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Concentration, which is the process of connecting a number of telephone 
lines to a smaller number of switching paths, has ahoays been a fundamental 
function in switching systems. By performing this function remotely from 
the central office, a new balance between outside plant and switching costs 
may be obtained which shows promise of providing service more economi- 
cally in some situations. 

The broad concept of remote line concentrators is not new. However, its 
solution with the new devices and techniques now available has made the 
possibilities of decentralization of the means for switching telephone con- 
nections very promising. 

Three models of an experimental equipment have been designed and con- 
structed for service. The models have included equipment to enable the evalua- 
tion of new procedures required by the introduction of remote line concentra- 
tors into the telephone plant. The paper discusses the philosophy, devices, 
and techniques. 
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1. INTRODUCTION 

The equipment which provides for the switching of telephone connec- 
tions has always been located in what have been commonly called "cen- 
tral offices". These offices provide a means for the accumulation of all 
switching equipment required to handle the telephone needs of a com- 
munity or a section of the community. The telephone building in which 
one or more central offices are located is sometimes referred to as the 
"wire center" because, like the spokes of a wheel, the wires which serve 
local telephones radiate in all directions to the telephones of the 
community. 

A new development, made possible largely by the application of de- 
vices and techniques new to the telephone switching field, has recently 
been tried out in the telephone plant and promises to change much of 
the present conception of "central" offices and "wire" centers. It is 
known as a "line concentrator" and provides a means for reducing the 
amount of outside plant cables, poles, etc., serving a telephone central 
office by dispersing the switching equipment in the outside plant. It is 
not a new concept to reduce outside plant by bringing the switching 
equipment closer to the telephone customer but the technical difficulties 
of maintaining complex switching equipment and the cost of controlling 
such equipment at a distance have in the past been formidable obstacles 
to the development of line concentrators. With the invention of low 
power, small-sized, long-life devices such as transistors, gas tubes, and 
sealed relays, and their application to line concentrators, and with the 
development of new local switching systems with greater flexibility, it 
has been possible to make the progress described herein. 
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2. OBJECTIVES 

Within the telephone offices the first switching equipment through 
which dial lines originate calls concentrates the traffic to the remaining 
equipment which is engineered to handle the peak busy'hour load with 
the appropriate grade of service.1 This concentration stage is different for 
different switching systems. In the step-by-step system2 it is the line 
finder, and in the crossbar systems it is the primary line switch.3 Pro- 
posals for the application of remote line concentrators in the step-by- 
step system date back over 50 years.4 Continuing studies over the years 
have not indicated that any appreciable savings could be realized when 
such equipment is used within the local area served by a switching center. 

When telephone customers move from one location to another within 
a local service area, it is desirable to retain the same telephone numbers. 
The step-by-step switching system in general is a unilateral arrangement 
where each line has two appearances in the switching equipment, one 
for originating call concentration (the line finder) and one for selection 
of the line on terminating calls (the connector). The connector fixes the 
line number and telephone numbers cannot be readily reassigned when 
moving these switching stages to out-of-office locations. 

Common-control systems6 have been designed with flexibility so that 
the line number assignments on the switching equipment are independ- 
ent of the telephone numbers. Furthermore, the first switching stage 
in the office is bilateral, handling both originating and terminating calls 
through the same facilities. The most recent common-control switching 
system in use in the Bell System, the No. 5 crossbar,3 has the further 
advantage of universal control circuitry for handling originating and 
terminating calls through the line switches. For these reasons, the No. 
5 crossbar system was chosen for the first attempt to employ new tech- 
niques of achieving an economical remote line concentrator. 

A number of assumptions were made in setting the design require- 
ments. Some of these are influenced by the characteristics of the No. 5 
crossbar system. These assumptions are as follows: 

1. No change in customer station apparatus. Standard dial telephones 
to be used with present impedance levels, transmission characteristics, 
dial pulsing, party identification, superimposed ac-dc ringing,6 and sig- 
naling and talking ranges. 

2. Individual and two-party (full or semi-selective ringing) stations 
to be served but not coin or PBX lines. 

3. Low cost could best lie obtained by minimizing the per line 
equipment in the central office. AMA7 charging facilities could be used 
but to avoid per station equipment in the central office no message reg- 
ister operation would be provided. 
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4. Each concentrator would serve up to 50 lines with the central office 
control circuits common to a number of concentrators. (Experimental 
equipment described herein was designed for 60 lines to provide addi- 
tional facilities for field trial purposes.) No extensive change would be 
made in central office equipment not associated with the line switches 
nor should concentrator design decrease call carrying capacities of exist- 
ing central office equipment. 

5. To provide data to evaluate service performance, automatic traffic 
recording facilities to be integrated with the design. 

6. Remote equipment designed for pole or wall mounting as an addi- 
tion to existing outside plant. Therefore, terminal distribution facilities 
would not be provided in the same cabinet. 

7. Power to be supplied from the central office to insure continuity 
of telephone service in the event of a local power failure. 

8. Concentrators to operate over existing types of exchange area fa- 
cilities without change and with no decrease in station to central office 
service range. 

9. Maintenance effort to be facilitated by plug-in unit design using 
the most reliable devices obtainable. 

3. NEW DEVICES EMPLOYED 

Numerous products of research and development were available for 
this new approach. Only those chosen will be described. 

For the switching or "crosspoint" element itself, the sealed reed switch 
was chosen, primarily because of its imperviousness to dirt.8 A short coil 
magnet with magnetic shield for increasing sensitivity of the reed 
switches were used to form a relay per crosspoint (see Fig. 1). 

A number of switching applications9-10 for crosspoint control using 
small gas diodes have been proposed by E. Bruce of our Switching Re- 
search Department. They are particularly advantageous when used in 
an "end marking" arrangement with reed relay crosspoints. Also, these 
diodes have long life and are low in cost. One gas diode is employed for 
operating each crosspoint (see Fig. 6). Its breakdown voltage is 125v ± 
lOv. A different tube is used in the concentrator for detecting marking 
potentials when termination occurs. Its breakdown potential is lOOv ± 
lOv. One of these tubes is used on each connection. 

Signaling between the remote concentrator and the central office con- 
trol circuits is performed on a sequential basis with pulses indicative of 
the various line conditions being transmitted at a 500 cycle rate. This 
frequency encounters relatively low attenuation on existing exchange 
area wire facilities and yet is high enough to transmit and receive in- 
formation at a rate which will not decrease call carrying capacity of the 
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Fig. 1 — Reed switch relajr. 

central office equipment. To accomplish this signaling and to process the 
information economically transistors appear most promising. 

Germanium alloy junction transistors were chosen because of their 
improved characteristics, reliability, low power requirements, and mar- 
gins, particularly when used to operate with relays.13 Both N-P-N and 
P-N-P transistors are used. High temperature characteristics are par- 
ticularly important because of the ambient conditions which obtain on 
pole mounted equipment. As the trials of this equipment have progressed, 
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Table I—Transistor Characteristics 

Code No. Type and Filling Alpha Ma*. Ico at 28V Emitter Zener and 6S0C Voltage at 20/11 

M1868 p-n-p Oxygen 
M1887 n-p-n Vacuum 

0.9-1.0 
0.5- .75 

150 Ma 
100 Ma 

>735 
>735 

considerable progress has been made in improving transistors of this 
type. Table I summarizes the characteristics of these transistors. 

For directing and analyzing the pulses, the control employs semicon- 
ductor diode gate circuits.11 The semiconductor diodes used in these 
circuits are of the silicon alloy junction type.15 Except for a few diodes 
operating in the gas tube circuits most diodes have a breakdown voltage 
requirement of 27v, a minimum forward current of 15 ma at 2v and a 
maximum reverse current at 22v of 2 X 10-8 amp. 

4. NEW TECHNIQUES EMPLOYED 

The concentrator represents the first field application in Bell System 
telephone switching systems which departs from current practices and 
techniques. These include: 

Fig. 2 — Transistor packages, (a) Diode unit, (b) Transistor counter, (c) 
Transistor amplifiers and bi-stable circuits, (d) Five trunk unit. 
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1. High speed pulsing (500 pulses per second) of information between 
switching units. 

2. The use of plug-in packages employing printed wiring and encap- 
sulation. (Fig. 2 shows a representative group of these units.) 

3. Line scanning for supervision with a passive line circuit. In present 
systems each line is equipped with a relay circuit for detecting call orig- 
inations (service requests) and another relay (or switch magnet) for 
indicating the busy or idle condition of the line, as shown in Fig. 3(a). 
The line concentrator utilizes a circuit consisting of resistors and semi- 
conductor diodes in pulse gates to provide these same indications. This 
circuit is shown in Fig. 3(b). Its operation is described later. The pulses 
for each line appear at a different time with respect to one another. 
These pulses are said to represent "time slots." Thus a different line is 
examined each .002 second for a total cycle time (for 60 lines) of .120 
second. This process is known as "line scanning" and the portion of the 
circuit which produces these pulses is known as the scanner. Each of the 
circuits perform the same functions, viz., to indicate to the central office 
equipment when the customer originates a call and for terminating calls 
to indicate if the line is busy. 

4. The lines are divided for control and identification purposes into 
twelve groups of five lines each. Each group of five lines has a different 
pattern of access to the trunks which connect to the central office. The 
ten trunks to the central office are divided into two groups as shown in 
Fig. 4. One trunk group, called the random access group, is arranged in 
a random multiple fashion, so that each of these trunks is available to 
approximately one-half of the lines. The other group, consisting of two 
trunks, is available to all lines and is therefore called the full access 
group. The control circuitry is arranged to first select a trunk of the 
random access group which is idle and available to the particular line to 
which a connection is to be made. If all of the trunks of this random ac- 
cess group are busy to a line to which a connection is desired, an attempt 
is then made to select a trunk of the full access group. The preference 
order for selecting cross-points in the random access group is different 
for each line group, as shown in the table on Fig. 4. By this means, each 
trunk serves a number of lines on a different priority basis. Random ac- 
cess is used to reduce by 40 per cent the number of individual reed relay 
crosspoints which would otherwise be needed to maintain the finality 
of service desired, as indicated by a theory presented some years ago.12 

SC5. Built-in magnetic tape means for recording usage data and making 
call delay measurements. The gathering of this data is greatly facilitated 
by the line scanning technique. 
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5. SWITCHING PLAN 

The plan for serving lines directly terminating in a No. 5 Crossbar office 
is shown in Fig. 5(a). Each line has access through a primary line switch 
to 10 line links. The line links couple the primary and secondary switches 
together so that each line has access to all of the 100 junctors to the trunk 
link switching stage. Each primary line switch group accommodates 
from 19 to 59 lines (one line terminal being reserved for no-test calls). 
A line link frame contains 10 groups of primary line switches.14 

The remote concentrator plan merely extends these line links as trunks 
to the remote location. However, an extra crossbar switching stage is 
introduced in the central office to connect the links to the secondary line 
switches with the concentrator trunks as shown in Fig. 5(b). Since each 
line does not have full access to the trunks, the path chosen by the marker 
to complete calls through the trunk link frame may then be independent 
of the selection of a concentrator trunk with access to the line. This 
arrangement minimizes call blocking, simplifies the selection of a matched 
path by the marker, and the additional crossbar switch hold magnet 
serves also as a supervisory relay to initiate the transmission of disconnect 
signals over the trunk. 

In addition to the 10 concentrator trunks used for talking paths, 2 
additional cable pairs are provided from each concentrator to the central 
office for signaling and power supply purposes. The use of these two pairs 
of control conductors is described in detail in Section 6g. 

The concentrator acts as a slave unit under complete control of the 
central office. The line busy and service request signals originate at the 

LINE 
NO. 

3E—>! 

X-  

Fig 4. — Concentrator trunk 
to line crosspoint pattern and 
preference order 
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Fig. 6 — Line unit construction. 

concentrator only in response to a pulse in the associated time slot or 
when a crosspoint operates (a line busy pulse is generated under this 
condition as a crosspoint closure check). The control circuit in the 
central office is designed to serve 10 remote line concentrators connected 
to a single line link frame. In this way the marker deals with a concen- 
trator line link frame as it would with a regular line link frame and the 
marker modifications are minimized. 

The traffic loading of the concentrator is accomplished by fixing the 
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Fig. 7(a) — Line unit. 

number of trunks at 10 and equipping or reassigning lines as needed to 
obtain the trunk loading for the desired grade of service. The six cross- 
points, the passive line circuit and scanner gates individual to each line 
are packaged in one plug-in unit to facilitate administration. The cross- 
points are placed on a printed wiring board together with a comb of plug 
contacts as shown in Fig. 6. The entire unit is then dipped in rubber and 
encapsulated in epoxy resin, as shown in Fig. 7(a). 

This portion of the unit is extremely reliable and therefore it may be 
considered as expendable, should a rare case of trouble occur. The passive 
line circuit and scanner gate circuit elements are mounted on a smaller 
second printed wiring plate (known as the "line scanner" plate, see Fig. 
7(b) which fits into a recess in the top of the encapsulated line unit. Cir- 

Fig. 7(b) — Scanner plate of the line unit shown in Fig. 7 (a). 
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cuit connection between printed wiring plates is through pins which ap- 
pear in the recess and to which the smaller plate is soldered. 

6. BASIC CIRCUITS 

a. Diode Gates 

All high speed signaling is on a pulse basis. Each pulse is positive and 
approximately 15 volts in amplitude. There is one basic type of diode 
gate circuit used in this equipment. By using the two resistors, one con- 
denser and one silicon alloy junction diode in the gate configuration 
shown in Fig. 8, the equivalents of opened or closed contacts in relay 
circuits are obtained. These configurations are known respectively as 
enabling and inhibiting gates and are shown with their relay equivalents 
in Figs. 8(a) and 8(b). 

In the enabling gate the diode is normally back biased by more than 
the pulse voltage. Therefore pulses are not transmitted. To enable or 

ENABLING GATE CIRCUIT 
Cl 

ENABLING GATE SYMBOL 

-2V -16V CONTROL 
CHI'b_ 

INHIBITING GATE CIRCUIT 
Cl 

INHIBITING GATE SYMBOL 
INPUT 

If- 
OUTPUT INPUT OUTPUT 

CONTROL 

EQUIVALENT RELAY CIRCUIT 
-16 V OUTPUT 

INPUT 

-2V —16 V CONTROL 

(b) 

Fig. 8 — Gates and relay equivalents. 
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open the gate the back bias is reduced to a small reverse voltage which is 
more than overcome by the signal pulse amplitude of the pulse. The 
pulse thus forward biases the diode and is transmitted to the output. 

The inhibiting gate has its diode normally in the conducting state so 
that a pulse is readily transmitted from input to output. When the bias 
is changed the diode is heavily back biased so that the pulse amplitude 
is insufficient to overcome this bias. 

The elements of 12 gates are mounted on a single printed wiring board 
with plug-in terminals and a metal enclosure as shown in Fig. 2(a). All 
elements are mounted in one side of the board so that the opposite side 
may be solder dipped. After soldering the entire unit (except the plug) 
is dipped in a silicone varnish for moisture protection. 

b. Transistor Bistable Circuit 

Transistors are inherently well adapted to switching circuits using but 
two states, on (saturated) or off.16 In these circuits with a current gain 
greater than unity a negative resistance collector characteristic can be 
obtained which will enable the transistor to remain locked in its conduct- 
ing state (high collector current flowing) until turned off (no collector 
current) by an unlocking pulse. At the time the concentrator develop- 
ment started only point contact transistors were available in quantity. 
Point contact transistors have inherently high current gains (>1) but 
the collector current flowing when in the normal or unlocked condition 
(Ico) was so great that at high ambient temperatures a relay once op- 
erated in the collector circuit would not release. 

Junction transistors are capable of a much greater ratio of on to oft 
current in the collector circuit. Furthermore their characteristics are 
amenable to theoretical design consideration.13 However, the alpha of a 
simple junction transitor is less than unity. To utilize them as one would 
a point contact transitor in a negative resistance switching circuit, a 
combination of n-p-n and p-n-p junction transistors may be employed, 
see Fig. 9(b). Two transistors combined in this manner constitute a 
"hooked junction conjugate pairs." This form of bi-stable circuit was 
used because it requires fewer components and uses less power than an 
Eccles-Jordan bistable circuit arrangement. It has the disadvantage of a 
single output but this was not found to be a shortcoming in the design 
of circuits employing pulse gates of the type described. In what follows 
the electrodes of the transistor will be considered as their equivalents 
shown in Fig. 9(b). 

The basic bi-stable circuit employed is shown in Fig. 10. The set 
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Fig. 9 — Point contact versus hooked conjugate pair. 

pulse is fed into the emitter (of the pair) causing the emitter diode to 
conduct. The base potential is increased thus increasing the current 
flowing in the collector circuit. When the input pulse is turned off the 
base is left at about —2 volts thus maintaining the emitter diode con- 
ducting and continuing the increased current flow in the collector circuit. 
The diode in the collector circuit prevents the collector from going 
positive and thereby limits the current in the collector circuit. To reset, 
a positive pulse is fed into the base through a pulse gate. The driving of 
the base positive returns the transistor pair to the off condition. 

c. Transistor Pulse Amplifier 

This circuit (Fig. 11) is formed by making a bi-stable self resetting 
circuit. It is used to produce a pulse of fixed duration in response to a 
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RESET 

n-p-n 

OUTPUT 
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  s. 
F/F _o  

— Transistor bi-stable circuit. 
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pulse of variable width (within limits) on the input. Normally the emitter 
is held slightly negative with respect to the base. The potential difference 
determines the sensitivity of the amplifier. When a positive input pulse 
is received, the emitter diode conducts causing an increase in collector 
current. The change in bias of the diode in the emitter circuit permits 
it to conduct and charge the condenser. With the removal of the input 
pulse the discharge of the condenser holds the transistor pair on. Ihe 
time constant of the circuit determines the on time. When the emitter 
potential falls below the base potential, the transistor pair is turned off. 

The amplifiers and bi-stable circuits or flip-flops, as they are called 
more frequently, are mounted together in plug-in packages. Each pack- 
age contains 8 basic circuits divided 7-1, 6-2, or 2-6, between amplifiers 
and flip-flops. Fig. 2(c) shows one of these packages. They are smaller 
than the gate or line unit packages, having only 28 terminals instead of 
42. 

The transistors for the field trial model were plugged into small hear- 
ing aid sockets mounted on the printed wiring boards. For a production 
model it would be expected that the transistors would be soldered in. 

d. Transistor Ring Counter 

By combining bi-stable transistor and diode pulse gate circuits to- 
gether in the manner shown in Fig. 12 a ring counter may be made, with 

n-p-n 
OUTPUT 

+ 5V 

INPUT OUTPUT 

Fig. 11 — Transistor pulse amplifier. 
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Fig. 12 — Ring counter schematic. 

a bi-stable circuit per stage. The enabling gate for a stage is controlled 
by the preceding stage allowing it to be set by an input advance pulse. 
The output signal from a stage is fed back to the preceding stage to turn 
it off. An additional diode is connected to the base of each stage for re- 
setting when returning the counter to a fixed reference stage. 

A basic package of 5 ring counter stages is made up in the same frame- 
work and with the same size plug as the flip-flop and amplifier packages, 
see Fig. 2(b). A four stage ring counter is also used and is the same 
package with the components for one stage omitted. The input and out- 
put terminals of all stages are available on the plug terminals so that 
the stages may be connected in any combination and form rings of more 
than 5 stages. The reset lead is connected to all but the one stage which 
is considered the first or normal stage. 

Other transistor circuits such as binary counters and square wave 
generators are used in small quantity in the central office equipment. 
They will not be described. 
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Fig. 13 — Crosspoint operating circuit. 

e. Crosspoint Operating Circuit 

The crosspoint consists of a reed relay with 4 reed switches and a gas 
diode (Fig. 1). The selection of a crosspoint is accomplished by marking 
with a negative potential (-65 volts) all crosspoints associated with a 
line, and marking with a positive potential (+100 volts) all crosspoints 
associated with a trunk (Fig. 13). The line is marked through a relay 
circuit set by signals sent over the control pair from the central office. 
The trunk is marked by a simplex circuit connected through the break 
contacts of the hold magnet of the crossbar switch associated with the 
trunk in the central office. Only one crosspoint at a time is exposed to 
165 volts which is necessary and sufficient to break down the gas diode 
to its conducting state. The reed relay operates in scries with the gas 
diode. A contact on the relay shunts out the gas diode. When the marking 
potentials are removed the relay remains energized in a local 30-volt 
circuit at the concentrator. The holding current is approximately 2.5 ma. 

This circuit is designed so that ringing signals in the presence or ab- 
sence of line marks will not falsely fire a crosspoint diode. Furthermore, 
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a line or trunk mark alone should not be able to fire a crosspoint diode 
on a busy line or trunk. 

When the crosspoint operates, a gate which has been inhibiting pulses 
is forward biased by the —65 volt signal through the crosspoint relay 
winding. The pulse which initiates the mark operations at the concentra- 
tor then passes through the gate to return a line busy signal to the central 
office over this control pairs which is interpreted as a crosspoint closure 
check signal. 

f. Crosspoint Release Circuit 

The hold magnet of the central office crossbar switch operates, remov- 
ing the -f 100-volt operate mark signal after the crosspoint check signal 
is received. A slow release relay per trunk is operated directly by the 
hold magnet. When the central office connection in the No. 5 crossbar 
system releases, the hold magnet is released. As shown in Fig. 14, with the 
hold magnet released and the slow release relay still operated, a —130- 
volt signal is applied in a simplex circuit to the trunk to break down a 
gas tube provided in the trunk circuit at the concentrator. This tube in 
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♦ R 
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T -I 

-I30V 

Fig. 14 — Crosspoint release circuit. 
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breaking down shunts the local holding circuit of the crosspoint causing 
it to release. The -130-volt disconnect signal is applied during the 
release time of the slow release relay which is long enough to insure the 
release of the crosspoint relay at the concentrator. 

The release circuit is individual to the trunk and independent of the 
signal sent over the control pairs. 

g. Pulse Signalling Circuits 

To control the concentrator four distinct pulse signals are transmitted 
from the central office. Two of these at times must be transmitted 
simultaneously, but these and the other two are transmitted mutually 
exclusively. In addition, service request and line busy signals are trans- 
mitted from the concentrator to the central office. The two way trans- 
mission of information is accomplished on each pair by sending signals in 
each direction at different times and inhibiting the receipt of signals 
when others are being transmitted. 

To transmit four signals over two such pairs, both positive and nega- 
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tive pulses are employed. Diodes are placed in the legs of a center tapped 
transformer, as shown in Fig. 15, to select the polarity of the trans- 
mitted pulses. At the receiving end the desired polarity is detected by 
taking the signal as a positive pulse from a properly poled winding of a 
transformer. The amplifier, as described in Section 6c responds only to 
positive pulses. If pulses of the same polarity are transmitted in the 
other direction over the same pair, as for control pair No. 1, the outputs 
of the receiving amplifier for the same polarity pulse are inhibited 
whenever a pulse is transmitted. 

As shown in Fig. 15, the service request and line busy signals are 
transmitted from the concentrator to the central office over one pair of 
conductors as positive and negative pulses respectively. The trans- 
mission of these pulses gates the outputs of two of the receiving ampli- 
fiers at the concentrator to permit the receipt of the polarized signals 
from the central office. This prevents the pulses from being used at the 
sending end. A similar gating arrangement is used with respect to the 
signals when sent over this control pair from the central office. The pulses 
designated VG or RS never occur when a pulse designated SR or LB 
is sent in the opposite direction. The transmission of the VF pulse over 
control pair No. 2 is processed by the concentrator circuit and becomes 
the SR or LB pulses. In section 7 the purpose of these pulses is described. 

The signaling range objective is 1,200 ohms over regular exchange 
area cable including loaded facilities from station to central office. 

h. Power Supply 

Alternating current is supplied to the concentrator from a continuous 
service bus in the central office. The power supply path is a phantom 
circuit on the two control pairs as shown in Fig. 16. The power trans- 
former has four secondary windings used for deriving from bridge 
rectifiers four basic dc voltages. These voltages and their uses are as 
follows: —16 volts (regulated) for transistor collector circuits and gate 
biases, +5 volts (regulated) for transistor base biases, +30 volts (regu- 
lated) for crosspoints holding circuits and —65 volts for the marking and 
operating of the line crosspoints. For this latter function a reference to 
the central office applied +100 volt trunk mark is necessary. The refer- 
ence ground for the concentrator is derived from ground applied to a 
simplex circuit on the power supply phantom circuit. Series transistors 
and shunt silicon diodes with fixed reference breakdown voltages are 
used to regulate dc voltages. 
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Total power consumption of the concentrator is between 5 and 8 watts 
depending upon the number of connections being held. 

7. CONCENTRATOR OPERATION 

a. Line Scanning 

The sixty lines are divided into 12 groups of 5 lines each. These group- 
ings are designated VG and VF respectively corresponding to the 
vertical group and file designations used in the No. 5 crossbar system. 
Each concentrator corresponds to a horizontal group in that system. 

To scan the lines two transistor ring counters, one of 12 stages and 
one of 5 stages, are employed as shown in Fig. 17. These counters are 
driven from pulses supplied from the central office control circuits and 
only one stage in each is on at any one time. The steps and combinations 
of these counters correspond to the group and file designation ot a par- 
ticular line. Each 0.002 second the five stage counter (VF) takes a 
step and between the fifth and sixth pulse the 12-stage counter (VG) 
is stepped. Thus the 5-stage counter receives 60 pulses or re-cycles 12 
times in 120 milliseconds while the 12-stage counter cycles but once. 

Each line is provided with a scanner gate. The collector output ot each 
each stage of the VG counter biases this gate to enable pulses which 
are generated by the collector circuit of the 5-stage counter to pass on 
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to the gate of the passive line circuit, Fig. 3(b). If the line is idle the 
pulses are inhibited. If the receiver is off-hook requesting service (no 
crosspoint closed) then the gate is enabled, the pulse passes to the service 
request amplifier and back to the central office in the same time slot 
as the pulse which stepped the VF counter. If the line has a receiver 
off-hook and is connected to a trunk the pulse passes through a contact 
of the crosspoint relay to the line busy amplifier and then to the central 
office in the same time slot. 

At the end of each complete cycle a reset pulse is sent from the central 
office. This pulse instead of the VG pulse places the 12-stage counter in 
its first position. It also repulses the 5 stage VF counter to its fifth stage 
so that the next VF pulse will turn on its first stage to start the next 
cycle. The reset pulse insures that, in event of a lost pulse or defect in 
a counter stage, the concentrator will attempt to give continuous ser- 
vice without dependence on maintaining synchronism with the central 
office scanner pulse generator. Fig. 18(a) shows the normal sequence of 
line scanning pulses. 

When a service request pulse is generated, the central office circuits 
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common to 10 concentrators interrupt the further transmission of the 
vertical group pulse so that the line scanning is confined to the 5 lines 
in the vertical group in which the call originated. In this way the cen- 
tral office will receive a service request pulse at least every 0.010 sec as 
a check that the call has not been abandoned while awaiting service. 
Fig. 18(b) shows the detection of a call origination and the several 
short scan cycles for abandoned call detection. 

b. Line Selection 

When the central office is ready to establish a connection at the con- 
centrator a reset pulse is sent to return the counters to normal. In gen- 
eral, the vertical group and vertical file pulses are sent simultaneously 
to reduce holding time of the central office equipment and to minimize 
marker delays caused by this operation. For this reason the VG and VF 
pulses are each transmitted over different control pairs from the central 
office. The same polarity is used. 

On originating calls it is desirable to make one last check that the 
call has not been abandoned, while on terminating calls it is necessary 
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to determine if the line is busy or idle. These conditions arc determined 
in the same manner as described for line scanning since a service re- 
quest condition would still prevail on the line if the call was not aban- 
doned. If the line was busy, a line busy condition would be detected. 
However to detect these conditions a VF pulse must be the last pulse 
transmitted since the stepping of the YF counter generates the pulse 
which is transmitted through an enabled line selection and passive 
line circuit gates. Fig. 18(c) shows a typical line selection where the num- 
ber of VF pulses is equal to or less than the number of VG pidses. In 
all other cases there is no conflict and the sending of the last VF pulse 
need not be delayed. On terminating calls, the line busy indication is 
returned to the central office within 0.002 sec after the selection is com- 
plete. During selections the central office circuits are gated to ignore 
any extraneous service request or line busy pulses produced as a result 
of steps of the VF counter prior to its last step. 

c. Cross-point Operation and Check 

Associated with each concentrator transistor counter stage is a reed 
relay. These relays are connected to the transistor collector circuits 
through diodes of the counter stages when relay M operates. The con- 
tacts of these reed relays are arranged in a selection circuit as shown 
in Fig. 19 and apply the —65 volt mark potential to the crosspoint 
relays of the selected line. 

After a selection is made as described above a "mark" pulse is sent 
from the central office. This pulse is transmitted as a pulse of a different 
polarity over the same control pair as the VF pulses. The received 
pulse after amplification actuates a transistor bistable circuit which has 
the M reed relay permanently connected in its collector circuit. The 
bi-stable circuit holds the M relay operated during the crosspoint opera- 
tion to maintain one VF and one VG relay operated, thereby applying 
— 65 volts to mark and operate one of the 6 crosspoint relays of the 
selected line as described in section 6e, and shown on Fig. 13. 

The operation and locking of the crosspoint relay with the marking 
potentials still applied enables a pulse gate associated with the holding 
circuit of the crosspoint relays in each trunk circuit. The mark pulses 
are sent out continuously. This does not affect the bi-stable transistor 
circuit once it has triggered but the mark pulse is transmitted through 
the enabled crosspoint closure check gate shown in Fig. 20 and back 
to the central office as a line busy signal. 

With the receipt of the crosspoint closure check signal the sending 
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of the mark pulses is stopped and a reset pulse is sent to the concentra- 
tor to return the mark bi-stable circuit, counters and all operated selec- 
tor relays to normal. The concentrator remains in this condition until 
it is resynchronized with the regular line scanning cycle. 

A complete functional schematic of the concentrator integrating the 
circuits described above is shown in Fig. 21. Fig. 22(a) and (b) show an 
experimental concentrator built for field tests. 

8. CENTRAL OFFICE CIRCUITS 

The central office circuits for controling one or more concentrators 
are composed of wire spring relays as well as transistors, diode and reed 

-H>- 

2H>- 

--04 M 

-20 V 

VF-5 STAGE 
COUNTER 

-20V 

-65V 
r 
iwwi 

i : :o 

6 RELAY PACKAGE 

TO CONTACTS OF 4 . 
INTERMEDIATE RELAYS 

  1 / o 
04 03 02 01 00 —J—/  

6 RELAY [ 
PACKAGE 

^-1 

TO CONTACTS OF 4 ' ■ INTERMEDIATE RELAYS 

If 

34 

T- 

n n 

28 27 Zb 43 

TZ Z 1- 

33 34 Jl ju 

q--- 

59 58 57 S6 " 

TO 4 INTERMEDIATE 
RELAYS 

1 ] f.7 

8 

TC TO 4 INTERMEDIATE 
RELAYS 

Fig. 19 — Line selection and marking. 



REMOTE CONTROLLED LINE CONCENTRATOR 275 

relay packages similar to those used in the concentrator. The reed 
relays are energized by transistor bi-stable circuits in the same manner 
as described in Section 7c. The reed relay contacts in turn operate wire 
spring relays or send the dc signals directly to the regular No. 5 crossbar 
marker and line link marker connector circuits. 

Fig. 23 shows a block diagram of the central office circuits. A small 
amount of circuitry is provided for each concentrator. It consists of the 
following: 

1. The trunk connecting crossbar switch and associated slow relays 
for disconnect control. 

2. The concentrator control trunk circuits and associated pulse ampli- 
fiers. 

3. An originating call detector to identify which concentrator among 
the ten served by the frame is calling. 

4. A multicontact relay to connect the circuits individual to each 
concentrator with the common control circuits associated with the line 
link frame and markers. 

The circuits associated with more than one concentrator are blocked 
out in the lower portion of Fig. 23. Much of this circuitry is similar to 
the relay circuits now provided on regular line link frames in the No. 5 
crossbar system.3 Only those portions of these blocks which employ the 
new techniques will be covered in more detail. These portions consist 
of the following: 

1. The scanner pulse generator. 
2. The originating line number register. 
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3. The line selection circuit. 
4. The trunk identifier and selection relay circuits. 

(For an understanding of how these frame circuits work through the line 
link marker connector and markers in the No. 5 system, the reader 
should consult the references.) 

The common central office circuits will be described first. 

a. Scanner Pulse Generator 

The scanner pulse generator, shown in Fig. 24, produces continuously 
the combination of VG, VF and RS or reset pulses, described in connec- 
tion with Fig. 18(a), required to drive the scanners for a number of 
concentrators. The primary pulse source is a 1,000-cycle transistor 
oscillator. This oscillator drives a transistor bi-stable circuit arranged 
as a binary counter such that on each cycle of the oscillator output it 
alternately assumes one of its states. Pulses produced by one state drive 
a 5-stage counter. Pulses produced by the other state through gates 
drive a 12-stage counter. 

The pulses which drive the 5-stage counter are the same pulses which 
are used for the VF pulses to drive scanners. Each time the first stage 
of the 5-stage counter is on, a gate is opened to allow a pulse to drive 
the 12-stage counter. The pulses which drive the 12-stagc counter are 
also the pulses used as the VG pulses for driving the scanners. They 
are out of phase with the VF pulses. 

When the last stage of the 12-stage counter is on, the gate which 
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transmits pulses to the 12-stage counter is closed and another gate is 
opened which produces the reset pulse. The reset pulse is thereby trans- 
mitted to the scanners in place of the first vertical group pulse. At the 
same time the 5 and 12-stage counters in the scanner pulse generator 
are reset to enable the starting of a new cycle. 

In the central office control circuits, out of phase pulses on lead TP 
similar to those which drive the VG counters at the concentrator are 
used for various gating operations. 

b. The Originating Call Detection and Line Number Registration 

The originating call detector (Fig. 25) and the originating line num- 
ber register (Fig. 26) together receive the information from the line 
concentrator used to identify the number of the line making a service 
request. The receipt of the service request pulse from a concentrator 
in a particular time slot will set a transistor bi-stable circuit HGT of 
Fig. 25 associated with that concentrator if no other originating call is 
being served by the frame circuits at this time. 

The originating line number register consists of a 5 and 12-stage 
counter. These counters are normally driven through gates in syn- 
chronism with the scanning counters at concentrators with pulses sup- 
plied from the scanner pulse generator. When a service request pulse 
is received from any of the concentrators served by a line link frame, a 
pulse is sent to the originating line number register which operates a 
bi-stable circuit over a lead RH in Fig. 26. This bi-stable circuit then 
closes the gates through which the 5- and 12-stage counters are being 
driven, and also closes a gate which prevents them from being reset. 
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In this way, the number of the line which originated a service request is 
locked into these counters until the bi-stable circuit is restored to nor- 
mal. 

The HGT bi-stable circuit of Fig. 25 indicates which particular con- 
centrator has originated a service request. A relay in the collector cir- 
cuit has contacts which pass this information on to the other central 
office control circuits to indicate the number of the concentrator on the 
frame which is requesting service. This is the same as a horizontal group 
on a regular line link frame and hence the horizontal group designation 
is used to identify a concentrator. 

With the operation of this relay, relays associated with the counters 
of the originating line number register are operated. These relays indicate 
to the other central office circuits the vertical file and vertical group 
identification of the calling line. Contacts on the vertical group relays 
are used to set a bi-stable circuit associated with lead RL of Fig. 25 each 
time the scanner pulse generator generates a pulse corresponding to the 
vertical file of the calling line number registered. 

The operation of the HOT bi-stable circuit inhibits in the concentra- 
tor control trunk circuit (Fig. 27) the transmission of further VG and 
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reset pulses to the concentrator so that, as described in Section 7a, 
only the VF counter continues to step once each 0.010 sec. So long as 
the line continues to request service this service request pulse is gated 
to reset the RL bi-stable circuit within the same time slot that it was 
set. If, however, a request for service is abandoned the RL bi-stable cir- 
cuit of Fig. 26 will remain on and permit a TP pulse from the scanner 
pulse generator to reset the HGT bi-stable circuit which initiated the 
service request action. 

Whenever the RH bi-stable circuit of Fig. 26 is energized it closes a 
gate over lead SRS for each concentrator to prevent any further service 
request pulses from being recognized until the originating call which 
has been registered is served. The resetting ol the RH bi-stable circuit 
occurs once the call has been served. When more than one line concen- 
trator is being served it is possible that the HGT bi-stable circuit of 
more than one concentrator will be set simultaneously as a result ot 
coincidence in service requests from correspondingly numbered lines in 
these concentrators. The decision as to which concentrator is to be 
served is left to the marker, as it would normally decide which horizontal 
group to serve. 

c. Line Selection 

On all calls, originating and terminating, the marker transmits to the 
frame circuits the complete identity of the line which it will serve. In 
the case of originating calls it has received this information in the manner 
described in Section 8b. In either case, it operates wire spring relays 
VGO-11 and YFO-4, which enable gates so that the information may be 
stored in the 5- and 12-stage counters of the line selection circuit shown 
in Fig. 28. 

The process of reading into the line selection counters starts when 
selection information has been received by the actuation of the HGS 
bi-stable circuit in the concentrator control trunk circuit of Fig. 27. 
This action stops the regular transmission of scanner pulses if they 
have not been stopped as a result of a call origination. At the same time 
it enables gates for transmission of information from the line selection 
circuit, Fig. 28. 

The ST bi-stable circuit of the line selection circuit is also enabled 
to start the process of setting the line selection counters. The next TP 
pulse sets the R1 bi-stable circuit. This bi-stable circuit enables a gate 
which permits the next TP pulse to set the counters and transmit a re- 
set pulse to the concentrator through pulse amplifier R1A. At the same 
time bi-stable circuit ST is reset to prevent the further read-in or reset 
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pulses and to permit pulses through amplifier OPA to start the out- 
pulsing of line selections. These pulses pass to the VGP and VFP leads 
as long as the VG and VF line selection counters have not reached 
their first and last stages respectively. The output pulses to the con- 
centrator are also fed into the drive leads of these counters so that, as 
the counters in the concentrator are stepped up, the counters in the 
central office line selection circuit are stepped down. When the first 
stage of the VF counter goes on, the VF pulses are no longer transmitted 
until the first stage of the VG counter goes on. This insures that a VF 
pulse is the last to be transmitted. Also this pulse is not transmitted 
until the other frame circuits have successfully completed selections of 
an idle concentrator trunk. Then bi-stable circuit VFLD is energized, 
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producing, during its transition, the last VF pulse for transmission to 
the concentrator. 

d. Trunk Selection and Identification 

The process of selecting an idle concentrator trunk to which the line 
has access utilizes familar relay circuit techniques.19 This circuit, in 
Fig. 29, will not be described in detail. One trunk selection relay, TS, is 
operated indicating the preferred idle trunk serving a line in the particu- 
lar vertical group being selected as indicated by the YG relay which 
has been operated by the marker. 

The TS4 and TS5 relays select trunks 8 and 9 which are available to 
each line while the 4 trunks available to only half of the lines are selected 
by relays TS0-TS3. The busy or idle condition of each trunk is indicated 
by a contact on the hold magnet associated with each trunk through 
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relay HG which operates on all originating and terminating calls to the 
particular concentrator served by these trunks. The end chain relay 
TC of the lockout trunk selection circuit19 connects battery from the 
SR relay windings of idle trunks to the windings of the TS relays to 
permit one of the latter relays to operate and to steer circuits, not shown 
on Fig. 29, to the hold magnet of the trunk and to the tip-and-ring con- 
ductors of the trunk to apply the selection voltages shown on Figs. 13 
and 14. 

The path lor operating the hold magnet originates in the marker. 
The path looks like that which the marker uses on the line hold mag- 
net when setting up a call on a regular line link frame. For this reason 
and other similar reasons this concentrator line link frame concept has 
been nicknamed the "fool-the-marker" scheme. 

Should a hold magnet release while a new call is being served the 
ground from the TC relay normal or the TS relay winding holds relay 
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SR operated through its own contact until the new call has been set up. 
This prevents interference of disconnect pulses applied to the trunk 
when a selection is being made and insures that a disconnect pulse is 
transmitted before the trunk is reused. 

A characteristic of the No. 5 crossbar system is that the originating 
connection to a call register including the line hold magnet is released 
and a new connection, known as the "call back connection", is estab- 
lished to connect the line to a trunk circuit after dialing is completed. 

With concentrator operation the concentrator trunk switch connection 
is released but the disconnect signal is not sent to the concentrator as 
a result of holding the SR relay as described above. However, the marker 
does not know to which trunk the call back connection is to be estab- 
lished. For this reason the frame circuits include an identification proc- 
ess for determining the number of the concentrator trunk to be used 
on call back prior to the release of the originating register connection. 

Identification is accomplished by the marker transmitting to the 
frame circuits the number of the link being used on the call. This in- 
formation is already available in the No. 5 system. The link being used 
is marked with -48 volts by a relay selecting tree20 to operate the TS 
relay associated with the trunk to which the call back connection is to 
be established. Relay CB (Fig. 29) is operated on this type of call in- 
stead of relay HG. The circuits for reoperating the proper hold magnet 
are already available on the TS relay which was operated, thereby re- 
selecting the trunk to which the customer is connected. The concen- 
trator connection is not released when the hold magnet releases and 
again the marker operates as it would on a regular line link frame call. 

9. FIELD TRIALS 

Three sets of the experimental equipment described here have been 
constructed and placed in service in various locations. The equipment 
for these trials is the forerunner of a design for production which will 
incorporate device, circuit and equipment design changes based on the 
trial experiences. Fig. 30 shows the cabinet mounted central office trial 
equipment with the designation of appropriate parts. 

For the field trials described, the line links on a particular horizontal 
level of existing line link frames were extended to a separate cross-bar 
switch provided for this purpose in the trial equipment. The regular line 
link connector circuits were modified to work with the trial control 
circuits whenever a call was originated or terminated on this level. No 
lines were terminated in the regular primary line switches for this level. 
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10. MISCELLANEOUS FEATURES OF TRIAL EQUIPMENT 

There are a number of auxiliary circuits provided with the trial equip- 
ment to aid in the solutions of problems brought about by the concepts 
of concentrator service. One of the purposes of the trials was to deter- 
mine the way in which the various traffic, plant and commercial ad- 

CONCENTRATOR 
TRUNK SWITCH 

SERVICE OBSERVING 
TEST CONTROL-J^ 

SIMULATOR 

TRUNK DISCONNECT 
RELAYS  

CONCENTRATOR CONNECTOR RELAYS 

FRAME RELAY 
CIRCUITS 

SERVICE DENIAL 

FRAME ELECTRONIC 
CIRCUITS 

POWER SUPPLY 

LINE CONDITION 
TESTER 

HHPl 

i !! 

O s> 

< 

■■■ 

Fig. 30 — Trial central office equipment. 
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ministrative functions could be economically performed when concen- 
trators become common telephone plant facilities. The more important 
of these miscellaneous features are discussed under the following head- 
ings: 

a. Traffic Recording 

To measure the amount and characteristics of the traffic handled by 
the concentrator a magnetic tape recorder, Fig. 31, was provided for 
each trial. The number of the lines and trunks in use each 15 seconds 
during programmed periods of each day were recorded in coded form 
with polarized pulses on the 3-track magnetic tape moving at a speed of 
71.2" per second. Combinations of these pulses designate trunks busy on 
intra-concentrator connections and reverting calls. 

The line busy indications were derived directly from the line busy 
information received during regular scanning at the concentrator. Dur- 
ing one cycle in each 15 seconds new service requests were delayed to 
insure that a complete scan cycle would be recorded. Terminating calls 
were not delayed since marker holding time is involved. Trunk condi- 
tions arc derived for a trunk scanner provided in the recorder. 

In addition to recording the line and trunk usage, recordings were 
made on the tape for each service request detected during a programmed 
period to measure the speed with which each call received dial tone 
and the manner in which the call was served. In this type of operation 
the length of the recording for each request made at a tape speed of 
only per second is a measure of service delay time. 

As may be observed from Fig. 31 the traffic recorder equipment was 
built with vacuum tubes and hence required a rather large power supply. 
It is expected that a transistorized version of this traffic recorder serv- 
ing all concentrators in a central office will be included in the standard 
model of the line concentrator equipment. With this equipment, traffic 
engineers will know more precisely the degree to which each concentra- 
tor may be loaded and hence insure maximum utilization of the concen- 
trator equipment. 

b. Line Condition Tester 

It has been a practice in more modern central office equipment to 
include automatic line testing equipment.21 An attempt has been made 
to include similar features with the concentrator trial equipment. The 
line condition tester (see Fig. 30) provides a means for automatically 
connecting a test circuit to each line in turn once a test cycle has been 
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manually initiated. This test is set up on the basis of the known concen- 
trator passive line circuit capabilities. Should a line fail to pass this 
test, the test circuit stops its progress and brings in an alarm to summon 
central office maintenance personnel. The facilities of the line tester are 
also used to establish, under manual control, calls to individual lines as 
required to carry out routine tests. 

c. Simulalor 

As the central office sends out scanner control pulses either no signal, 
a line busy or service request pulse is returned to the central office in 
each time slot. The simulator test equipment, shown in Fig. 30, was 
designed to place pulses in a specific time slot to simulate a line under 
test at the concentrator. 

In addition to transmitting the equivalent of concentrator output 
pulses the simulator can receive the regular line selection pulses trans- 
mitted to the concentrator for purposes of checking central office opera- 
tions. It is possible by combined use of the line tester and simulator to 
observe the operation of the concentrator and to determine the probable 
cause when a fault occurs. 

d. Service Observing 

The removal of the line terminals from the central office poses a num- 
ber of problems in conjunction with the administration of central office 
equipment. One of these is service observing. 

To maintain a check on the quality of service being rendered by the 
telephone system, service observing taps are made periodically on tele- 
phone lines. This is normally done by placing special connector shoes 
on line terminations in the central office. 

To place such shoes at the remote concentrator point would lead to 
administrative difficulties and added expense. Therefore, a method was 
devised to permit service observing equipment to be connected to con- 
centrator trunks on calls from specific lines which were to be observed. 
This method consisted of manual switches on which were set the number 
of the line to be observed in terms of vertical group and vertical file. 
Whenever this line originated a call and the call could be placed over the 
first preferred trunk, automatic connection was made to the service ob- 
serving desk in the same manner as would occur for a line terminated 
directly in the central office. 

In addition, facilities were provided for trying a new service observ- 
ing technique where calls originating over a particular concentrator 
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trunk would be observed without knowledge of the originating line num- 
ber. For this purpose a regular line observing shoe was connected to 
one of the ten concentrator trunk switch verticals in the trial equipment 
and from here connected to the service observing desk in the usual 
manner. 

The basic service observing requirements in connection with line 
concentrator operation have not as yet been fully determined. How- 
ever, it appears at this time that the trunk observing arrangement may 
be preferable. 

e. Service Denial 

In most systems denial of originating service for non-payment of 
telephone service charges, for trouble interception and for permanent 
signals caused by cable failures or prolonged receiver-off-hook conditions 
may be treated by the plant forces at the line terminals or by blocking 
the line relay. To avoid concentrator visits and to enable the prompt 
clearing of trouble conditions which tie up concentrator trunks, a ser- 
vice denial feature has been included in the design of the central office 
circuits. 

This feature consists of a patch-panel with special gate cords which 
respond to particular time slots and inhibit service request signals pro- 
duced by a concentrator during this period. In this way service requests 
can be ignored and prevent originating call service on particular lines 
until a trouble locating or other administrative procedure has been 
invoked. 

f. Display Circuit 

A special electronic switch was developed for an oscilloscope. This 
arrangement permited the positioning of line busy and service request 
pulses in fixed positions representing each of the GO lines served. Line 
busy pulses were shown as positive and service request pulses as negative. 
This plug connected portable aid, see Fig. 32, was useful in tracing calls 
and identifying lines to which service may be denied, due to the existence 
of permanent signals. 

Other circuits and features, too detailed to be covered in this paper, 
have been designed and used in the field trials of remote line concen- 
trators. Much has been learned from the construction and use of this 
equipment which will aid in making the production design smaller, 
lighter, economical, serviceable and reliable. 

Results from the field trials have encouraged the prompt undertaking 
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of development of a remote line concentrator for quantity production. 
The cost of remote line concentrator equipment will determine the ul- 
timate demand. In the meantime, an effort is being made to take advan- 
tage of the field trial experiences to reduce costs commensurate with 
insuring reliable service. 

The author wishes to express his appreciation to his many colleagues 
at Bell Telephone Laboratories whose patience and hard work have 
been responsible for this new adventure in exploratory switching de- 
velopment. An article on line concentrators would not be complete 
without mention of C. E. Brooks who has encouraged this development 
and under whose direction the engineering studies were made. 
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Transistor Circuits for Analog and 

Digital Systems* 

By FRANKLIN H. BLECHER 

(Maniueript received November 17, 1065) 

This paper describes the application of junction transistors to precision 

circuits for use in analog computers and the input and output circuits of 

digital systems. The three basic circuits are a summing amplifier, an inte- 

grator, and a voltage comparator. The transistor circuits are combined into 

a voltage encoder for translating analog voltages into equivalent time inter- 

vals. 

1J>. INTRODUCTION 

Traiusislors, because of their reliability, small power consumption, 

and siimll size find a natural field of application in electronic computers 

and data transmission systems. These advantages have already been 

realized by using point contact transistors in high speed digital com- 

puters.1 This paper describes the application of junction transistors to 

precision circuits which are used in dc analog computers and in the 

input and output circuits of digital systems. The three basic circuits 

which arc used in these applications are a summing amplifier, an inte- 

grator, and a voltage comparator. A general procedure for designing 

these transistor circuits is given with particular emphasis plated on new 

design methods that are necessitated by the properties of junction 

transistors. The design principles are illustrated by specific circuits. 

The fundamental considerations in the design of transistor operational 

amplifiers are discussed in Section 2.0. In Section 3.0 an illustrative 

summing amplifier is described, which has a dc accuracy of better than 

one part in 5,000 throughout an operating temperature range of 0 to 

50oC. The feedback in this amplifier is maintained over a broad enough 

frequency band so that full accuracy is attained in about 100 micro- 

seconds. 

The design of a specific transistor integrator is presented in Section 

• Submitted in partinl fullillment of the requirements for the degree of Doctor 
of Electrical Engineering at the Polytechnic Institute of Brooklyn. 
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4.0. The integrator can I* used to generate a voltage ramp which is 

linear to within one part in 8,000. By means of an automatic zero set 

(AZS) circuit which uses a magnetic detector, the slope of the voltage 

ramp is maintained constant to within one part in 8,000 throughout a 

temperature range of 20oC to 40oC. 

The voltage comparator, described in Section 5.0, is an electrical de- 

vice which indicates the instant of time an input voltage waveform 

passes through a predetermined reference level. By taking advantage 

of the properties of semiconductor devices, the comparator can be de- 

signed to have an accuracy of ±5 millivolts throughout a temperature 

range of 20oC to 40oC. 

In Section 6.0, the system application of the transistor circuits is 

demonstrated by assembling the summing amplilier, the integrator, and 

the voltage comparator into a voltage encoder. The encoder can be used 

to translate an analog input voltage into an equivalent time interval 

with an accuracy of one part in 4,000. This accuracy is realized through- 

out a temperature range of 20oC to 40oC for the particular circuits 

described. 

2.0. FUNDAMENTAL CONSIDERATIONS IN THE DESIGN OF OPERATIONAL 

AMPLIFIERS 

The basic active circuit used in dc analog computers is a direct coupled 

negative feedback amplifier. With appropriate input and feedback net- 

works, the amplifier can l>c used for multiplication by a constant coef- 

ficient, addition, integration, or differentiation as shown in Figure 1. 

The accuracy of an operational amplifier depends only on the passive 

components used in the input and feedback circuits provided that there 

is sufficient negative feedback (usually greater than 60 db). The lime 

that is required for the amplifier to perform a calculation is an inverse 

function of the bandwidth over which the feedback is maintained. 

Thus a fundamental problem in the design of an operational amplifier 

is the development of sufficient negative feedliack over a reasonably 

broad frequency range. The associated problem is the realization of 

satisfactory stability margins. Finally there is the problem of reducing 

the drift which is inherent in direct coupled amplifiers and particularly 

troublesome for transistors because of the variation in their character- 

istics with temperature. 

The first step in the design is the blocking out of the configuration 

for the forward gain circuit (designated A in Fig. 1). Three primary re- 

quirements must be satisfied: 

(1) Stages must be direct coupled. 
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(2) .\inplifior must provide one net phase reversal. 

(3) Amplifier must have enough current gain to meet accuracy re- 

quirements. 

Three possible transistor connections are available:' (a) the common 

base connection which may be considered analogous to the common 

grid vacuum tube connection; (b) the common emitter connection 

which is analogous to the common cathode connection; and (c) the 

common collector connection which is analogous to the cathode follower 

connection. These three configurations together with their approximate 

equivalent circuits are shown in Fig. 2. It has been shown' that for 

most junction transistors the circuit element a is given by the expression 

soch 
[I« + "">"■] 

(D* 

where U' is the thickness of the transistor base region, I.m is the diffusion 

length and rm the lifetime of minority charge carriers in the base region, 

RK A/3El R* 
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Fig. 1 — Summary of operational amplifiers. 

• This expression nssumca thai the injection factor y and the collector efficiency 
a. are both unity. This is a good approximation for all alloy Junction transistors 
and most grown junction transistors. 
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and p = ju. At frequencies less than uJ2v, (I) can be approximated by 

Co 

1 
(2)' 

where a# is the low frequency value of 

-i(TY 
2UJ • 

1 and 
2ADm 

IV 

(/)„ is the diffusion constant for the minority charge carriers in the base 

region). A readily measured parameter called alpha (a), the short 

circuit current gain of a junction transistor in the common base connec- 
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lion, is related to a by the equation 

a?., + n 
a = y . (3) 

A + r* 

For most junction transistors the base resistance, r», is much smaller 

than the collector impedance | Z, 1, at frequencies less than «^2t. There- 

fore, a&a and u./2t is very nearly equal to the alpha-cutoff frequency, 

the frequency at which 1 a | is down by 3 db. 

The transistor parameters r, and arc actually frequency sensitive 

and should I* represented as impedances. However, good agreement 

between theory and experiment is obtained at frequencies less than 

«./2t with r. and r& assumed constant. 

The choice of an appropriate transistor connection for a direct coupled, 

negative feedback amplifier, is based on the following reasoning. The 

common base connection may be ruled out immediately because this 

connection does not provide current gain unless a transformer interstage 

is used. The common emitter connection provides short circuit current 

gain and a phase reversal for each stage. Thus if the amplifier is com- 

posed of an odd number of common emitter stages, all three requirements 

previously listed, are satisfied. A common emitter cascade has the addi- 

tional practical ail vantage, that by alternating n-p-n and p-n-p types of 

transistors, the stages can be direct coupled with practically zero inter- 

stage loss.7 

The common collector connection provides short circuit current gain 

but no phase reversal. Consequently, the dc amplifier cannot consist 

entirely of common collector stages and operate as a negative feedback 

amplifier. This paper will consider only the common emitter connection 

since, in general, for the same number of transistor stages, the common 

emitter cascade provides more current gain than a cascade composed of 

both common collector and common emitter stages. 

2.1 Evaluation of External Voltage Gain 

Since the equivalent circuit of the junction transistor is current acti- 

vated/ it is convenient to treat feedback in a single loop transistor ampli- 

fier as a loop current transmission (refer to Appendix I) instead of as a 

loop voltage transmission which is commonly used for single loop vacuum 

tube amplifiers' Fig. 3 shows a single loop fecdlnek amplifier in which 

a fraction of the output current is fed back to the input. -4 is defined as 

the short circuit current gain of the amplifier without feedlwck, and 0 is 

defined as the fraction of the short circuit output current (or Norton 
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equivalent circuit current) fed back to the input summing node. With 

these definitions, 

/ac - Ah* (4) 

h - Slac (5) 

where /«c is the Norton equivalent short circuit current. 

From Kirch ho ff's first law 

/« - /« + h (6) 

Combining relations (4) to (6) yields 

 ^  (7) 
Its I - Ap ^ ' 

Expression (7) provides a convenient method for evaluating the external 
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Fig. 3 — Single loop feedback amplifier. 

voltage gain of an operational amplifier. Fig. 4 shows a generalized op- 

erational amplifier with N inputs. With this configuration. 

.Fb,... 

'-si—J <8) 

where &'/, j - 1,2, • • ■ , JV, are the N input voltages referred to the 

ground node. 

Zj, j = I, 2. • • • , .V, are the JV input impedances 

Zjs i» the input impedance of the amplifier measured at the 

summing node with the feedback loop opened. 
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where Zotrr » the output impedance of the amplifier measured with the 

feedback loop opened. The expression for the output voltage is obtained 

by combining (7), (8), (9), and (10). 

Bovr Te — 
k K' z, 

a. ^IN 

•4^+z7 

I -.id + L^ 
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current is placed into the Ixase of the first transistor stage (Iin' = !)■ 

If | .40 | is much greater than | Zus'/Zk I a"<l 

1 + Z 
'IN 

then 

it z, 

•"OPT = — 5Z C- 
j-1 4i 

(12) 

The accuracy of the operational amplifier depends on the magnitude of 

.40 and the precision of ihe components used in the input and feedback 

networks as can lie seen from (II). There is negligible interaction between 

the input voltages because the input impedance at Ihe summing node is 

equal to Zm' divided by (1 — -40).* This impedance is usually negligibly 

small compared to the impedances used in the input circuit. 

* In gcDeral, E, and Eqot "re the l-aplacc iransfonns of the input and output 
voltages, respectively. 
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22. Methods Used to Shape the Loop CvrrerU Transmission 

An essential consideration in the design of a feedback amplifier is the 

provision of adequate margins against instability. In order to accomplish 

this objective, it is necessary to choose a criterion of stability. In Ap- 

pendix I it is shown that it is convenient and valid to base the stability 

of single loop transistor feedback amplifiers on the loop current trans- 

mission. In order to calculate the loop current transmission of the dc 

amplifier, the feedl«ack loop is opened at a convenient point in the cir- 

cuit, usually at the base of one of the transistors, and a unit current is 

injected into the base (refer to Fig. 24). The other side of the opened 

loop is connected to ground through a resistance (r, + rk) and voltage 

rjt. In many instances, the voltage T.lt can be neglected. If 1 Z* 1 and 

I 

lsz,| 

are much greater than 1 Zix |, then .4/3 is very nearly equal to the loop 

current transmission. For absolute stability10 the amplitude of the loop 

current transmission must be less than unity before the phase shift 

(from the low frequency value) exceeds 180°. Consequently, this charac- 

teristic must be controlled or properly shaped over a wide frequency 
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Fig. 5 — Current transmission of a common emitter stage. 
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band. In addition, it is desirable that the feedback fall off at a rale equal 

to or less than 9 db per octave in order to insure that the dc amplifier 

has a satisfactory transient response. 

Three methods of shaping are described in this paper; local feedback 

shaping, interstage network shaping, and £J circuit shaping. Local feed- 

liack shaping will lie described first. The analysis starts by considering 

the current transmission of a common emitter stage, equivalent circuit 

shown in Fig. 2(b). If the stage operates into a load resistance KL , then 

to a good approximation the current transmission is given by 

 Qc 

G  1 " + ' - (13)* 

l + ^ + ^(l - .. + ») 

where 

a = Kl + r' 

(1 — a« + h) 
W,S= 1_+J . 1 

u. w. 

^ % alpha-cutoff frequency 

1 

{Rl + r,)Cc 

It is apparent from expression (13) that if (I — o# + 4) is less than 0.1. 

then the current gain of the common emitter stage falls off at a rate of 

li db per octave with a comer frequency at wi .f A second (• db jx-r octave 

cutoff with a comer frequency at 1«. + (1 + 5)w,| is introduced by the 

pf term in the denominator of (13). A typical transmission characteristic 

is shown in Fig. o. The current gain of the common emitter stage is unity 

at a frequency equal to 

1 + 6 + 1 
w. u, 

• Kxprcssinns (13) and (14) are poor approximations at freuuencies above 

f Strictly s|icaking the corner frequency is equal to «i/2*. However, for sim- 
plicity, corner frequencies will be expressed as radian frequencies. 
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Since the phase crossover of A8' is usually placed below this frequency, 

the principal effect of the second cutoff is to introduce excess phase. This 

excess phase can be minimised by operating the stage into the smallest 

load resistance possible, thus maximizing uf. 

An undesirable property of the common emitter transmission charac- 

teristic is that the comer frequency wi occurs at a relatively low fre- 

quency. However, the comer frequency- can be increased by using local 

feedback as shown in Fig. 6(a). Shunt feedback is used in order to pro- 

vide a low input impedance for the preceding stage to operate into. The 

amplitude and phase of the current transmission is controlled prin- 

cipally by the impedances Zi and Z-. If Ad ' is much greater than one, 

and U d m Zi/Z*, then from (7) the current transmission of the stage is 

approximately equal to —Zt/Zi. Because of the relatively small size of 

AB for a single stage, this approximation is only valid for a very limited 

range of values of Z, and Z, . If Z, and Z, are represented as resistances 

Ki and Kt, then the current transmission of the circuit is given to a good 

approximation by 

flo 

r b _ R*  1 " q° + 7 /. o 
G' " " ~(R, + r.) p 1 3 1 (l4) 

[l+? + -A(l-a. + y)] 

where 

_ R, + r, R, + r. 

(Rt + r»)r, ft + r» 

Ri + r> + rt 

, (I + Qfl + 7) 

I±?+T 
OS. u, 

I 

" (ff. + r,)C. 

By comparing (14) with (13), it is evident thai the negative feedback 

has reduced the low-frequency current gain from 0^/(1 — ae) (S may 

usually be neglected) to 

• The phase crossover of A3 is equal to the frequency at which the phase shift 
of A3 from its low frequency value is 180*. 
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Tlio half power frequency, however, has been increased from 

I — q> I — no + 7 

I + 1 + 1 
Uq U, U. 01, 

jus shown by the dashed curves in Fig. 5.* 

The bandwidth of the common emitter stage can be increased without 

reducing the current gain at dc and low-frequencies by representing Zi 

by a resistance Hi, and Z- by a resistance H- in series with a condenser 

(\ . If X/H-C- is much smaller than ui, then the current transmission of 

the stage is given by (14) multiplied by the factor 

hi) 

hi 

(15) 

where 

0.1 
H,Ct 

H\ + r. 
I - oo + 

01 
C^Rt + r»)(I - ao + 7) 

The current transmission for this case is plotted in Fig. 6(b). The con- 

denser C* introduces a rising 0 db per octave asymptote with a comer 

frequency at oi. At dc the current gain is equal to 

«o 

I — + 6 

A second method of shaping the loop current transmission char- 

acteristic of a feedback amplifier is by means of interstage networks. 

These networks are usually used for reducing the loop current gain at 

relatively low frequencies while introducing negligible phase lag near 

the gainf and phase crossover frequencies. Interstage networks should 

Ik1 designed to take advantage of the variable transistor input impedance. 

The input impedance of a transistor in the common emitter connection 

* In Figs. 6 and .6(b), the factor + r») is assumed equal to unity. This is 
a good approximation since in practice Rt is equal to several thousand ohms while 
r» is r«iuaf to about 100 ohms. 

| Tno gain crossover frequency is equal to the frequency al which the magni- 
lude of .1(1 is unity. 
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is given by the expression 

= r>+ r,(l — Gi) (16) 

where G'/ is the current transmission given by (13). If Gi at dc is much 

greater than 1, then the input impedance and the current transmission 

of the common emitter stage fall off at about the same rale and with 

approximately the same comer frequency (ui). The input impedance 

finally reaches a limiting value equal to r. + rb. 

A particularly useful interstage network is shown in Fig. 7(a). This 

network is analysed in Appendix II and Fig. 7(b) shows a plot of the 
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resulting current transmission. The amplitude of the transmission falls 

off at a rate of (» db per octave with the corner frequency determined 

by Ci and the low frequency value of the transistor input impedance. 

The inductance La introduces a 12 db per octave rising asymptote with 

a comer frequency at o>i ■ X/y/L/Jj. The comer frequencies wa and on 

are selected in order to obtain a desirable loop current transmission 

characteristic (specific transmission characteristics are presented in Sec- 

tions 3.0 and 1.0). 'Hie half power frequency of the current transmission 

of the transistor, on , does not appear directly in the transmission char- 

acteristic of the circuit because of the variation in the transistor input 

impedance with frequency. 

The overall d circuit of the feedback amplifier can also be used for 
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shaping the loop current transmission. If the feedback impedance 

(Fig. 4) consists of a resistance /?* and condenser C* in parallel, then 

the loop current transmission is modified by the factor 

Since Z* affects the external voltage gain of the operational amplifier, 

(II), the corner frequency ur must l)e located outside of the useful fre- 

quency band. Usually it is placed near the gain crossover frequency in 

order to improve the phase margin and the transient response of the 

amplifier. 

In Sections 3.0 and 4.0, the above shaping techniques are used in the 

design of specific operational amplifiers. 

3.0. THE SUMMING AMPLIFIER 

3.1. Circuit Arrangement 

The schematic diagram of a dc summing amplifier is shown in Fig. 8. 

From the discussion in Section 2.0 it is apparent that each common 

emitter stage will contribute more than IX) degrees of high-frequency 

phase lag. Consequently, while the magnitude of the low-frequency 

feedback increases with the number of stages, this is at the expense of 

the bandwidth over which the negative feedback can be maintained. 

It is possible to develop 80 db of negative feedback at dc, with three 

common emitter stages. This corresponds to a dc accuracy of one part 

in 10,000. In addition, the fcedl»ack can lie maintained over a broad 

enough band in order to permit full accuracy to be attained in aliout 

100 microseconds. Thus it is evident that the choice of three stages repre- 

sents a satisfactory compromise between accuracy and bandwidth ob- 

jectives. 

The output stage of the amplifier is designed for a maximum power 

dissipation of 75 milliwats and maximum voltage swing of ±25 volts 

(17) 

where 

I 

_ (RL + RK) 

RLRKCK 
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when o|K'raliiii: into an external load resistance equal to or greater than 

50,000 ohms. A p-n-p transistor is used in the second stage and n-p-n 

transistors are used in the first and third stages. This circuit arrangement 

makes it possible to connect the collector of one transistor directly to 

the base of the following transistor without introducing appreciable 

interstage loss. "Shot" noise" and dc drift are minimized by operating 

the first stage at the relatively low collector current of 0.25 milliamperes. 

The 110,000-ohm resistor provides the collector current for the first 

stage, and the 4,700-ohm resistor provides 3.8 milliamperes of collector 

current for the second stage. The series (i,S00-ohm resistor between the 

second and third stages, ntluccs the •■olleclor to emitter potential of the 

second stage to about 4.5 volts. 

The loop current transmission is shaped by use of local feedback ap- 

plied to the second stage, by an interstage network connected between 

the second and third stages, and by the overall 0 circuit. The 200-ohm 

resistor in the collector circuit of the second stage is, with reference to 

Fig. (»(a), Z\. The impedance of the interstage network can be neglected 

since it is small compared to 200 ohms at all frequencies for which the 

local feedback is effective. The interstage network is connected between 

the second and third stages in order to minimize the output noise voltage. 

With this circuit arrangement, practically all of the output noise voltage 

vw 
ZV3* 

zoon 2.4 K 200n 

IOOK POT. 
MANUAL 

ZERO SET as 

f 33 V ♦ 4.SV 4SV -2TV ♦SSV 

Fig. S — DC summing amplilicr. 
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is gpnoratod in the lirel transistor stage. If the transistor in the first 

stage has a noise figure less than 10 db at 1,000 cycles per second, then 

the RMS output noise voltage is less than 0.5 millivolts. 

Fig. 9 shows a plot of the gain-frequency asymptotes for the sum- 

ming amplifier determined from (13), (14), (15), (17), and (A6) under 

the assumption that the alphas and alpha-cutoff frequencies of the tran- 

sistors are 0.985 ami 3 mc, respectively. The comer frequencies intro- 

duced by the 0.5 microfarad condenser in the interstage network, the 

local feedback circuit, and the cutoff of the first and third stages are so 

located that the current transmission falls off at an initial rate of about 

9 db per octave. This slope is joined to the final asymptote of the loop 

transmission by means of a step-type of transition." The transition is 

provided by 3 rising asymptotes due to the interstage shaping network, 

and the overall 0 circuit. An especially large phase margin is used in order 

to insure a good transient performance. 

Fig. 10 shows the amplitude and phase of the loop current trans- 

mission. When the amplitude of the transmission is 0 db, the phase angle 

is —292°, ami when the phase angle is —360°. the amplitude is 27.5 db 
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below I) db. The amplifier has u (»0 phase margin and 27.5 db gain margin. 

In order to insure sufficient feedback at dc and adequate margins against 

instability, the transistors used in the amplifier should have alphas in 

the range 0.08 to 0.90 and alpha-cutoff frequencies equal to or greater 

than 2.5 me. 

3.2. Automatic Zero Set of the dc Summing Amplifier 

The application of germanium junction transistors to dc amplifiers 

does not eliminate the problem of drift normally encountered in vacuum 

tube circuits. In fact, drift is more severe due principally to the varia- 

tion of the transistor parameters alpha and saturation current with 

temperature variation. Even though the amplifier has 80 db of negative 

feedback at dc, this feedback does not eliminate the drift introduced by 

the lirst transistor stage. Because of the large amount of dc feedback, 

the collector current of the fust stage is maintained relatively constant. 

The collector current of the transistor is related to the base current by 

the equation 

/. + 
a 

1 — a 1 — a 
(18) 

The saturation current, /co , of a germanium junction transistor doubles 

approximately for every 1I0C increase in temperature. The factor 

a/(l - a) increases by as much as ti db for a 250C increase in tempera- 
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lure. Consequently, the base current of the first stage, /» , and the output 

voltage of the amplifier must change with temperature in order to main- 

lain /, constant. The drift due to the temperature variation in a can be 

reduced by operating the first stage at a low value of collector current. 

With a germanium junction transistor in the first stage operating at a 

collector current of 0.25 milliamperes, the output voltage of the amplifier 

drifts about ±1.5 volts over a temperature range of 0oC' to 500C. It is 

possible to reduce the dc drift by using temperature sensitive elements 

in the amplifier."-11 In general, temperature compensation of a transistor 

dc amplifier requires careful selection of transistors and critical adjust- 

ment of the dc biases. However, even with the best adjustments, tem- 

perature compensation cannot reduce the drift in the amplifier to within 

typical limits such as ±5 millivolts throughout a temperature range of 

0 to 50oC. In order to obtain the desired accuracy it is necessary to use 

an automatic zero set (AZS) circuit. 

Fig. 11 shows a dc summing amplifier and a circuit arrangement for 

reducing any dc drift that may appear at the output of the amplifier. 

The output voltage is equal to the negative of the sum of the input volt- 

ages, where each input voltage is multiplied by the ratio of the feedback 

resistor to its input resistor. In addition, an undesirable dc drift voltage 

is also present in the output voltage. The total output voltage is 

+ £** (19) 
j—1 Kj 

In older to isolate the drift voltage, the \ input voltages and the output 

voltage are applied to a resistance summing network composed of re- 

sistors Rn, /?/, Rt, — , R.\'. The voltage across R, is equal to 

E'~W. m 

if 

R. « R,, «/; j= 1,2, ...,JV 

and 

Rji, - RKRr, j - 1,2, ••• ,i\r 

The voltage E, is amplified in a relatively drift-free narrow l)and dc 

amplifier and is returned as a drift correcting voltage to the input of the 

dc summing amplifier. If the gain of the AZS circuit is large, the drift 

voltage at the output of the summing amplifier can be made very small. 

Fig. 12 shows the circuit diagram of a summing amplifier which uses 

a mechanical chopper in the AZS circuit." The .VZS circuit consists of a 
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rcsistsncc summing network, a 400-cycle synchronous chopper, and a 

tuned 400-cycle amplifier. Any drift in the summing amplifier will pro- 

duce a dc voltage E, nt the output of the summing network. The chopper 

converts the dc voltage into a 400 cycles per second waveform. The 

fundamental frequency in the waveform is amplified by a factor of about 

400,000 by the tuned amplifier. The synchronous chopper rectifies the 

sinusoidal output voltage and preserves the original dc polarity of K,. 

The rectified voltage is filtered and fed back to the summing amplifier 

as an additional input current. The loop voltage gain of the AZS cimiit 

at dc is about 54 db. Any dc or low-frequency drift in the summing 

amplifier is reduced by a factor of about 500 by the AZS circuit. The 

drift throughout a temperature range of 0 to 50oC is reduced to ±3 

millivolts. 

Since the drift in the summing amplifier changes at a relatively slow 

rate, the loop voltage gain of the AZS circuit can be cutoff at a relatively 

low frequency. In this particular case the loop voltage gain is zero db at 

about 10 cycles per second. 

4D. THE INTEGRATOR 

4.1. Basic Design Considerations 

The design principles previously discussed are illustrated in this sec- 

tion by the design of a transistor integrator for application in a voltage 

-Wv 
Rk 

R, 
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R» 

DC SUMMING 
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Ri DRIFT-FREE 
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[\ 

Fig. II — DC summing amplifier with automatic lero set. 
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encoder. The integrator is required to generate a 15-volt ramp which is 

linear and has a constant slope to within one part in 8,000. This ramp is 

to have a slope of 5 millivolts per microsecond for an interval of 3,000 

microseconds. 

The first step in the design is to determine the bandwidth over which 

the negative feedback must be maintained in order to realize the desired 

output voltage linearity. The relationship between the output and input 

voltage of the integrator can be obtained from expression (II) by sub- 

stituting (1/pc) for Zk ami R for Z> (refer to Fig. 1). 

£[g,xl (" Ad + Z^'pC 

vRC U _ - " ^ (21) 

where £1^o«t1 and Si\En\ are the Laplace transforms of the output and 

input voltages, respectively. In order to generate the voltage ramp, a 

step voltage of amplitude E is applied to the input of the integrator. The 

term Zis'/R is negligible compared to unity at all frequencies. Therefore, 

£l*oull = JL [A] + ^ (22, 

It will l>e assumed that .Id is given by the expression 

-K 
AB 

(23) 

Expression (23) implies that Ad falls off at a rate of 0 db per octave at 

low frequencies and 12 db per octave at high frequencies. The output 

voltage of the integrator, as a function of time, is readily evaluated by 

substituting (23) into (22) and taking the inverse Laplace transform of 

the results. A good approximation for the output voltage is 

E f. S 8in 
Eovt- 2K ^ J 

(24)* 

+ [i _ r'-"'" + cos VK<*\ 
il 

'Hie linear voltage ramp is expressed by the term —(Et/RC). The 

additional terms introduce nonlinearities. The voltage ramp has a slope 

of 5 millivolts per microsecond for E = —21 volts, R = 42,000 ohms. 

* In evaluating Eovr i' "as assumed that Zts' was equal to a fixed resistance 
His', the low frequency input resistance to Ibc first common emitter stage. A 
complete analysis indicates that this assumption makes the design conservative. 
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and C = 0.1 microfarads. For these circuit values, and K = 10,000 

(corresponding to 80 dh of feedback) the nonlinear terms are less than 

1/8,000 of the linear term (evaluated when / - 4 X 10 1 seconds) if 

/i < 30 cycles per second, /. S 800 cycles |»er second, and if the first 

1000 microseconds of the voltage ramp are not used. Consequently, 80 

db of negative feedback must be maintained over a band extending from 

30 to 800 cycles per second in order to realize the desired output voltage 

linearity. 

43. Detailed Circuit .4 rrangemcnl 

Fig. 13 sliows the circuit diagram of the integrator. The method of 

biasing is the same as is used in the summing amplifier. The 200,000-ohm 

resistor provides approximately 0.5 milliamperes of collector current for 

the first stage. The 40,000-ohm resistor provides approximately 0.9 

milliamperes of collector current for the second stage. The output stage 

is designed for a maximum power dissipation of 120 milliwatts and for 

an output voltage swing between —5 and +34 volts when operating 

into a load resistance equal to or greater than 40,000 ohms. 

0-0'/iF 0.1 J/F 

Fig. 13 — Integrator. 
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The negative feedback in the integrator has been shaped by means of 

local feedback and interstage networks sis described in .Section 2.2. The 

loop current transmission has been calculated from (13), (14), (15), and 

(AG) anil is plotted in Fig. 14. The transmission is determined under the 

assumption that the alphas of the transistors are 0.1»8o and the alpha- 

cutoff frequencies arc three megacycles. Since the feedback above 800 

cycles per second falls off at a rate of 9 db per octave, the analysis in 

Section 4.1 using (23), is conservative. The integrator has a 44° phase 

margin and a 20 db gain margin. In order to insure sufficient feedback 

between 30 and 800 cycles per second and adequate margins against 

instability, the transistors used in the integrator should have alphas in 

the range 0.98 to 0.99 and alpha-cutoff frequencies equal to or greater 

than 2.5 megacycles. 

The silicon diodes Di and />• are required in order to prevent the 

integrator from overloading. For output voltages between —4.0 and 21 

volts the diodes are reverse biased and represent very high resistances, of 

the order of 10,000 megohms. If the output voltage does not lie in this 

range, then one of the diodes is forward biased and has a low resistance, 

of the order of 100 ohms. The integrator is then effectively a dc amplifier 

with a voltage gain of approximately 0.1. The silicon diodes affect the 
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linearity of the voltage ramp slightly due to their finite reveree resistances 

and variable shunt capacities. If the diodes have reverse resistances 

greater than 1000 megohms, and if the maximum shunt capacity of each 

diode is less than 10 micromicrofarads (capacity with minimum reverse 

voltage), then the diodes introduce negligible error. 

As staled earlier, the integrator generates a voltage ramp in response 

to a voltage step. This step is applied through a transistor switch which 

is actuated by a square wave generator capable of driving the transistor 

well into current saturation. Such a switch is required because the 

equivalent generator impedance of the applied step voltage must be very 

small. A suitable circuit arrangement is shown in Fig. 15. For the par- 

ticular application under discussion the switch .S is closed for 5,000 

microseconds. During this time, the voltage E = —2IF appears at the 

input of the integrator. At the end of this time interval, the transistor 

switch is opened and a reverse current is applied to the feedback con- 

denser C, returning the output voltage to —4.0 volts in about 2500 micro- 

seconds. An alternate way of specifying a low impedance switch is to say 

that the voltage across it be close to zero. For the transistor switch, con- 

nected as shown in Fig. 15, this means that its collector voltage be within 

02 
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Fig. 15 — Input circuit arrangement of the integrator. 
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one millivolt of ground potential during the time the transistor is in 

saturation. Now, it has been shown" that when a junction transistor in 

the common emitter connection is driven into current saturation, the 

minimum voltage between collector and emitter is theoretically equal to 

-fn- (25) 
q on 

where k is the Boltzmann constant, T is the absolute temperature, q is 

the charge of an electron ((kT/q) = 26 millivolts at room temperature), 

and a, is the inverse alpha of the transistor, i.e., the alpha with the 

emitter and collector interchanged. There is an additional voltage drop 

across the transistor due to the bulk resistance of the collector and 

emitter regions (including the ohmic contacts). A symmetrical alloy 

junction transistor with an alpha close to unity is an excellent switch 

because both the collector to emitter voltage and the collector and emit- 

ter resistances are very small. 

At the present time, a reasonable value for the residual voltage* be- 

tween the collector and emitter is 5 to 10 millivolts. This voltage can be 

eliminated by returning the emitter of the transistor switch to a small 

negative potential. This method of balancing is practical because the 

voltage between the collector and emitter of the transistor does not 

change by more than 1.0 millivolt over a temperature range of 0oC to 

i30oC. 

4.3. Automatic Zero Set of the Integrator 

A serious problem associated with the transistor integrator is drift. 

The drift is introduced by two sources; variations in the l>ase current of 

the first transistor stage and variations in the l>ase to emitter potential 

of the first stage with temperature. In order to reduce the drift, the 

input resistor H and the feedback condenser C must be dissociated from 

the base current and base to emitter potential of the first transistor stage. 

This is accomplished by placing a blocking condenser C. between point 

T and the base of the first transistor as shown in Fig. 15. An automatic 

zero set circuit is required to maintain the voltage at point T equal to 

zero volts. This AZS circuit uses a magnetic modulator known as a 

"magnettor."17 

A block diagram of the AZS circuit us shown in Fig. 16. The dc drift 

current at the input of the amplifier is applied to the magnettor. The 

carrier current required by the magnettor is supplied by a local transistor 

' The inverse nlphns of the transistors used in this application were greater 
than 0.95. 
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oscillator. The useful output of the magnettor is the second harmonic of 

the carrier frequency. The amplitude of the second harmonic signal is 

proportional to the magnitude of the dc input current and the phase of 

the second harmonic signal is determined by the polarity of the dc input 

current. The output voltage of the magnettor is applied to an active 

filter which is tuned to the second harmonic frequency. The signal is 

then amplified in a tuned amplifier and applied to a diode gating circuit. 

Depending on the polarity of the dc input current, the gating circuit 

passes either the positive or negative half cycle of the second harmonic 

signal. In order to accomplish this, a square wave at a repetition rate 

equal to that of the second harmonic signal is derived from the carrier 

oscillator and actuates the gating circuit. 

A circuit diagram of the AZS circuit is shown in Figs. 17(a) and 17(b). 

The various sections of the circuit are identified with the blocks shown 

in Fig. 16. The active filter is adjusted for a Q of about 300, and the gain 

of the active filler and tuned amplifier is approximately 1000. The .VZS 

circuit provides ±1.0 volt of dc output voltage for ±0.05 microamperes 

of dc input current. The maximum sensitivity of the circuit is limited 

to ±0.005 microamperes because of residual second harmonic generation 

in the magnettor with zero input current. 

When the transistor integrator is used together with the magnettor 

AZS circuit, the slope of the voltage ramp is maintained constant to 

within one part in 8,000 over a temperature range of 200C to 40oC. 

5.0. The Vollage Compnrntor 

The vollage comparator is one of the most important circuits used in 

analog to digital converters. The comparator indicates the exact time 

that an input waveform passes through a predetermined reference level. 

It has been common practice to use a vacuum tube blocking oscillator 

as a voltage comparator.18 Due to variations in the contact potential, 

heater voltage, and transconduclanee of the vacuum tube, the maximum 
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Fig. 16 — Block diagram of AZS circuit. 
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accuracy of the circuit is limited to about ±100 millivolts. By taking 

advantage of the properties of semiconductor devices, the transistor 

blocking oscillator comparator can be designed to have an accuracy of 

±5 millivolts throughout a temperature range of 20oC to 40oC. 

6.1. General Description of the Voltage Comparator 

Fig. 18 shows a simplified circuit diagram of the voltage comparator. 

Except for the silicon junction diode Di, this circuit is essentially a 

transistor blocking oscillator. For the purpose of analysis, assume that 

the reference voltage V„ is set equal to zero. When the input voltage V, 

is large and negative, the silicon diode Dt is an open circuit and the junc- 

tion transistor has a collector current determined by ft* and £,» (Expres- 

sion (18)). The base of the transistor resides at approximately —0.2 

volts. As the input voltage V, approaches zero, the reverse bias across 

the diode Di decreases. At a critical value of V. (a small positive poten- 

tial), the dynamic resistance of the diode is small enough to permit the 

circuit to become unstable. The positive feedback provided by trans- 

former Ti forces the transistor to turn off rapidly, generating a sharp 

output pulse across the secondary of transformer Tt. When F, Is large 

and positive, the diode /h is a low impedance and the transistor is main- 

tained cutoff. In order to prevent the comparator from generating more 

than one output pulse during the time that the circuit is unstable, the 

natural jieriod of the circuit as a blocking oscillator must be properly 

chosen. Depending on this period, the input voltage waveform must 

have a certain minimum slope when passing through the reference level 

in order to prevent the circuit from misfiring. 

The comparator has a high input impedance except during the switch- 

ing interval.* When Vi is negative with respect to the reference level, the 

input impedance is equal to the impedance of the reverse biased silicon 

diode. When V", is positive with respect to the reference level, the input 

impedance is equal to the impedance of the reverse biased emitter and 

collector junctions in parallel. This impedance is large if an alloy 

junction transistor is used. During the switching interval the input im- 

pedance is equal to the impedance of a forward biased silicon diode in 

series with the input impedance of a common emitter stage (approxi- 

mately 1,000 ohms). This loading effect is not too serious since for the 

circuit described, the switching interval is less than 0.5 microseconds. 

The voltage comparator shown in Fig. 18 operates accurately on 

voltage waveforms with positive slopes. The voltage comparator will 

operate accurately on waveforms with negative slopes if the diode and 

• The switching interval is the time required for the transistor to turn off. 
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Fig. 17(a) — AZS circuit. 

battery potentials are reversed and if an n-p-n junction transistor is 

used. 

5.2. Factors Determining the Accuracy of the Voltage Comparator 

Fig. 19 shows the ac equivalent circuit of the voltage comparator. In 

the equivalent circuit Ifi is the dynamic resistance of the diode Di, lig 

is the source resistance of the input voltage, and Rt is the impedance of 
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the load liL as it appears at the primary of the transformer 7*.. ffi is a 

function of the dc voltage across the diode Di. At a prescribed value of 

Ri, the comparator circuit becomes unstable and switches. The relation- 

ship between this critical value of Iti and the transistor and circuit 

parameters is obtained by evaluating the characteristic equation for the 

circuit and by determining the relationship which the coefficients of the 

equation must satisfy in order to have a root of the equation lie in the 

right hand half of the complex frequency plane. To a good approxima- 

tion, the critical value of Hi is given by the expression 

Ri + Rt + n 
Ma0 

R-.C, + 
(Jo 

O), 

(26) 

where M is the mutual inductance of transformer Ti and R- = S"'RL . 

Since the t ransistor parameters which appear in expression (26) have only 

a small variation with temperature, the critical value of R\ is independent 

of temperature (to a first approximation). 

It will now be shown that the comparator can be designed for an ac- 

curacy of ±5 millivolts throughout a temperature range of 20oC to 40oC. 

In order to establish this accuracy it will be assumed that the critical 

value of Ri is equal to 30,(MX) ohms. This assumption is based on the 
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data displayed in Fig. 20 which gives the volt-ampere characteristics of a 

silicon diode measured at 200C and 4ft0C. Throughout this temperature 

range, the diode voltage corresponding to the critical resistance of 

30,000 ohms changes by about 30 millivolts. Fortunately, part of this 

voltage variation with temperature is compensated for by the variation 

in voltage between the base and emitter of the junction transistor. 

From Fig. 18, 

V, = VD - W. + Vr. (27) 

For perfect compensation (Vi independent of temperature), Vk-, should 

have the same temperature variation as the diode voltage I o ■ Experi- 

M' 
> 

n, C-jrovr 

i—-J 

p-n-p 

Vb-e L, -Kl2 = N 
1 Ebb:=: l:, 

= N « 

I • • ' 1 REFERENCe 
LEVEL 
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Fig. 18 — Simplified circuit diagram of voltage comparator. 
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Fig. 19 — Equivalent circuit of voltage comparator. 
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Fig. 20 — Volt-ampere charactemUc of a silicon junction diode. 

mentally it is found that V*_, for germanium junction transistors varies 

by about 20 millivolts throughout the temperature range of 20oC to 

40oC. Consequently, the variation in V, at which the circuit switches is 

±5 millivolts. 

It is apparent from Fig. 20 that the accuracy of the comparator in- 

creases slightly for critical values of greater than 30,000 ohms, but 

decreases for smaller values. For example, the accuracy of the comparat or 

is ±10 millivolts for a critical value of Ri equal to 5,000 ohms. In gen- 

eral. the critical value of Ri should be chosen between 5,000 and 100,000 

ohms. 

53. .4 Practical Voltage Comparator 

Fig. 21 shows the complete circuit diagram of a voltage comparator. 

The circuit is designed to generate a sharp output pulse* when the input 

voltage waveform passes through the reference level (set by l'„) with a 

positive slope. The pulse is generated by the transistor switching from 

the "on" state to the "off" stale. To a first approximation the amplitude 

of the output pulse is proportional to the transistor collector current 

during the "on" stale. When the input voltage waveform passes through 

the reference level with a negative slope an undesirable negative pulse is 

generated. This pulse is eliminated by the point contact diode l)t. 

The voltage comparator is an unstable circuit and has the properties 

• For the circuit values shown in Fig. 21, the output pulse has a peak amplitude 
of about 6 volts, a rise lime of 0.5 microseconds, and a pulse width of about 2.0 
microseconds. 
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of a free running blocking oscillator after the input voltage Vi passes 

through the reference level. After a period of time the transistor will 

return to the "on" state unless the voltage V, is sufficiently large at this 

lime to prevent switching. In order to minimize the required slope of the 

input waveform the time interval between the instant V. passes through 

the reference level and the instant the transistor would naturally switch 

to the "on" state must be maximized. This time interval can be con- 

trolled by connecting a diode Dj across the secondary winding of trans- 

former 7*1. When the transistor turns off, the current which was flowing 

through the secondary- of transformer continues to flow through 

the diode Dt so that U and Dj form an inductive discharge circuit. The 

point contact diode Dt has a forward dynamic resistance of less than 10 

ohms and a forward voltage drop of 0.3 volt. If the small forward re- 

sistance of the diode is neglected, the time required for the current in the 

circuit to fall to zero is 

During the inductive transient, 0.3 volt is induced into the primary of 

transformer Ti (since N - I) maintaining the transistor cutoff. The 

duration of the inductive transient can be made as long as desired by 

increasing L- . However, there is the practical limitation that increasing 

Lt also increases the leakage inductance of transformer Ti, and in turn, 

(28) 
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Fig. 21 — Voltage comparator. 
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increases the switching lime. The circuit shown in Figure 21 does not 

misfire when used with voltage waveforms having slopes as small as 25 

millivolts per microsecond, at the reference level. 

fi.O. A TRANSISTOR VOLTAGE ENCODER 

o.i. Circuit Arrangement 

The transistor circuits previously described can be assembled into a 

voltage encoder for translating analog voltages into equivalent time 

intervals. This encoder is especially useful for converting analog infonna- 

tion (in the form of a dc potential) into the digital code for processing 

in a digital system. Fig. 22 shows a simplified block diagram of the 

encoder. The voltage ramp generated by the integrator is applied to 

amplitude selector number one and to one input of a summing amplifier. 

The amplitude selector is a dc amplifier which amplifies the voltage ramp 

in the vicinity of zero volts. Voltage comparator number one, which 

follows the amplitude selector, generates a sharp output pulse at the 

exact instant of time that the voltage ramp passes through zero volts. 

The analog input voltage, which has a value between 0 and —15 

volts,* is applied to the second input of the summing amplifier. The 

output voltage "f the summing amplifier is zero whenever the ramp 

INTEGRATOR 
^ 3000MS 

ANALOG 
HPUT VOLTAGE 

Summing 
AMPU^ER' 

NO.* AMPLITUDE 
SELECTORS 

NO.1 . VOLTA 
COMPARATORS 

Fig. 22 — Simplified block diagram of voltage encoder. 

■ If the analog input voltage docs not lie in this range, then the voltage gain 
of the summing amplifier must be set so that the analog voltage at the output of 
(he summing amplifier lies in the voltage range between 0 and -f 15 volts. 
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voltage is equal to the negative of the input analog voltage. At this 

instant of time the second voltage comparator generates a sharp output 

pulse. The time interval between the two output pulses is proportional 

to the analog input voltage if the voltage ramp is linear and has a con- 

stant slope at all times. 

6.2. The AmjAUude Selector 

The amplitude selector increases the slope of the input voltage wave- 

form (in the vicinity of zero volts) sufficiently for proper operation of the 

voltage comparator. The amplitude selector consists of a limiter and a 

dc feedback amplifier as shown in Fig. 23. The two oppositely poled 

silicon diodes Di and D*, limit the input voltage of the dc amplifier to 

about ±0.05 volts. The dc amplifier has a voltage gain of thirty, and so 

the maximum output voltage of the amplitude selector is limited to 

about ±19.5 volts. The net voltage gain between the input and output 

of the amplitude selector is ten. 

The principal requirement placed on the dc amplifier is that the input 

current and the output voltage l»e zero when the input voltage is zero. 

This is accomplished by placing a blocking condenser C'a between point 

T and the base of the first transistor stage, and by using an AZ8 circuit 

to maintain point T at zero volts. The dc and AZS amplifiers are identical 

in configuration to the amplifiers shown in Fig. 12. The dc amplifier is 

1.3 UK 

X 

Fig. 23 — Block diagram of the amplitude aclcclor. 
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designed to have about 15.6 db less feedback than that shown in Fig. 10 

since this amount is adequate for the present purpose. 

The bandwidth of the dc amplifier is only of secondary importance 

because the phase shifts introduced by the two amplitude selectors in 

the voltage encoder tend to compensate each other. 

6.3. Kxperimcrtal He full/ 

The accuracy of the voltage encoder is determined by applying a 

precisely measured voltage to the input of the summing amplifier and by 

measuring the time interval between the two output pulses. The maxi- 

mum error due to nonlinearitics in the summing amplifier and the voltage 

ramp is less than ±0.5 microseconds for a maximum encoding time of 

3,000 microseconds. An additional error is introduced by the noise voltage 

generated in the first transistor stage of the summing amplifier. The 

RMS noise voltage at the output of the summing amplifier is less than 

0.5 millivolts. This noise voltage produces an RM.S jitter of 0.25 micro- 

seconds in the position of the second voltage comparator output pulse. 

The over-all'accuracy of the voltage encoder is one part in 4,000 through- 

out a temperature range of 20oC to 40oC. 
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Appendix I 

RELATIONSHIP BETWEEN RETURN DIFFERENCE AND LOOP CURRENT 

TRANSMISSION 

In order to place the stability analysis of the transistor feedback ampli- 

fier on a sound Ixasis, it is desirable to use the concept of return differ- 

ence* It will be shown that a measurable quantity, called the loop current 

transmission, can lie related to the return difference of aZ, with reference 

r. .•• t In Fig. 24. A* represents the complete transistor network exclusive 

of the transistor under consideration. The feedback loop is broken at 

the input to the transistor by connecting all of the feedback paths to 

* In this appendix it U a&uivned that the transistor under consideration is in 
the common emitter connection. The discussion can be readily extended to the 
other transistor connections. 

t This fact was pointed out by F. H. Tendick. Jr. 
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Fig. 24 — Measurpinpnl of loop current transmission. 

ground through a resistance (r, + ri) ami a voltage rtlt. I sing the 

nomenclature given in Reference 8, the input of the complete circuit is 

designated as the first mesh and the output of the complete circuit is 

designated as the second mesh. The input and output meshes of the 

transistor under consideration are designated 3 and 4, respectively. The 

loop current transmission is equal to !»', the total returned current when 

a unit input current is applied to the base of the transistor. 

The return difference for reference r, is equal to the algebraic differ- 

ence" between the unit input current and the returned current I,'. /»' is 

evaluated by multiplying the open circuit voltage in mesh 4 (produced 

by the unit base current) by the backward transmission from mesh 4 to 

mesh 3 with zero forward transmission through the transistor under 

consideration. The open circuit voltage in mesh 4 is equal to (r, — aZr). 

The backward transmission is determined with the element aZr, in the 

fourth row, third column of the circuit determinant, set equal to r,. 

Hence, the return difference is expressed as 

Fr'a = 1 + (aZ, — r,) (AI)t 

Fr., - + (^~ r')A" (A2) 

- 1 + 7V. (A3) 
A'*' 

The relative return ratio 7V, is equal to the negative of the loop current 

transmission and can be measured as shown in Tig. 24. The voltage rjt 

takes into account the fact that the junction transistor is not perfectly 

• Tlie positive direction for the relumed current is chosen so that if the original 
circuit is restored, the relumed current flows in the same direction as the input 
current. 

t £''• is the network determinant with the element aZ, in the fourth row, third 
column of the circuit delerminant set equal to r,. 
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unilateral. Fortunately, in many applications, this voltage can be neg- 

lected even at the gain and phase crossover frequencies. 

In the case of single loop feedback amplifiers, A''* will not have any 

zeros in the right hand half of the complex frequency plane, A study of 

the stability of the amplifier can then be based on Ft,t or 7V.. 

Appendix II 

INTERSTAGE NETWORK SHAPING 

This appendix presents the analysis of the circuit shown in Fig. 7(a). 

The input impedance of the common emitter connected junction tran- 

sistor is given by the expression 

^input " rft + r,(l — Gi) (A4) 

where Gt is the current transmission of the common emitter stage, ex- 

pression (13). The current transmission .4 of the complete circuit is equal 

to 

■4 4: = (A5) 

where Z. = /fj + pl^ + OZ/iCj). Combining (13), (A4), and (A5) yields 

 "o 

A - 1 - ■" + 4 

('+Ei) {'+p iH*(r*+r'+**+w,l,) (A6) 

i : f + r, + Ht)~\ _j p'wi 

Lwiw*1 w^(I — Oo -f 6) J W|!W^),( 

where 

6 

Wj5W«Wr(l — a# + i), 

Hl + r, 

r, 

(I — <io + 5) 

1 + i + I 
W. Ue 

Ut Wl + r,)C, 

u,i = vm 

 i 

Wl - r.+TT—r'. .vi c, 
L (I — Co + 5)J 
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Expression (A6) is valid if l/w» » l/wi + /Wa • The denominator of the 

expression indicates a falling 0 db per octave asymptote with a corner 

frequency at o* . The second factor in the denominator can be approxi- 

mated by a falling 6 db per octave asymptote with a comer frequency at 

"'[r' + (r^+J 

fft + r, -f Its -f uiLi 

plus additional phase and amplitude contributions at higher frequencies 

due to the p* and p3 terms. If 

then the circuit has a rising 12 db per octave asymptote with a corner 

frequency at wi. Fig. 7(b) shows the amplitude and phase of the current 

transmission. 
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Electrolytic Shaping of Germanium 

and Silicon 

By A. UIILIR. JK. 

(Manuscript received November 9, 1956) 

Properties of elecirolyle-semitondudor barriers are described, with em- 

phasis on germanium. The use of these barriers in localizing electrolytic 

etching is discussed. Other localization techniques are mentioned. Electro- 

lytes for etching germanium and silicon are given. 

INTRODUCTION 

Mechanical shaping tcchni«|ues, such as abrasive cutting, leave the 

surface of a semiconductor in a damaged condition which adversely 

affects the electrical properties of p-n junctions in or near the damaged 

material. Such damaged material may be removed by electrolytic etch- 

ing. Alternatively, all of the shaping may be done electrolytically, so 

that no damaged material is produced. Electrolytic shaping is particu- 

larly well suited to making devices with small'dimensions. 

A discussion of electrolytic etching can conveniently be divided into 

two topics — the choice of electrolyte and the method of localizing the 

etching action to produce a desired shape. It is usually possible to find 

an electrolyte in which the rate at which material is removed is accurately 

proportional to the current. For semiconductors, just as for metals, the 

choice of electrolyte is a specific problem for each material; satisfactory 

electrolytes for germanium and silicon will be described. 

The principles of localization are the same, whatever the electrolyte 

used. Electrolytic etching takes place where current Hows from the 

semiconductor to the electrolyte. Current flow may he concentrated at 

certain areas of the scmiconduclor-eleclrolyle interface by controlling 

the flow of current in the electrolyte or in the semiconductor. 

lOCALlZATION IN ELECTROLYTE 

Localization techniques involving the electrolytic current arc appli- 

cable to both metals and semiconductors. In some of these techniques, 

333 
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the localization is so effective that the barrier effects found with n-type 

semiconductors can be ignored; if not, the barrier can be overcome by 

light or heat, as will be described below. 

If part of the work is coated with an insulating varnish, electrolytic 

etching will take place only on the uncoated surfaces. This technique, 

often called "masking," has the limitation that the etching undercuts 

the masking if any considerable amount of material is removed. The 

same limitation applies to photoengraving, in which the insulating coat- 

ing is formed by the action of light. 

The cathode of the electrolytic cell may lie limited in size and placed 

close to the work (which is the anode). Then the ctehing rate will be 

greatest at parts of the work that are nearest the cathode. Various 

shapes can be produced by moving (he cathode with respect to the 

work, or by using a shaped cathode. For example, a cathode in the form 

of a wire has been used to slice germanium.1 

Instead of a true metallic cathode, a "virtual cathode" may be used 

to localize electrolysis.1 In this technique, the anode and true cathode 

are separated from each other by a nonconducting partition, except for 

a small opening in the partition. As far as localization of current to the 

anode is concerned, the small opening acts like a cathode of equal size 

and so is called a virtual cathode. The nonconducting partition may 

include a glass tube drawn down to a tip as small as one micron diameter 

but nevertheless open to the How of electrolytic current. With such a 

tip as a virtual cathode, micromachining can be conducted on a scale 

comparable to the wavelength of visible light. A general advantage of 

the virtual cathode technique is that the cathode reaction (usually 

hydrogen evolution) does not interfere with the localizing action nor 

with observation of the process. 

In the jet-etching technique, a jet of electrolyte impinges on the 

work.1 4 The free streamlines that bound the flowing electrolyte are 

governed primarily by momentum and energy considerations. In turn, 

the shape of the electrolyte stream determines the localization of etch- 

ing. A stream of electrolyte guided by wires has been used to etch semi- 

conductor devices.6 Surface tension has an important influence on the 

free streamlines in this case. 

PROPERTIES OF ELECTROLYTE-SEMICONDUCTOR BARRIERS 

The most distinctive feature of electrolytic etching of semiconductors 

is the occurrence of rectifying barriers. Barrier effects for germanium 

will be described; those for silicon are qualitatively similar. 

The voltage-current curves for anodic n-type and p-type germanium 
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in 10 per cent KOH are shown in Fig. I. The concentration of KOH 

is not critical and other electrolytes give similar results. The voltage 

drop for the p-type specimen is small. For anodic n-type germanium, 

however, the barrier is in the reverse or blocking direction as evidenced 

by a large voltage drop. The fact that n-type germanium differs from 

p-type germanium only by very small amounts of impurities suggests 

that the barrier is a semiconductor phenomenon and not an electro- 

chemical one. This is confirmed by the light sensitivity of the n-type 

voltage-current characteristic. Fig. 2 is a schematic diagram of the 

arrangement for obtaining voltage-current curves. A mercury-mercuric 

oxidc-10 per cent KOH reference electrode was used at first, but a gold 

wire was found equally satisfactory. At zero current, a voltage exists 

between the germanium and the reference electrode; this voltage is not 

included in Fig. 1. 

The saturation current I,, measured for the n-type barrier at a 

moderate reverse voltage (see Fig. 1), is plotted as a function of tempera- 

ture in Fig. 3. The saturation current increases about 9 per cent per 

degree, just as for a germanium p-n junction, which indicates that the 

12 OHM-CM 
H-TYPE 

0 10 20 30 40 SO 60 
CUOftENT PLOW IN MILUAMPEPES PEP CM^ 

Fig. i — Anodic voltage current characteristics of germanium. 
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current is proporlional to the equilibrium density of minority carriers 

(holes). The same conclusion may be drawn from Fig. 4, which shows 

that the saturation current is higher, the higher the resistivity of the 

□-type germanium. But the breakdown voltages are variable and usu- 

ally much lower than one would expect for planar p-n junctions made, 

for example, by alloying indium into the same n-type germanium. 

Breakdown in bulk junctions is attributed to an avalanche multipli- 

cation of carriers in high fields.4 The same mechanism may lie responsible 

for breakdown of the germanium-electrolyte barrier; low and variable 

breakdown voltages may be caused by the pits described below. 

The electrolyte-germanium barrier exhibits a kind of current multi- 

plication that differs from high-field multiplication in two respects: it 

occurs at much lower reverse voltages and does not vary much with 

voltage.' This effect can be demonstrated very simply by comparison 

with a metal-germanium barrier, on the assumption that the latter has 

a current multiplication factor of unity. This assumption is supported 

by experiments which indicate that current flows almost entirely by 

hole How, for good metal-germanium barriers. 

The experimental arrangement is indicated in Fig. 5(a) and (b). The 

voltage-current curves for an electrolyte barrier and a plated barrier on 

the same slice of germanium are shown in Fig. 5(c).* The curves for the 
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Fig. 2 — Arrangement for obtaining voltage current characteristics. 

" In Fig. 5 the dark current for the plated barrier is much larger than can lie 
explained on the basis of hole current; it is even higher than the dark current for 
the electrolyte barrier, which should be at least 1.4 limes the hole current. This 
excess dark current is believed to be leakage at the edges of the plated area and 
probably does not affect the intrinsic current multiplication of the plated barrier 
as a whole. 
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Fig. 3 — Temi)eraiure variation of the saturation current of a barrier between 

5.5 ohm-cm n-type germanium and 10 per cent KOH solution. 

illuminated condition were obtained by shining light on a dry face of a 

slice while the barriers were on the other face. The difference between 

the light and dark currents is larger for the electrolyte-germanium bar- 

rier than for the metal-germanium barrier, by a factor of about 1.4. 

The transport of holes through the slice is probably not very different 

for the two barriers. Therefore, a current multiplication of 1.4 is indi- 

cated for the electrolyte barrier. About the same value was found for 

temperatures from 150C to (30oC, KOH concentrations from 0.01 per 

cent to 10 per cent, n-type resistivities of 0.2 ohm-cm to 6 ohm-cm, 

light currents of 0.1 to 1.0 ma/cm", and for 0.1N indium sulfate. 

Evidently the flow of holes to the electrolyte barrier is accompanied 

by a proportionate return flow of electrons, which constitutes an addi- 

tional electric current. Possible mechanisms for the creation of the 

electrons will be discussed in a forthcoming article.* 
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Pig. 4. _ Anodic vollote-eurrent curves for various resistivilies of Rermanium. 

SCRATCHES AND PITTINC. 

The voltage-current curve of an electrolyte-germanium harrier is 

very sensitive to scratches. The curves given in the illustrations were 

obtained on material previously etched smooth in CP-4, a chemical 

etch.* 10 

If, instead, one starts with a lapped piece of n-type germanium, the 

electrolyte-germanium harrier is essentially "ohmic;" that is, the voltage 

drop is small and proportional to the current. A considerable reverse 

voltage can l>e attained if lapped n-type germanium is electrolylically 

etched long enough to remove most of the damaged germanium. How- 

ever, a pitted surface results and the breakdown voltage achieved is 

not as high as for a smooth chemically-etched surface. 

The depth of damage introduced by typical abrasive sawing and 

lapping was investigated by noting the voltage-current curve of the 

• Five pi*rta HNOi , 3 parts 48 per cent HF, 3 parts glacial acetic acid, 
Br,. 
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electrolyte-germanium barrier after various amounts of material hail 

been removed by chemical etching. After 20 to 50 microns had been re- 

moved, further chemical etching produced no change in the barrier 

characteristic. This amount of material had to be removed even if the 

lapping was followed by polishing to a mirror finish. The voltage-current 

curve of the electrolyte-germanium barrier will reveal localized damage. 

On the other hand, the pholomagnetoclectric (PME) measurement of 
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Fig. 5 — Determination of the current multiplication of the barrier between 
6 ohm-cm n-type germanium and an electrolyte. 
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Fig. 6 — Electrolytic etch piU on two Bides of 0.02-inch slice of n-type germa- 
nium. Half of the slice was in contact with the electrolyte. 

surface recombination velocity gives an evaluation of the average con- 

dition of the surface." A variation of the PME method has been used 

to study the depth of abrasion damage; the damage revealed by this 

method extends only to a depth comparable to the abrasive size.11 

A scratch is sufficient to start a pit that increases in size without limit 

if anodic etching is prolonged. However, a scratch is not necessary. Pits 

are formed even when one starts with a smooth surface produced by 

chemical etching. A drop in the breakdown voltage of the barrier is 

noticed when one or more pits form. The breakdown voltage can 

restored by masking the pits with polystyrene cement. 

Evidence that the spontaneous pits are caused by some features of 

the crystal, itself, was obtained from an experiment on single-crystal 

n-type germanium made by an early version of the zone-leveling process. 

A slice of this material was eleclrolylically etched on both sides, after 

preliminary chemical etching. Photographs of the two sides of the slice 

are shown in Fig. 6. Only half of the slice was immersed in the electro- 

lyte. The electrolytic etch pits are concentrated in certain regions of 

the slice — the same general regions on both sides of the slice. It is 

interesting that radioautographs and resistivity measurements indicate 

high donor concentrations in these regions. Improvements, including 

more intensive stirring, were made in the zone-leveling process, and the 

electrolytic etch pit distribution and the donor radioautographs have 

been much more uniform for subsequent material. 

Several pits on a (100) face are shown in Fig. 7. The pits grow most 

rapidly in (100) directions and give the spiked effect seen in the illustra- 

tion. After prolonged etching, the spikes and their branches form a com- 

plex network of caverns beneath the surface of the germanium. 

High-field carrier generation may be responsible for pitting. A locally 
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Fig. 7 — Kleclrolylie eU'h pit« on n-type germnnium. 

high donor concentration would favor breakdown, as would any con- 

cavity of the germanium surface (which would cause a higher field for 

a given voltage). Very high fields must occur at the points of spikes such 

as those shown in Fig. 7. The continued growth of the spikes is thus 

favored by their geometry. 

Microscopic etch pits arising from chemical etching have been corrc- 

lated with the edge dislocations of small-angle grain Ijoundaries.11 A 

specimen of n-type germanium with chemical etch pits was photomicro- 

graphed and then etched eleclrolytically. The etch pits produced elec- 

trolytically could not be correlated with the chemical etch pits, most 

of which were still visible and essentially unchanged in appearance. 

Also, no correlation could be found between either kind of etch pit and 

the locations at which copper crystallites formed upon immersion in a 

copper sulfate solution. Microscopic electrolytic etch pits at dislocations 

in p-type germanium have been reported in a recent paper that also 

mentions the deep pits produced on n-type germanium." 

Electrolytic etch pits arc oliscrvcd on n-type and high-resistivity 

silicon. These etch pits are more nearly round than those produced in 

germanium. 

In spile of the pitting phenomenon, electrolytic etching is success- 



342 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 195(3 

fully used in the fabrication of devices involving n-type semiconductors. 

Pitting can be reduced relative to "normal" uniform etching by any 

agency that increases the concentration of holes in the semiconductor. 

Thus, elevated temperatures, flooding with light, and injection of holes 

by an emitter all favor smooth etching. 

SHAPING BY MEANS OF INJECTED CARRIERS 

Hole-electron pairs arc produced when light is absorbed by semi- 

conductors. Light of short wavelength is absorbed in a short di.'tance, 

while long wavelength light causes generation at considerable depths. 

The holes created by the light move by diffusion and drift and increase 

the current flow through an anodic electrolyte-germanium barrier at 

whatever point they happen to encounter the barrier. In general, more 

holes will diffuse to a barrier, the nearer the barrier is to the point at 

which the holes are created. For n-type semiconductors, the current 

due to the light can be orders of magnitude greater than the dark cur- 

rent, so that the shape resulting from etching is almost entirely deter- 

mined by the light. As shown in Fig. 3, the dark current can be made 

very small by lowering the temperature. 

An example of the shaping that can be done with light is shown in 

Fig. 8. A spot of light impinges on one side of a wafer of n-type germanium 

or silicon. The semiconductor is made anodic with respect to an etching 

electrolyte. Accurately concentric dimples are produced on both sides of 

the wafer. Two mechanisms operate to transmit the effect to the oppo- 

site side. One is that some of the light may penetrate deeply before 

generating a hole-electron pair. The other is that a fraction of the car- 

riers generated near the first surface will diffuse to the opposite side. 

By varying the spectral content of the light and the depth within the 

n-TrPE SEMICONDUCTOR 

Fig. 8 — Double dimpIiiiK with li|«ht. 
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wafer at which the light is focused, one can produce dimples with a vari- 

ety of shapes and relative sizes. 

It is obvious that the double-dimpled wafer of Fig. 8 is desirable for 

the production of p-n-p alloy transistors. For such use. one of the most 

important dimensions is the thickness remaining between the bottoms 

of the two dimples. As has been mentioned in connection with the jet- 

etching process, a convenient way of monitoring this thickness to de- 

termine the endpoint of etching is to note the transmission of light of 

suitable wavelength.14 There is. however, a control method that is itself 

automatic. It is based on the fact that at a reverse-biased p-n junction 

or electrolyte-semiconductor barrier there is a space-charge region that 

is practically free of carriers.4 When the specimen thickness is reduced 

so that space-charge regions extend clear through it, current ceases to 

How and etching stops in the thin regions, as long as thermally or op- 

tically generated carriers can be neglected. However, more pitting is to 

be expected in this method than when etching is conducted in the pres- 

ence of an excess of injected carriers. 

A p-n junction is a means of injecting holes into n-lypc semiconduc- 

tors and is the basis of another method of dimpling, shown in Fig. 9. 

The p-n junction can l>e made by an alloying process such as bonding 

an acceptor-doped gold wire to germanium. The ohmic contact can be 

made by bonding a donor-doped gold wire and permits the injection of 

a greater excess of holes than would be possible if the current through 

the p-n junction were exactly equal to the etching current. Dimpling 

without the ohmic contact has been reported. 

OHMIC CONTACT 

^p-n JUNCTION 
- < 

.-MASHING 

H-TYPE GERMANIUM 

Fig. 9 — Dimpling with carriers injected by a p-n junction. 
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CONTROL BY OH MIC CONDOCTION 

The carrier-injection shaping techniques work very well for n-type 

material. It is also possible to inject a significant numlier of holes into 

rather high resistivity p-type material. But what can be done about 

p-type material in general, short of developing cathodic etches? 

The ohmic resistivity of p-type material can be used as shown in Fig. 

10. More etching currect flows through surfaces near the small contact 

than through more remote surfaces. A substantial dimpling effect is 

observed when the semiconductor resistivity is equal to the electrolyte 

resistivity, but improved dimpling is obtained on higher resistivity 

semiconductor. This result is just what one might expect. But the math- 

ematical solution for ohmic flow from a point source some distance from 

a planar boundary between semi-infinite materials of different conduc- 

tivities shows that the current density distribution does not depend on 

the conductivities. An important factor omitted in the mathematical 

solution is the small but significant barrier voltage, consisting largely of 

electrochemical polarization in the electrolyte. The l>arrier voltage is 

approximately proportional to the logarithm of the current density 

while the ohmic voltage drops are proportional to current density. Thus, 

high current favors localization. 

ELECTROLYTES FOR ETCHING GERMANIUM AND SILICON 

The electrolyte usually has two functions in the electrolytic etching 

of an oxidizuble substance. First, it must conduct the current necessary 

for the oxidation. Second, it must somehow effect removal of the oxida- 

tion product from the surface of the material being etched. 

The usefulness of an electrolytic etch depends upon one or both of 

ANY CONTACT, 
PBEFERABt* OHMIC 

MASKING 

CEOMAN'UM rvw 

Fig. 10— Dimpling by ohmic conduction. 
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the followiiiK situations — the electrolj'tic process accomplishes a reac- 

tion that cannot be achieved as conveniently in any other way or it 

permits greater control to he exercised over the reaction. Accordingly, 

chemical attack by the chosen electrolyte must be slight relative to the 

electrochemical etching. 

A smooth surface is probably desirable in the neighborhood of a p-n 

junction, to avoid field concentrations and lowering of breakdown 

voltage. Therefore, a tentative requirement for an electrolyte is the 

production of a smooth, shiny surface on the p-type semiconductor. Such 

an electrolyte will give a shiny but possibly pitted surface on n-type 

specimens of the same semiconductor. 

The effective valence of a material being electrolytically etched is 

defined as the number of electrons that traverse the circuit divided by 

the number of atoms of material removed. (The amount of material 

removed was determined by weighing in the experiments to be described.) 

If the effective valence turns out to be less than the valence one might 

predict from the chemistry of stable compounds, the etching is sometimes 

said to be "more than 100 per cent efficient." Since the anode reactions 

in electrolytic etching may involve unstable intermediate compounds 

and competing reactions, one need not be surprised at low or fractional 

effective valences. 

Germanium can be etched in many aqueous electrolytes. A valence of 

almost exactly 4 is found.1* That is, 4 electrons flow through the circuit 

for each atom of germanium removed. For accurate valence measure- 

ments, it is advisable to exclude oxygen by using a nitrogen atmosphere. 

Potassium hydroxide, indium sulfate, and sodium chloride solutions are 

among those that have been used. Sulfuric acid solutions are prone to 

yield an orange-red deposit which may be a suboxide of germanium.1* 

Similar orange deposits are infrequently encountered with potassium 

hydroxide. 

Hydrochloric acid solutions are satisfactory electrolytes. The reaction 

product is removed in an unusual manner when the electrolyte is al>out 

2N hydrochloric acid. Small droplets of a clear liquid fall from the etched 

regions. These droplets may be germanium tetrachloridc, which is denser 

than the electrolyte. They turn brown after a few seconds, perhaps be- 

cause of hydrolysis of the tetrachloride. 

Etching of gennanium in sixteen different aqueous electroplating 

electrolytes has lieen mentioned.* Germanium can also be etched in the 

partly organic electrolytes described below for silicon. 

One would expect that silicon could be etched by making it the anode 

in a cell with an aqueous hydrofluoric acid electrolyte. The seemingly 
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likely oxidation product, silicon dioxide, should react with the hydro- 

fluoric arid to give silicon tetrafluoride, which could escape as a gas. In 

fact, a gas Is formed at the anode and the silicon loses weight. But the 

gas is hydrogen and an effective valence of 2.0 ± 02 (individual deter- 

minations ranged from 1.3 to 2.7) was found instead of the value 4 that 

might have been expected. The quantity of hydrogen evolved is con- 

sistent with the formal reaction 

Si —♦ Si"*" + me~ (electrochemical oxidation) 

Si*" + (4-in)ir* —•Si*4 + (4-m)ll2 (chemical oxidation) 

where m is about two. The experiments were done in 24 per cent to 48 

per cent aqueous solutions of HF at current densities up to 0.5 amp/cm*. 

The suggestion that the electrochemical oxidation precedes the chemi- 

cal oxidation is supported by the appearance and behavior of the etched 

surfaces. Instead of being shiny, the surfaces have a matte black, brown, 

or red deposit. 

At 40X magnification, the deposit appears to consist of flakes of a 

resinous material, tentatively supposed to be a silicon suboxide. A re- 

markable reaction can be demonstrated if the silicon is rinsed briefly in 

water and alcohol after the electrolytic etch, dried, and stored in air for 

as long as a year. Upon reimmersing this silicon in water, one can observe 

the liberation of gas bubbles at its surface. This gas is presumed to be 

hydrogen. To initiate the reaction it is sometimes necessary to dip the 

specimen first in alcohol, as water may otherwise not wet it. The speci- 

mens also liberate hydrogen from alcohol and even from toluene. 

Thus, chemical oxidation can follow electrolytic oxidation. But 

chemical oxidation does not proceed at a significant rate liefore the 

current is turned on. 

Smooth, shiny electrolytic etching of p-type silicon has been obtained 

with mixtures of hydrofluoric acid and organic hydroxyl compounds, 

such as alcohols, glycols, and glycerine. These mixtures may be an- 

hydrous or may contain as much as 90 per cent water. The organic 

additives tend to minimise the chemical oxidation of the silicon. They 

also permit etching at temperatures below the freezing point of aqueous 

solutions. They lower the conductivity of the electrolyte. 

For a given electrolyte composition, there is a threshold current 

density, usually between 0.01 and 0.1 amps/cm', for smooth etching. 

Lower current densities give black or red surfaces with the same hy- 

drogen-liberating capabilities as those obtained in aqueous hydrofluoric 

acid. 
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In general, smooth etching of silicon seems to result when the effective 

valence is nearly 1 and there is little anodic evolution of gas. The elec- 

trical properties of the smooth surface appear to be equivalent to those 

of smooth silicon surfaces produced by chemical etching in mixtures of 

nitric and hydrofluoric acids. On the other hand, the reactive surface 

produced at a valence of about 2, with anodic hydrogen evolution, is 

capable of practically shorting-out a silicon p-n junction. The electrical 

properties of this surface tend to change upon standing in air. 
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Coupling Between the Beam and the Circuit 
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The non-linear behavior of the traveling-wave amplifier is calculated in 
this paper by numerically integrating the motion of the electrons in the 
presence of the circuit and the space charge fields. The calculation extends 
the earlier work by Nordsieck and the small-C theory by Tien, Walker and 
Wolontis, to include the space charge repulsion between the electrons and 
the effect of a finite coupling between the circuit and the electron beam. It 
however differs from Poidler's and Rowe's works in the methods of calcu- 
lating the space charge and the effect of the backward wave. 

The numerical work was done using 701-type I.B.M. equipment. Re- 
sults of calculation covering QC from 0.1 to 0.4, b from 0.46 to 2.56 and k 
from 1.25 to 2.50, indicate that the saturation efficiency varies between 
23 per cent and 37 per cent for C equal to 0.1 and between 33 per cent and 
40 per cent for C equal to 0.15. The voltage and the phase of the circuit wave, 
the velocity spread of the electrons and the fundamental component of the 
charge-density modulation are either tabulated or presented in curves. A 
method of calculating the backward wave is provided and its effect fully 
discussed. 

1. INTRODUCTION 

Theoretical evaluation of the maximum efficiency attainable in a 
traveling-wave amplifier requires an understanding of the non-linear 
behavior of the device at various working conditions. The problem has 
been approached in many ways. Pierce,1 and later Hess,2 and Birdsall3 

and Caldwell4 investigated the efficiency or the output power, using cer- 
tain specific assumptions about the highly bunched electron beam. They 
either assume a beam in the form of short pulses of electrons, or, specify 

349 
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an optimum ratio of the fundamental component of convection current 
to the average or d-c current. The method, although an abstract one, 
generally gives the right order of the magnitude. When the usual wave 
concept fails for a beam in which overtaking of the electrons arises, we 
may either overlook effects from overtaking, or, using the Boltzman's 
transport equation search for solutions in series form. This attack has 
been pursued by Parzen5 and Kiel,6 although their work is far from com- 
plete. The most satisfying approach to date is Nordsicck's analysis.7 

Nordsieck followed a typical set of "electrons" and calculated their 
velocities and positions by numerically integrating a set of equations of 
motion. Poulter8 has extended Nordsieck equations to include space 
charge, finite C and circuit loss, although he has not perfectly taken into 
account the space charge and the backward wave. Recently Tien, 
Walker, and Wolontis9 have published a small C theoiy in which "elec- 
trons" are considered in the form of uniformly charged discs and the 
space charge field is calculated by computing the force exerted on one 
disc by the others. Results extended to finite C, have been reported by 
Rowe,10 and also by Tien and Walker.11 Rowe, using a space charge 
expression similar to Poulter's, computed the space charge field based on 
the electron distribution in time instead of the distribution in space. This 
may lead to appreciable error in his space charge term, although its 
influence on the final results cannot be easily evaluated. 

In the present analysis, we shall adopt the model described by Tien, 
Walker and Wolontis, but wish to add to it the effect of a finite beam to 
circuit coupling. A space charge expression is derived taking into account 
the fact that the a-c velocities of the electrons are no longer small com- 
pared with the average velocity. Equations are rewritten to retain terms 
involving C. As the backward wave becomes appreciable when C in- 
creases, a method of calculating the backward wave is provided and the 
effect of the backward wave is studied. Finally, results of the calculation 
covering useful ranges of design and operating parameters are presented 
and analyzed. 

2. ASSUMPTIONS 

To recapitulate, the major assumptions which we have made are: 
1. The problem is considered to be one dimensional, in the sense that 

the transverse motions of the electrons are prohibited, and the current, 
velocity, and fields, are functions only of the distance along the tube and 
of the time. 

2. Only the fundamental component of the current excites waves on 
the circuit. 



A LARGE SIGNAL THEORY OF TRAVELING-WAVE AMPLIFIERS 351 

3. The space charge field is computed from a model in which the 
helix is replaced by a conducting cylinder, and electrons are uniformly 
charged discs. The discs are infinitely thin, concentric with the helix and 
have a radius equal to the beam radius. 

4. The circuit is lossfree. 
These are just the assumptions of the Tien-Walker-Wolontis model. 

In addition, we shall assume a small signal applied at the input end of a 
long tube, where the beam entered unmodulated. What we are looking 
for are therefore the characteristics of the tube beyond the point at which 
the device begins to act non-linearly. Let us imagine a flow of electron 
discs. The motions of the discs are computed from the circuit and the 
space charge fields by the familiar Newton's force equation. The elec- 
trons, in turn, excite waves on the circuit according to the circuit equa- 
tion12 derived cither from Brillouin's model13 or from Pierce's equivalent 
circuit.14 The force equation, the circuit equation, and the equation of 
conservation of charge in kinematics,13 are the three basic equations 
from which the theory is derived. 

3. FORWARD AND BACKWARD WAVES 

In the traveling-wave amplifier, the beam excites forward and back- 
ward waves on the circuit. (We mean by "forward" wave, the wave 
which propagates in the direction of the electron flow, and by "back- 
ward" wave, the wave which propagates in the opposite direction.) 
Because of phase cancellation, the energy associated with the backward 
wave is small, but increases with the beam to circuit coupling. It is there- 
fore important to compute it accurately. In the first place, the waves on 

• • • "12 
the circuit must satisfy the circuit equation 

Here, V is the total voltage of the waves. Vo and Za are respectively the 
phase velocity and the impedance of the cold circuit, z is the distance 
along the tube and t, the time. pu is the fundamental component of the 
linear charge density. V and pc are functions of z and t. The complete 
solution of (1) is in the form 

d2F(2, t) 2 a
27(2, 0 _ .. v d'pSz, t) 

 ^ — '0  — loZo -jt  dz2 V^0 dt2 (1) 

V(z) = C1e-To! + (V02 

(2) 

+ er- ^ f e-T°'pM dz 
A Jz' 
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where the common factor e3ut is omitted. To = j(a/vo), j = \/— 1 and co 
is the angular frequency. Ci and C2 are arbitrary constants which will 
be determined by the boundary conditions at the both ends of the beam. 
The first two terms are the solutions of the homogeneous equation (or 
the complementary functions) and are just the cold circuit waves. The 
third and the fourth terms are functions of electron charge density and 
are the particular solution of the equation. 

Let us consider a long traveling-wave tube in which the beam starts 
from 2 = 0 and ends at 2 = D. The motion of electrons observed at any 
particular position is periodic in time, though it varies from point to 
point along the beam. To simplify the picture, we may divide the beam 
along the tube into small sections and consider each of them as a current 
element uniform in 2 and periodic in time. Each section of beam, or each 
current element excites on the circuit a pair of waves equal in ampli- 
tudes, one propagating toward the right (i.e., forward) and the other, 
toward the left. One may in fact imagine that these are trains of waves 
supported by the periodic motion of the electrons in that section of the 
beam. Obviously, a superposition of these waves excited by the whole 
beam gives the actual electromagnetic field distribution on the circuit. 
One may thus compute the forward traveling wave at 2 by summing all 
the waves at 2 which come from the left. Stated more specifically, the 
forward traveling energy at 2 is contributed by the waves excited by the 
current elements at the left of the point 2. Similarly the backward travel- 
ing energy, (or the backward wave) at 2 is contributed by the waves 
excited by the current elements at the right of the point 2. It follows 
obviously from this picture that there is no forward wave at 2 = 0 
(except one corresponding to the input signal), and no backward wave 
at 2 = D. (This implies that the output circuit is matched.) With these 
boundary conditions, (1) is reduced to 

FW = V,npUt e-T'- + <rr- f e
r""p„(z) dz 

A Jq 
(3) 

+ er0.ro|Zo^ e-^pM)dz 

Equations (2) and (3) have been obtained by Poulter.8 The first term of 
(3) is the wave induced by the input signal. It propagates as though the 
beam were not present. The second term is the voltage at 2 contributed 
by the charges between 2 = 0 and 2 = 2. It is just the voltage of the 
forward wave described earlier. Similarly the third term which is the 
voltage at 2 contributed by the charges between 2 = 2 and 2 = D is the 
voltage of the backward wave at the point 2. Denote F and B respec- 
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lively the voltages of the forward and the backward waves, we have 

F(z) = e-r'- + e-
r" T-^ f er'- p„(z) dz (4) 2 Jo 

BU = f° e-r-p.(z) dz (5) 

It can be shown by direct substitution that F and B satisfy respectively 
the differential equations 

d/''(?, t) . J. dFjz, t) == Zo dpu{z, t) .gx 
dz Vo dt 2 dl 

dB{z, t) _ 1 dB(z, t) _ _Zo dpu{z, t) 
dz Vq dl 2 dt 

We put (4) and (5) in the form of (6) and (7) simply because the differ- 
ential equations are easier to manipulate than the integral equations. 
In fact, we should start the analysis from (6) and (7) if it were not for a 
physical picture useful to the understanding of the problem. Equations 
(6) and (7) have the advantage of not being restricted by the boundary 
conditions at z = 0 and D, which we have just imposed to derive (4) 
and (5). Actually, we can derive (6) and (7) directly from the Brillouin 
model13 in the following manner. Suppose V, I and Zo are respectively 
the voltage, current and the characteristic impedance of a transmission 
line system in the usual sense. (V + IZo) must then be the forward wave 
and (F — IZo) must be the backward wave. If we substituted F and B 
in these forms into (1) of the Brillouin's paper,13 we should obtain exactly 
(6) and (7). 

It is obvious that the first and third terms of (2) are respectively the 
complementary function and the particular solution of (6), and similarly 
the second and the fourth terms of (2) are respectively the comple- 
mentary function and the particular solution of (7). From now on, we 
shall overlook the complementary functions which are far from syn- 
chronism with the beam and are only useful in matching the boundary 
conditions. It is the particular solutions which act directly on the elec- 
tron motion. With these in mind, it is convenient to put F and B in the 
form 

F(z, I) = My) cos ^ — ciiiy) sin <p] (8) 

B{z, t) = ^ My) cos <p - hi{y) sin (9) 
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where ai(?/), a^y), hi(y) and 62(2/) are functions of y. y and <p are inde- 
pendent variables and have been used by Nordsieck to replace the vari- 
ables, z and t, such as 

Here as defined earlier, % is the phase velocity of the cold circuit and Uo 
the average velocity of the electrons. They are related by the parameter 
h defined by Pierce as 

in which, Vo and lo are respectively the beam voltage and current. 
Adding (6) to (7), we obtain an important relation between F and B, 
that is, 

dFjz, t) + 1_ dFjz, t) = dB(z, t) + I dBjz, t) (10) 

dz Vq dt dz Vo dt 

Substituting (8) and (9) into (10) and carrying out some algebraic- 
manipulation, we obtain 

Uo 1 
^0 (1 - hC) 

C is the gain parameter also defined by Pierce, 

£,3 _ Zolo 
4Fo 

~t~ My) + bliy)] 

-T- Wiiy) + biiy)] 

(11) 

or 

B(z, t) — Zolo C 
4(7 2(1 + bC) 

(12a) 
dfafa) + Uy)) co + 

dy 

For better understanding of the problem, we shall first solve (12a) ap- 
proximately. Assuming for the moment that bi(y) and 62(y) are small 
compared with ai(y) and 02(?y) and may be neglected in the right-hand 
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member of the equation, we obtain for the first order solution 

»<•■» - IK" JirKcj - - + ■¥«"]) <« 

Of course, the solution (12b) is justified only when hi(y) and ^(y) thus 
obtained are small compared with ai(y) and (h(y)- The exact solution16 

of B obtained by successive approximation reads 

, v Zolof C fdai(y) . da^iy) 1 
() = ic (-20+1^)Lsm 10 + ^cosH 

(12c) 
C' f cfciiiij) cfdiiy) . ~| \ 

+ 4(nr5c?L w 'p ~~dy^ v\ "') 

It may be seen that the term involving 

C2 

4(1 + bcy- 

and the higher order terms are neglected in our approximate solution. 
For C equal to few tenths, the difference between (12b) and (12c) only 
amounts to few per cent. We thus can calculate the backward wave by 
(12b) or (12c) from the derivatives of the forward wave. To obtain the 
complete solution of the backward wave, we should add to (12b) or 
(12c) a solution of the homogeneous equation. We shall return to this 
point later. 

4. WORKING EQUATIONS 

With this discussion of the backward wave, we are now in a position 
to derive the working equations on which our calculations are based. In 
Nordsieck's notation, each electron is identified by its initial phase. 
Thus, <p(y, tpo) and Cv0iv(y, <po) are respectively the phase and the ac 
velocity of the electron which has an initial phase <po. It should be remem- 
bered that y is equal to 

C-z 
HQ 

and is used by Nordsieck as an independent variable to replace the vari- 
able z. Let us consider an electron which is at Zq when t = 0 and is at 
z (or y) when t = t. Its initial phase is then 

UZo 
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and its phase at y is 

<p{y, <po) = ^ 

'■a-') 
+ by 

The velocity of the electron is expressed as 

^ = wo[l + Cw(y, vo)1 
at 

where i/o is the average velocity of the electrons, and, CuQw{y, fa) as men- 
tioned earlier, is the ac velocity of the electron when it is at the position 
y. The electron charge density near an electron which has an initial phase 
fa and which is now at y, can be computed by the equation of conserva- 
tion of charge,10 it is 

p(y, <Po) = — UQ 
dfo 

1 + Cw{y, fo) 
(13) 

df{y, fo) 

One should recall here that h is the dc beam current and has been de- 
fined as a positive quantity. When several electrons with different initial 
phases are present at y simultaneously, a summation of 

dfo 
d{y, vo) 

of these electrons should be used in (13). From (13), the fundamental 
component of the electron charge density is 

/ a l/o 
= Uo 

(sinf dfo - 
sin f(y} fo) 
+ Cw{y, fo) 

f2* J cos fiy, fo) 
-f- cos f I dfo 

Jo 

(14) 

1 + Cw{yy fo), 

These are important relations given by Nordsieck and should be kept 
in mind in connection with later work. In addition, we shall frequently 
use the transformation 

% = j! |- = + Cw(y> -L dt dt dz ay 

which is written following the motion of the electron. Let us start from 
the forward wave. It is computed by means of (6). After substituting 
(8) and (14) into (6), we obtain by equating the sin f and the cos f 
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terms 
A,A o r-* r,:„ .. ^ 

(15) 

(16) 

daiiy) 2 ^2x 
/ dtpn 
Jo 

sin ip{y, ^0) 
dy TT 1 + Cw{y, ^0) 

da2{y) 2 *2ir 
/ dyo 

•>0 
cos <p{y, (po) 

dy TT 1 + Cw(yy <p0) 

Next we shall calculate the electron motion. We express the acceleration 
of an electron in the form 

^ = CWl + Cw(y, 

and calculate the circuit field by differentiating F in (8) and B in (12c) 
with respect to 2. One thus obtains from Newton's law 

2[1 + Cw{ij, ^0)] dW^y ^ = (1 + bOMy) sin <p + a^iy) cos <p] 

C[dai(,y) daiiy) -1 /17\ 
"2 L^rcos^~^rsll^J (17) 

C2 fd2ai{y) . , d2a2{y) _ ~| ^ t? 
+ 4(1 + hC) [ dif Sin ^ + dif C ' RomcoC2 8 

Here Es is the space charge field, which will be discussed in detail later. 
Finally a relation between w(y, cpo) and <p{y, <po) is obtained by means of 
(13) ' 

d<p(y, <po) _ b = 
w(y> ^0) (28) 

dy 1 + Cw{y, <?„) 

Equations (15), (10), (17) and (18) are the four working equations 
which we have derived for finite C and including space charge. 

Instead of writing the equations in the above form, Rowe, ignoring 
the backward wave, derives (15) and (16) directly from the circuit 
equation (1). He obtains an additional term 

Cd2a2 

2 dy- 

for (15) and another term 

C d2ai 
2 dy- 

for (16). It is apparent that the backward wave, though generally a 
small quantity, does influence the terms involving C. 
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5. THE SPACE CHARGE EXPRESSION 

We have mentioned earlier that the space charge field is computed 
from the disc-model suggested by Tien, Walker and Wolontis. In their 
calculation, the force excited on one disc by the other is approximated 
by an exponential function 

2 
-n _ 5 —la{z'—z)/ro] 1 ' o 3" 6 

2Tr7Veo 

Here n is the radius of the disc or the beam, q is the charge carried by 
each disc, and eo is the dielectric constant of the medium. The discs are 
supposed to be respectively at z and z . a is a constant and is taken 
equal to 2. 

Consider two electrons which have their initial phases (po and ^ and 
which reach the position y (or z) at times t and t' respectively. The time 
difference, 

t - t' = - 
O) 

ut — ~ z — (ut' — ~ z) = - [cp(y, (po) — <p(y, <po)] 
Vo \ Vq _ u 

multiplied by the velocity of the electron Uo[l + Cw(y, ^o')] is obviously 
the distance between the two electrons at the time t. Thus 

(z — z)t=t = - <po) - <p(y, ^o)]Ro[l + Cw(y,(pQ)] (19a) 
CO 

In this equation, we arc actually taking the first term of the Taylor's 
expansion, 

My, <pd) (t _ j') 1 (fz(y, 9 
/=c 2 dft 

(z - z)t=i = 
dt 

(t - t')2 

t=t (19b) 

+ 

It is clear that the electrons at y may have widely different velocities 
after having traveled a long distance from the input end, but changes in 
their velocities, in the vicinity of y and in a time-period of around 2 tt, 
are relatively small. This is why we must keep the first term of (19b) 
and may neglect the higher order terms. From (19a) the space charge 
field Ea in (17) is 

2c   / kip \ f g—/.•l¥'(z/.¥'0+,#')—^(z/.vo) I (I+k'lP(2/,«'o+0)J 

d<j) sgn (<p(<po + <p) - (f)(y, (po)) 

muChio 

Here, e/m is the ratio of electron charge to mass, cop is the electron 
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angular plasma frequency for a beam of infinite extent, and k is 

2 _ « _ 2 

^ u (20) 
— ro —ro Uq no 

In the small C theory, the distribution of electrons in time or in time- 
phase at z is approximately the same as the distribution in z (also ex- 
pressed in the unit of time-phase) at the vicinity of z. This is, however, 
not true when C becomes finite. The difference between the time and 
space distributions is the difference between unity and the factor 
(1 Cw{y, tpo)). We can show later that the error involved in con- 

sidering the time phase as the space phase can easily reach 50 per cent 
or more, depending on the velocity spread of the electrons. 

G. NUMERICAL CALCULATIONS 

Although the process of carrying out numerical computations has 
been discussed in Nordsieck's paper, it is desirable to recapitulate here 
a few essential points including the new feature added. Using the work- 
ing equations (15), (16), (17) and (18), 

dai dai dw . d<p 
dU'd^'dH an dy 

are calculable from cq , at, w and <p. The distance is divided into equal 
intervals of Ay, and the forward integrations of fli, a*, w and (p are per- 
formed by a central difference formula 

aiiy + Ay) = ai(y) + ^ •Ay 
j/+l/2Ay 

In addition, 

d2ai , d'ao 
and -y-r- 

dy- dy- 

in (17) are computed from the second difference formula such that 

d2a\ __ j"dai I dai 1 
dy- y=y \_dy I y+l/2Ay dy y-M2^vJ 

We thus calculate the behavior along the tube by forward integration 
made in steps of Ay, starting from y = 0. At y = 0 the initial condi- 
tions are determined from Tierce's linearized theory. Because of its 
complications in notation, this will be discussed in detail in Appendix I. 

Numerical calculations were carried out using the 701-type I.B.M. 



Table I 

1 
1 

Ca
se
 

N
o. QC k c b HI Ml yoAT.) 

1 
3 
x 

?? a. 

3 <£" 

1 0.1 2.5 0.05 0.455 in max. 
0.795662 

-0.748052 5.6 1.26 0.415 

2 0.1 2.5 0.1 0.541 in max. 
0.827175 

-0.787624 5.2 1.24 0.482 

3 0.1 2.5 0.1 1.145 0.941^i max. 
0.778535 

-1.05370 5.6 1.31 0.820 

4 0.1 2.5 0.1 1.851 0.66^1 max. 
0.550736 

-1.37968 7.0 1.36 1.05 

5 0.1 2.5 0.2 0.720 mi max. 
0.900312 

-0.873606 4.8 1.02 0.726 

6 0.2 1.25 0.1 0.875 Mi max. 
0.769795 

-1.04078 5.9 1.22 0.570 

7 0.2 1.25 0.1 1.422 0.951mi max. 
0.724527 

-1.29469 6.0 1.30 0.803 

8 0.2 1.25 0.1 2.072 0.666/ii max. 
0.512528 

-1.60435 7.6 1.35 1.08 

9 0.2 2.5 0.05 0.765 Mi max. 
0.731493 

-0.973376 6.2 1.30 0.412 

10 0.2 2.5 0.1 0.875 mi max. 
0.769795 

-1.04078 5.8 1.22 0.490 

11 0.2 2.5 0.1 1.422 0.941/41 max. 
0.724527 

-1.29469 6.0 1.26 0.720 

12 0.2 2.5 0.1 2.072 0.666/4] max. 
0.512528 

-1.60435 7.2 1.25 0.92 

13 0.2 2.5 0.1 2.401 0.300/41 max. 
0.230930 

-1.76243 12.4 1.24 1.36 

14 0.2 2.5 0.15 0.976 Mi max. 
0.812900 

-1.10656 5.4 1.11 0.572 

15 

16 

(N 
(N 

d
 

d 

2.5 

2.5 

0.15 

0.15 

1.549 

2.2311 

0.941/ii max. 
0.765101 

0.666/ii max. 
0.541234 

-1.37540 

-1.70180 

5.8 

7.0 

1.14 

1.12 

1.03 

1.22 

17 0.2 2.5 0.15 2.575 0.300/41 max. 
0.243864 

-1.86844 10.8 1.04 1.34 

18 0.4 2.5 0.05 1.25 Mi max. 
0.653014 

-1.36746 7.6 1.26 0.315 

19 0.4 2.5 0.1 1.38 mi max. 
0.701470 

-1.47477 6.6 1.11 0.674 

20 0.4 2.5 0.1 1.874 0.941/41 max. 
0.660223 

-1.71341 7.8 1.19 1.05 

21 0.4 2.5 0.1 2.458 0.666/41 max. 
0.467038 

-1.99840 8.6 1.09 1.25 

360 
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equipment. The problem was programmed by Miss D. C. Legaus. The 
casos computed are listed in Table I in which m and ^ are respectively 
Pierce's ari and yi, and A, {6 — my) and y at saturation will be discussed 
later. All the cases were computed with Ay = 0.2 using a model based 
on 24 electron discs per electronic wavelength. To estimate the error 
involved in the numerical work, Case (10) has been repeated for 48 elec- 
trons and Cases (10) and (19) for Ay = 0.1. The results obtained by 
using different numbers of electrons are almost identical and those ob- 
tained by varying the interval Ay indicate a difference in A{y) less than 
1 per cent for Case (10) and about 6 per cent for Case (19). As error 
generally increases with QC and C the cases listed in this paper are 
limited to QC = 0.4 and C = 0.15. For larger QC or C, a model of more 
electrons or a smaller interval of integration, or both should be used. 

7. POWER OUTPUT AND EFFICIENCY 

Define 

My) = HVaiiy)2 + a^y)2 

-0(y) = tan"1^^ + by 

We have then 

F(z, t) = ^ A(y) cos ^ -col- e(y) 
Uo 

(22) 

The power carried by the forward wave is therefore 

.zj 
^) = 2CA2/oFO (23) 

average 

and the efficiency is 

Eff. = 200 = 2CA2 or = 2CA2 (24) 
/o» 0 t/ 

In Table I, the values of A(y), d(y) and y at the saturation level are 
listed for every case computed. We mean by the saturation level, the 
distance along the tube or the value of y at which the voltage of the 
forward wave or the forward traveling power reaches its first peak. 
The Eff./C at the saturation level is plotted in Fig. 1 versus QC, for 
k = 2.5, h for maximum small-signal gain and C = small, 0.05, 0.1, 0.15 
and 2. It is also plotted versus h in Fig. 2 for QC = 0.2, k = 2.5 and 
C = small, 0.1 and0.15, and in Fig. 3 for QC = 0.2, C = 0.1 and k = 1.25 
and 2.50. In Fig. 2 the dotted curves indicate the values of b at which 
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3.0 

(SAT.) 
2.0 

t. 5 

1.0 

0.5 

0 
0 0.1 0.2 0.3 0.4 0.5 

QC 

Fig. 1 — The saturation eff./C versus QC, for k = 2.5, h for maximum small- 
signal gain and C = small, 0.1, 0.15 and 0.2. 

m = Mi(max), 0.94 /ii(max), 0.67 /xi(max) and 0.3 /ii(max), respectively. 
It is seen that Eff./C decreases as C increases particularly when h is 
large. It is almost constant between k = 1.25 and 2.50 and decreases 
slowly for large values of C when QC increases. 

The (Eff./C) at saturation is also plotted versus QC in Fig. 4(a) for 
small C, and in Fig. 4(b) for C = 0.1. It should be noted that for C = 0.1 
the values of Eff./C fall inside a very narrow region say between 2.5 to 
3.5, whereas for small C they vary widely. 

8. VELOCITY SPREAD 

In a traveling-wave amplifier, when electrons are decelerated by the 
circuit field, they contribute power to the circuit, and when electrons 
are accelerated, they gain kinetic energy at the expense of the circuit 
power. It is therefore of interest to plot the actual velocities of the fastest 
and the slowest electrons at the saturation level and find how they vary 
with the parameters QC, C, h and k. This is done in Fig. 5. These veloci- 
ties are also plotted versus y for Case 10 in Fig. 6, in which, the A{y) 
curve is added for reference. 

9. THE BACKWARD WAVE AND THE FUNDAMENTAL COMPONENT OF THE 
ELECTRON CHARGE DENSITY 

Our calculation of efficiency has been based on the power carried by 
the forward wave only. One may, however, ask about the actual power 

k = 2.5 
b FOR MAX //, 

C 
>-0=0.05 

C = 0.15 c = 0.1 

C- 0.2 
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4.5 

4.0 

3.5 
EFFI. 

C 3.0 
(SAT.) 

2.5 

2.0 

1 .5 

1.0 

0.5 

0 

1 
1 QC = 0.2 

k= 2.5 
\ \ \ 

SMAL 1 1 
I 1 1 

\ / 
\ X 1 

1 X 
\ 

> 

/ \ t \ 
\ \ 
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\ \ \ 
x 

—V- c = 0.1 \ \ \ 
\ - 

-k" \ 
V, 0.15 \ \ \ 

\ \ 

i 
AX) 1 

.94//, (MAX \ 
\ 

//, = 0 .67//, MAX) 
>"l = 

\ 
0.3//, (MAX) 

0.5 1.5 
b 

2.0 2.5 3.0 

Fig. 2 — The saturation eff./C versus b, for k = 2.5, QC = 0.2, and C = small, 
0.1 and 0.15. The dotted curves indicate the values of b for ^ = 1, 0.94, 0.67, and 
0.3 of ^i(max) respectively. 

output in the presence of the backward wave. For simplicity, we shall 
use the approximate solution (12b) which can be written in the form 

Biz, t) = Real Component of 

%/„ C 
4C 2(1 + bC) 

. //daiji^Y , /dao(y)\- 
V [ dy ) + \ dy ) 

A-Toz-bu+j^j ^12C^ 

with 

tan ^ = I — 
dai{y) 

dy 
(Ichjy) 

dy ) 

As mentioned earlier that the complete solution of (6) is obtained by 
adding to (12b) a complementary function such that 

B{z, t) = Cie~JU'+roi 

Zo/o C //daA2 /da2Y ^ 
4C 2(1 + hC) V \dy / ^ \dy ) + 

jul—Toz —by+ 
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6 

5 

4 
EFFI. 

C , 
(SAT.) 3 

QC = 0.2 
C=0.1 

k = 1.25   >- 
2.50 

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 
b 

Fig. 3 — The saturation eff./C versus b, for QC = 0.2 C = 0.1 and k = 1.25 
and 2.50. 

If the output circuit is matched by cold measurements, the backward 
wave must be zero at the output end, z = D. This determines Ci, that is, 

Ci = — 
C Znln 

4C 2(1 + bC) vWl.+( 
daijy) V r0C2+bc)D+n 

dy 1 

or 

Ciejui+rQz = _ZJo C ^j dai(y)y + 

4CT 2(1 + bC) 'V\dy / z=D \ dy J^D (20) 
ro(2+6c)D+i{ jU(+roz • 6/ C 

The backward wave therefore consists of two components. One compo- 

EFFI. 

(SAT.) 

(a) C =SMALL 

Mi = 0.67 

i 
   

(b) C = 0.1 

/Jt = 0.94Ui (MAX) 1 1 
=0.67/i,(MAX) 

//^/idMAX)- 

0 1 0 2 0 3 0 
QC QC 

Fig. 4 — The saturation eff./C versus QC for b corresponding mi = 
0.67 of /xi(niax), (a) for C = small, (b) for C = 0.1. 

1, 0.94 and 
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nent is coupled to the beam and has an amplitude equal to 

Zoh C /1 dav\
2 idaoV 

4C 2(1 + bC) V \dy ) + \dy ) 

which generally grows with the forward wave. It thus has a much larger 
amplitude at the output end than at the input end. The other component 
is a wave of constant amplitude, which travels in the direction opposite 
to the electron flow with a phase velocity equal to that of the cold cir- 
cuit. At the output end, z = D, both components have the same ampli- 
tude but are opposite in sign. One thus realizes that there exists a re- 
flected wave of noticeable amplitude, in the form of (26), even though 
the output circuit is properly matched by cold measurements. Under 
such circumstances, the voltage at the output end is the voltage of the 
forward wave and the power output is the power carried by the forward 
wave only. This is computed in (23). 

Since (26) is a cold circuit wave it may be eliminated by properly ad- 

5.0 

4.5 

4.0 

3.5 

5 3.0 _5_ 
o 
S, 2.5 
rJi 

1.5 

1.0 

0.5 

0 
0 0.1 0.2 0.3 0.4 0.5 1.0 1.5 2.0 2.5 0 0.05 0.10 0.15 0.20 

QC b C 

Fig. 5 — Cw(y, ipo) of the fast and the slowest electrons at the saturation level, 
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Fig. G — Cw{y, <po) of the fast and the slowest electrons versus y for Case 
(10). A (y) is also plotted in dotted lines for reference. 

justing the impedance of the output circuit. This may be necessary in 
practice for the purpose of avoiding possible regenerative oscillation. In 
doing so, the voltage at 2 = D is the sum of the voltage of the forward 
wave and that of the particular solution of the backward wave. In every 
case, the output power is always equal to the square of the net voltage 
actually at the output end divided by the impedance of the output cir- 
cuit. 

We find from (14), (15) and (16) that the fundamental component of 
electron charge density may be written as 

jw—T 0z-bu+it \ 
) 

where —Iq/uq is the dc electron charge density, po. 
If (26) is compared with (12d) or (12c), it might seem surprising that 

the particular solution of the backward wave is just equal to the funda- 
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mental component of the electron charge density of the beam multiplied 
by a constant 

Zo/o C 2wo\ 
' 4(7 2(1 + 6C) /„ / k ; 

The ratio of the electron charge density to the average charge density, 

Po>(z) 
Po 
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1 1 1 I 1 I \ 1 I I I I 
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21 Si Si - ii I 
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9+0 
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Fig. 8(a) — 1/ versus <p - by for QC = 0.2, k = 2.5, b for hi = 0.67^1 (max) and 
C = small. 
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is plotted in Fig. 7 versus y, using QC, b and C, as the parameters. They 
are also the curves for the backward wave (the component which is 
coupled to the beam) when multiplied by the proportional constant given 
in (27). It is interesting to see that the maximum values of p^/po are 
between 1.0 and 1.2 for QC = 0.2 and decrease as QC increases. The 
peaks of the curves do not occur at the saturation values of y. 

10. y versus (<p — by) diagrams 

To study the effect of C, b, and QC on efficiency y versus (^ — by) 
diagrams are plotted in Figs. 8(b), (c), (d) and (e) for Cases (21), (16), 
(10) and (21), respectively. (^ - by) here is ($ + 6) in Nordsieck's nota- 
tion. In these diagrams, the curves numbered from 1 to 24 correspond to 
the 24 electrons used in the calculation with each curve for one electron. 
Only odd numbered electrons are presented to avoid possible confusion 
arisen from too many lines. The reciprocal of the slope of the curve as 
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C = 0.1 (Case 12). 
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given by (18) is proportional to the ac displacement of electron per unit 
of \j. (In small-C theory it is proportional to the ac velocity of the elec- 
tron.) Concentration of curves is obviously proportional to the charge- 
density distribution of the beam. In the shaded regions, the axially di- 
rected electric field of the circuit is negative and thus accelerates elec- 
trons in the positive 2 direction. Electrons are decelerated in the un- 
shaded regions where the circuit field is positive. The boundaries of these 
regions are constant phase contours of the circuit wave. (They are con- 

* stant $ contours in Nordsieck's notation.) 
These figures are actually the "space-time" diagrams which unfold 

the history of every electron from the input to the output ends. The 
effect of C can be clearly seen by comparing Figs. 8(a), (b) and (c). 
These diagrams are plotted for QC = 0.2, k = 2.5, b for m = 0.67 
jLii(max) and for Fig. 8(a), C = small, for Fig. 8(b), C = 0.1, and for 
Fig. 8(c), C = .15. It may be seen that because of the velocity spread of 
the electrons, the saturation level in Fig. 8(a) is 9.3 whereas in Figs. 8(b) 
and (c), it is 7.2 and 7.0, respectively. It is therefore not surprising that 
Eff./C decreases as C increases. 

The effects of h and QC may be observed by comparing Figs. 8(d) and 
(b), and Figs. 8(b) and (e), respectively. The details will not be de- 
scribed here. It is however suggested to study these diagrams with those 
given in the small-C theory. 
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11. A QUALITATIVE PICTURE AND CONCULSIONS 

We have exhibited in the previous sections the most important non- 
linear characteristics of the traveling wave amplifier. Numerical compu- 
tations based on a model of 24 electrons have been carried out for more 
than twenty cases covering useful ranges of design and operating parame- 
ters. The results obtained for the saturation Eff./C may be summarized 
as follows: 

(1) It decreases with C particularly at large values of QC. 
(2) For C = 0.1, it varies roughly from 3.7 for QC = 0.1 to 2.3 for 

QC = 0.4, and only varies slightly with h. 
(3) For C = 0.15, it varies from 2.7 to 2.5 for QC from 0.1 to 0.2 and 

h corresponding to the maximum small-signal gain. It varies slightly 
with b for QC = 0.2. 

(4) It is almost constant between k = 1.25 and 2.50. 
In order to understand the traveling-wave tube better, it is important 

to have a simplified qualitative picture of its operation. It is obvious that 
to obtain higher amplification, more electrons must travel in the region 
where the circuit field is positive, that is, in the region where electrons 
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are decelerated by the circuit field. At the input end of the tube, elec- 
trons are uniformly distributed both in the accelerating and decelerating 
field regions. Bunching takes place when the accelerated electrons push 
forward and the decelerated ones press backward. The center of a bunch 
of electrons is located well inside the decelerating field region because 
the circuit wave travels slower than the electrons on the average (b is 
positive). The effectiveness of the amplification, or more specifically the 
saturation efficiency, therefore depends on (1), how tight the bunching 
is, and (2), how long a bunch travels inside the decelerating field region 
before its center crosses the boundary between the accelerating and 
decelerating fields. 

For small-C, the ac velocities of the electrons are small compared with 
the dc velocity. The electron bunch stays longer with the decelerating 
circuit field before reaching the saturation level when b or QC is larger. 
On the other hand, the space charge force, or large QC or k tends to dis- 
tort the bunching. As the consequence, the saturation efficiency increases 
with b, and decreases as k or QC increases. When C becomes finite how- 
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ever, the ac velocities of the electrons are no longer small as compared 
with their average speed. The velocity spread of the electrons becomes 
an important factor in determining the efficiency. Its effect is to loosen 
the bunching, and consequently it lowers the saturation level and re- 
duces the limiting efficiency. It is seen from Figs. 5 and G that the 
velocity spread increases sharply with C and also steadily with b and QC. 
This explains the fact that in the present calculation the saturation 
Eff./C decreases with C and is almost constant with b whereas in the 
small-C theory it is constant with C and increases steadily with b. 
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APPENDIX 

The initial conditions at i/ = 0 are computed from Pierce's linearized 
theory. For small-signal, we have 

ai(y) = 4A(y) cos (b + H2)y (A-l) 

diiy) = -4A(?/) sin (b + y.o)y (A-2) 

A(y) = ee™ (A-3) 

Here e is taken equal to 0.03, a value which has been used in Tien-Walker- 
Wolontis' paper. Define 

— = w(y, vo) (A-4) X = pe-"' + pV" (A-5) 
dy 

where p* is the conjugate of p. After substituting (A-l) to (A-5) into the 
working equations (15) to (18) and carrying out considerable algebraic 
work, we obtain exactly Pierce's equation.Ib 

^ = , . (! + ^ + f), - 4QC(1 + jCpY (A-6) 
0 - ytiPn + 3lAbC){p + 3b) 

jrovided that 

 /\ f —klipCv .ipo+W—ipil/,<po'>Ul+Cw(i/.(pol-tti)] 
\ZcJ J-o 

(A-7) 
• d<f> sgn {<p{y, <po + <t>) - <p{y, <po)) = 8eQC 

|(1+ jCn){p + jb) | e"1" cos (arg [(1 + jCn){n + jb)] + pny - ^0) 
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Here n = m jm or Pierce's .ri + jyx. From (A-7) the value of up is 
determined for a given QC. The ac velocities of the electrons are derived 
from (A-4), such as, 

whj, -Po) 

= — 2e M + jb 
1 + jcy 

cos + MU ~ Vo 
(A-8) 

(A-l), (A-2), (A-7) and (A-8) are the expressions used to calculate the 
initial conditions at ?/ = 0, when and m arc solved from Pierce's equa- 
tion (A-6). 

From (12c), the particular solution of the backward wave at small- 
signal is found to be 

B{z, t) = -2e -2jC{l +jCn){n+jb) 
2j — cm -f icb 

cos [arg[ — 2/(7(1 +jCy.){n+jh) 
2j - Cm + jcb + WJ — Vo 

which agrees with Pierce's analysis.1 
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The theory of Culler and Hines is extended in this paper to permit an 
analysis of beam-spreading in electron guns of high convergence. A lens 
correction for the finite size of the anode aperture is also included. The Culler 
and Hines theory was not applicable to cases where the effects of thermal 
velocities are large compared with those of space charge and it did not include 
a lens correction. Gun design charts are presented which include all of these 
effects. These charts may be conveniently used in choosing design parameters 
to produce a prescribed beam. 
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GLOSSARY OF SYMBOLS 

Ai, 2 anode designations 
B, C anode potentials 
Ci, 2 functions used in evaluating 0+ 
dA increment of area 
dl, dz increments of length 
e electronic charge, base of natural logarithms 
En electric field normal to electron path 
F modified focal length of the anode lens 
Fd focal length of the anode lens as given by Davisson4 

Fn force acting normal to an electronic path 
Fr, „ fraction of the total current which would flow through 

a circle of radius r, a 
I, ID total beam current 
Ir beam current within a radius, r, of the center 
J current density 
k Boltzman's constant 
K a quantity proportional to gun perveance 
m electronic mass 
P gun perveance 
P(r) probability that a thermal electron has a radial posi- 

tion between r and r + dr 
r radial distance from beam axis 
ra , c anode, cathode radii 
re distance from beam axis to path of an electron emitted 

with zero velocity at the edge of the cathode 
r05 radius of circle through which 95% of the beam cur- 

rent would pass 
f distance from center of curvature of cathode; hence, 

fc is the cathode radius of curvature and (fc — fa) 
is the distance from cathode to anode 

re+' slope of edge nonthermal electron path on drift side of 
enode lens 

re-' slope of edge nonthermal electron path on gun side of 
anode lens 

R a dummy integration variable 
t time 
T cathode temperature in degrees K 
u longitudinal electron velocity 
Ve, x , u transverse electron velocities 
V,Va,/,x beam voltages with cathode taken as ground 
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V(r, r), Vc(f, potential distributions used in the anode lens study 
r), etc. 

V voltage gradient 
z distance along the beam from the anode lens 
Zmin distance to the point where is a minimum 
( — a) Langmuir potential parameter for spherical cathode- 

anode gun geometry 
7 slope of an electron's path after coming into a space 

charge free region just beyond the anode lens 
F the factor which divides FD to give the modified anode 

focal length 
8 dimensionless radius parameter 
€o dielectric constant of free space 
f dimensionless voltage parameter 
6 slope of an electron's path in the gun region 
rj charge to mass ratio for the electron 
n normalized radial position in a beam 
cr the radial position of an electron which '.cit the cathode 

center with "normal" transverse velocity 
crslope of cr-electron on drift side of anode lens 
aJ slope of cr-electron on gun side of anode lens 
\J/ electric flux 

1. INTRODUCTION 

During the past few years there have been several additions to the 
family of microwave tubes requiring long electron beams of small diame- 
ter and high current density. Due to the limited electron current which 
can be drawn from unit area of a cathode surface with some assurance 
of long cathode operating life, high density electron beams have been 
produced largely through the use of convergent electron guns which 
increase markedly the current density in the beam over that at the 
cathode surface. 

An elegant approach to the design of convergent electron guns was 
provided by J. R. Pierce1 in 1940. Electron guns designed by this method 
are known as Pierce guns and have found extensive use in the produc- 
tion of long, high density beams for microwave tubes. 

More recent studies, reviewed in Section 2, have led to a better under- 
standing of the influence on the electron beam of (a) the finite velocities 
with which electrons are emitted from the cathode surface, and (b) the 
defocusing electric fields associated with the transition from the ac- 
celerating region of the gun to the drift region beyond. Although these 
two effects have heretofore been treated separately, it is in many cases 
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necessary to produce electron beams under circumstances where both 
effects are important and so must be dealt with simultaneously and more, 
precisely than has until now been possible. It is the purpose of this paper 
to provide a simple design procedure for typical Pierce guns which in- 
cludes both effects. Satisfactory agreement has been obtained between 
measured beam contours and those predicted for several guns having 
perveances (i.e., ratios of beam current to the ^ power of the anode 
voltage) from 0.07 X lO"6 to 0.7 X 10~6 amp (volt)-3'2. 

2. PRESENT STATUS OF GUN DESIGN LIMITATIONS 

Gun design techniques of the type originally suggested by J. R. Pierce 
were enlarged in papers by Samuel2 and by Field3 in 1945 and 1946. 
Samuel's work did not consider the effect of thermal velocities on beam 
shape and, although Field pointed out the importance of thermal veloci- 
ties in limiting the theoretically attainable current density, no method 
for predicting beam size and shape by including thermal effects was 
suggested. The problem of the divergent effect of the anode lens was 
treated in terms of the Davisson4 electrostatic lens formula, and no 
corrections were applied.* 

More recently, Cutler and Hines6 and also Cutler and Saloom7 have 
presented theoretical and experimental work which shows the pro- 
nounced effects of the thermal velocity distribution on the size and shape 
of beams produced by Pierce guns. Cutler and Saloom also point to the 
critical role of the beam-forming electrode in minimizing beam distor- 
tion due to improper fields in the region where the cathode and the 
beam-forming electrode would ideally meet. With regard to the anode 
lens effect, these authors also show experimental data which strongly 
suggest a more divergent lens than given by the Davisson formula. The 
Hines and Cutler thermal velocity calculations have been used6'7 to 
predict departures in current density from that which should prevail in 
ideal beams where thermal electrons are absent. Their theory is limited, 
however, by the assumption that the beam-spreading caused by thermal 
velocities is small compared to the nominal beam size. 

In reviewing the various successes of the above mentioned papers in 
affording valuable tools for electron beam design, it appeared to the 
present authors that significant improvement could be made, in two 
respects, by' extensions of existing theories. First, a more thorough in- 

* It is in fact erroneously stated in Reference 5 that the lens action of an actual 
structure must be somewhat weaker than predicted by the Davisson formula so 
that the beam on leaving the anode hole is more convergent than would be calcu- 
lated by the Davisson method. This question is discussed further in Section 3. 
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vestigation of the anode lens effect was called for; and second, there was 
a need to extend thermal velocity calculations to include cases where 
the percentage increase in beam size due to thermal electrons was as 
large as 100 per cent or 200 per cent. Some suggestions toward meeting 
this second need have been included in a paper by M. E. Hines.8 They 
have been applied to two-dimensional beams by R. L. Schrag.9 The 
particular assumptions and methods of the present paper as applied to 
the two needs cited above are somewhat different from those of Refer- 
ences 8 and 9, and are fully treated in the sections which follow. 

3. TREATMENT OF THE ANODE LENS PROBLEM 

Using thermal velocity calculations of the type made in Reference G, 
it can easily be shown that at the anode plane of a typical moderate 
perveance Pierce type electron gun, the average spread in radial posi- 
tion of those electrons which originate from the same point of the cathode 
is several times smaller than the beam diameter. For guns of this type, 
then, we may look for the effect of the anode aperture on an electron 
beam for the idealized case in which thermal velocities arc absent and 
confidently apply the correction to the anode lens formula so obtained 
to the case of a real beam. 

Several authors have been concerned with the diverging effect of a 
hole in an accelerating electrode where the field drops to zero in the 
space beyond,10 but these treatments do not include space charge effects 
except as given by the Davisson formula for the focal length, FD , of 
the lens: 

Po = (1) 

where V would be the magnitude of the electric field at the aperture if 
it were gridded, and V would be the voltage there. 

In attempting to describe the effect of the anode hole with more ac- 
curacy than (I) affords, we have combined analytical methods with 
electrolytic tank measurements in two rather different ways. The first 
method to be given is more rigorous than the second, but a modification 
of the second method is much easier to use and gives essentially the 
same result. 

A. Superposition Approach to the Anode Lens Problem 

Special techniques are required for finding electron trajectories in a 
space charge limited Pierce gun having a non-gridded anode. M. E. 



380 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1956 

Hines has suggested* that a fairly accurate description of the potential 
distribution in such guns can be obtained by a superposition method as 
follows: 

By the usual tank methods, find suitable beam forming electrode and 
anode shapes for conical space charge limited flow in a diode having 
cathode and anode radii of curvature given by fc and f„i , respectively, 
as shown in Fig. 1(a). Using the electrolytic tank with an insulator along 
the line which represents the beam edge, trace out an equipotential 
which intersects the insulator at a distance fU2 from the cathode center 
of curvature. Let the cathode be at ground potential and let the voltage 
on anode Ai be called B. Suppose, now, that we are interested in electron 
trajectories in a non-gridded gun where the edge of the anode hole is a 
distance rfl2 from the center of curvature of the cathode. Let the voltage, 
C, for this anode be chosen the same as the value of the equipotential 
traced out above for the case of cathode at ground potential and Ai 
at potential B. If we consider the space charge limited flow from a 
cathode which is followed by the apertured anode, A*, and the full 
anode, Ai, at potentials C and B, respectively, it is clear that a conical 
flow of the type which would exist between concentric spheres will re- 
sult. The flow for such cases was treated by Langmuir,14 and the associ- 
ated potentials are commonly called the "Langmuir potentials." 

If we operate both Ai and A2 at potential C, however, the electrons 
will pass through the aperture in anode A2 into a nearly field-free region. 
If the distance, fao - fai, from A2 to Ai is greater than the diameter of 
the aperture in .42, the flow will depend very little on the shape of Ai 
and the electron trajectories and associated cquipotentials will be of the 
type we wish to consider except in a small region near Ai. We will shortly 
make use of the fact that the space charge between cathode and An is 
not changed much when the voltage on Ai is changed from B to C, but 
first we will define a set of potential functions which will be needed. 

In order to obtain the potential at arbitrary points in any axially sym- 
metric gun when space charge is not neglected, we may superpose po- 
tential solutions to 3 separate problems where, in each case, the boundary 
condition that each electrode be an equipotential is satisfied. We will 
follow the usual notation in using f for the distance of a general point 
from the cathode center of curvature, and r for its radial distance from 
the axis of symmetry. Let VJf, r), Vh{f, r) and VBC(f, r) be the three 
potential solutions where: (1) F„(f, r) is the solution for the case of no 
space charge with Ai and cathode at zero potential and A2 at potential 
C, (2) Vb(f, r) is the solution for the case of no space charge with Ai 

* Verbal disclosure. 
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and cathode at zero potential and Ai at potential B, and (3) F8c(f, r) is 
the solution when space charge is present but when Ai, Az, and cathode 
are all grounded. 

If the configuration of charge which contributes to F8c(f) r) is that 
corresponding to ideal Pierce type flow, then we can use the principle 
of superposition to give the Langmuir potential, VL(f, r): 

Furthermore, the potential configuration for the case where Ai and A* 
are at potentical C can be written 

where the functional notation has been dropped and V(8C,' is the po 
tential due to the new space charge when A i and A2 are grounded. 
We are now ready to use the fact that F(8C)' may be well approximated 
by F6C which is easily obtained from (2). This substitution may be 
justified by noting that the space charge distribution in a gun using a 
voltage C for Ai does not differ significantly from the corresponding dis- 
tribution when ^41 is at voltage B except in the region near and beyond 
A2 where the charge density is small anyway (because of the high electron 
velocities there). Substituting FBc as given by (2) for F(8C)' in (3) then 
gives 

We have thus obtained an expression, (4), for the potential at an arbi- 

VL(f, r) = Vc{f, r) + Vh{r, r) + F8C(r, r) (2) 

F — i " + -g Fd + F(bo)' (3) 

ANODE A, 
v=c 

ANODE A| 
V=B 

CATHODE 

Fig. 1(a) — Electrode configuration for anode lens evaluation in Section 3/1. 
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trary point in our gun in terms of the well known solution for space 
charge limited flow between two concentric spheres, Vl , and a potential 
distribution, Vb, which does not depend on space charge and can there- 
fore be obtained in the electrolytic tank. Once the potential distribution 
is found, electron trajectories may be calculated, and an equivalent lens 
system found. Equation (4) is used in this way in Part C as one basis for 
estimating a correction to the Davisson equation. (It will be noted that 
(4) predicts a small but finite negative field at the cathode. This is be- 
cause the space charge density associated with VBC is slightly greater 
near the cathode than that associated with 7(sc)' , and it is this latter 
space charge which will make the field zero at the cathode under real 
space charge limited operation. Equation (4), as applied in Part C of this 
section, is used to give the voltage as a function of position at all points 
except near the cathode where the voltage curves are extended smoothly 
to make the field at the cathode vanish.) 

B. Use of a False Cathode in Treating the Anode Lens Problem 

Before evaluating the lens effect by use of (4), it will be useful to de- 
velop another approach which is a little simpler. The evaluation of the 
lens effect predicted by both methods will then be pursued in Part C 
where the separate results are compared. 

In Part A we noted that no serious error is made in neglecting the dif- 
ference between the two space charge configurations considered there 
because these differences were mainly in the very low space charge 
region near and beyond A2. It similarly follows that we can, with only 
a small decrease in accuracy, ignore the space charge in the region near 
and beyond A2 so long as we properly account for the effect of the high 
space charge regions closer to the cathode. To place the foregoing obser- 
vations on a more quantitative basis, we may graph the Langmuir po- 
tential (for space charge limited flow between concentric spheres) versus 
the distance from cathode toward anode, and then superpose a plot ol 
the potential from LaPlace's equation (concentric spheres; no space 
charge) which will have the same value and slope at the anode. The La- 
Place curve will depart significantly from the Langmuir in the region of 
the cathode, but will adequately represent it farther out.11 Our experi- 
ence has shown that the representation is "adequate" until the difference 
between the two potentials exceeds about 2 per cent of the anode voltage. 
Then, since space charge is not important in the region near the anode 
for the case of a gridded Pierce gun, corresponding to space charge 
limited flow between concentric spheres, it can be expected to be similarly 
unimportant for cases where the grid is replaced by an aperture. Let us 
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therefore consider a case where electrons are emitted perpendicularly 
and with finite velocity from what would be an appropriate spherical 
equipotential between cathode and anode in a Pierce type gun. So long 
as (a) there is good agreement between the LaPlace and Langmuir curves 
at this artificial cathode and (b) the distance from this artificial cathode 
to the anode hole is somewhat greater than the hole diameter, we will 
find that the divergent effect of the anode hole will be very nearly the 
same in this concocted space charge free case as in the actual case where 
space charge is present. (The quantitative support for this last state- 
ment comes largely from the agreement between calculations based on 
this method and calculations by method A.) The electrode configura- 
tion is shown in Fig. 1(b), and the potential distribution in this space 
charge free anode region can now be easily obtained in the electrolytic 
tank. This potential distribution will be used in the next section to pro- 
vide a second basis for estimating a correction to the Davisson equation. 

C. Calculation of Anode Lens Strength by the Two Methods 

The Davisson equation, (1), may be derived by assuming that none 
of the electric field lines which originate on charges in the cathode-anode 
region leave the beam before reaching the ideal anode plane where the 
voltage is V, and that all of these field lines leave the beam symmetrically 
and radially in the immediate neighborhood of the anode. Electrons 
are thus considered to travel in a straight line from cathode to anode, 
and then to receive a sudden radial impulse as they cross radially diverg- 
ing electric field lines at the anode plane. A discontinuous change in 

/ 

m s ( 

/ 
/ 

ANODE A2 
V = C 

ANODE A, 
V = C 

CATHODE 

Fig. 1(b) —The introduction of a false cathode at the appropriate potential 
allows the elTcct of space charge on the potential near the anode hole to be satis- 
factorily approximated as discussed in Section 3B. 
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slope is therefore produced as is common to all thin lens approximations. 
The diverging effect of electric field lines which originate on charges 
which have passed the anode plane is then normally accounted for by 
the universal beam spread curve.12 In our attempt to evaluate the lens 
effect more accurately, we will still depend upon using the universal 
beam spread curve in the region following the lens and on treating the 
equivalent anode lens as thin. Consequently our improved accuracy 
must come from a mathematical treatment which allows the electric 
field lines originating in the cathode-anode region to leave the beam grad- 
ually, rather than a treatment where all of these flux lines leave the beani 
at the anode plane. In practice the measured perveanees, P(= //T3 i), 
of active guns of the type considered here have averaged within 1 or 2 
per cent of those predicted for corresponding gridded Pierce guns. There- 
fore the total space charge between cathode and anode is much the 
same with and without the use of a grid, even though the charge dis- 
tribution is not the same in the two cases. The total flux which must 
leave our beam is therefore the same as that which will leave the cor- 
responding idealized beam and we may write 

where En is the electric field normal to the edge of the beam, ra = rc{fa/fc) 
is the beam radius at the anode lens, and Vidca/ is the magnitude of the 
field at the corresponding gridded Pierce gun anode. 

To find the appropriate thin lens focal length we will now find the 
total integrated transverse impulse which would be given to an elec- 
tron which follows a straight-line path on both sides of the lens (see Fig. 
2), and we will equate this impulse to m&u where Am is the transverse 
velocity given to the electron as it passes through the equivalent thin 
lens. In this connection we will restrict our attention to paraxial elec- 
trons and evaluate the transverse electric fields from (4) and from the 
tank plot outlined in Section B, respectively. The total transverse im- 
pulse experienced by an electron can be written 

where u is the velocity along the path and Fn is the force normal to the 
path. 

We will usually find that the correction to (1) is less than about 20 
per cent. It will therefore be worthwhile to put (6) in a form which in 
effect allows us to calculate deviations from Fd as given by (1) instead 

(5) 

(6) 
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of deriving a completely new expression for F. In accomplishing this pur- 
pose, it will be helpful to define a dimensionless function of radius, 8, by 

- = 1 + 5, (7a) 

and a dimensionless function of voltage, by 

y = 1 + f, (7b) 

where ra is the radius at the anode lens when the lens is considered thin, 
and Vx is a constant voltage to be specified later. (Note that the quan- 
tities 8 and f are not necessarily small compared to 1.) Using u = \/2-qV, 
and substituting for -y/V from (7b) we obtain 

e/^r = ^fe/^(1 + f + s + fs)d' ® 

where use has also been made of (7a) in the form 1 = r(l + 8)/ra . Now, 
as outlined above, we equate this impulse to mAu, and we obtain 

AU = raVWx (/ Enr dl + I Enr{X + 5 + f5) **) 
(9) 

ANODE 

f ra ^7 — 
"U-ANG ANGLE 9 

ANGLE r 

Fig. 2 — The heavy line represents an electron's path when the effect of the 
anode hole may be represented by a thin lens, and when space charge forces are 
absent in the region following the anode aperture. For paraxial electrons, the 
(negative) focal length is related to the indicated angles by (y = 0 + r„/F). 
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Fig. 3 — The gun parameters used in Section 3C for comparing two methods of 
evaluating the effect of the anode lens. 

The first integral can be obtained from (5); hence, if we are able to choose 
Fx so that the second integral vanishes, we may write: 

W-V ideal 
Aw = 

V 

(10) 

The reciprocal of the thin lens focal length is therefore 

1 Aw F' 

F = ~raUf = — 4V^VF/ 

where w/ and F/ are the final velocity and voltage of the electron after 
it leaves the lens region. 

The real task, then, is to use the potential distribution in the gun as 
obtained by the methods of Part A or Part B above to find the value of 
Fx which causes the last integral in (9) to vanish: To compare the two 
focal lengths obtained by the methods of Part A and B respectively, a 
specific tank design of the type indicated in Fig. 1 was carried out. The 
relevant gun parameters arc indicated in Fig. 3. Approximate voltages 
on and near the beam axis were obtained as indicated in Parts A and B, 
above, with the exception that in the superposition method, A, special 
techniques were used to subtract the effect of the space charge lying in 
the post-anode region (because the effect of this space charge is accounted 
for separately as a divergent force in the drift region*). From these data, 

* See Section 4B. 
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Fig. 4 — Curves for finding the value of Fx to be used in equation (10) for the 
set of gun parameters of Fig. 3. 

both the direction and magnitude of the total electric field near the 
beam axis were (with much labor) determined. Once these data had 
been obtained, a trial value was selected for Vx , and the corresponding 
focal length was calculated by (10). This enabled the electron's path 
through the associated thin lens to be specified so that, at this point in 
the procedure, both r and V were known functions of t, and the quan- 
tities 8 and f were then obtained as functions of C from (7). Finally the 
second integral in (9) was evaluated for the particular Vx chosen, and 
then the process was repeated for other values of Fx . Fig. 4 shows curves 
whose ordinates are proportional to this second integral and whose 
abscissae are trial values for Fx . As noted above, the appropriate value 
for Fx is that value which makes the ordinate vanish, so that we obtain 
Fx = 813 and 839 for methods A and B, respectively. The percentage 
difference in the focal lengths obtained by the two methods is thus only 
1.6 per cent, and the reasonableness of making calculations as outlined 
in Part B is thus put on a more quantitative basis. 

Even calculations based on the method of Part B are tedious, and we 
naturally look for simpler methods of estimating the lens effect. In this 
connection we have found that Vx is usually well approximated by the 
value of the potential at the point of intersection between the beam axis 
and the ideal anode sphere. The specific values of the potential at this 
point as obtained by the methods of Parts A and B were 814 and 827, 
respectively. It will be noted that these values agree remarkably well 
with the values obtained above. Furthermore, very little extra effort is 
required to obtain the potential at this intersection in the false cathode 
case: 
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Electrolytic tank measurements are normally made in the cathode- 
anode region to give the potential variation along the outside edge ol 
the electron beam (for comparison with the Langmuir potential); hence, 
by tracing out a suitable equipotential line, the shape of the false cathode 
can easily be obtained. With the false cathode in place and at the proper 
potential, the approximate value for Vx is then obtained by a direct tank 
measurement of the potential at an axial point whose distance from the 
true cathode center is (fc — fa) as outlined above. Although finite elec- 
tron emission velocities typically do not much influence the trajectory 
of an electron at the anode, they do nevertheless significantly alter the 
beam in the region beyond. It is in this affected region where experi- 
mental data can be conveniently taken. We must, therefore, postpone a 
comparison of lens theory with experiment until the effect of thermal 
velocities has been treated. At that time theoretical predictions com- 
bining the effects of both thermal velocities and the anode lens can be 
made and compared with experiment. Such a comparison is made in 
Section G. 

4. TREATMENT OF BEAM SPREADING, INCLUDING THE EFFECT OF THERMAL 
ELECTRONS 

In Section 2 the desirability of having an approach to the thermal 
spreading of a beam which would be applicable under a wide variety of 
conditions was stressed. In particular, there was a need to extend ther- 
mal velocity calculations to include the effects of thermal velocities even 
when electrons with high average transverse velocities perturb the beam 
size by as much as 100 or 200 per cent. Furthermore, a realistic mathe- 
matical description which would allow electrons to cross the axis seemed 
essential. The method described below is intended adequately to answer 
these requirements. 

A. The Gun Region 

The Hines-Cutler6 method of including the effect of thermal velocities 
on beam size and shape leads one to conclude that, for usual anode 
voltages and gun perveance, the beam density profile in the plane of 
the anode hole is not appreciably altered by thermal velocities of emis- 
sion. (This statement will be verified and put on a more quantitative 
basis below.) Under these conditions, the beam at the anode is ade- 
quately described by the Hines-Cutler treatment. We will therefore find 
it convenient to adopt their notation where possible, and it will be 
worthwhile to review their approach to the thermal problem. 
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It is assumed that electrons are emitted from the cathode of a therm- 
ionic gun with a Maxwellian distribution of transverse velocities 

dJ° = Jc 2^f dvx dvy (11) 

where Jc is the cathode current density in the z direction, T is the cath- 
ode temperature, and vx and vy are transverse velocities. The number 
of electrons emitted per second with radially directed voltages between 
V and V dV is then 

dJ^Jce-^'"'d(^j (12) 

Now in the accelerating region of an ideal Pierce gun (and more generally 
in any beam exhibiting laminar flow and having constant current density 
over its cross section) the electric field component perpendicular to the 
axis of symmetry must vary linearly with radius. Consequently Hines 
and Cutler measure radial position in the electron beam as a fraction, 
n, of the outer beam radius (re) at the same longitudinal position, 

r = nre (13) 

The laminar flow assumption for constant current densities and small 
beam angles implies a radius of curvature for laminar electrons which 
also varies linearly with radius at any given cross section so that 

d'T d\e ,, ,x 
(14) 

Substituting for r from (13), (14) becomes 

d2n (2 dre\dn _ , . 
dP+UdijdT 0 (15) 

where re and dr /dt can be easily obtained from the ideal Langmuir 
solution. Since the equation is linear in n, we are assured that the radial 
position of a non-ideal electron that is emitted with finite transverse 
velocity from the cathode center (where m = 0) will, at any axial point, 
be proportional to dn/dl at the cathode. 

Let us now define a quantity 'V such that n = a/re is the solution 
to (15) with the boundary conditions nc = 0 and 

(It) = i a/E 
\dt Jc rc y m 

where the subscript c denotes evaluation at the cathode surface, k is 
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Boltzman's constant, T is the cathode temperature in degrees Kelvin, 
and m is mass of the electron. For the case nc = 0, but with arbitrary 
initial transverse velocity, we will then have 

" r.l . /kT 

MA 

— (16) 

rc Y m 

Hence we can express a in terms of the thermal electron's radial po- 
sition (?•), and its initial transverse velocity, vc, 

rkT_ 

(17) <T = ^ _ 

The quantity tr can now be related to the radial spread of thermal 
electrons (emitted from a given point on the cathode) with respect to 
an electron with no initial velocity: By (11) we see that the number 
of electrons leaving the cathode with dn/dt = Vc/ve is proportional to yc 

exp —v?m/2kT. Suppose many experiments were conducted where all 
electrons except one at the cathode center had zero emission velocity, 
and suppose the number of times the initial transverse velocity of the 
single thermal electron were chosen as Vc, is proportional to vc exp 
-vfm/2kT. Then the probability, P(r), that the thermal electron 
would have a radial position between r and r + dr when it arrived at the 
transverse plane of interest would be proportional to vc exp —vc {m/2kT). 
Here vc is the proper transverse velocity to cause arrival at radius r, and 
by (17) we have 

r . /kT 
vc — - — a y vi 

so that the probability becomes 

P(r) = d (Al) (18) 

We therefore identify a with the standard deviation in a normal or 
Gaussian distribution of points in two dimensions. At the real cathode, 
thermal electrons are simultaneously being emitted from the cathode 
surface with a range of transverse velocities. However, if a as defined 
above is small in comparison with re, the forces experienced by a ther- 
mal electron when other thermal electrons are present will be very nearly 
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Fig. 5 — Curves useful in finding the transverse displacement of electron tra- 
jectories at the anode of Fierce-type guns. 

the same as the forces involved in the equations above. Thus if a re, 
(18) may be taken as the distribution, in a transverse plane, of those 
electrons which were simultaneously emitted at the cathode center. 
Furthermore, the nature of the Pierce gun region is such that electrons 
emitted from any other point on the cathode will be similarly distributed 
with respect to the path of an electron emitted from this other point 
with zero transverse velocity (so long as they stay within the confines 
of the ideal beam). Hines and Cutler have integrated (15) with ^ = 0 
and (dn/dt)c = 1 to give a/ {fey/kT/2eVa) at the anode as a function of 
fc/fa • This relationship is included here in graphical form as Fig. 5. 

For a large class of magnetically shielded Pierce-type electron guns, 
including all that ^re now used in our traveling wave tubes, re/o- at the 
anode is indeed found to be greater than 5 (in most cases, greater than 
10) so that evaluation of a at the anode of such guns can be made with 
considerable accuracy by the methods outlined above. One source of 
error lies in the assumption that electrons which are emitted from a 
point at the cathode edge become normally distributed about the cor- 
responding non-thermal (no transverse velocity of emission) electron's 
path, and with the same standard deviation as calculated for electrons 
from the cathode center. In the gun region where re/a tends to be large 
this difference between representative ct-values for the peripheral and 
central parts of the beam is unimportant, but it must be re-examined in 
the drift region following the anode. 

/ 

/ 
/ 

/ 

/ 
/ 
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We have already investigated the region of the anode hole in some 
detail in Section 3 and have found it worth while to modify the ideal 
Davisson expression for focal length of an equivalent anode lens. In 
particular, let us define a quantity r by 

where FD is the Davisson focal length. Thus r represents a corrective 
factor to be applied to Fo to give a more accurate value for the focal 
length. In so far as any thin lens is capable of describing the effects of 
diverging fields in the anode region, we may then use the appropriate 
optical formulas to transfer our knowledge of the electron trajectories 
(calculated in the anode region as outlined above) to the start of the drift 
region. In particular, 

where {dr/dz)i and {dr/dz)o are the slopes of the path just before and 
just after the lens, and r is the distance from the axis to the point where 
the ideal path crosses the lens plane. 

B. The Drift Region 

Although rjo was found to be large at the anode plane for most guns 
of interest, this ratio often shrinks to 1 or less at an axial distance of 
only a few beam diameters from the lens. Therefore, the assumption that 
electron trajectories may be found by using the space charge forces 
which would exist in the absence of thermal velocities of emission (i.e., 
forces consistant with the universal beam spread curve) may lead to very 
appreciable error. For example, if equal normal (Gaussian) distributions 
of points about a central point are superposed so that the central points 
are equally dense throughout a circle of radius re, and "if the standard de- 
viation for each of the normal distributions is o- = re, the relative density 
of points in the center of the circle is only about 39 per cent of what it 
would be with a < (rj5). 

In order to minimize errors of this type we have modified the Hines- 
Cutler treatment of the drift space in two ways: (1) The forces influenc- 
ing the trajectories of the non-thermal electrons are calculated from a 
progressive estimation of the actual space charge configuration as modi- 
fied by the presence of thermal electrons. (2) Some account is taken of 
the fact that, as the space charge density in the beam becomes less uni- 
form as a function of radius, the spread of electrons near the center ol 
the beam increases more rapidly than does the corresponding spread 

F = focal length = Fd/T (19) 

(20) 
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farther out. Since item (1) is influenced by item (2), the specific as- 
sumptions involved in the latter case will be treated first. 

When current density is uniform across the beam and its cross section 
changes slowly with distance, considerations of the type outlined above 
for the gun region show that those thermal electrons which remain 
within the beam will continue to have a Gaussian distribution with re- 
spect to a non-thermal electron emitted from the same cathode point. 
When current density is not uniform over the cross section, we would 
still like to preserve the mathematical simplicity of obtaining the current 
density as a function of beam radius merely by superposing Gaussian 
distributions which can be associated with each non-thermal electron. 
To lessen the error involved in this simplified approach, we will arrive 
at a value for the standard deviation, a (which specifics the Gaussian 
distribution), in a rather special way. In particular, a at any axial po- 
sition, 2, will be taken as the radial coordinate of an electron emitted 
from the center of the cathode with a transverse velocity of emission 
given by, 

»„ = (21) 
\ m 

It is clear from (17) that for such an electron, r = it in the gun region. 
From (18), the fraction of the electrons from a common point on the 
cathode which will have r ^ a in the gun region is 

fraction - f r1'''2*'1 d £-= I - f"' = 0.393 (22) 
Jo 2o-2 

If re denotes the radial position of the outermost non-thermal electron 
and if o- > re, the 'V-electron" will be moving in a region where the 
space charge density is significantly lower than at the axis. We could, 
of course, have followed the path of an electron with initial velocity 
equal to say 0.1 or 10 times that given in (21) and called the correspond- 
ing radius O.lo- or 10<r. The reason for preferring (21) is that about 0.4 
or nearly half of the thermal electrons emitted from a common cathode 
point will have wandered a distance less than a from the path of a non- 
thermal electron emitted from the same cathode point, while other 
thermal electrons will have wandered farther from this path; conse- 
quently, the current density in the region of the cr-electron is expected 
to be a reasonable average on which beam spreading due to thermal 
velocities may be based. With this understanding of how a is to be cal- 
culated, we can proceed to the calculation of non-thermal electron 
trajectories as suggested in item (1). 
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The non-thermal paths remain essentially laminar, and with re de- 
noting the radial coordinate of the outermost non-thermal electron, we 
will make little error in assuming that the current density of non-ther- 
mal electrons is constant for r < re. Consequently, if equal numbers of 
thermal electrons are assumed to be normally distributed about the cor- 
responding non-thermal paths, the longitudinal current density as a 
function of radius can be found in a straightforward way13 by using (18). 
The result is 

Jr = -(r*r.a>) f'" R d (23) 
Jd Jo <T \(T-/ \(T/ 

where h is the zero order modified Bessel function and the total current 
is ID = rr?Jd ■ Equation (23) was integrated to give a plot of Jr/Jo 
versus r/a, with re/o- as a parameter and is given as Fig. 6 in Reference 
6. It is reproduced here as Fig. 6. Since the only forces acting on elec- 
trons in the drift region are due to space charge, we may write the equa- 
tion of motion as 

S = A (24) 

where Er is the radial electrical field acting on an electron with radial 
coordinate r. Since the beam is long and narrow, all electric lines of force 
may be considered to leave the beam radially so that Er is simply ob- 
tained from Gauss' law. Equation (24) therefore becomes 

= O^- f'^r = /" 4"- 27rr dr at- 'lirtor Jo 2ir€of Jo ■\/2vVa 
t  (25) 

= rj(r)2„dr 
27^eo'■ •'o 

From (23) we note that the fraction of the total current within any 
radius depends only on re/(T and r/a: 

. f J{r)2irr dr , X2 rr/ff lr_ _ Jo  _ 9 [ T ) / 

Id ^ J{r)2irr dr 'c U (20) 
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Fig. 6 — Curves showing the current density variation with radius in a beam 
which has been dispersed by thermal velocities. Here r, is the nominal beam radius, 
r is the radius variable, and a is the standard deviation defined in equation 17. 

A family of curves with this ratio, Fr, as parameter has been reproduced 
from the Hines-Cutler paper and appears here as Fig. 7. Using this no- 
tation, (25) becomes 

dV = W(2Ua) j Fr 
dt- 27r€o D r 

or 

dV 
dz2 

lo Fr _ j. Fr 

27re0 (2vVa)
3'2 r r 

v (27) 

where we have made use of the dc electron drift velocity to make dis- 
tance the independent variable instead of time, and have defined a 
quantity K which is proportional to gun perveance. We can now apply 
(27) to the motion of both the outer (edge) non-thermal electron and 
the a-electron. From (26) we see that Fr. and F, depend only on r,,/,; 
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Fig. 7 — Curves showing the fraction, Ft , of the total beam current to be found 
within any given radius in a beam dispersed by thermal velocities as in Fig. 6. 

consequently the continuous solution for re and ra (= <7) as one moves 
axially along the drifting beam involves the simultaneous solution of two 
equations: 

% = 

d' a 
dz1 

(28) 

= KFa/a 
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Fig. 8 — A curve showing the effect of a quantity related to the space charge 
force (in the drift region) on a thermal electron with standard deviation a. (See 
equation 28.) 

which are related by the mutual dependence of Frt and Fa on re/tr. Fa 

and FTJre are plotted in Figs. 8 and 9. 
We may summarize the treatment of the drift region, then, as follows: 
(a) The input values of re and reJ at the entrance to the anode lens 

are obtained from the Pierce gun parameters ra and 0, while the value 
of o- and aJ at the lens entrance can be obtained as mentioned above 
by integrating (15) from the cathode, where Mc = 0 and {dn/dt)c = 1, 
to the anode plane. (The minus subscripts on r' and a' indicate that 
these slopes are being evaluated on the gun side of the lens; a plus sub- 
script will be used to indicate evaluation on the drift region side of the 
lens.) The values of re and o- on leaving the lens will of course be their 
entrance values in the drift region, and the effect of the lens on r/ and 
o-' is simply found in terms of the anode lens correction factor F by use 
of (20). The value of a at the anode can be obtained from (17) if n is 
known there. In this regard, (15) can be integrated once to give 

\ 
-V. 

, _ 1 / dr\ dl (29) 
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Fig. 9 — Showing quantities related to the effect of the space charge force in 
the drift region on the outermost non-thermal electron. (See equation 28.) 

We can now substitute for transit time in terms of distance and Lang- 
muir's well known potential function,14 —a. The value of this parameter, 
for the case of spherical cathode-anode geometry in which we are in- 
terested, depends only on the ratio fc/f which is equal to rc/re. (Because 
of their frequent use in gun design, certain functions of — a are included 
here as Table I.) In terms of —a, then, the potential in the gun region 
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Table I — Table of Functions of —a Often Used in Electron 
Gun Design 

fc/f (-«)' (- a)«/« (- a)'/' ™ <i) J i (-0)J/» 
<J(—a)«/» 
d(fe/f) 

1.0 0.0000 0.0000 0.0000 0.0000 
1.025 0.0006 0.0074 
1.05 0.0024 0.0179 0.134 
1.075 0.0052 0.0306 0.173 
1.10 0.0096 0.0452 0.212 1.392 0.590 

1.15 0.0213 0.0768 0.277 
1.20 0.0372 0.1114 0.334 1.767 0.716 
1.25 0.0571 0.1483 0.385 
1.30 0.0809 0.1870 0.432 2.031 0.790 
1.35 0.1084 0.2273 0.476 

1.40 0.1396 0.2691 0.519 2.243 0.874 
1.45 0.1740 0.3117 0.558 
1.50 0.2118 0.3553 0.596 2.423 0.886 
1.60 0.2968 0.4450 0.667 2.583 0.915 
1.70 0.394 0.5374 0.733 2.725 0.939 

1.80 0.502 0.6316 0.795 2.855 0.954 
1.90 0.621 0.7279 0.853 2.975 0.970 
2.00 0.750 0.8255 0.908 3.087 0.982 
2.10 0.888 0.9239 0.961 3.192 0.993 
2.20 1.036 1.024 1.012 3.292 1.003 

2.30 1.193 1.125 1.061 3.388 1.012 
2.40 1.358 1.226 1.107 3.481 1.020 
2.50 1.531 1.328 1.152 3.570 1.028 
2.60 1.712 1.431 1.196 3.655 1.034 
2.70 1.901 1.535 1.239 3.738 1.039 

2.80 2.098 1.639 1.280 3.817 1.044 
2.90 2.302 1.743 1.320 3.894 1.048 
3.00 2.512 1.848 1.359 3.968 1.052 
3.1 2.729 1.953 1.397 4.040 1.056 
3.2 2.954 2.059 1.435 4.111 1.059 

3.3 3.185 2.164 1.471 4.180 1.062 
3.4 3.421 2.270 1.507 4.247 1.064 
3.5 3.664 2.376 1.541 4.315 1.066 
3.6 3.913 2.483 1.576 4.377 1.068 
3.7 4.168 2.590 1.609 4.441 1.070 

3.8 4.429 2.697 1.642 4.501 1.072 
3.9 4.696 2.804 1.674 4.563 1.074 
4.0 4.968 2.912 1.706 4.621 1.076 
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may be written 

V = Vai ck)4'3/ ( «a)4/3 (30) 

df df ( —aa)
2/3 

^ = "V^V = ~VWa (-^ 

so that upon substitution from (29) and (31), (17) becomes 

^ = r. a/^- a/I ^ C-^)2'3 I"'' (-a)"2" d (fJ) (32) 
y Va V 2e rc Ji \r) 

Fig. 5, which has been referred to above, shows 

■Jo. /2eVa 

rc V kT fe 'V kT 

as a function of (fc/fQ) as obtained from (32), and allows tr„ to be de- 
termined easily. Using (20), the value of rc+' is given by 

' Tea | ' Tea „ TTea a a ( Ffa 1\ /QQ^ 
r.+ = -T+ r,- = 9, = -— - 9. = (33) 

where 6C is the half-angle of the cathode (and hence the initial angle 
which the path of a non-thermal edge electron makes with the axis). 
We may write for \/FD 

_i = z: = ^ m 
Fa 4F 4(—Qra)

4/3fo2 \ d(fc/f) )a ^ * 

In Fig. 10 we plot —fa[FD as a function of fc/fa for easy evaluation of 
re+ in (33). Taking the first derivative of (32) with respect to 2, we ob- 
tain an expression for aJ. Using this in conjunction with (20) and (34) 
we find 

£r+/ = (rCl + ^ (35) 

where 

and 

n _ i/,/c f^Ta /d(-o:)4/3\ relr* d{rc/f) 
1 /l/ 2e 4( —o:)2/3 V d{fc/f) )a k (-a)2'3 

Ci and C2 are plotted as functions of fc/fa in Fig. 11. 
(b) After choosing a specific value for T and evaluating K = 77/0/ 
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Fig. 10 — Curve used in finding rt+', the direction of a nonthermal etlge elec- 
tron as it enters the drift region. (See equation 33.) 

(27r€o(27jK0)
3/2), (28) is integrated numerically using the BTL analog com- 

puter to obtain a and re as functions of axial distance along the beam. 
(c) Knowing a and re, other beam parameters such as current dis- 

tribution and the radius of the circle which would encompass a given 
percentage of the total current can be found from Figs. 6 and 7. 
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Fig. 11 — Curves used in evaluating o•+
,, the slope of the trajectory of a thernial 

electron with standard deviation a as it enters the drift region. (See equation 35.) 
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5. NUMERICAL DATA FOR ELECTRON GUN AND BEAM DESIGN 

A. Choice of Variables 

Except for a scaling parameter, the electrical characteristics of an 
ideal Pierce electron gun are completely determined when three param- 
eters are specified, e.g., fc/fa , perveance, and VJT. Also, for the simp- 
lest case F is equal to 1 so that (since K depends only on gun perveance) 
in this case no additional parameter is needed. This implies that nor- 
malized values of rj, a, a', and K at the drift side of the anode lens are 
not independent. If, however, the value of F at the anode lens is taken 
as an additional variable, four parameters plus simple scaling are re- 
quired before complete predictions of beam characteristics can be made. 
In assembling analog computer data which would adequately cover 
values of fc/fa , perveance, and Fa/T which are likely to be of interest 
to us in designing future guns, we chose to present the major part of 
our data with F fixed at 1.1. This has seemed to be a rather typical value 
for F, and by choosing a specific value we decrease the total number of 
significant variables from 4 to 3. (The effect of variations in F on the 
minimum radius which contains 95 per cent of the beam is, however, 
included in Fig. 16 for particular values of Va/T and perveance.) Al- 
though the boundary conditions for our mathematical description of the 
beam in a drift space are simplest when expressed in terms of rc, rc', a 
and a', we have attempted to make the results more usable by express- 
ing all derived parameters in terms of fc/fa , \/Va/T, and the perveance, 
P. 

B. Tabular Data 

The rather extensive data obtained from the analog computer for the 
F = 1.1 case and for practical ranges in perveance, Va/T, and fc/f„ 
arc summarized in Tables IIA to E where the parameters rt and a which 
specify the beam cross section are given as functions of axial distance 
from the anode plane. Some feeling for the decrease in accuracy to be 
expected as the distance from the anode plane increases can be obtained 
by reference to Section 6B where experiment and theory are compared 
over a range of this axial distance parameter. 

C. Graphical Data, Including Design Charts and. Beam Profiles 

In typical cases, the designer of Pierce electron guns is much more 
concerned with the beam radius at the axial position where it is smallest 
(and in the axial position of this minimum) than he is in the general 
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spreading of the beam with distance. This is true because, in microwave 
beam tubes, the beam from a magnetically shielded Pierce gun normally 
enters a strong axial magnetic field near a point where the radius is a 
minimum, so that magnetic focusing forces largely determine the beam's 
subsequent behavior. The analog computer data has therefore been re- 
processed to stress the dependence of the beam's minimum diameter and 
the corresponding axial position of the minimum on the basic design 
parameters fc/f0, perveance, and s/VJT. As a first step in this direc- 
tion, the radius, 7-95, of a circle which includes 95 per cent of the beam 
current is obtained as a function of axial position along the beam. Such 
data are shown graphically in Fig. 12. Finally, the curves of Fig. 12 are 
used in conjunction with the tabular data to obtain the "Design Curves" 
of Fig. 13 where all of the pertinent information relating to the beam 
at its minimum diameter is presented. 

D. Example of Gun Design Using Design Charts 

Assume that we desire an electron gun with the following properties: 
anode voltage VA = 1,080 volts, cathode current In = 7.1 ma, and mini- 
mum beam diameter 2(r95)min = 0.015 inches. Let us further assume a 
cathode temperature T = 1080° Kelvin, an available cathode emission 
density of 190 ma per square cm, and an anode lens correction factor 
of F = 1.1. From these data we find -s/Va/T = 1.0, perveance P = 
0.2 X 10"6 amps/(volts)3/2 and (r95)min/rc = 0.174. Reference to the de- 
sign chart, Fig. 13, now gives us the proper value for fc/fa : using the 
upper set of curves in the column for y/Va/T = 1.0 we note the point 
of intersection between the horizontal line for (r95)min/rc = 0.174 and 
the perveance line P = 0.2, and read the value of fc/fa (= 2.8) as the 
corresponding abscissa. The convergence angle of the gun, Qe, is now 
simply determined from the equation10 

0. = cos- (l - X 10°) (37) 

(0e is found to be 13.7° in this example) and the potential distribution 
in the region of the cathode can be obtained from (30). 

When this point has been reached, the gun design is complete except 
for the shapes of the beam forming electrode and the anode, which are 
determined with the aid of an electrolytic tank in the usual way.16 The 
radius of the anode hole which will give a specified transmission can be 
found by obtaining (rc/(T)0 through the use of Fig. 5, and then choosing 
the anode radius from Fig. 7. In practical cases where {rja)a > 3.0, 
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BEAM FORMATION WITH ELECTRON GUNS 413 

we find less than 1 per cent anode interception if 

anode hole radius = 0.93 rca + 2aa (38) 

Additional information about the axial position of (^min and the cur- 
rent density distribution in the corresponding transverse plane is con- 
tained in Fig. 13. The second set of curves in the \/Va/T = 1 column 
gives zminAc = 2.42 for this example, so that we would predict 

2min = distance from anode to (rgsAin = 0.104" 

The remaining 3rd and 4th sets of curves in the -\/Va/
rT = 1 column 

allow us to find a and rja at zmin . In particular we obtain a = 0.0029" 
and rc/a = 0.8, and use Fig. 6 to give the current density distribution at 
Zmin •* Section VI contains experimental data which indicate a some- 
what larger value for Zmin than that obtained here. However the pa- 
rameter of greatest importance, (rgsAin , is predicted with embarrassing 
precision.- 

For those cases in which additional information is required about the 
beam shape at axial points other than zmin , the curves of Fig. 12 or the 
data of Table II may be used. 

6. COMPARISON OF THEORY WITH EXPERIMENT 

In order to check the general suitability of the foregoing theory and 
the usefulness of the design charts obtained, several scaled-up versions 
of Pierce type electron guns, including the gun described in Section 5D, 
were assembled and placed in the double-aperture beam analyzer de- 
scribed in Reference 7. 

A. Measurement of Current Densities in the Beam 

Measurements of the current density distributions in several trans- 
verse planes near 2min were easily obtained with the aid of the beam 
analyzer. The resulting curve of relative current density versus radius 
at the experimental zmin is given in Fig. 14 for the gun of Section 52). 
(This curve is further discussed in Part C below.) For this case, as well 
as for all others, special precautions were taken to see that the gun was 
functioning properly: In addition to careful measurement of the size and 
position of all gun parts, these included the determination that the dis- 
tribution of transverse velocities at the center of the beam was smooth 

* When re/(r < 0.5, the current density distribution depends almost entirely on 
o-, and, in only a minor way, on the ratio re/(r so that in such cases this ratio need 
not be accurately known. 
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\PREDICTED 
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Fig. 14 — Current density distribution in a transverse plane located where the 
95 per cent radius is a minimum. The predicted and measured curves are normal- 
ized to contain the same total current. (The corresponding prediction from the 
universal beam spread curve would show a step function with a constant relative 
current density of 64.2 for r < 1.2 mils and zero beyond.) The gun parameters are 
given in Section 5D. 

and generally Gaussian in form, thereby indicating uniform cathode 
emission and proper boundary conditions at the edge of the beam near 
the cathode. The effect of positive ions on the beam shape was in every 
case reduced to negligible proportions, either by using special pulse 
techniques,7 or by applying a small voltage gradient along the axis of 
the beam. 

B. Comparison of the Experimentally Measured Spreading of a Beam with 
that Predicted Theoretically 

From the experimentally obtained plots of current density versus 
radius at several axial positions along the beam, we have obtained at 
each position (by integrating to find the total current within any radius) 
a value for the radius, 7-95, of that circle which encompasses 95 per cent 
of the beam. For brevity, we call the resulting plots of r^ versus axial 
distance, "beam profiles". The experimental profile for the gun de- 
scribed in Section 5Z> is shown as curve A in Fig. 15(a). Curve B shows 
the profile as predicted by the methods of this paper and obtained from 
Fig. 12. Curve C is the corresponding profile which one obtains by the 
Hines-Cutler method,0 and Curve D represents r^ as obtained from the 
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Fig. 15 — Beam profiles (using an anode lens correction of T = 1.1 and the gun 
parameters indicated) as obtained (A) from experiment, (B) by the methods of this 
paper, (C) Hines-Cutler method, (D) by use of the universal beam spread curve. 

universal beam spread curve12 (i.e., under the assumption of laminar 
flow and gradual variations of beam radius with distance). Note that in 
each case a value of 1.1 has been used for the correction factor, F, repre- 
senting the excess divergence of the anode lens. The agreement in 
0"95)inin as obtained from Curves A and B is remarkably good, but the 
axial position of (rgs)™,, in Curve A definitely lies beyond the correspond- 
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ing minimum position in Curve B. Fortunately, in the gun design stage, 
one is usually more concerned with the value of (r95)min than with its 
exact axial location. The principal need for knowing the axial location of 
the minimum is to enable the axial magnetic field to build up suddenly 
in this neighborhood. However, since this field is normally adjusted ex- 
perimentally to produce best focusing, an approximate knowledge of 
zmin is usually adequate. 

In Fig. lob we show a similar set of experimental and theoretical beam 
profiles for another gun. The relative profiles are much the same as in 
Fig 15a, and all of several other guns measured yield experimental 
points similarly situated with respect to curves of Type B. 

C. Comparison of Experimental and Theoretical Current Density Dis- 
tributions where the Minimum Beam Diameter is Reached 

In Fig. 14 we have plotted the current density distribution we would 
have predicted in a transverse plane at 2min for the example introduced 
in Section bD. Here the experimental and theoretical curves are nor- 
malized to include the same total currents in their respective beams. 
The noticeable difference in predicted and measured current densities 
at the center of the beam does not appreciably alter the properties such 
a beam would have on entering a magnetic field because so little total 
current is actually represented by this central peak. 

D. Variation of Beam Profile with r 

All of the design charts have been based on a value of T = 1.1, which 
is typical of the values obtained by the methods of Section 3. When 
appreciably different values of r are appropriate, we can get some feel- 
ing for the errors involved, in using curves based on T = 1.1, by refer- 
ence to Fig. 16. Here we show beam profiles as obtained by the methods 
of this paper for three values of r. The calculations are again based on 
the gun of Section 5D, and a value of just over 1.1 for T gives the ex- 
perimentally obtained value for (^min . 

7. SOME ADDITIONAL REMARKS ON GUN DESIGN 

In previous sections we have not differentiated between the voltage 
on the accelerating anode of the gun and the final beam voltage. It is 
important, however, that the separate functions of these two voltages 
be kept clearly in mind: The accelerating anode determines the total 
current drawn and largely controls the shaping of the beam; the final 
beam voltage is, on the other hand, chosen to give maximum interaction 
between the electron beam and the electromagnetic waves traveling 
along the slow wave circuit. As a consequence of this separation of func- 
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Fig. 1G — Beam profiles as obtained by the methods of this paper for the gun 

parameters given in Section 5D. Curves are shown for three values of the anode 
lens correction, viz. Y = 1.0, 1.1, and 1.2. 

tious, it is found that some beams which are difficult or impossible to 
obtain with a single Pierce-gun acceleration to final beam voltage may 
be obtained more easily by using a lower voltage on the gun anode. The 
acceleration to final beam voltage is then accomplished after the beam 
has entered a region of axial magnetic field. 

Suppose, for example, that one wishes to produce a 2-ma, 4-kv beam 
with (r%/rc) = 0.25. If the cathode temperature is 1000oK, and the gun 
anode is placed at a final beam voltage of 4 kv, we have -y/Va/T = 2 
and P = 0.008. From the top set of curves under -%/Va/T = 2 in Fig. 
13, we find (by using a fairly crude extrapolation from the curves shown) 
that a ratio of fc/fatt 3.5 is required to produce such a beam. The value 
of (re/a) at Zniin is therefore less than about 0.2 so that there is little 
semblance of laminar flow here. On the other hand we might choose 
Vt = 250 volts so that-y/Fa/T = 0.5 and P = 0.51. From Fig. 13 
we than obtain fc/f0 = 2.6 and (re/<T)min = 0.8 for the same ratio of 
rgz/rd = 0.25). While the flow could still hardly be called laminar, it is 
considerably more ordered than in the preceding case. Here we have in- 
cluded no correction for the (convergent) lens effect associated with the 
post-anode acceleration to the final beam voltage, F = 4 kv. 

Calculations of the Hines-Cutler type will always predict, for a given 
set of gun parameters and a specified anode lens correction, a minimum 
beam size which is larger than that predicted by the methods of this 
paper. Nevertheless, in many cases the difference between the minimum 
sizes predicted by the two theories is negligible so long as the same anode 
lens correction is used. The extent to which the t\vo theories agree oh- 
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viously depends on the magnitude of rja. When rela as calculated by 
the Hines-Cutler method (with a lens correction added) remains greater 
than about 2 throughout the range of interest, the difference between 
the corresponding values obtained for ?-95 will be only a few per cent. 
For these cases where rja does not get too small, the principal advan- 
tages of this paper are in the inclusion of a correction to the anode lens 
formula and in the comparative ease with which design parameters may 
be obtained. In other cases rja may become less than 1, and the theory 
presented in this paper has extended the basic Hines-Cutler approach 
so that one may make realistic predictions even under these less ideal 
conditions where the departure from a laminar-type flow is quite severe. 
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Present toll trunk traffic engineering practices in the United States are 
reviewed, and various congestion formulas compared with data obtained on 
long distance traffic. Customer habits upon meeting busy channels are noted 
and a theory developed describing the probable residt of permitting subscribers 
to have direct dialing access to high delay toll trunk groups. 

Continent-wide automatic alternate routing plans are described briefly, 
in which near no-delay service will permit direct customer dialing. The 
presence of non-random overflow traffic from high usage groups complicates 
the estimation of correct quantities of alternate paths. Present methods of 
solving graded, multiple problems are reviewed and found unadaptable to the 
variety of trunking arrangements occurring in the toll plan. 
■ Evidence is given that the principal fluctuation characteristics of overflow- 
type of non-random traffic are described by their mean and variance. An 
approximate probability distribution of simultaneous calls for this kind of 
non-random traffic is developed, and found to agree satisfactorily with theo- 
retical overflow distributions and those seen in traffic simulations. 

A method is devised using 11 equivalent random" traffic, which has good 
loss predictive ability under the "lost calls cleared" assumption, for a diverse 
field of alternate route trunking arrangements. Loss comparisons are made 
with traffic simulation results and with observations in exchanges. 

Working curves are presented by which multi-alternate route trunking 
systems can be laid out to meet economic and grade of service criteria. Exam- 
ples of their application are given. 
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1. INTRODUCTION 

It has long been the stated aim of the Bell System to make it easily 
and economically possible for any telephone customer in the United 
States to reach any other telephone in the world. The principal effort 
in this direction by the American Telephone and Telegraph Company 
and its associated operating companies is, of course, confined to inter- 
connecting the telephones in the United States, and to providing com- 
munication channels between North America and the other countries of 
the world. Since the United States is some 1500 miles from north to 
south and 3000 miles from east to west, to realize even the aim of fast 
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and economical service between customers is a problem of great magni- 
tude; it has engaged our planning engineers for many years. 

There are now 52 million telephones in the United States, over 80 per 
cent of which are equipped with dials. Until quite recently most telephone 
users were limited in their direct dialing to the local or immediately sur- 
rounding areas and long distance operators were obliged to build up a 
circuit with the aid of a "through" operator at each switching point. 

• Both speed and economy dictated the automatic build-up of long toll 
circuits without the intervention of more than the originating toll oper- 
ator. The development of the No. 4-type toll crossbar switching system 
with its ability to accept, translate, and pass on the necessary digits (or 
equivalent information) to the distant office made this method of oper- 
ation possible and feasible. It was introduced during World War II, and 
now by means of it and allied equipment, 55 per cent of all long distance 
calls (over 25 miles) are completed by the originating operator. 

As more elaborate switching and charge-recording arrangements were 
developed, particularly in metropolitan areas, the distances which cus- 
tomers themselves might dial measurably increased. This expansion of 
the local dialing area was found to be both economical and pleasing to 
the users. It was then not too great an effort to visualize customers 
dialing to all other telephones in the United States and neighboring 
countries, and perhaps ultimately across the sea. 

The physical accomplishment of nationwide direct distance dialing 
which is now gradually being introduced has involved, as may well be 
imagined, an immense amount of advance study and fundamental plan- 
ning. Adequate transmission and signalling with up to eight intertoll 
trunks in tandem, a nationwide uniform numbering plan simple enough 
to be used accurately and easily by the ordinary telephone caller, pro- 
vision for automatic recording of who called whom and how long he 
talked, with subsequent automatic message accounting, are a few of 
many problems which have required solution. How they are being met is 
a romantic story beyond the scope of the present paper. The references 
given in the bibliography at the end contain much of the history as well 
as the plans for the future. 

2. PRESENT TOLL TRAFFIC ENGINEERING PRACTICE 

There are today approximately 116,000 intertoll trunks (over 25 miles 
in length) in the Bell System, apportioned among some 13,000 trunk 

•groups. A small segment of the 2,600 toll centers which they interconnect 
is shown in Fig. 1. Most of these intertoll groups are presently traffic 
engineered to operate according to one of several so-called T-schedules: 
T-8, T-15, T-30, T-60, or T-120. The number following T (T for Toll) is 
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the expected, or average, delay in seconds for calls to obtain an idle 
trunk in that group during the average Busy Season Busy Hour. In 1954 
the system "average trunk speed" was approximately 30 seconds, re- 
sulting from operating the majority of the groups at a busy-hour trunk- 
ing efficiency of 75 to 85 per cent in the busy season. 

The T-engineering tables show permissible call minutes of use for a 
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wide range of group sizes, and several selections of message holding 
times. They were constructed following summarization of many obser- 
vations of load and resultant average delays on ringdown (non-dial) 
intertoll trunks.1 Fig. 2 shows the permissible occupancy (efficiency) of 
various trunk group sizes for 6.5 minutes ot use per message, for a va- 
riety of T-schedules. It is perhaps of some interest that the best fitting 
curves relating average delay and load were found to be the well-known 
Pollaczek-Crommelin delay curves for constant holding time — this in 
spite of the fact that the circuit holding times were far indeed from 
having a constant value. 

A second, and probably not uncorrelated, observation was that the 
per cent "No-Circuit" (NC) reported on the operators' tickets showed 
consistently lower values than were measured on group-busy timing de- 
vices. Although not thoroughly documented, this disparity has generally 
been attributed to the reluctance of an operator to admit immediately 
the presence of an NC condition. She exhibits a certain tolerance (very 
difficult to measure) before actually recording a delay which would 
require her to adopt a prescribed procedure for the subsequent handling 
of the call.* There are then two measures of the No-Circuit condition 
which are of some interest, the "NC encountered" by operators, and the 
"NC existing" as measured by timing devices. 

It has long been observed that the distribution of numbers n of simul- 
taneous calls found on T-engineercd ringdown intertoll groups is in re- 
markable agreement with the individual probability terms of the Erlang 
"lost calls" formula, 

fin) = - n; , (1) 
Y"4 a e 

n=0 n\ 

where c = number of paths in the group, 
a' = an enhanced average load submitted such that 

a'fl — Ei.efa')] = L, the actual load carried, and 
Eija') = /(c) = Erlang loss probability (commonly called Er- 

lang B in America). 
An example of the agreement of observations with (1) is shown in Fig. 

3, where the results of switch counts made some years ago on many 
ringdown circuit groups of size 3 are summarized. A wide range of "sub- 

♦ Upon finding No-Circuit, an operator is instructed to try again in 30 seconds 
and 60 seconds (before giving an NC report to the customer), followed by addi- 
tional attempts 5 minutes and 10 minutes later if necessary. 
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mitted" loads a' to produce the observed carried loads is required. On 
Fig. 4 are shown the corresponding comparisons of theory and obser- 
vations for the proportions of time all paths are busy ("NC Existing") 
for 2-, 4-, 5-, 7-, and 9-circuit groups. Good agreement has also been ob- 
served for circuit groups up to 20 trunks. This has been found to be a 
stable relationship, in spite of the considerable variation in the actual 
practices in ringdown operation on the resubmission of delayed calls. 
Since the estimation of traffic loads and the subsequent administration 
of ringdown toll trunks has been performed principally by means of 
Group Busy Timers (which cumulate the duration of NC time), the 
Erlang relationship just described has been of great importance. 
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With the recent rapid increase in operator dialed intertoll groups, it 
might be expected that the above discrepancy between " % NC encoun- 
tered" and "% NC existing" would disappear — for an operator now 
initiates each call unaware of the momentary state of the load on any 
particular intertoll group. By the use of peg count meters (which count 
calls offered) and overflow call counters, this change has in fact been 
observed to occur. Moreover, since the initial re-trial intervals are com- 
monly fairly short (30 seconds) subsequent attempts tend to And some 
of the previous congestion still existing, so that the ratio of overflow to 
peg count readings now exceeds slightly the "% NC existing." this 
situation is illustrated in Fig. 5, which shows data taken on an opcrator- 
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dialed T-engineered group of 16 trunks between Newark, N. J., and 
Akron, Ohio. Curve A shows the empirically determined "NC encoun- 
tered" relationship described above for ringdown operation; Curve B 
gives the corresponding theoretical "NC existing" values. Lines C and D 
give the operator-dialing results, for morning and afternoon busy hours. 
The observed points are now seen generally to be significantly above 
Curve B.* 

At the same time as this change in the "NC encountered" was occur- 
ring, due to the introduction of operator toll dialing, there seems to have 
been little disturbance to the traditional relationship between load 

* The observed point at 11 erlangs which is clearly far out of agreement with 
the remainder of the data was produced by a combination of high-trend hours 
and an hour in which an operator apparently made many re-trials in rapid suc- 
cession. 
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carried and "% NC existing." C. J. Truitt of the A.T. & T. Co. studied 
a number of operator-dialed T-engineered groups at Newark, New Jersey, 
in 1954 with a traffic usage recorder (TUR) and group-busy timers, and 
found the relationship of equation (1) still good. (This analysis has not 
been published.) 

A study by Dr. L. Kosten has provided an estimate of the probability 
that when an NC condition has been found, it will also appear at a time 
r later." When this modification is made, the expected load-versus-NC 
relationship is shown by Curve E on Fig. 5. (The re-trial time here was 
taken as the operators' nominal 30 seconds; with 150-second circuit-use 
time the return is 0.2 holding time.) The observed NC's are seen to lie 
slightly above the E-curve. This could be explained either on the basis 
that Kosten's analysis is a lower limit, or that the operators did not 
strictly observe the 30-second return schedule, or, more probably, a 
combination of both. 

3. CUSTOMERS DIALING ON GROUPS WITH CONSIDERABLE DELAY 

It is not to be expected that customers could generally be persuaded to 
wait a designated constant or minimum re-trial time on their calls which 
meet the NC condition. Little actual experience has been accumulated 
on customers dialing long distance calls on high-delay circuits. However, 
it is plausible that they would follow the re-trial time distributions of 
customers making local calls, who encounter paths-busy or line-busy 
signals (between which they apparently do not usually distinguish). 
Some information on re-trial times was assembled in 1944 by C. Clos3 by 
observing the action of customers who received the busy signal on 1,100 
local calls in the City of New York. As seen in Fig. 6, the return times, 
after meeting "busy," exhibit a marked tendency toward the exponential 
distribution, after allowance for a minimum interval required for re- 
dialing. 

An exponential distribution with average of 250 seconds has been 
fitted by eye on Fig. 6, to the earlier — and more critical — customer re- 
turn times. This may seem an unexpectedly long wait in the light of indi- 
vidual experience; however it is probably a fair estimate, especially 
since, following the collection of the above data, it has become common 
practice for American operating companies in their instructional lit- 
erature to advise customers receiving the busy signal to "hang up, wait 
a few minutes, and try again." 

The mathematical representation of the situation assuming exponen- 
tial return times is easily formulated. Let there be x actual trunks, and 
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imagine y waiting positions, where y is so large that few calls are re- 
jected.* Assume that the offered load is a erlangs, and that the calls have 
exponential conversation holding times of unit average duration. Finally 
let the average return time for calls which have advanced to the waiting 
positions, be 1/s times that of the unit conversation time. The statistical 
equilibrium equation can then be written for the probability /(m, n) 
that m calls are in progress on the x trunks and n calls are waiting on 
the y storage positions: 

f(m, n) = a/On - 1, n) dl + s(n + l)/(wi — 1, n + 1) dt 

+ (jn + l)f{m + 1, n) dt + af(x, n - !)(//★ (2) 

+ [1 — (a*** + sn**) dt — m dt]J{m, n) 

where 0 ^ m ^ x, Q ^ n ^ y, and the special limiting situations are 
recognized by: 

★ Include term only when m = x 

★★ Omit sn when m = x 

★★★ Omit a when m = x and n = y 

Equation (2) reduces to 

(«★★★ + sn** -f w)/(?n, n) = a/On — 1, w) 

+ s(n + l)/(m — 1, n + 1) (3) 

-f On + l)/(m + 1, w) + af{x, n - 1)* 

Solution of (3) is most easily effected for moderate values of x and y 
by first setting/(.r, y) = 1.000000 and solving for all other/(m, n) in x y 
terms of f{x, y). Normalizing through 23/O'b n) = 1-0, then gives m=0 n=0 
the entire /On, n) array. 

The proportion of time "NC exists," will, of course be 

52 fix, n) (4) 
n=0 

and the load carried is 

L = 52 52 mfim, n) (5) ni=0 n^O 

The proportion of call attempts meeting NC, including all re-trials 

* The quantity y can also be chosen so that some calls arc rejected, thus roughly 
describing those calls abandoned after the first attempt. 
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will be 

W(x, a, s) = 
Expected overflow calls per unit time 
Expected calls offered per unit time 

y 
2 (« + sn)f(x, n) _ , \ n=i> 1___ = S'1 + "/O1'. U) 

itia + Sn)f(m, n) " + 

in which n = XI ^ nf(m, n). And when y is chosen so large that/(. 
m=0 n=0 

is negligible, as we shall use it here, 

L = a 

W (x, a, s) = 
sn 

a + sn 

^ 0.5 

zz 0.3 op cuj 
05 0.2 

0.1 

0. 

6 TRUNKS 
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i ft6)(6 
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®Ei(L) 0.1 
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L = LOAD CARRIED IN ERLANGS 

Fig. 7 — Comparison of trunking formulas. 



434 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1956 

This formula provides a means for estimating the grade of service 
which customers might be expected to receive if asked to dial their calls 
over moderate-delay or high-delay trunk groups. For a circuit use length 
of 150 seconds, and an average return time of 250 seconds (as on Fig. 6), 
both exponential, the load-versus-proportion-NC curves for 6 and 16 
trunks are given as curves (3) on Fig. 7. For example with an offered 
(= carried) load of a = 4.15 erlangs on 6 trunks we should expect to find 
27.5 per cent of the total attempts resulting in failure. 

For comparison with a fixed return time of NC-calls, the IF-formula 
curves for exponential returns of 30 seconds (s = 5) and 250 seconds 
(s = 0.6) averages are shown on Fig. 5. The first is far too severe an 
assumption for operator performance, giving NC's nearly double those 
actually observed (and those given by theory for a 30-second constant 
return time). The 250-second average return, however, lies only slightly 
above the 30-second constant return curve and is in good agreement with 
the data. Although not logically an adequate formula for interpreting 
Peg Count and Overflow registrations on T-engineered groups under 
operator dialing conditions, the IF-formula apparently could be used for 
this purpose with suitable s-values determined empirically. 

3.1. Comparison of Some Formulas for Estimating Customers' NC Service 
on Congested Groups 

As has been previously observed, a large proportion of customers who 
receive a busy signal, return within a few minutes (on Fig. 6, 75 per cent 
of the customers returned within 10 minutes). It is well known too, that 
under adverse service conditions subscriber attempts (to reach a par- 
ticular distant office for example) tend to produce an inflated estimate 
of the true offered load. A count of calls carried (or a direct measurement 
of load carried) will commonly be a closer estimate of the offered load 
than a count of attempts. An exception may occur when a large propor- 
tion of attempts is lost, indicating an offered load possibly in excess even 
of the number of paths provided. Under the latter condition it is diffi- 
cult to estimate the true offered load by any method, since not all the 
attempts can be expected to return repeatedly until served; instead, a 
significant number will be abandoned somewhere through the trials. In 
most other circumstances, however, the carried load will prove a reason- 
ably good estimate of the true offered load in systems not provided with 
alternate paths. 

This is a matter of especial interest for both toll and local operation 
in America since principal future reliance for load measurement is ex- 
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pected to be placed on automatically processed TUR data, and as the 
TUR is a switch counting device the results will be in terms of load 
carried. Moreover, the quantity now obtained in many local exchanges 
is load carried.* Visual switch counting of line finders and selectors off- 
normal is widely practiced in step-by-step and panel offices; a variety of 
electromechanical switch counting devices is also to be found in crossbar 
offices. It is common to take load-carried figures as equal to load-offered 
when using conventional trunking tables to ascertain the proper pro- 
vision of trunks or switches. Fig. 7 compares the NC predictions made by 
a number of the available load-loss formulas when load carried is used as 
the entry variable. 

The lowest curves (1) on Fig. 7 are from the Erlang lost calls formula 
Ei (or B) with load carried L used as the offered load a. At low losses, 
say 0.01 or less, either L or a = L/[l — Ei(a)] can be used indiscrimi- 
nately as the entry in the Ei formula. If however considerably larger 
losses are encountered and calls are not in reality "cleared" upon meet- 
ing NC, it will no longer be satisfactory to substitute L for a. In this 
circumstance it is common to calculate a fictitious load a' to submit to 
the c paths such that the load carried, a'[\ — Ei,c{a')], equals the desired 
L. (This was the process used in Section 2 to obtain "% NC existing.") 
The curves (2) on Fig. 7 show this relation; physically it corresponds to 
an initially offered load of L erlangs (or L call arrivals per average hold- 
ing time), whose overflow calls return again and again until successful 
but without disturbing the randomness of the input. Thus if the loss 
from this enhanced random traffic is E, then the total trials seen per 
holding time will be L(1 + E E2 + • • •) = L/(l — E) = a', the ap- 
parent arrival rate of new calls, but actually of new calls plus return 
attempts. 

The random resubmission of calls may provide a reasonable descrip- 
tion of operation under certain circumstances, presumably when re-trials 
are not excessive. Kosten2 has discussed the dangers here and provided 
upper and lower limit formulas and curves for estimating the proportions 
of NC's to be expected when re-trials are made at any specified fixed 
return time. His lower bounds (lower bound because the change in con- 
gestion character caused by the returning calls is ignored) are shown by 
open dots on Fig. 7 for return times of 1.G7 holding times. They lie above 
curves (2) (although only very slightly because of the relatively long 
return time) since they allow for the fact that a call shortly returning 

* In fact, it is difficult to see how any estimate of offered load, other than carried 
load, can be obtained with useful reliability. 
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after meeting a busy signal will have a higher probability of again find- 
ing all paths busy, than would a randomly originated call. 

The curves (3) show the W-formula previously developed in this sec- 
tion, which contemplates exponential return times on all NC attempts. 
The average return time here is also taken as 1.67 holding times. These 
curves lie higher than Kosten's values for two reasons. First, the altered 
congestion due to return calls is allowed for; and second, with exponential 
returns nearly two-thirds of the return times are shorter than the aver- 
age, and of these, the shortest ones will have a relatively high probability 
of failure upon re-trying. If the customers were to return with exponen- 
tial times after waiting an average of only 0.2 holding time (e.g., 30 
seconds wait for 150-second calls) the W-curves would rise markedly to 
the positions shown by (4). 

Curves (5) and (6) give the proportions of time that all paths are busy 
(equation 4) under the W-formula assumptions corresponding to NC 
curves (3) and (4) respectively; their upward displacement from the 
random return curves (2) reflects the disturbance to the group congestion 
produced by the non-random return of the delayed calls. (The limiting 
position for these curves is, of course, given by Erlang's Ei (or C) delay 
formula.) As would be expected, curve (6) is above (5) since the former 
contemplates exponential returns with average of 0.2 holding time, as 
against 1.67 for curve (5). Neither the (5)-curves nor the open dots of 
constant 30-second return times show a marked increase over curves (2). 
This appears to explain why the relationship of load carried versus "NC 
existing" (as charted in Figs. 3 and 4) was found so insensitive to vari- 
able operating procedures in handling subsequent attempts in toll ring- 
down operation, and again, why it did not appreciably change under 
operator dialing. 

Finally, through the two fields of curves on Fig. 7 is indicated the 
Poisson summation P(c, L) with load carried L used as the entering 
variable. The fact that these values approach closely the (2) and (3) sets 
of curves over a considerable range of NC's should reassure those who 
have been concerned that the Poisson engineering tables were not useful 
for losses larger than a few per cent.* 

4. SERVICE REQUIREMENTS FOR DIRECT DISTANCE DIALING BY CUSTOMERS 

As shown by the W-curves (3) on Fig. 7, the attempt failures by cus- 
tomers resulting from their tendency to re-try shortly following an NC 

* Reference may bo made also to a throwdown by C. Clos (Ref. 3) using the 
return times of Fig. (5; his "% NC" results agreed closely with the Poisson pre- 
dictions. 
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would be expected to exceed slightly the values for completely random 
re-trials. These particular curves are based on a re-trial interval of 1.67 
times the average circuit-use time. Such moderation on the part of the 
customer is probably attainable through instructional literature and 
other means if the customer believes the "NC" or "busy" to be caused 
by the called party's actually using his telephone (the usual case in local 
practice). It would be considerably more difficult, however, to dissuade 
the customer from re-trying at a more rapid rate if the circuit NC's 
should generally approach or exceed actual called-party busies, a con- 
dition of which he would sooner or later become aware. His attempts 
might then be more nearly described by the (4) curves on Fig. 7 cor- 
responding to an average exponential return of only 0.2 holding time—or 
even higher. Such a result would not only displease the user, but also 
result in the requirement of increased switching control equipment to 
handle many more wasted attempts. 

If subscribers are to be given satisfactory direct dialing access to the 
intertoll trunk network, it appears then that the probability of finding 
NC even in the busy hours must be kept to a low figure. The following 
engineering objective has tentatively been selected: The calls offered to 
the "final" group of trunks in an alternate route system should receive no 
more than 3 per cent NC(P.03) during the network busy season busy hour. 
(If there are no alternate routes, the direct group is the "final" route.) 

Since in the nationwide plan there will be a final route between each 
of some 2,600 toll centers and its next higher center, and the majority 
of calls offered to high usage trunks will be carried without trying 
their final route (or routes), the over-all point-to-point service, while 
not easy to estimate, will apparently be quite satisfactory for cus- 
tomer dialing. 

5. ECONOMICS OF TOLL ALTERNATE ROUTING 

In a general study of the economics of a nationwide toll switching plan, 
made some years ago by engineers of the American Telephone and Tele- 
graph Company, it was concluded that a toll line plant sufficient to give 
the then average level of service (about T-40) with ordinary single-route 
procedures coidd, if operated on a multi-alternate route basis, give the 
desired P.03 service on final routes with little, if any, increase in toll line 
investment.* On the other hand to attain a similar P.03 grade of service 
by liberalizing a typical intertoll group of 10 trunks working presently 

* This, of course, does not reflect the added costs of the No. 4 switching equip- 
ment. 
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at a T-40 grade of service and an occupancy of 0.81 would require an 
increase of 43 per cent (to 14.3 trunks), with a corresponding decrease 
in occupancy to 0.57. The possible savings in toll lines with alternate 
routing are therefore considerable in a system which must provide a 
service level satisfactory for customer dialing. 

In order to take fullest advantage of the economies of alternate rout- 
ing, present plans call for five classes of toll offices. There will be a large 
number of so-called End Offices, a smaller number of Toll Centers, and 
progressively fewer Primary Centers (about 150), Sectional Centers 
(about 40) and Regional Centers (9), one of which will be the National 
Center, to be used as the "home" switching point of the other eight 
Regional Centers.* Primary and higher centers will be arranged to per- 
form automatic alternate routing and are called Control Switching 
Points (CSP's). Each class of office will "home" on a higher class of 
office (not necessarily the next higher one); the toll paths between them 
are called "final routes." As described in Section 4, these final routes will 
be provided to give low delays, so that between each principal toll point 
and every other one there will be available a succession of approximately 
P.03 engineered trunk groups. Thus if the more direct and heavily loaded 
interconnecting paths commonly provided are busy there will still be a 
good chance of making immediate connection over final routes. 

Fig. 8 illustrates the manner in which automatic alternate routing will 
operate in comparison with present-day operator routing. On a call from 
Syracuse, N. Y., to Miami, Florida, (a distance of some 1,250 miles), 
under present-day operation, the Syracuse operator signals Albany, and 
requests a trunk to Miami. With T-schedule operation the Syracuse- 
Miami traffic might be expected to encounter as much as 25 per cent NC 
during the busy hour, and approximately 4 per cent NC for the whole 
day, producing perhaps a two-minute over-all speed of service in the 
busy season. 

With the proposed automatic alternate routing plan, all points on the 
chart will have automatic switching systems.! The customer (or the 
operator until customer dialing arrangements are completed) will dial a 
ten-digit code (three-digit area code 305 for Florida plus the listed 
Miami seven-digit telephone number) into the machine at Syracuse. 
The various routes which then might conceivably be tried automatically 

* See the bibliography (particularly Pilliod and Truitt) for details of the 
general trunking plan. 

t The notation used on the diagram of Fig. 8 is: Open circle — Primary Center 
(Syracuse, Miami); Triangle — Sectional Center (Albany, Jacksonville); Square 
— Regional Center (White Plains, Atlanta, St. Louis; St. Louis is also the Na- 
tional Center). 
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PRESENT OPERATOR 
ROUTING 

AUTOMATIC ALTERNATE 
ROUTING 

Alban J> y Albany 
Syracuse / ^ Syracuse 

While Plains 
(N. Y.) 

Louis 

I 4 
Atlanta 

Jacksonville 

Miami Miami 

Fig. 8 — Present and proposed methods of handling a call from Syracuse, N. Y., 
to Miami, Florida. 

are shown on the diagram numbered in the order of trial; in this par- 
ticular layout shown, a maximum of eleven circuit groups could be tested 
for an idle path if each high usage group should be found NC. Dotted 
lines show the high usage routes, which if found busy will overflow to the 
final groups represented by solid lines. The switching equipment at each 
point upon finding an idle circuit passes on the required digits to the 
next machine. 

While the routing possibilities shown are factual, only in rare instances 
would a call be completed over the final route via St. Louis. Even in the 
busy season busy hour just a small portion of the calls would be expected 
to be switched as many as three times. And only a fraction of one per 
cent of all calls in the busy hour should encounter NC. As a result the 
service will be fast. When calls are handled by a toll operator, the cus- 
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tomer will not ordinarily need to hang up when NC is obtained. When 
he himself dials, a second trial after a short wait following NC should 
have a high probability of success. 

Not many situations will be as complex as shown in Fig. 8; commonly 
several of the links between centers will be missing, the particular ones 
retained having been chosen from suitable economic studies. A large 
number of switching arrangements will be no more involved than the 
illustrative one shown in Fig. 9(a), centering on the Toll Center of 
Bloomsburg, Pennsylvania. The dashed lines indicate high usage groups 
from Bloomsburg to surrounding toll centers; since Bloomsburg "homes" 
on Scranton this is a final route as denoted by the solid line. As an exam- 
ple of the operation, consider a call at Bloomsburg destined for Williams- 
port. Upon finding all direct trunks busy, a second trial is made via 
Harrisburg; and should no paths in the Harrisburg group be available, 
a third and final trial is made through the Scranton group. 

In considering the traffic flow of a network such as illustrated at 
Bloomsburg it is convenient to employ the conventional form of a two- 
stage graded multiple having "legs" of varying sizes and traffic loads 
individual to each, as shown in Fig. 9(b). Here only the circuits im- 
mediately outgoing from the toll center are shown; the parcels of traffic 

(3) GEOGRAPHICAL LAYOUT 
WILLIAMSPORT   ,  

suNBURvy ' 
\ \ 

SHAMOKIN / / 

POTTSV1LLE 

SCRANTON 

BLOOMSBURG 
HARRISBURG PA. 

(b) GRADED MULTIPLE SCHEMATIC 

FINAL GROUP TO SCRANTON I 

3RD TRIAL 
FRACKVILLE 

HAZLETON 
2ND 

IK ■AT TRIAL 2ND \ \ WILKES- TRIAL. BARRE 

PHILADELPHIA 

H.U. GROUP TO HARRISBURG 

NO. TRUNKS IN H.U, GROUPS 
LOAD TO AND FROM 

DISTANT OFFICE (CCS) 
mi^[20]lXJlA][2aJ[8][T] 

161 26 540 691 160 123 836 228 154 
DISTANT OFFICE SCRN HBG PTVL SHKN SNBY WMPT FKVL H2N WKSB PHLA 

365 

Fig. 9 — Automatic alternate routing for direct distance dialing at Blooms- 
burg, Pa. 
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calculated for each further connecting route will be recorded as part of 
the offered load for consideration when the next higher switching center 
is engineered. It is implicitly assumed that a call which has selected one 
of the alternate route paths will be successful in finding the necessary 
paths available from the distant switching point onward. This is not 
quite true but is believed generally to be close enough for engineering 
purposes, and permits ignoring the return attempt problem. 

G. NEW PROBLEMS IN THE ENGINEERING AND ADMINISTRATION OF INTER- 
TOLL GROUPS RESULTING FROM ALTERNATE ROUTING 

With the greatly increased teamwork among groups of intertoll trunks 
which supply overflow calls to an alternate route, an unexpected increase 
or flurry in the offered load to any one can adversely affect the service to 
all. The high efficiency of the alternate route networks also reduces their 
overload carrying ability. Conversely, the influence of an underprovision 
of paths in the final alternate route may be felt by many groups which 
overflow to it. With non-alternate route arrangements only the single 
groups having these flurries would be affected. 

Administratively, an alternate route trunk layout may well prove 
easier to monitor day by day than a large number of separate and in- 
dependent intertoll groups, since a close check on the service given on 
the final routes only may be sufficient to insure that all customers are 
being served satisfactorily. When rearrangements are indicated, how- 

SIMPLE PROGRESSIVE 
GRADED MULTIPLE GRADED MULTIPLE 

(a) (b) 

I t t M ft 1 t U 
ILLUSTRATIVE INTERLOCAL AND INTERTOLL 

ALTERNATE ROUTE TRUNKING ARRANGEMENTS 
(C) (d) 

tlMMttf t t 

Fig. 10 — Graded multiples and alternate route trunking arrangements. 
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ever, the determination of the proper place to take action, and the de- 
sirable extent, may sometimes be difficult to determine. Suitable traffic 
measuring devices must be provided with these latter problems in mind. 

For engineering purposes, it will be highly desirable: 
(1) To be able to estimate the load-service relationships with any 

specified loads offered to a particular intertoll alternate routing network; 
and 

(2) To know the day-to-day busy hour variations in the various 
groups' offered loads during the busy season, so that the general grade of 
service given to customers can be estimated. 

The balance of this paper will review the studies which have been made 
in the Bell System toward a practicable method for predicting the grade 
of service given in an alternate route network under any given loads. 
Analyses of the day-to-day load variations and their effects on customer 
dialing service are currently being made, and will be reported upon later. 

7. LOAD-SERVICE RELATIONSHIPS IN ALTERNATE ROUTE SYSTEMS 

In their simplest form, alternate route systems appear as symmetrical 
graded multiples, as shown in Fig. 10(a) and 10(b). Patterns such as 
these have long been used in local automatic systems to partially over- 
come the trunking efficiency limitations imposed by limited access 
switches. The traffic capacity of these arrangements has been the sub- 
ject of much study by theory and "throwdowns" (simulated traffic 
studies) both in the United States and abroad. Field trials have sub- 
stantiated the essential accuracy of the trunking tables which have 
resulted. 

In toll alternate route systems as contemplated in America, however, 
there will seldom be the symmetry of pattern found in local graded 
multiples, nor does maximum switch size generally produce serious 
limitation on the access. The "legs" or first-choice trunk groups will vary 
widely in size; likewise the number of such groups overflowing calls 
jointly to an alternate route may cover a considerable range. In all cases 
a given group, whether or not a link of an alternate route, will have one 
or more parcels of traffic for which it is the first-choice route. [See the 
right-hand parcel of offered traffic on Fig. 10(c).] Often this first routed 
traffic will be the bulk of the load offered to the group, which also serves 
as an alternate route for other traffic. 

The simplest of the approximate formulas developed for solving the 
local graded multiple problems are hopelessly unwieldy when applied 
to such arrangements as shown in Fig. 10(d). Likewise it is impracticable 
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to solve more than a few of the infinite variety of arrangements by means 
of "throwdowns." 

However, for both engineering (planning for future trunk provisions) 
and administration (current operating) of trunks in these multi-alternate 
routing systems, a rapid, simple, but reasonably accurate method is 
required. The basis for the method which has been evolved for Bell 
System use will be described in the following pages. 

7.1. The "Peaked" Character of Overflow Traffic 

The difficulty in predicting the load-service relationship in alternate 
route systems has lain in the non-random character of the traffic over- 
flowing a first set of paths to which calls may have been randomly 
offered. This non-randomness is a well appreciated phenomenon among 
traffic engineers. If adequate trunks are provided for accommodating 
the momentary traffic peaks, the time-call level diagram may appear 
as in Fig. 11(a), (average level of 9.5 erlangs). If however a more limited 
number of trunks, say .r = 12, is provided, the peaks of Fig. 11(a) will be 
clipped, and the overflow calls will either be "lost" or they may be 
handled on a subsequent set of paths y. The momentary loads seen on y 
then appear as in Fig. 11(b). It will readily be seen that a given average 
load on the y trunks will have quite different fluctuation characteristics 
than if it had been found on the x trunks. There will be more occurrences 
of large numbers of calls, and also longer intervals when few or no calls 
are present. This gives rise to the expression that overflow traffic is 
"peaked." 

Peaked traffic requires more paths than does random traffic to operate 
at a specified grade of delayed or lost calls service. And the increase in 
paths required will depend upon the degree of peakedness of the traffic 
involved. A measure of peakedness of overflow traffic is then required 
which can be easily determined from a knowledge of the load offered and 
the number of trunks in the group immediately available. 

In 1923, G. W. Kendrick, then with the American Telephone and 
Telegraph Company, undertook to solve the graded multiple problem 
through an application of Erlang's statistical equilibrium method. His 
principal contribution (in an unpublished memorandum) was to set up 
the equations for describing the existence of calls on a full access group 
of x -f y paths, arranged so that arriving calls always seek service first 
in the .x-group, and then in the i/-group when the x are all busy. 

Lot /(m, n) be the probability that at a random instant m calls exist 
on the x paths and n calls on the y paths, when an average Poisson load 
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of a erlangs is submitted to the x + y paths. The general state equation 
for all possible call arrangements, is 

(7) 
(a* + m + ri)f{m, n) = (m + + 1, n) 

+ (n + l)/(m, n + 1) + af(m - 1, n) + af{xy n - l)t 

in which the term marked (J) is to be included only when m = x, and 
* indicates that the a in this term is to be omitted when m + n = x + y. 
in and n may take values only in the intervals, 0 ^ in ^ x; 0 ^ n ^ y. 
As written, the equation represents the "lost calls cleared" situation. 

(a) RANDOM TRAFFIC 

LIMITED PATHS PROVIDED 

AVERAGE LEVEL 
(9,5) 

II 00 10 45 10 15 10 00 AM 10.30 
TIME OF DAY 

(b) PEAKED OVERFLOW TRAFFIC 

10 00 AM 10 30 
TIME OF DAY 

Fig. 11 — Production of peakedness in overflow traffic. 
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By choosing x + y large compared with the submitted load a a "lost 
calls held" situation or infinite-overflow-trunks result can be approached 
as closely as desired. 

Kendrick suggested solving the series of simultaneous equations (7) by 
determinants, and also by a method of continued fractions. However 
little of this numerical work was actually undertaken until several years 
later. 

Early in 1035 Miss E. V. Wyckoff of Bell Telephone Laboratories be- 
came interested in the solution of the {x + + 1) lost calls cleared 
simultaneous equations leading to all terms in the /(w, n) distribution. 
She devised an order of substituting one equation in the next which pro- 
vided an entirely practical and relatively rapid means for the numerical 
solution of almost any set of these equations. By this method a con- 
siderable number of n) distributions on x, y type multiples with 
varying load levels were calculated. 

From the complete m, n matrix of probabilities, one easily obtains the 
distribution dm(n) of overflow calls when exactly m are present on the 
lower group of x trunks; or by summing on m, the 0(n) distribution with- 
out regard to in, is realized. A number of other procedures for obtaining 
the/(m, n) values have been proposed. All involve lengthy computations, 
very tedious for solution by desk calculating machines, and most do not 
have the ready checks of the Wyckoff-method available at regular points 
through the calculations. 

In 1937 Kosten4 gave the following expression for f{m, n): 

Km, n) = (-DVoW £ 0 ^0—TxVt (8) 

<=0 \nj i\ ipi+rixiviix) 

where 

*.(*) = 

and for i > 0, 

J-O \ J / {x - j)\ 

These equations, too, are laborious to calculate if the load and num- 
bers of trunks are not small. It would, of course, be possible to program a 
modern automatic computer to do this work with considerable rapidity. 

The corresponding application of the statistical equilibrium equations 
to the graded multiple problem was visualized by Kendrick who, how- 
ever, went only so far as to write out the equation for the three-trunk 
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case consisting of two subgroups of one trunk each and one common 
overflow trunk. 

Instead of solving the enormously elaborate system of equations de- 
scribing all the calls which could simultaneously be present in a large 
multiple, several ingenious methods of convoluting the 

x 
d{n) = 2 /(™, n) 

m=0 

overflow distributions from the individual legs of a graded multiple have 
been devised. For example, for the multiple of Fig. 10(a), the probabihty 
of loss Pi as seen by a call entering subgroup number i, is approximately, 

Pi = £ Z OxM-tiz - r) + Z 9x.i(r) (9) 
r=0 Z=u r=y 

in which - r) is the probability of exactly z - r overflow calls being 
present, or wanting to be present, on the alternate route from all the 
subgroups except the fth, and with no regard for the numbers of calls 
present in these subgroups. The ^..(r) = fi(xi, r) term, of course, con- 
templates all paths in the particular originating call's subgroup being 
occupied, forcing the new call arriving in subgroup i to advance to the 
alternate route. This corresponds to the method of solving graded mul- 
tiples developed by E. C. Molina6 but has the advantage of overcoming 
the artificial "no holes in the multiple" assumption which he made. 
Similar calculating procedures have been suggested by Kosten* These 
computational methods doubtless yield useful estimates of the resulting 
service, and for the limited numbers of multiple arrangements which 
might occur in within-office switching trains (particularly ones of a sym- 
metrical variety) such procedures might be practicable. But it would be 
far too laborious to obtain the individual overflow distributions 6(n), 
and then convolute them for the large variety of loads and multiple 
arrangements expected to be met in toll alternate routing. 

7.2. Approximate Description of the Character of Overflow 1 raffic 

It was natural that various approximate procedures should be tried in 
the attempt to obtain solutions to the general loss formula sufficiently 
accurate for engineering and study purposes. The most obvious of these 
is to calculate the lower moments or semi-invariants of the loads over- 
flowing the subgroups, and from them construct approximate fitting 

♦ Kosten gives the above approximation (9), which he calls Wb+, as an upper 
limit to the blocking. He also gives a lower limit, Wb , in which z = y throughout 
(References 4, 5). 



THEORIES FOR TOLL TRAFFIC ENGINEERING IN THE U. S. A. 447 

distributions for 0(/i) and 0i(n). Since each such overflow is independent 
of the others, they may be combined additively (or convoluted), to ob- 
tain the corresponding total distribution of calls appearing before the 
alternate route (or common group). It may further be possible to obtain 
an approximate fitting distribution to the sum-distribution of the over- 
flow calls. 

The ordinary moments about the 0 point of the subgroup overflow 
distribution, when m of the x paths are busy, are found by 

When an infinite number of y-paths is assumed, the resulting expres- 
sions for the mean and variance are found to be:* 

Number of x-paths busy unspecified: j 

Variance = vx = a^l — ax 2a{x + 2 + Q!x — a) l] (14) 

Equations (11) and (12) have been calculated for considerable ranges 
of offered load a and paths x. Figs. 12 and 13 are graphs of these results. 
For example when a load of 4 erlangs is submitted to 5 paths, the aver- 
age overflow load is seen to be a = 0.80 erlang, the same value, of 
course, as determined through a direct application of the Erlang Ei 
formula. During the time that all x paths are busy, however, the over- 
flow load will tend to exceed this general level as indicated by the value 
of ax = 1.41 erlangs calculated from (13). Similarly the variance of the 
overflow load will tend to increase when the .r-paths are fully occupied, 

* The derivation of these equations is given in Appendix I. 
f The skewness factor may also be of interest: 

u 
(m) = X) njim, n) (10) 

Mean = a = a-Ei,x{a) 

Variance = v = a[l — a + a(x + 1 -f a — a)_1] 

A11 x-paths occupied). 

Mean = ax = a[x — a + I aEi.I(a)]_1 
(13) 

(11) 

(12) 

V3I2 x T 1 Tq: u ix- (i)i + 2(x-a) + x + 2 + ix + 2 — a)a 
1 f  a {x + a — a)a2 

+ fl (15) 
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as shown by w = 1.30, and vx = 1.95. In all cases the variances v and vx 

will exceed the variance of corresponding Poisson traffic (which would 
have variances of a and Or respectively). 

7.2.1. A Probability Distribution for Overflow Traffic 

It would be of interest to be able, given the first several descriptive 
parameters of any traffic load (such as the mean and variance and skew- 
ness factors of the overflow from a group of trunks), to construct an 
approximate probability distribution 9{n) which would closely describe 
the true momentary distribution of simultaneous calls. Any proposed 
fitting distribution for the overflow from random traffic offered to x 
trunks, can, of course, be compared with 

6{n) = 2 f(m, n) 

determined from (7) or (8). 
Suitable fitting curves should give probabilities for all possitive in- 

tegral values of the variable (including zero), and have sufficient unspeci- 
fied constants to accommodate the parameters selected for describing 
the distribution. Moreover, the higher moments of a fitting distribution 
should not diverge too radically from those of the true distribution; that 
is, the "natural shapes" of fitting and true distributions should be simi- 
lar. Particularly desirable would be a fitting distribution form derived 
with some attention to the physical circumstances causing the ebb and 
flow of calls in an overflow situation. The following argument and der- 
ivation undertake to achieve these desiderata.* 

A Poisson distribution of offered traffic is produced by a random arrival 
of calls. The assumption is made or implied that the probability of a new 
arrival in the next instant of time is quite independent of the number 
currently present in the system. When this randomness (and correspond- 
ing independence) are disturbed the resulting distribution will no longer 
be Poisson. The first important deviation from the Poisson would be 
expected to appear in a change from variance = mean, to variance 9* 

* A two-parameter function which has the ability to fit quite well a wide variety 
of true overflow distributions, has the form 

$(71) = K(n + IP e-e("+1' 

"in which K is the normalizing constant. The distribution is displaced one unit 
from the usual discrete generalized exponential form, so that ^(0) 5^ 0. The ex- 
pression, however, has little rationale for being selected a priori as a suitable 
fitting function. 
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mean. Corresponding changes in the higher moments would also be 
expected. 

What would be the physical description of a cause system with a vari- 
ance smaller or larger than the Poisson? If the variance is smaller, there 
must be forces at work which retard the call arrival rate as the number 
of calls recently offered exceeds a normal, or average, figure, and which 
increase the arrival rate when the number recently arrived falls below 
the normal level. Conversely, the variance will exceed the Poisson's 
should the tendencies of the forces be reversed.* This last is, in fact, a 
rough description of the incidence rates for calls overflowing a group of 
trunks. 

Since holding times are attached to and extend from the call arrival 
instants, calls are enabled to project their influence into the future; that 
is, the presence of a considerable number of calls in a system at any in- 
stant reflects their having arrived in recent earlier time, and now can be 
used to modify the current rate of call arrival. 

Let the probability of a call originating in a short interval of time dt be 

Po.n = [a + (n — «)co(?i)] dt 

where n = number of calls present in the system at time t, 
a = base or average arrival rate of calls per unit time, and 

o}(n) = an arbitrary function which regulates the modification in 
call origination rate as the number of calls rises above 
or falls below a. 

Correspondingly, let the probability that one of n calls will end in the 
short interval of time dt be 

Pe,n == R dt} 

which will be satisfied in the case of exponential call holding times, with 
mean unity. Following the usual Erlang procedure, the general statistical 
equilibrium equation is 

f(n) = f(n)l(l - Po.n)(l - Pe.n)] + f(n - l)P0in_i(l - Pc.„_i) 
(16) 

+ f(n "f 1)(1 — Po.n+l)Pe.n+l 

which gives 

(Po.n + Pe.n)f(n) = Po.n-l/(n " 1) + Pc.n+lffa + 1) 

ignoring terms of order higher than the first in dt. 

* The same thinking has been used by Vaulot7 for decreasing the call arrival 
rate according to the number momentarily present; and by Lundquist8 for both 
increasing and decreasing the arrival rate. 
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Or, 

[a + (n - a) w (71) + n]f{n) ^ 

= [a + (n — a — l)co(7i — l)]/(n — 1) + (n + l)j(w + 1) 

The choice of co(n) will determine the solution of (17). Most simply, 
a)(n) = k, making the variation from the average call arrival rate directly 
proportional to the deviation in numbers of calls present from their 
average number. In this case, the solution for an unlimited trunk group 
becomes, with a' = a(l — k), 

a (a + k) [a + (n — l)fc] 

fin) = 
711 

1 + a' + 
a'{a' + k) a'ja' + k)(a' + 2k) 

(18) 
+ 

2! 1 3! 

which may also be written after setting a" = a'/k = a(l — k)/k, as 

a"ia" + 1) • • ■ fa" + in - IW 

fin) =   n\ (19) 

(1 - AO-' 

The generating function (g.f.) of (19) is 

±fMT- = (1 _ hT)' 
n=0 (1 - AO-' 

which is recognized as that for the negative binomial, as distinguished 
from the g.f., 

(i + ? tY 
iq + VT)N = V 9 7 

iVq)N 

for the positive binomial. 
The first four descriptive parameters of fin) are: 

Order 

1 

2 

Moment about Mean Descriptive Parameter 

Ml = 0 

Hi = variance, v = a/{\ — k) 

a(l + k) 

Mean = n = a 

Std Devn, a = [o/(l — fc)]1/2 

1 + k 
M3 = 

M4 = 

(1 - fc)2 

3a2(l-A-) + aU-2+4fc + l) 
(1 - k)3 

Skewness, \//3l = —_ 

Ml Kurtosis, ^ = — = 3 + 

ai/2(i _ t)i/2 

k2 + 4fc + 1 
a(l - k) 

(20) 

(21) 

(22) 

(23) 
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Since only two constants, a and k, need specification in (18) or (19), 
the mean and variance are sufficient to fix the distribution. That is, with 
the mean n and variance v known, 

a = n or a' = n(l — k) = iV/v, or a" = n(l — k)/k (24) 

k = 1 — a/v = 1 — n/v. (25) 

The probability density distribution f{n) is readily calculated from 
(19); the cumulative distribution G{^n) also may be found through use 
of the Incomplete Beta Function tables since 

G(^n) = I kin - 1, a") 
(20) 

= I kin — 1, a(l — k)/k) 

The goodness with which the negative binomial of (19) fits actual dis- 
tributions of overflow calls requires some investigation. Perhaps a more 
elaborate expression for aj(n) than a constant A: in (17) is required. Three 
comparisons appear possible: (1), comparison with a variety of 0„,(n) 
distributions with exactly m calls on the x trunks, or 0(n) with m unspeci- 
fied, (obtained by solving the statistical equilibrium equations (7) for a 
divided group); (2), comparison with simulation or "throwdown" results; 
and (3), comparison with call distributions seen on actual trunk groups. 
These are most easily performed in the order listed.* 

Comparison of Negative Binomial with True Overflow Distributions 

Figs. 14 to 17 show various comparisons of the negative binomial dis- 
tribution with true overflow distributions. Fig. 14 gives in cumulative 
form the cases of 5 erlangs offered to 1,2, 5, and 10 trunks. The true 

F(in) = E 90) 
i=n 

distributions (shown as solid lines) are obtained by solving the difference 
equations (7) in the manner described in Section 7.1. The negative bi- 
nomial distributions (shown dashed) are chosen to have the same mean 
and variance as the several F(^n) cases fitted. The dots shown on 

* Comparison could also be made after equating means and variances respec- 
tively, between the higher moments of the overflow traffic beyond x trunks and 
the corresponding negative binomial moments: e.g., the skewness given by (15) 
can be compared with the negative binomial skewness of (22). The difficulty here 
is that one is unable to judge whether the disparity between the two distribution 
functions as described by differences in their higher parameters is significant or 
not for traffic engineering purposes. 
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the figure are for random (Poisson) traffic having the same mean values 
as the F distributions. The negative binomial provides excellent fits 
down to cumulated probabilities of 0.01, with a tendency thereafter to 
give somewhat larger values than the true ones. The Poisson agreement 
is good only for the overflow from a single trunk, as might have been 
anticipated, the divergence rapidly increasing thereafter. 

Fig. 15 corresponds with the cases of Fig. 14 except that the true over- 
flow Fx(^n) distributions for the conditional situation of all rr-paths 
busy, are fitted. Again the negative binomial is seen to give a good agree- 
ment down to 0.01 probability, with somewhat too-high estimates for 
larger values of the simultaneous overflow calls n. 

Fig. 16 shows additional comparisons of overflow and negative bi- 
nomial distributions. As before, the agreement is quite satisfactory to 
0.01 probability, the negative binomial thereafter tending to give some- 
what high values. 

On Fig. 17 arc compared the individual 9(n) density distributions for 
several cases. The agreement of the negative binomial with the true 
distribution is seen to be uniformly good. The dots indicate the random 
(Poisson) individual term distribution corresponding to the a = 9.6 case; 

F(5n) 

O.OOI 

0.01 

O.I 

1.0 

I . . . • . ,  N ii \\i 1 1 
t 2 3 4 5 6 7 0 9 10 II 12 13 14 15 

D = NUMBER OF SIMULTANEOUS CALLS 

Fig. 14 — Probability distributions of overflow traffic with 5 erlangs offered to 
1, 2, 5, and 10 trunks, fitted by negative binomial. 
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the agreement, of course, is poor since the non-randomness of the over- 
flow here is marked, having an average of 1.88 and a variance of 3.84. 

Comparison of Negative Binomial with Overflow Distributions Observed 
by Throw downs and on Actual Trunk Groups 

Fig. 18 shows a comparison of the negative binomial with the over- 
how distributions from four direct groups as seen in throwdown studies. 
The agreement over the range of group sizes from one to fifteen trunks is 
seen to be excellent. The assumption of randomness (Poisson) as shown 
by the dot values is clearly unsatisfactory for overflows beyond more 
than two or three trunks. 

A number of switch counts made on the final group of an operating 
toll alternate routing system at Newark, New Jersey, during periods 
when few calls were lost, have also shown good agreement with the neg- 
ative binomial distribution. 

7.2.2. A Probability Distribution for Combined Overflow Traffic Loads 

It has been shown in Section 7.2.1 that, at least for load ranges of wide 
interest, the negative binomial with but two parameters, chosen to agree 

1.0 

0.1 

Fx(=n) 

0.01 

0.001 
0 2 3 4 5 6 7 8 9 10 II 12 13 14 15 

n = NUMBER OF SIMULTANEOUS CALLS 

Fig. 15 -— Probability distributions of overflow traffic with 5 erlangs offered to 
1, 2, 5, and 10 trunks, when all trunks are busy; fitted by negative binomial. 
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with mean and variance, gives a satisfactory fit to the distribution of 
traffic overflowing a group of trunks. It is now possible, of course, to 
convolute the various overflows from any number of groups of varying 
sizes, to obtain a combined overflow distribution. This procedure, how- 
ever, would be very clumsy and laborious since at each switching point 
in the toll alternate route system an entirely different layout of loads and 
high usage groups would require solution; it would be unfeasible for 
practical working. 

We return again to the method of moments. Since the overflows of 
the several high usage groups will, in general, be independent of one 
another, the fth semi-invariants X.- of the individual overflows can be 
combined to give the corresponding semi-invariants A.- of their total, 

Or, in terms of the overflow means and variances, the corresponding 
parameters of the combined loads are 

A,- = iX,- + 2X^ + • • • (27) 

Average = A' = ai -}- 0:2 + ■ • • 

Variance = V = vi + V2 ■ 

(28) 

(29) 

1.0 

0 I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
0 = NUMBER OF SIMULTANEOUS CALLS 

'Fig. 16 — Probability distributions of overflow traffic: 3 erlangs offered to 2 
trunks, and 9.6 erlangs offered to 10 trunks. 
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With the mean and variance of the combined overflows now deter- 
mined, the negative binomial can again be employed to give an approxi- 
mate description of the distribution of the simultaneous calls (p(z) offered 
to the common, or alternate, group. 

The acceptability of this procedure can be tested in various ways. One 
way is to examine whether the convolution of several negative binomials 
(representing overflows from individual groups) is sufficiently well fitted 
by another negative binomial with appropriate mean and variance, as 
found above. 

It can easily be shown that the convolution of several negative bi- 
nomials all with the same over-dispersion (variance-to-mean ratio) but 
not necessarily the same mean, is again a negative binomial. Shown in 
Table I are the distribution components and their parameters of two 
examples in which the over-dispersion parameters are not identical. The 
third and fourth semi-invariants of the fitted and fitting distributions, are 
seen to diverge considerably, as do the Pearsonian skewness and kurtosis 
factors. The test of acceptability for traffic fluctuation description comes 
in comparing the fitted and fitting distributions which are shown on 
Fig. 19. Here it is seen that, despite what might appear alarming dis- 

1.0 

o.i 

0(n) 

o.ot 

0.001 | ' ' I I I I 1  1 
2 3 4 5 6 7 8 9 10 11 12 

n = NUMBER OF SIMULTANEOUS CALLS 
0 

Fig. 17 — Probability density distributions of overflow traffic from 10 trunks, 
fitted by negative binomial. 
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parities in the higher semi-invariants, the agreement for practical traffic 
purposes is very good indeed. 

Numerous throwdown checks confirm that the negative binomial em- 
ploying the calculated sum-overflow mean and variance has a wide range 
over which the fit is quite satisfactory for traffic description purposes. 
Fig. 20 shows three such trunking arrangements selected from a con- 
siderable number which have been studied by the simulation method. 
Approximately 5,000, 3,500, and 580 calls were run through in the three 
examples, respectively. The overflow parameters obtained by experiment 
are seen to agree reasonably well with the theoretical ones from (28) 
and (29) when the numbers of calls processed is considered. 

On Fig. 21 are shown, for the first arrangement of Fig. 20, distributions 
of simultaneous offered calls in each subgroup of trunks compared with 
the corresponding Poisson; the agreement is satisfactory as was to be 
expected. The sum distribution of the overflows from the eight subgroups 
is given at the foot of the figure. The superposed Poisson, of course, is a 
poor fit; the negative binomial, on the other hand, appears quite accept- 
able as a fitting curve. 

p =n 

1.0 

0,8 

0.6 

0.4 

0,2 

0 
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THEORY OBSD 
( ) ( ) 

AVG 0.67 0.63 
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3 = 0.67 
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0.8 

0.6 

0.4 

0,2 

THEORY 
(- ) 
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• RANDOM TRAFFIC 
3=0.55 
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0.51 
0.63 

234501 234 
n=NUMBER OF SIMULTANEOUS CALLS 

P?n 

1.0 15 TRUNKS - a = 11.46 9 TRUNKS - 3 = 6.21 
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0.8 
\ 

V AVG 0.81 0.80 a8 i AVG 052 0.46 
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0.6 \L • RANDOM TRAFFIC 0,6 >1 . RANDOM TRAFFIC 
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0.4 \ 0.4 
« ■ r 

0.2 V 0,2 u 
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0       0 
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Fig. 18 — Overflow distributions from direct interoffice trunk groups; negative 
hinomial theory versus throwdown observations. 
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Table I — Comparison of Parameters of a Fitting 
Negative Binomial to the Convolution of 

Three Negative Binomials 

Example No. 1 Example No. 2 

Component 
dist'n No. 

Component parameters Component 
dist'n No. 

Component parameters 

Mean Variance Mean Variance 

1 
2 
3 

5 
2 
1 

5 
4 
3 

1 
2 
3 

1 
2 
2 

1 
3 
6 

8 12 5 10 

Semi-Invariants A, Skewness VK , and Kurtosis Sa , of Sum Distributions 

Parameter Exact Fitting Parameter Exact Fitting 

A! 
Aa 
A3 
a4 

VFi 
02 

8 
12 
32 

168 
0.770 
4.167 

8 
12 
24 
66 
0.577 
3.458 

Ai 
Aa 
A3 
A4 
V/3i 
02 

5 
10 
37 

239.5 
1.170 
5.395 

5 
10 
30 

130 
0.949 
4.300 

Fig. 22 shows the corresponding comparisons of the overflow loads in 
the other two trunk arrangements of Fig. 20. Again good agreement 
with the negative binomial is seen. 

7.3. Equivalent Random Theory for Prediction of Amount of Traffic Over- 
flowing a Single Stage Alternate Route, and Its Character, with Lost 
Calls Cleared 

As discussed in Section 7.2, when random traffic is offered to a limited 
number of trunks x, the overflow traffic is well described (at least for 
traffic engineering purposes) by the two parameters, mean a and variance 
v. The result can readily be applied to a group divided (in one's mind) 
two or more times as in Fig. 23. 

Employing the a and v curves of Figs. 12 and 13, and the appropriate 
numbers of trunks Xi , Xi + x*, and Xi T X2 + X3, the pairs of descrip- 
tive parameters, ai, vi, a*, ih and as, v-A can be read at once. It is clear 
then that if at some point in a straight multiple a traffic with parameters 
o-i , Vi is seen, and it is offered to Xz paths, the overflow therefrom will 
have the characteristics az, v->. To estimate the particular values of az 
and Vz, one would first determine the values of the equivalent random 
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Fig. 19 — Fitting sums of negative binomial variables with a negative binomial. 

traffic a and trunks Xi which would have produced ai and Vi . Then pro- 
ceeding in the forward direction, using a and Xi + .r2, one consults the 
a and v charts to find 0:2 and v2. Thus, within the limitations of straight 
group traffic flow, the character (mean and variance) of any overflow 
load from x trunks can be predicted if the character (mean and variance) 
of the load submitted to them is known. 

Curves could be constructed in the manner just described by which the 
overflow's a' and v' are estimated from a load, a and v, offered to x trunks. 
An illustrative fragment of such curves is shown in Appendix 11, with an 
example of their application in the calculation of a straight trunk group 
loss by considering the successive overflows from each trunk as the 
offered loads to the next. 

Enough, perhaps, has been shown in Section 7.2 of the generally ex- 
cellent descriptions of a variety of non-random traffic loads obtainable 
by the use of only the two parameters a and v, to make one strongly 
suspect that most of the fluctuation information needed for traffic engi- 
neering purposes is contained in those two values. If this is, in fact, the 
case, we should then be able to predict the overflow a', v' from x trunks 

, CONVOLUTION OF 3 NEGATIVE BINOMIAL 
VARIABLES WITH PARAMETERS: 

AVG VAR 
5 5 
2 4 
1 3 
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CONVOLUTION OF 3 NEGATIVE BINOMIAL 
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2 3 
2 6 

FITTING NEGATIVE BINOMIAL 

6 8 10 12 
0= NUMBER OF CALLS PRESENT 
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with an offered load a, v which has arisen in any manner of overflow from 
earlier high usage groups, as illustrated in Fig. 24. 

This is found to be the case, as will be illustrated in several studies de- 
scribed in the balance of this section. In the determination of the charac- 
teristics of the overflow traffic a', v' in the cases of non-full-access groups, 
such as Figs. 24(b) and 24(c), the equivalent straight group is visualized 
[Fig. 24(a)], and the Equivalent Random load A and trunks S are found.* 
Using A, and aS + C, to enter the a and v curves of Figs. 12 and 13, a' 
and v' are readily determined. To facilitate the reading of A and S, Fig. 
251 and Fig. 26t (which latter enlarges the lower left corner of Fig. 25) 
have been drawn. Since, in general, a and v will not have come from a 
simple straight group, as in Fig. 24(a), it is not to be expected that S, 

OVERFLOW THEORY OBSD 
AVERAGE 5.76 5.98 

VARIANCE 12.37 14.89 

~ = OST NO.1 

t t f f t t t t 
OFFER 13.16 IQ24 10.24 10.18 9.22 7.63 7.48 0.76 ERLANG5 

OVERFLOW THEORY OBSD 
AVERAGE 5.02 5.06 

VARIANCE 9.95 7.90 

OST N0.6 

t t t t t t t 
OFFER 10.66 3.24 2.44 11.46 9.81 959 1.42 ERLANGS 

OVERFLOW THEORY 
AVERAGE £83 

VARIANCE 3.35 

t t t 1 1 1 t 
OFFER 2.52 1.08 0.94 Q94 0.59 1.13 0.85 ERLANGS 

OBSD 
2.87 
3.34 

OST NO. 14 

Fig. 20 — Comparison of joint-overflow parameters; theory versus throwdown. 

* A somewhat similar method, commonly identified with the British Post 
Office, which uses one parameter, has been employed for solving symmetrical 
graded multiples (Ref. 9). 

| Figs. 25 and 26 will be found in the envelope on the inside back cover, 
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Fig. 21 — Comparison of theoretical and throwdown distributions of simul- 
taneous calls offered to direct groups and to their first alternate route (OST No. 1). 
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read from Fig. 25, will be an integer. This causes no trouble and S should 
be carried along fractionally to the extent of the accuracy of result de- 
sired. Reading S to one-tenth of a trunk will usually be found sufficient 
for traffic engineering purposes. 

Example 1: Suppose a simple graded multiple has three trunks in each 
of two subgroups, which overflow to C common trunks, where C = 1, 

OST NO. 6 
THEORY 08SD 
( ) (- 

AVG 5.02 5.06 
VAR 9.95 7.90 

• RANDOM TRAFFIC,3 = 5,0 
OBSD 

Pin 

C.8 w • 
0.6 

0.4 

0.2 
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-NEGATIVE BINOMIAL 

2 4 6 8 10 12 14 16 
n = NUMBER OF SIMULTANEOUS CALLS 

OST N0.14 
THEORY OBSD 

AVG 
VAR 

2.83 
3.35 

2.87 
3.34 

RANDOM TRAFFIC,3 = 2.8 

-NEGATIVE BINOMIAL 

2 4 6 8 10 12 14 16 
n = NUMBER OF SIMULTANEOUS CALLS 

Fig. 22 — Combined overflow loads offered to alternate-route OST trunks from 
direct interoffice trunks; negative binomial theory vs throwdown observations. 

t«2,v. 

ta^v, 

Fig. 23 — A full access group divided at several points to examine the traffic 
character at each point. 
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2 or 3. A load of a erlangs is submitted to each subgroup, a having the 
values 1, 2, 3, 4 or 5. What grade of service will be given? 

Solution: The load overflowing each subgroup, when a = 1 for example, 
has the characteristics a = 0.0625 and y = 0.0790. Then A' = 2a = 0.125 
and V = 2v = 0.158. Reading on Fig. 26 gives the Equivalent Random 
values of A = 1.04 erlangs, S = 2.55 trunks. Reading on Fig. 12.1 with 
C + S = 3.55 when C = 1, and A = 1.04, we find a' = 0.0350 and 
a'/icii + at) = 0.0175. We construct Table II in which loss values pre- 
dicted by the Equivalent Random (ER) Theory are given in columns 
(3), (5) and (7). For comparison, the corresponding exact values given 
by Neovius* are shown in columns (2), (4) and (6). (Less exact loss 

(b) (O 

fa'.v fa'.v 

a) 

fa'.v' 

fa.v ta.v 

s 
(OR x) 

Ja U fa2 \a3 ta, (ajaa ta4ta5t< 

Fig. 24 — Various high usage trunk group arrangements producing the same 
total overflow a, v. 

figures were given previously by Conny Palm10. The agreement is seen 
to be excellent for engineering needs for all values in the table. 

Exdmple 2: Suppose in Fig. 24(b) the random offered loads and paths 
are as given in Table III; we desire the proportion of overflow and the 
overflow load characteristics from an alternate route of 5 trunks. 

Solution: The individual overflows ai, vi] a?, Vi ; and as, Vz are read 
from Figs. 12 and 13 and recorded in columns (4) and (5) of the table. 
The a and v columns are totalled to obtain the sum-overflow average A' 
and variance V. The Equivalent Random load A which, if submitted to 
S trunks would produce overflow A', V, is found from Fig. 26. Finally, 
with A submitted to S + C trunks the characteristics a' and v', of the 
load overflowing the C trunks are found. The numerical values obtained 

* Artificial Traffic Trials Using Digital Computers, a paper presented by G. 
Neovius at the First International Congress on the Application of the Theory of 
Probability on Telephone Engineering and Administration, Copenhagen, June, 
1965. 
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Table II—Calculation of Loss in a Simple Graded Multiple 
g = 2, Xi = X2 = 3, ai = 02 = a = 1 to 5, C = 1 to 3 

Load Submitted to each 
Subgroup in Erlangs 

a 

Proportion of Each Subgroup Load which Overflows 
= a'/{a\ + at) 

C = l C = 2 C = 3 

True ER True ER True ER 

(1) (2) (3) (4) (5) (6) (7) 
1 0.01737 0.0175 0.00396 0.0045 0.00077 0.00088 
2 0.11548 0.115 0.05630 0.057 0.02438 0.024 
3 0.24566 0.246 0.16399 0.163 0.10212 0.103 
5 0.35035 0.363 0.27705 0.279 0.20535 0.210 
5 0.44920 0.445 0.37336 0.370 0.30308 0.305 

for this example are shown in the lower section of Table III. As before, 
of course, the "lost" calls are assumed cleared, and do not reappear in 
the system. 

Example 3: A load of 18 erlangs is offered through four groups of 
10-point selector switches to twenty-two trunks which have been desig- 
nated as "high usage" paths in an alternate route plan. Which of the 
trunk arrangements shown in Fig. 27 is to be preferred, and to what 
extent? 

Solution: By successive applications of the Equivalent Random 
method the overflow percentages for each of the three trunk arrange- 
ments are determined. The results are shown in column 2 of Table IV. 
The difference in percentage overflow between the three trunk plans is 
small; however, plan 2 is slightly superior followed by plans 3 and 1 in 

Table III — Calculation of Overflows from a Simple 
Alternate Route Trunk Arrangement 

Subgroup 
Number 

Offered Load in 
Erlangs 

a 
Number of Trunks 

X 
Overflow Loads 

a V 

1 
2 
3 

3.5 
5.7 
6.0 

3 
6 
9 

1.41 
1.39 
0.45 

1.98 
2.40 
0.85 

15.2 3.25 5.23 

Description of load offered to alternate route: A' = 3.25, V = 5.23. 
Equivalent straight multiple; S = 5.8 trunks, A = 8.00 erlangs (from Fig. 26). 
Overflow from C = 5 alternate route trunks (enter Figs. 12 and 13 with A = 

8.0 and S + C = 10.8: a' = 0.72, e' = 1.48. 
Proportion of load to commons which overflows = 0.72/3.25 = 0.22. 
Proportion of offered load which overflows = 0.72/15.2 = 0.0475. 
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Fig. 27 — Comparison of losses on three graded arrangements of 22 trunks. 

that order. The results of extensive simulations made by Neovius on the 
three trunk plans are available for comparison.* The values so obtained 
are seen to be very close to the ER theoretical ones; moreover the same 
order of preference among the three plans is indicated and with closely 
similar loss differentials between them. 

7.3.1. Throwdown Comparisons with Equivalent Random Theory on 
Simple. Alternate Routing Arrangements with Lost Calls Cleared 

Results of manually run throwdowns on a considerable number of 
non-symmetrical single-stage alternate route arrangements are available. 
Some of these were shown in Fig. 20; they represent part of a projected 
multi-alternate route layout (to be described later) for outgoing calls 
from the local No. 1 crossbar Murray Hill-6 office in New York to all 
other offices in the metropolitan area. The paths hunted over initially are 
called direct trunks; they overflow calls to Office Selector Tandem (OST) 
groups, numbered from 1 to 17, which are located in widely dispersed 
central office buildings in the Greater New York area. 

* Jjoc. cit. 
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Table IV—Loss Comparison of Graded Arrangements 

Estimates of Percentage of Load Overflowing 

Plan Number Neovius Throwdowns 
ER Theory 

BESK Computer Punched Cards 
(262144 calls) (10,000 calls) 

(1) (2) (3) (4) 
1 12.3 11.81 11.4 
2 11.3 10.98 11.0 
3 11.8 11.25 11.1 

Table V — Comparison of Theory and Throwdowns for the 
Parameters of Loads Overflowing the Common Trunks 

in Single-Stage Graded Multiples 

OST (Alternate) 
Route Group No. of Total No. 

Total Load Offered to 
Direct Trunks Total Overflow Load from OST 

Groups of of Trunks 
Group No. of 

Direct 
Trunks 

in Direct 
Groups Erlangs 

Approximate 
No. of Calls 

(in 2.7 hours) 

Theory Throwdown 
no. trunks a' v' a' n' 

1 6 8 91 68.91 4950 2.00 5.50 2.36 6.52 
2 3 3 45 37.49 2690 2.10 5.60 2.05 6.36 
3 G 6 80 60.62 4355 1.50 4.00 1.30 5.67 
4 3 6 52 38.49 2765 2.30 5.20 2.08 6.43 
5 3 3 17 12.51 900 0.45 0.83 0.49 1.02 
6 4 7 64 48.62 3490 2.50 5.90 2.36 4.88 
7 8 12 78 57.42 4125 2.20 5.60 1.71 4.08 
8 6 9 16 12.96 930 0.82 1.63 0.81 1.11 
9 1 2 22 16.96 1220 1.30 2.60 1.02 1.73 

10 5 6 10 9.52 685 0.78 1.40 1.05 2.07 
11 8 13 16 16.43 1180 1.90 3.80 2.77 7.29 
12 8 9 2 6.88 495 0.70 1.30 0.81 1.83 
13 5 15 33 21.42 1540 1.75 3.30 1.16 2.01 
14 2 7 11 8.05 580 1.46 2.20 1.63 2.14 
15 9 15 8 11.97 860 1.60 3.25 1.55 4.12 
16 11 22 34 27.46 1970 1.75 4.00 1.34 2.26 
17 3 7 4 5.81 420 1.53 2.31 1.43 1.80 

26.64 58.42 25.92 61.32 

In Table V are given certain descriptive data for the 17 OST trunk 
arrangements showing numbers of legs of direct trunks, total direct 
trunks, the offered erlangs and calls, and the mean and variance of the 
alternate routes' overflows, as obtained by the ER theory and by 
throwdowns.* The throwdown a! and v' values of the OST overflow 

* Additional details of this simulation study are given in Section 7.4. 
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Fig. 28 — Comparison of theoretical and throwdown overflows from a number 
of first alternate routes. 

were obtained by 36-second switch counts of those calls from each OST 
group which had come to rest on subsequent alternate routes. 

On Fig. 28 is shown a summary of the observed and calculated pro- 
portions of "lost" to "offered" traffic at each OST alternate route group. 
As may be seen from the figure and the last four columns of Table V, 
the general agreement is quite good; the individual group variations are 
probably no more than to be expected in a simulation of this magnitude. 

An assumption of randomness (which has sometimes been argued as 
returning when several overflows are combined) tor the load offered to 
the OST's gives the Erlang Ex loss curve on Fig. 28. This, as was to be 
expected, rather consistently understates the loss. 

Since "switch-counts" were made on the calls overflowing each OST, 
the distributions of these overflows may be compared with those esti- 
mated by the Negative Binomial theory having the mean and variance 
predicted above for the overflow. Fig. 29 shows the individual and cumu- 
lative probability distributions of the overflow simultaneous calls from 
the first two OST alternate routes. As will be seen, the agreement is 
quite good even though this is traffic which has been twice "non-ran- 
domized." Comparison of the observed and calculated overflow means 
and variances in Table V indicates that similar agreement between 
observed and theoretical fitting distributions for most of the other OST's 
would be found. 

7.3.2. Comparison of Equivalent Random Theory with Field Results on 
Simple Alternate Routing Arrangements 

Data were made available to the author from certain measurements 
made in 1941 by his colleague C. Clos on the automatic alternate routing 
trunk arrangement in operation in the Murray Hill-2 central office in 
New York. Mr. Clos observed for one busy hour the load carried on 
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several of its OST alternate route groups (similar to those shown in 
Table V for the Murray Hill-6 office, but not identical) by means of an 
electromechanical switch-counter having a six-second cycle. During 
each hour's observation, numbers of calls offered and overflowing were 
also recorded. 

Although the loads offered to the corresponding direct trunks which 
overflowed to the OST group under observation were not simultaneously 
measured, such measurements had been made previously for several 
hours so that the relative contribution from each direct group was 
closely known. In this way the loads offered to each direct group which 
produced the total arriving before each OST group could be estimated 
with considerable assurance. From these direct group loads the character 
(mean and variance) of the traffic offered to and overflowing the OST's 
was predicted. The observed proportion of offered traffic which over- 
flowed is shown on Fig. 30 along with the Equivalent Random theory 
prediction. The general agreement is again seen to be fairly good al- 
though with some tendency for the ER theory to predict higher than 
observed losses in the lower loss ranges; perhaps the disparity on in- 
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Fig. 2i) — Distributions of loads overflowing from first alternate (OST) groups; 
negative binomial theory versus throwdown observations. 
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dividual OST groups is within the limits one might expect for data 
based on single-hour observations and for which the magnitudes of the 
direct group offered loads required some estimation. The assumption of 
random traffic offered to the OST gives, as anticipated, loss predictions 
(Erlang E\) consistently below those observed. 

More recently extensive field tests have been conducted on a working 
toll automatic alternate route system at Newark, New Jersey. High 
usage groups to seven distant large cities overflowed calls to the New- 
ark-Pittsburgh alternate (final) route. Data describing the high usage 
groups and typical system busy hour loads are given in Table VI. (The 
loads, of course, varied considerably from day to day.) The size of thf 
Pittsburgh route varied over the six weeks of the 1955 tests from 04 to 
71 trunks. Altogether the system comprised some 255 intertoll trunks.' 

Observations were made at the Newark end of the groups by means 
of a Traffic Usage Recorder — making switch counts every 100 seconds 
— and by peg count and overflow registers. Register readings were photo- 
graphically recorded by half-hourly, or more frequent, intervals. To 
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Fig. 30 — Observed tandem overflows in alternate route study at Murray 
Hill-2 (New York) 1940-1941. 
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Table VI—High Usage Groups and Typical System 
Busy Hour Loads 

Iligli UsiiKi; Group, Length of Direct Route Nominal Size of Group Typical Offered Load 
Newark to: (Air Miles) (Number of Trunks) (crlangs) 

Baltimore  170 18 19 
Cincinnati  560 42 43 
Cleveland  395 27 26 
Dallas.  1375 33 34 
Detroit  470 37 36 
Kansas City  1100 26 23 
New Orleans,  1170 5 4 

compare theory with the observed overflow from the final route, esti- 
mates of the offered load A' and its variance V are required. In the 
present case, the total load offered to the final route in each hour was 
estimated as 

A' = Average of Offered Load 

Peg Count of Calls Offered 
to Pittsburgh Group 

(Peg Count of Offered Calls) 
— (Peg Count of Overflow Calls) 

X Average Load Carried 
by Pittsburgh Group 

The variance V of the total load offered to the final route was estimated 
for each hour as 

V' = Variance of Offered Load 

= A' - 2 «»• + S ^ 
i=l i=l 

where a. and y,- arc, respectively, the average and variance of the load 
overflowing from the fth high usage group. (The expression, A' — 

7 
F. a,-, is an estimate of the average — and, therefore of the variance 
«=i 
— of the first-routed traffic offered directly to the final route. Thus the 
total variance, V, is taken as the sum of the direct and overflow com- 
ponents.) Using A', V and the actual number, C, of final route trunks in 
service, the proportion of offered calls expected to overflow was calcu- 
lated for the traffic and trunk conditions seen for 25 system busy hours 
from February 17 to April 1, 1955 on the Pittsburgh route. The results 
are displayed on Fig. 31, where certain traffic data on each hour are 
given in the lower part of the figure. The hours are ordered — for con- 
venience in plotting and viewing — by ascending proportions of calls 
overflowing the group; observed results arc shown by the double line 
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Fig. 31 — Final route (Newark-Pittsburgh) overflows in 1055 toll alternate 
route study. 
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curve. The superposed single line is the corresponding estimate by ER 
theory of the hour-to-hour call losses. As may be seen, theory and ob- 
servation are in good agreement both point by point and on the average 
over the range of losses from 0.01 to 0.50. The dashed line shows the 
prediction of final route loss for each hour on the assumption that the 
offered traffic A' was random. Such an assumption gives consistently low 
estimates of the existing true loss. 

As of interest, a series of heavy dots is included on Fig. 31. These are 
the result of calculating the Poisson Summation, P(C,L), where L is the 
average load carried on, rather than offered to, the C trunks. It is inter- 
esting that just as in earlier studies in this paper on straight groups of 
intertoll trunks (for example as seen on Fig. 7), the Poisson Summation 
with load carried taken as the load offered parameter, gives loss values 
surprisingly close to those observed. Also, as before, this summation has 
a tendency to give too-great losses at light loadings of a group and too- 
small losses at the heavier loadings. 

7.4 Prediction of Traffic Passing Through a Multi-Stage Alternate Route 
Network 

In the contemplated American automatic toll switching plan, wide 
advantage is expected to be taken of the efficiency gains available in 
multi-alternate routing. Thus any procedure for traffic analysis and 
prediction needs to be adaptable for the more complex multi-stage 
arrangements as well as the simpler single-stage ones so far examined. 
Extension of the Equivalent Random theory to successive overflows is 
easily done since the characterizing parameters, average and variance, 
of the load overflowing a group of paths are always available. 

Since few cases of more than single-stage automatic alternate routing 
are yet in operation in the American toll plant, it is not readily possible 
to check an extension of the theory with actual field data. Moreover col- 
lecting and analyzing observations on a large operating multi-alternate 
route system would be a comparatively formidable experiment. 

However, in New York city's local interoffice trunking there is a very 
considerable development of multi-alternate routing made possible by 
the flexibility of the marker arrangements in the No. 1 crossbar switching 
system. None of these overflow arrangements has been observed as a 
whole, simultaneously and in detail. The Murray IIill-2 data in OST 
groups reviewed in Section 7.3.2 were among the partial studies which 
have been made. 

In connection with studies made just prior to World War II on these 
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Table VII — Sum of Direct Group Overflow Loads, 
Offered to OST's 

Average. 
Variance. 

Theory 

86.06 
121). 5 

Observed 

87.12 
127.4 

local multi-alternate route systems, a throwdown was made in 1941 on a 
proposed trunk plan for the Murray Hill-6 office. The arrangement of 
trunks is shown on Fig. 32. Three successive alternate routes, Office 
Selector Tandems (OST), Crossbar Tandem (XBT), and Suburban 
Tandem (ST), are available to the large majority of the 123 direct trunk 
groups leading outward to 169 distant offices. (The remaining 46 parcels 
of traffic did not have direct trunks to distant offices but, as indicated 
on the diagram, offered their loads directly to a tandem group.) A total 
of 726 trunks is involved, carrying 475 erlangs of traffic. 

A throwdown of 34,001 offered calls corresponding to 2.7 hours of 
traffic was run. Calls had approximate exponential holding times, averag- 
ing 135 seconds. Records were kept of numbers of calls and the load from 
the traffic parcels offered to each direct group, as they were carried or 
passed beyond the groups of paths to which they had access. Loads car- 
ried by each trunk in the system were also observed by means of a 36- 
second "switch-count." (The results on the 17 OST groups reported in 
Section 7.3.1 were part of this study.) 

Comparisons of observation and theory which are of interest include 
the combined loads to and overflowing the 17 OST's. Observed versus 
calculated parameters (starting with theory from the original direct 
group submitted loads) are given in Table VII. The agreement is seen 
to be very good. 

The corresponding comparison of total load from all the OST's is 
given in Table VIII. Again the agreement is highly satisfactory. 

Not all of the overflow from the OST's was offered to the 22 crossbar 
tandem trunks; for economic reasons certain parcels by-passed XBT and 
were sent directly to Suburban Tandem.* This posed the problem of 
breaking off certain portions of the overflow from the OST's, to be added 
again to the overflow from XBT. An estimate was needed of the contri- 
bution made by each parcel of direct group traffic to any OST's over- 
flow. These were taken as proportional to the loads offered the OST by 
each direct group (this assumes that each parcel suffers the same over- 

* In the toll alternate route system by-passing of this sort will not occur. 
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flow probability). The variance of this overflow portion by-passing XBT 
was estimated by assigning to it the same variance-to-average ratio as 
was found for the total load overflowing the OST. Subtracting the means 
and variances so estimated for all items by-passing XBT, left an approxi- 
mate load for XBT from each OST, Combining these corrected overflows 
gave mean and variance values for offered load to XBT. Observed values 

Table VIII — Sum of Loads Overflowing OST's 

Theory Observed 

26.64 
58.42 

25.92 
61.32 

Table IX — Load Offered to Crossbar Tandem 

Theory Observed 

Average  25.18 25.51 
Variance  47.67 56.10 

0,09 

0.06 

0,04 

0.02 

--RANDOM TRAFFIC 

THROWDOWN 
.--NEGATIVE BINOMIAL 

10 20 30 40 
n = NUMBER OF SIMULTANEOUS CALLS 

THEORY OB5D 

AVG 25.18 25.51 
VAR 47.67 56.10 

p§n 

0,8 

0.6 

0,4 

0.2 

10 20 30 40 
n = NUMBER OF SIMULTANEOUS CALLS 

Fig. 33 — Distribution of load offered to crossbar tandem trunks; negative bi- 
nomial theory versus throwdown observations. 
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Table X — Load Overflowing Crossbar Tandem 

Theory Observed 

Average. 
Variance 

6.55 
23.80 

6.47 
33.48 

and those calculated (in the above manner) are given in Table IX. 
Fig. 33 shows the distribution of XBT offered loads, observed and calcu- 
lated. The agreement is very satisfactory. The random traffic (Poisson) 
distribution, is of course, considerably too narrow. 

In a manner exactly similar to previous cases, the Equivalent Random 
load method was applied to the XBT group to obtain estimated param- 
eters of the traffic overflowing. Comparison of observation and theory 
at this point is given in Table X. 

Fig. 34 shows the corresponding observed and calculated distributions 

THEORY OBSD 

• • 
AVG 6.55 6.47 
VAR 23.80 33.48 

f (n) 

V ,'NEGATIVE BINOMIAL 

OL i .  
0 5 10 15 20 25 30 35 

n=NUMBER OF SIMULTANEOUS CALLS 

0 5 10 15 20 25 30 35 
0 = NUMBER OF SIMULTANEOUS CALLS 

Fig. 34 — Distribution of calls from crossbar tandem trunks; negative binomial 
theory versus throwdown observations. 
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of simultaneous calls. The agreement again is reasonably good, in spite 
of the considerable disparity in variances. 

The overflow from XBT and the load which by-passed it, as well as 
some other miscellaneous parcels of traffic, were now combined for final 
offer to the Suburban Tandem group of 17 trunks. The comparison of 
parameters here is again available in Table XI. On Fig. 35 are shown 
the observed and calculated distributions of simultaneous calls for the 
load offered to the ST trunks. The agreement is once again seen to be 
very satisfactory. 

We now estimate the loss from the ST trunks for comparison with the 
actual ■proportion of calls which failed to find an idle path, and finally 

Table XI — Load Offered to Suburban Tandem 

Theory Observed 

15.38 
42.06 

14.52 
48.53 

f(n) 

o.io 

0.08 

0.06 

0.04 

0,02 

0 

THEORY OBSD 
( ( ) 

AVG 15.38 14.52 
VAR 42.06 48.53 

- .-RANDOM TRAFFIC 
% ,--NEGATIVE BINOMIAL 

X<*. .--THROWDOWN 

i  
10 20 30 40 

n = NUMBER OF SIMULTANEOUS CALLS 

-NEGATIVE BINOMIAL 

P^n 

10 20 30 40 
n = NUMBER OF SIMULTANEOUS CALLS 

50 

0.8 

THROWDOWN 0.6 

0.4 

0.2 

Fig. 35 — Distribution of loud ofTered to suburban tandem trunks; negative 
binomial theory versus throwdown observations. 
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Table XII — Grade of Service on ST Group 

Theory Obser- 
vation Observation 

Load submitted (erlangs) 15.38 14.52 Number of calls sub- 
mitted 1057 

Load overflowing (er- 3.20 2.63 Number of calls over- 
langs) flowing 200 

Proportion load over- 0.209 0.181 Proportion of calls over- 
flowing flowing 0.189 

Table XIII — Grade of Service on the System 

Theory Observed 

Total load submitted  475 erlangs 34,001 calls 
Total load overflowing  3.20 erlangs 200 calls 
Proportion of load not served  0.00674 0.00588 

compare the proportions of all traffic offered the system which failed to 
find a trunk immediately. See Tables XII and XIII. 

After these several and varied combinations of offered and overflowed 
loads to a system of one direct and three alternate routes it is seen that 
the final prediction of amount of load finally lost beyond the ST trunks 
is gratifyingly close to that actually observed in the throwdown. The 
prediction of the system grade of service is, of course, correspondingly 
good. 

It is interesting in this connection to examine also the proportions 
overflowing the ST group when summarized by parcels contributed from 
the several OST groups. The individual losses are shown on Fig. 36; they 
appear well in line with the variation one would expect from group to 
group with the moderate numbers of calls which progressed this far 
through the multiple. 

* . • .-THEORY =0.21 
— *~--m   

• , " VAVG OBSD = 0.19 • • • • 

12 4 6 8 10 12 14 16 18 20 
OST GROUP NUMBER 

0.4 

0.3 

0.2 

0.1 
0 

Fig. 36 — Overflow calls on third alternate (ST) route. 
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7.4.1 Correlation of Loss with Peakedness of Components of Non-Ran- 
dom Offered Traffic 

Common sense suggests that if several non-random parcels of traffic 
are combined, and their joint proportion of overflow from a trunk group 
is P, the parcels which contain the more peaked traffic should experience 
overflow proportions larger than P, and the smoother traffic an overflow 
proportion smaller than P. It is by no means clear however, a priori, the 
extent to which this would occur. One might conjecture that if any one 
parcel's contribution to the total combined load is small, its loss would 
be caused principally by the aggregate of calls from the other parcels, 
and consequently its own loss would be at about the general average loss 
P, and hence not very much determined by its own peakedness. The 
Murray Hill-6 throwdown results may be examined in this respect. The 
mean and variance of each OST-parcel of traffic, for example, arriving 
at the final ST route was recorded, together with, as noted before, its 
own proportion of overflow from the ST trunks. The variance/mean over- 
dispersion ratio, used as a measure of peakedness, is plotted for each 
parcel of traffic against its proportion of loss on Fig. 37. There is an un- 
doubted, but only moderate, increase in proportion of overflow with 
increased peakedness in the offered loads. 

It is quite possible, however, that by recognizing the differences be- 
tween the service given various parcels of traffic, significant savings in 
final route trunks can be effected for certain combinations of loads and 
trunking arrangements. Of particular interest is the service given to a 
parcel of random traffic offered directly to the final route when compared 

0.4 
5 0 
a _i 0.3 UJ LU > O 
IL Q- 01 0.2 ZO o< pui 
K LL p O 0.1 

0.5 1.0 1.5 2.0 2.5 3.0 
V/tt OF EACH OST PARCEL REACHING ST TRUNKS 

Fig. 37 — Effect of peakedness on overflow of a parcel of traffic reaching an 
alternate route. 
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with that received by non-random parcels overflowing to it from high 
usage groups. 

7.5 Expected Loss on First Routed Traffic Offered to Final Route 

The congestion experienced by the first-routed traffic offered to the 
final group in a complex alternate route arrangement [such as the right 
hand parcels in Figs. 10(c) and (d)] will be the same as encountered in a 
series of random tests of the final route by an independent observer, 
that is, it will be the proportion of time that all of the final trunks are 
busy. As noted before, the distribution of simultaneous calls n (and hence 
the congestion) on the C final trunks produced b}^ some specific arrange- 
ment of offered load and high usage trunks can be closely simulated by 
that due to a single Equivalent Random load offered to a straight group 
of + C trunks. Then the proportion of time that the C trunks are 
busy in such an equivalent system provides an estimate of the corres- 
ponding time in the real system; and this proportion should be approxi- 
mately the desired grade of service given the first routed traffic. 

Brockmeyer11 has given an expression (his equation 36) for the pro- 
portion of time, Ri , in a simple S + C system with random offer A, 
and "lost calls cleared," that all C trunks are busy, independent of the 
condition of the <S-trunks: 

However, (Tc(S) is usually calculated more readily step-by-step using 
the formula 

R1 = f{S,C,A) 

= Ei,s+c{A) 
ac+i{S) 

TciS) 

(30) 

where 

(rdS) = <TciS — 1) + uc-i{S), 

starting with 

affO) = 1 and 1x0(8) = Aa/Sl 

The average load carried on the C paths is clearly 

Lc = A^M) - E, .s+c (A)], (31) 
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and the variance of the carried load can be shown to be* 

Vc = ALc ^ | — ACEi,s+c{A) + Lc — L2c (32) 
0-2(0) 

On Fig. 38, Ri values are shown in solid line curves for several com- 
binations of A and C over a small range of S trunks. The corresponding 
losses i?2 for all traffic offered the final group, where Rz = a.'/A', are 
shown as broken curves on the same figure. The Ri values are always 
above Ri, agreeing with the common sense conclusion that a random 
component of traffic will receive better service than more peaked non- 
random components. 

However, there are evidently considerable areas where the loss differ- 
ence between the two R's will not be large. In the loss range of principal 
interest, 0.01 to 0.10, there is less proportionate difference between the 
R's as the A = C paired values increase on Fig. 38. For example, at 
R2 = 0.05, and A = C = 10, R2/R1 = 0.050/0.034 = 1.47; while for 
A = C = 30, TVRi = 0.050/0.044 = 1.13. Similarly for A = 2C, the 
R2/R1 ratios are given in Table XIV. Again the rapid decrease in the 
Ro/Ri ratio is notable as A and C increase. 

F. I. Tange of the Swedish Telephone Administration has performed 
elaborate simulation studies on a variety of semi-symmetrical alternate 
route arrangements, to test the disparity between the Ri and 7?2 types 
of losses on the final route.f For example if g high-usage groups of 8 
paths each, jointly overflow 2.0 erlangs to a final route which also serves 
2.0 erlangs of first routed traffic, Tange found the differences in losses 
between the two 2-erlang parcels, i?hiKh usage (h.u.) —Ri, shown in 
column 9 of Table XV. The corresponding ER calculations are performed 
in columns 2 to 8, the last of which is comparable with the throwdown 
values of column 9. The agreement is not unreasonable considering the 
sensitiveness of determining the difference between two small prob- 
abilities of loss. A quite similar agreement was found for a variety of 
other loads and trunk arrangements. 

* In terms of the first two factorial moments of n: Vc is given by 
Vc = M(2) + Md) — Mo2, where Ma) = Lc 

General expressions Ma) for the factorial moments of n are derived in an unpub- 
lished memorandum by J. Riordan. 

f Optimal Use of Both-Way Circuits in Cases of Unlimited Availability, a 
paper by F. I. T&nge, presented at the First International Congress on the Appli- 
cation of the Theory of Probability in Telephone Engineering and Administration, 
June 1955, Copenhagen. 
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Fig. 38 — Comparison of Ri and Rt losses under various load and trunk con- 
ditions. 

Table XIV—The R2/R1 Ratios for A = 2C 

A c Rz/Ri when Ri = 0.05 

10 5 10.6 • 
20 10 3.25 
30 15 2.44 
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Table XV—Comparison of E.R. Theory and Throwdowns on 
Disparity of Loss Between High Usage Overflow and 

Random Offer to a Final Group 
(8 trunks in each high usage group; 9 final trunks serving 2.0 erlangs 

high usage overflow and 2.0 erlangs first routed traffic.) 

Number of 
Groups of 

8 High Usage 
Trunks 

ER Theory (A' = 4.0) Tangc 
Throwdown 
Rh.u. - Ri V A 5 II R "t Ri Rh.u. — 2/?2 - ^1 

Rk.u. — Rl— 
2(Ri - RO 

(I) (2) (3) (4) (5) (6) (7) (8) (9) 
1 5.77 7.51 4.17 0.0375 0.0251 0.0499 0.0248 0.0180 
2 5.80 7.50 4.25 0.0383 0.0255 0.0511 0.0256 0.0247 
3 5.74 7.44 4.08 0.0369 0.0248 0.0490 0.0242 0.0286 
4 5.68 7.30 3.91 0.0362 0.0247 0.0477 0.0230 0.0276 
5 5.64 7.20 3.80 0.0355 0.0242 0.0468 0.0226 0.0245 
G 5.58 7.06 3.64 0.0350 0.0240 0.0460 0.0220 0.0221 
7 5.55 7.00 3.56 0.0345 0.0238 0.0452 0.0204 0.0202 
8 5.51 6.91 3.45 0.0335 0.0236 0.0434 0.0198 0.0188 
9 5.47 6.81 3.34 0.0325 0.0231 0.0419 0.0188 0.0177 

10 5.45 6.76 3.29 0.0312 0.0225 0.0399 0.0174 0.0166 

Limited data are available showing the disparity of Ri and /?2 in 
actual operation in a range of load and trunk values well beyond those 
for which Ri values have been calculated. Special peg count and over- 
flow registers were installed for a time on the final route during the 1955 
Newark alternate route tests. These gave separate readings for the calls 
from high usage groups, and for the first routed Newark to Pittsburgh 
calls. Comparative losses for 17 hours of operation over a wide range of 
loadings are shown on Fig. 39. The numbers at each pair of points give 
the per cent of final route offered traffic which was first routed (random). 
In general, approximately equal amounts of the two types of traffic were 
offered. 

In 6 of the hours almost identical loss ratios were observed, in 7 hours 
the overflow-from-high-usage calls showed higher losses, and in 4 hours 
lower losses, than the corresponding first routed calls. The non-random 
calls clearly enjoyed practically as good service as the random calls. This 
result is not in disagreement with what one might expect from theory. 
To compare directly with the Newark-Pittsburgh case we should need 
curves on Fig. 38 expanded to correspond to .4', V values of (50, 85) 
to (120, 200). Examining the mid-range case of C = 65, A' = 70, V = 
120, we find A = 123, 6' — 54. Here A is approximately 2C'; extrapolat- 
ing the .4 = 2C curves of Fig. 38 to these much higher values of A and C 
suggests that Ro/Ri would be but little different from unity. 
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It is clear from the above theory, throwdowns, and actual observa- 
tion that there are certain areas where the service differences given first 
routed and high usage trunk overflow parcels of traffic are significant. 
In Section 8, where practical engineering methods are discussed, curves 
are presented which permit recognition of this fact in the determination 
of final trunk requirements. 

7.6 Load on Each Trunk, Particularly the Last Trunk, in a Non-Slipped 
Alternate Route 

In the engineering of alternate route systems it is necessary to deter- 
mine the point at which to limit a high usage group of trunks and send 
the overflow traffic via an alternate route. This is an economic problem 
whose solution requires an estimate of the load which will be carried on 

t>^ 

6 64 56 8 

57 

58 

% 38 

FIRST ROUTED TRAFFIC (NUMBERS INDICATE PER 
CENT OF TOTAL WHICH IS FIRST ROUTED) 
OVERFLOW TRAFFIC FROM 7 HIGH USAGE GROUPS 

Ol_   40 50 60 70 80 90 100 110 120 
A'= ESTIMATED OFFERED LOAD TO PITTSBURGH IN ERLANGS (INCLUDING RETRIALS) 

Fig. 39 — Comparison of losses on final route (Newark to Pittsburgh) for high 
usage overflow and first routed traffic. 



THEORIES FOR TOLL TRAFFIC ENGINEERING IN THE U. S. A. 487 

the last trunk of a straight high usage group of any specified size, carry- 
ing either first or higher choice traffic or a mixture thereof.* 

The Equivalent Random theory readily supplies estimates of the loads 
carried by any trunk in an alternate routing network. After having found 
the Equivalent Random load A offered to 5 + C trunks which corresponds 
to the given parameters of the traffic offered to the C trunks, it is a simple 
matter to calculate the expected load t on any one of the C trunks if 
they are not slipped or reversed. The load on the zth trunk in a simple 
straight multiple (or the & + jth. in a divided multiple of S lower and C 
upper trunks), is 

A- = la+j := AlE^s+j^A) — Ei,s+j{A)] (33) 

where Ei.„(A) is the Erlang loss formula. A moderate range of values of 
A versus load A is given on Figure 40.f 

Using this method, selected comparisons of theoretical versus observed 
loads carried on particular trunks at various points in the Murray- 
Ilill-G throwdown are shown in Fig. 41; these include the loads on each 
of the trunks of the first two OST groups of Fig. 32, and on the second 
and third alternate routes, crossbar and suburban tandem, respectively. 
The agreement is seen to be fairly good, although at the tail end of the 
latter two groups the observed values drop away somewhat from the 
theoretical ones. There seems no explanation for this beyond the possi- 
bility that the throwdown load samples here are becoming small and 
might by chance have deviated this far from the true values (or the 
arbitrary breakdown of OST overflows into parcels offered to and by- 
passing XBT may well have introduced errors of sufficient amount to 
account for this disparity). As is well known, (33) gives good estimates 
of the loads carried by each trunk in a high usage group to which random 
(Poisson) traffic is offered; this relationship has long been used for the 
purpose in Bell System trunk engineering. 

8. PRACTICAL METHODS FOR ALTERNATE ROUTE ENGINEERING 

To reduce to practical use the theory so far presented for analysis of 
alternate route systems, working curves are needed incorporating the 

* The proper selection point will be where the circuit annual charge per erlang 
of traffic carried on the last trunk, is just equal to the annual charge per erlang 
of traffic carried by the longer (usually) alternate route enlarged to handle the 
overflow traffic. 

t A comprehensive table of A" is given by A. Jensen as Table IV in his book 
''Moe's Principle," Copenhagen, 1950; coverage is for ^ ^ 0.001 erlang, i = 1(1)140; 
A = 0.1(0.1)10, 10(1)50, 50(4)100. Note that n + 1, in Jensen's notation, equals i 
here. 
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pertinent load-loss relationships. The methods so far discussed, and 
proposed for use, will be briefly reviewed. 

The dimensioning of each high usage group of trunks is expected to be 
performed in the manner currently in use, as described in Section 7.6. 
The critical figure in this method is the load carried on the last high 
usage trunk, and is chosen so as to yield an economic division of the 
offered load between high usage and alternate route trunks. Fig. 40 is 
one form of load-on-each-trunk presentation suitable for choosing eco- 
nomic high usage group size once the permitted load on the last trunk 
is established. 

The character (average a and variance v) of the traffic overflowing 
each high usage group is easily found from Figs. 12 and 13 (or equivalent 

OST GROUP NO.I OST GROUP NO. 2 

12 3 4 5 6 12 3 
TRUNK NUMBER 

CROSSBAR TANDEM GROUP 

0,5 

12 4 6 8 10 12 14 16 18 20 22 
TRUNK NUMBER 

SUBURBAN TANDEM GROUP 

0.5 

6 8 10 12 
TRUNK NUMBER 

Fig. 41 —Comparison of load carried by each alternate route trunk; theory 
versus throwdowns. 
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tables). The respective sums of the overflow a's and v's, give A' and V 
by (28) and (29); they provide the necessary statistical description of 
traffic offered to the alternate route. 

According to the Equivalent Random method for estimating the alter- 
nate route trunks required to provide a specified grade of service to the 
overflow traffic A', one next determines a random load A which when 
submitted to S trunks will yield an overflow with the same character 
{A', V) as that derived from the complex system's high usage groups. 
An alternate route of C trunks beyond these S trunks is then imagined. 
The erlang overflow a', with random offer A, to »S + C trunks is found 
from standard Ei-formula tables or curves (such as Fig. 12). 

The ratio R2 = a'/A' is a first estimate of the grade of service given to 
each parcel of traffic offered to the alternate route. As discussed in Sec- 
tion 7.5, this service estimate, under certain conditions of load and 
trunk arrangement, may be significantly pessimistic when applied to a 
first routed parcel of traffic offered directly to the alternate route. An 
improved estimate of the overflow probability for such first routed 
traffic was found to be Ri as given by (30). 

8.1 Determination of Final Group Size with First Routed Traffic Offered 
Directly to the Final Group 

When first routed traffic is offered directly to the final group, its 
service Ri will nearly always be poorer than the overall service given to 
those other traffic parcels enjoying high usage groups. The first routed 
traffic's service will then be controlling in determining the final group 
size. Since Trh is a function of S, C and A in the Equivalent Random 
solution (30), and there is a one-to-one correspondence of pairs of A and 
S values with A' and V values, engineering charts can be constructed at 
selected service levels Ri which show the final route trunks C required, 
for any given values of A' and V. Figs. 42 to 45 show this relation at 
service levels of Ri = 0.01, 0.03, 0.05 and 0.10, respectively.* 

* On Fig. 42 (and also Figs. 46-49) the low numbered curves assume, at^first 
sight, surprising shapes, indicating that a load with given average and variance 
would require fewer trunks if the average were increased. This arises from the 
sensitivity of the tails of the distribution of offered calls, to the V'/A' peaked- 
ness ratio which, of course, decreases with increases in A'. For example, with C 
= 4 trunks and fixed V = 0.52, the loss rapidly decreases with increasing A'-. 

A' V'/A' A 5 a' a'/A' 

0.28 1.86 6.1 10. 0.0155 0.055 
0.33 1.58 3.0 5.0 0.0081 0.025 
0.40 1.30 1.42 2.03 0.0036 0.009 
0.52 1.00 0.52 0 0.0008 0.002 
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These four Ri levels would appear to cover the most used engineering 
range. For example, if the traffic offered to the final route (including the 
first routed traffic) has parameters A' = 12 and V = 20, reading on 
Fig. 43 indicates that to give P = 0.03 "lost calls cleared" service to 
the first routed traffic, C = 19 final route trunks should be provided. 
(For random traffic {V = A' = 12), 17.8 trunks would be required.) 

Other charts, of course, might be constructed from which Ri could be 
read for specific values of /F, V and C. They would become voluminous, 
however, if a wide range of all three variables were required. 

8.2 Provision of Trunks Individual to First Routed Traffic to Equalize 
Service 

If the difference between the service Ri given the first routed parcel of 
traffic and the service given all of the other parcels, is material, it may be 
desirable to take measures to diminish these inequities. This may readily 
be accomplished by setting aside a number of the otherwise full access 
final route trunks, for exclusive and first choice use of the first routed 
traffic. High usage groups are now provided for all parcels of traffic. The 
alternate route then services their combined overflow. The overall grade 
of service given the zth parcel of offered traffic in a single stage alter- 
nate route system will then be approximately 

Pi = Ei,Xi(ai)R2 = EiXiiai)^-, (34) 
A 

Thus the service will tend to be uniform among the offered parcels when 
all send substantially identical proportions of their offered loads to the 
alternate route. And the natural provision of "individual" trunks for the 
exclusive use of the first routed traffic would be such that the same pro- 
portion should overflow as occurs in the associated high usage groups. 

This procedure cannot be followed literally since high usage group 
size is fixed by economic considerations rather than any predetermined 
overflow value. The resultant overflow proportions will commonly vary 
over a considerable range. In this circumstance it would appear reason- 
able to estimate the objective overflow proportion to be used in estab- 
lishing the individual group for the first routed traffic, as some weighted 
average b of the overflow proportions of the several high usage groups. 
Thus with weights g and overflow proportions b, 

5 = ^ + ^2 + •" (35) 
  01 + 02 + 

* Although not exact, this equation can probably be accepted for most engi- 
neering purposes where high usage trunks are provided for each parcel of traffic. 



z 
c\j a (\1 ID 

K 

co Q: 

ID Z 

.2 

O Q 

% 

ainoa nvNid oi aaaiddo avon do 30NviavA = ,A 

\ \ 

q 

m d 

o 

\ 1 \ 

\ 1 Y 
\ \ 

V 

Ss ^ o 

g \ 

% ^ 

% 
00^ - 

— 
•- 

wrynjAj — — — — 
ainoa ivNid oi aauaddo oven do 30NviavA=,A 

492 



V 

JG 

ginoM "ivNid 01 adaaddo avoi do 30NviavA=<A 

\ 

Vv T ^ 
so 

0 10 
sinoa nvNid oi aaaBddo avoi do 30NviavA=,A 

493 

0 C\J LH rt 
(O C\J -3 « 

O 3 
< 

(\J tt to 
to 

CVJ LU > 
D tc 

<n y 0 
to 

<D / U. 3 
P V n 
a 3 O Li. 
O 

3 < 
y *— 

<D 
< a tu to 0 03 
< 
II 

> 0 
2 H 

< &H " 
|QS 

rsj ^ 0 
tig 
E> 

O Cfl 



494 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1956 

A choice of all weights g equal to unity will often be satisfactory for the 
present purpose. The desired high usage group size for the first routed 
traffic is then found from standard Ei-tahles showing trunks x required, 
as a function of offered traffic a and proportion overflow b. 

Since the different parcels of traffic have varying proportions h of their 
loads overflowing to the final route, by equation (34) the parcel with 
the largest proportion will determine the permitted value of . Thus 

R* = P/bmax (36) 

where P is the specified poorest overall service (say 0.03) for any parcel. 
It may be noted that on occasion some one parcel, perhaps a small one, 
may provide an outstandingly large 6max value, which will tend to give 
a considerably better than required service to all the major traffic 
parcels. Some compromise with a literal application of a fixed poorest 
service criterion may be indicated in such cases. 

An alternative and somewhat simpler procedure here is to use an 
average value 5 in (36) instead of hmax , with a compensating modifica- 
tion of P, so that substantially the same R? is obtained as before. The 
allowance in P will be influenced by the choice of weights g in (35). It 
will commonly be found in practice that overflow proportions to final 
groups for large parcels of traffic are lower than for small parcels. Choos- 
ing all weights, as unity, as opposed to weighting by traffic volumes for 
example, tends to insert a small element of service protection for those 
traffic parcels (often the smaller ones) with the higher prportionatc high 
usage group overflows. 

Having determined R2, a ready means is needed for estimating the 
required number of final route trunks, Curves for this purpose are pro- 
vided on Figs. 46 to 49, within whose range, R2 = 0.01 to 0.10, it will 
usually be sufficiently accurate to interpolate for trunk engineering 
purposes. These fiVcurves exactly parallel the /^-curves for use when 
first routed traffic is offered directly to the final group without benefit 
of individual high usage trunks. If R* is well outside the charted range 
a run-through of the ER calculations may be required. 

8.3 Area in Which Significant Savings in Final Route Trunks are Realized 
by Allowing Jor the Preferred Service Given a First Routed Traffic Parcel 

Considerable effort has been expended by alternate route research 
workers in various countries to discover and evaluate those areas where 
first routed (random) traffic offered to a final route enjoys a substantial 
service advantage over competing parcels of traffic which have over- 
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flowed from high usage groups. A comparison of Figs. 42 to 45, (which 
indicate trunk provision for meeting a first routed traffic criterion Ri) 
with Figs. 46 to 49 (which indicate trunk provision for meeting a com- 
posite-load-offered-to-the-final-route criterion R^) gives a means for de- 
ciding under what conditions in practice it is important to distinguish 
between the two criteria. Fig. 50 shows the borders of areas, defined in 
terms of A' and V, the characterizing parameters of the total load 
offered to the final route, where a 2 and 5 per cent overprovision of final 
trunks would occur using /?2 for Ri as the loss measure for first routed 
traffic. Thus in the alternate route examples displayed in Table XV, 
where x = 8, (/ = 2 to 10, A' = 4.0 and V varies from 5.80 to 5.45, 
Fig. 50 shows that by failing to allow for the preferred position of the 2 
erlang first routed parcel, we should at R = 0.02 engineered loss, provide 
a little over 5 per cent more final trunks than necessary. (Actually 10.2 
and 9.9 versus 9.6 and 9.4 trunks for g = 2 and 10; respectively.) 

The curves of Fig. 50 for final route loads larger than a few erlangs, 
are almost straight lines. At an objective engineering base of 7? = 0.03, 
for example, the 2 and 5 per cent trunk overprovision areas through 
using Ro instead of Ri are outlined closely by: 

2 per cent overprovision occurs at V'/{A' — 1) — 1.4 
5 per cent overprovision occurs at V'/{A' — 1) — 1.8. 

Thus in the range of loads covered by Fig. 50, one might conclude that 
useful and determinable savings in final trunks can be achieved by use 
of the specialized fib-curves instead of the more general fib-curves, when 
the ratio — 1) exceeds some figure in the 1.4 to 1.8 range, say 1.6. 
(In the examples just cited the V'/{A' — 1) ratio is approximately 1.9.) 

8.4. Character of Traffic Carried on Non-Final Routes 

Telephone traffic which is carried by a non-final route will ordinarily 
be subjected to a peak clipping process which will depress the variance 
of the carried portion below that of the offered load. If this traffic ter- 
minates at the distant end of the route, its character, while conceivably 
affecting the toll and local switching trains in that office, will not require 
further consideration for intertoll trunk engineering. If, however, some 
or all of the route's load is to be carried on toll facilities to a more distant 
point (the common situation), the character of such parcels of traffic will 
be of interest in providing suitable subsequent paths. For this purpose 
it will be desirable to have etimates of the mean and variance of these 
carried parcels. 

When a random traffic of "a" erlangs is offered to a group of "c" paths 
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md overflowing calls do not return, the variance of the carried load is 

Vcd = a[l - Ei, c (a)] [1 + aEi, c (a) - aEi, c _,(a)]* (37) 

and the ratio of variance to average of the carried load is 

= 1 — a [Ei, c-i(a) — Ei, do)]* 

= i —' 

= 1-1 

LY 
(38) 

1 These particular forms are due to P. J. Burke. 
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From (38) it is easy to see that 

Vcd = L(1 - ec) 
= (Load carried by the group) (1 — load on last trunk) (39) 

This is a convenient relationship since for high usage trunk study work, 
both the loads carried (in erlangs) on the group and on the last trunk 
will ordinarily be at hand. 

If the high usage group's load is to be split in various directions at 
the distant point for re-offer to other groups, it would appear not un- 
reasonable to assign a variance to each portion so as to maintain the 
ratio expressed in equation (38). That is, if a carried load L is divided 
into parts Xi, Xa • • • where L = Xi + X2 • • • , then the associated 
variances 71, 72 • • . would be 

71 = ^1 (1 — O 

72 = Ml - Q (40) 

If, however, the load offered to the group is non-random (e.g., the 
group is an intermediate route in a multi-alternate route system), the 
procedure is not quite so simple as in the random case just discussed. 
Equation (32) expresses the variance Vc of the carried load on a group 
of C paths whose offered traffic consists of the overflow from a first 
group of S paths to which a random load of A erlangs has been offered. 
Vc could of course be expressed in terms of .4', V and C, and curves or 
tables constructed for working purposes. However, such are not avail- 
able, and in any case might be unwieldy for practical use. 

A simple alternative procedure can be used which yields a conserva- 
tive (too large) estimate of carried load variance. With random load 
offered to a divided two stage multiple of x paths followed by y paths, a 
positive correlation exists between the numbers m and n of calls present 
simultaneously on the x and y paths, respectively. Then the variance 
Vm+n of the 7)1 + 71 distribution is greater than the sum of the individual 
variances of w and n, 

Vm+n > Vm + Vn 
or 

vm < TVn - V„ (41) 

Now 7i can be chosen arbitrarily, and if made very large, Fm+n becomes 
the offered load variance, and Vn the overflow load variance. Both of 
these are usually (or can be made) available. Their difference then, 
according to (41) gives an upper limit to Vm , the desired carried load 
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Table XVI—Approximate Determination of the Variance 
of Carried Loads; 

x lower paths, 8 upper paths; offer to upper paths = 3 erlangs 

Lower Paths, x Upper Paths, y 

No. 
Lower 
Paths 

X 

Random 
offered 
load 

A (= V) 

Varianrc 
of overflow 
Vn 

Estimated 
variance 
of carried 

load 
V — Vn 

True 
variance of 
carried load 

Eq (37) 

Variance 
of offer 

V (= F„) 
(Col 3) 

Variance of 
overflow 

V" 

Estimated 
variance 

of cd load 
V - V 

True 
variance 

of cd load 
(Brock- 
meyer) 

(1) 
0 
3 
6 

12 

(2) 
3.00 
5.399 
7.856 

12.882 

(3) 
3.00 
4.05 
4.98 
6.22 

(4) 
0 
1.35 
2.88 
6.66 

(5) 
0 
0.60 
1.418 
3.538 

(6) 
3.00 
4.05 
4.95 
6.22 

(7) 
0.035 
0.121 
0.236 
0.520 

(8) 
2.97 
3.93 
4.74 
5.70 

(9) 
2.853 
3.664 
4.175 
4.790 

variance. Corresponding reasoning yields the same conclusion when the 
offered load before the x paths is non-random. 

A numerical example by Brockmeyer11 while clearly insufficient to 
establish the degree of the inequality (41), indicates something as to the 
discrepancy introduced by this approximate procedure. Comparison with 
the true values is shown in Table XVI. 

In the case of random offer to the 0, 3, 6, 12 "lower paths," the ap- 
proximate method of equation (41) overestimates the variance of the 
carried load by nearly two to one (columns 4 and 5 of Table XVI). The 
exact procedure of (37) is then clearly desirable when it is applicable, 
that is when random traffic is being offered. For the 8 upper paths to 
which non-random load is offered (the non-randomness is suggested by 
comparing the variance of column 6 in Table XVI with the average 
offered load of 3 erlangs), the approximate formula (41) gives a not too 
extravagant overestimate of the true carried load variance. Until curves 
or tables are computed from equation (32), it would appear useful to 
follow the above procedure for estimating the carried load variance 
when non-random load is offered. 

8.5. Solution of a Typical Toll Multi-Alternate Route Trunking Arrange- 
ment: Bloomshiwg, Pa. 

In Fig. 9 a typical, moderately complex, toll alternate route layout 
was illustrated. It is centered on the toll office at Bloomsburg, Pa. The 
loads to be carried between Bloomsburg and the ten surrounding cities 
are indicated in CCS (hundred call seconds per hour of traffic; 36 CCS = 
1 erlang). The numbers of direct high usage trunks shown are assumed 
to have been determined by an economic study; we are asked to find 
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the number of trunks which should be installed on the Bloorasburg- 
Harrisburg route, so that the last trunk will carry approximately 18 
CCS (0.50 erlang). Following this determination, (a) the number of final 
trunks from Bloomsburg to Scranton is desired so that the poorest 
service given to any of the original parcels of traffic will be no more than 
3 calls in 100 meeting NC. Also (h) the modified Bloorasburg-Scranton 
trunk arrangement is to be determined when a high usage group is pro- 
vided for the first routed traffic. 

Solution (a): First Routed Traffic Offered Directly to Final Group 

The offered loads in CCS to each distant point are shown in column 
(2) of Table XVII; the corresponding erlang values are in column (3). 
Consulting Figs. 12 and 13, the direct group overflow load parameters, 
average and variance, are read and entered in columns (5) and (6) re- 
spectively for the four groups overflowing to Harrisburg, and in columns 
(7) and (8) for the four groups directly overflowing to Scranton. The 
variance for the direct Bloomsburg-Harrisburg traffic equals its average; 
likewise for the direct Bloomsburg-Scranton traffic. They are so entered 
in the table. The parameters of the total load on the Harrisburg group 
are found by totalling, giving A' = 11.19, and V = 19.90, 

The required size C'i of the Harrisburg group is now determined by 
the Equivalent Random theory. Entering Fig. 25 with A' and V just 
determined, the ER values of trunks and load found are »Si = 13.55, 
and A i = 23.75. Ci is to be selected so that on a straight group of *81 + 
Ci trunks with offered load A, the last trunk will carry 0.50 erlang. 
Reading from Fig. 40, the load carried by the 26th trunk approximates 
this figure. Hence C'i = 26 — = 12.45 trunks; or choose 12 trunks. 

The overflow load's mean and variance from the Harrisburg group 
with 12 trunks, is now read from Figs. 12 and 13, entering with load 
Ai = 23.75 and Ci -f >81 = 25.55 trunks. The overflow values (a' = 
2.50 and v' = 7.50) are entered in columns (7) and (8) of the table. 
The total offered load to Scranton is now obtained by totalling columns 
(7) and (8), giving A" = 16.27 and V" = 25.60. 

We desire now to know the number of trunks C2 for the Scranton 
group which will provide NC 3 per cent of the time to the poorest service 
parcel of traffic, i.e., the first routed Bloomsburg-Scranton parcel. The 
Ri = 0.03 and Ri = 0.03 solutions are available, the former of course 
being more closely applicable. A check reference to Fig. 50 shows a 
difference of approximately 4 per cent in trunk provision would result 
from the two methods. Entering Figs. 43 and 47 with A" = 16.27 and 
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V" = 25.60, we obtain the trunk requirements: 

721 Method  23.8 trunks 
7?2 Method  24.8 trunks 

Thus the more precise method of solution here yields a reduction of 1.0 
in 25 trunks, a saving of 4 per cent, as had been predicted. 

The above calculation is on a Lost Calls Cleared basis. Since the over- 
flow direct traffic calls will return to this group to obtain service, to as- 
sure their receiving no more than 3 per cent NC, the provision of the 
final route would theoretically need to be slightly more liberal. An esti- 
mate of the allowance required here may be made by adding the ex- 
pected erlangs loss A for the direct traffic (most of the final route over- 
flow calls which come from high usage routes will be carried by their 
respective groups on the next retrial) to both the A" and V" values 
previously obtained, and recalculating the trunks required from that 
point onward. (In fact this could have been included in the initial com- 
putation.) Thus: 

A = 0.03 X 10.14 = 0.30 erlang 
A'" = 16.27 4- 0.30 = 16.57 erlangs 
V"' = 25.60 + 0.30 = 25.90 erlangs 

Again consulting Figs. 43 and 47 gives the corresponding final trunk 
values 

721 Method  24.1 trunks 
722 Method  25.1 trunks 

Of the above four figures for the number of trunks in the Scranton 
route, the 72i-Method with retrials, i.e., 24.1 trunks, would appear to 
give the best estimate of the required trunks to give 0.03 service to the 
poorest service parcel. 

Solution (b): With High Usage Group Provided for First Routed Traffic 

Following the procedure outlined in Section 8.2, we obtain an average 
of the proportions overflowing to the final route for all offered load par- 
cels. The individual parcel overflow proportion estimates are shown in 
the last column of Table XVII; their unweighted average is 0.112. With 
a first routed offer to Scranton of 10.14 erlangs, a provision of 12 high 
usage trunks will result in an overflow of a = 1.26 erlangs, or a propor- 
tion of 0.125 which is the value most closely attainable to the objective 
0.112. With 12 trunks the overflow variance is found to be 2.80. 
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Replacing 10.14 in columns 7 and 8 of Table XVII with 1.26 and 2.80, 
respectively, gives new estimates characterizing the offer to the final 
route, A" = 7.39 and Y" = 18.26. We now proceed to insure that the 
poorest service parcel obtains 0.03 service. This occurs on the Phila- 
delphia and Harrisburg groups, which overflow to the final group ap- 
proximately 0.224 of then- original offered loads. The final group must 
then, according to equation (34) be engineered for 

7^2 = 0.03/0.224 = 0.134 service. 

This value lies above the highest i?2 engineering chart (Fig. 49, = 
0.10), so an ER calculation is indicated. 

The Equivalent Random average is 28.6 erlangs, and & = 23.5 
trunks. We determine the total trunks S + R which, with 28.6 erlangs 
offered, will overflow 0.134(7.39) = 0.99 erlang. From Fig. 12.2, 35.6 
trunks are required. Then the final route provision should be C = 35.6 — 
23.5 = 12.1 trunks; and a total of 12 + 12.1 or 24.1 Scranton trunks 
is indicated. 

Simplified Alternative Solution: In Section 8.2 a simplified approxi- 
mate procedure was described using a modified probability P' for the 
average overall service for all parcels of traffic, instead of P for the poor- 
est service parcel. Suppose P' = 0.01 is chosen as being acceptable. 
Then 

P' 0.01 
h ~ 0.112 

r2 = — = = 0.089 

Interpolating between the 7?2 = 0.05 and 0.10 curves (Figs, 48 and 49) 
gives with A" = 7.39 and V" = 18.26, C = 13.4, the number of final 
trunks required. Again the same result could have been obtained by 
making the suitable ER computation. It may be noted that if P' had 
been chosen as 0.015 (one-half of P), Ro would have become 0.134, 
exactly the same value found in the poorest-service-parcel method. The 
final trunk provision, of course, would have again been 12.1 trunks. 

Disscussion 

In the first solution above, 24.1 full access final trunks from Rlooms- 
burg to Scranton were required. The service on the first routed traffic 
was 0.03; however, the service enjoyed by the offered traffic as a whole 
was markedly better than 0.03. The corresponding ER calculation 
shows {A = 28.3, 8 + 0 = 12.3 + 24.1) a total overflow of a" = 0.72 
erlangs, or an overall service of 0.72/91.21 = 0.008. 
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In the second solution, 12 high usage and 12.1 common final, or a total 
of 24.1, trunks were again required, to give 0.03 service to the poorest 
service parcels of offered load. The overall service here, however, was 
0.99/91.21 = 0.011. Thus, with the same number of paths provided, 
in the second solution (high usage arrangement) the overall call loss was 
40 pes cent larger than in the first solution,* However, it may well be 
desirable to accept such an average service penalty since by providing 
high usage trunks for the first routed traffic, the latter's service cannot 
be degraded nearly so readily should heavy overloads occur momentarily 
in the other parcels of traffic. 

9. CONCLUSION 

As direct distance dialing increases, it will be necessary to provide 
intertoll paths so that substantially no-delay sendee is given at all times. 
To do this economically, automatic multi-alternate routing will replace 
the present single route operation. Traffic engineering of these compli- 
cated trunking arrangements will be more difficult than with simple 
intertoll groups. 

One of the new problems is to describe adequately the non-random 
character of overflow traffic. In the present paper this is proposed to be 
done by employing both mean and variance values to describe each par- 
cel of traffic, instead of only the mean as used heretofore. Numerous 
comparisons are made with simulation results which indicate that ade- 
quate predictive reliability is obtained by this method for most traffic 
engineering and administrative purposes. Working curves are provided 
by which trunking arrangements of considerable complexity can readily 
be solved. 

A second problem requiring further review is the day-to-day variation 
among the primary loads and their effect on the alternate route system's 
grade of service. A thorough study of these variations will permit a re- 
evaluation of the service criteria which have tentatively been adopted. 
A closely allied problem is that of providing the necessary kind and 
amounts of traffic measuring devices at suitable points in the toll alter- 
nate route systems. Requisite to the solution of both of these problems 
is an understanding of traffic flow character in a complex overflow-type 

* The actual loss difference may be slightly greater than estimated here since 
in the first solution (complete access final trunks), an allowance was included for 
return attempts to the final route by first routed calls meeting an 0.03 loss, while 
in the second solution (high usage group for first routed traffic) no return at- 
tempts to the final route were considered. These would presumably be small since 
only 1 per cent of all calls would overflow and most of these upon retrial would be 
handled on their respective high usage groups. 
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of trunking plan, and a method for estimating quantitatively the essential 
fluctuation parameters at each point in such a system. The present paper 
has undertaken to shed some light on the former, and to provide an 
approximate yet sufficiently accurate method by which the latter can 
be accomplished. It may be expected then that these studies, as they are 
developed, will provide the basis for assuring an adequate direct dis- 
tance dialing service at all times with a minimum investment in intertoll 
trunk facilities. 
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Appendix I* 

DERIVATION OF MOMENTS OF OVERFLOW TRAFFIC 

This appendix gives a derivation of certain factorial moments of the 
equilibrium probabilities of congestion in a divided full-access multiple 
used as a basis for the calculations in the text. These moments were de- 
rived independently in unpublished memoranda (1941) by E. C. Molina 
(the first four) and by H. Nyquist; curiously, the method of derivation 
here, which uses factorial moment generating functions, employs auxili- 
ary relations from both Molina and Nyquist. Although these factorial 
moments may lie obtained at a glance from the probability expressions 
given by Kosten in 1937, if it is remembered that 

= (u) 

where p(x) is a discrete probability and M(*> is the A th factorial moment 
of its distribution, Kosten does not so identify the moments and it may 
be interesting to have a direct derivation. 

Starting from the equilibrium formulas of the text for f{m, n), the 
probability of m trunks busy in the specific group of x trunks, and n in 

* Prepared by J. Riordan. 



508 THE BELL SYSTEM TECHNICAL JOURNAL, MARCH 1956 

the (unlimited) common group, namely 

(a + m + n)/(m, n) — (m + l)/(w + 1, n) 

— (n + l)/(m, n + 1) — af(m — 1, n) = 0 
(1.2) 

(a + x + n)f{x, n) - af{x, n - 1) 

- (n + l)/(x, n + 1) - af(x - 1, n) = 0 

and 

/(m, n) = 0, m < 0 or n < 0 or m > x, 

factorial moment generating function recurrences may be found and 
solved. 

With m fixed, factorial moments of n are defined by 

Mwim) = £ (n)kf{m, n) (1.3) 
n=0 

or alternatively by the factorial moment exponential generating function 

M(m, 0 = Z M<k){m)lk/k\ = E (1 + t)nf(m, n) (1.4) 
fc=0 «=0 

In (1.3), {n)k = n{n — 1) • • • (n — fc + 1) is the usual notation for a 
falling factorial. 

Using (1.4) in equations (1.2), and for brevity D = d/dt, it is found 
that 

a + m + t) - {m + l)M(m + 1, 0 

-aM(m- 1,0 = 0 (1.5) 

(x — at + tD)M(x, t) — aM(x — 1,0 =0 

which correspond (by equating powers of I) to the factorial moment re- 
currences 

(a -f m -f k)M(_k)(m) — {m + l)M(k)(m + 1) 

— aM(k)(ni — 1) = 0 (1.6) 

(x + k)M(k)(x) - akM{k-i)(x) — aM^ix — 1) = 0 

Notice that the first of (1.6) is a recurrence in m, which suggests (fol- 
lowing Molina) introducing a new generating function defined by 

Gk{u) = ZM{k){m)um (1.7) 
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Using this in (1.5), it is found that 

^(o 

Hence 

+ k — au + (u — 1) ^1 Gk(.u) = 0 (1.8) 

1 dGt(u) = a+k (Lg) 

Gk(u) du 1 — u 

and, by easy integrations, 

Gk(u) = ceau (1 — u)~k, (1.10) 

with c an arbitrary constant, which is clearly identical with Gk(0) = 
M(a.)(0). _ 

Expansion of the right-hand side of (1.10) shows that 
m / 7 1 •   \ in—j 

= Mm(0) Zl 't'J. , - (1,11) 
;=o \ J / Gn - j)\ 

if 

ao(m) = am/m\ and, (Tk{m) = £ f^ ^ ^ 7— 7i (1-12) 
;=o \ J / (w - j)! 

The notation 07. (wi) is copied from Nyquist; the functions are closely 
related to the ^I

(") used by Kosten; indeed <7k{m) = ea<pm
{k). They have 

the generating function 

Qk (u) = E <rk(m)um = eau(l - u)-k (1.13) 
n=0 

from which a number of recurrences are found readily. Thus 

(Jk(u) = (1 - u)gk+iu) 

U = augk^ hugk+i{u) 

= ~agk-\{u) + (a - k)gk{u) + kgk-M 

(the last by use of the first) imply 

(Jk{in) = o>+i(m) — (Tk+iiin — 1) 

m<Tk{m) = aakGn — 1) + kak+l(m — 1) 

= — o<Jk-i{m) + (a — k)<xk{m) + kak+iim) 
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The first of these leads to 

O't(O) + cu(l) + • • • + (Xk(x) = (Tk+l(x) (1-14) 

and the last is useful in the form 

k(Tk+i(m) = (m + k — a) a kirn) + acxk-iim) (1-15) 

Also, the first along with o-o(m) = a'Vm! leads to a simple calculation 
procedure, as Kosten has noticed. 

By (l.ll) the factorial moments are now completely determined ex- 
cept for M (/c)(0). To determine the latter, the second of (1.6) and the 
normalizing equation 

Z ilfo(m) = 1 (1.16) 
m=0 

are available. 
Thus from the second of (1.6) 

[(x + k)<Jk(x) — aakix — 1)].!/ (a-) (0) = ak(Tk-i(x)M (k-i)(0) (1.17) 

Also 

(x + k)(Tk{x) — a(Tk(x — 1) 

= {x + k — a)<Tk(x) + a[(Tk{x) — ak(x — 1)] 

= (x + k — a)(Tk(x) + a<Tk-i(x) 

= ka-k+iix), 

the last step by (1.15). Hence 

MaM = a ^44 Ma-nCO) (1.18) (Tk+l{X) 

and by iteration 

M(t)(0) = a!- MM (1.19) 
i7k+i{x)crk{x) 

From (1.11) and (1.16), and in the last step (1.14), 

Z 4fo(wi) = Z Mo(0)(ro(m) = Mo(0)(ri(x) = 1 (1.20) m=0 m=0 

Hence finally 

M(k)(m) = M(k)(0)(rk(m) 

_ ak <ro(x)<rk(m) (1.21) 
ak+i(x)ak(x) 
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ai,d Mw = t, Mw{m) = aVoWMW (1.22) 
m—0 

Ordinary moments are found from the factorial moments by linear 
relations; thus if mk is the fcth ordinary moment (about the origin) 

tyiq = il/(0) vii = M (i) m-i = ]\I (2) + M (i) 

1713 = M (3) + 3M (2) + il/(i) 

Thus 

wio(m) = <ro(m)/<ri(x) 

mi(m) = ao-i (w) Co (a;) /tri (x) era (x) 

niiim) = / (j->{x)(T3{x) + a a i (m) (To (.T ) /o-1 (.r) 02 (.T ) 

and, in particular, using notation of the text 

Wo(.r) = (tq{x)/(tx{x) = Ei,x{a) 

m\{x) a-i(a;) a 
ax = —— = a 

vio{x) <t2(x) .r — a + 1 + aEiiX{a) (1.23) 

mzix) 2 aaiix) . 2 
+ Qfx — Q:^ 

mo(x) <t3(x) (J24) 

= ai[l — ai -j- 2a(.i: 2 ax — a) 1] 

(1.25) 

(1.2G) 

Finally the sum moments: nik = ^2 mk(>n) are 
0 

mo = 1 

vii = a = aao(x) / <ti(x) = aEiiX{a) 

viz = a'ao(x) / ao{x) + nh = mi[a(x + 1 + mi — a)-1 + 1] 

v = 1712 — mi = 7?ii[l — mi + a{x + 1 + nil — a)-1] 

In these, Ei,x{a) = o-o(.r)/o-i(.T) is the familiar Erlang loss function. 

Appendix II — character of overflow load when non-random 
TRAFFIC IS OFFERED TO A GROUP OF TRUNKS 

It has long been recognized that it would be useful to have a method 
by which the character of the overflow traffic could be determined when 
non-random traffic is ottered to a group of trunks. Excellent agreement 
has been found in both throwdown and field observation over ranges of 
considerable interest with the "equivalent random" method of describ- 
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Fig. 51 — Mean and variance of overflow load when non-random traffic is 
offered to a group of trunks. 
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ing the character of non-random traffic. An approximate solution of the 
problem is offered based on this method. 

Suppose a random traffic a is offered to a straight multiple which is 
divided into a lower Xi portion and an upper X2 portion, as follows: 

T "2, f 2 
X2: 

Xi 
T "i, Vi 

T a 

From Nyquist's and Molina's work we know the mean and variance 
of the two overflows to be; 

ai = a-EiiXl{a) = a 

a 
xi! 

1 . , a . , aX1 

2! +^i 

vi = «i 1 — H 7 [—7 |_ Xi — a -j- ai + 1J 

a2 = ci'EilXl+X2{a) 

^2 = 02 1 — "2 d ;  —I j—7 |_ Xi + .T2 — a + a2 + 1J 

Since ai and Vi completely determine a and Xi, and these in turn, with 
X2, determine a* and v*, we may express 02 and V2 in terms of only ai, 
Vi, and X2. The overflow characteristics (0:2 and v^), are then given for a 
non-random load (ai and vi) offered to x trunks as was desired. 

Fig. 51 of this Appendix has been constructed by the Equivalent Ran- 
dom method. The charts show the expected values of 0:2 and when 
oi\,, Vi (or vi/oii), and x^, are given. The range of ai is only 0 to 5 er- 
langs, and v/a is given only from the Poisson unity relation to a peaked- 
ness value of 2.5. Extended and more definitive curves or tables could 
readily, of course, be constructed. 

The use of the curves can perhaps best be illustrated by the solution 
of a familiar example. 

Example: A load of 4.5 erlangs is submitted to 10 trunks; on the "lost 
calls cleared" basis; what is the average load passing to overflow? 

Solution: Compute the load characteristics from the first trunk when 
4.5 erlangs of random traffic are submitted to it. These values are found 
to be ai = 3.68, Vi = 4.15. Now using «i and Vi (or Vi/ai = 4.15/3.68 = 
1.13) as the offered load to the second trunk, read on the chart the param- 
eters of the overflow from the second trunk, and so on. The successive 
overflow values are given in Table XVIII. 
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The proportion of load overflowing the group is then 0.0472/4.50 = 
0.0105, which agrees, of course, with the Erlang £,i,io(4.5) value. The 
successive overflow values are shown on the chart by the row of dots 
along the ai. and Vi 1-trunk curves. 

Instead of considering successive single-trunk overflows as in the ex- 
ample above, other numbers of trunks may be chosen and their over- 
flows determined. For example suppose the 10 trunks are subdivided 
into 2 + 3 + 2-1-3 trunks. The loads overflowing these groups are 
given in Table XIX. 

Again the overflow is 0.0472 erlang, or a proportion lost of 0.0105, 
which is, as it should be, the same as found in the previous example. 
The values read in this example are indicated by the row of dots marked 
1, 3, 6, 8 on the 2-trunk and 3-trunk curves. 

The above procedure and curves should be of use in obtaining an esti- 
mate of the character of the overflow traffic when a non-random load 
is offered to a group of paths. 

Table XVIII — Successive Non-Random Overflows 

Trunk Number 

t 

Characteristics of Load Offered to Trunk No. f 
(same as overflow from previous trunk) 

Average Variance Ratio of variance to 
average 

1 4.50 4.50 1.00 (Random) 
2 3.68 4.15 1.13 
3 2.92 3.68 1.26 
4 2.22 3.11 1.40 
5 1.61 2.46 1.53 
6 1.09 1.80 1.64 
7 0.694 1.19 1.72 
8 0.406 0.709 1.75 
9 0.217 0.377 1.74 

10 0.106 0.180 1.70 
Overflow 0.0472 0.077 1.64 

Table XIX — Sucessive Non-Random Overflows 

Trunk Number 

i 

No. Trunks in 
Next Bundle 

Offered Load Characteristics 
(same as overflow from previous trunk) 

Average Variance Ratio of variance to 
average 

1 2 4.50 4.50 1.00 (Random) 
3 3 2.92 3.68 1.26 
6 2 1.09 1.80 1.64 
8 3 0.406 0.709 1.75 

Overflow 0.0472 0.077 1.64 



Crosstalk on Open-Wire Lines 

By W. C. BABCOCK, ESTHER RENTROP, and C. S. THAELER 

(Manuscript received September 29, 1955) 

Crosstalk on open-wire lines results from cross-induction between the 
circuits due to the electric and magnetic fields surrounding the wires. 
The limitation of crosstalk couplings to tolerable magnitudes is achieved 
by systematically turning over or transposing the conductors that 
comprise the circuits. The fundamental theory underlying the engineer- 
ing of such transposition arrangements was presented by A. G. Chapman 
in a paper entitled Open-Wire Crosstalk published in the Bell System 
Technical Journal in January and April, 1934. 

There is now available a Monograph (No. 2520) supplementing Mr. 
Chapman's paper which reflects a considerable amount of experience re- 
sulting from the application of these techniques and provides a basis for 
the engineering of open-wire plant. The scope of the material is indi- 
cated by the following: 

TRANSPOSITION PATTERNS 

This describes the basic transposition types which define the number 
and locations of transpositions applied to the individual open-wire 
circuits. 

TYPES OF CROSSTALK COUPLING 

Crosstalk occurs both within incremental segments of line and be- 
tween such segments. Furthermore, the coupling may result from cross- 
induction directly from a disturbing to a disturbed circuit or indirectly 
by way of an intervening tertiary circuit. On the disturbed circuit the 
crosstalk is propagated both toward the source of the original signal 
and toward the distant terminal. A knowledge of the relative importance 
of the various types of coupling is valuable in establishing certain time- 
saving approximations which facilitate the analysis of the total cross- 
talk picture. 

515 
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TYPE UNBALANCE CROSSTALK 

Crosstalk is measured in terms of a current ratio between the disturb- 
ing and disturbed circuits at the point of observation. Crosstalk between 
open-wire circuits is also generally computed in terms of a current ratio 
(cu) but it is also convenient to refer to it in terms of a coupling loss 
(db). The coupling in crosstalk units (cu) is the product of three terms: 
a coefficient dependent on wire configuration; a type unbalance depend- 
ent on transposition patterns; and frequency. The coefficient represents 
the coupling between relatively untransposed circuits of a specified 
length (1 mile) at a specific frequency (1 kc). The type unbalance is a 
measure of the inability to completely cancel out crosstalk by intro- 
ducing transpositions because of interaction effects between the two 
halves of the exposure and because of propagation effects, primarily 
phase shift. Type unbalance is expressed in terms of a residual unbalance 
in miles and the frequency is expressed in kilocycles. 

The coefficients applicable to lines built in accordance with certain 
standardized specifications are available in tabular form. When it is 
desired to obtain coefficients for other types of line, it is possible to 
compute approximate values which may be modified by correction 
factors to indicate the relationship between the computed values and 
measurements on carefully constructed lines. 

Expressions for near-end type unbalance for certain simple types of 
exposures are developed and the formulas for all types of exposures are 
given. In addition, the values for near-end type unbalance are tabulated 
at 30° line angle intervals for lines where the propagation angle is 
2,880° or less. 

The principal component of far-end crosstalk between well transposed 
circuits results from compound couplings involving tertiary circuits. 
Again the expressions are developed for some of the exposures involving 
a few transpositions and the procedure for obtaining the formulas for 
any type of exposure is shown. Formulas are included for the types of 
exposures encountered in normal practice and the numerical values of 
far-end type unbalance are given at 30° intervals for line angles up to 
2,880°. 

SUMMATION OP CROSSTALK 

The procedures referred to thus far evaluate the crosstalk occurring 
within a limited length of line known as a transposition section. In 
practice, however, a line is transposed as a series of sections. It is neces- 
sary, therefore, to determine how the crosstalk arising within the several 
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sections and that arising from interactions between the sections tend to 
combine. In a series of like transposition sections there is a tendency 
for the crosstalk to increase systematically, sometimes reaching in- 
tolerable magnitudes. This tendency can be controlled to a degree by 
introducing transpositions at the junctions between the sections, thus 
cancelling out some of the major components of the crosstalk. Complete 
cancellation is impossible because of interaction and propagation effects. 

ABSORPTION 

Since very significant couplings exist by way of tertiary circuits, it is 
possible for crosstalk to reappear on the disturbing circuit and thus 
strengthen or attenuate the original signal. This gives rise to the ap- 
pearance of high attenuation known as absorption peaks in the line 
loss characteristic at certain critical frequencies. The evaluation of such 
pair-to-self coupling requires the use of coefficients which differ from 
those between different pairs and these are given for standard configura- 
tions. 

STRUCTURAL IRREGULARITIES 

It is impracticable to maintain absolute uniformity in the spacing 
between wires and in the spacing of transpositions. Thus there are un- 
avoidable variations in the couplings between pairs from one transposi- 
tion interval to the next. This in turn reduces the effectiveness of the 
measures to control the systematic or type unbalance crosstalk and 
produces what is known as irregularity crosstalk. Since the occurrence 
of structural irregularities tends to follow a random distribution, it is 
possible to evaluate it statistically and procedures for doing so are in- 
cluded. In addition to this direct effect of structural irregularities, there 
is a component of crosstalk resulting from the combination of systematic 
and random unbalances. A method is developed for estimating the 
magnitude of this important component of crosstalk. 

EXAMPLES 

In order to demonstrate how the procedures and data are used in 
solving practical problems, there is included the development of a 
transposition system to satisfy certain assumed conditions. This is 
carried through to the selection of transposition types for one transposi- 
tion section and the selection of suitable junction transpositions. 

Additional examples of transposition engineering arc given in the form 
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of several transposition systems which have been widely used in the Bell 
System. These include: 

Exposed Line — for voice frequency service. 
C1 —for voice frequency and carrier service up to 30 kc. 
J5 —for voice frequency and carrier operation up to 143 kc. 
01—for voice frequency and compandored carrier operation up to 

156 kc. 
RIG — suitable for exchange lines with a limited number of carrier 

assignments. 
Altogether, the theory, explanatory material, formulas and compre- 

hensive data included in the Monograph make it possible to estimate 
open-wire crosstalk couplings and provide the necessary background for 
the development of new transposition systems. 
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