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This paper describes a new general purpose electromagnetic relay for use in 
telephone switching systems. It is a wire spring relay known as the AF type 
relay and, with variations which provide slow release or marginal char- 
acteristics, it is known as the AG and AJ relay, respectively. Fig. 1 shows a 
typical AF type relay, Fig. 2 shows all of the parts of the relay and Fig. 3 
is a drawing showing the relay assembly. 

1. BACKGROUND 

The general purpose relay is one of the most important components of 
telephone switching systems.1 These relays constitute the most repetitive 
building block in switching equipment. Since several million are produced 
annually, low manufacturing cost is extremely desirable. Also of prime 
importance are low operating and maintenance costs. General purpose 
relays are, therefore, under constant observation and study by the tele- 
phone operating companies as the users, by the Western Electric Com- 
pany as the manufacturer, and by Bell Telephone Laboratories as the 
designer. The AF wire spring relay and its variations are the result of 
such studies. 

A general purpose relay for telephone switching systems must meet 
a large number of diverse requirements. It must be capable of being 
assembled with any one of a variety of magnet coils having a wide range 

1 S. P. Shackleton and H. W. Purcell, "Relays in the Bell System", Bell System 
Tech. J., Jan., 1924, p. 1. 
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Fig. 1—AF type relay, with contact cover detached. 

of resistance values and to operate contacts which vary from one pair 
to as many as fourteen or more. The basic relay design must also be 
capable of providing such features as fast operation and release, slow 
release, high sensitivity, heavy duty and marginal operation. These 
functions are performed satisfactorily in present crossbar switching sys- 
tems by U, UA, UB and Y type relays.2-3-4-5 However, with an objective 
of a forty-year life for new switching systems and a trend toward unat- 
tended operation of switching offices, it is important to attain the best 
in the performance and reliability of relays. 

The general purpose relay must be designed to produce the best eco- 
nomic balance, when used in telephone switching systems, so that the 
annual charges are minimized. The major ingredients of these annual 
charges are manufacturing expense, operating electrical power, speed of 
operation and release, space required and maintenance costs which in- 
clude reliability and life. 

2. REQUIREMENTS AND OBJECTIVES 

The requirements for a new general purpose relay were initially 
broadly stated to be performance and maintenance at least equal to the 

2 H. N. Wagar, "The U-Type Relay", Bell Lab. Record, May, 1938, p. 300. 3 H. M. Knapp, "The UB Relay", Bell Lab. Record, Oct., 1949, p. 355. 4 F. A. Zupa, "The Y-Type Relay", Bell Lab. Record, May, 1938, p. 310. 6 W. C. Slauson, "Improved U, UA and Y Type Relays", Bell Lab. Record, 
Oct., 1951, p. 466. 
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U and Y type relays but with substantially lower manufacturing costs. 
As the development of the relay proceeded, it became possible to expand 
the requirements without appreciably altering the expected relay cost. 
In particular, it became possible to design the new relay to operate and 
release faster or to use less electrical power, to operate more often before 
appreciable wear occurred, etc. The improved performance character- 
istics of the AF wire spring relay, as described later, are of equal eco- 
nomic importance to those associated with lower manufacturing cost. 

The broad requirements were reduced to the following design objec- 
tives: 

1. Lower cost—59 per cent of U type relay. 
2. Reduced operating electrical power. 
3. Faster operate and release times. 
4. Long life—one billion operations. 
5. Improved contact performance. 
These broad design objectives do not specifically state a large number 

of other characteristics which must be at least as favorable as those of 
the U and Y relay family. This refers to such items as: space required, 
magnetic interference, wiring costs, contact combinations, field servicing 
and repairs. 

3. DESIGN POSSIBILITIES 

The studies of new relay design possibilities started with a careful 
review of the U type relay experience. In fact, much of the early thinking 
considered various modifications of U type and other existing relays. In 
general, these studies indicated that about half of the manufacturing 
cost of U type relays came from assembly and adjusting operations. 
Accordingly, these operations required major revision for a substantial 
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cost reduction of the relay. It became evident that the development of 
new manufacturing methods as well as new designs were essential in 
reaching the ambitious objectives. For these reasons, the manufacturing 
engineers of the Western Electric Company were active participants in 
the development of the new relay from the beginning. 

Many new forms of relay designs were considered and studied includ- 
ing such types as miniature, magnetic contact, piezoelectric, etc. As a 
result, one general form, first proposed by H. C. Harrison, gave the most 
promise of meeting the manifold requirements. This is the wire spring 
type characterized by the wire spring subassemblies with code card oper- 
ation of pretensioned, low stiffness springs. Actually, the general form 
of the wire spring relay proposed by Mr. Harrison constitutes an entire 
new class of relays with many possible variations. These include various 
types of code card operation and various forms of contact operation, 
operated by any of a number of magnet structures. 

The new class of relays has the following important advantages: 
1. Pretensioned, low stiffness wire springs make possible (a) assembly 

to give close control of contact force without individual spring adjust- 
ment; and (b) essentially constant contact force throughout the life of 
the relay and its contacts. 

2. Wire spring subassemblies make possible (a) favorable manufacture 
of a multiplicity of contact springs by molding; (b) lower assembly costs 
because fewer piece parts are needed; and (c) simple code card operation. 

3. Code card operation makes possible (a) standardized and simple 
assembly; (b) accurate control of contact position; (c) essential elimina- 
tion of locked contacts; (d) complete independence of twin contacts; and 
(e) simple means for providing a large number of contact combinations. 

A continuous and comprehensive study was necessary of the char- 
acteristics and probable manufacturing costs of many forms of the wire 
spring relay family. As a result, after passing through several major 
designs, the basic design of the present relay was adopted. H. M. Knapp 
and C. F. Spahn proposed important features of this design. This form 
represented advantages over other types in 

1. reducing the number and amount of dimensional variations con- 
trolling the contact gaps. In turn, this made possible smaller armature 
movement, shorter operating and release times and less chatter of the 
contacts; 

2. reducing the number of code cards required to provide the large 
number of contact combinations needed in switching systems; 

3. reducing the manufacturing and wiring costs; 
4. increasing the mechanical life. 
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4. PRINCIPLE OF CONTACT OPERATION OF THE AF RELAY 

The AF relay uses what has been called the "single card system" for 
actuating the contacts. This is in contrast to other code card systems 
which require two, three or four coded cards in each relay. The method 
for obtaining individual make and break contacts with this system is 
shown in Figs. 4a and 4b, and a means for obtaining transfer contacts, in 
which both make and break twin contacts are associated with a common 
stationary contact, is shown in Fig. 4c. As indicated on the figures, the 
following principles are incorporated in this method of actuation: 

1. In general, three basic wire spring assemblies are required. Two of 
these carry movable twin wires for make and break contacts and are 
identical except for some details in forming at the terminal ends for 
convenience in wiring. The twin wire assemblies are mounted on either 

NORMAL /POSITION AFTER ASSEMBLY CONTACT / 
MOTION "  
t_jn CARD 
T D-—5 FREE" POSITION OF TWIN PRE- WIRES BEFORE ASSEMBLY DEFLECTION ft ---STAT|ONARY 
1 CONTACT 

Fig. 5—Contact forces are controlled by relatively large predeflections of the 
twin wires. 

side of the stationary wire assembly, which consists of a group of rela- 
tively heavy wires molded into plastic sections, one a short distance be- 
hind the contacts and one near the rear of the relay. These sections arc 
rigidly supported in the relay structure. 

2. Moving twin contacts on separate twin wires are used with every 
stationaiy contact. This arrangement assures good reliability and greater 
freedom from open contacts in the presence of dust and dirt. In addition, 
contact chatter is reduced as both contacts must be open simultaneously 
in order to interrupt the circuit. 

3. As shown in Fig. 5, each group of twin wires is tensioned toward the 
stationary wires by means of large predeflections before assembly, so 
that the contact forces arc determined by this predeflection. Good con- 
trol of the contact force is assured without need for hand adjustment 
because small variations in deflection of the low stiffness springs do not 
result in appreciable changes in force. For this reason, the force is stable 
and is not appreciably affected by wear of the contacts. 

4. The twin wares are actuated by a single punched fiber card. Since 
the tension in the twin wires is always in a direction to hold the contacts 
closed, the card serves to hold the make contacts open when the relay 
is unoperated and the break contacts open when the relay is energized. 
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5. The card is supported by the armature on one side and a restoring 
spring on the other. The restoring spring supplies the force to hold the 
armature against the backstop and to hold make contacts open when the 
relay is unoperatcd, while the armature supplies the force to hold the 
break contacts open when the relay is operated. However, since the 
armature must also overcome the tension in the restoring spring, the 
entire spring load must of course be overcome by the pull of the arma- 
ture. 

6. The twin contacts are held in good registration with their asso- 
ciated stationary contacts by means of molded guide slots in the station- 
ary plastic member just behind the card. These guide slots are slightly 
wider than the diameter of the twin wires so that these wires are free to 
move in the direction of the armature movement, but are restrained 
against lateral motion. 

7. The close proximity of the card to the contacts is important in 
minimizing contact chatter and in substantiallv eliminating locked con- 
tacts, i.e., contacts which fail to open because of interlocking of rough- 
ened surfaces. The close spacing results in a rigid coupling between the 
card and contacts, so that the static and dynamic forces associated with 
the armature and card are available to break loose any incipient lock 
which might develop. 

As the armature moves toward the core, the particular point in its 
travel at which make contacts close and break contacts open depends 
upon the dimensions of the card between the surface which bears against 
the armature and the surfaces which engage the twin wires. By proper 
selection of these dimensions, any contact can be controlled to operate 
early or late in the travel as desired. By this means, several sequential 
contact arrangements may be obtained. For example, if the break con- 
tact in Fig. 4c is controlled by the card dimensions to open earlier in the 
travel than its associated make contact closes, the resulting arrangement 
is called an "early break-make" transfer. Similarly, an "early make- 
break" transfer, often called a "continuity" may be obtained by selection 
of card dimensions which will assure that the make contact closes before 
the break contact opens. If both contacts operate simultaneously, the 
result is a "non-sequence" transfer. 

From the above it is evident that the card surfaces which engage the 
twin wires must be in different positions for early contacts as compared 
with late contacts. This is illustrated in Fig. 6 which shows an early 
break-make, an early make-break and a non-sequence transfer side by 
side. Of the contact pairs shown, only two operate early, and this is 
accomplished by means of steps in the actuating surfaces of the card. 
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Thus, if no sequences were required, the card would have a single straight 
surface for makes and another for breaks, and only one card variety 
would be needed for all combinations of makes, breaks, and non-sequence 
transfers. Where sequences are needed, however, additional card varie- 
ties are required with steps in the actuating surfaces for the early 
contacts. 

In order to obtain a wider variety of the contact combinations in- 
cluding various numbers of make contacts, break contacts, sequence 
transfers and non-sequence transfers on the same relay, it is necessary 
to provide a variety of different coded stationary and twin wire as- 
semblies, as well as a variety of cards, some of which are illustrated in 
Fig. 7. The twin wire assemblies differ as to the number of twin wires 
provided and in the position of these wires across the width of the 
molded section. 

The stationary wire assemblies are always provided with a full comple- 
ment of twelve wires in order to support the front molded section, which 
is held in place by spring tension in these wires. However, only certain 
of the wires may have contacts at the ends. These stationary contacts 
consist of base metal blocks with 0.010 inch thick precious metal sur- 
faces on either or both sides as needed for makes, breaks or transfers, 
and any of the three varieties may be welded to any wire. Thus precious 
metal is provided only where needed for the particular contact arrange- 
ments desired. 
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By using different combinations of stationary and twin wire assemblies 
with each card variety, a large number of different contact combinations 
may be obtained. While most of these needed for telephone switching 
systems use either no sequences at all or a single stage of sequence, a 
few combinations are provided with "preliminary" contacts. These com- 
binations include two stages of sequence, in which some contacts operate 
at each of three different points in the armature travel. The preliminary 
contacts operate earliest in the travel. These are followed by the early 
contacts of sequence transfers and finally by the late contacts, including 
ordinary makes and breaks. 

To be sure the desired sequences will be maintained during the life 
of the relays, it is necessary to provide margins in the form of armature 
travel allowances at each stage. Combinations with sequences will there- 
fore require total armature travels which are longer than those with no 
sequences, and two stages of sequence will require more travel than a 
single stage. Accordingly, the AF relay is provided with a choice of three 
armature travels to correspond with the number of sequences needed. 
At the card, these travels are 0.020 inch (short) for no sequences, 0.044 
inch (intermediate) for one stage and 0.000 inch (long) for two stages. 

Thus, combinations including ordinary makes, breaks and non-se- 
quence transfers use short travel. Where sequence transfers are also 
needed, intermediate travel is used and the early contacts of the se- 
quence transfers operate first. Long travel is used only where prelim- 
inary contacts followed by sequence transfers arc needed. 

5. ARMATURE SYSTEM AND MAGNETIC CIRCUIT 

The armature system and the associated magnetic circuits constitute 
the basic motor element of an electromagnetic relay. The size of the 
motor element is determined, in part, by the work it must do and here 
a basic factor is the contact force. On the basis of analytical as well as 
experimental studies, it was decided to use a contact force of about six 
grams per single contact, i.e., about twelve grams for the combined force 
of the twin contacts. Other important factors which react on the design 
of the magnet are the speed required, winding space, heating,6 sensitiv- 
ity, etc. The detailed analysis of I be magnetic system and the asso- 
ciated measurements will be covered in separate papers. 

The magnetic structure chosen is shown in Fig. 8. The armature is a 
flat member of V shape which provides desirably large pole face areas. 

0 R. L. Peek, Jr., "Internal Temperatures of Relay Windings", Bell System 
Tech. J., Jan., 1951, p. 141. 
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Fig. 8—Magnetic structure of the AF relay. 

The core is a simple one-piece E-shape section of sufficient thickness of 
1 per cent silicon iron to produce the magnetic flux needed to meet the 
force and speed requirements and to provide the main member to which 
all other parts are assembled. The silicon iron has appreciably higher 
electrical resistance than ordinary magnetic iron and this, together with 
the rectangular cross-sections of the legs, reduces eddy currents as needed 
for high speed operation and release. The one-piece construction avoids 
welded or butt joints common to many magnets. These joints are re- 
sponsible for added reluctance and hence decrease the magnet sensitivity 
and require added electrical power to operate a given load. The relatively 
wide spacing of the legs increases leakage reluctance and, in turn, in- 
creases the useful magnetic flux. 

After a cellulose, acetate filled coil7 has been assembled to the middle 
leg of the core, a core plate, shown in Fig. 9, is forced over the ends of 
the E-shaped core to hold the three legs in good alignment for proper 
mating with the armature. The core plate also provides the backstop 
for the armature and serves as a means of gang adjustment of the con- 
tacts covered more completely under the Relay Adjustment section of 
this paper. 

The armature is spring supported in a very definite manner to produce 
7 C. Schneider, "Cellulose Acetate Filled Coils", Bell Lab. Record, Nov., 1951, 

o. 514. 
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Fig. 9—Legs of the core are held in alignment by the core plate, which is forced 
over the ends after the coil is assembled. 

a minimum of rebound when it is released from its operated position. 
The conditions for reducing armature rebound were described previously8 

and make it necessary to proportion the forces at the front and rear of 
the armature properly. The magnitude and the ratio of these forces are 
a function of the mass distribution of the armature. 

The magnet design must not only meet such functional requirements 
as speed, sensitivity, etc., but it must meet these for several values of 
armature travel as needed by the variety of contact combinations pro- 
vided. Another requirement is that the relay be designed to fit on a 2-inch 
mounting plate and this, in turn, restricts the width of the E-shaped 
magnet core to slightly less than two inches. The relay is normally 
mounted with the 2-inch dimension in the vertical direction to allow 
the contact surfaces to be in vertical planes. The corresponding hori- 
zontal dimension in which the relay can be mounted is 13^ inches except 
for a few special cases. As described in more detail under the section on 
Relay Performance, the improved magnet design has resulted in a reduc- 
tion of the magnetic interference between mounted relays to values which 
are negligible for most practical purposes. 

For comparison with the U type relay, the following typical constants 
of the magnet are of interest (see Table I). The closed gap reluctance, 
(Ro, is the reluctance of the magnetic circuit, excluding leakage paths, 
with the armature operated and with the iron near maximum permeabil- 
ity. The coil constant, G, is the ratio of the square of the number of 
turns to the resistance for a full sized coil. The sensitivity, S, is a measure 

8 E. E. Sumner, "Relay Armature Rebound Analysis", Bell Sysletn Tech. J, 
Jan., 1952, p. 172. 
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of the ultimate work capacity of the magnet as related to the power 
input and has been defined as/S = SttG/OIo ergs per watt. 

The favorable low value of closed gap reluctance for the new relay 
results from adequate cross-sections of magnetic material, the absence 
of joints, proper mating of the armature and core, and large pole face 
areas. A low value of reluctance also insures less magnetic interference 
to other relays and from other relays. 

Although the coil constants are the same for the two relays, as can 
be seen from Table I, the sensitivity of the new relay is more than 
double that of the U relay, because of the lower closed gap reluctance. 

6. MOLDED WIRE SPRING SUB ASSEMBLIES 

One of the major features of the new relay is the use of molded wire 
spring subassemblies. Fig. 10 shows a wire spring relay with twelve make 
contacts, and Fig. 11 shows a comparison of the wire spring assemblies 
used in this relay and the corresponding parts of the U relay. From this 
it is clear that the number of parts handled in the assembly of the con- 
tact spring members is greatly reduced in the new relay. Not all relays 
will have twelve contacts and in those cases where fewer contact springs 
are needed the comparison will not be so unfavorable to the U relay. 
For six contacts, about one-half of the parts shown will be needed for the 
U relay, whereas the new relay will again require two wire spring combs. 
In the new relay three wire spring combs are needed for any contact 
combination which includes both make and break contacts up to twelve 
makes and twelve breaks. Four wire spring combs are needed for a relay 
having twenty-four make contacts. 

Two problems had to be solved in providing molded wire spring combs, 
namely, More straightening and molding of a multiplicity of wires. Both 
of these were studied cooperatively at Bell Telephone Laboratories and 
the Western Electric Company. 

Wire is straightened by rotating cam and die members around the 
unstraightened wire which causes alternating flexing of the wire. For 
best results, it was found important to shape the cams properly and to 

Table I 

AF Relay U Relay 

Closed Gap Reluctance CRo, cm-1 

Coil Constant G, kilomhos  
Sensitivity S, ergs per watt  

0.028 0.065 
160 160 

90,000 39,000 
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Fig. 10—AF relay with twelve make contacts. 

push, rather than to pull, the wire through the rotating cams. By this 
means it is expected to get straight wire without producing an appreci- 
able twist in it. The Western Electric Company has developed a multiple 
head wire straightening machine which can be directly associated with 
the molding press. 

A multiplicity of straightened wires is fed into a molding press where 
plastic molding is used to hold them in proper location. Molding of wire 
required that the plastic, fed into the die, avoid any appreciable dis- 
tortion of the wires between unsupported sections. A considerable 
amount of development work, chiefly by the Western Electric Company 
engineers, was required to achieve this result. Transfer molding of a 
thcrmosetting phenolic plastic has been chosen as the most suitable for 
producing stable wire spring subassemblies. This is based on the need 
for stability of the wire positions and because of the ability of the ma- 
terial to withstand the effects of heat. Fig. 12 shows continuous ladders 
of molded wire spring sections before cutting to length. 

The molded sections have a number of features of design importance 
beyond holding the wires in place. These added features are provided by 
shaping molded sections to make the remainder of the relay simpler. In 
particular, these features provide registration pins and holes, guides for 
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Fig. 11—A comparison of the molded wire assemblies for twelve make contacts 
with the corresponding U relay parts. 
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Fig. 12—Molded stationary and twin wire assemblies, before cutting to length. 

the ends of the twin wires, cover anchorage, damping material sup- 
port, etc. 

7. CONTACTS AND CONTACT WELDING 

Since the primary purpose of the relay is to open and close electrical 
circuits through the contacts, there has been a special effort to make 
these contacts as reliable as possible. Accordingly, palladium is used for 
all contact surfaces. This use of precious metal substantially eliminates 
opens due to corrosion. Palladium not only gives outstanding reliability 
but studies indicate that its use results in the best economic balance be- 
tween manufacturing cost and service because of the reduced main- 
tenance expense. 

Open circuits due to particles of dirt between the contact surfaces are 
largely eliminated by the use of a contact cover, complete independence 
of the twin contacts described in the section Relay Performance, and 
the dynamic characteristics of the wire springs. However, to further 
reduce the incidence of dirt troubles, the surfaces of the twin contacts 
are coined to a cylindrical shape. This greatly reduces the effective bear- 
ing area between the twin contacts and the flat surfaces of the single 
contacts. Thus, even if an occasional dirt particle should come to rest 
on one of the contact surfaces, there is small likelihood that it would 
be in the contact area. 

Since welding contacts to wires instead of flat springs is relatively 
new, considerable attention was given to the development of suitable 
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techniques. The basic requirements for satisfactory welds are: 
1. Sufficient strength to withstand the forces encountered during 

manufacture and service; 
2. Accurate positioning of the contacts on the wires, and 
3. Low cost. 

These requirements apply to both stationary and twin contacts. How- 
ever, because of differences in geometry, entirely different methods have 
been developed for welding the two types of contacts. 

The twin contacts are produced by spot welding precious metal con- 
tact tapes to the tips of the twin wires. The diagram of the welding 
circuit is shown in Fig. 13. The condenser c is charged by a power supply 
to a predetermined voltage. The condenser is then discharged through 
the primary of the welding transformer t giving rise to the low voltage 

ELECTRONIC POWER Sw,TCH 

TWIN WIRE 
'ASSEMBLY 

CONTACT 
TAPE\ 

I* ELECTRODE ' 
0  r 

— ELECTRODE 

Fig. 13—Diagram showing the essential elements of the spot welding process 
used for the twin contacts. 

high current surge which produces the weld. The contacts are then 
sheared to length and the surfaces are coined to a cylindrical shape. 

The spot welding process did not appear best for welding the station- 
ary contacts to the ends of the wires because of the need to grip the wires 
with heavy welding electrodes in the limited space directly behind the 
contacts. Accordingly, a type of welding known as "percussive welding" 
was developed, which permits one of the electrodes to be placed near 
the wiring end of the wire springs without developing excessive heat 
in the wires and which also permits the accurate positioning needed for 
the contacts in order to control the point of contact closure on the as- 
sembled relay. The welding circuit is shown in Fig. 14. The condenser c 
is charged by means of a direct current power supply, and the condenser 
voltage also appears on the stationary wire. As the contact to be welded 
is moved toward the end of the wire, the condenser discharges forming 
an arc which melts the abutting surfaces of the contact and wire. The 
constants of the electrical circuit and mechanical system were chosen to 
assure melting a proper amount of metal at a controlled rate to assure 
high weld strength. The parts are held together during the very brief 
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cooling period as the weld is completed. A small resistance r is added 
in series with the discharge circuit to limit the current and control the 
arcing period. 

That high weld strengths are obtained by this process is indicated in 
Fig. 15 which shows typical distributions of weld strength for both the 
percussive-welded contacts and the spot-welded twin contacts. The plots 
show the percent of contacts with weld strengths equal to or less than 
any prescribed value within the range of the chart. As shown, the per- 
cussive welds are generally stronger than the spot welds which is, in 
part, due to larger welded areas. 

Although percussive welding is more suitable for the stationary con- 
tacts welded in the factory, it is planned that occasional replacement of 
both stationary and twin contacts will be made in the field by spot 

POWER SUPPLY 
-AAA— 

■AAAr 
R 

.CONTACT 

—O* 
MOTION \ STATIONARY 
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Fig. 14—Diagram showing the essential elements of the percussive welding 

process used for the stationary contacts. 

welding. This will be done with the Bell System field welding equip- 
ment9 provided with suitable electrodes. In this case, however, more 
expensive all-palladium stationary contacts of special shape would be 
used to facilitate the spot welding and individual hand adjustment for 
final position of the contacts will be necessary. 

8. STANDARDIZED ASSEMBLY OF CODED PARTS 

Since assembly was one of the most promising fields for reducing costs 
in a new relay design, special effort was made to reduce the assembly cost 
of the AT relay. Some of the major design features which contribute to 
low cost assembly are: 

1. The continuous molding and fabricating processes for the wire 
spring subassemblies, which avoid all individual handling of wires and 
contacts. 

9 W. T. Pritchard, "Relay Contact Welder", Bell Lab. Record, April, 1944, 
p. 374. 
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Fig. 15—Typical weld strength distributions for the stationary and twin con- 
tacts. The horizontal scale is graduated so that normal distributions will plot as 
straight lines. 

2. Clamping the relay pile-ups by means of a simple spring clamp 
instead of the more conventional method using screws. 

3. A single, easily mounted, operating card. 
Less obvious, but equally important is the basic philosophy whereby a 

large variety of different relay codes are obtained by assembling parts 
which for assembly purposes are essentially identical for each code. As 
previously described, the spring combination for each relay is controlled 
by selection of the proper code card, twin wire assemblies with wires in 
the proper positions for that combination, and a stationary wire assembly 
with the right kind of contacts welded to the proper wires. At the present 
time six different card varieties, fifty twin wire assemblies and seventy- 
five stationary wire assemblies have been standardized. The twin wire 
assemblies are provided with any number from one to twelve pairs of 
wires in various positions while the stationary wire assemblies have 
from one to twelve contacts in matching positions, with the added 
variable that each contact may have precious metal on either or both 
sides as needed. With these it is possible to obtain more than 300 differ- 
ent contact combinations, although only about 100 of these are now 
needed. Yet, with a few exceptions, each relay code is assembled from 
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the same number of parts put together in the same manner. By using 
additional varieties of cards and wire spring assemblies the total number 
of contact combinations which are possible with the basic design is 
many times larger than the 300 indicated above. 

Other examples of coded parts which are assembled in a standardized 
manner are the coils, core plates and restoring springs. Although coils 
vary greatly as to turns, resistance, etc., all are assembled to the cores 
by the same procedure, using identical spoolheads. The three values of 
armature travel are controlled by selection of core plates with the proper 
size of openings, but all core plates are assembled alike. Similarly, the 
restoring springs are provided in seven varieties including six different 
thicknesses and seven predeflections to give the desired restoring force, 
but these variations do not affect the assembly operations. 

Standardized assembly of coded parts is of value, not only in reducing 
the cost of hand assembly operations, but also in providing a more uni- 
form product and as a principle which may make machine assembly 
practicable. 

9. RELAY ADJUSTMENT 

Since adjustment expense accounts for a considerable part of the 
manufacturing costs of older type relays, special efforts were made in 
the design of the AF relay to reduce the need for adjustment. As a result 
several types of adjustment used with other relays have been eliminated 
completely and the remaining adjustments have been simplified. All 
individual contact adjustment has been eliminated and only two types 
of factory adjustments are made with the AF relay. These include adjust- 
ment of the restoring spring to control armature back tension and a 
gang adjustment of the stationary contacts to control the points in the 
armature travel at which the contacts operate. Even these adjustments 
are needed for only a fraction of the relays as close control of the tol- 
erances in manufacture often causes the back tension and contact operate 
points to fall within acceptable limits as the relays are assembled. 

The gang adjustment of the stationary contacts is made by bending 
the arms of the core plate, thereby changing the position of the front 
molded section of the stationary wire assembly which rests on the ends 
of the arms. Each arm may be bent by means of a screwdriver inserted 
in the slot as shown in Fig. 16. Rotation of the screwdriver in a counter- 
clockwise direction causes the upper end of the core plate arm to move 
to the left, carrying with it the upper end of the stationary wire assembly, 
including the stationary contacts. This reduces the gap between these 
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Fig. 16—Contacts may be gang adjusted to operate at the proper points in the 
armature travel by bending the arms of the core plate with a screwdriver. 

stationary contacts and the make twin contacts, thereby causing these 
contacts to operate earlier in the armature travel. Since the break twin 
contacts rest against the stationary contacts, these are also moved to the 
left, reducing the space between the break twin wires and the actuating 
surface of the card. Thus, bending the core plate arms to the left causes 
both make and break contacts to operate earlier in the armature travel, 
while bending the arms to the right causes these contacts to operate 
later. By bending both arms in the same direction, the operate points 
of all contacts may be shifted in the same direction. On the other hand, 
separate arras permit adjustment of the upper relay contacts independ- 
ently of the lower contacts, thereby increasing the latitude of adjustment. 

The parts of the relay are dimensioned so that no adjustment of the 
core plate arms is required, except to compensate for variations in manu- 
facture of the relay parts. Hence relays assembled from parts made with 
sufficient accuracy do not generally require adjustment. 

The restoring springs may be adjusted for the proper armature back 
tension by the use of a simple spring bending tool applied to the side 
arms. However, springs are provided with various predeflections and 
thicknesses to correspond with various numbers of make twin contacts 
which must be held open in the unoperated position. Again, no adjust- 
ment for back tension is necessary except to compensate for variations 
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in manufacture, as the restoring spring tension is normally just sufficient 
to overcome the tension of the make twin wires and hold the armature 
against the backstop within acceptable force limits. Close control of the 
tension bends in the wires and restoring springs reduces the frequency 
with which adjustments are needed and a large portion of the relays do 
not require this adjustment. 

Types of factory adjustment which are common on other relays but 
which have been eliminated entirely on the AF relay include adjustments 
for contact force, individual adjustment of contacts for contact operate 
point, and adjustment for armature travel. Contact force is controlled 
by means of the large predeflections of the twin wires as mentioned 
previously. Individual contact adjustment is eliminated by close control 
of tolerances combined with the single card method of actuation, and 
by the simpler gang adjustment used when necessary. Adjustment for 
armature travel is eliminated by the use of close tolerances on the con- 
trolling dimensions of the parts. 

Adjustments of worn relays in the field may be limited to gang adjust- 
ment of the contacts and back tension adjustment as described above. 
Other adjustments may include burnishing the contacts to remove sur- 
face irregularities, replacement of contacts and individual contact adjust- 
ment as mentioned previously, and replacement of the card if it should 
become badly worn or damaged. If card replacement is necessary this 
may be done without dismounting the relay from the mounting plate 
and without disconnecting the associated wiring. 

10. RELAY PERFORMANCE 

As previously stated, the broad objective in the design of the AF relay 
has been to reduce the annual charges for the use of this relay in the 
telephone system. Part of this reduction comes from lower manufacturing 
costs; the remainder comes from savings associated with the improved 
performance characteristics, such as long life with relatively low main- 
tenance expense, reduced power consumption, and increased speed which 
reduces the number of units of certain types of equipment, such as 
markers, needed for telephone central offices. A brief description of some 
of the principal characteristics of the new relay follows. 

Load and Pidl Characteristics 

Typical load and pull curves for a wire spring relay with twelve early 
break-make transfer contacts are shown in Fig. 17. The abscissa shows 
the motion of the armature as it travels from the unoperated position 
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to the operated position, and back again. This is measured at the center- 
line of the card and hence is also the card motion. In the unoperated 
position the armature rests against a backstop, which is part of the core 
plate. In the operated position it rests against 0.006-inch thick non- 
magnetic separators which prevent the armature from touching the core. 
The ordinate shows the spring load, which opposes the armature motion 
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Fig. 17—Typical load and pull characteristics of a wire spring relay with twelve 
early break-make transfer contacts. 
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toward the core, and the magnetic pull acting on the armature for various 
numbers of ampere turns in the winding. These pull and load curves are 
also measured at the card. 

Examination of the load curves shows several features of the relay. 
The armature back tension, or force, holding the armature against the 
backstop is about Go grams in this case. As the armature moves toward 
the core, the spring load increases along the upper of the two nearly- 
parallel load curves until it reaches a final value of about 440 grams in 
the operated position. As the armature is allowed to return to its original 
position, a second curve, just below the original curve, is obtained. The 
area between these two curves is a measure of the energy loss due to 
mechanical hysteresis, or friction, in the relay. As can be seen from the 
curves, the friction in the new relay is very low and is a small fraction 
of the spring load at all values of armature travel. 

The shape of the load curves is characteristic of AF relays with inter- 
mediate travel (0.044 inch). The load increases rapidly in two regions, 
corresponding to the intervals in which the early and late contacts 
operate. The rapid increases are caused by the armature and card picking 
up the additional load of the twin wire springs. Each of the 48 twin 
wires is picked up almost abruptly at various points and the summation 
of these additions to the load gives the irregular appearance shown. 

The pull curves of Fig. 17 are for essentially static conditions since 
the armature was restrained to move slowly through its travel while the 
curves were automatically recorded. These curves are of interest because 
they show the ampere turns necessary to assure operation of the relay 
and also values which will assure the armature will not leave the back- 
stop. For example, the "critical load point," or point on the load curve 
which requires the greatest number of ampere turns, is seen to occur at 
0.025-inch travel and 250 grams, which under static conditions would 
require at least 160 ampere turns in the winding to assure complete 
operation. On the other hand, as little as 94 ampere turns could cause the 
armature to leave the backstop and might cause operation of one or two 
contacts. Hence, a lower value must be maintained to assure that the 
armature will remain at rest against the backstop. This information is 
important for relays having non-operate requirements. Similar informa- 
tion may be obtained for limiting ampere turn values which will assure 
that the armature will remain in the operated position (hold require- 
ments) and, again, which will assure complete release to the backstop 
position (release requirements). 
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Speed of Operation and Release 

Typical operate and release times of the AF relay are shown in Figs. 
18 and 19. Fig. 18 shows the operate times for "speed relays" in which 
the speed is limited primarily by the time needed to accelerate the mass 
of the moving system, and is not affected appreciably by the spring 
loads. These arc relays with coil windings of about 1000 ohms resistance, 
or less, corresponding to power inputs of 2.3 watts, or greater, when 
connected to a 48-volt supply. For each value of resistance, the operate 
time shown is obtained with windings having the optimum number of 
turns for shortest operate time. This time is plotted as a function ot 
power input for various armature travels. Short travel relays have typi- 
cal operate times varying from about 2.5 to 7 milliseconds as the power 
is reduced from 23 to 2.3 watts, or as the resistance is increased from 100 
to 1000 ohms, using the appropriate number of turns in each case. Inter- 
mediate and long travel relays have longer times. For comparison, a 
short travel U relay is also shown. This relay requires about twice the 
time to operate as the corresponding AF relay. The improvement with 
the AF relay is due primarily to the lighter mass of the moving system 
and slightly shorter travel due to better control of tolerances. Better 
control is inherent with the single card system for contact actuation and 
is accomplished without individual adjustment of contact or backstop 
position, both of which are hand adjusted on U relays. 
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Typical release times for the AT and U relays are shown in Fig. 19, 
with time plotted as a function of the number of contact pairs for relays 
equipped with standard 0.006-inch thick nonmagnetic separators. In 
this case the improvement is greater than two to one, due principally to 
the lighter moving parts of the AF relay and lower eddy current effects 
of the rectangular silicon iron core. 

Power Requirements 

The nominal power required to assure operation, with some margin, 
of relays with windings designed for minimum power consumption is 
shown in Fig. 20. Included is an allowance for adverse variations in 
magnetic structure, winding and loads. Since least power will be used 
by the largest coil wound with the finest wire consistent with meeting 
the ampere-turn requirements for the various contact loads, the curves 
arc discontinuous and have steps as the wire sizes are shifted from one 
size to the next to meet the ampere turns needed for increasing loads. 
Again, the corresponding U relay power is shown for comparison. For 
corresponding numbers of contact pairs, the AF relay requires about 
half the power of the U relay, except with fewer contact pairs where the 
power in each case depends upon the use of No. 41 gauge wire. This 
comparison applies only when coils of optimum design for minimum 
power are used on both relays. In practice, the coils are selected for the 
best economic balance between power consumption, cost of the coils and 
value of speed of operation. Coils designed for minimum power are rela- 
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lively expensive because they contain as many turns of fine wire as the 
available space permits, and their use is economical only on relays which 
are operated an appreciable portion of the time and where speed is 
relatively unimportant. The reduced power required for the AF relay is 
due principally to an improved magnetic structure, shorter travels for 
similar contact combinations, and lower contact forces. 

Contact Performance 

The principal characteristics which must be considered in evaluating 
contact performance include chatter, erosion or wear, susceptibility to 
open contacts and locking, and changes in these characteristics with wear 
of the relays. In general, all these features are improved on the AF relay 
compared with the U type. 

Typical chatter on closure of make and break contacts on U and AF 
relays built for moderate and fast operation is shown in Fig. 21. The 
degree of improvement of the AF relay is striking. The reduction in 
chatter has direct circuit advantages in reducing the possibility of false 
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Fig. 21—Typical chatter on closure of contacts. 
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operation of associated high speed equipment and also indirect advan- 
tages in prolonging the life of the contacts. The improvement is due 
largely to the type of card operation of the completely independent, 
low-mass twin wires and also to the low mass of the moving system which 
excites less vibration of the relay structure as a whole. The placement of 
the card close to the contacts allows the full contact force to be devel- 
oped within a very short time, and the low mass of the twin wires stores 
little kinetic energy to cause reopening due to wire vibration. 

A particularly troublesome type of chatter occasionally experienced 
is caused by rebound of the armature after striking the backstop. This 
chatter is objectionable because of its long duration which is of the order 
of a millisecond and may occur several milliseconds after the initial 
opening or closure of the contacts. This increases the possibility of false 
operation of associated circuits. Accordingly, a fundamental study was 
made of the means for reducing armature rebound, as previously men- 
tioned. As a result, changes were made in the suspension of the armature 
and in the position of the backstop which substantially eliminated chatter 
due to armature rebound. 

Electrical erosion of the contacts is reduced on the AF relay because 
of less chatter and because of the lower energy levels controlled by the 
contacts, where these are used to operate other AF relays. This improved 
performance not only reduces maintenance but permits the use of less 
expensive, smaller size contacts. 

Contact locking is substantially eliminated on the AF relay because 
of the card operation, where the static and dynamic forces associated 
with the card and armature are available to break loose any incipient 
lock. Open contacts are reduced by (1) protecting the contacts from 
dust with a small cover, (2) rounding the twin contact surfaces to reduce 
the effective areas on which particles must lodge to cause opens and to 
increase the pressure on the areas, (3) the use of palladium contacts, 
(4) the dynamic characteristics of the wire springs, and (5) the use of 
twin contacts on completely independent twin wires. The complete 
separation of the twin wires is an important feature in reducing open 
contacts. As shown in Fig. 22, the flat punched springs of the U relay 
cany twin contacts but these are mounted on tips which are separated 
by a relatively short punched cutout. This limited separation did not 
achieve the full advantage of twin contacts as a sufficiently large particle 
of dust under one contact could cause both contacts to be held open. A 
subsequent design, known as the UB relay,3 used a longer cutout, re- 
sulting in greater independence of the twin contacts with a significant 
reduction in contact opens. The AF wire spring relay achieves complete 
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separation by use of separate twin wires and a significant part of the 
improvement with respect to contact opens is due to this feature. 

The improvements in contact chatter and open contacts become even 
more evident during the life of the relay. As shown in Fig. 23, the con- 
tact forces on U relays diminish rapidly with wear of the contacts result- 
ing in increased chatter, more frequent opens and the need for earlier 
readjustment. Card operation of wire springs with large predeflections, 
however, assures substantially constant forces, thereby maintaining 
the initial chatter-free performance and fewer open contacts. 

Lije 

Tests of relays with contacts protected electrically with resistance- 
condenser networks indicate that the standard AF relays with winding- 
resistances of 700 ohms or greater will have a life in the order of 250- 
500 million operations before readjustment becomes necessary. With 
readjustment, of course, these figures can be increased several times. 

Where longer life is essential, special features are used to increase the 
life. With these features a life, before readjustment, of a billion oper- 
ations is expected for some relays and, with readjustment, all relays 
equipped with the special features for long life should be capable of a 
billion operations. 

The special features for long life include vibration dampers attached 
to the twin wires and the stationary wire assembly as shown in Fig. 24, 
wear-resistant nickel and chromium plate on the armature, core, and 
core plate, and a long-wearing alloy for the nonmagnetic separators 
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Fig. 22—Independent action of the twin contacts is limited on U and UB relays 
because both contacts are mounted on a single spring which is notched. The AF 
relay achieves complete independence by mounting the contacts on separate wires. 
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welded to the armature. The special features consist largely of variations 
in finish and material which do not greatly affect the manufacturing 
processes. The only added parts are the damping members. These are 
molded from soft but stable polyisobutylene with grooves to receive the 
twin wires. One damper is attached to each side of the shelf provided on 
the stationary wire assembly. The twin wires pass through the grooves 
and are cemented in place. As shown in Fig. 25, these dampers reduce 
the vibration of the twin wires between the card and the molded section 
at the rear, thereby reducing the slide between the wires and the card. 

Early designs of relays indicated that wear between the twin wires 
and the card was excessive and that changes in materials would not 
produce the improvement needed for very long life, particularly with 
high-speed relays. A fundamental study10 of the conditions which cause 
wear was made and it was found that reduction of the sliding motion 
between the wires and card to 0.001 inch or less was necessary to sub- 
stantially eliminate such wear. The AF relay meets this requirement. The 
necessity for such a requirement will be better understood when it is 
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Fig. 23—Contact forces on the AF relay remain almost constant with wear, 
while U relay contacts lose force rapidly. 

10 W. P. Mason and S. D. White, "New Techniques for Measuring Forces and 
Wear in Telephone Switching Apparatus", Bell System Tech. JMay, 1952, p. 469. 
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DAMPERS 

Fig. 24—Where very long life is needed, polyisobutylene dampers are mounted 
between the twin wires and a molded shelf on the stationary wire assembly. 

noted that, for one billion operations, the total slide corresponds to a 
distance of about thirty-two miles. 

Stability 

The AF relay is a distinct improvement in stability compared with 
earlier designs when subjected to shock or temperature and humidity 
changes. Under severe and repeated variations in temperature and hu- 
midity, the largest changes in contact separation are not more than 0.002 
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Fig. 25—Oscillograms showing the effectiveness of the polyisobutylene dampers 
in reducing the vibration of twin wires following operation of the relay. The 
vibration is measured in the horizontal plane, about midway along the length 
of the wires. 
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to 0.003 inch. The improved stability is expected to permit final adjust- 
ment and inspection of the relay at the time it is assembled without need 
for readjustment after it is wired into equipment and installed into 
service after shipment. 

Magnetic Interference 

In the past it has often been necessary to maintain large spacing be- 
tween relays where critical values of current to operate or release the 
relays must be maintained. In some cases special iron shields were used 
for further magnetic isolation. Without these precautions, the leakage 
flux from adjacent relays entered the magnetic circuit of the critical 
relays and the operate or release currents varied according to whether 
the adjacent relays were energized. 

Magnetic interference between AF relays is substantially eliminated 
as shown in Fig. 26. This is largely because of the low reluctance of the 
magnetic circuit resulting from the one-piece core and the large pole 
face areas between the core and armature. As shown in the figure, the 
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Fig. 26—Typical magnetic interference between AF relays and between U 
relays, with the relays mounted in the pattern shown. 
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measurements were made by surrounding a control relay with eight 
adjacent closely-spaced interfering relays. The ampere turns to just 
operate the control relay were varied by changing the mechanical load 
on the relay, and for each value the change caused by simultaneously 
energizing the adjacent relays was observed. The improvement of AF 
relays with respect to the U type is seen to be of the order of ten times 
for most of the range, with the effects of the adjacent relays being well 
under 10 per cent up to 300 ampere turns. This is small enough so that 
no shields or precautions with respect to spacing are required. 

11. AG AND AJ TYPE RELAYS 

The AG and AJ type relays include modifications of the basic AF 
design to provide slow release, sensitive, marginal and other additional 
characteristics. For the most part these modifications are not extensive 
and the assembled relays closely resemble the AF design. 

The additional parts most often used in the AG and AJ relays are 
shown in Fig. 27. Both relays use thicker armatures with longer side 
legs than the AF relay, and the armature of the AG relay has a spherical 
embossing instead of nonmagnetic separators. This reduces the magnetic, 
circuit reluctance of the AG relay when it is in the operated position. 
In addition, for longer release times, a metal sleeve is assembled over 
the middle leg of the core, inside the coil. Induced eddy currents in this 
sleeve oppose rapid changes of flux through the core. 

The use of the heavy, embossed armature and a sleeve arc sufficient 
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-BUFFER SPRING 

FIk. 28—The buffer spring is used to control the operated spring load, and 
therefore the release current and release time. 

to make the relay slow to release.11 When the current in the winding of 
such a relay is interrupted, the flux decays slowly due to the circulating 
currents in the sleeve. Also, the low magnetic reluctance increases the 
time for the flux decay by permitting relatively high flux values to be 
maintained by smaller circulating currents. However, to achieve better 
control of the release times and to maintain stable adjustment during the 
life of the relays, the following additional features are used: 

1. The cores are annealed in a hydrogen atmosphere, chiefly to stabi- 
lize the coercive force of the iron. 

2. The core and armature have a wear-resisting chromium plate finish 
to maintain the nonmagnetic gap between the embossed surface of the 
armature and the core. 

3. The use of a spherical embossing reduces variations in reluctance 
caused by small angular misalignments between the armature and core. 

4. Four sleeves are available including light, medium and heavy cop- 
per sleeves and a light aluminum sleeve. These sleeves provide various 
ranges of release time. 

5. A buffer spring is provided on the relay to control the operated 
load and therefore the release time. As shown in Fig. 28, the buffer 
spring is normally tensioned against the end of the middle core leg. As 
the relay operates, however, the card strikes the adjustable tab in front 
of the middle leg and lifts the spring away from the core so that the 
spring tension is added to the operated load of the relay. The spring 
may be adjusted for any desired tension, within limits, and the tab can 

11 H. N. Wagar, "Slow Acting Relays", Bell Lab. Record, April, 1948, p. 161. 
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be adjusted so that the load may be picked up at any desired point in 
the armature travel. 

When a relay is designed for a specified release time, the spread be- 
tween maximum and minimum times obtained with a particular sleeve 
is usually greater than desired. Accordingly a sleeve is selected which 
under normal conditions would produce a somewhat longer time than 
the specified value. This time is then reduced, as needed, by increasing 
the buffer spring tension. 

Typical release times plotted as a function of the contact load for AG 
relays with and without sleeves are shown in Fig. 29. Since this figure 
illustrates release times that are characteristic of the various sleeves, no 
buffer spring tension is assumed. As would be expected, the heavier 
sleeves produce the longer release times, which are also greater for relays 
with fewer contacts. Even the light aluminum sleeve produces several 
times longer release times than no sleeve at all. For comparison, release 
times are also shown for the A.J relay, which has a magnetic structure 
similar to the AG but with nonmagnetic separators in place of the 
spherical embossing on the armature. The difference between the AJ 
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Fig. 29—Typical release times of AG and AJ relays. 
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release times and those for the AG relay with no sleeve shows the time 
advantage obtained with the domed armature. 

The AJ relay, with its long and relatively heavy armature, is suited 
for the more critical marginal applications and is capable of operating 
heavier contact loads than the AF relay. All relays with more than 
eighteen contact pairs are provided only on the AJ structure. For ex- 
ample, Fig. 30 shows an AJ relay with a full complement of 12 transfers. 

A measure of the power requirements for the AJ relay is given in 
Fig. 31. This shows the power required to assure operation with various 
numbers of contact pairs for coils designed to consume minimum power 
at 48 volts. The chart includes allowances for variations in load, mag- 
netic structure and coil, with some margin for changes in these char- 
acteristics. Comparison with Fig. 20 shows the power requirements to 
be slightly lower than for the AF relay except for small numbers of 
contacts where limitation of Mire sizes of the coils is controlling. Under 
limiting conditions the AJ relay will operate on as little as 0.025 watt. 

Other features which may be used to extend the use of the AJ relay 
for special marginal applications include armatures with various thick- 
nesses of nonmagnetic separators, wire spring assemblies with reduced 
contact forces, core laminations (strips of iron placed inside the coil, 
against the middle leg of the core to increase the effective cross-section) 
and the buffer spring which may be used to control the operated load 
of the relay and therefore the hold and release currents. 

Fig. 30—AJ relay with twelve transfer contacts. 
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Fig. 31—Power used for AJ relays with coils designed for least power. 

A special variety of AJ relay is provided with twenty-four pairs of 
make contacts as shown in Fig. 32. This relay uses four layers of wire 
springs and a number of other special parts. As a result, it is often pos- 
sible to use one twenty-four make contact AJ relay rather than two 
relays with fewer contacts on each. 

12. WIRING THE RELAYS 

Connecting wires to the wire spring relay terminals presented a prob- 
lem which was solved not only for the new relay but by methods which 
have become important and useful for other apparatus also The solu- 
tion came from the invention of a tool, first proposed by H. A. 
Miloche,12 for quickly and easily wrapping the connecting wire to the 
straight end of the wire spring relay terminal. 

Early suggestions for making connections to the wire springs included 
various hooks or bonds to simulate the common flat punched terminal 
having either a hole or notch to facilitate attaching the wires. All of 
these added some expense to the manufacture of the relay. The added 
costs were due to two factors (1) forming the wire spring ends required 

12 H. A. Miloche, "Mechanically Wrapped Connections", Bell Lab. Record, 
July, 1951, p. 307. 
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additional operations and (2) the greater flexibility of the wire spring- 
terminals caused some difficulty for the operator so that some increase 
resulted in the time required to make a connection. 

The wrapping tool was first visualized as a simple, trigger-operated 
hand tool, later as an air or electrically operated tool and still-later as a 
combination tool to do additional operations including cutting and 
skinning the connecting wire. 

Although the wrapping tool was developed to solve a problem which 
arose in the development of the wire spring relay, it was first applied in 
commercial practice by the Western Electric Company for wiring to the 
flat spring relay terminals. Wrapped connections are now used exten- 
sively with these terminals, resulting in an improved product at a lower 
cost. In making wrapped connections to either flat or round terminals, 
it was the expectation that tinned terminals and wire would be used 
and soldered together to give a stable, low resistance junction. More 
recently, however, it has been possible to show that soldering is not 
required if certain definite dimensional conditions are satisfied by the 
terminal and the wrapping tool. Solderless wrapped connections will be 
described in detail in a separate paper. 

Fig. 32—AJ relay with twenty-four make contacts. 
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Fig. 33—Muzzle of wir- 
ing tool for making 
wrapped connections. _ DIRECTION 

OF ROTATION 

Fig. 34—Muzzle of wiring 
tool showing terminal and 
connecting wire in posi- 
tion ready for wrapping. 

Fig. 35—Muzzle of 
wiring tool show- 
ing two turns wrap- 
ped by rotation of 
the inner cylinder. 

_ DIRECTION 
OF ROTATION 
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Fig. 36—Hand operated wrapping tool for installation and repair service. 

Basic Principles of Wrapping Tools 

A drawing of the arrangement and action of a wire wrapping tool is 
shown in Fig. 33. There are a number of dimensions of the tool and of 
the terminal which have engineering importance. For the purposes of 
this paper, it will suffice to note that the radius, r, and the wall thick- 
ness, w, are important in producing the best wrapped connection. 

As shown in Figs. 34 and 35, the inner member of the tool rotates 

Fig. 37—Wrapping tool operated by air pressure for factory use. 
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Fig. 38—Wrapping tool operated by electric motor for factory use. 

around the terminal which is inserted in hole a of the rotating member. 
The connecting wire is inserted at b and is anchored by a slight force 
against the outer stationary member of the tool. As the inner member 
rotates, the connecting wire is stretched and formed around the terminal 
until all of the wire length is used. It should be noted particularly that 
all of the wire is used, making it unnecessary to clip a wire end as in 
other wiring methods. This is an important detail in avoiding wire clip- 
pings which sometimes cause unwanted cross connections in wired equip- 
ment units. The tool tip described can be operated by a hand trigger 
or by motor. Fig. 36 shows a hand powered tool primarily for installation 
and repair service. Fig. 37 shows a production type tool driven by air 
pressure developed by the Western Electric Company at the Hawthorne 
Works. Fig. 38 shows a tool driven by an electric motor used by the 
Kearny Works of the Western Electric Company. Fig. 39 shows a 
wrapped connection on a wire spring relay prior to soldering. 

Fig. 39—A wrapped conuection on a wire spring terminal, before soldering. 
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Fig. 40—A solderless wrapped connection on a wire spring terminal. 

Another wrapped connection of the solderless type on a similar termi- 
nal is shown in Fig. 40. Studies indicate that solderless wrapped connec- 
tions can be used with a wide variety of materials, including aluminum. 

It is interesting to note that a troublesome problem in wiring to the 
new wire spring relay was solved by the development of a new method 
which itself has become an important development with broad applica- 
tions. The wrapped connection with or without subsequent soldering has 
resulted in better, more uniform and less costly connections made in less 
time than those made by previous methods. 

13. CONCLUSIONS 

A description has been given of a new type wire spring general purpose 
relay for telephone switching systems. Although accurate manufacturing 
costs will not be available for some time, the new relay is expected to 
be substantially lower in cost. It provides major improvements in contact 
performance, reduced power, faster operation and longer life. The new 
relay also covers a wider field of application than any previous general 
purpose relay in such characteristics as speed, slow release, marginal 
operation, number of contacts, etc. 

Important economic advantages include lower manufacturing cost of 
the relay itself and a reduction in switching systems costs resulting from 
less equipment and reduced power. 

The new relay has shown considerable improvement in mechanical 
life and in contact performance. The life of the relay is of the order of 
one billion operations. These improvements can be expected to reduce 
the cost of maintenance of switching systems appreciably. 

The development of the new relay has called for a major cooperative 
effort of many sections of Bell Telephone Laboratories, including such 
departments as Switching Apparatus Development, Switching Systems 
Engineering, Switching Systems Development, Research, Materials, 
Chemical, etc. Without the cooperation of the many members of these 
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organizations and their special skills, this development would not have 
resulted in the important and balanced design which has been described. 
Throughout the development, the associated organizations in the West- 
ern Electric Company and the American Telephone and Telegraph 
Company have made important and guiding contributions, and the New 
York Telephone Company has cooperated in field trials. 

As the spokesman for the project, I wish to express appreciation to 
the many people who have contributed to this important technical 
accomplishment. The few names which have been mentioned in the 
paper were given for historical reasons and cannot replace the large 
number of important contributors to the project. 

To D. C. Koehlcr, T am indebted for assistance in preparing the paper 
and the illustrations. 



Comparison of Mobile Radio Transmission 

at 150, 450, 900, and 3700 Mc 

By W. RAE YOUNG, JR. 

(Manuscript received August 22, 1952) 

Based on a series of experiments, a comparison is made of the transmission 
performance of 150, 450, 900, and 3700 mc in a mobile radiotelephone type 
of service. This comparison indicates that 450 mc is superior transmission- 
wise to the presently used 150-mc hand in urban and suburban areas. In 
fact a broad optimum in performance falls in the neighborhood of 500 mc 
It is concluded that this range of frequencies would he well suited for pro- 
viding coverage to meet the large scale needs which are anticipated in and 
around metropolitan areas. Although higher frequencies are less desirable, 
the tests indicate that 900 mc is somewhat to be favored over 150 mc from a 
transmission standpoint if full use is made of the possible antenna gain. 
Above this frequency, transmission performance falls off even assuming the 
maximum practical antenna gain. Transmission at 3700 mc suffers an 
additional impairment in that the fluctuations in received carrier level occur 
at an audible rate as the mobile unit moves at normal speeds. It is con- 
cluded that while transmission above roughly 1000 mc for these services is 
not impossible, it would be decidedly more difficult to employ these frequen- 
cies satisfactorily. 

INTRODUCTION 

From the beginning of mobile radiotelephone services offered by the 
Telephone Companies, both "general" and "private-line" tjqies, it has 
been apparent that the number of channel frequencies then allocated for 
these uses would not be sufficient to meet the service needs in the 
near future. 

The bulk of these needs will be for service in urban and suburban 
areas, where business activities arc concentrated. These areas are now 
served on a few individual FM channels in the vicinity of 150 mc. 
However, a larger number of channels, needed to meet anticipated de- 
mands and to develop a more efficient system, are not to be found in the 

106S 
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150 rac region. This space is already allocated fully and permanently to 
a variety of other services. In fact, this situation extends up to about 
400 mc. The larger number of channels for these services apparently will 
have to be found, therefore, above 400 mc. 

However, it is essential to know whether these higher frequencies 
would be suitable for urban mobile telephone service, or whether there 
exists an upper limit to the suitable frequencies. In order to answer these 
questions, a series of tests has been made to compare the adequacy of 
coverage that could be provided at several representative higher frequen- 
cies. These tests were conducted in and around New York City. This 
location is considered to be typical of the larger metropolitan areas. 

THE PROBLEM OF EVALUATION 

It became apparent early in the tests that it would neither be practical 
nor accurate to compare service results for the different frequencies by 
the method of determining the coverage at the various frequencies, and 
then comparing these. This would have required, among other things, 
that "coverage" be defined precisely and then measured accurately in 
order to determine the differences with the desired accuracy. 

Instead, it was recognized that commercial coverage is at present 
considered to extend into areas wherein a small percentage of the loca- 
tions will have less than commercial grade of transmission. This might 
be ten per cent, for example. It was further recognized that, while there 
existed a trend of performance with frequency, comparative tests at any 
one location showed variations from that trend. Thus, even if trans- 
mitter powers were adjusted so as to offset the transmission effects of 
that trend, performance at any location would not be equal at all fre- 
quencies. But while one frequency might give relatively poor trans- 
mission in one location, it might give good transmission at another 
location, etc. Thus, while the locations of poor transmission were found 
to be different at the various frequencies, the number of such locations 
would be the same at all frequencies, provided the trend hail been offset 
by adjustment of transmitter power. 

Viewing the problem in this way, it was sufficient to test at enough 
locations in representative territory to establish this trend in a statistical 
manner. 

Other problems in evaluating differences in suitability of different 
frequencies lay in how to take into account differences in practical 
antenna gains and differences in frequency stability. These will be dis- 
cussed in the next sections. 



1070 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1952 

00 CO 

o 

i 
-y 
f 
o 

b 

O MEDIAN VALUE OF SIGNAL RECEIVED \ 
0 

COMPARED WITH THE VALUE FOR 
150 MC AT THAT SAME LOCATION 

X MEDIAN VALUE FOR EACH FREQUENCY (THAT IS, HALF OF THE LOCATIONS 
SHOWED A STRONGER SIGNAL, AND 
HALF WEAKER, THAN THIS VALUE) 

s 0 

\ 
X, V 

o 

0 
200 300 400 600 800 1000 2000 3000 5000 

FREQUENCY IN MEGACYCLES PER SECOND 
Fig. 1—Median values of received signal power at suburban locations. (As- 

sumes the same power at all frequencies radiated from a dipole and received on a 
quarter-wave whip.) 

OVER-ALL RESULTS 

The results of many measurements of path loss between a land radio 
transmitter and a mobile receiver establish a trend of loss increasing 
with frequency. This is illustrated in Fig. 1 by the "crosses" which show 
the strengths of the received signal at higher frequencies as compared 
with those at 150 mc. The derivation of the values given by the crosses 
will be discussed in a later section. In the other direction of transmission 
it appears justified, based upon reciprocal relationships, to assume that 
path losses from mobile transmitter to land receiver will follow the 
same trend. 

However, although the received signal is seen to decrease with fre- 
quency, the amount of received signal which is required to produce 
satisfactory communication also changes with frequency. The median 
level of signal required at a mobile or land receiver at various frequencies 
to override RF noise is given in Fig. 2. The dots here represent the 
average of many measurements. 
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Transmitter power required to achieve the same service result at 
various frequencies has been derived by taking into account the changes 
of path loss with frequency and also the changes of signal required with 
frequency. Fig. 3 shows the amounts of power that arc required in order 
to achieve the same coverage in all cases as is now obtained at 150 mc 
with 250 watts of land transmitter power radiated from a dipole. As 
shown, the use of an antenna having gain can appreciably lower the 
land transmitter power that is required. The mobile transmitter power is 
much less than required of a land transmitter due to the assumption 
that there are six land receivers located appropriately in the coverage 
area, rather than just one. 

It is apparent from Fig. 3 that the required transmitter power is a 
minimum in both directions of transmission at around 500 mc. It is also 
apparent that above this point the required transmitter power increases 
rapidly with frequency. 
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Fig. 3—Transmitter power at antenna input required for urban and suburban 
coverage. (Mobile antennas are assumed to be quarter-wave ships.) 

A word of explanation is needed at tliis point about the gain antennas 
which were assumed in one of the curves of Fig. 3. These are antennas 
which tend to concentrate radiation toward the horizon in all directions. 
Limits for the amount of gain were based upon the considerations (1) 
that a set of radiating elements greater than about 50 feet in extent 
would be impractical to build for this service, and (2) that the vertical 
width of the beam should not be less than about 2 degrees in order that 
valleys and hilltops will be covered. The amounts of gain possible within 
these limits are as follows: 

Frequency mc. Gain-db 

150 8 
450 13 
900 15 

3700 15 

The mobile antennas were assumed to be quarter-wave whips or the 
equivalent. 
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Use of gain antennas for the land receivers would result in still further 
lowering the required mobile transmitter power. This is not shown on 
Fig. 3 because the amount of reduction cannot be accurately stated on 
the basis of present knowledge. It appears certain that the reduction 
will lie at least equal to the antenna gain, and may be appreciably more 
than this, as indicated later. 

The system modulation and pass-band were assumed in the above 
discussion to be the same at all frequencies. This would not be realistic 
if the tolerance allowed for frequency instability were a fixed percentage 
of operating frequency. It may be justified, however, because the neces- 
sity for frequency economy and for best transmission performance 
demands better percentage stability at higher frequencies. 

A spot check of transmission, observing circuit merits by listening, 
has been made to determine the validity of the above results in a very 
general way. Land transmitter powers were adjusted so that the equiva- 
lent dipole power at 450 mc was 3 db less than at 150, and power at 
900 mc was 1 db less than at 150 mc. This approximates the powers 
shown on the "dipole" curve of Fig. 3. The map of Fig. 4 shows the 
results of this test. While the comparison of circuit merits generally shows 
a preferred frequency at any given location, the performance appears to 
be about equal when all locations are considered. 

TEST EQUIPMENT ARRANGEMENTS 

Tests of transmission outward from the land transmitting station were 
made on signals radiated from antennas on the roof of the Long Lines 
Building, 32 Avenue of the Americas, New York City. These antennas 
were 450 feet above ground. One of the existing Mobile Service trans- 
mitters served for the 150-mc tests. Special experimental transmitters 
were set up for the 450, 900, and 3700-mc tests. All were capable of 
frequency modulation. 

The mobile unit was a station wagon equipped to receive and measur- 
signals at the various frequencies. The receiving equipment was ar- 
ranged for rapid conversion from 150 to 450 to 900 mc. The bandwidth 
(about 50 kc) and system modulation (±10 kc) were identical at all 
three frequencies (equal to the existing standards at 150 mc). The 3700- 
mc tests were handled separately. It was not possible to employ the 
same bandwidth and deviation, but this does not invalidate the com- 
parison of signal propagation at the various frequencies. 

A most useful tool in making these measurements was a device known 
as a "Level Distribution Recorder", or simply "LDR". This was built 



I-Z ^ 'J 
x< rocitMO wry-O 
5^ 

>•: cvjry- ■s.tt 

(ywAn v} ^vaiavH 

iTf 
Zl/if 

' Ss (niniO1- 

,1+2 

OlO 
Oft 

nio 

<o. <S 
Q < = 0. 

O 2 5 o O "1 in v 
t < 
5 2 2 Q 
in "i n > n + - tr UJ IU q- <n d e O 0 O x 

n mcniyO "J Q 5 ^ ^ n o. = o o T 5 
X O 

in in inn 

1074 



MOBILE RADIO TRANSMISSION 1075 

especially for these tests and is similar to its forerunners which have 
been used in the past for measuring atmospheric static noise. The LDR, 
in combination with a calibrated radio receiver, is capable of taking as 
many as twenty instantaneous samples of radio signal strength per sec- 
ond, sorting the samples by amplitude, and rendering information on a 
"batch" of samples from which a statistical distribution curve can be 
plotted. The LDR was also used for measuring the statistical distribution 
of audio noise in the output of the radio receiver. The LDR was, in this 
case, associated with a special converter whose characteristics resemble 
those of a 2B noise measuring set. 

No arrangements were made for measuring radio propagation from 
mobile unit to a land receiver. It was felt that the comparison by fre- 
quencies would be substantially the same as in the outward direction 
of transmission. It does not follow, however, that the background electri- 
cal noise, against which an r-f signal must compete, will be the same at 
mobile and land receivers. Strength of r-f signal required at land receiv- 
ers for satisfactory transmission was measured at several typical locations. 

RECEIVED R-F SIGNAL STRENGTHS AND PATH LOSSES 

The first factor in evaluating mobile radio transmission is the strength 
of the r-f signal which is received. This is inversely related to the loss in 
the r-f path. The mobile units of a mobile system are either moving 
around or, if stationary, are located at random. Since the effects of the 
many geographical features, buildings, and the like, which influence 
propagation can combine differently for different locations of a car, even 
where the locations are only a fraction of a wavelength apart, the only 
meaningful measure of signal strength is a statistical one. Such statistical 
answers were obtained by making and recording many instantaneous 
samples of field strength with the aid of the LDR, mentioned above. 

It is of interest to note that whenever the sample measurements were 
confined to a relatively small area, say 500 to 1000 feet or less in extent, 
the amplitude distribution of these samples tended strongly to follow 
along the particular curve known as a Rayleigh distribution. Such a 
curve and a typical set of experimental points are shown in Fig. 5. The 
same distribution was obtained at all of the frequencies tested, including 
3700 mc. The rapidity of signal fluctuation, as the car moved, was pro- 
portional to frequency, but this does not affect amplitude distribution. 
Such a distribution could have been predicted if it had been postulated 
that the transmitted signal reached the car antenna by many paths 
having a random loss and phase relationship. It is thus inferred that in 
general the signal reaches a car by many simultaneous paths. 
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Fig. 5—Typical distribution of test samples of r-f signal strength taken over a 

small area. 

With the shape of the distribution known, only one other value need 
be given in order to specify the propagation to such a small area. This 
might be the median, the average, the rms, or any single point on the 
curve. The one used most often here is the median, that is, the value 
which is larger than 50 per cent of the samples and smaller than the other 
50 per cent. Measurement of the median value by this statistical method 
was found to be accurately reproducible, and therefore is presumed to be 
reliable. Successive batches of 200 samples each, all covering the same 
test area, yielded median values which differed not more than 0.5 db 
when none of the conditions changed; i.e., transmitter power, antenna 
gain, and receiver calibration remained the same. This accuracy may 
seem surprising when it is realized that individual samples differ fre- 
quently by 10 db, and often as much as 30 to 40 db. 

It was presumed at the outset of the tests that the different frequencies 
would exhibit different propagation trends with distance. For this reason 
the samples have been grouped by distance. In presenting these results, 
it was convenient to express the measurements of received RF signal in 
terms of path losses. By this it is meant the loss between the input to a 
dipole antenna at the transmitter and the output of a whip antenna on 
the test car. These path losses will have, of course, the same distribution 
as the received r-f signal. 

The results of the path loss measurements are given in Figs. 0, 7, and- 
8 for 150, 450, and 900 mc respectively. These values represent the loss 
between the input to a half-wave dipole antenna at one end ot the path 
and the output of a quarter-wave whip at the other end. They are shown 
here as a function of distance from the land station. For distances under 
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ten miles the data are the result of tests in Manhattan and the Bronx. 
For each distance a test course was laid out approximately following a 
circle with that distance as a radius. The data for ten miles and greater 
distances were obtained on two series of tests along radials from the 
land transmitter, one of which followed Route 1 through New Rochelle, 
N. Y., and the other followed Route 10 toward Dover, N. J. For refer- 
ence, a curve has been given on each of these figures which shows the 
computed loss based upon the assumption of smooth earth. 

A curve labeled "1 per cent" means that in one per cent of the sample 
measurements the loss was less than that indicated on the ordinate. 
The meaning of the labels on the other curves is similar. The curve 
labeled "50 per cent" is, of course, the median. 

It will be apparent that the assumption of smooth earth is not applica- 
ble to the area tested. The data for median losses are in the order of 30 db 
greater than the value computed over smooth earth. This additional loss 
may be thought of as a "shadow" loss arising from the presence of many 
buildings and structures. 

The distribution of losses given in these three curves is wider than 
the Rayleigh distribution of Fig. 5. This is because the data for each 
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(Note: Data for 10 miles and greater were taken on Route 1 toward New Rochelle 
and on Route 10 toward Dover.) 

distance are a summation over many different locations rather than a 
set of samples covering one location. 

The data for ten miles and further from the transmitter were taken 
on routes through suburban areas. The losses at twelve miles appear to 
be less than the average trend indicated by the curves. This is because 
data taken at the top of the First Orange Mountain weigh heavily at 
this distance. It is of interest to note that the losses at distances of ten 
miles and over are 6 to 10 db less than might have been predicted from 
the trend at smaller distances, where the measurements were made in 
city areas. This probably reflects the fact that there is a considerable 
difference in the character of the surroundings, such as height and num- 
ber of buildings in the suburban territory as compared with the city 
itself. 

The median curves of loss have been replotted for three frequencies 
on Fig. 9. This permits a better comparison with frequency. Except very 
close to the transmitter, the performance at the various frequencies seems 
to differ by an essentially constant number of db, while exhibiting the 
same trend with distance. The similarity between frequencies is appar- 
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ently much greater than the similarity between the median value and 
the value computed over smooth earth for any given frequency. 

It was not possible to get complete enough data to plot a curve for 
3700 mc similar to the ones mentioned above. The test setup at this 
frequency was limited by transmitter power and receiver sensitivity. 
Only those locations for which path loss was relatively low could be 
tested. A comparison of results at these locations is given in Figure 10. 
The curves labeled "1 mi.", "2 mi.", and "4 mi." for Manhattan are the 
median values obtained along test routes which followed circles of 1, 2 
anil 4 miles radius from the transmitters. The other curves refer to 
selected small areas at greater distances on the Hutchison River Parkway 
and New Jersey Route 10, as indicated. Although the data at 3700 mc 
not extensive, the trend with frequency seems clear. 

More specific data for path losses measured along the routes toward 
Dover and New Rochelle are given in Fig. 11. Each value plotted here is 
the median of about 200 samples taken in a small area at the distance 
indicated. The strong effect of the First and Second Orange mountains 
at fourteen and sixteen miles on the Dover route is of interest. 

The coverage desired in these mobile telephone systems extends into 
suburban locations. It follows that a comparison of coverage by the 
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various frequencies should be based upon measurements taken in the 
suburbs. The data from the New Roehelle and Dover series have been 
used as a basis for the points and the curve given in Figure 1. Each of 
the circle points shows the path loss at a given frequency relative to 
that at 150 mc for a particular location. Their spread indicates that the 
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comparison of frequencies is different at different locations. The "crosses" 
are the median values of these points, so placed that there are as many 
points above as below. The points for 3700 mc are taken from the data 
of Fig. 10. The crosses of Fig. 1 are considered to be the most reliable 
all-around comparison of propagation at the different frequencies. 

RELATION OP SPEECH-NOISE RATIOS TO R-F SIGNAL POWER 

Speech-to-noise ratios were measured at all of the test locations by the 
use of the level distribution recorder as described earlier. During the 
course of any given test the audio noise from the receiver varied con- 
siderably and these variations were recorded on the LDR. It was found 
by correlation between subjective observations of circuit merit and the 

ON A RADIAL THROUGH 
DOVER 

1 

w Jj/ 

\ rA 
v \* 4 

'V / •ft / il\ / 
V 1 U * * r / 

ii / 
aV 
\ > 

150 MC 
// / 

r/ A 

..450 / 
/ 

U \ \ \ * .J00 
/ ✓ ✓ ! / / / / 

   
ON A RADIAL THROUGH 

NEW ROCHELLE 

w
 

\ \
 

vNc. 

\ / 

s / \ 

/ 
/ 

8 10 12 14 16 18 20 22 24 26 28 30 32 
DISTAMCE FROM TRANSMITTER IN MILES 



1082 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1952 

median value of noise that the latter is equivalent in noise effect to a 
steady random noise of the same value. In the FM receiver, the level of 
speech is essentially not affected the strength of RF signal and so a 
measurement of the output noise is directly related to the speech-to- 
noise ratio. The speech-to-noise ratios given here are computed from 
noise measurements by assuming that speech of — l-l vu level is applied 
to the system at a point where one milliwatt of 1,000 cycles tone would 
produce a 10-kc frequency deviation. The strength of the speech signal 
at the receiver output is expressed in the same units as are used for 
the noise. 

As might have been expected the median speech-to-noise ratios cor- 
relate strongly with the amounts of r-f signal received at the various 
locations. This correlation has been evaluated in order that the most 
likely relationship between speech-to-noise ratio and received r-f signal 
may be known for the different frequencies. These are shown in Fig. 12, 
where each circle represents the median speech-to-noise value measured 
at one test location plotted against the median r-f signal received at that 
location. The solid lines have been drawn in to show the trend. The 
bending at the top of the curve is inconsequential. It only represents 
the limit imposed in the test setup by tube microphonic noise, vibrator 
noise, etc. The curves show, for example, that in order to produce a 
commercial grade of transmission, which requires a 12 db speech-to-noise 
ratio, the median r-f signal must be 122.5 db below one watt at 150 mc. 

The data given in Fig. 12 pertain only to the suburban locations. 
Measurements in Manhattan have not been included, even though they 
indicate that larger signals are required, because the limit of system 
coverage is to be found in the suburbs. The data on the solid curves of 
Fig. 12 have been used to derive the curve of Fig. 2 which plots the value 
of r-f signal required at the mobile receiver for a commercial grade of 
transmission. The dotted curve of Fig. 2, which shows the median signal 
required in locations where noise picked up by the antenna is less than 
set noise, is based on the assumption of an 8 db noise figure for a practical 
150-mc receiver, 11 db at 450 mc, and 12 db at 900 mc and higher. 

Measurements have been made of the effect of noise picked up by the 
antenna at land receiver stations. These are expressed here in terms of 
the carrier strength required for just-commercial grade of transmission 
(12 db speech-to-noise ratio) as compared with the value required when 
there is no antenna noise and only receiver noise is present. These com- 
parison measurements were made by injecting a steady carrier into the 
receiver with an antenna connected normally, and again with a dummy 
antenna connected. Although these tests were made with a steady rather 
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than randomly varying signal, it is felt that the comparative results will 
apply to the random signal case as well. 

Tests were made at 150, 450 and 900 mc, at four locations of interest, 
and with dipole and 7 db gain antennas. Not all combinations were 
tested, but enough to permit some interesting comparisons. The locations 
tested were as follows: 

A: On the Long Lines building, a 27-story building in downtown 
Manhattan. 

B: On the Graybar-Varick building, a 16-story building in downtown 
Manhattan. 

C: On the telephone building which houses the Melrose exchange, a 
7-story building in the center of the Bronx. 

D: On the 3-story telephone exchange building in Lynbrook, Long 
Island. 

Table I describes the generally prevailing noise situation at these 
locations. Higher noise was encountered occasionally at some of the 
sites, due in at least one case to operation of elevators in the building. 
However, these occasions were so brief and infrequent that the general 
background of noise is considered to be a better value to use in estimating 
systems performance. 

The trend toward lower site noise at higher frequencies, already noted 
for mobile installations, is seen to apply to land receivers as well. 

Table I—R-F Signal Input to Receiver for 12 db Speecii-to-Noise Ratio 
(Given in db Above That Needed to Override Set Noise*) 

Antenna 
Station Frequency 

Dipole 7-db Gain 

A 150 mc 10 — 
450 1 0.5 
900 — 1.5 

B 150 12 — 
450 4 — 
900 0 — 

C 150 11 2.5 
450 1 1 
900 1 — 

D 150 5 4 
450 0 0 
900 0 — 

* Noise figures in the test receivers were 9, 12 and 12 db for 150, 450, and 
900 mc, respectively. 
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These data bring out another interesting and significant fact. Where 
noise collected by a dipole antenna is discernible over set noise, the noise 
collected by the 7 db gain antenna at the same site is, surprisingly, less. 
This means that the gain antenna picks up less noise power than a dipole. 
Since it picks up 7 db more signal from a distant car, a gain antenna 
thus provides a double improvement in transmission at those sites for 
which ambient noise is controlling. 

An explanation of this behavior may be surmised if it is assumed that 
the sources of noise are numerous and are scattered around at street level 
(motor vehicles, mostly). The overall noise received is a sum of contri- 
butions from all sources, weighted for distance and the receiving antenna 
pattern. A gain antenna of the type considered here tends to ignore the 
strong nearby noise sources because they are below the antenna beam. 
The sources, which are nearly enough in the beam to count, are also 
further away and are attenuated by distance. 

The amount of data given in Table I does not seem sufficient to war- 
rant stating a firm figure as to the amount of improvement obtainable 
from a gain antenna. However, substantial improvement at 150 mc is 
indicated, and this might have the effect of bringing the value of mobile 
transmitter power required at 150 mc down to the value required at 
450 mc, assuming gain antennas in both cases. 
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Common Control Telephone 

Switching Systems 
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In the development of dial telephone switching systems two fundamentally 
different arrangements have been devised for controlling the operations of the 
switches. In one arrangement the switch at each successive stage is directly 
responsive to the digit that is being dialed. Systems using this method of 
operation are called direct dial control systems, an example being the step- 
by-step system as commonly used in the Bell System. In the other arrange- 
ment the dialed information is stored for a short time by centralized control 
equipment before being used in controlling the switching operations. Systems 
using the second arrangement are known as common control systems, ex- 
amples of which are rotary, panel and crossbar. These two arrangements 
have different economic fields of use, the direct dial control being better suited 
for the smaller telephone exchanges and the common controls for the larger 
exchanges, especially those in metropolitan areas. A history of the evolution 
of these types of switching systems is presented, followed by a discussion of 
their comparative merits for various fields of use. 

HISTORY 

Invention of machines for switching telephone connections started 
shortly after the invention of the telephone. A forerunner of the step-by- 
stcp system, the Connolly and McTighe "girlless" telephone system,* 
was patented in 1879 and the first patent on the Strowger step-by-step 
systemf was issued in 1891. The first commercial installation of auto- 
matic switching equipment was made at La Porte, Indiana, in 1892. This 
installation used step-by-step mechanisms. 

In the early 1900's many telephone engineers regarded full automatic 
switching as uneconomical but technically feasible if restricted to single 
office exchanges with individual flat rate lines. They were, however, un- 

* U. S. Patent 222,458—1879—Connolly and McTighe. 
t U. S. Patent 447,918—1891—Almon B. Strowger. 
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certain about the future of this method of operation. It appeared to 
them that the greatest promise in the use of automatic apparatus was 
in distributing calls to manual "A" operators and in the elimination of 
the "B" operators. Consideration was being given to systems capable of 
operating on either a semi-mechanical or a full mechanical basis depend- 
ing on whether the dial was located at the "A" board or at the sub- 
scriber's station. Development was also under way to provide arrange- 
ments for trunking calls between dial offices and to overcome the numerous 
weaknesses and deficiencies of existing dial systems. 

The Strowger Company, the Bell System, and several other companies 
were planning or developing automatic and semiautomatic systems at 
that time. These included the full automatic, the network automatic, 
the automatic operator, and the semiautomatic. Short descriptions of 
some of them follow. 

EARLY FULL AUTOMATIC SYSTEMS 

The full automatic systems were mostly direct dial control. They 
included the Strowger, the Western Electric 100-line and 20-line, the 
Clark, the Faller* and the Lorimer systems. 

The Strowger system of the middle 1890's provided 100-point two- 
digit selectors, one for each line. For each group of 100 lines the 100 
outlets of each selector were multipled to the corresponding outlets of 
the other selectors serving the group. Each outlet of the group ran to a 
two-digit connector, each connector having access to 100 lines. Thus 
every group of 100 lines had 100 selectors and a maximum of 100 con- 
nectors and could reach 10,000 lines in a full office. Each group of con- 
nectors, up to the maximum of 100 connectors per group, had a multiple 
of 100 terminating lines. This was therefore a 4-digit single-office system 
theoretically of 10,000 lines capacity, requiring 1 selector and 1 connector 
per line. Subscribers in a given originating group of 100 lines had only 
one path to a particular terminating group of 100 lines. Since a selector 
was provided for each line, no dial tone was necessary. The switches used 
the familiar up and around motion. The exchanges of this type that 
were installed were small, the largest being in the order of 1000-line 
capacity. This type was followed by a new arrangement when automatic 
trunk selection was introduced. This provided multiple paths to each 
terminating group of 100 lines; the selector at this stage became a single- 
digit switch. 

The Western Electric 100-line system could actually serve only 99 

* U. S. Patent 686,892—Ernest A. Faller—Nov. 19, 1901. 
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lines. (The record does not disclose why one of the terminals of the system 
could not be assigned.) It used a rotary selector per line directly driven 
by a single train of pulses generated by a lever operated dial at the sta- 
tion. The selector had 100 points and the number of pulses sent corre- 
sponded to the number of the called line. The 20-line system was similar 
to the 100-line system. 

The Clark system was a single motion rotary step-by-step system 
using 75-point switches which accommodated a maximum of 74 lines. 
(Here again there is no record as to why one terminal was not used for 
a line.) It did not provide a busy test. There were no relays in this 
system. 

"automatic operator" systems 

The Faller and the Lorimer systems were called "automatic operator" 
systems but they were actually versions of direct dial. The Faller system 
was apparently never used commercially, but the Lorimer system was. 

The inventors of the Lorimer system had several objectives. One was 
to produce a system which could be installed in 100-line building blocks, 
called sections. As little as one section could be installed and operated 
alone. Additional sections in increments of 100-line capacity could be 
added as required up to the limit oi 10,000 lines. Another object was to 
get good contacts and they therefore employed switches with heavy 
contacts like those used in power switches. The power needed to drive 
switches with such contacts led to the adoption of a common power 
drive for a number of switches instead of electromagnets individual to 
the switches. Still another aim was to provide a minimum of equipment 
on a per line basis and to provide equipment only to the extent required 
by traffic. Line relays were therefore omitted in early offices and the 
100-line sections were divided into divisions, maximum 10 divisions per 
section, with arrangements for omitting divisions if not required by 
traffic. 

The Lorimer system was a direct dial system operated from a pre-set 
calling device. It had a line finder stage, a selector stage and a con- 
nector stage. The calling device, wound up by a crank, had four settable 
levers, one for each digit, each of which grounded one terminal in its 
own set of ten terminals corresponding to the digit set up. The levers 
also operated a visual indicator. In the calling device there was also a 
switch driven over its terminals by a magnet-controlled escapement. 
Pulses were sent from the central office to control the escapement and 
the central office equipment was driven in synchronism with the station 
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switch until a grounded station terminal was found. The central office 
equipment was then stopped but the station switch continued stepping 
until the starting point for the next digit was reached. When the central 
office equipment was ready for the next digit the process was repeated 
until the called line was reached. 

The Lorimer system has now disappeared from the scene in spite of a 
number of attractive features. The reasons for this disappearance are not 
clear from available records, but some reasonable conjectures can be 
made. For one thing, the pre-set calling device must have been expensive 
both in first cost and to maintain; it was also designed for a maximum 
of four digits and a re-design for more than four digits would have en- 
tailed substantial effort for developing both the calling device and the 
central office equipment. There is also some evidence to indicate that 
the system cost more than either step-by-step or panel. 

THE NETWORK AUTOMATIC SYSTEM 

The network automatic was a proposed form of semiautomatic in 
which the subscribers retained their manual instruments and were served 
by small unattended branch offices, each of which had a single group of 
trunks to a centra] operator office. On originating calls the branch offices 
acted as concentrators, automatically connecting calling lines to trunks 
to the central office where the operators were located and who asked for 
the called number as in straight manual practice. Called lines were 
reached through the branch offices by the operators at the central office 
who were provided with keysets to control the branch office equipment. 

SEMI-AUTOMATIC SYSTEMS 

There were several plans for other types of semi-automatic systems. 
Most of them contemplated replacing the "B" operator by a machine 
under control of the "A" operator. The plan of using machines under 
control of the "A" operators to replace the "B" operators was operated 
successfully in Saginaw, Mich, with Strowger apparatus. A similar plan 
was in operation in Los Angeles, and several groups of engineers studied 
improvements and variations. 

status in 190o 

The status of automatic switching by 1905 was this: there were several 
single office cities which had commercial installations of Strowger step- 
by-step equipment with severe limitations even for this field of use; a 
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number of Western Electric Company 100-line and 20-line automatics 
were in commercial service; a small amount of semi-automatic equipment 
was also in operation with the equipment under direct control of the "A" 
operator's dial; and planning and development work were under way to 
remove some of the limitations and extend the field of use of the auto- 
matic and semi-automatic systems. 

The rotary dial was developed in 1896. However, many of the early 
systems did not use this type of dial. Various calling devices were used 
for a number of years. Among these were lever operated pre-set devices, 
keysets of several types, and dials with holes (in one case as many as 100) 
in which a peg could be inserted to act as a stop for an arm which was 
pulled around and allowed to restore. In all the early systems, regardless 
of the device used, the signals generated at the calling station directly 
controlled the selections. 

RECOGNITION OF NEED FOR ACCESS TO LARGER TRUNK GROUPS 

While mechanisms and circuits were being developed for direct dial 
control switching, work of a theoretical nature was going on which was 
to have an important effect on future designs. This work consisted of 
traffic probability studies and observations the outcome of which was 
the development of formulae and curves on the efficiency of trunk 
groups which influenced strongly the views of engineers as to the eco- 
nomical sizes of switches. G. T. Blood of the American Telephone and 
Telegraph Company in 1898 found that the binomial distribution closely 
fitted the observed data on the distribution of calls. The first compre- 
hensive paper on the matter was one by M. C. Rorty in 1903, Application 
of the Theory of Probability to Traffic Problems. Curves accompanying his 
paper indicated that trunking efficiency improved with group size. Subse- 
quent work by E. C. Molina in postulating that the grade of service 
experienced by a particular call applied to every call in the office and 
in developing the Poisson approximation to the binomial expansion 
formed the basis for trunking theory as used in the Bell System. Fig. 1 
is a reproduction of three curves produced by Molina on July 6, 1908, 
showing the average load carried by various numbers of trunks for three 
probability conditions namely P.01, P.001 and P.0001 corresponding to 
an all trunks busy condition encountered by calls once in a hundred, 
once in a thousand, and one in ten thousand times respectively. From 
these curves it can be seen, for example, that ten trunks can carry a load 
averaging slightly over four calls with a probability of loss of P.01. 
Twenty trunks can carry an average of over eleven simultaneous calls 
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with the same P.01 loss but with an increase of efficiency of 15 per cent. 
The efficiency rises from 41 to 56 per cent. 

EVOLUTION OF PRINCIPLE OF TRANSLATION 

These studies had considerable effect on the trend of system design. 
For example, it appeared that grouping subscriber lines on the con- 
nectors in groups of more than 100 might result in some economy and 
that other economies were possible if the limitations imposed by decimal 
selections were avoided. 

However, a new invention, namely translation, was required before 
systems could operate with large access switches and non-decimal selec- 
tions. Translation is a mechanical rearrangement which permits con- 
version of the decimal information received from the dial to non-decimal 
forms for switch control and other purposes. When translation is made 
changeable by some means such as cross-connections, it is the basis of 
much of the flexibility of common-control systems. Translation was first 
proposed by E. C. Molina late in 1905. A patent application* for a 
Translating and Selecting System was filed on April 20, 1906. 
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* Patent No. 1,083,456 issued to E. C. Molina, Jan. 6, 1916. 
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A necessary feature of systems employing translation of a series of 
digits such as an office code is digit storage. It was only a small step 
from the concepts of translation and digit storage to arrangements which 
provided these features in common circuits. Common controls with 
translation were first employed in the rotary system. 

THE ROTARY AND PANEL SYSTEM DEVELOPMENTS 

The rotary system was a full-fledged common-control system using 
register-senders to store the dialed information, to translate it to control 
the two-hundred point ten-level power-driven switches in selecting out- 
going trunks from the originating office and in making line selections in 
the terminating office. The translation of the digits used for selecting 
trunks was changeable, but the translation of the numerical digits was 
fixed in permanent wiring of the register-senders. 

In a search for less expensive cabling arrangements than those required 
by the rotary system, the panel bank employing punched metallic strips 
was developed. Each bank in the selectors of this system can accommo- 
date 100 outlets with three wires per outlet, and five banks are stacked 
into a frame over which 60 power-driven selectors can hunt. For several 
years, starting in 1907, parallel development of the rotary and panel 
systems was carried on and desirable features of one were incorporated 
in the other. The panel system also has register-senders with changeable 
translation for selecting trunks and fixed translation for controlling 
selections in the terminating equipment. The major differences in the 
early designs of rotary and panel were due to the different access of the 
two systems and to differences in the methods of controlling the selectors. 
Both panel and rotary use revertive pulsing to control the selections. 
With revertive pulsing as the selectors progress they send back pulses 
which the sender counts. When a selector reaches the desired position, 
the sender stops it by opening the pulsing circuit. Both panel and rotary, 
like the Lorimer system, use a continuously operated power drive com- 
mon to a number of switches because the increased size of switch which 
the greater access of these systems required, made a separate power 
drive economical. 

The panel and rotary systems were originally designed for semi- 
mechanical operation with automatic distribution of calls to operators 
as a possible adjunct and with provision for full automatic operation if 
it proved desirable, by locating the dial or some other calling device at 
the subscriber's station rather than at the operator's position. This was a 
reasonable plan when development of these systems was started. Studies 
indicated that semi-mechanical systems could reduce the number of 
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operators required by an amount ranging from 30 to 50 per cent by 
eliminating the "B" operators and increasing the efficiency of the "A" 
operators. At that time, full automatic systems were subject to a number 
of shortcomings such as the complications and unreliability of the pulsing 
device at the subscriber's station, the need for a local battery at the 
station, and the lack of arrangements for party line and message rate 
service. Furthermore, there was considerable doubt as to the ability of 
the subscriber to dial with acceptable accuracy the six or seven numerical 
digits required in some of the multi-office exchanges. 

There was an acute need for relief from the difficulties of manual 
operation after the start of World War I. Telephone growth was so rapid 
that it appeared for a time that the demand for new operators, particu- 
larly in the large cities, might outstrip the available supply. Competition 
from other industry for female help was also increasing. As more offices- 
were added, the situation was further aggravated by the increasing com- 
plexity of operation. On account of the increasing number of trunked 
calls, the growing number of central offices, and the increasing amount 
of manual tandem operation, the quality of service was being degraded. 

DEVELOPMENT OF A LARGE CITY NUMBERING PLAN 

By 1916, the full automatic system (Strowger) had established a 
competitive position with manual for single-office cities, anil both manual 
and full automatic offices were considered to be more economical than 
semi-mechanical for such cities. Because the number of dial pulls for a 
single office was four or less, little concern was felt about dialing accuracy. 

For the multi-office cities it appeared that full mechanical operation 
would improve service and be more economical than either the semi- 
mechanical system or manual and would reduce the pressing need for 
operators. However, in spite of these factors urging the adoption of a dial 
system and even though automatic equipment was actually used in Los 
Angeles and Chicago in the first decade of the century, there was a 
reluctance to adopt full automatic operation in the very large multi-office 
cities because of the lack of a suitable numbering plan. A cumbersome 
plan was under consideration for handling dial traffic in these cities. This 
required the use of seven-digit numbers with the dial customers being 
called on to use arbitrary three-digit numerical codes for the office 
names. At the same time, the existing office names would be retained 
for use by the manual customers. Adoption of this dual arrangement 
would have required the provision of a cumbersome directory, but worse 
than that, it was felt that dialing seven numerical digits would be too 
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confusing to customers and that consequently there would be an exces- 
sive number of dialing errors. It was therefore planned to use semi- 
mechanical operation for cities like New York, retaining an operator 
between the customer and the machine. While this scheme did not save 
as many operators as the full mechanical method, it was believed neces- 
sary to have trained operators so that the customers would not be sub- 
jected to the complications of dialing. Under the proposed arrangement, 
the customer would pass the office name and number orally, and the 
operator would substitute the dial code for the office name and key or 
dial the code and number into the machine. Trial installations of the 
semi-mechanical panel system placed in service in the Waverly and 
Mulberry offices, Newark, N. J., in 1915 demonstrated that this method 
could provide reliable and improved telephone service under severe 
conditions. 

However, in 1917 W. G. Blauvelt of the American Telephone and Tele- 
graph Company proposed a numbering plan which would permit the cus- 
tomer to dial up to seven digits with acceptable accuracy and which 
would also be satisfactory for manual operation. This arrangement con- 
sisted of the use of one to three letters and four numbers. The first one, 
two or three letters of the office name were printed in bold type in the 
directory as an indication to dial customers that these were to be dialed 
ahead of the four numbers. Manual customers used the office name as be- 
fore. Letters as well as numbers were placed on the dial plate in line with 
the finger holes of the dial. This proposal was immediately adopted and 
further Bell System development proceeded along the lines of full auto- 
matic operation. The Bell System planned to use the panel system in large 
cities not only because of the trunk efficiency which was possible with the 
use of the large panel switch, but also because trunking, being no longer 
under direct control of the dial in this system, was divorced from num- 
bering. The panel system was also attractive because it had flexibility for 
growth and for contingencies such as the introduction of new types of 
service. These advantages would be provided by the common senders and 
translators of that system. 

EARLY INSTALLATIONS OF COMMON CONTROL SYSTEMS 

Early in 1918 tentative schedules were set up for 6-digit panel offices 
for Kansas City and Omaha and late that year a 7-digit office was recom- 
mended for the Pennsylvania office in New York City. When the Atlantic 
office in Omaha was placed in service on Dec. 10, 1921, it became the 
first commercial installation of a full automatic panel system. 

Commercial installations of rotary equipment preceded the first com- 
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mercial panel offices. A semi-mechanical rotary system was installed in 
Landskrona, Sweden, in 1915 but remained in service for only a short 
time. A similar system was installed later in 1915 in Angiers, France. 
The first full mechanical rotary installation was at Darlington, England, 
in 1914. This system is still in service. 

A common control system using Strowger switches, the director sys- 
tem, was developed in 1922. This development was prompted by the 
desire to provide automatic equipment in the London, England, multi- 
office exchange where the layout of the outside plant required consider- 
able tandem trunking if a reasonably economical trunk network was to 
be achieved. All of the outside plant in London for the manual system 
was underground and it was required that this arrangement be retained 
when dial equipment was installed. This tended to fix the routes of tele- 
phone cables and to make it expensive to open new direct routes as new 
offices were opened. The trunking economies of tandems were extremely 
desirable under this condition and common controls with translation 
were necessary for a practical scheme capable of operating with the 
tandems. The director scheme, which in principle parallels the sender- 
translator scheme of the panel system, was designed to meet this situ- 
ation. The director system was first placed in operation in Havana, 
Cuba, in 1924 and later in London in 1927. 

EVOLUTION OP THE MARKER PRINCIPLE 

In retrospect, it is obvious that the development thinking up to the 
early 1920's was limited by the belief that it was necessary to have the 
selectors do the testing for idle trunks even with common controls. This 
arrangement had been successfully used in the step-by-step system and 
it was natural to follow the same plan in the panel, rotary and director 
systems. Subsequent development of the common-control idea, starting 
with an experimental "coordinate" system in 1924, has resulted in 
marker systems in which the trunk testing is done by the markers. 

The coordinate system derived its name from the method of operation 
of its switch, the process resembling the method of marking a point by 
the use of coordinates. The switch was essentially a large version of the 
crossbar switch and selected and held a set of crosspoints by the opera- 
tion of horizontal and vertical members. Translation of the called office 
code, selection of a trunk, and operation of the switches to connect a 
transmission circuit to the trunk were functions of a new circuit, the 
marker, which the sender called into use for a fraction of a second after 
it had received the office code digits. 

When the marker does the testing for idle trunks the trunk access from 
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a particular switch is no longer a limiting factor in the size of the trunk 
group. Once markers were invented it became possible to design systems 
using markers to do the trunk testing and any type of switch to do the 
connecting. When a trunk has been selected by the marker, the appro- 
priate switches can be operated to connect to the marked terminal. The 
maximum size of trunk group need not be limited by the number of 
terminals on one switch. With a primary-secondary switch array groups 
much larger than those accessible on a single switch can be handled. 

The coordinate system was not developed for commercial use. The 
first commercial marker system was PResident 2, a No. 1 crossbar office 
cut into service in Brooklyn, New York, in February, 1938. Improved 
crossbar systems have been developed since then including No. 5 cross- 
bar and several types of toll crossbar systems 

There is an interesting sidelight on the development of crossbar sys- 
tems. The crossbar switch was invented by J. N. Reynolds of the Western 
Electric Company in 1913.* At that time proposed plans for using this 
switch assumed that it would be used as a line switch. The arrangements 
did not appear attractive and no serious attempt was made to develop a 
commercial system using the switch either as a line switch or as a selector. 
A number of years later an improved version of the crossbar switch was 
developed by the Swedish telephone administration. Their plans con- 
templated the use of the switch as a selector in a direct dial control 
system. In 1930 W. H. Matthies of Bell Telephone Laboratories visited 
Sweden and, impressed with the possibilities of the switch, ordered 
samples from Sweden after his return to the United States. Work was 
started to improve the switch and to develop a modern system around it. 
The crossbar switch, as previously mentioned, was a small version of the 
coordinate switch and the development of No. 1 crossbar was therefore 
started on a plan which was based on principles used in the coordinate 
system some of which had been successfully applied to the panel system 
with the adoption of the decoder in 1927. 

TYPES OF COMMON CONTROL SYSTEMS 

Four basic variations have been used in systems with common con- 
trols. These are (1) digit storage in common circuits on a decimal basis 
and control of switches by the stored digits without translation; (2) digit 
storage in the common circuits on a decimal basis, fixed translation and 
control of switches in a fixed pattern by the translated information; (3) a 
modification of the preceding plan in which the translation can readily 

* U. S. Patent No. 1,131,734—J. N. Reynolds—issued March 16, 1915 and re- 
issued December 26,1916. 
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Fig. 1—Curves developed by E. C. Molina for trunk engineering. 

be changed for any item of traffic; and (d) a still further variation where 
the function of hunting for an idle path is removed from the selectors 
and placed in new circuits called markers. Each variation resulted in 
improvements over preceding methods of operation. 

The first plan is the simplest but also the least flexible. An advantage 
of this arrangement as well as of the other plans which also store the 
digits over step-by-step is that the interdigital time does not control 
the group size. By-path systems are examples of this method of operation. 
A system of this type is shown in Fig. 2. By-path systems use an auxiliary 
switch train that is under direct control of the dialed pulses to set up a 
connection. The talking circuit is then established over a parallel system 
of switches. The auxiliary train releases after the talking connection is 
set up and is available for use in setting up other connections. The Lori- 
mer system avoided the penalties resulting from hunting during the 
interdigital interval by storing the digits at the station. 

A further step in the direction of flexibility, but with added compli- 
cation, can be taken bj^ a fixed translation from a decimal to a non- 
decimal basis, i.e., a form of translation wherein a given decimal digit 
or a set of decimal digits is always changed into the same predetermined 
non-decimal equivalent. This permits the use of switches with less than 
ten groups of outlets thereby providing economies by permitting larger 
groups of outlets with a given size of switch. 

A third variation with still greater flexibility than the first two, but 
also with greater complication, is a system with changeable translation. 
Changeable translation is achieved by providing some means such as 
cross-connections for readily changing the output pattern of the trans- 
lators generally for sets of digits as, for example, for the called office 
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codes. Changeable translation of office codes removes the limitation 
that the trunks for a given office designation must be located in a definite 
position on the switches which is the necessary result of fixed translation. 
Increased flexibility of numbering is now possible because office designa- 
tion changes no longer require rearrangements of switch multiple. More 
economical arrays of switches are also possible because the switching plan 
can conform to traffic requirements without regard to numbering. Other 
advantages of translation—and as a practical matter, flexible transla- 
tion—include the ability to operate with tandems, to operate with more 
than one type of outpulsing, and to operate with varying numbers of 
digits. The originating equipment of the panel system is an example of a 
system using changeable translation. This type of translation is also used 
for called line numbers as well as office codes in No. 1 and No. 5 crossbar 
thereby permitting these systems to shift lines for load balancing pur- 
poses without requiring numbering changes. 

Finally, there is the most flexible but also the most complicated plan 
of all in which the selection of paths and trunks or lines is divorced from 
the selectors and placed in markers. In this plan the size of group is not 
limited by the number of terminals that a switch can hunt over in one 
sweep. No. 1 crossbar is an example of a system using the marker method 
of operation. In this system a switch generally has access to only ten 
trunks but on any one call a marker can test 160 trunks distributed over 
a number of switches. 

Typical common control arrangements for systems using translation 
are shown in Fig. 3 for the panel system and in Fig. 4 for No. 1 crossbar. 

The advantages noted are, in each case, the fundamental ones. Many 
others are inherent in common control and some will be brought out in 
further discussion. 

A number of common control systems embodying the principles dis- 
cussed have been designed. Rotary, panel and coordinate have been 
previously mentioned. Although the coordinate system never reached the 
commercial stage as a complete system, some of its features were adopted 
in the panel system starting in 1927 with the introduction of the decoder 
to replace the original three digit panel translator which used special 
panel selectors and pulse generating drums to do the translating job. 
This translator was limited in the digit combinations and number of 
three digit codes it could handle and also demanded a great deal of atten- 
tion by the maintenance force. In place of the panel translators a small 
group of all-relay decoders, ranging from three to six, depending on 
traffic, was provided for each office. Senders were connected to decoders 
for about one-third of a second per call to obtain the information derived 
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from translation of the three office code digits. The connector for making 
the momentary connection of the large number of leads required between 
the senders and decoders presented new problems which were solved by 
the development of new relay preference and lockout circuits to permit 
as many simultaneous connections between senders and decoders as there 
were decoders and to permit an even distribution of calls to decoders. 
Decoder circuits were completely self-checking for trouble, provided for 
second trial in another decoder when trouble was discovered, and re- 
corded troubles on a lamp bank trouble indicator. 

In the early 1930's, encouraged by the success of decoders, the Bell 
System started development of the No. 1 crossbar system with markers 
in both originating and terminating equipments and with improved 
features over the coordinate system which it resembled in many respects. 
Self-checking circuits, second trials and trouble indicators which had 
proven highly successful in the decoder type panel system were important 
features of No. 1 crossbar. Automatic alternate routing and the ability 
to operate with non-consecutive PBX assignments were major new 
features introduced in this system for the first time. 

The subsequently developed No. 5 crossbar system included a number 
of improvements, the chief of which from a common-control standpoint 
was the use of common markers for originating and terminating business 
and the use of the call back feature in setting up the connection. In this 
system the common equipment records the calling line identification as 
well as the called number, and after setting up to the called line or 
outgoing trunk, breaks down the connection to the common equipment 
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from the calling line and then re-establishes a connection back to the 
calling line. 

Common controls have been employed by the Bell System in a number 
of systems in addition to those already mentioned. These include panel 
sender tandem, crossbar tandem, and No. 4, A4A and 4A toll crossbar. 

COMPARISON OF COMMON CONTROL SYSTEMS AND DIRECT DIAL CONTROL 
SYSTEMS 

Both direct dial control and common control systems have been de- 
veloped to meet a wide range of situations for both large and small 
exchanges but, as previously noted, direct dial control systems have 
found their greatest field of use in the smaller exchanges and common 
control systems in the larger ones. The reasons for this can be brought 
out by a discussion of some of the features which have an important 
bearing on costs. These include the features affecting numbering plans, 
trunking arrangements, flexibility, quality of service, maintenance and 
engineering. A discussion of all the factors affecting costs will not be 
attempted. However, some of the more important ones will be covered. 

RELATION BETWEEN TYPE OF SYSTEM AND NUMBERING PLANS 

The requirements of a good numbering plan are well known. A good 
plan must be universal, i.e., must use the same number for reaching a 
called line regardless of the point of origin of the call in the area covered 
by the numbering plan, must permit dialing with acceptable accuracy, 
must permit directory listings that are readily understood by both dial 
and manual customers, and should use a minimum number of digits to 
reduce the labor of dialing. In small networks a satisfactory plan can be 
set up with almost any kind of system. However, especially in large 
networks, modern common control systems have outstanding advantages 
with respect to numbering. 

These advantages of common controls are derived from the more 
flexible method of operation. Direct dial control systems use up the 
digits in the various stages of the switching operations whereas common 
control systems momentarily store them and can retransmit them. The 
result is that where direct dial control systems are used the numbering 
plan and the switching and trunking plans must conform whereas with 
common controls numbering, switching and trunking are not directly 
dependent on each other because the digits can be stored and translated. 
The effects of these differences on permissible latitude in numbering 
arrangements can be brought out by some examples. 
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Dil-ect dial control systems cannot operate economically with a uni- 
versal numbering plan in a network requiring any given call to have the 
possibility of completion over a variable number of links. The need for 
operating in this fashion arises when calls may be completed directly to 
the called office or via one or more tandem or toll systems. Numbering 
difficulties of a plan which attempts to use tandems with direct dial 
control systems can be illustrated by reference to Fig. 5. Assume that 
A, B, C represent three direct dial control type offices in a 6-digit number- 
ing plan area and that these are connected by direct trunks between 
offices. Office B is designated ACademy (22 on the dial) and office C is 
designated BLue Hills (25 on the dial). Analysis of the trunk layout in 
this network indicates, let us say, that trunking economies can be made 
by establishing a tandem and that the direct route from A to C is no 
longer economical as compared to the route via the proposed tandem. 
The digits 25 must now select a route via tandem. However, if we use 
both digits for selecting the route to tandem we have none left for select- 
ing the route to office C at the tandem office. Since this plan will not 
work, let us see what results if we assume that the tandem trunks are 
selected by means of the first digit. Now all calls starting with the code 
digit 2 at office A must be routed via tandem and even though economies 
call for a direct route to the ACademy office from A we are forced to use 
the uneconomical route through tandem for this office. Actually we must 
consider the economy of routing the traffic for all offices whose codes 
begin with a given digit via tandem, or routing it over direct trunks, or 
we must change the designation of one of the offices. We could, of course, 
adopt the undesirable expedient of using non-universal numbering, i.e., 
numbering that varied by points of origin, as, for example, by introduc- 
ing extra digits on calls through tandem from A to C and omitting them 
on calls from B to C. 

 { _ A LOCAL OFFICE 
I 0 ) BLUE HILLS (25) 

Fig. 5—Trunking scheme with a tandem office. 
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It is a situation such as has been described which has led to the prac- 
tice, in some cases, of putting offices whose designations begin with the 
same first digit in the same building in step-by-step areas. This, of 
course, leads to restrictions. 

Another alternative is to use selector repeaters. With these devices a 
"mitlaufer" action takes place in the local and tandem office selectors, 
i.e., both the local office selectors and the tandem office selectors follow 
the dial pulses until sufficient information is received to determine the 
route, whereupon the unneeded equipment is released. This equipment 
makes possible both the direct route to office B and the route via tandem 
to office C without an office designation change. However, selector re- 
peaters are expensive and the cost of introducing them may be con- 
siderable. They also waste some trunk and equipment capacity because 
selector repeaters operate by seizing both local selectors and tandem 
trunks on every call. More often than not, perhaps, it would be cheaper 
to forego the trunk economy than to introduce the selector repeaters. 

Now take the same network and assume common control equipment 
at all points. Prior to the introduction of the tandem the local offices 
translate the first two digits into information for selecting an outgoing 
trunk and then outpulse only the last four numerical digits directly to 
the called office. When the tandem is introduced, the translation at 
office A is changed to select a trunk to tandem on calls to BLue Hills 
and to tell the sender at A to spill ahead the code digits or equivalent 
information as well as the line number for these calls. For calls to ACad- 
emy the existing arrangement is retained. There is no special problem at 
tandem since the code for the called office, BLue Hills, is made available 
there. The translator at the tandem office tells the tandem sender to 
omit the office code digits in outpulsing to BLue Hills. 

There is an essential difference in the coding between direct dial con- 
trol and common control which is obscured by the use of the same codes 
in the examples. In the direct dial control case the codes are route codes 
(sometimes called group codes); that is, the digits directly correspond to 
the route through the switches and are expended in the switching oper- 
ations. In the common control case they are destination codes and it is 
not necessary to have them conform to the route nor are they used up 
in the switching process. Only common control systems can operate with 
destination codes. Therefore common control systems are required where 
it is necessary to route calls to some offices by direct trunks and calls to 
other offices via tandems without numbering restrictions. 

Another example of a numbering difficulty with direct dial control 
systems tracing back to the use of route codes, is illustrated by an 
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extreme example in Fig. 6. This figure shows a multi-switch route 
through four automatic intertoll switching systems, A, B, C, D, to a 
customer whose listed number is 2345 in the central office, MAin 2. 
MAin 2 is in numbering plan area 217, a different area from that of the 
calling office. Typical digit combinations are shown at each place for 
reaching the next place with direct dial control systems. On a call from 
the A toll center area to the number MA 2-2345, the originating toll op- 
erator must dial 16 digits, such as 059 076 097 157 2345. Calls starting at 
intermediate points or in other networks use different numbers depending 
on the route. (Note that the route codes start with 0 or 1 to distinguish 
them from local codes.) It is rather obvious that dialing such combina- 
tions is cumbersome and requires elaborate routing information at each 
toll center. Intertoll calls through direct dial control systems are there- 
fore generally limited to being switched at one place along the route, 
with infrequent use of two switching points. 

However, with common control systems the situation is quite different. 
The originating point need dial only the ten digits of the destination 
217 MA 2-2345. At each point except the one preceding the called area 
the full complement of digits is sent ahead. At that point the area code 
is dropped. At the last point, D, which is assumed to have direct circuits 
to the called office, MA 2 is skipped and 2345 is sent ahead. If calling 
and called points had been in the same numbering plan area, only seven 
digits would have been required. Note that since destination codes are 
used all points outside the numbering plan area dial the same 10 digits 
to reach a given line and all points within dial the same seven digits. 

While only a small proportion of toll calls require multi-switch con- 
nections of the type just described, connections such as these are never- 
theless required for an economically feasible nationwide network in 
which all calls are dialed to completion, and this objective cannot be 
attained practically without systems operating with destination codes. 

Fig. 6—Numbering with direct dial control and common control systems. 
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Also, as brought out later, destination codes are required in order to 
realize the important trunking economics of automatic alternate routing. 

CODE CONVERSION 

In passing, another feature of some common control systems, namely 
code conversion, can be brought out here because the illustration, Fig. G, 
fits. Calls originating in a common control system can use office name 
codes (such as MA 2 for calls to the MAin 2 office) to reach destinations 
via step-by-step switching equipment where route codes (such as 157) 
are widely used. The translating equipment at the common control office 
can be arranged to substitute arbitrary digits for the office name code 
digits or in some cases to prefix arbitrary digits ahead of the called 
number. The arbitrary digits substituted or prefixed conform to the 
requirements of the office using route codes. In Fig. 6, office C when 
equipped with common controls could be arranged to convert MA 2 to 
157, and therefore codes conforming to the nationwide numbering plan 
could be used for area 217 even though the calls were routed through 
step-by-step equipment. 

RELATION BETWEEN TYPE OF SYSTEM AND TRUNKING ECONOMIES 

The provision of a system which makes the most economical use of 
the trunk plant is important in any network but it is not as important 
in a small network as in a large one. Small networks can derive only 
small economies from arrangements which permit saving trunks. For 
example, in a single office network the trunks consist of wires running 
from originating to terminating equipment in the same building plus 
relatively cheap associated relay circuits. However, in a large toll net- 
work the trunks may include expensive repeaters, signaling equipments, 
carrier equipment and perhaps echo suppressors, as well as transmission 
channels running up to hundreds of miles in length and expensive toll 
relay circuits. For the larger networks there is therefore considerable 
urge to save as many trunks as possible. It is important therefore to 
operate these networks with switching plant that makes the most effi- 
cient use of the trunk plant by providing full access to groups, and to 
use an arrangement that permits the trunking economies of routes via 
tandems and of automatic alternate routing. These are features provided 
by common control systems and help explain why these systems are 
more attractive in the larger networks, both toll and local. 

The cost of rearrangements for growth, new routes, load balancing 
ami for restoring service under emergency conditions vary with the type 
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of system. Because of the flexibility of common controls such rearrange- 
ments are easier to make and usually cost less than in direct dial control 
systems. Also the frequency of rearrangements is greater in the larger 
places. Therefore this is another factor in favor of using common controls 
for those places. 

SUPERIORITY OF COMMON CONTROL SYSTEMS WITH RESPECT TO SWITCH 
ACCESS 

It has already been mentioned that the efficiency of trunks increases 
as the size of the group in which they are selected increases. Recognition 
of this fact early in the development of machine switching (about 1905) 
led to the invention of common controls. An ordinary step-by-step selec- 
tor has access to only ten outlets on a level. Access to more than ten 
outlets can be obtained by providing graded multiple or by the use of 
rotary out-trunk switches,* or by combinations of these. Whenever it is 
necessaiy to employ graded multiple or rotary out-trunk switches, there 
is still some slight loss of efficiency as compared to full access. 

In a system such as the panel system in which trunk hunting is a 
function of the selectors, the maximum number of trunks accessible to a 
call at any stage of selection is limited by the number of outlets accessible 
to the switch at that stage. A panel district or office selector, for example, 
can test a maximum of 90 trunks in a single group, 90 being the maximum 
number of terminals to which trunks can be assigned on a single panel 
bank, the remaining ten of the 100 terminals on a bank being reserved 
for overflow purposes. In the step-by-step system a corresponding limi- 
tation is avoided by a combination of graded multiple and rotary out- 
trunk switches with the penalty of a slight loss of efficiency. Marker 
systems avoid this limitation, also, by having the markers select trunks 
before they select the paths to the trunks. Crossbar systems with markers 
can readily test several hundred trunks for a given call. In some crossbar 
systems—No. 1, for example—trunks are tested in sub-groups of forty, 
therefore marker holding time is increased when there is more than one 
sub-group to be tested. This increase in marker holding time is largely 
avoided in systems like the toll crossbar systems by providing special 
testing arrangements in which a single indication per sub-group tells 
the marker which sub-group has one or more available trunks, whereupon 
the marker only tests the individual trunks of a sub-group in which it is 
assured that it can find an available trunk. 

* A rotary out-trunk switch is arranged to hunt over a single group of outgoing 
trunks and to connect to an idle one. It is arranged for preselection and switches 
not in use will advance from busy trunks. 
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The maximum access of ten terminals on a level in ordinary step-by- 
step is not inherent in the system and might be overcome by a different 
switch design. A review of how a direct dial control system operates will 
help to clarify this point. At each switching stage, two actions take place. 
First, the switch follows the dial pulses until it reaches a group of outlets 
corresponding to the dialed digit. Then in the interval following this 
digit and before the pulses of the next digit arrive the switch hunts over 
the outlets for an idle path to reach the next stage. The number of paths 
from a switch level is therefore limited by the number of terminals the 
switch can hunt over in the interdigital interval. Assuming, for example, 
an interdigital interval of six-tenths of a second and a hunting speed of 
100 terminals per second, 60 outlets could be provided. However, if such 
a high speed of hunting could be attained, and the GO outlets were pro- 
vided, 60 terminals would be required per group even for small ones which 
are in the majority. Hence such a switch would be wasteful of terminals. 
Direct dial control systems have generally employed switches with ten 
outlets per level although special arrangements such as twin levels have 
been employed to increase the number of outlets. A twin level switch 
provides terminals for two trunks at each rotary step and thus twenty 
trunks per level can be reached. 

TRUNK ECONOMIES FROM TANDEM OPERATION WITH COMMON CONTROL 
SYSTEMS 

An important factor in trunk economies is the ability to use tandems. 
The numbering difficulties that direct dial control systems have with 
tandems have already been discussed. Tandems permit major trunk 
economies on two scores. First, tandem routings take advantage of the 
efficiency which results from concentrating the smaller items of traffic 
and handling them over common trunk groups. Fig. 7 shows how this 
economy is attained. Ten offices completely interconnected by one-way 
trunks require 90 interoffice trunk groups. Ten offices interconnected 
only by way of tandem require only 20 groups. The groups by way of 
tandem are larger in size than the individual direct groups they replace 
and because of increased efficiency with group size fewer trunks are 
required. 

There is a second possibility for an increase of efficiency, an example 
of which occurs when part of the offices are in business districts and part 
in residential districts. The peaks of trunked traffic from these different 
types of offices frequently occur at different hours, hence the trunks 
through tandem can be provided more economically for a given grade of 
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service than by an arrangement which must care for the peaks of each 
office separately. The non-coincidence of peaks of traffic of different 
types of offices permits economies both on trunks to tandem and trunks 
from tandem. For example, assume that a given office completes calls 
via tandem to some offices which have a morning busy hour and to 
others which have an evening busy hour. Then the group to tandem 
must provide capacity to handle the traffic for the busier hour of the 
two, but this capacity need care only for the peak traffic to part of the 
destinations. If individual direct groups had been provided instead of a 
common group to tandem, each group would have required capacity for 
its own peak, regardless of when it occurred. The common group to 
tandem therefore benefits by the noncoincidence of the peaks. A corre- 
sponding situation also occurs on trunks from tandem. Each group com- 
pletes calls to a given destination from a number of originating offices 
whose peak hours may not coincide, and hence groups from tandem 
derive economies similar to those of the incoming groups to tandem. 

Tandems are also required for alternate routing. Alternate routing is 
an arrangement to provide trunking economies by using a limited num- 
ber of direct trunks for the traffic between two offices, and permitting 
the calls which do not find an available direct trunk to overflow to one 
or more tandems in succession. Because of the ability to load the direct 
circuits very heavily and yet provide good service by taking the overflow 
from and to a number of offices through a common tandem point, sub- 
stantial economies are possible. Automatic alternate routing is practical 
only with common control systems. Common controls are needed to 

TANDEM 
OFFICE 

0 

DIRECT TRUNKS ONLY TANDEM TRUNKS ONLY 
(90 GROUPS) (20 GROUPS) 

Fig. 7—Reduction of the number of trunk groups by the use of a tandem office. 
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provide the digit storage and digit spilling features in the office that 
does the alternate routing so that it can spill forward to the alternate 
route point the digits the latter requires. 

Common controls have other advantages with respect to trunking 
which have already been covered in part. They also simplify the problems 
of assignment and load balancing as groups change in size or as new 
groups are added. An example of the difference in the methods of han- 
dling trunk growth in step-by step and crossbar is of interest. In step- 
by-step when groups grow beyond 10 trunks a grade must be introduced 
in the switch wiring, or trunks must be sub-grouped or rotary out trunk 
switches used. If further growth occurs, regrades must be made or re- 
arrangements may be required in the sub-grouping or in the rotary out- 
trunk switches. In a crossbar system, however, in most cases added 
trunks are merely assigned to spare switch terminals which are left 
vacant for this purpose. 

ROUTINGS FOR IRREGULAR CONDITIONS 

Common controls are adapted to the efficient recognition and handling 
of irregular conditions such as permanent signals, vacant codes, and dis- 
continued or temporarily intercepted lines. 

Registers or senders detect line troubles which cause permanent signals 
or receivers off the hook by a timing circuit which waits for a short time 
for dialing to start. If the dialing does not start -within the interval al- 
lowed the line is directed to a common group of permanent signal trunks 
which may appear before operators or at a test board. In No. 5 crossbar 
a trouble recorder card can be produced on which the location of the 
line in trouble is indicated. The step-by-step system indicates permanent 
signals by alarms to the maintenance force on a line group basis, and 
lines in trouble must be traced. 

Vacant codes are detected by the translators, decoders and markers 
of common control systems and the calls are routed to a common trunk 
group which appears before operators or which returns "no such number 
tone." The corresponding arrangement in step-by-step requires con- 
nections from the switch multiple to operator or tone trunks. 

In systems like No. 1 crossbar and No. 5 crossbar which have common 
controls in the terminating equipment, lines on which service has been 
discontinued or temporarily intercepted can be recognized by the mark- 
ers and the calls rerouted to a common group of intercepting trunks. 
For example, temporary discontinuation of service is indicated by lifting 
a single cross-connection at the number group frame. In the step-by-step 
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system, however, one intercept trunk is commonly provided per 100 
numbers and lines whose service is to be intercepted must be cross- 
connected to these trunks. 

FURTHER ADVANTAGES OF COMMON CONTROL SYSTEMS ACCRUING FROM 
THEIR ABILITY TO OPERATE WITH TANDEMS 

Some of the economies permitted by common control systems operat- 
ing with tandems have been previously mentioned. Tandems are also 
useful because they provide centralized points at which special features 
can be concentrated with considerable saving. 

For example, tandems are used for pulse conversion and for concen- 
tration of message charging equipment. Pulse conversion is needed when 
it becomes necessary to change from one type of pulsing to another, as, 
for example, on calls from a panel office to a step-by-step office. Panel 
can send out only revertive and panel call indicator pulses and step-by- 
step can receive only dial pulses. The two systems are therefore incom- 
patible without special arrangements. The following are some of the 
plans which might be used for handling calls to step-by-step. First, all 
the panel senders could be modified to send out dial pulses. Second, spill 
senders could be provided at the outgoing trunks in the panel office or 
at the incoming trunks in the step-by-step office to receive, say, revertive 
pulses and convert them to dial pulses. Finally, if there is a tandem in 
the area, the tandem senders could be arranged (as they actually are) 
to accept revertive or panel call indicator pulses and send out dial pulses. 
The first two arrangements are usually more expensive than the last. 
Therefore, when pulse conversion is required it is generally done by 
routing calls via tandem. 

To complete calls in the reverse direction, that is from step-by-step 
to panel, there is a requirement that is due to the use of the step-by-step 
system, namely that in cases where second dial tone is not employed the 
equipment at the called office or at an intervening tandem must be ready 
to accept the step-by-step pulses which are being dialed by the customer 
within a short time after the incoming trunk is seized. To meet this 
requirement, special high speed and costly link mechanisms are required 
to attach senders to incoming trunks or the incoming trunks must be 
arranged to record and store one or two digits. When calls are made be- 
tween two systems both using senders, however, cheaper and slower link 
mechanisms can be employed because the calling senders are arranged to 
wait for a sender attached signal from the called office. 
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ADVANTAGES OF COMMON CONTROLS FOR AUTOMATIC RECORDING OF IN- 
FORMATION FOR CHARGING 

The crossbar tandem system offers an economical method for making 
a record for charging purposes on multi-unit bulk billed calls called re- 
mote control of zone registration. At present this is limited to use with 
originating panel offices. The tandem is arranged to send back signals to 
the originating office for operating the customer's message register up to 
six times for the initial period on one call and also to operate it on over- 
time. Thus the application of extended customer dialing can be eco- 
nomically increased by applying this arrangement in places which cannot 
justify the registration arrangements available in the panel system itself 
which are economical only for a relatively heavy volume of this business. 
Local crossbar systems provide these features economically enough to 
obviate the need for tandem control of message registers for calls orig- 
inating in the crossbar offices. 

When tandem offices are required to control the equipment which 
records customers' charging data, they must be equipped with common 
controls if the arrangement is to be economical. The data includes the 
origin of the call—the particular trunk group incoming to tandem over 
which the call arrives—and the destination—the called office code. These 
elements must be analyzed and combined to determine the basis for the 
amount charged. Since elaborate equipment is required for these func- 
tions, economy must be attained by providing a minimum amount of 
equipment to do the job. This objective is accomplished by providing the 
required features in the common controls. In tandems arranged for re- 
mote control of zone registration, for example, the number of times the 
customer's message register is operated is determined partly by the 
choice of trunk group at the originating office and partly by the tandem 
markers. 

In addition to remote control of zone registration, there are several 
other methods of determining and recording charging data which also 
require the use of common control equipment. These are automatic 
ticketing, automatic message accounting and coin zone dialing. 

In automatic ticketing, which is used with step-by-step systems, calls 
which are to be ticketed are directed to outgoing trunks which select 
senders and other common equipment which determine the calling line 
number, reconstruct the called office code and store and outpulse the 
digits required for selections beyond the local office. The calling line 
number and the called office code are transmitted by the common equip- 
ment to the outgoing trunk which is equipped with a ticket printing 
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device which prints this information and other data requir ed for charging. 
The tickets can be used for bulk bills as well as detail records since they 
can be summarized at the accounting center by manual methods for 
calls on which detail information is not required. 

Automatic message accounting is used with crossbar systems both for 
bulk hilling and detailed call records. With this system the data required 
for charging is perforated on paper tape by common central office equip- 
ment. The arrangement has been described in the technical literature* 
and will not be further described here. 

Both the ticketing method and automatic message accounting require 
the collection of a large amount of data and the ability to do a compli- 
cated job in handling and recording this data. This demands elaborate 
and expensive equipment which is practical only when provided on a 
common basis so that it can be called into service for a short time and 
then restored to the common pool for other calls. 

Direct dial control systems without common controls can only have 
message registers on the hue and therefore can handle nothing but bulk 
billed calls. Furthermore because of the expense of arrangements for 
determining multiple unit charge data and for operating the message 
register more than once on a call, multiple operation of message registers 
on individual calls is not practical. 

From coin stations in direct dial control systems the customer may 
dial calls only to offices within the local charge zone. However, in panel 
and crossbar areas the "coin zone dialing" arrangement is available to 
permit coin customers to dial beyond the local zone. With this plan calls 
are routed to a tandem office where completion is delayed until an oper- 
ator can plug into the trunk to tandem and supervise the collection of the 
required coins. The amount to be collected is indicated by trunk lamps 
which appear in a switchboard multiple. Common controls enter into 
this scheme at the originating office to route the call to tandem and to 
determine the charge, and at the tandem office so that the digits can be 
stored while the call is held up prior to collection of the coins. 

TYPES OP PULSING 

Direct dial control systems are restricted to operation with dial pulses 
and are usually limited to pulsing speeds of about 10 pulses per second 
and about one digit per second. Dial pulsing has range limitations which 
can be overcome by the addition of pulse repeaters at appropriate points. 

Common control systems store the digits in senders which can regen- 

* A.I.E.E. Transactions, 69, Part 1, pp. 255 to 268, 1950. 
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erate them in various types and combinations of types of pulsing. Types 
of outpulsing found today in various systems include revertive, panel 
call indicator, dial pulsing, dc key pulsing, and multi-frequency pulsing. 
Panel sender tandem and No. 4 toll can also send digital information 
ahead to operators by the call announcer method which uses voice an- 
nouncements derived from recordings on film. Provision for receiving 
and sending several types of pulsing in one system makes it more flexible 
since it can then connect to a variety of equipments. Regenerating the 
pulses adds to the range without the need of adding pulse repeaters. 

Some of the advantages which common control systems derive from 
the ability to operate with a modern type of pulsing can be brought out 
by a brief description of multi-frequency pulsing which is a relatively 
recent development. Digital information is transmitted over any facility 
capable of handling voice by senchng spurts of alternating current which 
consist of pairs of frequencies in the voice range selected out of five 
frequencies. There arc ten such pairs. At the receiving end a check is 
made to insure that exactly two frequencies are received for each digit. 
When only one or more than two frequencies per digit are detected the 
call is not set up but a reorder signal is returned to the originating end. 
In addition to the advantages of being capable of transmission over voice 
facilities, including repeaters and carrier systems, and of providing checks 
for accuracy, this type of pulsing can be transmitted at the rate of seven 
digits per second at present. Operators can be provided with keysets 
capable of sending MF pulses into either local or distant switching equip- 
ment with improved operating resulting from the higher speed and other 
advantages of MF pulsing. 

It is quite feasible to add new types of pulsing to common control 
systems. Multi-frequency pulsing has only recently been added to cross- 
bar tandem, for example, although it has been in use with other crossbar 
systems for some time. In this case it required the development of new 
senders capable of receiving and sending the MF pulses. The addition of 
these senders, even in existing offices, is not a difficult job. 

IMPROVED STATION APPARATUS 

The stations in most exchanges are provided with dials which operate 
at approximately 10 pulses per second. In step-by-step exchanges this 
pulsing speed is the maximum permitted by the capabilities of the 
switches. In panel and crossbar areas the common equipment is capable 
of operating with higher speed dial pulsing, and PBX and central office 
operators in these areas arc usually given dials that operate at about 
18 pulses per second. 
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Even fast dials are inefficient as compared to the push button keysets 
used by operators for key pulsing and it is obvious that subscriber sets 
with push buttons would be faster and more convenient than dials. Such 
sets were used at Media, Pa., on an experimental basis and have func- 
tioned in a highly satisfactory manner. Their introduction merely re- 
quired the design and installation of registers to receive the pulses they 
generate. This was done with little difficulty or expense at the central 
office end. However, with ordinary step-by-step systems such devices are 
impractical because of the short interdigital interval they allow and be- 
cause of the cost of adding the pulse receiving equipment in every 
selector and of providing translation to change the key pulses into a 
form to drive the switch. 

CLASSES OF SERVICE 

Differences in the handling of calls from non-coin, coin and PBX lines 
and differences in rate treatments require the recognition of classes of 
customers at the central office. In step-by-step separate groups of line 
finders are provided to permit segregation in classes and where routings 
for different classes vary, separate selector multiples are required for 
these routings. Class distinctions within a line finder group can be made 
by normal post springs and by marking a fourth conductor in the line 
circuit. 

Common control systems permit the economical handling of many 
classes of service. The No. 5 crossbar, for example, is most flexible in 
this respect. As many as thirty classes of service can be handled in a 
single line link frame, including coin and non-coin. Special handling, 
reroutes and restrictions are mostly functions of the common controls 
and inefficiencies due to segregation of traffic in small groups of switching 
equipment are largely avoided. 

DOUBLE CONNECTIONS 

In systems such as panel and step-by-step in which selectors do the 
hunting, several selectors may be hunting over the same terminals simul- 
taneously, and since there is an unguarded interval just after an idle 
terminal has been found before it is made busy by the release of the busy 
testing relay, double connections occur. Considerable effort and expense 
have been expended to reduce the probability of double connections in 
these systems. In systems which employ markers, on the other hand, 
the trunk testing schemes do not normally permit double connections to 
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occur. In most marker systems a lockout arrangement permits only one 
marker at a time to test trunks in a given group. There are cases where 
trunks are common to two offices and two markers are allowed to test 
trunks simultaneously. In these cases special circuit arrangements are 
provided at nominal expense to avoid double connections. Modern com- 
mon control systems with markers are, therefore, free of double con- 
nections resulting from weaknesses of the system and they can occur 
only as a consequence of defects in circuits or apparatus. 

THEORETICAL OFFICES 

It is sometimes desirable to assign more than one office designation to 
customers in a single central office unit. A new unit may be planned for 
sometime in the future and if growth on the existing unit can be taken 
with a new office designation, then when this new office is placed in 
service it can be done without directory changes by transferring a block 
of lines from the old unit. Another occasion for assigning more than one 
designation to a single unit arises when customers served by the unit 
are in two rate zones, and service to lines in one of the rate zones must 
be restricted or extra charges collected. The lines served by an additional 
designation are called a theoretical office. Common control systems 
handle theoretical offices with little difficulty. In the first case mentioned 
the translating equipment in the originating offices recognizes that the 
physical office and theoretical office designations require identical treat- 
ment until the new unit is cut into service at which time translator cross- 
connection changes take care of the new routings. Where different rate 
treatments are involved, records for billing purposes depending on both 
the origin and destination of the call can be made by methods previously 
mentioned. In some cases where the billing data is determined at a 
tandem office and different treatments for the same destinations must 
be given to customers calling from one office, split trunk groups must be 
provided to tandem, one for each treatment. 

In the step-by-step system, theoretical offices can be opened up by 
multipling two selector levels together. For example, if the physical 
office is designated 25 and it is desired to open a theoretical office, say 26, 
the 5 and 6 levels on the proper second selectors in the network can be 
strapped until the 26 office is changed to a physical office. At that time 
the levels are split and trunks to the new office are connected to the 
6 levels of the second selectors. Restrictions in reaching blocks of numbers 
can be applied by splitting selector multiples and intercepting calls to 
restricted blocks from one of the splits. 
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ADAPTABILITY TO NEW SERVICE FEATURES 

One of the major advantages of common controls, which has been 
covered in part but which deserves further emphasis, is then- adaptability 
to new service features. Key sets and new dialing devices can be intro- 
duced at customers' stations and operator positions by readily feasible 
modifications of registers and senders. New pulsing schemes can also be 
introduced as they are developed as evidenced by the introduction of 
multi-frequency pulsing over the past few years. Nationwide customer 
dialing, now under development, can be readily introduced in existing 
common control systems by economical modifications without the use 
of either directing codes or second dial tone. Step-by-step systems re- 
quire at least partial senderization to provide equivalent service. In 
short, the flexibility of common controls and the concentration of the 
control elements in a relatively few circuits makes the addition of new 
service features easier and more economical than in direct dial systems. 

MAINTENANCE ASPECTS 

Experience has shown that switches with a large amount of motion, 
especially those with brushes which wipe over bank terminals, tend to 
wear excessively and require considerable maintenance effort and even 
replacement, at times. On the other hand, switches with short motions 
and relay-like action require little maintenance and tend to have long 
life. Furthermore, the switches which employ wiping brushes mostly use 
base metal contacts, whereas relay-like switches can readily be equipped 
with precious metal contacts—and in most cases are so equipped—with 
the elimination of the transmission noise to which base metal contacts 
are subject. The crossbar switch is a relay type of switch with precious 
metal contacts and considerations such as those mentioned influenced its 
adoption. The advantages of relay type switches are not necessarily 
limited to common control systems since such switches have been used 
in direct dial control systems. The first use of the crossbar switch in 
Sweden was in a step-by-step system, for example. However, economical 
arrangements for using such switches in large systems require markers. 
This is because economy must be achieved by having more than one call 
occupy a switch at a time and marker control is necessary to attain this 

Important maintenance advantages have been introduced in systems 
using decoders and markers. In this category are the self-checking fea- 
tures, second trials with changed order of preference, and trouble report- 
ing features. In No. 5 crossbar the ability to report the location of a line 
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Math a permanent signal by perforating a trouble recorder card has 
eliminated the need for tracing permanents. 

A number of schemes are employed to detect troubles in markers and 
decoders and in circuits which connect to them. These include detectors 
for wrong sequences of operations, wrong combinations of relays, exces- 
sive current, false potential and lack of continuity. These are generally 
introduced at small cost since the circuits to which they are applied are 
small multipliers. However, some of them do a major job of testing since 
they reach out and test the numerous elements of the switching system 
to which markers have access. In this category are the tests of the cross- 
bar linkages for opens, false grounds and double connections, tests of the 
switch crosspoints for continuity, tests of lines for false grounds, and for 
receivers off the hook on coin first coin lines. 

To obtain clear trouble records, markers are designed with interlocked 
progress signals. This has made trouble analysis easier and has tended 
to improve design by eliminating relay races. 

Starting with the panel system tests have also been introduced in 
senders for detecting open and reversed trunks. These tests have been of 
considerable help in maintaining outside plant and in detecting condi- 
tions that could lead to false charges. 

DISADVANTAGES OF COMMON CONTROLS 

Up to this point the stress has been mainly on the advantages of com- 
mon controls. There are also some disadvantages. One of the major ones 
is the substantial getting started cost due to the necessity of providing a 
minimum amount of common equipment. This minimum is provided to 
maintain operation in case of trouble and during intervals when, for 
example, cross-connections require change because of changed or added 
routes. The minimum requirements establish economic barriers which 
tend to prohibit the economical use of common controls for small iso- 
lated systems. 

Another disadvantage is the performance of common control systems 
under severe and protracted overloads. Experience with these systems 
indicates that although they compare quite favorably to direct dial con- 
trol systems with respect to capability of handling moderate overloads, 
they are not able to handle severe overloads as well. In part this is a 
consequence of the fact that elements in common control systems are 
used at high efficiency and hence there is relatively less free equipment 
at full load for soaking up an overload than there is in systems that 
operate with smaller and less efficient groupings. Whenever the number 
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of calls presented to the system exceeds the capacity of the common 
control elements provided, the excess calls are delayed. The things which 
customers, operators and connecting switching machines do when they 
encounter delays tend to aggravate the overload. The reactions of oper- 
ators and customers to delays can be illustrated by two examples. 

The first is taken from the operation of a network of No. 4 toll crossbar 
systems when one of the No. 4's is heavily overloaded. Operators placing 
calls through the overloaded system encounter, let us say, an abnormal 
number of "no circuit" conditions in the outgoing trunks. This causes 
them to make additional attempts to get circuits. These additional at- 
tempts plus the excessive number of first attempts overload the markers. 
Sender holding time is then increased because of delays in connecting to 
the markers and this, added to the abnormal number of sender usages, 
results in a further shortage of senders. Operators trying to place calls 
through the system are therefore slowed down because of slow "sender 
attached" signals. (These are the signals which tell the operators that 
they can start keying or dialing.) Senders in connecting systems are also 
delayed waiting for senders to become idle in the overloaded office. The 
overload therefore tends to spread to all connecting systems. 

However, it is possible to provide remedies which limit the reaction 
to the overloaded system. These remedies are arrangements to rapidly 
clear out senders waiting for senders ahead. Automatic alternate routing 
is also useful in routing traffic around overloaded systems. 

The second example is taken from local systems. Here the reaction of 
customers to delays compounds the overload. A severe overload results 
in a shortage of senders, much as described above. A shortage of senders 
in a local system causes dial tone delays. There are always some custom- 
ers who either do not listen for dial tone or who will not wait very long 
for it, and who start to dial before senders are attached to their lines. 
The result of such dialing is either a partial digits condition under which 
the sender waits for a considerable interval for a full complement of 
digits, or a wrong number when the first digit is clipped. The delays 
reduce sender capacity still further and the wrong numbers further in- 
crease the attempts. The load "snowballs" and the ability of the system 
to handle calls degenerates. 

Here again arrangements are available to control the overload. These 
include features for blocking calls before they reach the senders and 
markers, and for returning paths busy signals with a minimum of com- 
mon circuit holding time. 

While there is, then, a somewhat greater capacity for overloads in 
step-by-step because of less efficient use of equipment, common control 
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systems do a good job of handling moderate overloads and, by provision 
of load control features, can operate satisfactorily even with severe 
overloads. 

From a maintenance standpoint, a disadvantage of common controls 
is the relative complexity ol the circuits. While this has introduced a 
training problem, maintenance forces have had no difficulty in acquiring 
the knowledge needed to do a competent maintenance job. 

CONCLUSION 

The full fledged common control systems exemplified by the crossbar 
local and toll systems have a number of important advantages over 
systems where the switches are driven directly by the customer's dial. 
The advantages arise largely from the ability to store digits, to translate 
them, use them flexibly for switching within the office, and transmit as 
many of them as desired to distant points for subsequent switching 
operations. The digits can be converted to others of different value 
whenever it is advantageous to do so. The inherent flexibility of common 
control equipment makes it possible to adopt any kind of numbering 
plan for a local area or a nationwide network that is best suited for the 
purpose without regard to the manner in which calls will be trunked from 
one point to another. Codes can be assigned at will to represent destina- 
tions and the best route for the call can always be taken. The best route 
may in some cases involve tandem operation or even a half-dozen 
switches in tandem. It may be the route selected as an alternate after 
previous trial of one or more other routes. A connection may be set up 
between offices of different types and over trunk groups requiring differ- 
ent forms of pulsing. These conditions may be met by common control 
equipment and the ability to meet such conditions makes it possible to 
provide cheap step-by-step equipment in places for which it is best 
suited, compensating for some of its deficiencies with common control 
equipment in other places. 

With marker type common controls, trunk groups out of an office 
can be of any desired size regardless of the switch design. The individual 
crossbar switch, for example, gives access to only ten or twenty outlets 
as normally wired but full access single trunk groups of hundreds of 
trunks can be employed in some crossbar systems. 

Schemes for recording billing data, aside from the relatively simple 
ones where metering equipment is associated with the customer's line 
and operated once per call, make use of common control equipment. 
This seems to be necessary where detail records must be made on indi- 
vidual calls for charging purposes. 
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As improvements in the art are made they can more readily be in- 
corporated in common control systems than in step-by-step systems. 
For example, new subsets which may employ keys or other sending 
devices different from the dial can be accommodated by provision of 
proper facilities in senders and registers. Also, improved high speed 
pulsing arrangements can be easily incorporated in systems which do 
not require the switches themselves to be directly driven by pulses from 
the calling device. 
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Mathematical Theory of Laminated 

Transmission Lines—Part II 

By SAMUEL P. MORGAN, JR. 

This part of the paper continues the analysis of the low-loss, broad-band, 
laminated transmission lines proposed by A. M. Cloys ton, and deals 
particularly with "Clogston 2" lines, in which the entire propagation space 
is filled with laminated material. 
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VIII. PRINCIPAL MODE IN CLOGSTON 2 LINES WITH INFINITESIMALLY 
VlIIN LAMINAE 

In Part I* of this paper we have set up a general mathematical frame- 
work for the analysis of Clogston-type laminated transmission lines 
and have applied it to Clogston 1 lines having laminated conductors, 
but with the total thickness of the laminations small compared to the 
overall dimensions of the line, so that most of the forward power flow 
takes place in the main dielectric. In Part II we shall consider Clogston 
2 lines, which instead of containing a main dielectric have the propaga- 
tion space entirely filled with laminations; and we shall also derive 
results, in Sections IX and X, for the general laminated transmission 

* S. P. Morgan, Jr., Bell System Tech. J., 31, 883 (1952). Since the two parts of 
the paper are very closely related, the sections, equations, figures, and footnotes 
have been numbered consecutively throughout the whole paper. A table of 
symbols appears at the end of Part I. 

1121 
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line in which the relative fractions of space occupied by the main dielec- 
tric and the laminations are arbitrary. 

A parallel-plane Clogston 2 line is shown schematically in Fig. 10. 
It consists of a stack of alternate layers of conducting and insulating 
material, whose total thickness is a. As before, the electrical constants of 
the conducting and insulating layers are denoted by mi , Qi and 62 , M2 
respectively; and the fraction of conducting material in the stack is 
called d. The stack is bounded at xj = ±\a by sheaths whose normal 
surface impedance is Zn(y), where 7 is the longitudinal propagation 
constant of the mode under consideration. 

(7 

Zn(7) 
Fig. 10—Parallel-plane Clogston 2 transmission line. 

■ : : 

(7) 

Zb(7) 
Fig. 11—Coaxial Clogston 2 transmission line. 
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The cross section of a coaxial Clogston 2 cable is shown schematically 
in Fig. 11. It consists of a laminated coaxial stack hounded internally 
by a cylindrical core of radius a, which may be equal to zero so far as 
the theoretical analysis is concerned, and externally by a cylindrical 
sheath of radius b. We denote the radial impedance looking into the 
core at p = a by Zaiy), and the radial impedance looking into the 
sheath at p = & by Zb(y). 

In this section we shall assume the laminae to be infinitesimally thin, 
so that the stack may be regarded as a homogeneous, anisotropic medium, 
completely characterized by its average electrical constants. The case 
of finite lamina thickness will be treated in Section XI. We shall neglect 
dielectric and magnetic dissipation throughout, except in Section XIII. 

For modes of the type which we consider, whose only field components 
are Hx , Ey , Ez in the plane lino or ,EP , Ez in the coaxial line, the 
average electrical constants of the stack are given by equations (90) 
of Section III, namely, 

e = €2/(1 — 0), 

P = + (1 — 0)p2 , (268) 

9 = Ogi- 

As observed in Section III, Maxwell's equations for the average fields 
in such an artificial anisotropic medium take the form, for a plane 
stack, 

dHz/dz - iwlEy , 

dflr/dij = —gEz , (269) 

dEv/dz — dEz/di/ = io}jiHx ; 

while for a cylindrical stack, 

dH^/dz = —iwiEp , 

d(pH*)/dP = (jpEz , (270) 

dEz/dp — dEp/dz = icojiHt . 

We wish to determine the modes which can propagate in the laminated 
medium when guided by plane or cylindrical impedance sheets. This 
problem was solved for a homogeneous, isotropic dielectric in Section 
II of Part I; and the method of solution is so similar for the anisotropic 
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medium that we shall omit details of the analysis and pass at once to 
the results. 

In the parallel-plane line, the modes for which Hx is an even function 
of y about the center plane y = 0 have field components given by 

Hx = ch riy e~yz, 

Ev = — ch Vty e-7*, (271) lue 

Ez= —K sh Vty e~y', 

up to an arbitrary amplitude factor, where lb and K are defined, as 
in Section III, by 

F; = (ufie + y 
l_o)e 

K = T(/g = 1"— («2/ie + T2)! • 
Lue9 J 

(272) 

(273) 

Matching impedances at the boundaries y = ±|a leads to the condition 

K tanh ^F^a = —Zn{y). (274) 

In the odd case, the fields are given by 

Hx = sh Tiy e~yt, 

K = -A. sh ra(275) 
twe 

Em = -Kch Tty e"1', 

up to an arbitrary amplitude factor, and the boundary condition be- 
comes 

K coth \Via = -Zn{y). (276) 

General expressions for the field components in the coaxial line are 

= U7i(r,p) + BK^VtpW', 

Ep = -r-. [AhiTcp) + BKxircpW1, (277) lue 

Ez = K[AUT(p) - BKoiTtpW', 



LAMINATED TRANSMISSION LINES. II 1125 

where .4 and B are arbitrary constants and F/ and K are defined as 
before. The boundary conditions at p = a and p = b take the form 

j-AIo(.T(a) — BK0(T(a) _ y / \ 
A/^F.a) + BKiiT to) aW' 

„ A/o(r,6) - BKoiXth) _ r/( . 
K Al^ch) + BK^Vth) - ~/b(7)' 

(278) 

and these equations can be satisfied by values of A and B that are 
not both zero if and only if 

KK^Vta) +Zn(7)/vi(r/a) _ KKq{Ttb) - ZMK^Tth) ( . 
K/o(r,a) - Za(7)/i(r/a) KIoiTtb) + Z6(7)/i(r,b) " 

Now K is given in terms of F, by equation (273), while from equa- 
tion (272) we have 

7" = —Lo'pi — {i(j)e/g)v'li. (280) 

Hence if the dependence of the boundary impedances on 7 is known, 
equations (274) and (27G) for the plane line and equation (279) for the 
coaxial line are transcendental relations from which in principle we may 
determine F, , and therefore 7, for each mode of the type that we are 
considering. If the value of F; for a particular mode satisfies the in- 
equality 

1 F2, 
upg 

« 1 , (281) 

then on taking the square root of the right side of equation (280) by 
the binomial theorem, we find that the attenuation and phase constants 
of the given mode are approximately 

P2 

a = Re 7 = -Re ' , (282) 
2^ VA/e 

-p2 

/3 = Im 7 = uy/ili — Im . (283) 
2(7 V 

Throughout the rest of this section we shall consider only the lowest 
or principal mode. In a parallel-plane line the principal mode corre- 
sponds to the lowest root in F; (that is, the root having the smallest 
modulus) of equation (274), which may be written in the form 

\Tia tanh ^F^a = —\gaZn{y). (284) 
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We may express 7 in terms of by equation (280), and so if Znici) 
varies with 7 in any reasonably simple way, or better yet if Zn(7) is 
essentially independent of 7 in the range of interest, equation (284) 
may be solved numerically for r< by successive approximations. 

A numerical solution of equation (284) is, however, rarely necessary, 
since the right-hand side of the equation is just the ratio of the sheath 
impedance Zniy) to the resistance "per square", namely l/(^a), of 
all the conducting layers in a stack of thickness %a in parallel, and this 
ratio will almost always be large compared to unity. This is another way 
of saying that the total one-way conduction current in the stack is 
large compared to the sum of the conduction and displacement currents 
in either sheath. Even if the sheaths are infinitely thick metal plates of 
conductivity <71 , we have from equation (79) of Section III, since 
7 « iuy/iie , 

\gaZn{y) = ^dgiarji = (1 + i)da/28i , (285) 

and for most frequencies of interest the thickness %6a of conducting ma- 
terial in half the stack will be several times the skin thickness 5i in 
the metal. If the medium outside the stack is free space, then Z^y) 
will be a few hundred ohms and a fortiori the right side of (284) will be 
large compared to unity. So long as the inequality 

| igaZn{y) 1 » 1 (286) 

is satisfied, the lowest root of (284) will be approximately 

lb = iirja.', (287) 

and so from (282) and (283) the attenuation and phase constants of a 
plane Clogston 2 line with infinitesimally thin laminae and high-im- 
pedance walls are 

« = o /zr-r. _ 2, (288) 
2VMA ga 

(3 = cov^i- (289) 

To this approximation, there is neither amplitude nor phase distortion. 
The principal mode in a coaxial Clogston 2 corresponds to the lowest 

root in lb of equation (279). To solve this equation numerically with 
finite boundary impedances ZaM and Zb(y), while possible in principle, 
would evidently be a major undertaking. We shall therefore assume 
throughout the present paper that the total conduction and displace- 
ment currents flowing in the core and the sheath are negligible compared 
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to the conduction currents in the laminated medium. This is equivalent 
to assuming that the boundary impedances Za{y) and Zb{y) are effec- 
tively infinite, so that equation (279) reduces to the simple form 

Ki{Via) _ Ki{Tih) foorp 
/!(!» ACT,6) ' 

Equation (290) may be converted to one involving ordinary Bessel 
and Neumann functions by the substitution 

r2, = -x2, r, = ix. (291) 

Then since 

LdV) = iV.(xp), 

jf.(r,P) = [/.(xo) - tW.(xp)I, 

the equation may easily be transformed into 

JiMN^ixb) - J1(x6)Ar1(xa) = 0. (293) 

For any given value of the ratio a/b, equation (293) has an infinite 
number of real roots in x- The lowest root xi has been tabulated18 as 
a function of b/a, and may be written in the form 

X! = (294) b — a 

where fi(a/b) is a monotone decreasing function of a/b which is equal 
to 1.2197 when a/b = 0 and to 1 when a/b = 1. Hence the attenuation 
and phase constants of the principal mode in a coaxial Clogston 2 with 
infinitesimally thin laminae and high-impedance walls are 

a =   . (295) 
SVV/e g(b — a)2 

/3 = , (296) 

and again to this approximation there is neither amplitude nor phase 
distortion. 

Comparing equations (288) and (295), we see that the attenuation 
constant of the principal mode in a coaxial Clogston 2 with infinitesimally 
thin laminae (that is, the low-frequency attenuation constant if the 
laminae are of finite thickness) is equal to the attenuation constant of 

18 E. Jahnke and F. Emde, Tables of Functions, fourth ed., Dover, New York, 
1945, pp. 204-207. What we call irf^a/b) is tabulated by Jahnke and Emde, p. 
205, as (k — l)xi(1), where k = b/a, while our/i(a/6) is plotted as 1 + a on p. 207. 
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the principal mode in a plane Clogston 2 times the factor j\{a/h), 
provided that the thickness of the plane stack is equal to the thickness 
5 — a of the coaxial stack. The functions/?(a/5) and/?(a/5)/(l — a/6)' 
are plotted against a/6 in Fig. 12. From the plots it is apparent that 
f\{a/b) decreases steadily from a value of 1.488 at a/6 = 0 to 1 at 
a/6 = 1, while /?(a/6)/(l —a/6)2 increases steadily from 1.488 at 
a/6 = 0 to infinity at a/6 = 1. Therefore if the stack thickness b — a 
is fixed, the attenuation constant will be smaller the greater is the 
mean radius of the stack; while if the outer radius 6 is fixed, the at- 
tenuation constant will be reduced by reducing the radius a of the 
inner core, and the lowest attenuation will be achieved when a = 0. 

It should be noted that our expressions for the attenuation and 
phase constants of Clogston 2 lines cannot be valid down to the mathe- 
matical limit of zero frequency, since the inequality (281), on which 
we based the approximations (282) and (283) for a and 0, will ultimately 
break down as the frequency approaches zero. A similar failure of the 
approximate expressions which we used for the attenuation and phase 
constants of Clogston 1 lines was pointed out in Section II of Part I. 
Here, as before, we shall limit the use of the term "low frequency" to 
frequencies still high enough so that the attenuation per radian is small 
and the approximate formulas (282) and (283) for a and are valid. 

JB. 1.2 

\ / 

\ / \ 
V.2 (a/b) /f,2 (a/b)/[i-(a/b)]2 

1 

a/b 

Fig. 12—Curves related to the function 

flia/b) = (6 - aPxiM 

where 

Ji(xia)Ni(xib) — Ji(xib)Ni(xia) = 0- 
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Usually we shall be able to apply these formulas down to frequencies 
of a few kc-sec-1. 

The field components of the principal mode in a plane Clogston 2 with 
infinitesimally thin laminae and high-impedance boundaries at ?/ = dtz^a 
are given by equations (271), on substituting for Ti from (287). We 
have, approximately, 

Hx = H0 cos ^ e-72, 

Ey = - A/^ Ho cos ^ e-7Z, (297) 
ye a 

Ez = — Ho sin ^ e-7Z, ga a 

where Ho is an arbitrary amplitude factor, and in the coefficient of the 
expression for Ey we have replaced 7 by its approximate value iux/jie. 
The bars have been omitted from Hx and Ez since these field components 
are continuous at the boundaries of the laminae. 

The potential difference between any two points in the same transverse 
plane is the integral of —Ev between the points. In particular, the 
total potential difference between the upper and lower sheaths is 

V = — Ey dy = —/l/l /7oC-7Z. (298) 
J -Ja T f e 

The average value of the conduction current density Jz is 

Jz = gEz = * Ho sin ^ e-7Z, (299) 
a a 

and the current per unit width flowing in the positive ^-direction in the 
upper half of the stack is 

=r Jo 
Jz dy = Hoe~yz, (300) 

so that the ratio of voltage between the sheaths to total one-way cur- 
rent per unit width is 

V _ 2a /y 
I t y e ' 

(301) 

The fields of the principal mode in a coaxial Clogston 2 with infinites- 
mally thin laminae and high-impedance boundaries are given by equa- 
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tions (277), which simplify somewhat if we write ixi for T{ , replace the 
modified Bessel functions with ordinary Bessel functions according to 
(292), and remember that H# must vanish at the high-impedance 
boundaries. We then get, approximately, 

Hj. = HQ[ I(XI&)«A(xip) - ^i(xi&)^Vi(xip)le~7'» 

e'= \/\ H^N^bV^U>) - JiMWxMe"", (302) 

Ez = ^ir Ho[Ni(xih)Jo(xip) — ^i(xi&)Aro(xip)]e~7Z, 

where Ho is an arbitrary amplitude factor. 
The potential difference between any two points in the same transverse 

plane is the integral of —Ep between the points. Thus the total potential 
difference between the core and the outer sheath is 

V = - [ Ep dp 
Ja 

= aA — VViCxiVMx#) - Ji(xib)No(x,piy" (303) V e Xi 

= /ji ZHoT Jiixih) _ 
V e TTXi \_XiaJi(xifl) Xi^J 

after some transformations using equation (293) and the well-known 
identity 

No(x)Ji(x) - N^Joix) = 2/irx. (304) 

The average value of the conduction current density ,/2 is 

Jz = gE, = Hoxi[Ni(xib)Jo(x\p) — Ji(xib)No{xip)]e yt- (305) 

The current reverses at p = c, where a < c < b and c satisfies 

A,'i(xi&)^ro(xic) — ./i(xi5)iVo(xic) = 0; (306) 

hence the value of c may be found with the aid of a table of Bessel func- 
tions or from plotted curves.19 The total one-way current in the outer 
part of the stack is 

I = 2t j J zp dp 

= 2-kcHo[J i(xi&)^i(xic) — Ni(xib)J i(xic)]e~72 (307) 

4HoJlixib) -7, 

XiJ o(xic) 
10 Reference 18, p. 208. 
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where in the last step we have made use of (304) and (306). The ratio 
of voltage across the stack to total one-way current is, from (303) and 
(307), 

V 
I 

. /Wo(xic) r l  _  1 1 
- r I~27"LXA/I(xi&) xMx.a)]- Kaw) 

If there is no inner core, so that a = 0, the expressions which we have 
just derived become indeterminate forms, and it is simplest to make an 
independent calculation of the fields for this special case. The Neumann 
functions are now excluded because of their singularity at p = 0, and 
the condition (293) is replaced by 

Mxb) = 0, (309) 

from which 

Xi = 3.8317/6. (310) 

The expressions for the fields are 

//, = HuJ i(xip)e~y', 

E, = iA HMxw)e-", (311) 

E. = *- HMxw)e-", 
0 

where Ho is now a different arbitrary amplitude factor. 
The total potential difference across the stack becomes, after putting 

in numerical values, 

V = - [ E, dp = 0.3661 Hohe~yz. (312) 
Jo 

The conduction current density is 

Jz = gEz = x\H oJ o{x\p)e~yz(313) 

and Jz changes sign at 

Joixic) = 0, c = 2.4048/xi = 0.62766. (314) 

The total one-way current is 

1 = 2ircHoJdxxc)e-y' = 2MlHohe-y\ (315) 

and the ratio of total voltage to total current is 

V/I = 0.1788vVi • (316) 
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The fields of the principal mode in both plane and coaxial Clogston 2 
lines will be plotted in the next section, when we shall also be able to 
show the fields in various transition structures between the extreme 
Clogston 1 and the complete Clogston 2. 

As a numerical example, let us compare the attenuation constant of a 
conventional coaxial cable with that of a completely filled Clogston 2 
cable of the same size. If a and h denote the radii of the inner and outer 
conductors of a conventional coaxial cable of optimum proportions 
{h/a = 3.5911), then at frequencies high enough to give a well-developed 
skin effect on both conductors, the attenuation constant is given by 
equation (151) of Section IV, namely 

a = , (317) 

where ijo is the intrinsic impedance of the main dielectric, which may be 
air. On the other hand, the attenuation constant of a Clogston 2 cable 
of outer radius b, with infinitesimally thin laminae and no inner core, 
is, from equations (282), (291), and (310), 

a = • (3l8) 

It will be shown in the next section that for infinitesimally thin laminae 
whose permeabilities are all equal, the optimum value of 0 is 2/3. As- 
suming no magnetic materials and setting 0 = 2/3, we find that the 
ratio of the attenuation constant ac of the Clogston cable to the at- 
tenuation constant as of an air-filled standard coaxial cable of the same 
size, made of the same conducting material, is 

ac/as = 10;62V^ h/b. (319) 

For copper conductors, 5i is given by equation (78) of Section III, 
and the crossover frequency above which the Clogston cable has a 
lower attenuation constant than the standard coaxial cable turns out 
to be 

/Mo = 763.5e2r/6L'8 , (320) 

where frequency is measured in Mc-sec 1 and the radius of the cable 
in mils. We also note that at the crossover frequency the electrical radius 
of the inner conductor of the standard coaxial is 2.96 \/c2r , so that 
the use of equation (317) for a, appears to be (barely) justified. Applying 
equation (320) to an ideal Clogston 2 cable of outer diameter 0.375 
inches, excluding the sheath, with copper conductors, polyethylene 
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insulation, and no inner core, we have 

b = 187.5 mils, €2r = 2.26, (321) 

and the crossover frequency is about 50 kc-sec-1. 
It must be emphasized that several factors which have not yet been 

taken into account will conspire to reduce the practical improvement in 
transmission that can be obtained with a Clogston 2 cable. As we have 
already seen for Clogston 1 lines in Part I, the effect of finite lamina 
thickness hi a Clogston 2 will be to cause the attenuation constant to 
increase with increasing frequency, and ultimately to become higher 
than the attenuation constant of a conventional coaxial cable. Dissipa- 
tion in the insulating layers may also contribute appreciably to the total 
loss at the upper end of the frequency band. Perhaps most important of 
all, the average electrical properties of the laminated medium must be 
held extremely uniform across the stack, or the field pattern of the 
principal mode will be distorted and its attenuation constant corre- 
spondingly increased. In later sections we shall discuss these effects, in 
order to estimate the stringency of the requirements on a physical 
Clogston cable if its factor of improvement over a conventional cable is 
to approximate closely to the theoretical limit given, for example, by 
equation (319). 

IX. PARTIALLY FILLED CLOGSTON LINES. OPTIMUM PROPORTIONS FOR 
PRINCIPAL MODE 

The distinction which has heretofore been made between Clogston 1 
and Clogston 2 lines is rather artificial, inasmuch as both structures 
are limiting cases of the general Clogston-type line in which an arbitrary 
fraction of the total space is occupied by laminated material and the 
rest by an isotropic main dielectric. We shall now consider the modes 
which can propagate in a general partially filled line, restricting ourselves 
for simplicity to stacks of infinitesimally thin layers backed by high- 
impedance walls. Under these assumptions we first set up equations 
which must be satisfied by the propagation constants and the fields of 
all modes having only IIx , Ev , Ez or , Ep , Et field components in a 
partially filled Clogston line, and then proceed to a study of the lowest 
or principal mode. We exhibit field plots for this mode at various stages 
of the transition between the extreme Clogston 1 and the complete 
Clogston 2 geometry, and investigate the conditions under which the 
attenuation constant passes through a minimum as the space occupied by 
the stacks is increased. This leads to the determination of certain opti- 
mum proportions for a line intended to transmit the principal mode. 
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111 Section X we shall give a similar but briefer treatment of the various 
higher modes which can exist in partially or completely filled Clogston 
lines. 

The notation for the parallel-plane line is established in Fig. 5 of 
Part I. The stacks are bounded externally by high-impedance sheaths 
at y = ifa, while the main dielectric is bounded by the planes 
y = it%h = ±Qa — s). No restrictions are placed on the relative thick- 
nesses h and s of the main dielectric and the stacks. The average electri- 
cal constants of the stacks are e, fi, and g, while the electrical constants 
eo and mo of the main dielectric are assumed to satisfy Clogston's con- 
dition (102) but are otherwise arbitrary. 

As in Section II, the modes may be divided into two classes, according 
to whether Hx is an even function or an odd function about the center 
plane y = 0. The normal surface impedance Z(y) looking into either 
stack may be obtained from equation (92) of Section III; if the imped- 
ance of the outer sheath is effectively infinite we have 

Substituting for Zfa) into equations (11) and (13) of Section II, we find 
that the impedance-matching conditions become 

Z{y) = K coth lbs = (Ti/g) coth r<s, (322) 

where 

(323) 

tanh |ko5 tanh lbs = — — , 
g ko 

coth hicob tanh lbs = — — > 
g ko 

for the even and odd modes respectively, where 

Ko = (o-o — 72)1 = ( —wWo — y')'- 

From (323) we have 

y2 = —cc'fie — (itoe/g)r'c , 

and so from (326), 

ko = — co2(/ioeo — fie) + (iue/g) F2 . 

If Clogston's condition is satisfied, namely 

/ioeo = pe, 

(324) 

(325) 

(326) 

(327) 

(328) 

(329) 
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then 

*0 = {iui/g) r?, ko = Vtwe/g r c, (330) 

and the equations for the even and odd modes become, respectively, 

tanh \-\/iul/g Tib tanh lbs = — Td/^ = ——a/^, (331) 
* V g mo k g 

coth Wi^fg tanh r,s = (332) 
t\ g mok g 

For reference we shall now write down the field components of the 
various modes. The fields in the main dielectric are given by equations 
(8) and (12) of Section II, while the fields in the stacks may be obtained 
without difficulty if we recall that the tangential field components musl 
be continuous at the inner boundary of each stack and that the tan- 
gential magnetic field must vanish at the high-impedance surface which 
forms the outer boundary of the stack. 

Taking the even modes first, we have for the fields in the main di- 
electric, 

Hx = Ho ch Koy c~y:, 

Ey = -Ho — ch Koy c-71, (333) 
iweo 

Ex = —//o sh Koy e~''z, 
ZCOCij 

for —\b^y^ \h, where //« is an arbitrary amplitude factor, y and 
kq are given in terms of lb by (327) and (330), and lb satisfies (331). 
The fields in the stacks are 

H, = Ho sh T,{\a =F y) (T", sh F/S 

K= -Ho sh r,Ha =F y) e"", (334) 

E' = ±H° 1 iEV? ch r'(ia ^ y) 

for ^ | y | ^ |a, where in case of ambiguous signs the upper sign 
is to be associated with the upper stack (?/ > 0) and the lower sign with 
the lower stack (y < 0). The continuity of Ex at y = ±^6 is a conse- 
quence of equation (324) or (331). 
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For the odd modes, the fields in the main dielectric are 

Hx = Hq sh Kay e~yz, 

Ey = — Ho ~r~ sh Kay c~y:
t (335) 

tcoeo 

El = —Ho ch Koy e~y\ 
«CO€o 

for -%h ^ y ^ %b, where Ho is again an arbitrary amplitude factor 
and 7 and kq are defined as before in terms ol , which is now a root of 
(332). The fields in the stacks are 

hx = ±Ho sh r^a ^ e~7Z' 
sh r^s 

E, = =FH0 5^^! sh r,(}a =F y) e"", (336) 
tue sh T/S 

E, = +H, - ch Tiiia =F y) e^', 
g sh r,s 

for ^ \ y\ ^ |a, where again the upper signs refer to the upper 
stack and the lower signs to the lower stack. The continuity of Ez at 
y = ±^6 is now a consequence of equation (325) or (332). 

The notation for the partially filled coaxial cable is shown in Fig. 6 
of Part I, where as before we assume that the laminae are infinitesimally 
thin, the boundary impedances are effectively infinite, and the main 
dielectric satisfies Clogston's condition. The radius of the inner core is a 
and that of the outer sheath is b, while the stack thicknesses are Si and S2 
respectively; but no restrictions, other than obvious geometrical limita- 
tions, are placed on the relative values of a, 5, Si, and So. The inner and 
outer radii of the main dielectric are denoted by pi (= a + Si) and pi 
(= b — si) respectively. 

The boundary conditions at the surfaces of the main dielectric will 
be satisfied, as in Section II, by matching radial impedances at the 
stack-dielectric interfaces. If the impedance Za looking into the core at 
p = a is effectively infinite, then the impedance looking into the inner 
stack at pi is given by equation (98) of Section Til to be 

„ _ Ko{T(pi)Ii{Tea) -f- /Ci(r<a)/Q(r<pi) (337) 
g 7Ci(r<a)/,(r,pi) — Ki(Tipi)Ii{Tia) 

Similarly, if the sheath impedance Zb is infinite, then looking into the 
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outer stack at p* we have 

^ _ IV /s:o(r/p2)/i(r,b) + Ki{Teh)Io{rip2) (338) 
2 ~ 7 K^TtpMYA) - KiirMfXcpt) ■ 

The condition that the radial impedances shall be matched at the sur- 
faces of the main dielectric is given by equation (38) of Section II, which 
takes the form 

KOKO{KOPi) T IOHQZJUM _ KQKQ{KOP2) — iu}€oZjKX(K0P2) (339) 
KoIo{koPi) — iiCCoZ\I 1 (/CoPl) KoIo{koPi) T iutuZlI^Kopi) 

where kq is related to IT by equation (330). If we substitute the expres- 
sions (337) and (338) for Zi and Z2 into (339), we have a single equation 
whose roots in IT correspond to all the circular transverse magnetic 
modes on the coaxial Clogston line. The propagation constant 7 of 
each mode is given in terms of IT by equation (327). 

Once the boundary conditions have been satisfied for a particular 
mode by a suitable determination of IT , it is a routine matter to obtain 
the field components for this mode. In the main dielectric the fields are 
of the form given by equations (33) of Section II. Hence for p\ p tk Pi 
we have 

iu = [AIM + BKM]e-yz, 

E p — "7~ U/i(kop) + BKM]e~y% (340) 
ICOCo 

£, = JL U/o(k-op) - BKo{K0p)]e-yz, 
103(0 

where one of the constants A and B is arbitrary, but the ratio A/B 
must be taken equal to either side of equation (339). The fields in the 
stacks are of the form of equations (277) of Section VIII, where the 
constants are to be determined so that - 0 at p = a and p = b, and 
so that the tangential field components are continuous at pi and p2 . 
Imposing these conditions, we find that in the inner stack, for a ^ p ^ pi , 

H, = CU^dTaU.dTp) - Il{T(a)Kl{T<p)]e-'2, 

EP = CLRTdToUidTp) - iTdTa^CTp)]^71, (341) 
tue 

Ez = _ CiKxiX(d)Iip) + /i(rTa)/Au(rTp)]c 7", 
0 
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where 

A/lOfoPl) "I" BKI{KOPI) (342) 
K1(rea)I1(T(p1) - hiT^K^TtpO ' 

In the outer stack, for pz ^ p ^ b, 

Ht = D[Ki{Tih)Ii(Tip) - hir^K^Tcp)^-1", 

Ep = — DUtiiTMhiVip) - Il{T(b)K1(Tlp)]e-yz, (343) 
lue 

El = ^ D[Ki{V(b)Io{T(p) + Ii(.Ttb)K0{T(p)]e~yz, 
0 

where 

D KxiTMhiTifr) - 71(r,6)^1(r,p2) ' 
AII(koP2) -j- BKiM 

(344) 

For the remainder of the present section we shall confine our attention 
to the principal mode. In the parallel-plane line this mode corresponds 
to the lowest root in I\ of equation (331), that is, 

We note that the right side of the equation is very small compared to 
unity, being of the order of the square root of the ratio of displacement 
current density in the insulators to conduction current density in the 
conductors, and also that the coefficient of r< in the first factor on the 
left will under all ordinary conditions be much smaller than the coefficient 
of Ti in the second factor. Hence in seeking the lowest root we are justi- 
fied in replacing the first hyperbolic tangent on the left side of (345) by 
its argument, so that the equation becomes 

(346) 

If we now let 

r2, = -x2, r, = ix, (347) 

we obtain 

p 2s 
xs tan xs = —r 

Po b 
(348) 

Since the right side of (348) is a positive real constant, the equation has 
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exactly one root in the interval 0 < ^ h*, which may most easily 
be found from a table"0 of the function x tan x. If we call this root xi , 
equation (327) for the propagation constant 7 becomes 

y" = + (iue/g)x\ ; (349) 

and on taking the square root by the binomial theorem we find for the 
attenuation and phase constants of the principal mode, 

Xi (350) 
2VW 

/3 = . (351) 

It is easy to verify that (350) reduces to the expressions previously 
obtained for the attenuation constants of Clogston 1 and Clogston 2 
lines in the limiting cases s « %a and s = §a respectively. If s « |a, 
(348) gives 

x\ = . (352) OS 

so that from (350), on making use of Clogston's condition, 

- - - 1 (353) 
Vfi/l gbs VmoAo gbs ' 

which agrees with equation (110) of Section IV. If s = %a, so that 
h = 0, then from (348), 

and (350) becomes 

Xi = Ws = n/a, (354) 

(355) 
2v^A ga2' 

which is the same as equation (288) of the preceding section. 
The general expressions (333) and (334) for the fields in a plane Clog- 

ston line with infinitesimally thin laminae and high-impedance walls 
simplify considerably for the principal mode, since k0 is so small that to 
a good approximation for \ y \ ^ we may replace sh K0y by Koy and 
ch Koy by unity. We then have, in the main dielectric, 

20 See for example Reference 18, Addenda, pp. 32-35. 
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Hx ^ Foe"72, 

Ey ^ - \/ Hoe 7Z, (356) 

Ez 

2 
MoXi Houe-y\ 

for —15 ^ y ^ ^5, where F0 is an arbitrary amplitude factor. The 

fields in the stacks are 

,T TT si'1 Xiiha T y) n ti li x ,—'tli)  :  e , 
Sin XiS 

XiS 
(357) 

" ye sin * 

_ ±X1 Ho COS x;(li T i/) 
<7 sin XiS 

for ^5 ^ 1 ?/ | ^ %a, where the upper signs refer to the upper stack and 
the lower signs to the lower stack. The potential and current distribu- 
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Fig. 13—Fields of principal mode in partially and completely filled plane 
Clogston lines with no = P, eo = «• 
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tions may easily be obtained, if desired, from the expressions for the 
field components. 

As a numerical example we have plotted in Fig. 13 the fields of the 
principal mode for plane transmission lines in which the stacks fill 
respectively one-quarter, one-half, three-quarters, and all of the total 
available space. For simplicity we have taken mo = m, eo = e, and nor- 
malized the fields so that the total one-way current is the same in all 
four cases. The average current density is of course gEt in the stacks 
and zero in the main dielectric. The first case approximates most nearly 
to the extreme Clogston 1 line discussed in Part I, while the last case 
is the complete Clogston 2, and the intermediate cases show the transi- 
tion between these two structures. The following table gives xi® as a 
function of the fraction s/\a of the total space filled by the stacks, and 
also the quantity {xxd/irf, which is equal to the ratio of the attenuation 
constant of the line to the attenuation constant of the complete Clog- 
ston 2. 

s/\a XU tan xu XlS (xia/*)1 

Vi H 0.5471 1.941 

% 
1 0.8603 1.200 
3 1.1924 1.024 

1 00 1.5708 1.000 

The principal mode in a coaxial Clogston cable corresponds to the 
lowest root in IT of equation (339). For the principal mode we are 
justified in assuming that in the main dielectric 

1 kop 1 <5^ 1, (358) 

so that the Bessel functions occurring in equation (339) may be replaced 
by their approximate values for small argument. We thus find that, to 
a very good approximation, equation (339) reduces to the same form as 
equation (41) of Section II, namely 

A log 2?= -(?! + % (359) 
icofo Pi \pi pa / 

where the stack impedances 7j\ and Z2 are given by (337) and (338). 
If as before we let 

r2, = -X2, IT = % (300) 

then from (330) kI becomes 

4 = — (*Wj7)x2; (361) 
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and replacing the modified Bessel functions in (337) and (338) with 
ordinary Bessel functions according to equations (292) of Section VIII, 
we obtain 

7 = X /](%«)-Vo(xpi) - -Vi(x«)Jo(xPi) 
>l g Jiixo)Ni{xpi) - Ni{xo)JI(xpi) ' 

v _ x /i(x&)A/"o(xP2) - NiixtyJaixPi) /ofio) 
2 'g J1{xP2)N1{xb) - Arl(xp2)/i(x&)' V ; 

Substituting (361), (362), and (363) into (359) and setting e/eo = mo/m, 
we get after a little rearrangement, 

1 Ji(xa)Aro(xpi) ~ ^1(xg)Jo(xPi) 
xpi JiMNiUpi) - Ni(xa)Ji(xpi) (364) 

, J_ JiixtyNoixpz) — Ni(xb)Jo(xp2) = Mo , P2 
XP2 Ji{xp2)Ni{xb) — ■VI(xp2)^I(X&) P Pi 

If xi is the smallest positive root of equation (364), then the attenua- 
tion and phase constants of the principal mode are 

2 
Xi (365) 

2Vm/C g' 

/3 = u-x/pi . (366) 

These expressions for a and /3 are of exactly the same form as equations 
(295) and (296) for a complete Clogston 2, except that xi is now de- 
termined from equation (364) instead of equation (293). It is easy to 
show that (364) reduces to (293) if there is no main dielectric, that is, 
if pi = P2 • 

For any given values of the four ratios a/6, pi/6, pi/b, and mo/p, equa- 
tion (364) may be solved for xi6 by numerical or graphical methods. 
However if we wish to examine many cases, so as to investigate the 
effects of varying some or all of the parameters, a more efficient proce- 
dure for finding xi is needed. Such a method is provided by the observa- 
tion that in spite of the complicated appearance of equation (364), it is 
really just the equation which determines the eigenvalues in a rather 
simple two-point boundary-value problem, which is well adapted to 
solution on a differential analyzer. We digress briefly to formulate this 
problem. 

The differential equations for the fields in the main dielectric can be 
put in the form of equations (67) of Section III, namely 
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d{ — pH $)/ dp = —iu60pE2, 

dEJdp = — (kq/icotop) (— pH 4.), 

where the propagation factor e~y: ,t'' has been suppressed. On the other 
hand, equations (270) for the fields in a stack of infinitesimally thin 
laminae yield 

di—pHJ/dp = -gpEz, 

dEJdp = -(T]/gp)(-pH4.), 
(368) 

where F/ is given by (323). If we neglect the displacement current in 
the main dielectric compared with the conduction current in the stacks, 
replace F/ by ix, express ko in terms of x by (361), and write mo/m for 
e/eo , we obtain the following equations for the fields in the coaxial 
Clogston line: 

For a ^ p ^ pi , 

d{-pH,)/dp = -pigEJ, 
(3691) 

d(gEz)/dp = (x /p){-pH*)\ 

while for pi ^ p ^ pa, 

d(-PHt)/dP = 0, ^ 

d{gEz)/dp = (poxVmp) ( pH J) 

and for pa ^ p ^ h, 

d{-pH,)/dp = -pigEJ, 
(369in) 

d(gEz)/dp = (x /1p) ( • 

The quantities —pH# and gEz must be continuous at pi amd pa ; and 
the two-point boundary condition at the infinite-impedance surfaces 
p = a and p = b, namely 

-allja) = -hHJh) = 0, (370) 

determines a sequence of eigenvalues xl, xl , xl, * * ■ > of which the low- 
est corresponds to the principal mode. It is a routine matter to integrate 
equations (369) in terms of Bessel functions and logarithms, and to show 
that the continuity and boundary conditions lead exactly to equation 
(364). 

If equations (369) are set up on a differential analyzer with adjustable 
values of x2, a/b, pjb, pjb, and po/p, it is a simple procedure to make a 
few runs with different choices of x", and so to locate the approximate 
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value of xi which satisfies the boundary conditions for the given values 
of the other parameters. If additional accuracy is wanted, it is then not 
too difficult to refine this approximate value by desk computation. The 
results of quite a number of exploratory calculations which were made 
on the Laboratories' general purpose analog computer will be shown 
later in this section. 

The fields of the principal mode in the main dielectric of a Clogston 
cable are given approximately by equations (46) of Section II, namely 

t371' y Co Zirp 

e- ~ 9, ^, r- log -+- i°g -i ^ 27r log Wpi) Lpi P P2 P J 

for pi ^ p ^ P2 , where I is an amplitude factor equal to the total current 
flowing in the positive z-direction in the inner stack, and Zi and Z* are 
given by writing xi for x in (362) and (363) respectively. The fields in 
the inner stack are 

„ ^ J__ Ni{xia)Ji(xip) - Ji(xia)Ni{x\p) -it 
0 ^ 27rpi iVi(xia)^i(xipi) — Ji(xia)Ni{xiPi) 

p ~ a/? ^(x^'/iCxip) - ^(xi^iViCxip) -yz (372) 
" ~ y € 27rpi Ni{xia)Ji(xipi) — Ji(xia)iVi(xiPi) 

^ ^ XI _z_ Ni{xia)Joixip) - Ji(xia)No(xip) -yz 
Z ~ g 27rpi Ni{xia)Ji(xipi) — Jlixi^Ni(xiPi) 

for a ^ p ^ pi ; while in the outer stack we have 

I Ni(xib)Jiixip) — JiixityNiixip) -yz 1L 
Irpi. Ni{xib)Ji(xiP2) — /i(xi5)iVi(xiP2) 

p ^ /p Ni{xib)Ji(xip) — Ji(xib)Ni(xip) e-yz 
p ~ y e 2TP2 Ni{xib)Ji{xip2) — «/i(xi^)^Vi(xiP2) 

E r^Xl I Ni{xib)Jo(xip) — '/l(xife)Aro(xip) e-yz 
~ g 2tp2 Ni{xih)JlixiPi) — JiixityNiixw) 

for P2 = p = h. The potential and current distributions may be calcu- 
lated in the usual way from the fields. 

As numerical examples we have plotted in Fig. 14 the fields of the 
principal mode in two Clogston coaxial cables. Fig. 14(a) shows a 
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cable in which mo = M, fo = e, and with the dimensions a = 0.0846, 
px = 0.4156, and p-. = 0.8316, these proportions having been found 
optimum, as discussed below, for a cable without magnetic loading in 
which the total thickness of both stacks is arbitrarily chosen equal to 
^6. Fig. 14(b) shows the fields of a complete Clogston 2 with no inner 
core, the scale being chosen so that the total one-way current is the 
same in both cases. The attenuation constant of the first cable is 1.234 
times that of the second one. Fig. 14 may be compared with Fig. 13 
for the plane geometry, whence it should be possible to visualize ap- 
proximately the fields of the principal mode in other coaxial structures 
representing various stages of the transition between the extreme Clog- 
ston 1 and the complete Clogston 2 cable. 

Now let us consider a Clogston line with infinitesimally thin laminae, 
having fixed external dimensions and containing only materials with 
given electrical constants. We may pose two questions: (1) Supposing 
that for some practical reason the total available thickness of laminated 
material is also fixed, how should this material be divided between the 
two stacks to minimize the attenuation constant of the line? (2) Assum- 
ing that the total thickness of laminations in the line is at our disposal, 
what is the optimum amount of laminated material from the standpoint 
of minimizing the attenuation, and how should this material be distrib- 
uted in the optimum case? 

For plane transmission lines the first question is trivial; the stacks 
should always be of equal thickness. In a coaxial cable, if the filling 
ratio (si -f- S2)/h is given, the proportions of the cable are completely 
determined when we specify, for example, the relative radius a/6 of the 
core and the relative thickness Si/(si + s?) of the inner stack. The opti- 

(a) 

H or E H or E 
Fig. 14—Fields of principal mode in 

Clogston lines with po = M, «o = «• 
partially and completely filled coaxial 
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Fig. 15—Relative proportions and relative attenuation constants of optimum 
Clogston cables with different filling ratios and no = fi, eo = «• 

mum values of these two ratios in the extreme Clogston 1 case, where 
(si + S2) <3C b, have already been given in equations (138) and (139) of 
Section IV, while in a complete Clogston 2 with Si + S2 = b, the stacks 
should be divided at the radius 0.62766, where according to equation 
(314) the current density is zero. For intermediate filling ratios, with 
any fixed magnetic loading ratio mo/m, the optimum distribution of 
laminated material can most easily be found numerically by calculating 
Xi or (xi6)2 for a number of different choices of the ratios a/6 and 
si/(si -b S2), and then locating the minimum by double interpolation. 

The results of applying this numerical procedure to Clogston cables 
with various filling ratios and no magnetic loading are plotted in Fig. 
15, the necessary values of xi& having been found on the analog com- 
puter and then refined by desk computation. Fig. 15(a) shows the op- 
timum values of a/6 and si/(si + S2) as functions of the filling ratio 
(si + S2)/6, while Fig. 15(b) shows the corresponding value of (xi6/3.83)2, 
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which by equation (365) is proportional to the attenuation constant. 
We note that the Clogston 2 line with filling ratio unity has the low- 
est attenuation constant of any cable of the same size without mag- 
netic loading, but that the attenuation constant increases only slowly 
as the filling ratio decreases, so long as the ratio is greater than about 
one-half. It also appears that the minimum in xA considered as a func- 
tion of ajh and Si/(si + S2) for a fixed filling ratio, is quite broad, which 
means that in practice one can attain very nearly optimum perform- 
ance even while deviating somewhat from the optimum proportions. 

If the filling ratio is at our disposal, then the solution of the optimum 
problem is as follows: When there is no magnetic loading of the main 
dielectric relative to the stacks, that is, when /xo ^ m, then minimum 
attenuation is obtained with a complete Clogston 2. If on the other hand 
there is magnetic loading of the main dielectric, so that mo > m, then 
minimum attenuation is obtained with a filling ratio less than unity, 
whose value is a function of the ratio mo/m- 

According to equation (350), the attenuation constant of a plane 
Clogston line is 

2 
Xi (374) 

2V^7i{7' 

where xi is given by equation (348), 

X. tan X.S = H • (375) 

To find the minimum value of xi when a and mo/m are given, we differ- 
entiate (375) with respect to s and set dx\/ds equal to zero. This gives 

X? sec! x.S = s)2, (375.5) 

which when solved simultaneously with equation (375) leads to 

sin xis = Vm/mo , xi = - sin-1 vWmo • (376) 
s 

Substituting this value of xi into (375) and solving for s in terms of a, 
we get 

s = ia [Wsin-V^r„ , (377) 
y.Q sill Vy/yo + V m(mo — A) 

and from (374) the corresponding attenuation constant is 

a = ^=-^2 [sin-1 \/y/yo + Vm(mo — M)/Mn ]"• (378) 
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As mo/m increases from unity to very large values, the optimum value of 
s decreases from toward \a, so that the filling ratio decreases from 
unity toward one-half. If mo/m < 1, equation (376) does not yield a real 
solution, but the complete Clogston 2 is still the physical structure hav- 
ing the lowest attenuation. 

For a coaxial Clogston line without magnetic loading the optimum 
filling ratio is unity, as we have seen above, while in the presence of 
magnetic loading a smaller filling ratio is optimum. This filling ratio 
and the optimum distribution of the laminated material in the cable 
can be determined by numerical analysis for any given value of mo/m- 
It is reasonably evident on physical grounds, and can be proved mathe- 
matically by a variational argument applied to the lowest eigenvalue 
of equations (369), that whatever may be the radii pi and p2 of the main 
dielectric, the lowest attenuation constant is achieved when a = 0, 
that is, when there is no core inside the inner stack. (This is only a 
mathematical limit; from a practical standpoint, the use of a small core 
in the manufacturing process is not likely to make any significant in- 
crease in the attenuation of the cable.) For each value of the loading 
ratio po/p, therefore, we have merely to minimize the value of (xi&) as a 
function of the two ratios pi/6 and pi/h, which can be done by the double 
interpolation procedure mentioned earlier. We find that as po/p in- 
creases from unity to very large values, the optimum value of pi de- 
creases from 0.62766 toward 0.39306, while p2 increases from 0.62766 to- 
ward 0.82266, so that the filling ratio decreases from unity toward 0.5704. 
The limiting values of pi and p2 when po/p » 1 are derived from equa- 
tion (364) by the method shown in Appendix II. 

As a numerical example we have considered a Clogston cable with 
= 3ji. The optimum proportions of this cable and the corresponding 

value of xi are approximately 

P! = 0.4266, po = 0.7966, xi = 2.720/6; (379) 

and the minimum attenuation constant is 

3.699 
(380) 

The attenuation constant of a complete Clogston 2 with the same stack 
parameters p and e is, from (318), 

« = 4^r2, (381) 
Vm/C go 

so that the attenuation constant of the optimum loaded cable is only 
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about 0.504 times that of the optimum unloaded one. In this example, 
of course, we have said nothing about the effects of magnetic dissipa- 
tion. 

In the above work we have assumed that the electrical constants 
M, e, g of the stacks and mo , eo of the main dielectric were all fixed quanti- 
ties. We now consider the case in which the electrical constants of the 
conducting and insulating layers are given, but the fraction 0 of conduct- 
ing material in the stacks may be varied. We also suppose that the con- 
stants of the main dielectric are at our disposal, so that Clogston's 
condition may always be satisfied. When then is the optimum value of Of 

If we express e, fi, and g in terms of the constants of the individual 
layers by equations (268) of Section VIII, we find that the expression 
for the attenuation constant of the principal mode in a Clogston line 
becomes 

2 /— 2 
Xl VC2X1 

2Vt/l g 20(1 - 0)%i + (1 - 0)M2]Vi' 
(382) 

where xi is the lowest root of equation (348) for a plane line or equation 
(364) for a coaxial cable. We wish to minimize a as a function of 6. 

If the conducting and insulating layers have different permeabilities 
(m 7^ ^2), then in the general partially filled line xi depends on 0, through 
the factor g. in equation (348) or (364), as well as on the geometric pro- 
portions of the line. In the limiting case of an extreme Clogston 1 line 
we found in Section IV, equation (145), that the optimum value of 0 is 

n AO ~t" (MI + Sglgo)^ 
3mi + (MI + Sgi/io)^ 

(383) 

while in a Clogston 2 with no main dielectric, it turns out from (348) 
or (364) that xi is independent of 0, and an elementary calculation shows 
that the value of 0 which minimizes a is 

a 3(gl — 2/io) 4" (9Ml — 4glg2 + dgo)1 fOQA\ 0 =  qT s . (.384) 
8 (mi — M2) 

For the general partially filled line, however, there seems to be no simple 
expression for the optimum value of 0. 

If the conducting and insulating layers have equal permeabilities, then 
the average permeability m (= mi = M2) is independent of 0, and matters 
are much simpler. Since xi is also independent of 0, the minimum value 
of a in equation (382) is achieved when 

0 = 2/3, (385) 
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that is, when the thickness of the conducting layers is twice the thickness 
of the insulating layers. Thus the result obtained in Section IV for extreme 
Clogston 1 lines is shown to hold for Clogston lines with an arbitrary 
degree of filling, provided only that the permeabilities of the conducting 
and insulating layers are equal. 

We emphasize that the preceding results apply only when the layers 
are infinitesimally thin. If the layers are of finite thickness, then the 
optimum value of 9 will be less than that calculated for infinitesimally 
thin layers. The case of finite layers will be discussed in Section XI. 

X. HIGHER MODES IN CLOGSTON LINES 

We shall now investigate certain of the higher modes which are possible 
in Clogston-type transmission lines. As elsewhere in this paper, we shall 
restrict ourselves to modes having Hx, Ey , E. or , Ep, Ez field 
components only, and for simplicity we shall assume stacks of infimtesi- 
mally thin laminae backed by high-impedance boundaries; but we shall 
place no restrictions on the relative thicknesses of the stacks and the 
main dielectric. We shall suppose, however, that the main dielectric 
always satisfies Clogston's condition. From physical considerations we 
anticipate the existence of higher modes of two types: 

(1) In a partially filled Clogston line containing a finite thickness of 
main dielectric, there will be a group of modes very similar to the modes 
which can propagate between perfect conductors when the frequency is 
high enough to allow one or more field reversals in the space between 
the conductors. In a Clogston line these modes will have most of their 
field energy in the main dielectric, and for lack of a better term may be 
called "dielectric modes". They will all be cut off at sufficiently low 
frequencies, and for this reason are not likely to be of much engineering 
importance. The cutoff frequency of any particular dielectric mode is 
approximately inversely proportional to the thickness of the main di- 
electric, so that these modes cannot exist in a completely filled Clogston 2. 

(2) There will also be a group of modes which are closely bound up 
with the laminated stacks, and which correspond to one or more current 
reversals in the stacks themselves; we shall call these the "stack 
modes".21 The stack modes will propagate down to zero frequency on 
either a partially or a completely filled Clogston line. They will have 
higher attenuation constants than the principal mode, but occasions 
may arise in which they are of considerable practical importance. We 
shall therefore consider these modes in some detail in what follows. 

21 The stack modes in plane lines were discussed by Clogston in Reference 1, 
Sections IV-VI. 
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As we have seen in the preceding section, the even and odd modes in a 
plane Clogston line with infinitesimally thin laminae and high-imped- 
ance boundaries correspond respectively to the roots of equations (331) 
and (332), namely 

tanh |\/iul/g Tih tanh r^s = —— \/^ , (38G) 
Mo K <7 

coth Tib tanh r^s = ■ (387) 
mo y g 

In either case the propagation constant 7 is related to by 

72 = —co'ile — (iue/g)T] , (388) 

and the field components are given by (333) and (334) for the even 
modes, or by (335) and (336) for the odd modes. 

Our first observation relative to equations (386) and (387) is that the 
right-hand sides of these equations are extremely small compared to 
unity. Since the right-hand members are of the order of magnitude of 
(coe/g)\ at least one of the two factors on the left side of each equation 
must be of the order of (ue/g)*, which is still small compared to unity. 
If we consider the factors separately, there will be an infinite number of 
values of for which each vanishes, since the hyperbolic tangent 
vanishes whenever its argument is equal to miri, where m is any integer, 
and the hyperbolic cotangent vanishes whenever its argument equals 
(m + Dttl Since the coefficients of Tc in the two factors on the left 
side of either equation have different phase angles, we see that both 
factors cannot vanish simultaneously for any non-zero value of F*. 
However as we have noted earlier the coefficient of F^ in the first factor 
is very much smaller than the coefficient of F^ in the second factor, and 
so in equation (386) both hyperbolic tangents may be small in the 
neighborhood of the first few non-zero roots of the second one. On the 
other hand the second hyperbolic tangent will not be small in the neigh- 
borhood of the non-zero roots of the first one; and in equation (387) the 
hyperbolic tangent and cotangent will never be small simultaneously. 
With these remarks in mind we shall proceed to a more detailed study 
of the various higher modes. 

One group of modes is given to a good approximation by the condition 
that the first factor on the left side of equation (386) or (387) vanishes, 
that is, 

\/iwe/g Tib « miri, (389) 

where m = 1, 2, 3, • • • , and the even values of m correspond to the even 
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modes while the odd values correspond to the odd modes. In this section 
we shall exclude the case m = 0, which corresponds to the principal 
mode discussed in the preceding section. From (389) and equation (330) 
of Section IX, we get 

mir /ig _ (1 + i)nnr (390) 

K0 

b y coe -y/2 b 

^ . (391) 

The fields of the mth mode are given by substituting these quantities 
into (333) and (334) if m is even, or (335) and (336) if m is odd. 

From equation (388), making use of Clogston's condition, the propaga- 
tion constant of the mth mode of this family is given by 

7
2 « — coWo + mV/b2 = —IttVXo + mV/62, (392) 

where Xo is the wavelength of a free wave in the main dielectric at the 
operating frequency. To this approximation the values of y are the 
same as the propagation constants of the family of modes (with Hx , 
Ey , and Ez field components only) which are possible in a dielectric 
slab of thickness b between perfectly conducting planes. The cutoff 
wavelength of the mth mode is 

Xc = 2b/m, (393) 

the propagation constant being real, to the present approximation, 
if Xo > Xc and pure imaginary if Xo < Xc. We see that the cutoff fre- 
quency is inversely proportional to the width of the main dielectric, 
so that this family of modes is not possible in a completely filled Clog- 
ston 2. 

It is worth noting that the effective skin depth of the stacks for the 
7nth mode is, from (390), 

a = —= (39i) 
Re r< mir y g Xo K 

If the mode is just above cutoff, then A is of the order of magnitude of 
5i (= V^Mntfi), but as oj increases indefinitely A also increases in- 
definitely, for the ideal stack of infinitesimally thin laminae. The physi- 
cal explanation is simple: When the mode is near cutoff the phase 
velocity is very high, but as the frequency is increased the phase velocity 
approaches the velocity of a free wave in the main dielectric, for which 
the effective skin depth of the stacks was designed by Clogston's condi- 



LAMINATED TRANSMISSION LINES. II 1153 

tion to be infinite. By increasing the gofo product of the main dielectric, 
it would be possible to make the effective skin thickness of a stack of 
infinitesimally thin layers infinite for any given mode at any single 
specified frequency, but at the moment this possibility appears of 
scarcely more than academic interest. Of course the practical limitation 
on effective skin depth at high frequencies is the finite thickness of the 
layers, a consideration which we do not take into account in the present 
section. 

The attenuation constants of the dielectric modes, when these modes 
are above cutoff, may be calculated either by obtaining the small cor- 
rections to the values of lb due to the fact that the right side of equation 
(386) or (387) is not rigorously zero, or by taking one-half the ratio of 
dissipated power per unit length to transmitted power. Either method 
gives for the with mode, assuming the stack thickness s to be large 
compared to A, 

tv=mrL VSMiS (395) 
b- Ho Vl - (Xo/Xc)2 

Equation (395) assumes conducting layers very thin compared to the 
skin depth, a situation which may be difficult to achieve at frequencies 
high enough to permit the modes of this family to propagate. 

Another family of modes which can exist on a parallel-plane Clogston 
line is given by the condition that the second factor on the left side of 
equation (386) or (387) shall be nearly equal to zero. As pointed out 
above the even modes present a slight complication; since the coefficient 
of T, in the first hyperbolic tangent on the left side of (386) is very small, 
this factor may be comparable to or smaller than the term on the right 
side in the neighborhood of the first few roots of the equation, in which 
case the second hyperbolic tangent will not be small compared to unity 
at these roots. For all the modes in which we can conceivably be inter- 
ested, however, | Tfh \ will be a small fraction of the very large number 
2\/g/ue, and we ma}' therefore replace the first hyperbolic tangent on 
the left side of (386) by its argument. Thus on making the usual sub- 
stitution, 

T't = -x, r, = ix, (396) 

we get for the even modes, 

xs tan xs — ~ -r , (397) 

which is the same as equation (3d8) of the preceding section. On the 
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other hand, the odd modes of this family are all given approximately 
by 

tan xs = 0) (398) 

since the hyperbolic cotangent on the left side of (387) will never be 
small for the same value of r< (or x) as the hyperbolic tangent. 

Equation (397) has an infinite number of positive real roots, which 
may be denoted by 

Xi i Xs, xs, • • • , X2p+i, • • • , (399) 

and it is clear that 

Ptt/s < X2p+i ^ (p + h)^/s. (400) 

If the thickness 6 of the main dielectric is not zero, so that the right 
side of equation (397) is finite, the higher roots X2p+i approach nearer 
and nearer to ptt/s as p increases; but if 6 = 0, then 

X2p+i = (p + h)Tr/s = (2p + l)7r/a (401) 

for all p. The positive roots of equation (398) may be called 

X2 , X4 , X6 , ■ • • , X2p , • • • , (402) 

where 
X2p = pvr/s (403) 

for all p; and both sets of roots may be combined in the single sequence 

Xi, X2, Xs, • • ■ , Xp , * * • • (404) 

The advantages of designating the principal mode as the first rather 
than the zero-th mode seem to outweigh the minor disadvantage that 
in the sequence (404) the odd subscripts correspond to what we have 
been calling the even modes, and vice versa. 

The attenuation and phase constants of the pth mode are obtained 
in terms of Xp from (388) and (396). Under the usual assumption that 
the attenuation per radian is small, we have 

a — — 
Xp (405) 

g 1 

(3 = o,Vte} (406) 

which become, for the completely filled Clogston 2, 

o = „ - 2 , (407) 
2 VmA ga 

P = aj\/fie . (408) 
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From (330) and (396) we have for the pth mode, 

Ti = ixp, (409) 

kq = (—1 + i)\/ue/2g xP ■ (410) 

The fields may be obtained by substituting and kq into equations 
(333) and (334) when p is odd, or (335) and (336) when p is even. 
For the modes in which we are interested, that is, for sufficiently small 
values of p, we may replace sh K0y by Koy and ch Koy by unity when 
| ?/ | ^ %b. Then for the modes with odd subscripts 2p + 1 we have, 
in the main dielectric, 

Hx « H0e-y2p+lZ, 

Ev w - a/^0- H0e-y^lZ, (411) 
y to 

E _ Moxl±^ Hoe~y2p+l', 

ior —%b ^ y ^ %b, while in the stacks, 

H. « Ha 
sin T V) 

sin X2p+iS 

m ^ sin X2p-n(la ^ y) e-y2p+i' (412) Ev K. — A/ z H'- \ t sin X2p+iS 

77T . X2p+1 TJ cos X2p+i(^a ^ y) n-y2p+i' Ez ~ ±—-— 110  ;  K , g sin X2p+iS 

for ^5 ^ 1 ?/ 1 ^ ha, where the upper signs refer to the upper stack 
and the lower signs to the lower stack. Of course the arbitrary amplitude 
factor Ho need not be the same for different values of p. Similarly for 
the modes with even subscripts 2p the fields in the main dielectric are 

Hx w 0, 

Ey « 0, (413) 

gs 

for —\b^y^ \b, while in the stacks, 
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g, ^ ±g, .sin V^a T y) e-'-, 
s 

4 Ty7! ff0 sin y) e-^, (414) 

E,tt^H0coS
pT(ia"Fv)<r'"-, 

gs s 

for ^ | 2/ | = ha, and again the upper signs refer to the upper 
stack and the lower signs to the lower stack. 

In a complete Clogston 2 the expressions for the fields simplify a 
good deal. For the modes with odd subscripts 2p + 1 the fields are, 
for —^a^y^^a, 

Hx Ho cos (2p + 1)t'J e~y2p+1', 
a 

Eytt- a/I HO cos (2?j + 1)7rj/ e"72^11, (415) 
y £ Oj 

Ez « (2?? + 1)7r Ho sin (2p + 1)7r-y e~72p+lZ, 
ga a 

while for the modes with even subscripts 2p, 

Hx Ho sin e_72pZ, 
a 

Km- Ho sin ^ e-'"', (416) 

ga a 

The fields of the higher modes in a plane Clogston 2 are simply related 
to the fields of the principal mode shown in Fig. 13(d). The fields of 
the pth mode may be obtained conceptually by stacking up p "layers", 
each of thickness a/p, the fields in each layer being identical with the 
fields of the principal mode except for the scale reduction and a phase 
difference of 180° between adjacent layers. Equation (407) shows that 
the attenuation constant of the pth mode in a plane Clogston 2 with 
infinitesimally thin laminae and high-impedance walls is just p~ times 
the attenuation constant of the principal mode. 

It may be observed that if we are considering a partially filled plane 
Clogston line with b > 0, then the propagation constants of the 2pth 
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and the (2p + l)st stack modes will be nearly the same for sufficiently 
large values of p (how large depends on the ratio of stack thickness to 
main dielectric thickness). Except for differences in sign, the fields in 
the stacks will also be the same up to second order differences which 
our approximations do not show. The physical interpretation is that 
for a thick enough main dielectric and/or sufficiently large values of p, 
the fields are confined almost entirely to the two stacks, being rela- 
tively small in the main dielectric, while the stacks act like a pair of 
almost independent Clogston 2 lines each of thickness s and carrying a 
particular Clogston 2 higher mode. 

Figs. 16 and 17 show field plots for the second and third stack 
modes (i.e., the first and second higher modes) in the same four plane 
Clogston lines that were used to exhibit the behavior of the principal 
mode in Fig. 13. Note however that these plots are not normalized 
and that the horizontal scales on the figures are not all the same. The 
following table gives X2S and as functions of the fraction s/%a of 
the total space filled by the stacks, and also the quantities (x2a/7r)2 

and (xsa/tt)2, which are just the ratios of the attenuation constants of 

  '~~mm 1 

(a) 

1 1 

cr
 

- 
. y t • 1 1 1 

! H OR E _ H OR E 

       

(C) 
\ 1 y 

, y rf . . , 
H OR E 
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Fig. 16—Fields of second stack mode 
Clogston lines with po = 

N ) 
N 
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( y ' i i i 
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✓ ~ 
\ ^ \ 

\ 

in partially and completely filled plane 
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these modes to the attenuation constant of the principal mode in a 
completely filled Clogston 2. 

s/\a Xas (xwAr)! (X«<»/T)j 

Vi TT 3.244 64.0 68.2 
IT 3.426 16.0 19.0 

v* TT 3.809 7.1 10.5 
i TT 4.712 4.0 9.0 

These results may be compared with those given in Section IX for 
the principal mode in plane Clogston lines having the same proportions. 

Turning now to the cylindrical geometry, we remember that all the 
circular transverse magnetic modes in a coaxial Clogston line with 
infinitesimally thin laminae and high-impedance boundaries are given 
by the roots of equation (339) of Section IX, namely 

koKO{KOPI) -f- iueoZiKiiKopi) _ KoKoixoPz) — rcoeoZo/uUoPs) 
ko/O(KOPI) — iueoZiIi{Kopi) KJ^K^) + iueoZoJ^noPi) 

(417) 

 HY= -i ■=■ E 

— 

(a) 
y i 

i H OR E 

1 i l 

—- 

(b) 
y t 

H or E 

' «f"" 
  

(d) (c) 

H or E H OR E 

Fig. 17—Fields of third stack mode 
Clogston lines with mo = fi, eo = e. 

in partially and completely filled plane 
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where 

y _ F//vo(r/pi)/i(r/a) + Ki(r/a)/o(r/pi) Ciisi 
1 g KiiTiajhiTtp!) - K1(Ttp1)I1(Tta) ' ^ ; 

ry _ Ti Ko(T(p2)Ii(T(b) Ki{T(b)Io{Tfpo) CllO") 
2 g Ki{T(p2)Ii(T(b) — Ki{T/b)Ij,(T(P2) ' K ' 

Physically it is clear that the modes of the coaxial cable must be of the 
same general types as the modes of the parallel-plane line, and so in 
seeking the roots of equation (417) we shall be guided by the results 
which we have already found for the plane structure. 

The dielectric modes in the cable may be located, to a first approxi- 
mation, by setting Z\ and Z* equal to zero, whence (417) becomes 

KO(koPI) _ /uOv-npa) (420) 
IoM loixoPi) 

K0 = —If, Ko = ih, (421) 

The substitution 

transforms (420) into 

Jo(hpi)No(hpJ - MhpJNoihpO = 0. (422) 

Equation (422) has an infinite number of real roots hi , h* , ■ , 
hm , ■ • • , of which the wth one may be written in the form22 

hm = m.FMn) t (m 

Pi — Pi 

where Fmipi/pz) is a function which increases from slightly less than 
unity at pi/p2 = 0 to unity at pi/p* = 1. From equations (330) and (423) 
we have, approximately, 

r, = »= (1 + 0mA(p1/pi) /J (424) Y we v2 (P2 — Pi) y coe 

Ko = ihm = _ (425) 
Pi — Pi 

and the fields of the mth mode are given by substituting these expressions 
into equations (340) to (344) of the preceding section. 

From equation (388) the propagation constant of the mth dielectric 
22 Reference IS, pp. 204-206. What we call vnrFm{pi/pf) is tabulated by Jahnke 

and Emde, pp. 205-206, as (fc — where k = ps/pi . 
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mode is defined by 

T2 = —o}2fJoeo + h'm = —4t2/\1 + h2
m (426) 

to the present approximation, and the cutoff wavelength is 

x,=^ = • (427) 
hm mFm{pi/p2) 

which tends to zero vith the thickness P2 — pi of the main dielectric. 
As in the parallel-plane case, when the /nth dielectric mode is just 

able to propagate the effective skin depth in the stacks is of the order of 
5i , and the stack impedances are approximately 

Zi = Zo = K = Tt/g, (428) 

under the present assumption of infinitesimally thin laminae. The power 
dissipated in the stacks and the corresponding attenuation constant 
may be calculated by a straightforward procedure if desired. 

Before leaving the subject of higher dielectric modes in a Clogston 
cable, we should point out that although we have mentioned only the 
transverse magnetic modes with circular symmetry, in reality there exist 
a double infinity of both transverse magnetic and transverse electric 
higher modes. These modes are discussed in textbooks23 for coaxial lines 
bounded by perfect conductors, and they will propagate, with minor 
changes due to wall losses, in either ordinary or Clogston-type coaxial 
cables if the frequency is high enough. At ordinary engineering fre- 
quencies, however, the higher modes contribute only to the local fields 
excited at discontinuities, and are therefore not of any great practical 
importance. 

To find the stack modes in a Clogston cable we assume, subject to a 
posteriori verification, that in the main dielectric we shall have | kop ) <jC 1 
for all the modes of interest. Then if we set F* = ix, equation (417) re- 
duces, as in Section IX, to 

1 '/i(xa)Xo(xpi) — Ari(xa)/o(xPi) 
XPi Ji(xa)Ni(xpi) - iVi(xa)J"i(xpi) 

(429) 

which is the same as equation (364). Equation (429) has an infinite 

I 3_ J"i(x5)iVro(xP2) — Ni(xb)Jo(xp2) = Po , P2 
XP2/i(xp2)A"1(xb) - A'i(xP2)/i(x5) m pi' 

23 A good account is given by N. Marcuvitz, Waveguide Handbook, M. I. T. 
Had. Lab. Series, 10, McGraw-Hill, New York, 1951, pp. 72-80. 
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number of real roots, 

Xi , X2, X3 , • • • , XP , • • • , (430) 

of which xi corresponds to the principal mode and X2 , Xa , ■ * • , to 
the higher stack modes. The x's are the eigenvalues of the system of 
equations (369), and as such may be located approximately with a 
differential analyzer, or as accurately as desired by numerical solution 
of equation (429). The attenuation and phase constants of the pth 
mode are 

2 
Xp (431) 

2-v/M/C g' 

/3 = > (432) 

provided that the attenuation per radian is small, i.e., that p is not too 
large. The fields are given by writing Xp for xi and yp for 7 in equations 
(371) to (373) of Section IX. 

For a Clogston 2 with no main dielectric we can set pi = p2 in equation 
(429) and obtain the much simpler form 

JrixaW^xb) - JiixVmixa) = 0. (433) 

The pth root of (433) may be written24 

= Prfr{a/b) m) 

0 — a 

where the functions fp(a/b) have values slightly greater than unity when 
a/b = 0, and decrease monotonically toward 1 as a/b approaches unity. 
The attenuation and phase constants of the pth mode in a Clogston 2 
arc given by 

^ = vVflia/b) j 035) 

2 a/fi/e g(b — a) 

p = . (436) 

provided that p is not too large. The attenuation constant of the pth 
mode is thus approximately p2 times the attenuation constant of the 
principal mode, the approximation being better the closer the ratio 
a/b is to unity. The fields of the pth mode may be obtained by writing 
Xp for xi and 7p for 7 in equations (302) of Section VIII, or equations 
(311) if a = 0. Qualitatively these fields are very similar to the fields of 

24 Reference 18, pp. 204-206. What we call pirfp(a/b) is tabulated by Jahnke and 
Emde as (k — llxi""', where k = b/a. 
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the pth mode in a parallel-plane Clogston 2, with the same number of 
field maxima and field reversals for a given value of p, though of course 
the spacings and amplitudes of the field maxima are not all equal in 
the coaxial cable. 

As numerical examples we have plotted in Figs. 18 and 19 the fields 
of the second and third stack modes (i.e., the first and second higher 
modes) in the same two Clogston cables which were used to show the 
principal mode in Fig. 14. The horizontal scales on these figures are 
arbitrary and have no relation to one another. Figs. 18(a) and 19(a) 
represent a partially filled cable with the same dimensions, namely 
a = 0.0846, pi = 0.4156, and pi = 0.8316, as in Fig. 14(a), while 
Figs. 18(b) and 19(b) represent a completely filled cable, as in Fig. 14(b). 
The following table shows, as a function of the filling ratio (si + S2)/6, 
the quantity (xp6/3.83)2 for p = 1, 2, 3; this quantity is just the ratio 
of the attenuation constant of the given mode to the attenuation con- 
stant of the principal mode in a completely filled Clogston 2. 

(si + S2)/b (XI6/3.83)> (x«ft/3.83)« (xi6/3.83)« 

0.5 1.234 8.369 24.273 
1.0 1.000 3.352 7.050 

We note that although the proportions of the partially filled cable were 
found in Section IX to be optimum, in the sense of minimizing the at- 
tenuation constant, for the principal mode in a cable with filling ratio 
0.5, there is no reason to believe that the same proportions will be opti- 
mum for the second and third modes with the same filling ratio. 

■Ez   

V / . 

(b) 

u 

H OR E H OR E 
Fig. 18—Fields of second stack mode in partially and completely filled coaxial 

Clogston lines with po = P, «o = 
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XI. EFFECT OF FINITE LAMINA THICKNESS. FREQUENCY DEPENDENCE OF 
ATTENUATION IN CLOGSTON 2 LINES 

We shall now study Clogston 2 lines with laminae of finite thickness, 
and shall investigate the important practical question of how the propa- 
gation constant varies with frequency in such lines. Much of the analysis 
of the present section will deal with parallel-plane structures, but we 
may be confident that the results will also give at least a good qualitative 
estimate of the behavior of coaxial cables. 

The notation for the plane Clogston 2, shown in Fig. 10, is the same 
as before, except that we now assume the thicknesses of the individual 
conducting and insulating layers to be l\ and ti respectively. For definite- 
ness we shall suppose that there are 2n conducting layers and 2n in- 
sulating layers in the whole stack, with a conducting layer next to the 
lower sheath and an insulating layer next to the upper sheath, though 
the precise arrangement is of no real importance if the number of layers 
is large. The total thickness a of the stack is 2n(b + h), and the frac- 
tion of conducting material will as usual be called d. 

The boundary conditions for any mode (having Hx , Eu, and F* 
field components only) require that the sum of the impedances looking 
in opposite directions normal to any plane y = constant be zero. If 
we match impedances at the lower sheath y = —\a and use equation 
(65) of Section III for the impedance looking into the stack, we have 

\ZM{K,e2nT + K,e-n-nT) + /li/v2sh 2nT + Zniy) = 0, (437) 
Zn(y) sh 2nT + UK^-2nT + /vVnr) 

where T, A'i , and Ko are given by equations (61) and (63). If equatioi 

\P 
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Fig. 19—Fields of third stack mode in partially and completely filled coaxial 

Clogston lines with no = m, = <• 
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(437) is solved for e " , it takes the form 

4nr _ [Zn(y) — Kl][Zn(y) — K2] /lonN 
[Zn(.y) + mZM + ^2] ' 

In order to simplify the general expressions for T, , and K2 , we 
make the following approximations: 

(i) We neglect ue/gi compared to unity, where e represents the di- 
electric constant of either the conducting or the insulating layers. As 
we have said before, this is an exceedingly good approximation at all 
engineering frequencies. 

(ii) We neglect (= compared to unity. It turns out 
that not only is this approximation valid in the frequency range of 
greatest interest, where 7 is approximately equal to icoV/ie, but also 
it is valid all the way down to zero frequency, so that in the present 
section we can easily derive results for the complete frequency range 
down to dc. So long as yl<y\ « 1, we have from equations (56) of 
Section III, 

Kl <Tl , Vly ~ 771 . (439) 

(iii) We suppose that the thickness U of the layers of insulation is so 
small that we may replace sh Koto by Koto and ch kiU by unity. These 
approximations Mill be amply justified if t? is not greater than a few 
times the skin depth in the conducting layers at the highest operating 
frequency. 

The foregoing approximations lead to results identical with equations 
(86) and (87) of Section III, namely 

TJiyKitz 
Oil I = 

and 

ch r = ^ sh /cxfi + ch , (440) 
2T]ly 

Kl = — ^rjoyKih + a/ (5^721/^2^2)2 + fjiyTloyK^to COth Kitl + T]\y , 

fiv Ki = + a/i^ViyKoti)2 + -qiy^yK^U COth Kitl + 1]] 

To simplify the notation, we introduce the symbol q defined by 

TJiyKiti 

(441) 

q = - rjiaiti 

= _(L^r1 + _L_i (442) 
6 111 L urfioeoj 

= 1 - A fi + 4-1, 
0/ii L 
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where e and p. are given by equations (268) of Section VIII. The propa- 
gation constant y is thus related to q by 

7 = iWV^[l+(1-%J 

= iaV/S [l + 

(443) 

In terms of q and the electrical thickness parameter 0 used in Part I, 
namely 

0 = oVi = (1 T i)ti/8i ~ Kiti , (444) 

equations (440) and (441) become, approximately, 

ch P = ch 0 — %qQ sh 0, (445) 

and 

Ki = -5- [| 5© + V Jg2©2 — 50 coth 0-1-1 ], 
9itl (446) 

lU = [-Iff© + \/t9202 - ?0 coth 0 + l]. 
Oih 

In the general case when the sheath impedance Zn(y) is a given 
function of y, we substitute the expressions for Ki and lu into equation 
(438), namely 

in r Z\{y) — (A'i + K^Zniy) + K1K2 e 
Z\{y) + (^ + K,)Zn{y) + KiKi' 

(447) 

and then determine 7 for each mode by simultaneous numerical solution 
of equations (443), (445), and (447). At least as a first approximation 
we may neglect the total current in either sheath compared to the one- 
way current in the stack; to this approximation Zn{y) is effectively 
infinite and (447) becomes 

eKnT = 1. (448) 

The non-zero roots of this equation are 

r = W2n, p = 1,2,3, •••, (449) 

where p = 1 corresponds to the principal mode and the higher values of 
p to the higher modes discussed in Section X. (We would get nothing 
new by including negative values of p.) The quantities q and 7 for each 
mode are then given by equations (445) and (443) respectively. If we 
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wish to take the finite value of ^,,(7) into account, we may calculate 
K\ and Ki from (446) and then obtain a second approximation to F 
from (447); and this process may be repeated as often as desired. From 
the experience gained in treating a particular example we feel that the 
method of successive approximations is entirely feasible, but it does 
involve a considerable amount of numerical work. 

In the calculation just described we have to choose the correct sign 
of the complex square root occurring in the expressions for Ki and K2 • 
Without attempting to give a complete discussion of this point here, 
we observe that it may be shown that 

Under ordinary circumstances F will be a small complex number with 
a phase angle of about 90°, and 0 will be a small complex number with 
a phase angle of 45°. Hence the phase angle of the square root may be 
expected to be in the neighborhood of 45° rather than 225°. 

In the remainder of this section we shall restrict ourselves to the case 
of high-impedance sheaths, so that the values of F are given to a suffi- 
ciently good approximation by equation (449). We shall discuss the 
principal mode and the higher modes concurrently, but shall assume 
throughout that the mode number p is small compared to n. From (445) 
and (449), the value of q for the pth mode is 

and the propagation constant 7 is obtained by substituting this value 
of q into equation (443). 

We shall now discuss the variation of the propagation constant of a 
plane Clogston 2 line with frequency over the full frequency range from 
zero to very high frequencies.20 To do this we shall derive approximate 
expressions for the propagation constant at what may be called, roughly, 
very low frequencies, low frequencies, high frequencies, and very high 
frequencies. It will appear presently that the limits of these various 
frequency ranges depend among other things on the dimensions of the 
laminated transmission line and the thicknesses of the individual layers, 
and that the frequency range of greatest engineering importance is 
what we have called simply "low frequencies". 

From equation (444) we have 

sh F = sh 0\/j52c)2 — 90 cotfi 0 + 1. (450) 

0 sh © 

(451) 

26 In this connection see also Reference 1, Appendices A and B, pp. 525-529. 
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0 = (1 + i)t\y/(jinxgi/2 = (1 + OO\ArMi0i/> (452) 

which is proportional to the square root of frequency. For small 0 
equation (451) may be written 

5 = [2(ch0-l) + 4Sin!g1CSohe 

- sin 
An [4 sin! s] §5 + C1" isin! i] (453) 

if 14 . 2 I 
- UL1" 15Sm 

on expanding the right side in powers of 0 by Dwight 057.2 and 057.8. 
If we replace sin pir/An by pirjAn and neglect the square of this quantity 
in comparison with unity, (453) becomes 

^Si+i-S+-- (454) 

Introducing this expression for q into equation (443) and substituting 
for 0 from (452), we get for the propagation constant, 

7 = fcov^i 
^ _ iQjii / pV2 

M \An-o)nigitl 12 
(455) 

As the frequency approaches zero in a Clogston 2 line of finite thick- 
ness, the term in l/co dominates the other terms in square brackets in 
equation (455). Thus at very low frequencies the attenuation and phase 
constants of the pth mode are given approximately by 

p* . Av (456) 
vird coe 
2Ti 2g 

pird 
2Ti 

a v 0 

ue pir /xl/ 
(457) 

2g a y g 

where 27'i (= 2n/i) is the total thickness of conducting material in the 
stack of thickness a. To this approximation the attenuation and phase 
constants are equal, and are proportional to the square root of frequency 
We note that at very low frequencies, 

72 2ip2ir202coe I 0p2x2e/Mi ( r \ 
""2 =: oml- ' ~ == 2T2 , (458) a 1 87 lupigi a g 

which will be very small compared to unity for lines of all reasonable 
dimensions, in agreement with our assumption (ii) above. 
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As the frequency is increased there will be a range in which the terms 
in parentheses in equation (455) are small compared to unity, so that 
the square root may be expanded by the binomial theorem. This gives 

a = -4*^ + 4% , (459) 
2-\/ii/ign 24\/M/e 

13 = iws/fH . (4(50) 

If the line is of finite total thickness a and the frequency is so low or 
the laminae are so thin that the first term on the right side of (459) 
is large compared to the second, we have approximately 

2 2 P TT 

gd1 
(461) 

This is the frequency-independent attenuation constant that we found 
in Section X, equation (407), for the pth mode in a plane Clogston 2 
with infinitesimally thin laminae. We shall call the range over which the 
attenuation is essentially flat the "low-frequency" range. On the other 
hand, if the laminae are of finite thickness the second term on the right 
side of (459) ultimately becomes dominant, and the attenuation constant 
is then given approximately by 

2 2 9 2 2 2 <• 2 
= u'ulgll = ir'mgt'ij' ^2) 

2±\/ii/e 6\/M/e 

This is also the attenuation constant of a plane wave in an unbounded 
laminated medium (except at very high frequencies), as may be seen 
by letting the stack thickness a tend to infinity in equation (459). By 
"high frequencies" we shall mean the frequency range in which the 
attenuation constant is approximately proportional to / . 

Finally at very high frequencies when | 0 ( » 1, we have from (451), 

and so from (443), 

y = ilO\//Xo€2 

2/0 , (463) 

1 +  ^ T. (464) 
. Ml - 0)M2©J 

Expanding by the binomial theorem and substituting for 0 from (452), 
we get after a little rearrangement, 
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a = 7=7=7 T = /-V / 4/ —» (465) 
VM2/C2 '2<7idi VM2/C2 ^2 K (71 

/3 = w\/^oC'' + / , . 7 • (466) 
Vm/e-i ^i5i 

Comparing these expressions with equations (25) and (26) of Section II, 
we see that they correspond to waves in parallel-plane transmission 
lines of width ^ , bounded by electrically thick solid conductors. We 
shall call this range, in which a is proportional to the square root of 
frequency, the "very high frequency" range. At these frequencies the 
propagation constant is the same in a Clogston 2 line of finite thickness 
as in an infinite laminated medium. 

In order to describe the various frequency ranges more precisely, we 
shall define the three critical frequencies/1 , fi , and /a to be the fre- 
quencies at which the approximate expressions for the attenuation 
constants in two adjacent frequency ranges are equal. These frequencies 
are closely related to the critical frequencies which we defined in equa- 
tions (178) of Section V, when we were discussing the surface impedance 
of a plane stack of finite layers. For a stack containing a total thick- 
ness Ti of conducting material, we recall that the critical frequencies 
were /1 , where Ti = 8i ; fa , where Ti = Ta ; and fa, where h = V'S 81 . 
For the pth mode in a Clogston 2 containing a total thickness 2Ti of 
conducting material, the frequencies turn out to be 

/ _ pird _ p'lr'dm , 
Jl " IQPgiTl m Ji ' 

= (467) 

S 3 = 

2mgitiTi 

36/1 f 
- e)p2] = r^T/; _(1 — d)pij rpiQitl \_Sn2e2J 3 > 

where of course p = I for the principal mode. Thus the attenuation 
constant is given approximately by (456) for 0 ^ ^ /1 , by (461) 
for j[ S f ^ A , by (462) for and by (465) for f ^ fa . 

If we plot the foregoing approximate expressions for the attenuation 
constant against frequency on log-log paper, we can get a good idea of 
the variation of the attenuation of a Clogston 2 over the entire frequency 
range. Both the approximate expressions and the exact results for a 
particular numerical case are plotted in Fig. 20, for a Clogston 2 of 
finite thickness and also for an infinite laminated medium. The actual 
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Fig. 20—Attenuation constants of a plane Clogston 2 line and an infinite 
laminated medium versus frequency on log-log scale. 

numerical values are of no special significance, having been chosen solely 
for convenience in plotting. 

So far as the practical applications of Clogston lines are concerned, we 
are primarily interested in the frequency range f[ ^ f ^ fi , where the 
attenuation constant is essentially independent ot frequency. To de- 
termine the rate at which the attenuation constant of the pth mode 
begins to deviate from its "flat" value as the frequency is increased, 
we write equation (459) in the form 

PV- fi a. i^Ll 
2^/JJlga [ SpWj 

_ V"^ fi . 
2v/M/e ga L 3p2 J" 

The two terms in the square brackets are equal, and the attenuation 
constant is double its "fiat" value, when f = f2 , & result which is in 
very good agreement with the calculated values shown in Fig. 20. 

The maximum permissible thickness of the conducting layers in a 
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plane Clogston 2 with high-impedance walls, if the attenuation constant 
of the pth mode is not to exceed its "flat" value ao by more than a speci- 
fied small fraction Aa/ao at a top frequency fm , is easily shown from 
(468) to be 

Measuring fm in Mc • sec 1 and thicknesses in mils, and putting in nu- 
merical values for copper, we obtain 

We see from (461) that for fixed 9, ao is inversely proportional to (a/p)2, 
where a is the total thickness of the stack and p is the mode number, 
while from (469) the permissible value of h for a certain fractional 
change in attenuation is inversely proportional to (a/p), and also in- 
versely proportional to the top frequency/m . 

It is interesting to compare equation (470) for the principal mode 
(p = 1) with equation (199) of Section V for the principal mode in an 

extreme Clogston 1 line with copper conducting layers. Since in a plane 
line AR/Ro = Aa/aa , equation (199) may be written 

where 2Ti represents the total thickness of copper in both stacks. We 
expect that for partially filled plane Clogston lines with different pro- 
portions of the available space occupied by stacks, the maximum per- 
missible layer thickness will be given by equations similar to (470) and 
(471), with values of the numerical coefficient intermediate between 
36.84 and 40.62. 

We turn next to a discussion of coaxial Clogston cables with finite 
laminae. A coaxial Clogston 2 is shown schematically in Fig. 11, and 
an enlarged view of part of the laminated stack in Fig. 4. The bound- 
ary conditions which apply to circular transverse magnetic waves on 
this structure are satisfied if at every point the sum of the radial im- 
pedances looking in opposite directions is zero. If we knew the explicit 
relation between the impedances at the two surfaces of the stack in 
terms of the stack parameters and the propagation constant y, the im- 
pedance-matching conditions at the inner core and the outer sheath 
would yield a transcendental equation for the propagation constants of 

(469) 

(470) 

(471) 
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the various possible modes. If the coaxial layers are of finite thickness, 
however, the relation between the surface impedances of the stack in- 
volves the product of as many different matrices as there are layers in 
the whole stack, and this matrix product is not suited to analytic treat- 
ment. We shall therefore approach the problem from another point of 
view. 

We have seen that if the conducting layers in a laminated transmis- 
sion line are sufficiently thin compared to the skin depth, the attenua- 
tion constant is essentially independent of frequency. In practice it is 
important to know how rapidly the attenuation constant of a Clogston 
cable with finite laminae begins to deviate from its low-frequency value 
as the frequency is increased. In accordance with the results for the 
parallel-plane line, we expect the initial increase to be proportional to 
the square of the frequency. We shall derive the term proportional to 
f2 in the attenuation constant of the coaxial line on the basis of the 
following assumptions: 

We assume that the macroscopic current distribution in a coaxial 
Clogston 2 is independent of frequency, and hence is given by the ex- 
pressions which have already been derived for the case of infinitesimally 
thin laminae. (It is easy to show that this assumption is valid for a 
plane Clogston 2.) If the conducting layers are of finite thickness, then 
each carries a definite finite fraction of the total current in the line. At 
low frequencies the current density in any given layer is approximately 
uniform, but as the frequency is increased it becomes nonuniform be- 
cause of the development of skin effect, and the power dissipated in the 
layer is increased. We shall calculate the total power dissipated in the 
stack, and the corresponding attenuation constant, up to terms in /". 

Let the jth conducting layer in the stack be a hollow cylinder of 
conductivity gi , inner radius py_i , and thickness h . Thus if there are 
2n double layers we have po = a and pan = 5, where as usual a and b 
denote the inner and outer radii of the whole stack. Let the total cur- 
rent flowing in the positive ^-direction inside p = pj-i be 7y_i , and let 
the current flowing in the jth conducting layer be AI,■ . It is shown in 
Appendix III that the average power dissipated per unit length in the 
jth conductor is approximately 

up to terms in (h/5i)4, where curvature corrections of the order of 
ti/pj—i have been neglected in comparison with unity. Presumably the 
only layers for which it may not be justifiable to neglect curvature cor- 

(472) 
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rections will be the extreme inner layers, which occupy at most a small 
fraction of the total volume of the stack. 

The average current density Jz in a Clogston 2 with infinitesimally 
thin laminae is given by equation (305) of Section VIII; namely, writing 
Xp for the pth mode and dropping e~yi, 

Jz = H0XpC0(xpP), (473) 

where Hq is an arbitrary amplitude constant. For n = 0 and 1, C„(xpp) 
denotes the combination of Bessel functions 

Cnixpp) = Ni{xpb)Jn(xpp) — Ji{xpb)Nn(xpp); (474) 

and Xp is the pth positive root of 

Ci(xa) = ^1(x6)Ji(xa) - JiixbWtixa) = 0. (475) 

According to equation (434) of Section X, we may write 

X, = , (476) 

where the functions fp{a/b) are of the order of unity. The total current 
Z(p) flowing in the positive 2-direction between the inner core and a 
cylinder of arbitrary radius p is just 

/(p) = 2tt I pJzdp = 2TrHopCi(xpp)- (477) 
Ja 

The thickness of the jth conducting layer in a stack of finite layers 
may be written 

ti = d(ti + ti) = d(pj — Pj-i) = dApj , (478) 

where Apj represents the thickness + h of the jth. double layer. Hence 
approximately 

Alj = lirpj-iJzApj = 2TrH0XpPj-iCo(xpPj-i)Apj , (479) 

it being remembered that the conduction current in the conducting 
layer is essentially equal to the total current in the double layer, since 
the displacement currents are negligible. The current flowing inside the 
radius py_i is, from (477), 

/y_i = 2irH op j-iCi(xpP j-i), (480) 

and so the power dissipated per unit length in the jth conductor is 
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given by (472) as 

AP, = [xlCKx^-i) + g C'lCx.PM)] Aft . (481) 

The total power AP dissipated per unit length in the whole stack is 
obtained by summing APj over j. Approximately the sum by an in- 
tegral, we have 

J p[xpC'o(xpp) + ^ Cx(xpp)] dp 
(482) 

1 + ^74 tftfixpb) - a2Co(xpfl)]- 
OXpPlJ 

Ap _ rHoHl 

irHoHtxl 
2? 

The average transmitted power P when the laminae are infinitesimally 
thin is 

»2ir 
P = Re % / EpH*p dp d(f> 

Jo Ja 

= HMt j[' pCKx.p) dp (483) 

= HoHtVfCKxpb) - a'ClM]. 

If we assume the same value for P when the laminae are of finite thick- 
ness, then from (482) and (483) the attenuation constant of the line is 

" = 2P = C1 + 3^] • (484) 

The similarity of equation (484) to equation (468) for the parallel- 
plane line becomes obvious if we write Xp in the form (476) and denote 
the total thickness d(b — a) of conducting material in the coaxial stack 
by 2Ti . We then have 

= PVfP{a/b) [ RlTl 1 

" 2V^g{b-aYl ^ 3pV/2
p(a/6)d 

^ pVfKa/b) r1 uiTipigin 4 5 

2\/il/e g{b - a)2 L Sp2fl{a/b) J ' 

and as the ratio a/6 approaches unity the function fp{a/b) approaches 
unity and (485) becomes identical with (468). We recall that fi(a/b) 
was plotted against a/6 in Fig. 12. For the principal mode in a cable 
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with no inner core (a = 0), equation (485) takes the form 

7 ^41 
« = [1 + O.SdGStlTlnlglf]. (486) 

It should be emphasized that whereas equation (468) was obtained 
from a rigorous solution of the boundary-value problem for the plane 
line, equation (485) for the coaxial cable has been derived on the basis 
of certain physical assumptions and approximations whose effect on 
the accuracy of the final result is not very easy to estimate. Presumably 
one might check the accuracy of (485) for a particular Clogston cable 
by setting up the matrix relation between the known surface impedances 
of the core and the outer sheath and solving numerically for the propa- 
gation constant. It should not be too difficult to solve the matrix equa- 
tion by cut-and-try methods for a cable having, say, two hundred double 
layers, if the matrix of each double layer were assumed to be given by 
equations (88) of Section III, and high-speed computing machinery were 
used to perform the matrix multiplications. In the absence of any such 
numerical results, however, we shall merely assume that equation (485) 
furnishes a reasonable approximation to the attenuation constant of a 
coaxial Clogston 2 in the frequency range/i ^ ^ fa , where/i and fa 
are the critical frequencies defined by (467). 

The first conclusion which we can draw from (485) is that the maxi- 
mum permissible thickness of the conducting layers in a coaxial Clog- 
ston 2 with high-impedance boundaries, if the attenuation constant of 
the pth mode is not to exceed its "fiat" value ao by more than a speci- 
fied small fraction Aa/ao at a top frequency/m , is 

For the principal mode in a Clogston cable with no inner core, this 
becomes 

(487) 

or, putting in numerical values for copper, 

(488) 

(489) 

As a second application of equation (485), we shall determine the 
upper crossover frequency at which the attenuation constant of a 
Clogston 2 is equal to the attenuation constant of a conventional coaxial 
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cable of the same size. Since the lower crossover frequency was found 
at the end of Section VIII, we shall then know the theoretical limits of 
the frequency range over which a given Clogston cable can have lower 
loss than the corresponding standard coaxial. 

According to equation (317) of Section VIII, a conventional coaxial 
cable of radius h and optimum proportions has an attenuation constant 

1.796 _ 1 J96vVm^I/ 

vWTo gi&ib V mo/co gib 
(490) 

We shall assume that the upper crossover occurs in the high-frequency 
range where the attenuation constant of a Clogston 2 is approximately 
proportional to f. Then for the pth mode in a cable with no inner core 
(a = 0), equation (485) gives 

2T tiTj/iigif _ (4gi) 

zVW* gb2 6V^ 

A little algebra shows that the two attenuation constants arc equal 
when 

/= 1 

tt/UPI 

"10.77 , /^To 

_2Titl V i"oe_ 
(492) 

If the conventional cable is air-filled, then assuming copper conductors 
and no magnetic materials, we find that equation (492) becomes, nu- 
merically, 

is 
/mc — 33.02 

i /r=T 
.(27'l)mil8(^l) mils Y C'.'r _ 

(493) 

If we consider a 3/8-inch Clogston cable with 0.1-mil copper conduc- 
tors, 0.05-mil polyethylene insulators, and no inner core, then 

h = 187.5 mils 0 = 2/3 

2Ti = 125 mils €2r = 2.26 (494) 

h = 0.1 mils 

We found in Section VIII that the lower crossover frequency for this 
cable is about 50 kc-sec_1, while from equation (493) the upper cross- 
over frequency turns out to be 15 Mc-sec . 

We next discuss the problem of maximizing the frequency band over 
which the attenuation constant of a Clogston cable of given diameter 
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does not exceed a specified value. We suppose that the thickness l\ 
of the conductors is fixed, but that the proportion of conducting ma- 
terial in the cable may be adjusted by changing the thickness of the 
insulators. Let am be the value of the attenuation constant which is not 
to be exceeded in the operating frequency range, and let fm be the fre- 
quency at which this maximum attenuation is reached. What should 
be the fraction 0 of conducting material in the cable in order to maxi- 
mize fm ? It is tacitly assumed that ocm is at least slightly greater than 
the minimum "flat" attenuation constant which is possible with a cable 
of the given diameter, since obviously we do not wish to work entirely 
in the very-low-frequency range. 

In the frequency range of interest the attenuation constant of the pth 
mode is given by equation (484), which may be written 

2 fl2,2 2 2 2 fl 
a = x' + "r

/—, (495) 
2VM/«17 GVA/eg 

where Xp is a 1'oot of (475) and independent of 6. Solving (495) for the 
frequency fm at which a is equal to am , and substituting for e, fi, and 
g from (208), we obtain 

, _ V3 f2^! + (1 - Mta - flVdWm _ XPT 
Jm wdiL e 02 J" 

A routine calculation shows that fm is a maximum, considered as a 
function of 0, when 0 satisfies 

a,„0i0[0Mi + 2(1 - 0)^2] = 2 , . 
10M1 + (1 - 0)M2]5(1 - 0)M 2Xp- (4J/) 

Equation (497) is easily reduced to a quartic equation in 0, which may 
be solved without difficulty when the other parameters are given. The 
maximum value of fm is then obtained by substituting 0 back into (490). 

We shall now investigate in more detail the case in which 

Mi = M2 , (498) 

that is, the permeabilities of the conducting and insulating layers are 
equal. In this case the low-frequency attenuation constant ao , which is 
just the first term on the right side of equation (495), is given by 

an = 
20\/1 — 0 -v/M2/€2 

(499) 

28 A similar problem was first investigated in an unpublished memorandum 
by U.S. Black. 
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and ao lias a minimum when 

6 = 2/3. (500) 

The minimum value of the low-frequency attenuation constant, which 
we may call aoo , is just 

3V3x2p 
aoo = (501) 

(502) 

4 .<71 

Writing 

2 4\//In/€■> (JlOim 
Xp 3^3 ' 

we find that equation (496) takes the form 

fm = [3V3 a - w ^ _ i T, (503) 
THiQiti L 26 "OP 

for any value of 9. From equation (497), fm is a maximum when 9 satis- 
fies 

^2^ 8 - 
(1 - 9y 3V3 «m' 

which is equivalent to the quartic equation 

+ 4e2+- i) = o. (505) 
27a'm 

If 9m is the root of (505) which lies between zero and one, then the 
corresponding value of /m is 

(506) 

We observe from either (503) or (506) that fm is inversely proportional 
to . 

The values of 9m and C[(2 - S9m)/(2 - e,,.)]1 are plotted in Fig. 
21 against am/aoo , which is just the ratio of the maximum attenuation 
constant to the minimum low-frequency attenuation constant which 
can be achieved with a Clogston cable of the same diameter. When 
am/aoo is unity, then 9m = 2/3 and fm is zero to the present approximation 
(a better estimate of fm would be the critical frequency /i defined by 
equation (467)). For values of ctm/ctoo greater than about five, 9m is 
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given to a good approximation by 

dttoo 0.77a, 

3\/3 a' 

while 

f* 
2.2oXp (Xm 
irfjugiti aoo 

(507) 

(508) 

The low-frequency attenuation constant ao of a Clogston cable with 
d — dm will of course be greater than aoo if 6m is not equal to 2/3. This is 
not really a disadvantage, however, since by assumption we only wish 
to insure that a ^ am over the operating band, and the nearer a ap- 
proaches to am over the whole band the less serious will be the equaliza- 
tion problem. It may be shown that the ratio ao/am decreases from unity 
toward one-half as am/am is increased indefinitely. Physically this means 
that the low-frequency attenuation constant of an optimum Clogston 
cable is always at least half as great as the attenuation constant at the 
upper end of the band, and the cable never contains more conducting 
material than would correspond to a total stack thickness of about two 
effective skin depths at the highest operating frequency. 

We conclude with a few numerical formulas relating to the principal 
mode in a completely filled Clogston cable with copper conductors and 
no inner core. The low-frequency attenuation constant ao of such a 

\ 

\ 
Vm 

\ 

X 
\_L em 

p-seml'/s 
_ 2-®m J 

/ 

/ 

E 4 %> C) 
e 

(\j 
3 F <6 

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 
/ ^-oo 

Fig. 21—Curves related to the optimum fraction 0m of conducting material in 
Clogston cables with finite laminae, as a function of the attenuation ratio otm/otoo . 
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cable is given by 

0.521-s/^ . -i ao = — n- nepers-meter 
0V 1 - 0 &mila 

(509) 

(510) 

= 0728^i0Vidb.iiiile-1) 

0\/l - d bins 

for any value of 6, while if 0 = 2/3, we have 

1.353 ear . -i 
ofoo =  2—— nepers-meter 

5mils 

= 1-891xio4V^db.mile-
1 

hmils 

The frequency fm as a function of the ratio am/aoo is 

44.93 T (1 - fl)* otm 1J /ei 
(/BOmc — /. \ r 2.o J8 „ fl2 ' (511) 

(h) mils"mils L 00 J 

for any 0, and when 0 = 0,„ the expression for fm becomes 

- 3071   44.93 J_ [2 - . 
(/Jmc - (^)mils5mil80roL2 - (512) 

where the factor involving 0m is plotted against a,,,/am in Fig. 21. 
If we consider a 3/8-inch Clogston cable with 0.1-mil copper conductors 

and polyethylene insulation (ear = 2.26), we find 

aoo = 0.809 db • mile-1. (513) 

If we set 

am - 2aoo = 1.618 db-mile-1, (514) 

then it turns out that 

dm = 0.3745, (515) 

so that the insulating layers should be 0.167 mil thick. The low-fre- 
quency attenuation constant for 6m is 

«o = 1.300aoo = 1.051 db-mile-1, (516) 

and a,n is reached at a frequency 

fm = 4.70 Mc-sec-1. (517) 

If we had used 0 = 2/3, we should have reached am at a frequency of 
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3.59 Mc-sec-1, which is only 76.5 per cent of the frequency given by 
(517). An ordinary air-filled coaxial cable of the same size would have an 
attenuation constant equal to ano at about 50 kc-sec_1 and equal to 

(= 2aoo) at about 200 kc-sec-1. 
It should be borne in mind that in the preceding example we have 

neglected the effects of dielectric loss and of stack uonuniformity. Neither 
of these effects can be completely eliminated in a physical Clogston 
cable, and both will exert increasingly adverse influences on the attenua- 
tion constant as the frequency is raised. 

XII. EFFECT OF NONUNIFORMITY OF LAMINATED MEDIUM 

In the previous analysis of laminated transmission lines we have 
treated only perfectly uniform structures, in which every conducting 
layer is identical to every other conducting layer in thickness and in 
electrical properties, and all the insulating layers are similarly identical 
to each other. In practice, however, it will not be possible to lay down 
large numbers of absolutely identical thin layers, and we therefore need 
to know the effect on transmission of slight nonuniformities in the 
laminated stacks. Some indication that stack uniformity will be a very 
critical problem in laminated cables which are expected to give large 
improvements in attenuation over conventional coaxial cables of the 
same size may be obtained from the results of Section VI, which showed 
that in a Clogston 1 line, where the phase velocity is determined by the 
fie product of the main dielectric, this product must be controlled very 
accurately to maintain the desired deep penetration of current into the 
laminated stacks. In a Clogston 2, where the main dielectric has been 
replaced by extensions of the stacks, one might expect similarly stringent 
requirements on the uniformity of the laminated material if the desired 
current distribution is to be maintained. 

In this section we estimate the effects of stack nonuniformity by 
studying some particular idealized cases of nonuniformity in a parallel- 
plane Clogston 2 with infinitesimally thin layers, in which the average 
electrical properties of the stack vary only in the direction perpendicular 
to the layers. The principal conclusion is that if one attempts to realize 
with a Clogston line an attenuation constant which is a small fraction, 
say of the order of one-tenth, of the attenuation constant of a conven- 
tional line of the same dimensions at the same frequency, then long- 
range variations in the properties of the stack (as distinguished from 
short-range random fluctuations) must be controlled to within a few 
parts in 10,000. The price is less steep if the overall improvement sought 
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is less, but in all practical cases it appears that the average properties 
of the stack must he held constant against slow variations to a fraction 
of a per cent. The requirement of extraordinarily high precision is in 
addition to the requirement that the individual layers must be extremely 
thin if a Clogston cable is to improve on a conventional coaxial cable at 
all in the megacycle frequency range. 

For purposes of analysis, we consider a parallel-plane Clogston 2 
transmission line bounded by infinite-impedance sheaths at ?/ = ± |a, 
as shown schematically in Fig. 10. The individual layers are supposed to 
be infinitesimally thin, so that near any given point the average elec- 
trical constants of the stack are 

6 = €2/(l " 0), 

M = 0M1 + (1 - 0)M2 , (518) 

g = Ogi ■ 

The quantities e, A, and g may vary, continuously or with a finite num- 
ber of finite discontinuities, as functions of the transverse coordinate 
?/, owing to variations in any or all of mi , f7i , M2 , «2 , and 0; but they 
are not supposed to vary with x or 2. 

We shall be concerned with modes in which the fields are independent 
of x, and in which the only field components are Hx , Ey , and Ez . 
Then Maxwell's equations are given by (269) of Section YIII, and 
reduce, if we write the field components in the form Hx{y)e~''z, £,y(?/)e_7Z, 
and Ez(y)e~y', to 

—yHx = iuiEy , 

dHJdy = -gE., (519) 

—yEy — dEJdy = iiojiHg . 

If we eliminate Ey and Ez from these equations we obtain 

(fH, _ Ids dlh _ fi + Y-l H. = 0. (520) 
dy g dy dy [_ rfyej 

where Hx and Ez must be continuous at any points of discontinuity of 
e, jix, or g. The tangential magnetic field must vanish on the infinite- 
impedance surfaces at y = hence we have the boundary con- 
ditions 

Hx{-\a) = Hx{\a) = 0. (521) 

These boundary conditions, taken in conjujiction with the differential 
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equation (520), define the values of 7 which arc the propagation constants 
of the various modes of the line. 

While it is possible to find special forms of the functions 
and giy) such that (520) can bo solved exactly in terms of known func- 
tions, it is easier to make certain approximations in the beginning 
which retain only the important terms. For this purpose we shall write 

where en , /Jo , and go are constants representing the average values of 
e, m, and g across the stack, so that the average values of Ae, Afi, and A^ 
across the stack are zero.* Furthermore the fractional variations in the 
stack parameters will be assumed small compared to unity; in practical 
cases they will never be larger than a few per cent and will usually be 
only a fraction of one per cent. 

Referring now to equation (520), we see that the coefficient of //z 

contains the large factor u/lg, which is of the order of 1/5?, as compared 
with the term d llx/dif, which is presumably of the order of (l/a)Hx . 
Hence small changes in e and jl will make relatively large changes in 
the coefficient of Hx , since 7" is a constant. On the other hand, the 
coefficient of dHx/dy will be small for any reasonable variations in the 
small quantity Ag/go . Hence we shall neglect this term entirely and 
deal with the approximate equation 

If we substitute (522) into (523) and drop second order terms in 
Ae/eo , Ajx/jlo , and Ag/go , we find that the coefficient of Hx becomes 

€ = Co + Ac, 

M = Mo + AM, 

g = go + Ag, 

(522) 

(523) 

— % [co2MC + 7'] 

~ h/0 f 1 I Ae~| f 2 2. . . 2_ . Mm . Ae\ — li--r — 7 -f-w Moeo + co Moeo I ——r — I 
coco L £/o ^oj L XMo €0/, 

(524) 

and if 

r2 igit r 2 , 21 If— — Mofo + 7 J, (525) 

* The present use of zero subscripts 011 60 , M0 , and (jo has of course nothing to 
do with the earlier convention that associated zero subscripts with the main 
dielectric in Clogston 1 lines. 
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so that 

7 

then (524) becomes, approximately, 

2 = — co'/lo«o — (iwio/(/o) T t, (526) 

T. . Ao Ael - /A/i Ae\1 
— i + — — — + ium* i nr + t / 

L fo e0J L \.Mo eo/_ 

"[r' + ^o(f+ f)]- 

(527) 

In all cases of interest we shall find that (Aji/fio + Ae/to) is smaller than 
or at most of the same order of magnitude as T]/iupiogo • Hence the 
differential equation (523) takes the approximate form 

+ + (528) 

where T] is determined by the two-point boundary conditions (521). 
The variations of the stack parameters appear in (528) only in the 

term (A/i/mo + Ae/co), which is some as yet unspecified function of y. 
For convenience we shall write this term in the form 

— + ^ = 3 PO/). (529) 
Mo unogoa* 

where C is a dimensionless parameter and (p(y) is a function whose aver- 
age value over the stack is zero, and whose maximum absolute value 
will usually be of the order of unity. It is worth noting that if the con- 
ducting and insulating layers all have equal permeabilities, then (529) 
becomes 

- = ^|-».(!/), (530) 60 2(1 do 

where 81 is the skin depth in the average conducting layer and dQ is the 
average fraction of space filled with conducting material. If we solve 
the differential equation for different values of the scale factor C but 
the same (p(y), we can calculate the effect of stack nonuniformities of the 
same type but different amplitudes, or the effect of nonuniformity in the 
same stack at different frequencies. In the latter case C is directly pro- 
portional to the frequency. 

The final step in the transformation of the differential equation (528) 
will be to reduce it to dimensionless form by the substitutions 
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^ = y/a + 

Wit) = Hx(y), 

fit) = <p(y), 

A = -tW. 

(531) 

Then on making use of (529) we get 

Jw/dt + [A - iCmMt) = 0, (532) 

with the boundary conditions 

ie(0) = w(l) = 0. (533) 

Once A has been determined for a particular mode, the propagation 
constant y is obtained from (52G) and (531), namely 

7 = iuy/poio [1 + A/iupoijoa?]*. (534) 

Assuming as usual that the attenuation per radian is small, we find that 
the attenuation and phase constants are given by 

a = Rc 7 = Re ~ / . 5 , (535) 
2 v Mo/ eo goa 

P = Jm y = + Im 1^/=^. (536) 

The eigenvalues A of the differential equation (532) with boundary 
conditions (533) may be found analytically for some simple forms of 
/(£), or numerically using a differential analyzer for any given/(£) which 
does not fluctuate too rapidly. When C = 0, as in the case of a perfectly 
uniform stack, the eigenvalues are obviously 

Ai = TT2, Ao = 47r2, • • ■ , (537) 

corresponding to the eigenfunctions 

ivi = sin tt^, ico = sin 2t^, • • • . (538) 

As C varies continuously, we expect the eigenvalues and eigenfunctions 
to vary continuously in a manner depending on /($). In the following 
paragraphs we shall discuss the behavior of Ai, and sometimes also 
A2, as a function of C for various simple types of nonuniformity. 
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(i) /(£) constant except at single discontinuity. Let 

1 

fit) = 
2To' 0 = ^' 

(539) 

1 to <t ^1, 2(1 - £,) ' 

where is some fixed number between 0 and 1 but not, in the cases of 
interest, extremely close to either 0 or 1. Solutions of (532) satisfying 
the boundary conditions (533) are obviously 

wit) = A sin [A + iCfttoft, 0 ^ t < to, 

wit) = B sin [A - iC/2il - - t), to < t = 1, 
(540) 

where A and B are arbitrary constants. The requirements that w and 
dw/dt be continuous* at ^ lead to the equations 

A sin [A + iC/2tf$to = B sin [A — 2(7/2(1 — fr)]^ — ^o), 

A[A + iC/2to]' cos [A + iC/2to]% (541) 

= -B[A - iC/2il - £,)]* cos [A - 2(7/2(1 - to)fil - to), 

which will be consistent if this characteristic equation is satisfied: 

tan [A iC/2to]^to , tan [A 2(7/2(1 ^o)] (1 to) _ ^ 
[A + 2(7/2^ ^ [A - 2C/2(1 - to)]* 

The roots in A of equation (542) are the eigenvalues of the problem; the 
eigenfunction corresponding to any given eigenvalue is given by equa- 
tions (540) after the ratio B/A is determined from either of equations 
(541). 

It is easy to show that when (7 = 0, the roots of (542) are Ai = tt , 
A2 = 47r2, • • • . For large values of C, representing relatively great 
differences between the two parts of the stack, physical considerations 
lead us to expect that there will be pairs of modes, one member of each 
pair being essentially confined to each part of the stack and having a 
propagation constant determined approximately by the width of that 
part. It may in fact be shown that the asymptotic expression for the 
eigenvalue of the mode which is essentially confined to the region 
0 ^ < lo is 

A ~ o toC 
(543) 

* The continuity of dw/dt- is a consequence of the continuity of Ez , provided 
that we neglect any discontinuity in at ? = &) . 
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and the asymptotic expression for the eigenvalue of the mode which is 
essentially confined to £o < £ ^ 1 is 

A ~ (1 - lo)2 t1 ~ 2V/(1 -0£o)C_ 

, • f C _ 27r2 / £u 
^ [2(1 - £o) (1 - £o)2 T (1 - £o)C 

It is clear that if £» < ^ the latter mode has the smaller attenuation 
constant, while if £n > | the former mode has the smaller attenuation 
constant. 

It is not difficult, although the details will be omitted here, to investi- 
gate the behavior of the e'genvalues for small C and to show that no 
matter whether £0 < | or £0 > ^, the eigenvalue which starts from tt2 

at C = 0 tends to the asymptotic value which has the smaller real part, 
so that this eigenvalue, whether its asymptotic form be given by (543) 
or (544), may be called Ai . It appears that if £0 < |, then Im Ai is 
positive for positive C, while if £0 > then Im Ai is negative for posi- 
tive C. 

An interesting mathematical phenomenon appears when £0 = |, -so 
that the discontinuity in /(£) is exactly at the center of the stack. In 
this case, when C is small Ai and Ao are both real, Ai being somewhat 
greater than tt2 and A-, somewhat less than dx2. For a certain value of 
(' the two eigenvalues coincide; this value is approximately 

C = 17.9, Ai = Ao = 25.6. (545) 

For larger values of C, Ai and Ao are complex conjugates (it seems to be 
immaterial which is which) whose asymptotic forms are given by (543) 
and (544) with £0 = 4. 

Approximate values of Ai and Ao were found for the symmetric case, 
£(, = 0.5, and for one unsymmetric case, £0 = 0.6, on the Laboratories' 
general purpose analog computer for 0 ^ C ^ 100, and were refined 
afterward by desk computation, using a method of successive approxi- 
mations to solve equation (542). The real and imaginary parts of Ai/tt' 
and Ao/tt2 are plotted in Fig. 22 for the symmetric case, where it 
should be noted that different vertical scales are used for Re A/V and 
Im A/tt2. The corresponding eigenfunctions Wi{}-) and Wo(£) are shown 
in Fig. 23 for C = 0, C — 17.9, which corresponds to equal eigenvalues, 
and C = 100. It will be recalled that w(£) is equal to Hx(y), and the other 
field components can be derived from Hx by equations (519) if desired. 
Fig. 24 shows plots of Ai/tt2 and Ai/ir' for the unsymmetric case 
£0 = 0.6. 
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BeA'/ ^i11 

ReA.^2 .1^- 
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C 

Fig. 22—Real and imaginary parts of Aj/ir2 and A3/7r2 for a nonuniform stack 
whose average properties are constant except at a single, symmetric discon- 
tinuity. 

(n) /(£) a symmetric rectangular step. Let 

0 ^ , 

m = 

'2£O' 

1 
2(1 - ^o) ' 

2|o' 

< ? < 1 - , 

1 - ^ ^ .1, 

(546) 

where is some fixed number between 0 and 1 but not, in the cases of 
interest, extremely close to either 0 or 1. Inasmuch as /(ij) has even sym- 
metry about £ = |, every mode will preserve the (even or odd) sym- 
metry about £ = | which it has when C = 0. We shall consider the 
lowest even mode,* which has the eigenfunction sin 7r£ when C = 0. 
Solutions of (532) having even symmetry about £ = | (we need consider 
only the region 0 ^ £ ^ § on account of the symmetry) and satisfying 
the boundary conditions (533) are given by 

* For large C the lowest even mode will be confined essentially to 

Ifo < i; < 1 — a£o > 
while the lowest odd mode will be confined to the two regions 

0 ^ i; < 5^0 and 1 — < s = 1. 

If £o > 2/3, the latter mode will ultimately have a lower attenuation constant 
than the former; but we shall not take space to investigate it here. 
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} w(£) = A sin [A -f- zC72£o] £, 

10(a) = & cos [A - 1(7/2(1 - &)]5(l 

0 ^ f , 

1189 

(547) 

The requirements that w and dw/da must be continuous at a = 
lead to the equations 

A sin lU + iC/2ao]% = B cos i[A - iC/2(l - lo)]^! - ^o), 

yl[A + iC/2aQ]} cos i[A + t(7/2^]^o (548) 

= jB[A - iC/2(l - ao)]* sin i[A - tC/2(l - frOftl - go), 

which will be consistent if the following characteristic equation is 
satisfied: 

tan HA + iC/2a0]% _ cot HA - iC/2(l - frQftl - fr.) (r^ 
[A + iC/2a^ [A - 2(7/2(1 - y]» 

The roots in A of equation (549) are the eigenvalues corresponding to 
the even modes of the symmetrical structure. 

When C — 0, the roots of (549) are A = tt2, 97r2, ■ • • .It appears that 
for C > 0 we have Re Ai > tt2 and Im Ai > 0. For large C the asymp- 
totic expression for Ai turns out to be 

Vp 
— ^ 

C = o C = o 

 2 

C = 17.9 C = 17.9 

U-p 

C =ioo C =100 
(a) (b) 

Fig. 23—Real and imaginary parts of the first two eigeufunctions, ii'i = th + ivi 
and W2 = ui + tv3 , for the nonuniform stack of Fig. 22. 
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Fig. 24—Real and imaginary parts of A,/^2 and A,/*-2 for a nonuniform stack 
whose average jjroperties are constant except at a single, unsymmetric discon- 
tinuity. 

(1 - ilo)2 
1 - 4 

l/o^ 

+ ' ['2(1 - £o) (1 - ^o)2 l/ 
^0 

(1 - ^)C_ 

(550) 

Numerical values of Ai were found for the case &) = I on the analog 
computer and refined afterward by desk computation. The real and 
imaginary parts of Ai/V are plotted over the range 0 ^ C ^ 100 in 
Fig. 25, and the corresponding eigenfunction tci(^) = wi(£) + Wi(£) is 
shown in Fig. 26 for C = 0, 20, and 100. 

m 
+,r \ \ \ 

_ 
\ 

0 — 1/2 -14 ImA/rr^' 

y 

Re A 7^, 

Fig. 25—Real and imaginary parts of A,/*-2 for a nonuniform stack whose 
average properties vary as a symmetric rectangular step. 
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(m) /(|) a linear f unction. Lot 

m = 2^-1, o ^ ^ 1, (551) 

so that /(^) is a linear function varying from — 1 at £ = 0 to +1 at 
£ = 1. Then equation (532) becomes 

(fw/dtf + [(A + iC) - 2iC£]fc(£) = 0, (552) 

which, by the change of variable 

_ 2fC'£ - (A + iC) , 
T (2C)2'3 ' 

is transformed into Stokes' equation, 

(Pw/dr- + tw = 0. (554) 

The general solution of this equation may be written in the form 

w = A /i i (r) + Blifr), (555) 

where /q and /to are the pair of independent solutions of Stokes' equation 
which have been tabulated for complex arguments by the Computation 
Laboratory of Harvard University.27 (The solution may also be ex- 

—4 
c =0 

C =20 

su., 

   * f
 

/ / / r 

C = ioo 
Fig. 26—Real and imaginary parts of the first eigeufuuction, Wi = U] + ivi 

for the nonuniform stack of Fig. 25. 

27 Tables of the Modified Hankel Functions of Order One-Third and of Their Deriv- 
atives, Harvard University Press, Cambridge, Mass., 1945. 
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pressed, though less conveniently, in terms of Bessel functions of order 
one-third.) It is easy to show that the boundary conditions (533) at 
^ = 0 and ^ = 1 require 

Ah\{T\) + Bhiiji) = 0, 
Ahiiji) + Bhiir 2) = 0, 

where 
(A + iC) (A - iC) 

(556) 

T\ = 7*2 = (557) 
(2C)5 ' " {icy 

Equations (556) will be consistent if 

lh{7i)h*{T,) - Ai(r2)/i2(T1) = 0; (558) 

and this is the relation which must be satisfied by the eigenvalues 
Ai, A2, A3, • ■ • , for any given value of C. 

Approximate values of Ai and A2 have been found using the analog 
computer for the range 0 ^ C ^ 100, with spot checks by numerical 
solution of equation (558); and Ai/tt2 and Ao/tt2 are plotted in Fig. 27. 
The eigenfunctions are qualitatively similar to those shown in Fig. 23 
for the stack with a symmetric discontinuity. As in the symmetric ex- 
ample in case {i) above, we find that for small positive C, Ai is real and 
greater than tt2, while A2 is real and less than 47r2. The two eigenvalues 
coincide at 

C tt 49, Ax = A2 ^ 29. (559) 

For larger values of C, Ax and A2 are complex conjugates. Their asymp- 

<3 
Q) tr 

2 

f 
+1 
0 

-1 

(4) 

^^1/2 1 ^ 

Re/ W-2 /rr^ SzljL* 

Re A 

1 * \ \ \ \ 

10 

6< 
E 

10 20 30 50 
C 

60 70 90 100 

Fig. 27—Real and imaginary parts of A^tt2 and b-i/ir- for a nonuniform stack 
whose average properties vary linearly across the stack. 
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totic forms as C —> n may lie deduced by considering the behavior of 
hifr) and Jhir) for large arguments, and are 

Aj = A2* « 1.169(2C)3 + i[C - 2.025(2C)3]. (5(50) 

The magnitudes of both the real and imaginary parts of A! and A2 thus 
increase indefinitely with C. 

(iv) /(£) a sinusoidal function. Let 

/(^) = -cos 2^, 0 ^ ^ 1, (561) 

where v = ^, 1, 2, 3, 4, • • • , so that/(^) goes through v complete cycles 
in 0 ^ ^ 1. Then equation (532) reads 

d'w/dZ1 + [A + iC cos 2i't^]w;(^) = 0. (562) 

If we make the transformations 

T = f7r|, 

W(T) = wit), 

X = A/V'tv', 

d = —iC/2v'ir~, 

we get 

d'W/dr' + [X - 2^ cos 2r]TF(r) = 0, (564) 

and the boundary conditions (533) become 

17(0) = WM = 0. (565) 

Equation (564) is one of the standard forms of Mathieu's equation. 
We are interested in solutions which are periodic with period 2 in ^ 
and which approach the form sin mirt; when C —> 0. In terms of r and d, 
the function corresponding to the mth mode in the Clogston line must 
reduce to the form 

T7(t) —• sin — r. (566) 
^-0 V 

For any value of t?, this function may be denoted by"8 

Tr(r) = sem/,(T, t?). (567) 

(563) 

28 See N. W. McLachlan, Theory and Application of Mathieu Functions, Oxford, 
1947, pp. 10-25, especially p. 13 and p. 19. In this reference a or b corresponds 
to our X, q to our t?, and v to our m/v. 
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III our problem ?? is (negative) imaginary and m/v may be an integer or a 
rational fraction. For any given ?? and mjv the conditions (565) to- 
gether with the limiting form (566) determine an eigenvalue X, and 
hence by (563) determine A; but only a small amount of work has been 
published on the eigenvalues of Mathieu functions with imaginary 
parameter or of fractional order. We shall look at some special cases. 

v = %. The function /(£) is one-half cycle of a cosine curve which 
varies from — 1 to +1; we expect results similar to those found for the 
symmetric discontinuity of case (i) and the linear variation of case 
(iii). The eigenfunctions of the first two modes (m = 1 and m = 2) are 
se2(r, t?) and se^r, t?). The eigenvalues of these two functions for purely 
imaginary t? have been computed by Mulholland and Goldstein"9 out to 
a point which corresponds to C = Sir2, and an asymptotic formula is 
given for larger values of C. The values of Ai/ir" and Xi/tt' are plotted 
forO ^ C ^ 100 in Fig. 28; the corresponding eigenfunctions resemble 
those shown in Fig. 23 for the stack with a symmetric discontinuity. 
Again we find that Ai and A2 are real for small positive C, equal for a 
particular value of C, and conjugate complex for larger C. The leading 
terms of the asymptotic formula are, in our notation, 

Ai = A,* ^ [4.7124C3 - 3.0842 - 1.0901C"3 - • • • ] 
(568) 

+ i[C - 4.7124C - 1.0901 C - • • • ]. 

v = ]. Here/(£) is one full cycle of a cosine function, varying from — 1 

< O) CC 

f1 

Re A2 /TT2 

p.eA 
p.eAz/ Trz 

It'1 

^ReA /nz 

i 

12 

30 50 
C 

80 90 

Fig. 28—Real and imaginary parts of Ax/ir2 and Aj/tt2 for a nonuniform stack 
whose average properties vary as one-half cycle of a cosine function across the 
stack. 

29 H. P. Mulholland and S. Goldstein, Phil. Mag. (7), 8, 834 (1029). In this 
reference 4a or 40 corresponds to our X and Sq to our t?. 
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Fig. 29—Real and imaginary parts of A^x2 for a nonuniform stack whose 
average properties vary as one cycle of a cosine function across the stack. 

to +1 and hack to — 1. The eigenfimctiou of the lowest mode (ta = 1) 
is sei(T, t?), and the values of Ai may be obtained from Reference 29 for 
ten equally spaced values of C out to C = 32x". Since our is negative 
imaginary, in the notation of this reference we have Ai = Air'fii . Ap- 
proximate values of Ai/tt' obtained on the analog computer for C at 
smaller intervals in the range 0 ^ C ^ 100 are plotted in Fig. 29; 
and the eigenfunctions are similar to those shown in Fig. 2G for the 
symmetric rectangular step. The leading terms of the asymptotic formula 
for Ai when C is large are as follows: 

A, « [3.1416(7* - 2.4674 - 0.9689C-* - • • • ] 
. (569) 

+ i[C - 3.1416C3 - 0.9689(7 - • • • ]. 

j/ = 3. Now /(£) is a three-cycle cosine function and the lowest mode 
corresponds to sej(r, j9). Approximate values of Aj/tt2 for 0 ^ (7 ^ 100 
were obtained on the analog computer and are plotted in Fig. 30; the 
eigenfunctions are shown in Fig. 31 for (7 = 0 and (7 = 100. 

^ » 1. For a v-cycle cosine variation, the lowest eigenfunction is 
sei/„(T, t?), and for the lowest eigenvalue there is an approximate formula 
given by McLachlan.30 Incidentally this formula predicts no imaginary 
part for Ai if t? is purely imaginary and r > 1, which agrees approximately 
with the results of our analog computations for v = 3; we found the 
imaginary part of Ai to be only about 1 per cent of the real part even for 
C = 100. If C is fixed, one expects that as v —» «> the effects of the rapid 
fluctuations in /(^) will average out, so that Ai will ultimately approach 

30 Reference 28, p. 20, equation (6), where a corresponds to our \i , q to our 
d, and v to our l/v. McLachlan's formula was ostensibly derived for real q, but the 
derivation appears equally valid for complex q. 
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Fig. 30—Real and imaginary parts of A,/^2 for a nonuniform stack whose 
average properties vary as three cycles of a cosine function across the stack. 

tt + (570) 

the value tt2 appropriate to a uniform stack. McLachlan's formula shows 
that this is indeed the case; in our notation, the leading terms give 

SfV- ^ L SvVJ ' 

assuming of course that the second term is reasonably small compared 
to the first. 

This concludes our discussion of special types of nonuniformity. We 
shall now attempt to get an idea of what the numerical results mean 
in terms of the practical requirements on stack uniformity in a laminated 
transmission line which is expected to show a specified reduction in at- 
tenuation constant below a conventional line of the same dimensions. 
For this purpose we shall compare a plane Clogston 2 line having in- 
finitesimally thin layers with a plane air-filled line of the same width a, 
bounded by electrically thick solid conductors. 

At frequencies for which the conductor thickness of the "standard" 

C = o 

4 X X x 

C = too 
Fig. 31—Real and imaginary parts of the first eigenfunction, wi = iii + t'vi , 

for the nonuniform stack of Fig. 30. 
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air-filled line is great compared to the skin depth 5i, its attenuation 
constant a, is given by equation (25), namely 

= lAitfiM, (571) 

where »j„ is the intrinsic impedance of free space. By equation (535), 
the attenuation constant ac of the lowest mode in a plane Clogston 
2 with infinitesimally thin layers is 

jVi 
2 V'/io/eo <7oa"' de = Re -—/—_ 2 • (572) 

If we assume nonmagnetic materials and put in the optimum value of 
6, namely 0 = 2/3, we obtain for a uniform stack with Ai = tt , 

ai0 = 
12-82^ , (573) 

where eir is the relative dielectric constant of the insulating layers. 
The attenuation constant of the conventional line is proportional to 

the square root of frequency, whereas the attenuation constant of the 
uniform Clogston 2 is independent of frequency up to some frequency 
at which the effect of finite lamina thickness begins to be appreciable. 
If we confine ourselves to the low-frequency, flat attenuation region, 
and denote the ratio of attenuation constants by r, then from (571) 
and (573), 

r = acoAia = 12.82\/e2r 5i/a, (574) 

and the crossover frequency above which the uniform Clogston line is 
better than the conventional line occurs when 

a/bi = 12.82 • (575) 

In the following numerical example we shall assume polyethylene in- 
sulating layers, with 

so that (574) becomes 

r = 19.275i/a. (577) 

If the stack in a Clogston line is not uniform, then regardless of the 
thinness of the layers the attenuation constant will no longer be inde- 
pendent of frequency, but will increase with frequency at a rate depend- 
ing on the nature and the magnitude of the nonuniformity. Since from 
equation (572) the attenuation constant is proportional to Re Ai, 

e2r = 2.26, (576) 
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while from equation (529) or (530), C is proportional to frequency for a 
given stack, we see that our plots of Re Ai/r2 versus C need only the in- 
troduction of appropriate scale factors to read directly the variation of 
attenuation with frequency due to nonuniformity in the stack. Although 
a nonuniform Clogston line may still be better under some conditions 
than a conventional line of the same size, the crossover frequency will be 
higher and the improvement at any given frequency will be less than 
if the stack were uniform. 

Among the various interpretations which may be given to our nu- 
merical results, we shall consider here only the following: Suppose we 
have a plane Clogston 2 line which, if it were perfectly uniform, would 
have an attenuation constant smaller, at a certain frequency, than the 
attenuation constant of the corresponding conventional line by a given 
factor, say one-half, one-fifth, or one-tenth. For these particular attenua- 
tion reduction factors the ratio of a to 5i may be calculated from (574), 
or from (577) if the insulation is polyethylene. The question is: What 
variation in e across the stack is permissible if we are willing to have the 
actual attenuation constant of the Clogston line be double its ideal value; 
in other words, if we will settle for attenuation reduction factors of unity 
(no improvement), two-fifths, or one-fifth instead of the ideal values one- 
half, one-fifth, or one-tenth? 

To answer this question for any particular type of nonuniformity, we 
have only to find, from the plot of Re Ai/tt2 versus C, the value of C for 
which Re Ai/tt2 = 2. Then the fractional difference between the maximum 
and minimum values of c corresponding to this value of C is given by equa- 
tions (530) and (531) to be 

7 ^ = U„), (578) eo 4a2 

where we have taken do = 2/3, and/mnx and fmin are the extreme values of 
the function /(£) which describes the type of nonuniformity being con- 
sidered. 

The special types of nonuniformity which have been studied above fall 
roughly into three different classes. In four of the cases, namely the sym- 
metric and unsymmetric single discontinuities, the linear variation, and 
the half-cycle cosine variation, the function /(£) varies monotonically from 
one side of the stack to the other. In the symmetric rectangular step and the 
one-cycle cosine variation, /(£) oscillates from one extreme value to the 
other and back again, while in the three-cycle cosine variation, /(£) ex- 
hibits three complete oscillations across the stack. The following table 



LAMINATED TRANSMISSION LINES. TI 1199 

shows the permissible total variation in e for each of these types of non- 
uniformity. 

Case C 
r = 

max — train 
to 

r = Vi r = Ho 

Symmetric discontinuity  
Unsymmetric discontinuity  

16.5 
28.0 
42.6 
29.5 
53.0 
59.8 
78.9 

0.0167 
0.0295 
0.0430 
0.0298 
0.0535 
0.0604 
0.0797 

0.0027 
0.0047 
0.0069 
0.0048 
0.0086 
0.0097 
0.0128 

0.0007 
0.0012 
0.0017 
0.0012 
0.0021 
0.0024 
0.0032 

Half-cycle cosine  
Rectangular step  
One-cycle cosine  
Three-cycle cosine  

It would be easy to construct a similar table for any other values of the 
attenuation ratio r, and for any specified degradation due to nonuniformity. 
It is, however, already obvious that the greater the improvement for which 
one strives, that is, the smaller the ratio r, the more stringent will be the 
requirement on (€max - ; in fact, the permissible value of this quan- 
tity is proportional to r2. In any practical case the value of e will have to 
be controlled against long-range variations within a fraction of a per 
cent, and if attenuation reduction factors of the order of one-fifth or one- 
tenth are contemplated, the variations probably cannot exceed a few hun- 
dredths of a per cent. It also appears that a steady increase or decrease in 
the value of e across the stack will be the most serious type of nonuni- 
formity, since the effects of very rapid fluctuations will tend to average 
out. 

Clearly the nonuniform laminated transmission lines which we have been 
considering in this section are very highly idealized, even if we disregard the 
geometrical differences between plane and coaxial structures. Any real 
Clogston cable will be built up of layers of finite thickness with unavoid- 
able random fluctuations from layer to layer, superimposed on slower 
variations in the average properties of the layers from one side of the 
stack to the other. The thickness of an individual layer will also vary more 
or less in both directions parallel to the layer, so that the properties of the 
stack will be functions of the coordinates 0 and z as well as of p. A few 
qualitative remarks are in order concerning these neglected effects. 

The effect of finite lamina thickness in a nonuniform stack can be cal- 
culated, by the method employed in Section XI for a uniform coaxial 
stack, if we make the plausible assumption that the macroscopic current 
distribution remains the same as for infinitesimally thin layers. The results 
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will certainly be qualitatively the same for uniform and slightly nonuniform 
stacks, so long as the nonuniformity does not seriously distort the field pat- 
tern of the operating mode. 

Some idea of how the effects of rapid random fluctuations in the average 
properties of the stack may be expected to average out is given by equa- 
tion (570), which assumes for the function /(£) a r-cycle cosine variation 
across the stack. As a numerical example, suppose that with this variation 
of e we have 

= 0.01 (579) e0 

in a line designed to give an attenuation reduction ratio of 

r = Mo- (580) 

Assuming polyethylene insulating layers, we have for this line 

Si/a = 1/192.7 = 0.00519, (581) 

and from (578) the corresponding value of C is 

C = 247.6. (582) 

The value of v for which the relative increase in Re Ai due to the fluctua- 
tions is, say, one-quarter is given by 

C2 1 C 
8r27r4 4 ' ^2 

= 17.7. (583) 

Thus a 1 per cent fluctuation in e, repeated at intervals of about one- 
eighteenth of the stack width, will cause only a 25 per cent increase in 
attenuation, even for a Clogston line which is designed to have only one- 
tenth of the attenuation constant of a conventional line of the same size. 

Finally there is the question of the effects of variations in the average 
properties of the stack in both directions parallel to the layers. Mathemati- 
cal analysis of even a simple case of longitudinal variation would be much 
more difficult than what has been done here; yet on physical grounds it 
seems very likely that such variations will add an appreciable amount to 
the total attenuation of the line. If we consider two cross sections of a 
laminated cable separated by a certain distance and having different trans- 
verse nonuniformities, the field pattern of the lowest mode will be differ- 
ent^at the two cross sections, and so in traversing the intervening distance 
the power will be partly reflected and partly converted to higher modes 
with higher attenuation constants. The reflected or mode converted power 
will be at least partly lost, with a consequent increase in the overall at- 
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tenuation of the cable. Hence the estimate of the increase in attenuation 
which one gets from the present analysis, considering only the variations 
transverse to the layers at an average cross section, is certain to be opti- 
mistic in that it neglects completely the effects of variations in other 
directions. 

XIII. DIELECTRIC AND MAGNETIC LOSSES IN CLOGSTON 2 LINES 

To discuss dielectric and magnetic losses in Clogston 2 lines we may 
take the electrical constants of the conducting and insulating layers to be 
complex; thus 

Mi = Mi iMi' = Mi(l — 4 tan fi), 

M2 = M2 — ^2' = M2(l — i tan ^2), (584) 

€2 = e2 — ie'i = £2(1 — i tan (£2). 

Almost all of the equations of the preceding sections, except of course 
those which involve explicit separation of real and imaginary parts, re- 
main valid when we introduce complex values of mi , M2 , and 62 . In par- 
ticular the propagation constant of the pth mode in a Clogston 2 with in- 
finitesimally thin laminae and high-impedance walls is given, as in Sections 
VIII through X, by 

y' = + {iwi/g)xp, (585) 

where 

Xp = V^/a (58G) 

for a parallel-plane line, and Xp is the pth root of 

Ji{xb) - dri(x5)Ari(xa) = 0 (587) 

for a coaxial line. Taking the square root of the right side of (585) by the 
binomial theorem, we have 

7 = . (588) 

In the presence of dielectric and/or magnetic dissipation, we write, as 
in Section VII, 

e = e' - ie" = [e2/(l - d)] - i[e"/(l - 0)], / ^ 
(589) 

M = m' — ip." = [0mi + (1 — 0)m2] — i[0ni + (1 — 0)M2 ]• 
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(590) 

+ (1 ~ . 
f " 7 _ <7 + (1 - 0)M2 ' 

(591) 

and aa is the part of the attenuation constant which is due to dielectric 
and magnetic losses. If there were no dielectric or magnetic dissipation, 
the second term on the right side of (588) would be purely real and would 
represent the attenuation due to ohmic losses in the conducting layers. 
We neglect the small change in this term when m and i are complex, and 
thus as usual regard the metal losses, the dielectric losses, and the magnetic 
losses as additive. 

We observe that ad is the same for both plane and coaxial lines, and is 
also independent of the mode number p. Although derived here for the 
case of infinitesimally thin laminae, the same expression may be used for 
lines with finite laminae, so long as the conducting layers are moderately 
thin compared to the skin depth. The dielectric and magnetic losses do 
not depend on the overall dimensions of the transmission line, but are 
directly proportional to frequency provided that the loss tangents do not 
vary with frequency. 

If it should be necessary to calculate the dielectric and magnetic losses 
in a partially filled Clogston line where the dissipation factor of the main 
dielectric is markedly different from the dissipation factor of the stacks, 
aa may be obtained, using the method described in Section YII, as half 
the ratio of dissipated power per unit length to transmitted power. In this 
calculation we may use the field components given in Sections IX and X 
for the various modes in partially filled lines. 
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Appendix II 

OPTIMUM PROPORTIONS FOR HEAVILY LOADED CLOGSTON CABLES 

We wish to find the lowest root xi of the equation 

1 Ji(xa)No{xpi) - Ni(xa)Jo(xpi) 
xpi /i(xa)iVi(xpi) — Ni{xa)Ji(xpi) 

1 JiixtyNoixPz) — Ni(xb)Jo(xP2) 
(A9) 

+ — 
xp2/i(xp2)Ari(x&) — Ari(xP2)/i(x&) p pi 

where b is fixed and po/p » 1, and to minimize this root as a function of 
a, pi , and p2. 

Since we expect xi to approach zero as po/p approaches infinity, we shall 
replace the Bessel functions appearing in (A9) by their approximate values 
for small argument, namely 

Jq{X) 
Jl{x) 

No(x) 

~ 1) 
^ it, 

- log 0.8905.T, 
TT 

(A10) 

Ni(x) ^ , 
TT.C 

for I a: I « 1. Then the equation becomes, approximately, 

1/xia 
XiPi K-«/pi + pi/a) 

which may be solved for xi to yield 

2p 

+ J_   - » i0g pj 
X1P2 hi — Pi/b + b/pi) p 0 pi 

2 
Xl Po log (ps/p ij LPi —' a 2 d" 7 2 2 b — pi 

(All) 

(A12) 

By inspection xi will be a minimum, considered as a function of a, when 
a = 0. Setting a = 0 and then equating to zero the partial derivatives of 
Xi with respect to pi and pi, we get the pan- of equations 

Pi[log (p2/pi)]" |_Pl 
T 

1 

P2[ lOg (P2/P1)]" 

1 1 
2 + 72 2 Pl U — P2_ 

b - pi 

+ 

Pl log (pl/pl) 

2pi 

(b — Pi)' log (p2/pi) 

= 0, 

= 0, 

(A13) 
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which yield, on rearrangement, 

i ri. _i_i = ii 
log (P2/P1) l_Pi ^ 52 - pi] pi' 

(A14) 

ri - ^7l] = ^ log (P2/P!) Lp2! ^ h2- pi] (b2-pl)2- 

Subtracting the second of equations (A14) from the first and solving the 
resulting equation for pi, we get 

(A15) 
r 2 2 j2 0 — P2 0 

Pi =   = — — P2 , 
P2 P2 

whence, eliminating pi from the first of (A14), 

. P2 &2 Mlrx 

Numerical solution of (A16) gives 

pl/tf = 0.67674; (A17) 

and on making use of (A15) we obtain finally 

P! = 0.392966, (A18) 

pa = 0.822646. 

Substituting these values, with a = 0, into (A12), we get for the minimum 
value of xi , when po/p » 1, 

xl = ■ (A19) P"6' 

Appendix III 

POWER DISSIPATION IN A HOLLOW CONDUCTING CYLINDER 

Consider a hollow cylinder of inner radius pi , outer radius pa, and high 
conductivity gi . Denote the total current flowing in the positive ^-direction 
inside the radius pi by h and the total current inside the radius p2 by 72 ; 
then the current carried by the conducting cylinder is just h — h , and the 
net return current outside the cylinder is —h ■ We assume the current 
distribution to be independent of the coordinate angle <£, but the radial dis- 
tribution of the currents inside and outside the given cylinder is of no 
importance. 

General expressions for the field components in the conducting cylinder 
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are given by equations (33) of Section II, which read 

= Ah{aip) + BK^ap), 

Ep = ^U/iGnp) + BKi{aip)], (A20) 
0i 

Ez = 7/ifA7o((rip) — jB/voCoip)], 

provided that we drop the propagation factor e_7J and make the usual 
approximations 

j7i/coei ^>> 1, ki ~ , K\/gi ~ 771, (A21) 

for a good conductor. The constants A and B are determined by the 
boundary conditions 

Hfiipi) = /i/27rpi , H^pi) = h/Zirpz , (A22) 

which follow directly from Ampere's circuital law. We find without diffi- 
culty 

^ _ il2/2irp2)Ki{aipi) — {Ii/2ivp\)K\{(Tip2) 
Ki{(TiPi)Ii{<TiP2) - Ki{(Tip2)Ii{<ripi) ' (A23) 

g _ (/i/27rpx)/i(<riP2) — {I2/2tvp2)I\{(Tipi) 
/Cl(criPl)/x((TlP2) — Ki{<X\P2)I\{viPi) 

The average power dissipated in the conducting cylinder is equal to one- 
half the real part of the inward normal flux of the complex Poynting vector 
E X H*. For the average power P dissipated per unit length we have 

P = Re \[27rp2-Ez(P2)77^ (P2) — 27rpiP2(px)77l(p1)] 

= Re \\EMlt - EMI*] 

{Kill(,2 + AWu) (A24) = Re '771 

(7^1x7x2 — Knlii) _2irp2 

(7x7* + lU.) , Ut (Tr T ^jrj' —   TT  + 7J (7voiiX2 + Ai2iox 
iTrffipip-i Zirp-l 

where 

7ra = IrfalPs), Krs = 7vr(o-ips). (A25) 

The combinations of Bessel functions appearing in (A24) are just those 
for which we gave approximate expressions in equations (A8) of Appendix 
I, assuming the thickness h {= pi - pi) of the conducting cylinder to be 
small compared to px . Substituting these approximations into (A24) and 
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rearranging, we get 

P = Re -j-?— ( ^ ["aih coth aih + 
wgiti P2 L ^piJ 

_ {hit + ith) fi _ JL] ntl csch ntl 

pi L ^PiJ 

+ [.i coth aih - ^-J| , 

(A26) 

up to first order in h/pi . If we set 

o-i = (1 + , (A27) 

then on expanding the right side of (A26) in powers of ti/8i up to the fourth, 
we obtain 

p= 1 llh-Jif 

^9ltl ^ VpiP2 (A28) 
l\ [hit 7(hit + Ith) hltli 
^ L45P2 SGOVp^po 45piJj ' 

where we have approximated pi(l + h/2pi) by v7P1P2 in the interest of 
symmetry. 

Now writing APj for P, Alj for h — h , pj-i for pi , and Iy_i for h , 
and neglecting curvature corrections of the order of tjpi entirely, we have, 
on setting h and h both equal to Ij-i m the coefficient of (<i/Si)4, the ap- 
proximate relation 

which is just equation (472) of Section XI. 

(A29) 



Transistors in Switching Circuits 

By A. EUGENE ANDERSON 
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The general transistor properties of small size and weight, low power and 
voltage, and potential long life suggest extensive application of transistors 
to pulse or switching type systems of computer or computer-like nature. 
It is possible to devise simple regenerative circuits which perform the nor- 
mally employed functions of waveform generation, level restoration, delay, 
storage {registry or memory), and counting. The discussion is limited to 
point contact type transistors in which the alpha or current gain is in 
excess of unity and to a particular feedback configuration. Such circuits, 
which are of the so-called trigger type, are postulated to involve negative 
resistance. On this basis an analysis, which approximates the negative 
resistance characteristic by three intersecting broken lines, is developed. 
Conclusions which are useful to circuit and device design are reached. 
The analysis is deemed sufficiently accurate for the first order equilibrium 
calculations. Transistors having properties specifically intended for pulse 
service in the circuits described have been developed. Their properties, and 
limitations, and parameter characterizations are discussed at some length. 

INTRODUCTION 

It is proposed to discuss some of the properties of transistors which 
are applicable to switching or pulse-type circuits, to develop elementary 
analysis methods and to describe a few circuits. 

The bounds or limits of the field of switching are difficult to define. 
The common thread usually involves definite states of being as "open 
or closed", "off or on", "0 or 1", and so on, rather than a continuum of 
conditions. Even when consideration is given to more than two states, 
the thought involves distinct recognition of each state. The field is 
termed to be non-linear in distinction to linear manipulation of informa- 
tion. Any number of anomalies in definition may be raised. 

Without attempting either to define or to limit the field, some of the 
functions which are often employed are: wave form generation, as 
rectangular pulses, sawtooth waves, etc.; memory or storage which may 

1207 
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be for short, intermediate or long periods and involves the retention of 
information for subsequent use; operations involving addition, sub- 
traction, multiplication and division; translation of information from 
one form or code to another; gating, involving the routing of signals 
according to a predetermined pattern or set of conditions; regeneration 
of signals in amplitude and wave form; delay, which may be thought 
of as a form of storage; and timing. Some of these functions are simple; 
others result from fairly complex structures of simpler functions. 

Present trends in electronic switching systems are toward compli- 
cated automata as exemplified by digital computers.1 The reliability, 
power consumption and physical size of the electron devices employed 
largely determines the degree of realizability of such systems. It is 
believed that the transistor will find a significant application in this 
field. 

The transistor can reduce power consumption by the elimination of 
heater or filament power. In addition, particularly in broadband ap- 
plications as in high speed pulse systems, the "B" power may be reduced 
by the order of one or two decades if not more. Transistor circuits with 
0.02 /is rise time have been made to operate with an input power of 20 
milliwatts which compares with approximately 2.5 watts (1-watt heater, 
1.5-watt plate) for an equivalent tube circuit. Transistors have operated 
with less than one microwatt input power.2 

Such power reductions result from the low operating voltages, low 
internal resistances and low capacitances of transistors. Low internal 
impedances greatly reduce the importance of stray wiring capacitances 
thereby making mechanical design much simpler and often eliminating 
the need for isolating or buffer amplifiers. 

The transistor can contribute definite reduction in size directly. Fig. 1 
shows a "bead" transistor which has a volume of approximatelv 1/1000 
of a cubic inch and a weight of 5/1000 ounce. Indirectly the transistor 
can contribute to size reduction through the use of smaller, lower voltage, 
lower dissipation components. The reduction of power supply require- 
ments in terms of size, regulation and capacity is also quite appreciable. 

Transistors have been subjected to shocks in excess of 20,000 G with- 
out change in characteristics. Vibration tests have shown no resonances 
in the transistor shown in Fig. 1 to several thousand cycles. Harmonic 
accelerations of 100 G'at 1000 cycles have produced no detectable cur- 
rent modulation. 

1 L. N. Ridenour, "High Speed Digital Computers", J. Appl. Phys., 21, pp. 
263-270, April, 1950. 2 R. L. Wallace, Jr. and W. J. Pietenpol, "Some Circuit Properties and Ap- 
plications of n-p-n Transistors", Bell System Tech. J., 30, pp. 530-563, July, 1951. 
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Life reliability and expectancy are difficult to determine due to the 
relative infancy of transistors, the definite finiteness of time, the many 
variables involved and the rate of development progress. Average life 
is presently estimated to be in excess of 70,000 hours. Life is a function 
of the operating conditions and may be materially reduced accordingly. 

Transistors also have limitations. Xoise at present is high for point- 
contact types as compared to electron tubes; input impedances are low, 
which may be either advantageous or disadvantageous; power output 
may be limited; frequency response is relatively low; circuit instability 
may cause design difficulties; and the devices are sensitive to tempera- 
ture changes. There is also an absence of a long practical experience 
with a consequent art background in both devices and circuits. 

A comprehensive review of transistor properties is given in the paper 
by J. A. Morton.3 

While it is difficult to define the switching field, it is no less difficult 
to discuss circuit and device properties on a general basis. This is related 
to the non-linear nature of the circuits and devices in distinction to the 
virtually classical linear small-signal field. The lack of a classical method 
of analysis is a serious handicap in the synthesis of contemporary circuits 
and devices. When new devices, as the transistor, are to be considered, 

Fig. 1—A miniature switching-type transistor (M1689). 

3 J. A. Morton, "Present Status of Transistor Development", Bell System 
Tech. J., 31, pp. 411-442, May, 1952. 



1210 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1952 

the problem is multiplied due to the lack of a long background of experi- 
ence. 

It has been assumed that negative resistance is a common thread 
among "trigger circuits" and oscillators regardless of the device em- 
ployed— electron tube, gas tube, transistor, mechanical structures, etc. 
This is not a new or novel idea and there is no intent to present it as 
such.4 Rather, it is used as a pattern upon which a certain degree of 
transistor analysis may be based, leading to simple understanding. The 
analysis assumes that the negative resistance characteristic can be broken 
into three regions; each region is then considered on a linear basis. 

Section I will deal with simple circuit properties; Section II with 
analysis and Section III with device properties. 

I—Simple Circuit Properties 

The common property ascribable to switching functions is that of 
definiteness of state. The condition of the function is either "off" or 
"on". Switches are either open or closed; relays are operated or not; tubes 
are in cutoff or overload; doors are open or closed and so on. This is 
common regardless of the phenomena being exploited. 

There is an intermediate region between these two conditions usually 
characterized by a time which is related to how fast the function may 
go from one state to another. Functionally the times of closing and 
opening are taken to be zero; practically, they are of determining im- 
portance. Relays replace hand-operated switches and electronic devices 
replace relays as speed becomes important. Obviously, no function or 
system can be faster than its state-devices. 

All such state-devices will have separate attendant properties such 
as the degree of reverse coupling between the controlling signal and the 
controlled signal. Separated into families, however, there are those 
which are passive and those which are active. The latter are threshold 
devices in which a small amount of signal or control energy causes the 
translation of a relatively larger amount of stored energy into dynamic 
energy which consummates the change in state. As long as the control 

4 See for example "Negative Resistances, Their Characteristics and Effects. 
Sinusoids, Relaxation Oscillations and Relaxation Discontinuities", Walter 
Reichardt, Eleklrische Nachtrichen-Technik, 20, pp. 76-87, March, 1943; "Uniform 
Relationship Between Sinusoids, Relaxation Vibrations and Discontinuities", 
Walter Reichardt; Eleklrische Nachlrichten-Technik, 20, pp. 213-225, Sept., 1943. 
For transistors: "Counter Circuits Using Transistors", E. Eberhard, R. 0. 
Endres and R. P. Moore, RCA Review, pp. 459-476, Dec. 1949; "A Transistor 
Trigger Circuit", H. J. Reich and Ungvary, Rev. Sci. Inslr., 20, p. 8, p. 586, Aug., 
1949; and "Some Transistor Trigger Circuits", Proc. Inst. Radio Engrs., 39, pp. 
627-632, June, 1951, P. M. Schultheiss and H. J. Reich. 
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signal is below the initial threshold there is no response and any change 
is directly related to the passive transmission of the control signal alone. 
When the signal exceeds the threshold the second state is assumed. 
Watch escapements, thyratrons, and the whole family of oscillators 
fall into this category. When the simplest cases of such functions are 
analyzed, they are found to involve in one way or another two stable 
states separated by a region in which there is positive feedback and 
gain in excess of unity with a resultant equivalent negative resistance. 
The proposition that a negative resistance characteristic is common to 
trigger or threshold switching circuits is tacitly assumed. The next step 
is to examine the transistor for such behavior and to classify the proper- 
ties. 

NEGATIVE RESISTANCE IN THE TRANSISTOR 

That the transistor* can exhibit negative resistance has been demon- 
strated analytically5 and experimentally. The resistances seen looking 
into the emitter and collector of the transistor with grounded base are 
shown in Fig. 2. 

In the equations and discussion to follow, the symbol conventions 
are as follows: External circuit elements are capitalized as R( , Rb, and 
Rc. The symbols Rn , Rii, Ra and R21 define the open-circuit transistor 
resistances; the symbols r( , rc, rm , and rb define the equivalent circuit 

* Discussion is limited primarily to point contact transistors with a's or cur- 
rent gains greater than unity. 6 R. M. Ryder and R. J. Kircher, "Some Circuit Aspects of the Transistor", 
Bell System tech. J., 28, pp. 367-400, July, 1949. 

Fig. 2—Emitter and collector driving point resistances. 
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element values. Network resistances which contain both device and 
external elements are primed. For example, Rn = Ru Rc Rb, 
where R22 = rc -f- n . See also references 3 and 5. 

Taking the collector or output resistance, Fig. 2, for example, 

rb(rb + rm) 
Rin — (r c + 'i) + r6 + Rt 

(1) 

Rin can be negative or positive depending upon the relative magnitudes 
of the two terms. Actually, of course, rm has a phase factor and so is 
frequency dependent. Frequencies wherein rm is essentially resistive 
will be assumed. For negative resistance, rm must be large, R( small and 
Tb not too small or else augmented by external resistance. Negative 
resistance is thus predicted on a small-signal linear basis. The large- 
signal behavior may be studied experimentally by adding sufficient 
resistance as Rc to the first or positive term to insure stability. This is 
shown in Fig. 3 with the resultant characteristic. External base re- 
sistance Rb has been added and Rf is zero. 

Fig. 3 illustrates the pattern of a three-valued characteristic: Regions 
I and III are portions with positive slope, indicating stable operating 
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Rb 
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"Ir 
Fig. 3—Collector large-signal negative resistance characteristic. 
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regions, separated by Region II, a region of negative slope, indicating 
the possibility of instability. In this particular case, Region I has high 
resistance and Region III very low resistance. 

An evaluation of the emitter or input characteristic leads to similar 
results, using the circuit of Fig. 4. Rb has been added here also and Re 
taken as zero. The general pattern is again present. Region I has high, 
positive resistance; Region II, negative resistance; and Region III very 
low, positive resistance. 

BIASES AND LOAD LINES—BISTABLE OPERATION 

The negative resistances of Figs. 3 and 4 are both of the so-called 
open-circuit stable type. If loads are applied to the circuit terminals of 
Fig. 2 which are larger in magnitude than the negative resistances, the 
circuits will be stable; that is, there will be single operating points. 
This is shown in Fig. 4 by the dashed load lines marked, Rt , Rt , Rt . 
A load resistance smaller in magnitude than the negative resistance 
may intersect the characteristic in three positions as shown by the 
load line Rt . 

The load line Re can be made to have single or multiple intersections 
by biasing properly as shown in Fig. 5, where the three possibilities are 
shown as Re , R't , R" . Single or multiple intersections result in ac- 
cordance with the choice of emitter bias, V(t , as shown. It can be shown 

Fig. 4—Idealized emitter large-signal negative resistance characteristic. 

+vf 
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that the intersection of load line Rt with the characteristic at h in Fig. 5 
is unstable whereas those at a and c are stable. Experiment in the multiple 
intersection case shows also that as is slowly increased (decreased in 
absolute magnitude) the load line moves upward and that the assumed 
operating point, a, moves up along the Region I portion of the charac- 
teristic. At the turning point shown on the current axis, the operating 
point suddenly flips to the high current region, returning along the 
curve to c as Vtt is returned to the original value. 

A decrease in Vt( toward V't't moves the operating point at c down- 
ward along the characteristic until it "escapes" past the lower turning 
point and flips to the Region I portion, returning to a as Vtt is returned 
to the original value. This then is an elementary switching circuit, a 
bistable trigger circuit or "flip-flop". A positive emitter pulse will cause 
the circuit to flip to high current, a negative pulse to low current. The 
triggers may be applied to emitter, base or in combination with proper 
attention to polarity. Trigger sensitivities are shown in Fig. 6. Such a 
circuit is often used for register or storage purposes. It can store one bit 
of information for a potentially infinite period, be sampled for the 
presence of such information, and be cleared or restored to the original 
condition for reuse when the stored information is no longer useful. 

1 ,1,1 l" T 

Vff 

Vff 
i , 

+ve 

-If 0 +if 
t f 

Vff Vff 
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"Vf 

 —■— 

Fig. 5—Emitter negative resistance characteristic showing possible multiple 
operating points. 
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With the addition of suitable steering circuits it can be made to count 
by a scale of two. 

MONOSTABLE AND ASTABLE CIRCUITS 

The addition of a capacitor to the circuit as in Fig. 7(a) leads to 
either monostable or astable operation. In Fig. 7(b) the normal operating 
point is stable at a as discussed previously by virtue of the bias V. 
As Vtt is increased, as by a trigger, the load line is moved up and over 
the turning point. Without capacitor C in the circuit, the operating 
point would move to h with the resultant rapid change in voltage and 
current. However, a capacitor has in effect voltage inertia; this is 
equivalent to saying that a capacitor is a short-circuit to a voltage 
change. Both the capacitance and the rate of change of voltage are 
assumed high. Thus at the turning point the capacitor effectively 
short-circuits the emitter and the operating point snaps along dotted 
line (1) to intersect the characteristic. This point is quasi-stable and 
the capacitor is discharged along line (2) to the second turning point 
where the emitter is again effectively short-circuited and the operating 
point snaps along (3) to intersect the Region I portion of the character- 
istic. This point is also quasi-stable and the operating point moves 
slowly up to the initial or dc stable operating point. A single trigger 
thus causes a complete cycle of operation. The emitter current shifts 

Fig. 6—Bistable circuit showing trigger sensitivity, A. 
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rapidly to a high value of current, falls relatively slowly to an inter- 
mediate value, then shifts rapidly to a small negative value and finally 
returns slowly to the original value. The emitter current and voltage 
are sketched in Fig. 8. It is a so-called "single-shot" circuit. Alternately 
the rest or dc stable point can be chosen to be in Region III, at high 
current, by choice of positive instead of negative bias V(t. Practical 
considerations as ease in triggering and average power consumption 
usually indicate a preference for the Region I dc stable point. 
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Fig. 7—Monostable and astable characteristics. 
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Fig. 8—Idealized monostable relaxation oscillator waveforms. 

When the load line and bias are chosen to result in intersection in the 
negative resistance portion, astable operation or continuous oscillation 
results. This mode is illustrated in Fig. 7(c). Proper bias and Re > j —Bin 1, 
Region II, are required. The operating point formed by the intersection 
of the load line on the negative resistance portion of the characteristic 
would normally be stable. However, the capacitor provides an ac short- 
circuit in parallel with Rt causing the path (1), (2), (3), (4) to be followed 
continuously. Another form of physical explanation of this relaxation 
oscillation, usually applied to gas tubes, is that the capacitor C is 
charged slowly throuch Re to a critical or breakdown value whereupon 
the tube or device rapidly discharges the capacitor. When the capacitor 
charge is dissipated, the device discharge can no longer be maintained 
due to the IR drop in R( and the tube or device open-circuits and the 
capacitor is recharged. 

The above suggests a strong simularity to gas tube behavior and this 
is indeed so. In fact, the modes described above are common to all 
open-circuit stable negative resistance devices; only the parameters 
and device phenomena are different. 

The primitive circuits of Fig. 7 have properties basic to several 
switching functions. These may be deduced from the waveforms of Fig. 
8 which are essentially identical to both the monostable and astable 
cases. The emitter current has a rectangular waveform which suggests 
the generation of rectangular pulses; and, for the astable case, regenera- 
tive amplification for both amplitude and wave shape, pulse rate or 
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frequency division and delay. As shown the current waveform is not 
particularly good, having neither a flat top nor a flat base line. Practically, 
the waveform may be derived from the collector by means of a small 
load resistor to obtain a flat base line. When the emitter current is 
negative there is sensibly no transfer action, hence, the collector current 
will be constant during the re-charge portion of the cycle instead of 
exponential as shown. The slope of the top is inherent and may be 
removed by clipping. Pulse rise time, the time required for transition 
from low current to high current, of 0.1 /is is quite easily obtainable; 
0.02 /xs with average input powers of 20 mw have been obtained. Fall 
time is usually longer than the rise time by factors of 3 or 4. It is to be 
noted in Fig. 8 that there has been shown a delay between the trigger 
application and the current transition. Such delay is not peculiar to 
transistors, but is common to all trigger type devices and circuits. The 
delay is shown here exaggerated in order to establish its existance and 
is associated with the static charging of the circuit and the dynamic 
delay of the device concerned. The trigger-transition delay with tran- 
sistors is usually less than 0.1 /xs. 

The voltage waveform of Fig. 8 has a sawtooth form and may thus 
be employed to generate linear time bases or sweeps. The normal 
methods for linearization such as a high charging voltage Fee and a 
high charging resistance R( or other constant current means are appli- 
cable here as in other device circuitry. Free-running and driven sweeps 
may be obtained with the astable and monostable circuits respectively. 

Since the collector characteristic shown in Fig. 3 is also open-circuit 
stable, the same sort of circuits can be constructed using the output 
characteristic. Bistable, monostable and astable circuits are shown in 
Fig. 9. 

The resistances seen looking into the base are given in Fig. 10. These 
circuits are short-circuit stable. That is, high values of Rb result in 
instability. Bistable, monostable and astable circuits can be constructed 
also, but use is made of an inductor instead of a capacitor. The reactance 
of the inductor affords a quasi-open-circuit in the same manner as the 
capacitor afforded a quasi-short-circuit in the previous cases. Circuit 
examples are shown in Fig. 11. 

SUMMARY 

These simple circuits by no means exhaust the switching circuit 
possibilities of the transistor; rather, they are the simplest. The simple 
circuit is often satisfactory and may sometimes be employed with little 
more understanding than that given. More often, however, problems 



TRANSISTORS IN SWITCHING CIRCUITS 1219 

relating to the sensitivity, constancy of sensitivity, operating currents 
and voltages, interchangeability and the like require a much more 
quantitative understanding in order to create circuit designs having 
specific properties.* An equal need also exists in transistor design for 
analytic circuit relationships. Such information is useful first, in the 

-Ic 0 
A | 

I C \ j 1 
R>\b / It 

-AJ. 
T 

"Vc 

~Ic o 
! ! 

~\A\ Yc i 
\ 1/ 4 vL 
\ /' \ 1 k A ; \l 

> 

"Vc 

1 1 1  ^ 

"fc 0 

V/ 
Rc 

T 
Rt. Vcc 

COLLECTOR BISTABLE 
CHARACTERISTIC 

Rb 

(b) COLLECTOR MONOSTABLE 
CHARACTERISTIC 

Rb 

Rc\ 

(C 
-V, 

COLLECTOR ASTABLE 
CHARACTERISTIC 

Fig. 9—Collector connection switching circuits. 

* See, for example, J. R. Harris, "A Transistor Shift Register and Serial Adder", 
Proc. IRE, Nov., 1952; R. L. Trent, "A Transistor Reversible Binary Counter", 
Proc. Inst. Radio Engr., Nov., 1952; H. G. Follingstad, J. N. Shive, R. E. Yaeger, 
"An Optical Position Encoder and Data Transmitter", Proc. Inst. Radio Engr., 
Nov., 1952. 
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creation of optimized designs and, second, in the maintainance of 
proper parameter controls in manufacture. Finally, the more detailed 
the understanding, the more likely will be the creation of new circuits 
and new devices. 

A complete analytical treatment will not be attempted here; con- 
sideration will be limited to the equilibrium case and in particular to 
the simple circuits described. 

In order to deal analytically with circuits and devices it is necessary 
to have analytic expressions for the device characteristics. For small 
signal analysis this is relatively easy. In large signal applications, as in 
switching, the situation is not so simple. The problems arise because 
of the high degree of nonlinearity wherein the simplifying assumptions 
employed in small signal analysis are by no means valid. Further, it is 
desirable to retain dc terms in many cases. 

The method to be employed here is the so called broken-line method 
which involves approximating the negative resistance characteristic by 
three intersecting straight lines. The assumptioii is n^ade thpd there are 
three distinct regions of operation in each of which the device is sepa- 
rately linear, but involving different parameter values for each region. 

The approximation is shown in Fig. 12. The assumption that the 
negative resistance characteristic can be simulated by three straight 
lines is reasonably valid for gross considerations; for fine detail near the 

II—Analysis 
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Fig. 10—Base driving point resistances. 
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turning points the approximation is by no means accurate although 
affording zero order information. 

Preparatory to the analysis of the negative resistance characteristics, 
it is necessary to obtain analytic expressions for the transistor currents 
and voltages. This in turn involves the following steps: 

1. Identification of the three regions in terms of the device character- 
istics, 

2. Idealization of the device characteristics to obtains simple, linear 
relations, and 

3. Evaluation of the device parameters in each of the three regions. 
Fig. 13 is a family of open circuit characteristics for a typical switching 

type transistor. Specifically, in small signal terms, 

Table I 

Equivalent Tee 

Rn = rt+ rb 

R\1 = Tb 

Rn = rm + rb 

Rii = rc+ rb 

Ri\   r77i d- Tb 

Rll Tc "T H 

The above set, normally employed for small signal analysis, will be 
assumed to be constant within a given region, but changing in value 
from region to region. 

IDENTIFICATION OF THE THREE REGIONS 

It may be recalled with the aid of Fig. 12 that the negative resistance 
characteristic consists of a negative resistance region bounded on each 
side by a region of positive resistance. Thus the device is first passive 
in nature with little or no gain, then very abruptly exhibits considerable 
gain with the resultant negative resistance, and finally becomes very 
abruptly passive again with little or no gain. 

It would seem quite clear that abrupt changes in the transmission 
properties of a device should be associated with equally abrupt changes 

Parameter 

7? - Rn " 

7? - RU - dh. 

R - R21 - a/TJ 

lc 

R -dV 
7?22- aZ i 

dlcl 
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in the forward transfer characteristic. In the case of the transistor, the 
behavior of the forward transfer properties is given by the forward 
transfer impedance, 7?2i • 

Examining the 7?2i family in Fig. 13, it is seen that in the normal, 
positive emitter current region the slope, i?2i , is high indicating the 
possibility of high forward gain. When /< is negative, however, the 
slope is zero or nearly so, changing very abruptly at = 0. Further, 
it is to be noted that as /« is made negative, the collector voltage is 
unaffected, remaining constant for further change in /, . Thus it may 
be said that the collector voltage is saturated.* 

REGION I 

REGION 11 

REGION lH 

CURRENT 

Fig. 12—Broken-line idealization of negative resistance characteristic—divi- 
sion into regions. 

If, on the other hand, the emitter current is increased, at constant 
collector current, it is found that at a critical emitter current the slope 
again becomes zero or nearly so. There are also two further observa- 
tions. First, the collector voltage is reduced to a very small value and 
second, that the critical emitter current is related to the collector 
current. From the small-signal relation, 

Vc = RixL + Rwlc (2) 

or 

Vc = R^aL + Riilc, (3) 

* It is tacitly assumed that in the relation y = /(i) that there are extremes at 
which y becomes essentially constant and independent of further change in the 
independent variable x. The point farthest removed from the origin at which the 
dependent variable becomes constant is termed saturation. The point closest to 
the origin at which the dependent variable becomes constant is termed cutoff. 
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the critical emitter current for collector voltage cutoff may lie obtained 
by setting Vc = 0, as, 

/. = (4) 
a 

This relationship is dual to the grid voltage-plate voltage relation in 
tubes for plate current cutoff as, Va = — (Vp/n). The criteria for de- 
fining the three regions are thus established as: 

Region I (Collector Voltage Saturation): /6 < 0 (5) 

Region II (Active): 0 < /, < — — (6) 
o; 

Region III (Collector Voltage Cutoff): Ie > —— (7) 
a 

The identification of device parameters will be made for the several 
regions by a single prime for Region I as re , none for Region II as re , 
and three primes for Region III as re . 

LINEARIZATION OF THE CHARACTERISTICS AND APPROXIMATIONS 

The next step is to linearize the characteristics and to make suitable 
approximations in order to obtain simple linear equations of the ter- 
minal currents and voltages. The relations which require linearization 
are the device parameters /^n , liu , i?2i and 7?22 which are in general 
functions of the currents as Iii} = /(/i , T2). 

LINEARIZATION OF I?n AND 7?i2 

In terms of the equivalent tee circuit, which has been and will be 
employed, Rn is given as Rn = rt + rb. Also, R12 = n . It is convenient 
to separate re and Vb and discuss each separately since n is fairly constant 
and r{ will have widely different regional values. 

In the R12 family of Fig. 13, it may be seen that Rjo or ri, is fairly 
constant in all three regions and will be so taken here. Further, in the 
simple circuits under consideration, external base resistance Rb has 
been inserted so that minor variations in n in the total of rh -f- Rb are 
inconsequential since usually Rh rb. The approximation that r;, is 
constant is subject to review where finer detail is necessary, particularly 
at low emitter currents where the rate of change of n is at a maximum. 

The emitter resistance r, is approximately the resistance of a diode 
in the forward direction. As such, rt is high when the emitter current is 
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negative and low when the emitter current is positive. Experimentally, 
it is found convenient to give three values to rf and hence to Rn , one 
for each region as shown in Fig. 14. This recognizes the non-linearity 
with It in the forward direction and assumes that a single value in the 
reverse direction is sufficient. As the circuitry becomes more sophisti- 
cated a more precise approximation will undoubtedly be required, 
particularly near /e = 0. 

It may be noted that in the functional relation Rn = /(/< , Ic) that 
Rn is taken to be a function of 7e only. The contribution of /c is to shift 
the characteristic in voltage by r^Ic increments. Thus the relation- 
ship of Vt = /(/«, L) can be written very simply as 

Vt — Rnlt d- Rule (8) 

Since the problem has been linearized to first order terms only, the 
currents and voltages are total instantaneous or dc values as indicated 
by the capital letters. 

IDEALIZATION OF Ru 

As indicated previously, Rn will be small in Regions I and III and 
large in Region II. Since Rn = rm + r*,, Rn can be no less than n ; the 
defining approximations will be applied to rm . In Region I when the 
emitter current is negative, rm is taken to be zero and reflects the device 
approximation that the emitter current under this condition is entirely 
electron current. This is not always a true approximation, particularly 
near 7e = 0, and limiting tests are employed in transistor testing. 

+v 
o U 

REGION I 
REGION U REGION ID. -- 

Fig. 14—Idealization and regional division of input characteristic (fin). 
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In Region II, rm has, of course, high values and in general rm » rb. 
Pending further investigation, rm will be assumed finite, but very small 
in Region III. 

IDEALIZATION OF #22 

In the output family of Fig. 13 it may be noted that Rw has two 
values, a high value for /c > —alt and a low value for Ic < —alt . 
The high value corresponds to Regions I and II and the low value to 
Region III. To a first order the two values are separately constant 
which was not true of earlier transistors in which Rw underwent ex- 
tensive degradation in magnitude as /c and It increased. 

The lower limit to which Rii can fall in Region III is h , since R™ = 
rc + n , implying that rc is zero in Region III. This is approximately, 
but not accurately true. As approaches — 7C in magnitude, the 
voltage across the collector barrier becomes nearly zero so that rc has 
a low, but finite value. Under this condition, the hole current is very 
high and heavy conductivity modulation of the collector barrier re- 
sistance occurs. Thus the collector resistance in Region III is indeed 
quite low and may be neglected for many circuit computations. 

In the functional relation Riz = /(/e , h) it has been assumed that R™ 
is a function of /c alone. Further, the approximation involves first order 
terms only and hence the functional relation Vc = f(It , Ic) may be 
written as: 

Vc = RnL + RvL (9) 

Here again, as in the input case, the currents and voltages are total 
instantaneous or dc values as indicated by the capital letters. 

It is believed desirable, however, to give one more consideration to 
the output relations. When 7( = 0, the collector characteristic is ap- 
proximately that of a diode in the reverse direction. A diode has low 
reverse resistance until the voltage across the barrier exceeds a few 
tenths of a volt and then has quite high resistance, approaching infinite 
slope in the case of junction diodes.6, ' This effect is shown exaggerated 
in the idealized output family of Fig. 15. The current and voltage at 
the break in the It = 0 curve have been termed 7^ and Vco respectively. 
Icn and Vco are quite evident in junction devices; in point contact devices 
they are not nearly so evident due to the lower value of R™ and the 
higher voltages and currents normally employed. Where currents and 

6 See Reference 2. 7 Holes and Electrons, W. Shockley, Van Nostrand, p. 91, 1950. 
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voltages are of the order of several milliamperes and a few volts, Ico 
and Vco may normally be neglected. Im and Va do have considerable 
interest to the device designer, however. The net circuit interpretation 
of /co and Vco is to effectively transfer the current-voltage axis from 
0, 0 to Ico, Vm . Therefore, 

Vc — Vco = Rule -\~ (Ie — Ica)Ri1 (10) 

or 

Vc - Vco = (rm + rb)Ie -f (Ic - Ico) (re + rb) (11) 

Making the approximation that TTo = IcoR'i" and rearranging, equa- 
tion (10) becomes, 

or 
Vc — IcoRil T IcoRl2 — Rule T IcR22 

Vc d" Ico(R22 R22 ) — R21Ie T IcR2 

(12) 

(13) 

which is of the usual form except that a small dc generator of magnitude 
Ico(R22 — R22) has been added in series with the collector. Since R22 = . j^in /// . 
Vc + n and /C22 = rc n , 

Ico(R22 - R22) = Ico(re - r'c") (14) 

The output family equation with equivalent circuit parameters is 

REdicW Hi 
(collector 

VOLTAGE CUTOFF) COLLECTOR CURRENT, Ic 2 L 

1^=5 

REGION H 
ACTIVE 

REGION I 
(COLLECTOR VOLTAGE 

SATURATION) 
Fig. 15—Idealization and regional division of output characteristic (Kas)- 
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then: 

ve + Icoirc - r'e") = (rm + rb)It + (rc + rb)Ic (15) 

SUMMARY OF IDEALIZATION OF CHARACTERISTICS 

The results of the idealization of the device characteristics are sum- 
marized in Fig. 16. Here are given analytic expressions for the input 
and output voltages in terms of the input and output currents; the 
regions are defined symbolically and by typical values; and an equivalent 
circuit is given. It may be noted that the equivalent circuit is identical 
to the small-signal equivalent tee, excepting the small dc generator 
/co(rc — r'c") which usually may be neglected when dealing with con- 
temporary point contact transistors. 

To obtain any of the negative resistance characteristics it is only 
necessary first to solve the two equations simultaneously for the ap- 
propriate voltage in terms of the appropriate current, and then second 
to insert into the resultant equation the proper parameter values, 
region by region, to obtain three equations. These equations, when 
plotted, result in an idealized characteristic similar in form to that of 
Fig. 12. A detailed example plus synopsis of the properties of the several 
connections will be given in the following sub-section. 

(rc-rc'") 
Wv VW 

Vf = (rf + rt)) Ie+rbIc 

Vc+ (rc-rc'") Ico=(rm+rb) Ie + (rc + rb) Ic 

PARAMETER 
REGION rf rb c rm 

SYMBOL TYPICAL SYMBOL TYPICAL SYMBOL TYPICAL SYMBOL TYPICAL 

I re 100 K rt 160 rc 20 K rm 0 
n rf 100 rb 160 rc 20 K rm 50 K 
m rf"' 25 Tb 50 rc"' 70 r m rm 30 

Ico ^ -50/xA 
Fig. 16—Broken-line transistor equations, regional parameter values and 

equivalent tee circuit. 
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THE ALPHA OR CURRENT GAIN FACTOR* 

The derivation just given has been in terms of the equivalent circuit 
parameters, r, , ?•(,, Tc, and rm . Another circuit factor, alpha or the 
short-circuit current gain, is also quite useful. Alpha has been defined 
in Table 1 as the negative ratio of the incremental change in output 
current to the incremental change in input current under the condition 
of short-circuit output terminals. 

Thus alpha is restricted in interpretation to a specific device termina- 
tion and care should be taken in the employment of alpha when other 
terminations are involved. For example, the circuit current gain under 
general conditions is given by Rn/Rzi- The ratio Ri\/Rn has been 
sometimes termed ac. Thus, 

a _ ^21 _ rb Rb -{■ rm 

R'22 ft Rb fc Re 

Depending upon the magnitudes of Rb and Rc, the two current gain 
ratios may be markedly different. In Region II where rm and rc are very 
large the effects of Rb and Rc in equation (16) often may be neglected. 
The circuit current gain, q!c , may then be taken as the device alpha. 
In Region I, rm has been taken as zero; hence the current gain will be 
somewhat less than unity, given by (r6 + Rb)/(fb + Rb + rc + Rc), and 
is definitely not zero. Equally, in Region III, the circuit current gain is 
not zero but rather approaches the ratio, (rj, -1- Rb)/{rb + /^ + R/)- 
If Rb » Rc, the ratio is nearly unity. 

ANALYSIS OF NEGATIVE RESISTANCE CHARACTERISTIC 

The objectives of the circuit analysis, as stated previously, are: 
1. To determine operating conditions such as proper values of loads, 

biases, trigger sensitivities and operating currents and voltages, 
2. To determine the relationships of the device parameters to the 

circuit behavior in order that these parameters may be optimized, 
properly characterized and controlled for required circuit performance. 

For example, the trigger sensitivity may be given by the voltage 
difference between the load line intersection with the Region I portion 
of the characteristic and the upper peak or turning point of the charac- 
teristic as shown in Figs. 6, 7 and 9. The sensitivity A is thus determined 
by the nearness of the bias point to the peak of the characteristic. 
Since the bias is normally fixed, variations in the sensitivity will arise 

* This section is inserted parenthetically as clarifying material due to the use 
of the a-factor in subsequent discussion. 
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from variations in the peak point. Thus it is necessary to know the 
relationships which determine the currents and voltages of the peak 
and valley points in order first to achieve a design and second, to estab- 
lish controls on the proper device parameters. 

In this example the emitter negative resistance characteristic will be 
solved and analyzed. The solutions for the other characteristics follow 
in the same manner and will be summarized. 

EVALUATION OF EMITTER CHARACTERISTIC AS AN EXAMPLE 

To obtain the emitter characteristic, it is necessary to solve the two 
equations of Fig. 1() for V( in terms of /« . The equations as given are 
for the short-circuit case. Since the general case will involve external 
parameters as R( and Re , the equations will be modified to include 
these parameters. 

The effects of external parameters may be applied very easily since, 

Vt = V(t - I(R< (17) 

and 

v, = ra - ijic (is) 

where Vie and Vcc are supply voltages; V( and Vc are measured from 
the appropriate terminal to the far end of the external base resistor. 
External Rb adds directly to rb. Thus the two equations become: 

Ve( = (re + /?e -f n + Rb)It + (n + Rb)Ic (19) 

vcc + (fc - r")Ica = 

(rm + rb + Rh)T c + {fb + ^6 + ^ + Rc)Ic (20) 

In manipulation of equations (19) and (20) it is often more easy to 
do so in the functional form, 

V1 = R.'nh + R[ih (21) 

F2 = R'nh + Rnh (22) 

Nvith substitution at the evaluation stage. The iF's here include both 
device and circuit parameters.* 

Solving equations (19) and (20) simultaneously, the following rela- 

* Here the primes indicate generalized open circuit driving point resistance 
rather than reference to Region I. The duplication of symbols is regretted. 
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tionship between Vf and If is obtained: 

(rb + Rb)(rb -b -Ka -b ^m) 

= [ 
Vf = J'£ + + -Rfe — 

rfc + /?& + rc + Rc 

. {Vcc + Ico{rc - r'c")) / . \ 
+  j—5—: j—5— \Tb + Rb) 

+ Rc 

(23) 

Equation (23) is general for the given circuit; it suffers, however, in 
difficulty in interpretation due to the numerous terms. In the regional 
evaluation to follow, approximations will be made which bring out the 
significant factors although decreasing the accuracy somewhat. The 
(rc — r"')Icn terms will be neglected. It is assumed also that large ex- 
ternal base resistance Rb is employed. 

EVALUATION IN REGION I 

In Region I, from Fig. 10, rm is zero and r't is large so that r't » 
{n + Rb). Also, by assumption, n « Rb. Applying these approxima- 
tions, equation (23) becomes, 

Ya SS r'j, + „ p (24) 
Rb + rc+ Rc 

Equation (24) is the equation of a straight line, having slope r'c and 
an intercept on the voltage axis at {VccRb)/(Rb + rc + Rc). The small- 
signal input impedance is just the slope value or r,. 

The short-circuit case where Rc is zero is the most adverse device 
condition in the sense that the dc term will then be most dependent 
upon device parameters. When Rc = 0, equation (24) becomes 

v., ^r'j.+ (25) 
Rb + rc 

EVALUATION IN REGION II 

In Region II all parameters are finite and the only approximations 
which may be made are n « Rb and r( « Rb . Thus, 

Vt 
jp RbiRb 4" I'm) 
Ri~ & + . 

I. + ,, V'cRb, „ (28) -St 4~ rc -f- Rc 

If Rb is not too large, it may be approximated that (Rb 4" rm)/ 
(Rb 4- rc) = a. Taking Rc = 0, thus, 

7,n sa Bid - a) + VlV (27) 

Rb 4" 
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Equation (27) is also the equation of a straight line having the voltage 
axis intercept of {VcRb)/{Hh + rc) the same value as in Region I. The 
slbpe, 7?6(1 — «), is negative provided a > 1. 

EVALUATION IN REGION III 

In Region III it may be assumed that n « Ru, r'c" « Rb and r'J,' Rb. 
Other suitable approximations will depend largely upon the magnitude 
of Rc . From equation (23) 

Van ~ \r'." + RU- r'm H/. + (28) 
L Rb + rc + RJ Rb + Rc 

If Rc is large, that is, large compared to r'(", but small compared to 
Region II rc, then (28) becomes, 

T/- ^ RbRc j | VccRb /on\ 

Under these conditions, the circuit is essentially independent of 
device parameters. This is useful where a high independence of device 
parameters is required, but does not focus the attention upon the 
device parameters as does the Rc —> 0 case. This is the condition under 
which the transistor might be operated when it is desired to obtain the 
maximum ON current, or conversely the minimum internal switch re- 
sistance. 

Where Rc = 0, equation (28) becomes, 

V(Ui = [r'" + r'c" - r'm']!t + Vc (30) 

Since r't" and {r'c" — r'") are quite small the short-circuit currents 
may be very high. Where the transistor is considered as a switch between 
emitter and collector circuits, the "switch" voltage drop, as Vtc, is 
given by the first term of equation (30). 

EVALUATION OF REGION I-REGION II TRANSITION 

Earlier, trigger sensitivities were mentioned as being the small voltage 
and current differences between the turning points of the negative 
resistance characteristic and the stable operating points. The determina- 
tion of the turning points and their stability is of great importance 
since it is usually desired to obtain maximum stable sensitivity. The 
voltage and current at the two turning points* have been given the 
subscript p and v for the low and high current conditions respectively 
as shown in the synopses of Fig. 17, 18 and 19. Vtp and Itp in the short- 

* Sometimes termed "peak" and "valley". 
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f irc-rc"')Ico I* "f 

>Rc '' ? 4 V„ 00 1 ee ve 
Rb ^-V 

LT .i _i * 
GENERALIZED EMITTER CIRCUIT 

rm If 

W^vna^QH 

rvn 

f" Rb 

  I 
SIMPLIFIED EMITTER CIRCUIT 

+Vf 

EMITTER CURRENT 
fV 

/P' e_P 

in 
€V 

-V 
Fig. 17—Synopsis of emitter negative 

circuit or Rt = Rc = 0 case for example may be obtained by a simul- 
taneous solution of equation (24) for Region I and equation (27) tor 
Region II. Thus 

tt- ~ ^ y tp 
Rb fc 

(31) 

and 
Itp = 0. (32) 

That the low current turning point falls on the emitter current axis, 
i.e., Itp = 0, is a consequence of the original assumption that rm = 0 
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-enera] 

.. = I, (r, + rb + 7?6 — 

Synopsis 

(rt + Rblirb Rb Tn 
!] n + Rb + rc + Re 

(Fee + Loire - K")) in + Rb) 
n + Rb re Re 

.pproximate Short Circuit Case 

here 
rbCRb; r„ «: Rb; Rb^re, rm; Rt = Rc = 0; 

Ure - r'c") « Fe 

Legion I 

legion II 

legion III 

F. = /.r.' + 
VcRb 

Rb + re 

V, = I.Roir - a) + 

V. = I.ir:" + r'c" - r'J,') + Ve 

VeRb 

VcRo 
Rb + re 

= 0; F,p = 
Rb + re 

/.v = 
RbH 

i .» _ Rt + rc 

F.p ~ Rb 
esistance characteristic and properties. 

F.g = \'e [l + r:" + rr " r" 1 
-a)' [ RbiV-j* 1 

for /, < 0 and rm > 0 for If > 0. This is not a precise assumption and 
the turning point will usually lie slightly in the positive emitter current 
region. For very small triggers or more accurate calculations, considera- 
tion must be given to closer approximations of rm = /i(/() and Ru = 
MI,). 

The consequences of equation (31) can be quite serious. Fc and Rb 
are of course fixed, but rc is variable from unit to unit, with temperature 
and perhaps with life. The variability of Vfp can result in failure to 
trigger, self-triggering or lock-up at high current. 



rf rc IcoCrc-rc
m) 

yc y (^) Vc Ycc 
!Rb I ! V/ -=-* >Rb 

c I 

Vc,-= 
Li ] i T i t.. 

GENERALIZED COLLECTOR CIRCUIT 

* 

v^( if < — 

I___r 
SIMPLIFIED COLLECTOR CIRCUIT 

-Ir 
CV1 Vrv 

Synopsis 
General 
Tr . r , ,>A r f , r. , , r, ^ + Rl>)(rb + Rb + rm) ^ Vec + lUre - rc'") = /e r.. + «„ + rt + -fffc , „ ; —— I r. + 72, + r6 + Rb 

+ 
V„(,n + Rb + rm) 
r, + 72, + H +726 

Approximate Short Circuit Case 
where 

72. = 72, = 0 ; rh<£Rb] Ieo{rc - ri") , Rb<z: rm , re 

Region I 
Rb 

V, = 7,(r, + Rb) + V, —" 
r, 

Region II 

Region III 

Ve =7c[rc(l - «)] + 
F.(rm + 726) 

Rb 

Ve = Ur'." + r't" - r'm) + V, 

'rc + Rb' Veit = F. 

'-I 

Rb '-S(.+ 
Ftp = re + 726 
Vcv ~ Rb 

Fig. 18—Synopsis of collector negative resistance characteristic and properties. 
1236 
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EVALUATION OF REGION II-REGION III TRANSITION 

The high-current turning point for the short-circuit case is deter- 
mined from a simultaneous solution of the pertinent equations for 
Regions II and III, equations (27) and (30). Thus, 

I ~ Xh  (33) 
'""^(l - a)(rc+ i?6) 

(34) 
(rc + Rb)Rb{^ — «)_ 

Where it may be approximated that rc » Rb, as has already been 
done in bringing in a, equations (33) and (34) become, 

7' , (35) 
Rb{l - a) 

//i , m //'-] 

(37) 

ItbJT- .) J (36) 

In this order of approximation, Vtv is nearly equal to Vc. Any varia- 
tion in the lower trigger point is primarily with Itv, due chiefly to any 
change in a. It is interesting to note that the trigger point will move 
along the Region III curve given by (30). 

The ratio of Vtv to Vtp is often of interest to estimate voltage swings 
or perhaps as a design objective in some switching circuits. Thus from 
(36) and (31), 

V(v _ [Rbil - «) + r"' + r'c" - r^']{Rb + rc) 
v7p i^(i - «) 

If /" + r'c" - r'n « Rb{\ - «) then (37) becomes: 

I iv  Rb ~\~ i c (38) 
Vtp Rb 

If Rb is very large, the ratio approaches unity with the implication of 
the existence of only two regions. This is equivalent to saying that the 
negative resistance becomes infinite over an infinitely short range. The 
proper choice of Rb in terms of (38) may well be a design problem where 
it is desired to have a high ratio of V(p to V(v, as in lockout circuits. 

SYNOPSIS OF NEGATIVE RESISTANCE CHARACTERISTICS 

Synopsis for the three negative resistance characteristics are given 
in Figs. 17, 18 and 19. The solution and analysis procedures are the 
same as outlined for the emitter characteristic. It should be noted that 
the base characteristic is short-circuit stable in distinction to the emitter 
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rc Wrc-r-c'") 

Rc 
lb ) 

Vb < 
Rf ■=-V 

T T 
If=-(Ib + Ic) 

T-VW 

t M ib ^ 
Vh 

+vb 

Ibv 

Vbp +Ib 

Vbv 

Vr =Vcc 

-Vb 
Fig. 19—Synopsis of base negative 

and collector characteristics which are open-circuit stable. It would 
have been more appropriate to solve the base circuit in terms of con- 
ductances rather than resistances. The magnitudes of negative resistance 
obtained in this connection are quite low which may be misleading; the 
negative conductance is quite high, however, which is desired in short- 
circuit stable negative resistance circuits. 

Care should be taken in the literal employment of the approximate 
regional relationships in Figs. 17, 18 and 19. They are very definitely 
approximate and are intended to illustrate behavior and the limiting 
condition only to bring out the relative importance of device param- 
eters. It is suggested that calculations be started with the general 
case and approximations be made as are valid. For example, the con- 
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Synopsis 
cneral 

Vb = hirb + % + r. + R.) + Lir, + Rt) 

Vcc + Ure - r'c") = h(r, + R. - rj + 7c(r. + R, + Re - rj 

f „ (r. + R.)(r< + R, - rm)1 
b = h + Rb+R. + rt- - - + rc + ^ _ rmJ 

[Ffe + /cn(re - r^'OKr, + R.) 
r. + R. + rc + Rc - rm 

pproximate Short Circuit Case 

R. = Re = 0 ; Loire - K") « Ve; r. < rc(l - «) 

egion I 
/ rlr,. \ T'cr; 

F/, = h  , ) + -7^— Vr.. + r'J r't + re 

egion II 
frb + rA Vt r. 

Ft = h ( i ) + "7 s yi - a J rc(l — a) 

,egion III 
Ffc = hr'b" + Ve 

hP = - ; Vhp = 0 Te 

fl - al „ „ /, (« - w\ 
hv = Fc — J ; ^ = 41-—^—) 

esistance characteristic and properties. 

elusion is reached in the collector characteristic that the negative re- 
sistance (Region II) is independent of the base resistance or feedback. 
This is true for only the limited range where rt « Rt « rc. 

EXAMPLE OF CALCULATED AND EXPERIMENTAL CHARACTERISTICS 

An example to illustrate the analysis is shown in Fig. 20 where both 
experimental and calculated characteristics for the emitter circuit iiic 
given. In this example there is appreciable load resistance; hence rc , 
r't" and 77'' are of no consequence since they will all be very small com- 
pared to the Rc of 2.2/v ohms. Also, Ru = 6.8/v ohms is much greater 
than Tb ; hence n can be neglected. Since Vc is —do volts, the /co term 
may also be neglected. 
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or 

Computing Vfp first, 

TT" _ VeRb _ —45(6.8K) _ inn„„u„ /'0n^ 
(P + rc + Rc (6.8K + 19IC = 2.2K) ( ) 

The calculated value of —10.9 volts compares quite favorably to the 
measured —11.0 volts. 

Region II is given in this case, approximately by, 

-(—SSS)«■> 

Vt « {-8.9K)It - 10.9 (42) 

The first term is of course the slope in Region II and is the magnitude 
of the negative resistance. The calculated value is —8900 ohms whereas 
the measured value was approximately —9200 ohms. 

The Region III approximation, derived also from the general rela- 
tionship is, 

T/   (.RbRc) y . V cRb 
e ~ Rb + Rc 1 Rb + Rc ' 

_ ((6.8K)(2.2/0) t _ 45(6.8/0 
(6.8/: + 2.2K) ' G.8K + 2.2K K , 

or Fe„i = (1785)/, - 34 (45) 

The relation for Region III agrees quite well in slope but not in dc 
value as may be seen in Fig. 20. Since in this example the Region III 
behavior is determined essentially by the circuit parameters, it is 
surmised that the nominal 45-volt battery employed in taking the data 
was actually 47 volts. 

The Region I check is essentially perfect since the approximation 
given in Fig. 17 is quite good. 

Note the error at the intersection of the Regions II and III. The 
broken-line method predicts a sharp transition whereas the actual case 
is gradual. The deviation is due to the gradual changes in rm and rc as 
the collector voltage approaches cutoff and is the largest gross error in 
the approximation. 

It is believed that analysis of this sort will reasonably predict circuit 
behavior and lead to device requirements. There must be a thorough 
understanding of the approximations involved and the accuracy will be 
directly related to the degree to which the original idealized character- 
istics are approximated. Extended, by means of more than three broken 
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Cm = 58,000 Tl 
rf' = 500,000 A 

Fig. 20—Experimental and calculated emitter negative resistance characteristic. 

lines, the method will yield fine detail to the degree to which device 
parameters are known and patience will permit. Transient behavior and 
analysis have not been discussed and are needed for a more complete 
understanding, particularly where transitional speeds are of concern.* 

Ill—Switching Type Transistor Properties 

An examination of the circuit approximations given in Figs. 17, 18, 
and 19 will reveal that the transistor and circuit designers will want to 
know nearly all there is to know about the device characteristics. This 
is not particularly surprising since the device is used over its entire range 
rather than over a limited portion as in the case of small-signal applica- 
tions. The same examination of the circuit relations will also show that 

* A treatment of the transient behavior between regions is given in B. G. Farley, 
"Dynamics of Transistor Negative Resistance", Proc. Insl. Radio Engr., Nov., 
1952. Analysis and the solution for the periods of the monostable and astable 
cases, assuming infinite region to region transition speed, are given in G. E. Mc- 
Duffie. Jr., "Pulse Duration and Repetition Rate of a Transistor Multivibrator", 
Proc. Inst. Radio Engr., Nov., 1952. 
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virtually all of the device parameters should be constant from unit to 
unit and with ambient conditions. 

It can be shown that for small-signals a device may be uniquely 
characterized by five measurements. In terms of the parameters used 
here these might be Rn , Rn , R12 , Ru and the dc bias point or equally, 
r, , n , rc, rm and the bias point. Since the problem was linearized in the 
approximation, it follows that 15 such measurements, five in each 
region, are necessary for proper switching device characterization. The 
indicated extensive testing required may be reduced somewhat by 
suitable approximations. It is clear that the switching device designer 
and producer must reconcile themselves to making more tests for ac- 
curate characterization than when small-signal devices are concerned. 

What will be given here is a description of typical developmental 
switching transistors in terms of the parameters which have evolved as a 
result of practical approximations. The method will be to discuss device 
properties and measurements region by region; then to discuss the 
properties at the transition points. Temperature, frequency and life 
behavior will be taken up separately. 

REGION I PROPERTIES 

In Region I, the emitter current is negative. Hence the emitter 
resistance Vt is large and is essentially that of a diode in the reverse 
direction. At present r't is measured by a simple dc test of the current 
which flows at a nominal —10 volts. Both r( and 77. Mall be discussed 
further under the Region I-Region II transition properties. 

The Region I collector resistance is one of the most important param- 
eters in switching. This is because of its determining nature in the 
turning point voltages in Figs. 17, 18, and 19. Actually, what is of 
concern is not the small-signal slope shown as r* in Fig. 21, but rather 
the dc current and voltage relationship shown as . For example in 
Fig. 17, it may be seen that Vfp is given by the voltage drop determined 
by the product of Rb and the dc collector current. 

Fig. 21 is an idealization of the Rw characteristic and has been de- 
signed to bring out the diode nature of the collector by emphasizing 
the saturation current and voltage, Icq and Vc0. In junction devices the 
break in the Ie = 0 characteristic at Icq is quite evident whereas in 
present point contact devices the transition is smooth due to the much 
lower values of rc . The device significance is the same, however; /eo 
varies rapidly with temperature whereas rc varies at a considerably 
lower rate. 

* The actual parameter is of course R22 , but since Rw = re n and n, C rc 
Rn is taken as re . 
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In junction devices the proper measurements would be of la and Tc . 
Since la is difficult to define in point contact devices, ra has been 
measured as an approximation. In the idealization, rc and ra are re- 

The measurement of ra is made at a collector voltage which is typical 
of the applications in the range of perhaps —10 to —45 volts. 

A constant dissipation line has been drawn on Fig. 21, which reveals 
the desirability of having very large in order to operate at higher 
voltages and to secure high efficiency through lower dissipation in the 
OFF or rest condition. 

REGION II PROPERTIES 

The Region II low frequency properties are essentially identical to 
those of transistors intended for small-signal applications. A possible 
exception is the somewhat less attention paid to the base resistance, n , 
which is critical to small-signal applications. The characterization con- 
sists of a normal small-signal set plus dc bias values. 

REGION III PROPERTIES 

The Region III properties have been defined largely by a figure of 

\ o Vr CONSTANT | IU 
« d CONSTANT o 

DISSIPATION 

Fig. 21—Idealized output characteristic illustrating parameters. 
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merit measurement shown as Fc(3, —5.5) in Fig. 21. This measurement 
is the voltage from collector to base under the condition that It > 
— (Jc/ol). In this instance It has been chosen to be 3 mA and /c to be 
— 5.5 mA. The collector current value is chosen on the basis of the 
smallest tolerable value of alpha expected so as to place the point of 
measurement near the Rn knee, but in Region III or overload. 

The Fc(3, —5.5) measurement is a good measurement for defining 
the general behavior. Fe(3, —5.5) taken with the measurement 
constitute a very good defining set for checking the transistor as in 
re-measuring. For design purposes, the Fc(3, —5.5) measurement is not 
sufficient. It provides an approximate value for r'c", but does not define 
rt and rm . A second dc measurement, the collector to emitter voltage 
drop, Fec, has been employed experimentally also. An improved char- 
acterization will undoubtedly involve separate measurements of r't" , 
/// , m 

rm and rc . 

REGION-TO-REGION TRANSITION PROPERTIES 

The transition between Regions I and II is accompanied by abrupt 
changes in re and rm . 

The theory assumes that both of these parameters change at an 
infinite rate at a fixed emitter current, taken as It = 0. Unfortunately 
neither of these assumptions is strictly true. rt undergoes a gradual 
change from high to low values which is only approximated by the 
three assigned values. In particular the behavior near /« = 0 is of con- 
cern when dealing with small triggers. 

The forward transfer impedance changes at a finite rate also. Further, 
the emitter current at which the maximum rate of change occurs will 
vary from unit to unit. Present practice also has been to measure a 
rather than rm . The rational for doing so is not too good since rm is 
quite likely the better parameter to characterize. Alpha has a strong phys- 
ical appeal, fits well into the circuit problems and is easy to measure. 

Since a = (r* + rm)/(rb + rc) it is necessary to assume that n and 
rc are constant near /, = 0, an only fair approximation. Having made 
the approximation, the typical a behavior shown in Fig. 22 may be 
taken as a measure of rm . Three values are measured, the first of which, 
ai , in Region II, is redundant to the Region II small-signal measure- 
ments. The two limits, a-> and 0:3, serve to place lower and upper limits 
on the absolute values of a at the Regions I-II transition. These limits 
in turn place a lower value on the rate of change in a within the /, ± A 
range shown. 

It may be noted that a in Region I is finite. There is a lower limit 
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Fig. 22—Alpha characteristic. 

even though rm is zero since ai —> {rb/n + rc). The values normally 
encountered at /e = 0 - A are usually in excess of this lower limit. 

The feedback resistance rb tends to rise as /e —> 0 which may be 
important to some trigger circuits. As the circuitry becomes more 
sophisticated, it is expected that more attention will need to be paid to 
the behavior of r(, rm and rb at and near /( = 0. 

The transition from Region II to Region III is determined from the 
relation I, = -(/c/a). The problem is quite similar to the control of 
the n factor in tubes where plate current cut-off is given by V0 = 
-(Vp/n). Present practice has been to depend upon the o-i values and 
upon the lower limit placed on alpha in the Pc(3, —5.5) measurement. 
Further effort is needed here also. 

TYPICAL PARAMETER VALUES AND DISTRIBUTIONS 

Integrated distribution curves for the parameters of a typical develop- 
mental switching transistor are shown in Fig. 23. The unit-to-unit 
variations are deemed to compare favorably with those of commercial 
electron tubes. The parameter of most serious variability is Tco which is 
unfortunate since r,^ is so important to trigger sensitivity stability. 

TEMPERATURE, FREQUENCY AND SHOCK PROPERTIES 

Transistor parameters are reasonably constant with temperatures 
below room temperature. Above room temperatures some of the param- 
eters are variable. re and h are fairly constant, changing very little to 
70oC. ^ and rm decrease fairly rapidly, maintaining a ratio such that 
alpha rises slightly. r't and rfo change most rapidly and, while both of 
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Fig. 23—Variation in parameters of developmental switching type transistor 
(M1698). 

these parameters are of little consequence in small-signal applications, 
they are quite important in switching, particularly rco . 

Early transistors might exhibit a change in rca at 60oC of 3 to 1 or 
more from room temperature values. The transistors of which the data 
in Figs. 13 and 23 are typical have an rco temperature coefficient of 
about —0.75 per cent/0C. That is, the room temperature value of 
might be reduced by 30 per cent at 70oC. The improved temperature 
behavior implies a corresponding reduction in variation in trigger 
sensitivity. Parameter values, large-signal and small-signal, are shown 
in Fig. 24 as a function of temperature. 
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Variation in characteristics will arise from self-engendered heat, that 
is, dissipation. Transistors may be thermally unstable under constant 
voltage conditions. Since the switching properties are exhibited under 
short-circuit or constant voltage terminations, thermal properties are 
of concern. The limitations involved are similar to those of any positive 
feedback circuit. If the thermal loss through radiation and conduction 
exceeds the heat input, the system will be stable. The practical sig- 
nificance is to place limitations on dissipation and to employ designs 
which result in rapid heat loss. Other design criteria such as miniaturiza- 
tion may limit the latter. 

If perfect switching characteristics were obtainable, dissipation would 
be of little consequence in switching. This is akin to saying that neither 
a short-circuit nor an open-circuit dissipates any energy. Further, the 
perfect device has zero transition time and therefore involves no loss. 
The transistor has finite resistance both open and closed and a finite 
although rapid transition time. There is some advantage however. A 
constant dissipation curve shown as a dotted line has been included in 
Fig. 21. Small-signal operation at mid-range currents and voltages 
results in fairly low limitations on both current and voltage. The inter- 
section with the R™ voltage saturation line (/, = 0) is at fairly high 
voltage. Similarly, the intersection with the collector voltage cut off line 
is at high current. For constant dissipation, approximately, 

V2
C 

Voltage saturation: Pd ~ ^ 

r. T2/ I ///\* 
Voltage cutoff: Pd ~ Ic{rt + rc — rm ) 

Depending upon the circuit the assumed dissipation limit may or may 
not be exceeded during the transitions. Should the limit be exceeded, 
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Fig. 24—Temperature behavior of characteristics of developmental switching- 
type transistor (M1689). 

* This includes both emitter and collector dissipation. See equation (30). 
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and substantially so, there are normally no serious consequences due to 
the very rapid transitions and consequent low thermal energy generated. 

Transistors may not be able to tolerate excess dissipation on this 
basis if the circuits are slow, that is with transition times in excess of 
perhaps a few tenths of a microsecond. Such conditions may arise, for 
example, if loads are inductive. In many such cases, shunting capacitor 
networks will often permit a rapid transition with consequent transfer 
of current to the inductive load. 

The frequency response of point contact transistors can be sufficiently 
good to insure switching type operation with rise times of the order of 
0.1 to 0.01 ms. Fall times may be somewhat longer due to the hole storage 
effect. In regenerative circuits, operating speeds are faster than might be 
imagined from the small-signal frequency cutoff. Reliable operation with 
rise times of 0.1 us is obtained with only nominal attention to frequency 
cutoff. Speeds of the order of 0.02 us require a 10 mc. lower limit. Present 
junction transistors are substantially slower. 

Accurate life estimates are difficult to make due to the rapid rate of 
development, the relative age of the transistor and the number of 
parameters involved. A given device is quite likely to be obsolete and 
forced to give way to an improved version before sufficient models can 
be obtained for life tests. A small quantity of transistors having proper- 
ties similar to those of Fig. 20 and 21 have been operated for over 6,000 
hours with an indicated life of 30,000 hours. Other similar transistors 
with longer life histories have indicated lives of better than 70,000 
hours. The pattern appears to be similar to that of electron tubes—an 
early failure and change rate followed by a very slow exponential rate. 
It is believed that life is extended by low power operation and is de- 
creased by high temperature operation. 

The relatively high noise level of transistors does not appear to be a 
significant problem at present when considered in terms of automata. 
Systems employing switching type circuits in pulse communication will 
of course be concerned. It is suggested that the non-concern for noise 
in non-transmission type systems is largely a reflection of the ease with 
which high magnitudes of state changes are obtained. With design 
trends toward low power and low operating levels, noise will undoubtedly 
set a lower limit of level operation in such systems also. 

The extreme resistance of the transistor to shock and vibration with 
a consequent absence of microphonism may in some applications result 
in effective lower noise. Shocks in excess of 20,000G have resulted in no 
damage. No evidences of current modulation in excess of noise have 
been detected with vibrational forces of the order of 100G at frequencies 
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as high as 1000 cycles in tests on the transistor of Fig. 1. Transistors 
have been included in plastic embedded circuits without change of 
characteristics. 

SUMMARY—TRANSISTOR PROPERTIES 

Transistors have been designed with properties expressly intended 
for switching applications.* The characteristics are acceptable for con- 
temporary switching type circuits and sufficiently reproducible to per- 
mit interchaugeability of devices in circuits of normal requirements. 
The characterization has been sufficiently unique to permit the calcula- 
tion of first order circuit performance. The characterization is not suffi- 
ciently complete to permit determination of the complete transient 
behavior. 

In terms of the circuits described, the major parameter limitation is 
concerned with the variability of the d-c collector resistance among 
units and with temperature. It is expected that future circuit develop- 
ment will place additional requirements on the transistor, particularly 
as related to the transitions between regions. It is also to be expected 
that future circuit designs may establish new or modify present device 
requirements. 

A major consideration for computer or computer-like systems, re- 
liability, particularly with respect to time and temperature, has not 
been established, but appears to be favorable. 
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An Approximate Quantum Theory of the Antiferromagnetic Ground 
State. P. W. Anderson1. Phys. Rev., 86, pp. 694-701, June 1, 1952. 
(Monograph 1995). 

A careful treatment of the zero-point energy of the spin-waves in the Kramers- 
Heller semiclassical theory of ferromagnetics leads to surprisingly exact results 
for the properties of the ground state, as shown by Klein and Smith. An analogous 
treatment of the antiferromagnetic ground state, whose properties were un- 
known, is here carried out and justified. The results are expected to be valid to 
order 1 /S or better, where S is the spin quantum number of the separate atoms. 

The energy of the ground state is computed and found to lie within limits 
found elsewhere on rigorous grounds. For the linear chain, there is no long-range 
order in the ground state; for the simple cubic and plane square lattices, a finite 
long-range order in the ground state is found. The fact that this order can be 
observed experimentally, somewhat puzzling since one knows the ground state 
to be a singlet, is explained. 

Method of Synthesis of the Statistical and Impact Theories of Pressure 
Broadening. P. W. Anderson1. Letter to the Editor. Phys. Rev., 86, p. 
809, June 1, 1952. 

Arcing at Electrical Contacts on Closure. Part III. Development of an 
Arc. L. H. Germer1 and J. L. Smith1. Jl. Applied Phys., 23, pp. 553-562, 
May, 1952. (Monograph 2002). 

A description is given of a system made up of experimental electrodes and an 
oscilloscope by means of which the potential across the electrodes can be recorded 
with a time resolution of about 10~9 sec. and a potential sensitivity of 1-trace 
width per volt. The closure of the electrodes to produce a short arc is synchro- 
nized with the oscilloscope sweep so that the beginning of the arc is photographed. 

As an arc starts the potential across the electrodes decreases more or less 
gradually from the applied voltage to a steady value characteristic of the metal 
of the electrodes. The course of this change is extremely variable as is also the 
time over which the change is spread. The average value of the time appears to 

* Certain of these papers are available as Bell System Monographs and may 
be obtained on request to the Publication Department, Bell Telephone Labora- 
tories, Inc., 463 West Street, New York 14, N. Y. For papers available in this 
form, the monograph number is given in parentheses following the date of pub- 
lication, and this number should be given in all requests. 1 Bell Telephone Laboratories 
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vary with circuit inductance and with the nature of the electrode surfaces. For 
inactive silver surfaces and an inductance of 0.10 nh the average value of the 
time is about 0.007 n sec., and for active surfaces and the same inductance 0.011 
m sec. For active surfaces and an inductance of 5 nh the average valm of the time 
is 0.02 m sec. 

The electrode separation at which an arc strikes is determined from the oscillo- 
scope traces and from a correction for the height of the mound of metal thrown 
up by the arc. For active silver electrodes the average separation (at 40 or 45 
volts) corresponds to a gross electric field of 0.8 X 106 volts/cm, and for inactive 
silver electrodes to a field of 2.3 X 10" volts/cm. These are probably better values 
than earlier measurements of these fields. There has not yet been any success 
in interpreting these phenomena in terms of fundamental processes. 

A Carrier Telegraph System for Short-Haul Applications. J. L. Hysko1, 
W. T. Rea1 and L. C. Roberts1. Elec. Eng., 71, pp. 625-630, July, 1952. 
(Monograph 2006). 

This compact frequency-shift carrier telegraph system provides channels in 
and above the voice range. The channel terminal unit incorporates arrangements 
for handling Teletypewriter Exchange Service supervisory signals and employs 
no electromagnetic relays. 

Some Problems in Sampling Accounting Procedure. H. L. Jones1, pp. 
209-250. .4m. Soc. for Quality Control. Quality control conference papers. 
6th Annual Convention. N. Y., Am. Soc. Quality Control, 1952. 

Photometric Determination of Beryllium in Beryllium-Copper Alloys. 
G. L. Luke1 and M. E. Campbell1. Anal. Chem., 24, pp. 1056-1057, 
June, 1952. (Monograph 2013). 

Steady Rotational Flow of Ideal Gases. R. C. Prim1. ,11. Rational Mech. 
and Analysis, 1, pp. 425-497, July, 1952. 

This paper concerns the steady rotational flow of non-viscous and thermally 
non-conducting gases subject to no extraneous force field. For the most part 
attention is restricted to gases having constant specific heats. However, some of 
the results are valid for more general classes of fluids. Uniformity of total flow 
energy (stagnation enthalpy) or of entropy throughout the flow is not assumed. 
The present work is intended to be a comprehensive treatment of the status (in 
1949) or rotational flow theory from the point of view of the establishment of 
general properties of such flows and the discovery and study of families of exact 
solutions to the equations governing them. 

Finishing Metal Parts for Telephones. F. B. Rinck3. Metal Progress, 
61, pp. 65-70, June, 1952. 

1 Bell Telephone Laboratories 
3 Western Electric Company 



1252 THE BELL SYSTEM TECHNICAL JOURNAL, NOVEMBER 1952 

Binary Counter Uses Two Transistors. R. L. Trent1. Electronics, 25, 
pp. 100-101, July, 1952. 

Various timing and registry functions are provided by transistorized counter 
with repetition rate from 0 to 50 kc. It has stability without the usual sacrifice 
in sensitivity and it permits either positive or negative triggering pulses to be 
used. 

Structural Imperfections in Quartz Crystals. W. L. Bond1 and J. 
Andrus1. Am. Mineral., 37, pp. 622-632, July-August, 1952. (Mono- 
graph 2001). 

A method for examining the topography of atomic planes is developed and 
applied to quartz crystals. It is thought to have higher resolution than the 
method of Wooster and Wooster {Nature, 155, p. 786 (1945)), or that of Rama- 
chandran {Proc. Ind. Acad. Sci., 19A, p. 280 (1944)). Because of the higher 
resolution it gives more detailed information. A fair percentage of ostensibly 
perfect quartz is shown to have slight irregularities. 

Packaging Principles Employing Plastics and Printed Wiring to Im- 
prove Reliability. W. J. Clarke1 and N. J. Eich1. pp. 133-137. A. I. E. E., 
1. R. E. and R. T. M. A. Symposium, Progress in Quality Electronic 
Components. Proceedings, Wash., D. C., May 5-7, 1952. Wash., D. C., 
R. T. M. A., 1952. 

Miniaturized Components for Transistor Action. P. S. Darnell1, pp. 
51-57. A. I. E. E., I. R. E. and R. T. M. A. Symposium, Progress in 
Quality Electronic Components. Proceedings, Wash. D. C., May 5-7, 
1952. Wash., D. C., R. T. M. A., 1952. 

Some Basic Concepts of Quality Control. G. D. Edwards1. Shewhart 
Medalist Address. Ind. Quality Control, 9, pp. 9-10, July, 1952. 

Effective Sum of Multiple Echoes in Television. A. D. Fowler1 and H. 
N. Christopher1. S. M. P. T. E., Jl., 58, pp. 491-500, June, 1952. 

Observers compared the interfering effect of multiple echoes with that of 
single echoes in black-and-white television pictures. The multiple echoes were 
2, 4 or 8 echoes of equal strength but different delays. The single echoes were 40, 
35 or 30 db weaker than the main signal. A method for estimating addition 
effects of several echoes is presented and demonstrated to be consistent with the 
test results. 

Design Factors Influencing the Reliability of Relays. J. R. Fry1, pp. 
101-107. A. I. E. E., I. R. E. and R. T. M. A. Symposium, Progress in 

1 Bell Telephone Laboratories 
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Quality Electronic Components. Proceedings, Wash., D. C., May 5-7, 
1952. Wash., D. C., R. T. M. A, 1952. 

Energy of d Block Wall on the Band Picture. II. Perturbation Approach. 
C. Herring1. Phys. Rev., 87, pp. (30-70, July 1, 1952. 

The "exchange stiffness" constant, which appears in the theory of the Bloch 
interdomain wall in ferromagnetics, can he calculated by computing the response 
of a saturated specimen to a small spatially varying perturbing field. This calcu- 
lation is carried out here in the self-consistent field approximation, using running 
waves for the one-electron states, and the result is interpreted physically in 
terms of precession of the spins of moving electrons. Combination of the present 
theory with the Stoner-Wohlfarth model of the ferromagnetic electrons m nickel 
does not give satisfactory results, probably because the latter model does not 
approximate the actual self-consistent field solution very well. However, applica- 
tion of the theory to the free electron gas is of interest as a confirmation of the 
validity of the perturbation approach. It is shown that there exist, even in a 
ferromagnetic metal, quantum states orthogonal to all the low-lying states of the 
conventional band picture and having the properties of spin waves. The pre- 
sumably universal relation between the exchange stiffness constant and the 
energies of spin waves of long wavelength is verified in the present approximation. 
It is shown that spin waves carry a current in a metal, though not in an insulator. 
For spin waves of long wavelength the present theory can be shown to include 
Slater's theory of spin waves in a ferromagnetic insulator, and a fortiori to include 
all previous theories based on the atomic model. 

Nonsynchronous Pulse Multiplex System. A. L. Hopper1. Electronics, 
25, pp. 116-120, August, 1952. , . . 

Voice transmitters use one frequency simultaneously but no synchronizing 
pulse is necessary, although time-division multiplexing is used. Random samples 
from each transmitter are tagged for identification at proper receiver. System 
is applicable to rural telephony and moving-vehicle communication. 

Design of Modulation Equipment for Modern Single-Sideband Trans- 
mitters. A. E. Kerwien1. /. R. E-, Proc., 40, pp. 797-803, July, 1952. 
(Monograph 2012). . . . . r . > ^ 

This paper deals with considerations that go into the design of modulation 
equipment for a single-sideband radiotelephone transmitter in which filters are 
used for sideband suppression. Balance requirements, frequency stability, the 
choice of intermediate frequencies, and methods of avoiding transmission of 
spurious frequencies are among the factors which are discussed. 

A Multichannel Single-Sideband Radio 1 ransmitter. L. M. Ivlenk , A. 
J. Munn1, and J. Nedelka1. I. R. E. Proc., 40, pp. 797-803, July, 1952. 
(Monograph 2012). . , 

This paper describes a new single-sideband radio transmitter for transoceanic 
1 Bell Telephone Laboratories 
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service which represents a substantial improvement over past design. Its im- 
portant features include: (a) a frequency band which permits deriving four 
telephone channels, if desired; (b) a push-button method for changing frequencies 
within a matter of seconds; (c) an increase in power over its predecessor; and 
(d) all-around improved transmission performance. 

Photometric Determination of Aluminum in Lead, Antimony, and Tin 
and Their Alloys. C. L. Luke1. Anal. Chem., 24, pp. 1122-1126, July, 1952. 
(Monograph 2013). 

The work was undertaken because of a need for a reliable method for the 
determination of traces of aluminum in lead, antimony, and tin and their alloys. 
As a preparatory step toward the development of such a method, a thorough 
study of the specificity of the aluminon-thioglycolic acid and the oxine-cyanide- 
peroxide photometric aluminum methods was made. As a result, an accurate 
specific method for aluminum has been developed. This method is applicable 
to the analysis of lead, antimony, and tin and their alloys and can also be adapted 
for use in the analysis of a wide variety of other ferrous and nonferrous alloys. 

Photometric Determination in Manganese Bronze, Zinc Die Casting Al- 
loys, and Magnesium Alloys. C. L. Luke1, and K. C. Braun4. Anal Chem. 
24, pp. 1120-1122, July, 1952. (Monograph 2013). 

The work was undertaken in an effort to produce a rapid reliable method for 
the determination of aluminum appearing as a major constituent in copper, zinc, 
and magnesium alloys. The work shows that the photometric aluminum method 
described by Craft and Makepeace is very satisfactory and that by employing 
thioglycolic acid as a complexing agent it is possible to simplify the usual photo- 
metric methods for the determinatioi of aluminum in nonferrous alloys. The paper 
contains experimental material that will aid future workers in the application of 
this method to other materials. 

Amplifiers Jor Multichannel Single-Sideband Radio Transmitters. N 
Lund1, C. F. P. Rose1 and L. G. Young1. I. R. E., Proc., 40, pp. 790-796, 
July, 1952. (Monograph 2012). 

Considerations are given for designing high-frequency amplifiers whose per- 
formance will meet the high standards required for amplifying multichannel 
signals. A relationship between tone and speech data is presented to show how 
the tone rating of the amplifier can be determined from the speech rating and 
interchannel modulation noise requirements. 

Measurement of Dynamic Shear Viscosity and Stiffness of Viscous Liq- 
uids by Means of Traveling Torsional Waves. H. J. McSkimin1. Acousti- 
cal Soc. Am. Jl, 24, pp. 355-365, July, 1952. 

A short periodically repeated train of torsional waves is transmitted along a 
glass or metal cylindrical rod. After reflection from the free end, these waves are 

1 Bell Telephone Laboratories 4 American Smelting and Refining Company, Barber, N. J. 
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sent hack to the quartz crystal which serves as both transmitter and receiver. 
The phase shift and added attenuation caused by immersing the rod in the test 
liquid are measured by means of a special balancing arrangement, and yield a 
calculation of the impedance presented to the rod surface. From an analysis of 
wave propagation both in the rod and in the liquid, one can calculate the charac- 
teristic shear impedance of the liquid, and the dynamic viscosity and stiffness. 
Data for polyisobutylene liquids with static viscosities up to 2000 poises are 
given for the frequency range 25-150 kc. High frequency data (5-25 mc) for the 
same liquids obtained by a method previously reported on (see reference 10 (b)) 
are correlated to the present work. Some results for polypropylene, polyisoprene, 
polybutadiene, and polypropylene sebacate are also given. 

New Transistors Give improved Performance. J. A. Morton1. Electron- 
ics, 25, pp. 100-103, August, 1952. 

Better manufacturing processes and germanium materials have provided 
greater reliability and reproducibility and improved frequency response. Higher 
power output and better noise figure for high-sensitivity applications are proper- 
ties of new types. 

Microwaves. J. R. Pierce1. Sci. Am., 187, pp. 43-51, August, 1952. 
They are radio waves that range in length from about a quarter of an inch to 

two feet. Investigated during the war for their utility in radar, they are now 
widely applied in communication. 

Glass Unit for Liquid and Vapor Phase Extraction Employing a Single 
Processing Chamber. H. A. Sauer1. Anal. Chem., 24, p. 1232, July, 1952. 

The Transistors Development Status at Bell Telephone Laboratories, 
with Demonstration. W. R. Sittner1. pp. 138-142. A. I. E. E., I. R. E. 
and R. T. M. A. Symposium, Progress in Quality Electron Components. 
Proceedings, Wash., D. C., May 5-7, 1952. Wash., D. C., R. T. M. A., 
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Polyethylene Tercphthalale as a Capacitor Dielectric. M. C. Wooley1, 
G. T. Kohman1 and W. McMahon1. Elec. Eng., 71, pp. 715-717, Aug., 
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Polyethylene terephthalate, or "Mylar", is a new rival of paper for use as the 
dielectric in electric capacitors. It appears superior in regard to insulation 
resistance, temperature coefficient of capacitance, and operating temperature 
range. 

1 Bell Telephone Laboratories 
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