus this value from Chap-
man is of a reasonable order of magnitude according to
formulas given by Langmuir.

We mentioned previously that the discharge, beyond
the potential minimum, ultimately must approach an
adiabatic condition. Substituting this in (34), one sees
that ! will decrease as T2, so that the equivalent mean
free path ultimately decreases beyond the potential min-
imum. Physically, this can easily be seen to be a conse-
quence of the fact that at lower temperatures the veloc-
ity of the electron relative to the swarm is lower, and it
does not travel as far before it becomes deflected. This
effect overcomes the natural lengthening of the path on
account of the decrease of #. On the other hand, for iso-
thermal conditions between the cathode and the poten-
tial minimum, / will decrease as we go back toward the
cathode. In this case, one might say that somewhere
near the potential minimum we have the largest value
of I. A more accurate way of putting it would be to say
that the maximum of / occurs at the changeover point
between isothermal and adiabatic flow. Since we can
evaluate # at the potential minimum, we can estimate
! at this point, which should be not far from the largest
value. But we do not know T. The assumptions made in

7 Langmuir and Compton, “Electrical discharges in gases; Part
I1, Fundamental phenomena in electrical discharges,” Rev. Mod.
Phys., vol. 3, p. 219; April, 1931,
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this paper would make / very much larger than the tube
dimensions. However, since the tube noise decreases
very markedly as we go from the temperature-limited to
space-charge-limited condition, one might expect the
corresponding temperature at the potential minimum to
drop as well. Since [ varies as T2, it is not out of the ques-
tion that it may, under some conditions, become much
sinaller than tube dimensions. In addition, it must be
counsidered that the above calculations are based on en-
counters between two electrons only; and multiple en-
counters will reduce ! still more. Thus the effect of tem-
perature and multiple encounters must be evaluated be-
fore this question of mean free path in a diode can actu-
ally be settled.
CoxCLUSIONS

The kinetic theory consists of a series of approxima-
tions, each presumably more accurate than the last, to
the actual conditions in a moving gas. In the present
study, we have seen that a relatively simple approxima-
tion, used with the concept of potential barrier at the
surface of a metal, can succeed in describing, in one
cquation, the phenomena of temperature-limited emis-
sion, space-charge-limited conditions, and the transition
between these. Furthermore, the theory may intro-
duce, in a natural manner, the concept of a varying tem-
perature which possibly may be used to explain the re-
duction of plate noise under space-charge-limited
conditions, and some characteristics of magnetrons.
There is good reason to believe that progress in any
branch of the art depends on being able to make an
analysis in terms of a series of simple concepts, each of
which can be understood and accepted by itself. The
author suggests that these two problems have resisted
analysis for a long time, for a lack of an additional con-
cept of this kind.

All of the above phenomena, of course, can be calcu-
lated from other points of view, still obtaining the cor-
rect answer. There is, however, a vast body of processes
normally used in dealing with gases in practical cases,
among which are the concepts of variable temperature,
isothermal and adiabatic expansion, etc., which the
kinetic theory attempts to explain. By putting the elec-
tron-gas on a basis of this kind, one opens up many
avenues of analysis which would not normally be ap-
parent. In other words, in dealing with interaction inte-
grals and mass flow equations all at one time, one may
not “see the woods for the trees.”

The author wishes to acknowledge the many helpful
discussions and encouragement of John Blewett, for-
merly of this Laboratory.
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Precision Measurement of Electrical Characteristics

of Quartz-Crystal Units’

W. D. GEORGEY, assocIATE, 1RE, M. C. SELBY1, SENIOR MEMBER, IRE, AND R. SCOLNIK?

Summary—Extensive manufacture and use of quartz-crystal
units for radio communication, instrumentation, control, and detec-
tion purposes was responsible for new investigations to improve all
phases of piezoelectric units and devices. A small part of the total
work included development of circuit arrangements and instruments
for accurately measuring the electrical constants of crystal units.
This paper describes precision methods of high-frequency radio
measurements as used successfully on quartz-crystal units and ap-
plicable to other types of units having Qs and impedance ranges up
to several million or higher.

I. INTRODUCTION

S A RESULT of the enormous demand for
A quartz-crystal units in the recent war, many
new methods of production, measurement, and
testing were studied and put to use. Precise measure-
ments of many characteristics of crystal units were
made, but data concerning the dynamic electric im-
pedance were supplied largely in an arbitrary and in-
direct manner.!?

The electrical characteristics of a crystal unit, i.e.,
the impedance, the equivalent reactance, and the
equivalent resistance at any point of operation may be
measured and specified entirely apart from any external
circuit with which the crystal unit is used.*=s From these
data the behavior of a crystal unit in any specific ex-
ternal circuit whose characteristics are known may be
predicted. Although the great advantages of using this
kind of data as the basis for a standardization of crystal
units are described at length by others,35 it may briefly
be noted that this application would eliminate the
multitude of comparison test sets and the associated
problems of calibration and maintenance required by
today’s indirect methods of specification, and should
lead to more exact methods of measurement and per-
formance rating in terms of those parameters likely to
be most useful to the radio and electronics design
engineer.

* Decimal classification: R214.211. Original manuscript received
- by the Institute, November 21, 1946; revised manuscript received,

March §, 1948. Presented, 1946 Winter Technical Meeting, January
26, 1946, New York, N. Y.

t Central Radio Propagation Laboratory, National Bureau of
Standards, Washington 25, D. C.

' G. M. Thurston, “A crystal testset,” Bell Labs. Rec., vol. 22, pp.
477-480; 1944.

*W. E. McNatt, “Test set for quartz crystals,” Electronics, vol.
18, pp. 113-115; April, 1945.

?Karl S. Van Dyke, “The standardization of quartz-crystal
units, Proc. [.R.E., vol. 33, pp. 15-20; January, 1945.

¢ Geoffrey Builder, “A note on the determination of the equiva-
lent electrical constants of a quartz-crystal resonator,” A.W.A.
Tech. Rev., vol. 5, pp. 41~45; April, 1940.

¢ C. W, Harrison, “The measurement of the performance index of
qua;tz plates,” Bell Sys. Tech. Jour., vol. 24, pp. 217-252; April,
1945,

This paper reviews means of expressing the equiva-
lent electrical circuit of a quartz-crystal unit. It de-
scribes measurement methods and techniques in which
a generator of continuously adjustable frequency of
stability comparable to that of a crystal unit permits
the use of such laboratory instruments as rf bridges
and Q meters to determine the crystal unit’s electrical
parameters. It shows how the techniques may be used
for exploring secondary responses in a crystal unit to
determine its usefulness as an element in filter circuits
and to investigate causes of instability in oscillator cir-
cuits. The data are presented in simple graphical form
favoring differentiation between a “normal” crystal
unit and one remaining constant under limited condi-
tions. Finally, correlation is shown between data based
on the more fundamental crystal-unit characteristics
and data derived from the more familiar “activity” and
“stability” of a particular oscillator.

This work was done in connection with development
of precision laboratory methods of measuring high-Q
components.

II. EQUIVALENT CIRCUIT REPRESENTING A NORMAL
MOoDE OF VIBRATION OF A QUARTZ-CRYSTAL UNIT

Piezoelectric crystals were introduced into the radio-
frequency field to meet the need for a resonant circuit
(series or parallel) having constant parameters and high
Q. A fundamental requirement was that the crystal
unit be the electrical equivalent of a single resonant (or
antiresonant) circuit. The unit that for practical pur-
poses meets this requirement is called a normal one.
Crystal units with interfering responses, or closely
spaced multiple responses, are apparently equivalent to
electrical circuit meshes with a number of mutually
coupled resonant circuits. These are more complex
units, and should be treated separately.

The equivalent circuit of a normal crystal unit is
shown in Fig. 1(a). It has one resonant frequency f,
and one antiresonant frequency f, for any particular
value of shunting capacitance C;. The impedance across
its terminals R, is illustrated by means of the suscep-
tance with reactance diagrams of Fig. 1(c) and (d).
R, is small as compared with wL, and can be neglected
in these diagrams.

The susceptance Bgs. of the L;, C; series branch is
added to the susceptance B, of the shunt capacitance
Ci. Ci is the total shunt capacitance across the crystal
plate, and is usually designated as Co when the capaci-
tance external to the crystal unit is zero. The resultant
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B, is obtained in Fig. 1(c) as the resultant termination
reactance X, in Fig. 1(d). It is evident from the dia-
gram that, as C, is increased in value, the slope of B, will
increase, and f, will approach f,. It is also apparent that
X, is positive between f, and f,. The equivalent circuit
at frequencies in this range is, therefore, as shown in
Fig. 1(b), where R, is the resistive component including
the effect of the series resistance R, and all other losses
of the unit.

C——p——°
T‘.'*._'C‘ @
é“S §+
by ——c 2o
4 X

4K b e
L :

7]

a SEE.Y

3
Y,
Re 2o
=5
(53
<L
w
Xe &

(b)

Fig. 1—(a) Equivalent circuit of a quartz-crystal unit. (b) Effective
impedance of a crystal unit between f, and fa. (¢) Susceptance di-
agram of a crystal unit. (d) Reactance diagram of a crystal unit.

When such a circuit is tuned to antiresonance with an
external capacitor, the termination impedance is re-
sistive, and is equal to

X2
Rp = Qch =

: (1)

The termination impedance of the equivalent circuit of
Fig. 1(b) (often referred to as the Performance Index, or
PI) may also be expressed in terms of the shunt ca-
pacitance and the series resistance, as follows:

At any antiresonant frequency fo (where fo>f,), the
termination impedance is, for small values of R,, equal
to that of a tapped antiresonant circuit, and is resistive;
namely,

C,?

Zy=Ry=Z,———
y i (Cy + C)?

George, Selby, and Scolnik: Measurement of Electrical Characteristics of Quarts Crystals

1123
where
1 1
Z’ = Qz = .
wuca Rc(wacc)2
Q- is the Q of the antiresonant circuit, and
CiCy
‘a+cC
Now,
C.? 1 X2
Rpézz——=——=_—. (2)
C?® R,(w.C)®* R,
And, from (1) and (2),
XfL X 3
R. R,

R, may be plotted versus C, as an independent param-
eter on log-log co-ordinate paper in the form of a
straight line with a negative 2-to-1 slope. This follows

from (2), since
1
log [cc’R,] — 2 log C..

R, is assumed constant and the percentage change in
w with C, negligible. Experimental evidence shown later
supports these assumptions. Hence,

log R, = K1 — 2log C.. 4)

log R, =1 =
o8 S = 108 [wzk.c#]

Similarly, the antiresonant frequency increments
(fa—f-) may be plotted on log-log paper as a straight-
line function of C; with a negative 1-to-1 slope. This
may be shown as follows (see Fig. 1(a)):

1
LG

2

(5)

wWr

The antiresonance frequency is determined from the
interrelation:

1 C,+ C
waz = = .
C.C, L,C\C,
goENe

From this and (5),

ol _Ji_GHCC | G
w,’ - f'2 C]Cg C‘
or
E_l. = fa2 _ 1 _ v_(‘[a,tftz(fi__. f,)_ .
c. f?! A
For practical purposes, fo+f- =2f,.
Hence,
1 fC
a ™ Jr = — - 6
(fa — 12 T 6)
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or

log (fa — fr) = log (3f.C)) — log C..

Since f, and () are constant,
log (fu - fr) = Kz — lOg C'. (7)

These straight-line characteristics ((4), (7)) of normal
crystal units are demonstrated in Figs. 2, 3, and 4.
Slopes of 2-to-1 and 1-to-1 were drawn for the straight-
line sections in the figures. The position of each meas-
ured point shows how closely the theoretical curves are
followed. Curvatures at high R, values were caused by
holder losses, as evidenced by the same characteristics
measured, and plotted in Fig. 5, with the crystal re-
moved from the holder.

It might seem at this time as if a single point on each
of these R, and (f.—f,) versus C, curves, through which
the engineer could draw the appropriate 2-to-1 and
1-to-1 lines, would convey sufficient data for design
purposes. And this could almost be done if the crystal
unit in question were known to be normal, and if the
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Fig. 2—Electrical characteristics of two 8.7-Mc wire-mounted crys-
tal units with metal-film electrodes. These exhibit the 2-to-1 and
1-to-1 slopes derived from theory.
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Fig. 3—Electrical characteristics of “normal” crystal units of differ-
ent physical construction. (a) CR-1 type; air-gap, pressure-

mounted. (b) FT-243 type; metal-film, spring-clip mounting.
(c) FT-243 type; air-gap, pressure-mounted.
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Fig. 4—Electrical characteristics of two different 100-kc quartz
crystal units; GT-cut, metal-film electrodes, wire-mounted crys-
tal. Unit A had a low-loss holder.
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engineer were supplied with such additional data as
the values of Cp and either f, or fs at C,. Still lacking,
however, would be the effect of holder losses, and the
frequency spectrum of the crystal unit showing the
magnitude and disposition of secondary responses and
data on parameter variation with temperature.

106

IMPEDANCE (NONREACTIVE ), (Rp, ) OHMS
S

1 10 100
Cq, M Uf (CAPACITY CO,PLUS OR MINUS EXTERNAL PARALLELING CAPACITY

Fig. 5—Impedance measurements of the fundamental and adjacent
responses on both sides of antiresonance of an air-gap, pressure-
mounted crystal unit. The effect of holder losses on the high R,
values of a crystal unit is shown. Fundamental response: (a) Lossy
holder. (b) [.ow-loss holder. Secondary response: (c) Lossy holder.
(d) Low-loss holder.

II1I. NIEASUREMENT METHODS

Those parameters investigated in these measure-
ments, which have not yet been defined and are not
presented in Fig. 1, are:

AC,=an increment of C,

Af =fa—f+

R, =resistance shunting the quartz crystal (equiva-
lent to holder losses)

Q.= X/R.=the effective Q of the crystal unit

Q:=(2xfL,/R,) = (1/2xfCiR,) by definition, where f
is the nominal frequency of the crystal unit.
is usually referred to as the Q of the crystal.

Some useful expressions of parameters in terms of di-
rectly measurable quantities are derived as follows:
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2AfC,
1= = equation (6) rearranged. (8)
. = ———— fromdefinition of Q. and (8); noting that, (9
Q IA/CR, romdefinition of @, and (8); noting that, (9)

since Af<f, any frequency between f; and f, can be used.

Measurements of f, (to determine Af) are usually made
at C¢ = Co. Then,

1

Q: = m (10)
— (1
(2xf)*C:
The effect of holder losses reduce R, to
. 2y (1)
Ry + R,

A. Q-Meter Measurements of Quarts-Crystal Unit Char-
acteristics

The well-known Q-meter principle makes use of an
antiresonant circuit arrangement as shown in the table
(Fig. 6). For our purposes, constant rf voltage was
applied directly to the 0.04-ohm resistance element in
the Q-meter tank with the Q meter’s internal oscillator
disconnected by leaving the band switch in an inter-
mediate position.

Lq, Cqo (Fig. 6) is tuned for antiresonance at the fre-
quency at which X., R, are to be measured. The crystal
unit is connected in parallel with Cq. Now the latter
must be readjusted by ACq to restore the antiresonance
at the Q-meter tank, and

1

X.=
«ACq

(13)

The voltage across the antiresonance tank is a meas-
ure of the Q of the circuit. Connecting the crystal unit
in parallel with the tank reduces the original Q as a re-
sult of the shunt effect of R,. From the two values of Q,

Co
1.59 X 108( O — Qz)
CQz
= (14)
fCQIOI()?

where Cq: is the capacitance, in micromicrofarads, re-
quired to tune the Q-meter tank without the crystal
unit, but at the crystal frequency; Cq is the capaci-
tance, in micromicrofarads, required to tune the Q-meter
tank with the crystal unit in parallel with it; Qi is the
original Q of the tank; Q. is the reduced Q of the tank;
and f is the nominal frequency of the crystal unit in
kc.
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CIRCUIT  ARRANGEMENT 1
PARAMETER RANGE INSTRUMENT (FUNDAMENTAL SCHEMATIC) PROCE DURE PRECAUTIONS oog%tx:;gle
STATIC o 10 30 ppf CALIBRATE €, MEASURE C, AT rf FOR | | ppt
CAPACITY WHICH CRYSTAL IS INACTIVE
Co. 30 Toso puf | "o mETER SEE f, & L5 3403 + 02 ppt
AND ; CorC POSITION AMD SNIELONG
150 TO 2000 *Co =
PARALLELING L 0 c" OF CRYSTAL UNIT & IMPORTANT 3 ,‘Pf
CAPACITY |
8 C' TWIN-T
100 TO 1100 puf | weeoance-weasvamc SEE R, CALIBRATE CAPACITANCE DIAL 2 puf
omeu
ADWST LoCq USE SHORTED TERMINALS
SERES - . FOR MAXIMUM V. .OR SMALLEST LOOP
Q" METER 0" METER £ 15 N 1D*
RESONANCE ADWST r.f. FOR INDUCTIVE COUPLING
FREQUENCY, FOR MINIMUM V. TO CRYSTAL UNIT
"
ADWST r. f., AND RESISTANCE ARM SHELO WELL. NO FM,
R-F BRIDGE R~F BRIDGE SEE Ry AND Ry (HIGH LEVEL) £ 15 N ©°
OF BRIOGE FOR BALANCE IN OUTPUT OF r-f GENERATOR
TUNE'Q"METER TO .. PLACE CRYSTAL| rpp waximum PRECISIDN
UNIT IN PARALLEL WITH Cq- NCREASE ADJUST Cq FOR MAX. V.
ANTIRESONANCE "o METER Q" METER rf FOR MAX.V. REMOVE CRYSTAL UNIT + 25 W 10
AND RETUNE "Q° METER. REPLACE ’
GLELATSE CRYSTAL UNIT AND READWUST rf. USE LARGE 4 RATIO
IN"Q" METER
FOR MAX V.
'l
ADWST r f L AND Co ARM
TWIN-T CRCUIT TWN-T T SEE R, (LOW LEVEL SHIELD WELL + 25 N
G . ey OF BRIDGE FOR BALANCE ev G5 07
EQUIVALENT 4 0.2 OHMS
semes nesratance| O TO 1000 OHMs SHIELD WELL. USE LOW +2%
R, AND R-F BRIDGE SEE R ROUTINE
"‘c;:mz'x‘ 070500 OHMS(AT 10 Mc.) : r-f INPUT TO BRIDGE t :I Izm
S000 TO 10,000 OHMS ~ f }£ 5% OR BETTER
SUBSTITUTION METHOD ADWST r.f. FOR MAXIMUM PRECISION
10,000 TO 100,000 OHMS Q" METER SEE f, +2%
° " ¢ FOR MAXIMUM V. AT EACH 8 C, ADJUST Cq FOR MAX.V.
100,000 TO 5,000,000 OHMS £ 9% OR BETTER
ANTIRESONANCE
e SHIELD WELL
MPEDANCE, | 1000 TO 18000 OHMS ROUTINE USE LOW r-f INPUT £2.5%
CRCUIT
TO BRIDGE
R'
ADJUST r.f_ AND RESISTANCE ARM SHIELD WELL
{LOW LEVEL)
OF BRIDGE FOR BALANCE WITH USE LOW r-f INPUT 4 0.1 OHMS
D TD 1000 OHMS R-F BRIOGE
CALIBRATED SILVER~MICA CONDENSERS | TD BRIDGE. NO FM. IN -
£
IN PARALLEL WITH CRYSTAL UNIT | OUTPUT OF r~f GENERATOR
SPECIAL SUBSTITUTION METHOD PERMIT CRYSTAL UNIT
R'
MGH LEVEL TO REACH TEMPERATURE £5%
(HIGH LEVEL)[1000 TO 100,000 OHMS
“Q° METER USE I TO 5 WATT r-f INPUT EQUILIBRIUM
0 TO 100D OHMS R-F BRIDGE SEE R, (LOW LEVEL) SEE 1, SEE f, AL
SERIES—
1000 TO 10,000 OHMS SEE f, SUBSTITUTION METHOO t 5%
SONANCE
" v | USE GOOD Lg COLS
RESISTANCE, Q" METER L j|; Go: gz)
0 0 TO 10 OHMS <§ - SUBSTITUTION METHOD AND LOW Lo/c° RATIOS +25%
. =
]
ADJUST LG FOR MAXIMUM I,
R, SPECIAL
0 TO 100 OHMS AND E, FOR DESIRED I VALUE CALIBHAYERTANO Y NDT FULLY
AND c S
. creuT T ADJUST C, FOR MINIMUM V. .
4 - INVESTIGATED
AND ABOVE I__q SEE R, (H EVEL
(HIGH LEVEL) ARRANGEMENT R, » L » (oL '
- 80 . 1
. - ADJUST r.f. FOR MAXMUM V. V IS MAXIMUM WHEN
" METER Y o 1
\j/) AT A VALUE HIGHER THAN f, Cq*Co AND NDT FULLY
Ry 3,000 TO 3,000,000 OHMS An INVESTIGATED
WITH LOW C at
@ oyn R -;,950 FREQUENCY « f, + G-

Fig. 6—Tabulation of measurement methods and the accuracies attained.
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The values of R, and R, may also be derived directly
in terms of the Q's observed:

R, = 1.59 X 108 QyQ. 13)
fCai(Qr — Qo)

Y %
010:(Co, — Ca1)

where the symbols are as stated above.®

R, measurements from values of 5 million down to
several thousand ohms were readily made with the
Q meter using the above formulas. It was found, how-
ever, that a direct substitution of calibrated rf re-
sistors in place of the crystal unit (across the Q-meter
tank) eliminated time-consuming computations, with
no sacrifice in accuracy.

Each of a number of coils was resonated at the de-
sired frequency and its Q. values (see (14)) plotted on
semilog paper against rf resistors (on the logarithmic
co-ordinate) causing the drop in Q. Measurements of R,
at any frequency within a given crystal-unit response
were made. At the fixed frequency, the Q-meter tank
(with crystal unit in shunt) was resonated by tuning
the capacitor Cq to a maximum Q; indication. Measured
Q: values were converted directly into corresponding R,
values from the resistance (R,) versus Q. calibration
curves. The over-all accuracy (conservatively estimated
and tabulated in Fig. 6) is limited by the accuracy to
which the rf values of the resistors used for calibration
are known, and by the reproducibility of Q-meter
readings. The inductance and the Q of a specific tuning
coil determine the resistance range for greatest accuracy.

To measure the series-resonance frequency, an un-
shielded coil was resonated in the Q meter at a frequency
near that of the crystal unit. The crystal unit was short-
circuited and placed near the low-voltage end of the
coil. The Q-meter frequency was varied until a sharp
dip indicated the f, of the crystal unit.

Measurements of fs, when C,=C,, were made with
the crystal unit in parallel with the Q-meter coil. The
coil was first resonated at the nominal frequency of the
unit. After the insertion of the crystal, the frequency
was varied until the Q indicator rose to a maximum.
With the crystal unit again removed, the coil was res-
onated at constant frequency by adjusting Cq. Again
the crystal unit was placed in the circuit and the fre-
quency adjusted to a maximum Q indication. These
adjustments were repeated until a constant frequency
value (f,) was obtained. At this point C;= Co. For high-
est precision a final adjustment of Cq to a maximum Q
indication was made at constant frequency. It will be
recognized that the Q indication (Q:) yielded the im-
pedance R, of the crystal unit for this operating point,
as previously described.

(16)

¢ At high R, values, R’ (equation 12) must be used to correct for
holder losses.
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To measure f,, when C,# Co, the Q-meter capacitance
was changed from the C,=C, setting by the AC re-
quired to bring the operating point to the desired fre-
quency within the crystal response, and the frequency
was varied to the new f, indicated by the peaking of the
Q indicator. Again the Q, value yielded the R, of the
crystal unit for this new operating point between f,
and f,.

The Q meter was used for measurements of R, di-
rectly. The crystal units were connected in series with
the tank coil for low R, values (up to 10 ohms), and in
parallel with the tank for values higher than 1000 ohms.
An rf impedance bridge was found to be more suitable
for measurements of R, from 1 to 1000 ohms.

Values of R, at crystal-unit voltages approaching
those in a Miller- (or Pierce-) type oscillator were meas-
ured with a Q-meter circuit specifically constructed for
the purpose (Fig. 6; see R, high level). Stable frequency
voltage was injected into the LC tank by link-cou-
pling the output of an auxiliary amplifier into a small sec-
tion of the tank inductance. Sensitive thermoelements
and potentiometers were used for current and Q indi-
cators. Care was taken in the measurements to avoid
frequency-response shift as the temperature of the crys-
tal varied with the current through it. The technique
was modified to permit presetting the voltage levels de-
sired. Since there was no apparent difference in R,
values at high and low voltages (Fig. 7), there seems to
be little need for high-voltage measurements, and the
procedure is not elaborated upon.
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Fig. 7—Correlation between R, values measured at high and at low
rf voltages across the crystal units. Five units were measured
with four different values of shunting capacitance.

It should be observed that, when a crystal unit is
connected in parallel with an antiresonant circuit tuned
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approximately to the crystal frequency, there are pres-
ent two antiresonance peaks of the circuit impedances.*
The lower peak is not influenced by the frequency re-
sponse of the crystal unit, and appears at a separation
many times the width of f,—f,. Hence, it does not
affect the measurements.

The Q meter was singularly useful in locating and
measuring secondary responses. The Q-meter tank was
tuned to a frequency just below the nominal frequency
of the crystal unit. The frequency was then increased
continuously, with the crystal unit in parallel with the
tank. Voltage dips were observed at f, points, and peaks
at f, points in the frequency spectrum. Individual re-
sponses were closely explored by returning the tank
(crystal unit removed) and repeating the sweep of fre-
quency (crystal unit replaced) to determine more
exactly the values of f, and f,. The process of returning
the tank and of readjusting the frequency was repeated
to a final unchanging frequency.

Tank coils of high inductance were effective in locat-
ing f, points, while low-inductance tank coils were more
effective in locating f,'s. For most precise measurements,
different coils were used as conditions warranted.

It was found enlightening to plot the relative position
of the secondary responses on semilog paper as shown
in Fig. 8. For practical purposes, it might be sufficient
to interconnect the R, and R, points of each response
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Fig. 8—Frequency-response spectrum of a metal-film-electrode, wire-
mounted crystal unit. The curves connect measured R, and R,
values for each response. The single points represent R, values of
responses whose R, values are uncertain.

with a straight line, for the curvature involved is negli-
gible relative to the frequency scale employed. This ap-
proximation may be justified analytically when con-
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sidering the variation of R, within a single response, be-
tween f, and f,.

Designating the total series reactance of the equiva-
lent circuit of Fig. 1(a) as

1 1
X1=wL1~—-—: and Xo='—)
wC

1 0
the termination impedance of the unit is
XoR, + j[RZ 4+ Xi(X14- Xo)]
= Ay = — - o
R2+ (X1 + Xo)?

Then

{X0R? + [Re + Xo(Xy + X))
' R+ (X1 + Xo)?

|z| = x
The equivalent series values of R, and X, are then

Xo'R,

Ry=— " )
R2+ (X1 + Xo)?

(17)

and
_ XlRa 4 X0+ )
R:2 4+ (X1 + Xo)?

)

(18)

For practical purposes, at f, the reactive component of
Z vanishes, and X;+X¢=0; therefore,
X¢?

Zox Ry = ot - = R (19)

where R.’ is the value of R, at f,.
At f,, X, is zero, and

XoR,

[onR‘z + R,‘]”'—’
- (Xo? + R

|Z] = X,
R+ X

For values X¢>>R,, Z=R,. Similarly, at f,, X, is zero,
and, from (17),
Xo?R,

T RI+ X

R, (20)

e

It is apparent, therefore, that for responses having
series-resistance values considerably lower than X,,
plotting R, versus frequency (Fig. 8) would closely rep-
resent a quantitative variation of the parameter of the
crystal unit within the limits of R, and R,. For re-
sponses with high series-resistance values, this presenta-
tion of a response is correct at the R, and R, points
only. In the curves shown, the R, and R, values repre-
senting the top and bottom points of each response are
the measured values of these parameters; the inter-
mediate points have qualitative significance only.

The Q meter was used to locate the responses. The
R, and R, values were then measured with Q meter,
twin tee, or rf bridges, depending on the magnitude of
the parameter. Some of the relatively small secondary
responses (R, values above 1000 ohms) behaved in a
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manner that made the measurement of R, uncertain.
Further study of this behavior will be required, and
these responses are here represented by a single point of
measured R,. Other responses at, and below, the thresh-
old of detectability with the Q meter have been ne-
glected as insignificant in this study.

B. Twin-Tee Circuit and Impedance Bridge

A twin-tee admittance-measuring circuit was used for
Ry values of 1000 to 10,000 ohms. Resistance values
computed from the admittances obtained were checked
often against measurements of rf resistors maintained
as standards. Increments of C, applied across the crystal
units (either by varying the internal capacitor of the
instrument or by connecting external capacitors across
them) were known to high accuracy at the operating
frequencies.

It is possible to measure X, and R, of a crystal unit
directly with the twin tee. However, the relatively
limited range of measurable X, at corresponding R,
values renders the instrument useful only for checking
a few points obtained with the Q meter. Its use, there-
fore, yields little additional information.

An rf impedance bridge was used to measure R,,
R. and X, values from 1000 down to a few ochms, and
R, values down to 100 ohms. In fact, R, values as low
as 10 ohms were actually measured with 8.7-Mc crystal
units. However, the validity of the latter was uncertain.

In measuring R, and R, with the bridge, the fre-
quency and resistance arms were varied until a mini-
mum deflection on the null balance indicator was ob-
tained. R, was measured more rapidly by first determin-
ing f, with the Q meter, as described above. R, values
when Cr#%Co were measured with external capacitors
connected in shunt with the crystal-unit terminals.
R. and X, values were obtained at any frequency by
adjusting the resistance and reactance arms for a null
balance.
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The major requirement in the application of the twin
tee and rf bridge was a source of stable frequency,
adjustable in small increments. Good wave form with-
out frequency modulation was found essential for a
sharp null balance.

The equipment shown in the block diagram of Fig. 9
was used for 8.7-Mc crystal-unit measurements. A
standard frequency of 100 kc was injected into a fre-
quency multiplier, the products of which were mixed
with the output of a continuously adjustable stable-fre-
quency oscillator. The output of the mixer was then
amplified to the desired level.

Frequency could be adjusted, measured, and main-
tained to better than 3 parts in 107 over a period of time
required to complete any one measurement. Regular
frequency-measuring equipment incorporating a rzdio
receiver as a detector, a stable audio-frequency oscil-
lator to determine the beat frequency between the ad-
justable oscillator and a harmonic of the standard
source, and an oscillograph were used throughout the
measurcments. A sccond radio receiver was used as a
null indicator for the twin tee and rf bridge.

Special circuits were developed and used to measure
independently and directly the values of the series-reso-
nant resistance R, and series-resonant frequency f,. Fig.
6 lists the methods, accuracies, and range of paramecters
measured.

IV. A ComMpLEX CrYsSTAL UNIT

A great difficulty encountered in this investigation
was that of locating and segregating a group of quartz-
crystal units whose characteristics could be measured,
and the results reproduced to an accuracy near that of
the measuring equipment. Stability tests of R,, of R,
and of “activity” were made over a period of weeks, and
only the most highly stable units were used for meas-
urement.
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Fig. 9—Block diagram of the apparatus used.
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Among those in the select group, there were a few
relatively stable with respect to R, and to “activity,”
but with R, (and Af) versus C. characteristics which
deviated considerably in slope from the expected 2-to-1
and 1-to-1 ratios. A typical example is shown in Fig. 10.
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Fig. 10—Electrical characteristics of two interfering responses of a
“complex” crystal unit. (a) f,: 8697.87 kc. (b) f,: 8700.40 kc.
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Fig. 11—Frequency-response spectrum of a “complex” crystal unit.
The large number of responses should be compared with the rela-
tively few in Fig. 8. The position and magnitude of the antireso-
nant impedances of the first two responses are indicative of the
behavior shown in Fig. 10, and described in the text.

At C, values between Cy and 75 uuf, the first response
(A) has higher R,’'s than the second; and the crystal
should operate at the frequency of the former. Above
75 puf, the R, values of the second response are higher;
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and here the crystal should operate on the second re-
sponse. This frequency jump from one response to the
next was observed in a Miller-type oscillator at the
stated C, value.

It is probable that the presence of many an interfer-
ing response will not show up in test oscillators in use
at present. This particular one was detected in other
measurements: abnormally high R,, and an unusually
wide Af. The frequency spectrum of this particular
crystal unit is shown in Fig. 11. It demonstrates the
proximity and the relative values of R,, R,, and Af of
all responses; and this frequency spectrum should be
compared with the spectrum of the normal crystal unit
as shown in Fig. 8.

The role of the second response as an interfering one
was again indicated by a decrease in R, as the frequency
was increased from f,. From the minimum, reached sev-
eral hundred cycles above series resonance, R, then in-
creased in a more normal manner. This is not intended
to indicate a specific manner of behavior of a complex
crystal-unit response, but to point out another practical
means of exploring such behavior. Further study of this
type of crystal should be undertaken as a separate
problem, employing methods of measurement de-
scribed here.

V. CORRELATION BETWEEN MEASURED CHARACTER-
1STICS AND OSCILLATOR PERFORMANCE
oF CrysTAL UNITS

It has been shown in a number of publications’7:8
that the activity of a crystal in an oscillator is a func-
tion of the equivalent dynamic resistance R, (PI) of the
crystal unit, The higher the Q of a crystal unit, the
greater its stability and effectiveness in electric circuits.
The relative merits of crystal units may be stated, then,
in terms of these parameters.

To verify this, activity, (I;), and R, measurements
were performed on a number of crystal units of varying
degrees of stability. Fig. 12 shows thirteen such units
with three values of C, and their corresponding R,’s
measured at voltages approximating those across the
crystal unit in a Miller-type oscillator. R, was meas-
ured immediately after an I, measurement to prevent
any change in characteristics as a result of handling.
To further minimize differences, the activity was later
reduced by lowering the oscillator plate voltage, while
the R, measurements were made at the low-voltage
levels of the Q meter. These results agree with those in
Fig. 12. There is a good correlation between high- and
low-activity crystals and their respective R, values.
Moreover, there is good correlation between variation

1[. E. Fair, “Piezoelectric crystals in oscillator circuits,” Bell
Sys. Tech. Jour., vol. 24, pp. 161-216; April, 1945,

8 M. Boella, “Performance of piezo-oscillators and the influence
of the decrement of quartz on the frequency oscillations,” Proc.
IL.LR.E., vol. 19, pp. 1252-1274; July, 1931.
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in activity of individual crystals and corresponding
variation in their R, values.

Still another correlation exists between the R, of a
crystal unit and its activity in a Miller-type oscillator
at various temperatures. Variations in R, were meas-
ured with the crystal unit under test placed in a tem-
perature-controlled cabinet and connected to the im-
pedance bridge through a half-wavelength coaxial
cable. Corrections were made for losses in the cable. No
difficultics were encountered in the application of the
coaxial cable to these measurements.
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Fig. 12—Correlation between R, and activity (grid current I,)
of thirteen pressure-mounted crystal units.

Since I activity is a function of R,, it is also a func-
tion of R, and of C, (2). Observations were made, there-
fore, on the effect of temperature on Co. As expected, no
detectable variations were found. It may be assumed,
then, that the activity variations were caused entirely
by changes in R,.

VI. ADDITIONAL OBSERVATIONS IN
CRYSTAL-UNIT MEASUREMENTS

Temperature effects on the relative position of crystal-
unit responses and their R,, R,, and f,—f, values were
measured by the methods described. This type of meas-
urement may be of value in the study of activity dips.
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Another graphical presentation of the effect of tem-
perature on the quartz-crystal unit is shown in Fig. 13.
In curve A, a relatively high crystal current resulted in
a resonance-frequency turning point at an ambient
temperature of 3°C. Actually, the high crystal current
brought the enclosed crystal plate to a temperature of
about 44°C (the nominal turning point), even though
the ambient indicating thermometer read 3°C. Curve B
shows the resultant shift in turning point to an ambient
of 15°C as the crystal assembly was removed from its
enclosure and exposed to free ventilation. In curve C,
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Fig. 13—Effect of operating conditions on the temperature and fre-
quency turning point at resonance of an 8.7-Mc crystal; BT-cut,
metal-film electrodes, wire-mounted. (A) Crystal in plastic holder,
measured with relatively high crystal current. (B) Conditions
same as (A), but crystal removed from holder. (C) Crystal in
holder again, measured at negligible crystal current.

the crystal current was made negligible, and a full 44°C
ambient temperature was necessary to bring the crystal
plate to its frequency turning point.

Thus any predetermination of frequency turning
point with temperature by a manufacturer or a design
engineer must take into consideration at least the ap-
proximate amplitude of oscillation expected of the
crystal unit and the mechanical design of the crystal-
plate holder and electrodes, insofar as heat dissipation
is concerned. This is in keeping with the observation
that the graphical curves suggested for use in design
work should be accomplished by temperature data for a
more complete expression of the characteristics of a
quartz-crystal unit.

VII. CoNcLUSION

It was shown that comprehensive data on electrical
characteristics of quartz-crystal units may be obtained
with rf bridges and Q meters and a source of con-
stant cw frequency. Electrical characteristics of funda-
mental or of secondary responses may be measured
equally well by the methods described.

Graphical presentation of measured parameters as
straight-line functions on log-log co-ordinate paper
was suggested as particularly suitable for design pur-
poses. Examples of crystal behavior were given to
demonstrate this presentation.
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