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THEORY OF THERMIONIC
VACUUM TUBES

CHAPTER 1
INTRODUCTION

1. Classification of Vacuum Tubes.—The expression vacuum
tube signifies a variety of devices all of which have in common a
closed envelope or bulb made usually of glass or quartz, into which
are sealed one or more electrodes and from which the air has been
mostly exhausted or replaced by some other gas at reduced pres-
sure. These tubes are capable of passing electric currents
between their electrodes and, because of the passage of the
electric currents, various effects are obtained which make
the devices useful. As specific examples of such vacuum
devices we may enumerate the following: Geissler tube, mercury-
arc lamp, mercury rectifier, X-ray tube, tungar rectifier, photo-
electric tube, and radio vacuum tube.

All vacuum tubes may be divided into two classes. Examples
of the first class are the Geissler tube, the mercury-arc lamp,
the X-ray tube, etc., which are useful because of radiation
into which some of the electrical energy supplied to them is
transformed. Since these tubes are sources of useful radiation,
they are output devices in the same sense as are generators,
motors, incandescent lamps, electric bells, etc. This book is not
concerned with this class of vacuum-tube radiators but with the
second class now to be described.

The second class includes those vacuum tubes which are useful
because of the action they have in, or the effect they have upon,
the circuits in which they are connected. The useful effects are
usually localized in some part of the circuit remote from the
vacuum tube itself. This class of devices may be called circuat
elements, for, like resistances, inductances, capacitances, switches,
relays, etc., they are devices used as component parts of electrie
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8 THEORY OF THERMIONIC VACUUM TUBES

are emitted by the hot filament and attracted by the positively
charged plate.

Many of the early experimenters in the field of thermionics
believed that the emission of electricity from hot bodies, even if
by electrons, was the result of some sort of chemical reaction
between the small residue of gas remaining in the tube and the
material of the filament. In fact, the observed diminution of the
current from plate to filament, as more and more of the gas is
removed, supported this view. On the other hand, O. W. Rich-
ardson, in 1901, working along both theoretical and experimental
lines, advanced the theory that the electron emission at elevated
temperatures is a property alike for all conductors and not at all
dependent upon the presence of gas about them. Richardson
derived mathematical laws for the electron emission as dependent
upon temperature and these laws agree well with experiment.
The reader is here referred to Richardson’s book ‘“The Emission of
Electricity from Hot Bodies” for a more complete account of
Richardson’s valuable theoretical contributions to this field.

In 1903 and 1904 A. Wehnelt!? discovered and investigated the
copious emission of electricity from metal filaments coated with
certain oxides, notably of the rare earths, such as the oxides of
strontium, barium, calcium, etc. A heated filament or electrode
of other form coated with one or more of these oxides and used
as the negative electrode of a vacuum tube is known as a Wehnelt
cathode and is one very common form of emitting electrode used
in modern tubes.

The thermionic emission from pure tungsten was very
thoroughly investigated by Irving Langmuir. His first paper was
presented before the Institute of Radio Engineers, April 7, 1915,
and in it he gives further support to Richardson’s theory that
pure electron emission is a property of metals independent of the
presence of gas. Subsequent work by Langmuir and Dushman
has added greatly to the practical knowledge of the properties of
tungsten filaments.

We shall now consider the application made by Fleming of the
two-electrode vacuum tube to the detection of high-frequency
oscillations. In his earlier experiments and in his first patent
applications of 1904 and 1905, he made use of the simplest
property of the vacuum tube; namely, when a potential is

12 German patent 157,845, Klasse 21g, Jan. 15, 1904; Ann. d. Physik, 14,
425 (1904).
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impressed between the plate and the negative end of the filament,
a current flows when the plate is made positive, but very little or
no current flows when the plate is made negative. Figure 1
gives one scheme of connections used by Fleming. A represents
the antenna connected to ground through the tuning inductance
P. The tuned circuit SC is
coupled to the antenna coil 4
P. The “oscillation valve” is
diagrammatically represented
by V. When oscillations occur

in circuit SC, induced from the ,
antenna circuit, oscillations of
potential which take place
across condenser C are im-
pressed between the filament
and plate of tube V. The rec-
tified impulses then cause a = L__@G—’ ity
deflection of the galvanometer Fic. 1.—Fleming value used as a detec-
G or produce a sound in a tor of radio signals.
telephone receiver which may be substituted for G.

In 1908 and 1909 Fleming filed patent applications in Great
Britain and in the United States!® covering a more efficient
method of using a diode as a receiver of radio messages. This
second method, which will be explained more fully in Chap. XIX,
makes use of the rectifying action at a sharp bend of the charac-
teristic curve of the diode. In this method the potential oscilla-~
tions of the message are superimposed upon a steady potential
and their sum is impressed between the filament and plate of a
diode. The resulting net transfer of electricity in one direction
in the plate circuit, due to the message, is considerably greater
than in the use of the device as a simple valve, and louder signals
are obtained.

The diode used to rectify the exceedingly small power of a
radio signal is made in small sizes. The development of the
diode for the rectification of large amounts of power at high
potentials was a logical sequence but required the overcoming
of certain technical difficulties. The presence of gas in the diode
used for receiving messages is not always detrimental, for the
sensitiveness of the detector is often materially increased by a
small amount of gas. When high potentials and larger currents

13 British patent 13,518, June 25, 1908; U. S. patent 945,619, Jan. 2, 1909.
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are used, the presence of even a very small amount of gas is
disastrous. It was necessary, therefore, in the construction
of high-power vacuum tubes, to exhaust to a point that was
possible only after the timely invention and development of
better high-vacuum pumps. In 1913 Gaede of Germany intro-
duced the molecular pump and in 1915 the diffusion pump.
Langmuir shortly afterwards described an improved mercury
pump which he called a ‘“‘condensation pump.” Using one of
these improved methods of exhaustion, Langmuir, with other
engineers, advanced the knowledge of pure electron emission
and designed high-power rectifying diodes which were called
kenotrons.

Another line of development of the diode rectifier resulted
in the tungar rectifier, which is a two-electrode tube containing
pure argon gas at several centimeters pressure. These tubes are
suitable for rectifying relatively large currents at low potentials
and are in common use for charging storage batteries from an
a-c. source.

In 1907 Lee de Forest!* made an original and radical improve-
ment in the vacuum tube by interposing, between the filament
and plate, a third electrode in the form of a wire grating or grid.
This third electrode is situated in the most favorable position to
control electrostatically the flow of electrons from the filament
through the meshes of the grid to the plate. From this con-
trolling action the three-electrode tube or triode derives all of its
advantages over the diode. The triode was first used by de
Forest, as shown in Fig. 2, and proved to be a great improvement
on the detectors of the prior art. The potential fluctuations are
impressed between the grid and filament, and the galvanometer
or telephone is connected in series with a battery between the
plate and filament.

With the introduction of the third electrode, the vacuum tube
acquired new properties which were destined to open up tremen-
dous fields of commercial utility. Under proper conditions, a
variation of potential of the grid with respect to the filament
causes corresponding variations of current in the plate circuit

14U, S. patent 879,532, filed Jan. 29, 1907; British patent 1,427, filed
Jan. 21, 1908. For a complete description of the early patent history con-
cerned with the diode and triode, see book by Fleming, “The Thermionic
Valve and Its Developments in Radiotelegraphy and Radiotelephony,”
The Wireless Press, Ltd., London, 1919.



INTRODUCTION 11

and this is accomplished with little or no flow of current to the
grid. The device then acts as an amplifier or relay, because
power can be controlled in the plate circuit by the expenditure
of little or no power in the grid circuit. The triode was first
used to amplify alternating currents of audible frequencies,
but as development progressed, it was successfully employed in
amplifying currents of radio frequencies.

One of the most important applications of the amplifying
triode is the telephone repeater. The American Telephone and
Telegraph Company and the Western Electric Company have
spared no expense in research and development of triodes used
in telephone practice. The major part of this development has

E?

F16. 2.—DeForest ** Audion”’ or triode used as a detector.

T..

i

taken place since 1912. As an indication of the rapidity of
development, direct-wire telephony from New York to San
Francisco was made possible as early as 1914 by the installation
of triode repeaters along the line. The triode has been the direct
cause of great advances in communication, some of which are
long-distance telephony, multiplex telephony and telegraphy,
and transoceanic telephony. Contemporary development has
been carried on notably in England, France, Germany, and Italy.

Since a triode used as an amplifier of alternating currents
gives out more power in the plate circuit than is fed into the
tube at the grid, a small amount of the plate-circuit power can
be spared to be fed back into the grid circuit, thereby very
much increasing the plate power. This feeding back of power in
such a way as to cause a building up of the effect in the plate
circuit is known as regeneration. The discovery of regeneration
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has generally been credited to E. H. Armstrong.i® A decision of
the Circuit Court of Appeals has credited de Forest with the
origination of the idea of regeneration, at least at low frequencies,
although Armstrong was probably the first to succeed in obtaining
the regenerative effect at radio frequencies.

If the feed-back of power from the plate circuit to the grid
circuit of a triode is increased, a point is reached when self-
sustained oscillations are produced, the energy coming from the
plate battery and the frequency being determined by the capac-
itance and inductance of the attached circuits. The vacuum
tube thus acting as a generator of alternating currents of any
frequency came into still another field of usefulness. Alexander
Meissner!® was probably the first to recognize this new use for a
three-electrode tube and filed a patent application April 10, 1913.
In a science commanding the attention of so many experimenters
and developing so rapidly, it is sometimes difficult to determine
the originator of any particular idea. The invention of the
oscillating property of a tube is also attributed to Armstrong and
to de Forest in America, and to C. S. Franklin and H. J. Round in
England.

The discovery of the oscillating properties of the vacuum
tube found application at the transmitting station for exciting
oscillations in the antenna. This new application led naturally
to the development of larger triodes which could convert more
power. After overcoming many obstacles, tubes were made
capable of generating several hundred watts, and, at present,
tubes are made with an output of several hundred kilowatts.
The limiting effect in increasing the output power is the amount
of heat which it is possible to dissipate at the plate; and if the
plate is sealed inside the vacuum tube, the only way of dissipating
its heat is by radiation.

About the year 1911 wireless telephony began to be investi-
gated by a great many experimenters. The continuous oscilla-
tions necessary for successful wireless telephony were at first
generated by arcs or quenched sparks. With the advent of the
vacuum-tube oscillator, the development of wireless telephony
made rapid strides. In the early experiments on wireless
telephony, weak currents were used and the ordinary microphone
transmitter, placed in the oscillatory circuit, served as a means

16 ARMSTRONG, Proc. I.R.E., 3, 215 (1915).
16 MEIsSNER, German patent, 291,604, Apr. 10, 1913.
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for directly varying the amplitude of the oscillations in syn-
chronism with the sound vibrations of the voice, a process known
as modulation. The microphone was then used as the modulating
device. As vacuum tubes were made for greater power, other
means of modulating the powerful oscillating currents became
necessary. Experiments showed that no other device could
perform this modulating function as well as the same type of
vacuum tube that was used for generating the oscillations.

In the year 1915 the engineers of the American Telephone and
Telegraph Company and of the Western Electric Company
succeeded in transmitting speech from the Naval Station at
Arlington, Va., to Paris, and also from Arlington to Honolulu,
the greatest distance being about 5,000 miles. The transmitting
station utilized about 300 vacuum tubes, each of 25 watts
capacity, some used as oscillators, others as modulators, and
still others as power amplifiers.

The importance that radio communication assumed during the
World War gave added stimulus to the development of the
vacuum tube and its applications. During the period of hostility,
there was little scientific lZazson among the various countries,
so that much duplication of work occurred. The vacuum tube
was made in enormous quantities for use by the armies, resulting
in more or less standardized types of tubes.

After the war came the period of broadecasting, which really
began in America about 1921. The rapid growth of the radio
industry since 1921 has been unparalleled. This rapid develop-
ment from the beginning of the war up to the present time has
been the result of the efforts of countless investigators. In this
brief outline we may enumerate only a few outstanding develop-
ments, leaving the explanation of their operation to later chapters.

Many improvements have been made in the receiving apparatus,
thereby extending the range of radio signaling and the extent of
application of the triode. In December, 1919, Armstrong!?
described a new system for receiving radio signals, which he
called the superheterodyne. The superheterodyne principle has
proved to be of considerable value and is used in many modern
radio-receiving sets. .

In 1922 Armstrong'® announced another system of reception,
which he called superregeneration. This system has failed to

17 ARMSTRONG, Proc. I.R.E., 9, 3 (1921).
18 ARMSTRONG, Proc. I.R.E., 10, 244 (1922).






Prarte I.—Construction of modern vacuum tubes.
Above: parts of screen-grid tetrode UY-224; below:
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ABOVE
Tube for stem
Flare for stem
Pump tube
Leading-in wires
Stem

. Finished stem

. Heater filament

. Complete cathode

. Control grid

. Inner screen

. Plate

. Outer screen

. Top shield

. Insulating support

. Getter cup

. Control-grid connection
. Complete mount

. Bulb

. Sealed and exhausted tube
. Grid cap

. Base

. Completed tube

{Courtesy of R.C.A. Radiotron Company.)

—

Pt Pk ek ek et e
00N O W

19.

parts of triode UY-227,
Berow

. Tube for stem
. Flare for stem
. Pump tube

Leading-in wires
Stem

. Finished stem

. Heater filament

. Complete cathode
. Control grid

. Plate

. Insulating support
. Insulator anchor

. Filament hook

. Getter cup

. Complete mount

. Bulb

. Sealed and exhausted tube
. Base

Completed tube

(Facing page 14)
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body do not possess the same kinetic energy, but corresponding to
every temperature there is a mean kinetic energy; some molecules
have energies greater and some less than this mean kinetic energy.
The higher the temperature, the greater is this mean kinetic
energy and the greater the mean velocity of motion of the
molecules. This subject will be treated in more detail in Chap.
IV on Emission of Electrons.

Many physical properties of a gas can be explained in terms
of the kinetic theory. For example, the pressure of a gas in an
enclosure is due to the bombardment of the walls of the enclosure
by the rapidly moving molecules. The variation of pressure with
volume and temperature is satisfactorily explained by this theory.
As further examples of the applications of the kinetic theory,
diffusivity, viscosity, vapor pressure, heat conductivity, and
other properties are deduced and expressed as functions of temper-
ature and pressure.

TaBLE I.—MEAN FREE PATH oF Gas MOLECULES

Pressure = 1 bar Pressure = 108 bars
Cas 0°C., 25°C., 0°C., 25°C.,
centimeters | centimeters | centimeters | centimeters
) S P 19.2 | ... 19.2 X 1078
He.............. 206 | ... 29.6 X 10°¢
Noeeorvieiion 100 | .......... 10.0 X 10~
[0 10.7 | .......... 10.7 X 1076
. A 106 | ..., 10.6 X 10°¢
CO....ovvvieenn 9.92 | .......... 9.92 X 107
COz.ovvviinnn 6.68 | .......... 6.68 X 107¢
Hg.............. 3.24 | ..... 3.24 X 1078
HO............. 6.03 | ..... 6.03 X 108

6. Mean Free Path.—One of the most important factors which
enters into the explanation of heat and electrical conductivity,
diffusivity, ionization, etec., is the mean free path of molecules and
electrons in matter. The mean free path may be defined, with
sufficient accuracy for our purpose, as the mean distance a parti-
cle travels between collisions. The mean free path of molecules
of a gas at constant temperature varies inversely as the pressure
but depends upon the particular gas. The mean free path is
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the normal orbit for that electron, or between only certain of
the temporary orbits.

When one or more than one electron is in a temporary orbit,
the atom is said to be in an excited state. The displaced electron
tends to return to its normal orbit. It may do so in one jump,
in which case the difference in energy is radiated as light or
X-rays, the frequency being given by the relation

hl/ = 9 — W1 = AW (11)

where v is the frequency of the radiation, k is Planck’s constant
and equal to 6.547 X 10~?"erg sec.,and W, — W, is the difference
in energy corresponding to the two orbits. On the other hand,
the electron may return by way of one or more of the smaller
temporary orbits, thus making two or more energy jumps. Each
energy jump gives rise to a monochromatic radiation in accordance
with Eq. (11), in which AW is the change in energy. An atom
ordinarily remains in an excited state for a very short time, esti-
mated to be of the order of 10~8sec. With some atoms, however,
certain temporary orbits seem to harbor an electron for a much
longer time, even as long as a tenth of a second in some cases.
These particular excited states are known as metastable states.

The energy required to excite an atom may be derived from
radiation, in which case Eq. (11) gives the frequency v, required
to cause an energy change AW in the atom, AW being the energy
difference corresponding to two permitted orbits. The term
resonance is applied to the excitation of an atom by radiation of
that frequency which would be emitted by the atom if the same
energy jump were made as occurs when the atom returns from
the excited state to the normal state. It is easy to see how
resonance radiation may “diffuse” through a gas by the reversible
process of excitation and emission.

An atom may also be excited if an electron or positive ion col-
lides with it with sufficient energy. The exciting projectile
must possess at least an amount of kinetic energy equal to the
smallest energy jump between orbits. If the projectile is an
electron, the potential drop which would give this necessary
kinetic energy is known as the first resonance potential of the
atom. An atom may possess several resonance potentials given
by the relation

Ee = AW (12)

where E is the resonance potential, e is the electronic charge, and















CHAPTER III
CONDUCTION OF ELECTRICITY

The operation of all types of vacuum tubes is directly depend-
ent upon the characteristics of the conduction of the electric
current through the tube. The object of this chapter is to
give the reader a brief treatment of the principles of conduction
of electricity under various circumstances, but with special
emphasis on the two types of conduction which most concern
us in dealing with vacuum tubes, namely, conduction through a
high vacuum and conduction through a space containing an
appreciable amount of gas.

18. The Conventional Direction of an Electric Current.—
The motion of an unneutralized charge of electricity, whether
the charge is positive or negative, constitutes an electric current.
Since, however, the electrical effects of positive and negative
electricity are opposite, the motion of a negative charge in one
direction is equivalent to the motion of an equal positive charge
in the opposite direction.

When the terms plus and minus were originally allocated to
the two kinds of electric charge, the minus sign was given to
that charge which appears on sealing wax, hard rubber, and other
resinous substances, when rubbed with fur, silk, ete. The posi-
tive sign was given to the charge which appears on vitreous
substances like glass. This choice of signs was apparently
entirely arbitrary. With the signs of the two electric charges
thus defined, the charge of the electron is negative and the
charge of the atomic nucleus is positive.

For mathematical discussions a convention is necessary
for the direction of an electric current. The conventional
direction of a current is the direction of flow of positive electricity.
If a current of electricity is due to a motion of positive ions,
the conventional direction of the current and the actual
motion of the carriers of electricity are the same, but if, as is
usually the case, the electric current is due to the motion of
electrons, the conventional direction is opposite to the actual
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Sommerfeld.* Equation (23), therefore, has a much stronger
theoretical backing and is now universally adopted as the correct
form of the emission equation.

Equation (23) has another point in its favor. As pointed out
first by Richardson,* A comes out experimentally to have about
the same value for many common metals. Later Richardson*
and then Dushman® showed theoretically that A is a universal
constant for pure metals.

Bridgman,® in a rigorous theoretical treatment of the emission
equation, shows that, if the difference between the specific heat
of the neutral metal and the specific heat of the electric charge on
its surface is zero, A has the universal constant value given
by Dushman’s theory. There is, however, some slight evidence
that A may be a function of &, where &, is the value of ® at
absolute zero, and possibly also of the reflection coefficient of
electrons at the anode.”

It might seem that it would be easy to decide by experiment
between the two possible expressions for the emission current
given in Eqs. (20) and (23), but the exponential factor varies so
much more rapidly with 7' than does the T2 or T term that it
is practically impossible to decide from the experimental results
which equation is the correct one. However, the experimental
results of Dushman,® Schlichter,® Davisson and Germer,?
Waterman,!® and Dushman et al.,!! are in support of Eq. (23).

Dushman, Rowe, Ewald, and Kidner!* have found by experi-
ment that the value of A for tungsten, tantalum, molybdenum,
and thorium agrees well with the theoretical value of

amp.
60'2cm.2 deg.?

there is a film of another element on the surface of the metal. A
monatomic layer of an element more electropositive than the
metal, such as a layer of caesium or thorium on tungsten,

3 SoMMERFELD, Zeits. f. Physik, 47T, 1 (1928).

4 RICHARDSON, Proc. Roy. Soc. (London), A 91, 530 (1915); ‘‘ Emission of
Electricity from Hot Bodies,” p. 42, Longmans, Green & Co., New York,
1916.

6 DusumaN, Phys. Rev. 21, 623 (1923).

6 BripgMAN, Phys. Rev., 14, 306 (1919); 27, 173 (1926).

7 ComproN and Lanemuir, Rev. Modern Phys., 2, 137 (1930).

8 SCHLICHTER, Ann. d. Phystk, 47, 625 (1915).

9 DavissoN and GERMER, Phys. Rev., 20, 300 (1922).

10 WATERMAN, Phys. Rev., 24, 366 (1924).

11 DusaMaN, Rowe, EwaLp, KipNER, Phys. Rev., 26, 338 (1925).

The value of A is vastly different from this if
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It should be remembered that the saturation ecurrent given
by Eq. (23) is obtained only when an electric field is impressed
of sufficient intensity to draw all electrons away from the emitter
as fast as they emerge. This condition prevailed in obtaining
the results of Figs. 12 and 13. The manner in which the emission
current varies with temperature, when the impressed voltage is
small, is considered in Sec. 42 of this chapter.
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F1a. 13.—Comparison of emission from various kinds of surfaces.

33. Further Considerations Concerning the Work Function.—
We return to further consideration of the work function w, or
the electron affinity ®,. The value of w, for tungsten is approxi-
mately 7.20 X 10~!% erg, or the equivalent voltage &, is 4.52
volts. The value of w or & at room temperature is only slightly
greater than the value of w, or &, as shown by Eq. (22).

If it is assumed in accordance with the classical theory that
the thermal energy of the electrons inside the metal is the same
as that of the electrons just outside, w is the work done against
electrical forces when an electron leaves the surface. This state-
ment, and the coneclusions that follow are not materially altered
when the modern theory of emission is used.

Schottky!? has shown that if certain rather rough assumptions
are made, the calculation of this electrical work comes out to be

12 ScHOTTEY, Phys. Zeits., 12, 872 (1914); 20, 220 (1919); Ann. d.
Physik, 44, 1011 (1914); Zeits. f. Physik, 14, 63 (1923).
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about equal to the observed value for the work function. Ana-
lytically, the expression for the electrical work is

Work = j; m,F(ar:)dar: (24)

where F(z) is the force on an electron distant z from the surface.
Schottky assumed that F(z) is the ordinary image force e?/4z?
for values of x which are large compared with the diameter of
a surface atom. When the electron is near the surface, the
atoms being so large in comparison with the electron, the image
theory is obviously incorrect and some other form for F(z)
must be used. He assumed that for small values of z, the force
is constant and equal to e%?/4z? up to a critical distance x,.
Langmuir!? assumed a parabolic form for the force near the
surface, starting with zero at the surface and merging into the
image force at a certain small distance from the surface. Experi-
ment cannot determine the form of F(zx)
for small distances, but it does indicate
that the force is the image force for
distances greater than a few atom
diameters, unless the surface is very
rough, when the image law is modified. A
34. Contact Potential and Its Relation
to the Work Function.—The work w has
a very intimate connection with the con-
tact e.m.f. between metals. This can
easily be seen in the following way. In
Fig. 14, let A and B be two metals
maintained at the same temperature. Suppose that metal 4 is
grounded. An electron which leaves metal 4, arriving at a point
a short distance outside its surface, has overcome, by virtue of its
initial kinetic energy, practically all of the surface restraint, and
an amount of kinetic energy w = ®e has been converted into
potential energy. The electron is then at a negative potential
E, with respect to ground potential, so that

Ey= —d, = ";”‘ (25)

Similarly, an electron emerging from B does an amount of
work wg, and at a short distance from the surface of B is at a
negative potential Ez with respect to the metal. The metal B

13 LANGMUIR, Trans. Am. Electrochem. Soc., 29, 157 (1916).
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Even the first two methods are extremely difficult of execution
for obtaining accurate results, owing largely to the difficulty
in accurately measuring the temperatures. Because of these
experimental difficulties, the values of the emission constants
obtained by various observers differ considerably in some cases.
The best values, taken mostly from the ‘‘International Critical
Tables,” are given in Table II on page 65. The values printed
in boldface type are the more reliable; the other values must
be considered as only approximate.

Platinum seems to be abnormal in that the emission constants
for this metal, as determined by a number of observers, vary
much more widely than for other metals. DuBridge®® has
tabulated the values of A, by, and &, for platinum. The deter-
minations of the electron affinity vary from 2.18 to 6.71 volts,
and the values for A vary from 10.7 X 10~¢ to 1.45 X 107

amp.
deg.? cm.?
which condenses readily on clean platinum, as Langmuir3®
showed.

36. Space Current vs. Voltage.—Thus far, only the variation of
the total emission or saturation current from an emitter, as its tem-
perature is varied, has been explained. The electric field inten-
sity, which draws the electrons from the emitter to the opposed
cold plate, has been assumed sufficiently large (indicated by
E = « in Fig. 12) to insure that all emitted electrons are drawn
off and a true measure of emission as a function of temperature
obtained. If, however, the field intensity is small, all electrons
are not attracted to the plate, and the space current depends
upon the strength of the electric field according to a certain
law known as the voltage law.

A rough physical picture of the reason for the limitation of
space current at low voltages may be obtained by examining the
forces acting upon a single electron as it passes from the emitter
to the plate of a two-electrode tube, or diode, shown in Fig. 15.
Assume that the bulb is perfectly exhausted and that a space
current is flowing, consisting of a cloud of electrons diagram-
matically represented in Fig. 15. This cloud constitutes a
negative space charge, which exerts a force on each electron
according to its position. An electron just emerging from the
emitter is attracted toward the plate by the electric field caused

33 DuBRIDGE, Phys. Rev., 31, 236 (1928).

This wide variation may be due to occluded oxygen
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by the voltage E, applied between emitter and plate, but is
repelled back toward the emitter by the space charge. If the
former force is greater than the latter, the electron will move
toward the plate with an increasing velocity. The repelling
force toward the emitter, due to the space charge, decreases as
the electron approaches the plate, because less repelling space
charge is in front of it and more behind it. Since the resultant
force on the electron increases rapidly owing to the diminution
and ultimate reversal of the space-charge force, the acceleration
of the electron increases. The electron cloud is most dense
near the emitter. The force acting on an electron to urge it
toward the plate is least when
the electron is near the emitter,
so that an electron that starts
toward the plate is certain to
arrive there. If the force due
to the space charge on an elec-~
tron just emerging from the
emitter is equal to the attract-
ing force due to the charged
plate, the electron will be un-
affected, and any further in-
crease of electrons flowing to
the plate will result in a larger
net force urging the electrons
back into the emitter. It is
evidently impossible for a cur-
rent to pass to the plate which
is greater than that giving a space charge which just neutralizes
the force at the emitter due to the plate. This leads to a maxi-
mum value of current known as the saturation current correspond-
ing to each plate voltage.

An analytical expression for the voltage law was first derived
for parallel-electrode surfaces by Child3** in 1911, and later
independently derived and extended to a cylindrical plate by
Langmuir.3®

37. Voltage Law for Plane Surfaces.—The derivation of the
voltage law, as obtained by Child, is here given when applied to
the ideal case of two infinite parallel surfaces in a perfect vacuum,

34 CHILD, Phys. Rev., 32, 498 (1911).
3 LLANGMUIR, Phys. Rev., 2, 450 (1913).
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Equation (39), expressed in practical units with the constants
evaluated, is

E} amp. (40)

— —6
I =2336 X 102 =8

where E, is expressed in volts and d in centimeters.
Equation (40) is the voltage law and shows that the voltage-
saturation current varies as the three-halves power of the
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F16. 17.—Space-charge saturation current between parallel plane electrodes.

impressed plate voltage. This equation is sometimes called
Child’s law.

Equation (40) also shows that with constant potential on the
plate, the voltage-saturation current varies inversely as the
square of the distance between a plane emitter and a plane plate.
Equation (40) is plotted directly in Fig. 17, and on logarithmic
paper in Fig. 18. )

Since the current is the same for all values of z, Eq. (38) shows -
that the potential at any distance z is given by
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By Eq. (31), » is proportional to d*E/dz? and hence is approxi-
mately proportional to the ecurvature of the graph of E.
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19.—Variation of F, v, . E, and p
between parallel plane electrodes.

39. Voltage Law for Cylin-
drical Plate.—The law for the
variation of plate current with
plate voltage will now be
developed for a cylindrical
arrangement, consisting of a
filamentary equipotential
emitter of infinite length dis-
posed along the axis of an
infinite  cylindrical plate.
Here again the temperature
of the emitter is assumed to
be so large that the space cur-
rent is never limited by lack
of emission, and the electrons

leave the filament with zero initial velocity.
Referring to Fig. 20, Gauss’ theorem is first applied to the
small wedge-shaped volume rdédrdl

Plate
—F,rdedl + < + 'dr> (r + dr)dédl Eritter
= —4rprdfdrdl (45)
]
Reducing and dividing by rdédrdland | lae F'qf&ar
replacing the partial derivative by the D ier koY
total derivative, TR T
d T
e ) PSS v
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which expresses the relation among the
potential E, the volume density of
negative charge p, and the distance
cylindrical plate.

Fi1c. 20.—Flow of electrons
between cylindrical electrodes.
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the emitter with no initial velocity. In practice this ideal condi-
tion is not realized, as was shown by the theory of emission given
in the first part of this chapter. It was there pointed out that,
because of the surface restraint, only those electrons inside the
emitter possessing more than a certain minimum velocity can
escape through the surface. This minimum velocity corresponds
to a certain kinetic energy which an electron must possess in
order to escape. This energy is transformed into potential
energy on passing through the surface. Hence this minimum
velocity is subtracted from the velocity of all electrons which
emerge from the emitter. The emerging electrons therefore
possess velocities ranging from zero upward. It was pointed out
that the assumption made in the early theories of emission is
that the electrons inside the emitter possess velocities which
follow Maxwell’s distribution law corresponding to the tempera-
ture of the emitter, If this assumption is true, it can be
shown?®4° from theoretical considerations that the electrons out-
side the emitter must possess the Maxwellian distribution of
velocities corresponding to the temperature of the emitter, but
with a different concentration of electrons. The new theories
of emission based on statistical mechanics also give a Maxwellian
distribution of velocities for the outside electrons but not for the
inside electrons. The distribution of velocities of the outside
electrons can be tested experimentally, and the results of several
such investigations!!—5 prove that the initial velocities of emission
do follow Maxwell’s law for an electron atmosphere in tempera-
ture equilibrium with the hot emitter.

The space current, when limited by space charge, differs
slightly from that given by the simple voltage law if the initial
velocities of emission are appreciable. In studying this effect
of the initial velocities of emission, examine the plot of potential

#® RICHARDSON, Phil. Mag., 18, 695 (1909).

4 Motr-SmiTH and LaNemUIR, Phys. Rev., 28, 727 (1926).

41 RicuarpsoN and Brown, Phil. Mag., 16, 353 (1908).

42 RICHARDSON, Phil. Mag., 16, 890 (1908); 18, 681 (1909).

43 ScHOTTKY, Ann. Physik, 44, 1011 (1914).

4 TiNng, Proc. Roy. Soc. (London), 98, 374 (1920-1921).

4% JoNEs, Proc. Roy. Soc. (London), 102, 734 (1923).

46 POTTER, Phil. Mag., 46, 768 (1923).

47 ROsSIGER, Z. Physik, 19, 167 (1923).

4% CoNGDON, Phil. Mag., 47, 458 (1924).

49 GERMER, Phys. Rev. (2), 25, 795 (1925).

® DavIssON, Phys. Rev. (2), 26, 808 (1925).












80 THEORY OF THERMIONIC VACUUM TUBES

If logio I be plotted against E, retarding potentials being
plotted negatively, the result is a straight line of slope '%, logo €

until I is nearly equal to I,, when the curve bends over and
becomes horizontal, as shown in Fig. 24. The two straight
portions, if extended, meet on the axis for E = 0, provided
no potential other than E is acting. If there is a Volta contact
potential between the electrodes, the curve is displaced, as shown
by the dotted curve of Fig. 24. The distance between the inter-
section point a and the axis gives
the Volta potential E,.

The method outlined would pro-

! 0
Log T 9 vide an accurate method of deter-

W mining the Volta potential difference

/ between two metals composing the
emitter and the plate, if it were

,‘( (% ogp€) possible to realize the condition of

#r & T infinite plane electrodes. Since
Fic. 24.—Space current between this is impossible, the cylindrical
plane parallel electrodes as a func- arrangement is always used, but the
tion of retarding potentials. 3 . 4
theory is not sosimple. Schottky®
has shown that, for the cylindrical arrangement, the current
reaching the plate when the retarding potential is E, provided
the emitter temperature is so small that space charge is negligible,
is '

2 Ee -% -
I_IJW;[ T Tt ) g dz] (62)

3

T
If E is numerically greater than about 3%; the graph of

logis I is approximately a straight line. When extended it does
not, however, intersect the horizontal line corresponding to I, at
a point which gives the correct value of the Volta potential.
The intersection point gives a value of the Volta potential whichis
in error by the amount.

Error in Volta potential = —Q'Z—KT- (approx.) (63)

A better method of testing the validity of Eq. (62), as well as
to determine the Volta potential, is as follows:

8 ScHOTTKY, Ann. Phystk, 44, 1011 (1914).
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Practical details concerning various types of emitters in
common use and the effects on emission caused by potential
drop along the filament, cooling of the end, ete., are foreign to
this chapter, which is confined to the strictly ideal theoretical
aspects of emission. The practical details are considered in the
next chapter.

46. Cold-cathode Emission.—Reference was made in Sec.
30 to the idea, suggested by Schottky,®! that the work function w
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Fi1g. 30.—Emission of a tungsten fila- Fig. 31.—Emission of a tungsten fila-
ment (UV = 201). ment (UV = 201).

is the work necessary to drag an electron from a metal in opposi-
tion to the electric force which pulls the electron back toward
the surface. This force is generally assumed to be the ordinary
electrostatic image force for distances from the surface greater
than a distance z,, which is of the order of a few diameters of the
surface atoms, and Schottky assumed that for distances less than
z, the force is constant and equal to the image force at z,. If
we assume that the temperature of the emitter is low, 7.e., of
the order of room temperature, the velocities of agitation of
the electrons can be neglected and the effect producing a mini-
mum of potential outside an emitter, due to the initial velocities
of emission, is practically out of the picture. Considering

81ScHOTTKY, Phys. Zeus., 16, 872 (1914); 20, 220 (1919); Ann. d. Physik,
44, 1011 (1914); Zeits. f. Physik, 14, 63 (1923).
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of experimental work has been directed to the study of secondary
emission. 54

The essential facts concerning secondary emission, as sum-
marized by Compton and Langmuir,® are as follows:

a. Secondary electrons may be derived from insulators as well
as from conductors.

b. The number of secondary electrons per primary bombarding
electron depends greatly upon the physical characteristics of the
surface, thoroughly clean and degassed surfaces usually yielding
less than contaminated surfaces, and a film of electropositive
metal increasing the secondary emission.

¢. The number of secondary electrons per primary electron
increases up to a maximum, as the velocity of the primary electron
is increased up to that corresponding to a few hundred volts, and
then decreases as the velocity of the primary electron increases.

d. The maximum number of secondary electrons per primary
electron reaches a maximum of from 1 to 1.5 for degassed sur-
faces, 3 to 4 for untreated surfaces, and 8 to 10 for metals coated
with electropositive metals.

e. The velocities of the secondary electrons are low and of the
order corresponding to only a few volts.

f. The secondary electrons leave the surface in all directions,
the angular distribution curve depending somewhat upon the
characteristic of the surface.

g. Bombarding positive ions compared with electrons produce
very few secondary electrons. The number per positive ion is at
most only a few per cent of that for electrons for velocities
corresponding to voltages less than a few hundred volts and is
of the order of 10 to 20 per cent for velocities corresponding to
1,000 volts or more.

h. Metastable atoms meeting a surface result in the emission of
secondary electrons in greater numbers than are produced by
bombarding positive ions.

When secondary electrons are emitted by an electrode of a
discharge tube, they return to the electrode unless there is in the
vicinity a second electrode more positive in potential than the
emitting electrode. Under this condition the emitting electrode
may lose more electrons than it receives as primary electrons, so

s4 Hyarr, Phys. Rev., 32, 922, and Smita, 929 (1928). References to
early work are given in the second reference.

6 ComproN and LANGMUIR, Rev. Modern Phys., 2, 123 (1930).

%6 FARNSWORTH, Phys. Rev., 26, 41 (1925),
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that the electrode becomes positively charged if it is insulated.
If the electrode is connected to the other electrodes through a
battery which maintains the potential of the electrode at a posi-
tive value, the current to it may reverse on account of the second-
ary emission and the current may flow against the potential of
the battery. This action may be made clearer by an example
illustrated in Fig. 34.

The filament F supplies the primary electrons, some of which

are drawn to electrode P, by the positive potential Es. This
electron stream is denoted by 1. lo+ I,
Other primary electrons go to
the more positively charged plate
P,, the potential of which with
respect to the filament is Ep +
Eg,. The primary electron cur-
rent I, causes the emission of
secondary electrons from plate
P, and these are attracted to the
second plate P, forming the elec-
tron stream I,. Evidently the
electron current to P is I, — 1.
Secondary emission also takes
place at P,, but the secondary.
electrons return to P, since it is the most positive conductor in
the system.

This same action may take place if P, is isolated or is an
insulator, as, for example, a portion of the glass tube. When a
steady state is reached, I; must equal I,; but when the discharge
is started, I, is momentarily greater than I,, so as to impart to
P, the necessary positive potential to maintain the electron
stream [, to P,. Langmuir®? calls attention to this phenomenon
in high-vacuum discharge tubes in which P, is a small portion of
the glass envelope. The author has often observed the bom-
bardment of the glass envelope due to secondary emission, which
resulted in one case in melting a hole through the tube.

Some types of vacuum tubes making use of secondary emission
have been invented and are known as dynatrons. These will be
referred to in Chap. XXII. Secondary emission is often present
in ordinary types of vacuum tubes and very much modifies the
mode of operation. Such effects may be harmful and even

87 LANGMUIR, Gen. Elec. Rev., 23, 513 (1920).

F1c. 34.—Secondary emission.
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photoelectric-emission curves of a few metals are given in Fig.
35, taken from ‘“Photoelectric Cells” by Campbell and Ritchie.
For other curves of photoelectric emission see a paper by Eleanor
Seiler.%® The alkali metals, sodium, potassium, rubidium and
their alloys, are most active es photoelectric emitters and are used
in photoelectric cells.
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F1g. 35.—Average photoelectric emission curves of alkali metals. (Campbell
and Ritchie, Pitman.)
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- of tungsten. A comparison of the emission of tungsten and tanta-
lum was shown in Fig. 13, Chap. IV.

Although emitters of the second and third types have replaced
tungsten filaments in low-power vacuum tubes because of the
lower heating power required for the same emission, these high-
efficiency emitters do not stand up well in most high-power
high-voltage vacuum tubes. Hence, cathodes of the first type,
made of pure metals, are almost universally used in such high-
power high-voltage tubes.

50. Tungsten Filaments.—The first tungsten filaments were
made by Just and Hanaman about 1903 or 1904, but these fila-
ments were brittle and non-ductile. In 1908 W. D. Coolidge
found that tungsten can be made ductile by working and becomes
brittle again if heated to a high temperature. Ductile tungsten
is fibrous in structure owing to the deformation of the crystals
and a breaking up of the crystalline structure. When the
temperature of the ductile tungsten is sufficiently elevated,
recrystallization takes place and the wire becomes brittle. After
1910 or early 1911 drawn tungsten wire came into general use
for the filaments of incandescent lamps.

A great deal of work! has been done to determine for tungsten
the constant A in the emission equation, Eq. (23), page 59, and
also to determine the work function w, or electron affinity ®,.
In consequence, these constants are probably better known for
tungsten than for any other metal or substance. For pure
tungsten, Eq. (23) is

52,400
I, = 60.2T%  22E (78)
cm.

Since ®, = 8.62 X 107%b,, the value of ®, for tungsten is 4.52
volts. Equation (78) is plotted in Fig. 12, page 61 of Chap. IV.

The operating temperature of any filamentary ' emitter is
chosen to be as high as possible consistent with reasonable life.
The life of a pure-metal filament is determined by the rate of
evaporation of the metal and the consequent reduction in cross
section. Following the practice of incandescent-lamp design, a
life of 2,000 hr. is often used as a basis of reference. If the
decrease in cross section is limited to 10 per cent, the tempera-

1 DavissoN and GERMER, Phys. Rev., 20, 300 (1922); DusamaN, RowE,
EwaLp, and KIpNER, Phys. Rev., 26, 338 (1925); ZWIKKER, Proc. Amst.
Acad. Sci., 29, 792 (1926).
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Langmuir published in 19162 some of the properties of tungsten
filaments, and in 1927 Jones and Langmuir® presented more
complete data, including the rate of evaporation as a function
of the temperature. From these data the curves of Fig. 36 were
calculated giving the temperature in degrees Kelvin, the resist-
ance in ohms, the heating power in watts, the voltage across
the filament, and the emission current in milliamperes, for fila-
ments 1 in. long and of various diameters in mils, operating at a
temperature to give a 10 per cent decrease in cross section in
2,000 hr, A curve is also shown in Fig. 36 for the emission
current in milliamperes per watt of heating power. Later in
this chapter the emission efficiency of tungsten will be discussed
in comparison with that of other emitters.

The emission and life of a tungsten filament are very much
affected by the presence of certain gases. All of the gases,
such as oxygen, nitrogen, carbon dioxide, water vapor, and
hydrocarbons, which can combine with the filament, so change
the surface of the emitter that the emission current is reduced.
At a relatively low temperature oxygen forms an oxide over the
surface of the filament, which very greatly reduces the emission.
At high temperatures this oxide is evaporated. For nitrogen,
Langmuir® found that the reduction of emission or ‘‘poisoning
action” occurs only when the filament is bombarded by positive
nitrogen ions. It is believed that nitrogen when ionized is more
active and can then combine with tungsten to form WN,.
Hydrogen, however, can reduce the surface compounds and
restore emission in some degree. Water vapor has a particularly
powerful effect in reducing emission and at a pressure of only
10~* mm. of mercury produces very great changes in space
current. The hydrocarbons and carbon dioxide are reduced
at the high temperature of the filament. The carbon combines
with the filament forming tungsten carbide (W,C) and, in the
presence of a large amount of carbon, WC is formed. This
results in a considerable increase in resistance of the filament,
as shown by the work of Andrews.* Inert gases, such as argon,

2 LANGMUIR, Phys. Rev., T, 302 (1916).

3 LANGMUIR, Phys. Rev., 2, 461 (1913).

4+ ANDREWS, J. Phys. Chem., 27, 270 (1923).

8 JoNEs and LANGMUIR, Gen. Elec. Rev., 30, 310, 354 (1927); FORSYTHE
and WoRTHING, Astrophys. J., 61, 146 (1925); Phys. Rev., 18, 144 (1921);
Zw1kKER, Physica, 6, 249 (1925); Arch. Néerland. sci., 9, 207 (1925).






TaBLE VI.—SpEcIFIC CHARACTERISTICS OF IDEAL TUNGSTEN FILAMENTs!

(For wire 1 cm. long and 1 ¢m. in diameter)

1 2 3 ] 4 | 5 8 , 7 | 8 ‘ 9
w’ R’ X 108 | a’ | v’ X 108 c ' L ‘ r . R'1/R's
oK w/d (Rd2/) X 108 A/d% (VVdn) x 10 c/ud ' 1.02C"x? ‘ I/1d ‘ Rr/Rwm
, °K.
watts cm. "t ohms cm. amp. em.-3¢ volts cm.~ %% im'c;“_l:ﬂ“ lumens em. -t amp. em.~2
213 | ... 6.37 | i | s e 0.911
203 0.0 6.99 0.0 0.0 | e e 1.00
300 0.000100 7.20 3.73 0.027 | oo | 1.03
400 0.00624 10.26 24.67 0.258 | e i 1.467
500 0.0305 13.45 47.62 0640 | ...l 1.924
600 0.0954 16.85 75.25 1.268 | eeiiiiiiii | e 2.41
700 0.240 20,49 108.2 2,218 | oo e 2.93
800 0.530 24.19 148.0 LTS S U U R 3.48
900 1.041 27.94 193.1 5308 | eeiiiiiiii | i 4.00
1000 1.891 31.74 244.1 7.749 0.00013 0.00131 3.36 X 10-1s 4.54
1100 3.223 35.58 301.0 10.71 0.0011 0.0111 4.77 X 101 5.08
1200 5.210 39.46 363.4 14.34 0.0065 0.0855 3.08 X 10~ 5.85
1300 8.060 43.40 430.9 18.70 0.0285 0.286 1.01 X 109 6.22
1400 12.01 47.37 503.5 23.85 0.107 1.08 2.08 X 10~ 6.78
1500 17.33 51.40 580.6 29.85 0.343 3.44 2.87 X 1077 7.36
1600 24.32 55.46 662.2 36.73 0.956 9.60 2.91 X 1078 7.93
1700 33.28 59.58 747.3 44.52 2.40 24.1 2.22 X 10 8.52
1800 44 .54 63.74 836.0 53.28 5.27 53.0 1.40 X 10-¢ 9.12
1900 58.45 67.94 927.4 83.02 11.27 113.3 7.15 X 10~¢ 9.72

1 Jones and Langmuir, General Electric Rev., 30, 310, 354 (1927).
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of hot to cold resistance of these filaments is also given in Table
VIIL

TasLE VIIL.—REsISTIVITY AND POWER RADIATED FROM COATED
FiLaMENTS oF BAO + SrO

Power radiated, W, watts per Hot resistance
square centimeter Cold resistance
T, °K
W.E. or combined- W.E. or combined-
type cathode Konel type cathode Konel
300 0.022 1.00 1.00
700 0.79 1.66 1.80 1.11
800 1.41 3.01 1.96 1.13
- 900 2.35 4.72 2.12 1.16
1000 3.73 6.57 2.26 1.19
1100 5.67 8.91 2.40 1.21
1200 10.70 2.53 1.24
1300 15.15 2.65 1.27
1400 20.93 2.75 1.29
1500 28.31 2.85 1.32

The emission efficiency is discussed later and the values for
oxide-coated cathodes are given in Fig. 44, page 125.

The coated cathodes have one outstanding weakness, namely,
the development of so-called ‘‘hot-spots,” evidenced by intense
local heating at one or more points on the cathode, by the flying
off of hot particles of oxide coating, and usually by the melting
and burning out of filamentary cathodes. These hot-spots
are much more apt to form when high plate voltages are used,
particularly if the space current is limited by underheating of
the cathode. Thick oxide coatings are much more subject to
this difficulty. The reason for the formation of these hot-spots,
as given by Arnold,? is as follows: When the temperature is
low, the resistance of the coating is high and a thick portion
with a higher resistance is more heated by the space current than
a thin portion. This higher temperature increases the emission,
which then causes more heat. Thus the temperature builds
up to the vaporizing point of the oxide and the melting point
of the core metal. Such local increase in current does not
usually take place if the space current is limited by space charge.
This weakness of oxide-coated cathodes has prevented up to the
present time their use in high-voltage high-vacuum tubes.
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The useful life of an oxide-coated filament is terminated
either by burn-out of the filament or by loss in emission due to
operation at too high a temperature. If the coating is sintered
by excessive temperature, the emission cannot be restored in
full by any process of activation. The formation of hot-spots
or the flaking off of the coating from any cause may so much
reduce the coating that the cathode becomes useless. Some
oxide-coated cathodes have operated for thousands of hours
without appreciable decrease in emission.

III. METAL FILAMENTS HAVING AN ADSORBED MONATOMIC
FILM OF AN ELECTROPOSITIVE METAL

59. Discovery and Mechanism of Emission of Adsorbed
Monatomic Films.—Langmuir® discovered in 1914 that thoria,
which is often admixed with the tungsten in the manufacture of
tungsten filaments to reduce the recrystallization of the filaments,
can under proper conditions increase tremendously the thermionic
emission of the filament. Further investigation?’ showed that
metallic thorium, produced by the reduction of the thoria at
high temperatures, gradually diffuses to the surface of the
filament under proper conditions of temperature and vacuum
and forms there an active layer one molecule thick. Thorium
has a low electron affinity and emits electrons abundantly at
low temperatures, yet the work function of a monatomic layer
of thorium on tungsten is lower than that of pure thorium and
the emission at a given temperature is greater than for a pure
thorium wire. Furthermore, the so-called thoriated filament
can be operated at a much higher temperature than can a pure
filament of thorium, owing to the strong force of adhesion which
retards the evaporation of the monatomic layer.

The high emission of a thoriated wire can be explained in part
by the high electric field that results from the electrical double
layer. This double layer is due to the adsorbed layer of electro-
positive thorium atoms, many of which, as Becker?® has shown,
are adsorbed as positive ions. The intense electric field in the
surface layer is in a direction to assist an electron to escape,

26 LANGMUIR and RoGERs, Phys. Rev., 4, 544 (1914).

2" LANGMUIR, Phys. Rev., 22, 357 (1923); U. S. patents, 1,244,216, 1,244,217
(1917).

28 BECKER, Bell. Tel. Lab. Reprint B-412, or T'rans. Am. Electrochem. Soc.,
56, 153 (1929).
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and the force function near the surface is very different from
that near a surface of pure metal.

If oxygen, which is electronegative, is adsorbed on a surface
of tungsten, the work function is greatly increased owing to the
retarding field of the adsorbed negative ions ef oxygen. If,
however, a monatomic layer of barium is adsorbed on the layer
of adsorbed oxygen, the intense field between the negative
oxygen layer and the positive barium layer is in a direction to
assist the escape of an clectron. This field may extend many
atom diameters. The work function of such a composite surface
is less than that of a monatomic layer of barium on tungsten, and
the emission is many times greater at the same temperature.

60. Activation of Thoriated Tungsten Filaments.—In the
manufacture of a thoriated cathode, a few per cent (1 to 2 per
cent) of thorium oxide is added to the tungsten powder before
the sintering process. In the finished wire there may be left
only about 0.7 per cent of thorium oxide. This wire is mounted
in a vacuum tube, the tube is exhausted, and the glass and all
metal parts freed of occluded gas by baking in an oven and heat-
ing the electrodes by means of an induction furnace. Since
the thorium film is chemically very active, oxygen and water
vapor, if present, attack and destroy the film. Furthermore,
positive-ion bombardment, resulting from the ionization of
residual gas, quickly destroys the sensitive thorium film. For
these reasons it is more important in this case than in the case of
other types of emitters to procure the best vacuum possible.
Usually it is necessary to vaporize in the tube some active
chemical substance such as magnesium, calcium, phosphorus,
or some one of the several other suitable chemicals, which absorbs
the residual gas and produces and maintains a high vacuum.
These substances are popularly known as ‘“getters’” and their
use dates from 1884 when Malignani® patented the use of
‘““vaporizable reagents’’ to take up residual gases in an incan-
descent lamp. He used arsenic and iodine as vaporizable
reagents. Soddy,?® in 1906, vaporized calcium to clean up the
gases in a vacuum chamber and obtained thereby a very high
vacuum.

When the best vacuum procurable has been obtained, the
tungsten cathode is heated almost to its melting point, to about

2 MaALIGNANT, U. S. patent 537,693 (1884).
# Sopopy, U. S. patent 859,021 (1906).
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2500°C., for from Y4 to 2 min. This high temperature does two
things. First, the surface is cleaned owing to the vaporization
of any oxide film, and, second, some of the thoria inside the metal
of the eathode is reduced to metallic thorium. Since all thorium
which might have existed on the surface is evaporated at this
high temperature, the cathode immediately after this tempera-
ture treatment possesses only the emission of pure tungsten.

The activation process consists in heating the cathode to a
temperature within the range of from 1800 to 2000°C. Within
this temperature range the thorium, which was reduced by the
intense heating, diffuses rapidly outward and a monatomic layer
of thorium on clean tungsten builds up. The thorium apparently
moves between the tungsten crystals rather than through the
crystals, so that the finer the crystals the more readily does this
diffusion process progress.

The work function of -the cathode is reduced from that of
tungsten by an amount dependent on the fraction 6 of the
surface covered by the film of thorium. Langmuir?” assumed
that the work function for any

W5 value of 0 is a linear function of

s < 6 as given by the equation

& y bs = by + CO (81)

‘5 I~ Nottingham,

23 . where by is the equivalent value

s of bo of Eq. (23), b, is the value
200z 05 04 05 05 o7 05 o9 io  Of bo for pure tungsten, and C'is

Values of 8 a constantandequalto b — b,

Fia. 37.—®, vs. 6 for thorium on tung- 3 —
sten. (Dushman and Ewald.) bus bel_ng the Vfillle of b, for 6

1. Figure 37 is a plot of values

. b )
of ¢, t.e., %K; obtained by Dushman and Ewald3! for thorium on

tungsten. These values were obtained from emission data, cor-
rected for the Schottky effect by Eq. (74), page 88, in order to
obtain the emission for zero field outside the emitter. This correc-
tion as given by Eq. (74) is undoubtedly inaccurate, as pointed
out by Nottingham.$? This is due to the fact that the force field
assumed by Schottky (see Chap. IV) at the surface of a pure
metal is, as Becker has shown, very different near a surface

31 DusuMAN and EwALDp, Phys. Rev., 29, 857 (1927).
32 NoTTINGHAM, Phys. Rev., 36, 386 (1930).
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where I, is the saturation current for any value of 6, I, is the
saturation current for 6 = 0, and I is the saturation current for
6 = 1, all at the same temperature.

Becker® claims that when the film of adsorbed metal becomes
more than one atom thick, the emission decreases, as shown by
Fig. 39 taken from Becker’s paper. Langmuir has recently
expressed the opinion that it is impossible, under the conditions
of these experiments, to build a layer of alkali metal more than
one atom thick because of the rapid induced evaporation. If
this is true, then 6 is less than unity at maximum activity.

Langmuir has shown that, at constant temperature, 6 increases
with time according to curve A, Fig. 40a. This curve is plotted

1,000)
10— ——_————_—— === 100}
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'g 600} '
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3 400 o o4

§
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200} 001
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Time Time
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F1G. 40.—Rate of activation of thoriated-tungsten filaments. (Langmuir.)

logarithmically in curve B, Fig. 40b. From Eq. (83) the value
of 6 is OP/OM. According to Langmuir the value of § may be
expressed by the equation
6 =1— ¢k (85)
or
log. (1 — 6) = —Kt

The plot of log (1 — 8) against the time ¢ is a straight line, as
shown by curve C, Fig. 40b, the slope of which is the value of
the constant K, which measures the rate of activation. The
reciprocal of K is known as the activation time T,.

Figure 41, from Langmuir’s paper,” shows the activation
curves for a number of temperatures. The higher the tempera-
ture, the more rapidly the thorium diffuses outward to form the
film. Evaporation of thorium from the film also takes place
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where I, is the emission current per square centimeter, P’ is the
power per square centimeter, and C’ is a constant applying to 1
sq. cm. and hence is dependent only upon the material of the
emitter. It is apparent that

1,000
0
ggg C'=CA! (90)
600 L ER23) o
500 it If we divide Eq. (89) by P/,
400 Egs2Y - we have the emission efficiency
300 Eg-50 expressed as emission current
200 per square centimeter per watt
used in heating. This is de-
- ER noted by S and from Eq. (89),
S0 2379 | ,
390 Eg=63" ] I, T
38 S=F,=CP" (91)
5 60
@ 50 ol F}cxm Expressed for the total filament,
E a0l L[ 4233 ’
& 40 Ef-s.@ o Eq. (91) becomes
8 30 121 il ILA I
2 Eg=2.5 = 28 _ s _ pn
,§zo ] S=p1=7p P (92)
? Obviously, from Egs. (91)
2 and (92), S plotted against P or
, . .
H P’ on the special-coordinate
K “[uv202 chart of Fig.44 is astraightline,
5 v *[Eeo75 and is approximately a straight
¢ : line on ordinary logarithmic
3 paper. Of more practical in-
] terest is the value of S under
2 ov01 . eps
%I:;-s.o normal operating conditions
chosen to give a life of the order
1 of 2,000 hr., since this value

Fia. 45.—Emissiqn efficiency of com- gives an approximate compari—
mercial tubes. . L.

son of the relative emission
efficiencies of the three types of emitters. Values of S thus
obtained for a number of tubes for each type of emitter are
plotted in Fig. 45. A wide variation would naturally be expected
in the value of S for both the oxide-coated and thoriated filaments
because of different physical conditions and different degrees of
activation which are inevitably met with in commercial tubes.
Under operating conditions, it is evident that on the average the
emission efficiency of the thoriated filament is about ten times
that of tungsten, and the efficiency of the oxide-coated filament
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about one hundred times that of tungsten. It is to be noted that
the upper group of observations for oxide-coated emitters is for
filamentary cathodes, while the lower group is for separately
heated cathodes. The latter group would be expected to show a
lower efficiency than the former group.

62. Cooling of Ends of Filament.—In an actual tube the whole
of the filament is not at the same temperature, owing to the
conduction of heat away from the filament by the end connections
and supporting wires. The most marked effect produced by this
variation in temperature is a reduction in the emission, since those
parts of the filament which are cooled are less active in emitting
electrons. The effect is more pronounced for a short filament,
and the emission efficiency of such filaments is reduced by a con-
siderable amount.

Another effect of the cooling of the ends of the filament is to
round off the knee of the curve of emission current plotted against
plate voltage (see Fig. 27, page 84). The reason for this may be
made clear by considering that the resultant filament-saturation
curve is made up of the sum of many curves, each being for an
infinitesimal length of the filament and for a certain temperature,
the temperatures for most of the elemental curves being different.

63. Voltage Drop along Filament.—If the emitter is also the
heating element, there is a voltage drop along the filament of from
2 to 5 volts for receiving tubes, according to the design. The
voltage drop along the filament of a power tube is usually much
greater and may be as much as 50 volts. This potential gradient
along the filament has several effects. The difference of potential
between the positive plate and the negative end of the filament is
greater than that to the positive end of the filament. Conse-
quently, when the space current is limited by space charge,
the space current is greater from the negative end than from the
positive end of the filament. If the plate voltage is low, the
filament drop may be an appreciable fraction of the plate voltage,
so that the unequal distribution of space current along the fila-
ment is greatly accentuated. On the other hand, in transmitting
tubes, this inequality in distribution of the space current is
usually negligible because of the large plate voltage in comparison
with the filament voltage.

Another effect of the voltage drop along the filament is to
round off the knee of the space-charge-saturation curves of Fig.
28. The reason for this is similar to that already given for the
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where R is the resistance of the filament. At the negative end
the heating current is

%y r

=L+ —F%— (99)

Examining Eqs. (98) and (99), it is evident that the tempera-
ture of the positive end of the filament is reduced, while that
of the negative end of the filament is elevated by the space
current. In order that the increase in temperature of the nega-
tive end may be small, £, should be small. Increasing R, since
it increases R, helps to reduce the excessive heating of the nega-
tive end of the filament. We may make a general statement that,
when the space current is appreciable compared with the filament
current and there is danger of excessive heating of the negative end
of the filament, any external resistance in the filament circuit should
be connected between the negative end of the filament and the plate-
circuit connection to the filament circuat.

When alternating current is used to heat a filamentary emitter,
the plate return is connected to a mid-point tap on the secondary
winding of the transformer which supplies the heating current,
or to the mid-point of a resistance connected directly across the
filament. Assuming that the heating current I, in Eqgs. (97),
(98), and (99) is a sinusoidal current, ¢, = \/2/, sin wt, the
total instantaneous heating current at any point of the filament
from Eq. (97), is

R
_ : g TR
i =~/2I, sin wt + I, A (100)

The square of the effective value of current given by Eq. (100)
is
2

YR,
T 2
L™ "R (101)

If the transformer mid-point is used, R; and R, are practically
zero and the effective heating at any point of the filament is
proportional to

E=I'+4p

2
r=r+ P(% - %) (102)
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maintaining the vacuum in a tube. Often a small piece of
tantalum is welded to the plate for the purpose of absorbing gases.
Tantalum and molybdenum can be worked when cold, while
tungsten must be worked when hot.

The energy possessed by the rapidly moving electrons consti-
tuting the space current is converted into heat when the electrons
strike the plate. If the plate voltage is high, the amount of heat
may be sufficient to raise the temperature of the plate to incan-
descence. This heat is dissipated almost entirely by radiation.
The capacity of power tubes is limited by the rate at which the
plate loses its heat. The power in watts radiated from an exposed
surface of tungsten is given by Eq. (79). Table X gives the
watts radiated per square centimeter calculated by Eq. (79),
page 102, and the emission current calculated by Eq. (78) for
certain values of the absolute temperature 7.

TaBLE X.—PowER RADIATED AND EMr1ssioN CURRENT PER SQUARE
CENTIMETER FROM TUNGSTEN

T °K. P, watts per 1., milliampgres per
’ square centimeter | square centimeter
1000 0.5701 1.054 X 1012
1200 1.663 9.42 X 107
1400 3.898 6.56 X 10~¢
1600 7.89 5.82 X 107¢
1800 14.37 4.56 X 1072
2000 24.01 1.008
2200 38.31 13.2
2400 57.78 114.3
2600 83.80 719

According to the data of Table X it is permissible to dissipate
about 12 to 14 watts per square centimeter. A higher tempera-
ture would cause too great an emission from the plate.

It is customary to blacken the surfaces of the plates of some
tubes by carbonizing or by oxidizing in order to increase the
radiating efficiency of the plates. When the plates are thus
treated, the dissipation may be several times greater than that
given by Eq. (79).
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as proved by several years of use by the author. Special symbols
are required, although more awkward alternatives to the special
symbols are suggested, to be used when the special type is not
available.

70. Fundamental Scheme of System of Symbols.—Before
deseribing in detail the various symbols, a few general principles
are presented.

1. Capital letters are used only for quantities which are not
directly functions of time, current, or potential, but which may be
functions of frequency.

2. Small letters are used for instantaneous values of quantities
which are directly functions of time or of some other independent
variable such as current, potential, temperature.

3. Boldface type is used to denote complex or vector quantities.

4. Subscripts immediately following a letter symbol denote, in
general, location rather than kind of quantity.

a. Subscripts f, p, and g immediately following a letter
denote quantities directly associated with the filament,
plate, and grid of a vacuum tube.

b. Subscripts a, b, and ¢ immediately following a letter
denote quantities which are associated with the portions
of the filament, plate, and grid circuits external to the
vacuum tube.

¢. Capital letter subscripts A, B, and C denote sources of
power, such as batteries and generators, in the filament,
plate, and grid circuits.

5. Subscripts immediately following parentheses enclosing a
quantity indicate the frequency of the alternating quantity or the
Jrequency at which the quantity is evaluated.

Subscripts A, 7, and ! immediately following parentheses
enclosing a quantity are used to indicate high, intermedi-
ate, and low frequencies.

6. Those electrical quantities most used, such as total instanta-
neous values and effective or r.m.s. values, are denoted simply by
small and capital letters with no attached supersigns.

Note.—The symbols used in the first five chapters are not in strict
accordance with this proposed system. Capital letters I and E were there
used to denote steady values instead of r.m.s. values. It seemed unwise to
introduce before this point a more or less complicated system of symbols.
A small letter for potential might have been confused with the symbol for
electronic charge which is now so firmly established by usage that it seemed
unwise to change the letter for it.
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Similarly, the voltages e, ., and ¢, may be made up of steady and
sinusoidal components. The currents to plate and grid may also
be made up of components as shown in the figure.

The system of symbols described is adequate to distinguish
the various quantities which are usually dealt with in theoretical
discussions of the operation of vacuum tubes. When the theory
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FiG. 51.—Illustration of use of symbols.

is simple and, in consequence, few symbols are necessary, some
of the special signs may be omitted. In problems dealing only
with direct currents, it would be absurd to place a dash over every
letter denoting current and potential. The tilde sign may be
omitted if only sinusoidal variations are being considered.

In later chapters, other special letters and symbols will be used
to represent special quantities then defined. For a complete list
of symbols see page v.
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In Fig. 52, F, G, and P represent the filament, grid, and plate
of a triode. The directions of the positive currents (opposite to
direction of travel of the electrons) I, ,, and 7, are indicated by
arrows. The potentials of the grid and plate with respect to
the filament are determined by the grid and plate batteries E¢
and E;. In the arrangement shown, ¢, = E; and e, = Ej.

Observe the use of the notation for steady current to indicate
the filament current, because in general it is held constant. The
plate and grid currents and the corresponding plate and grid volt-
ages are indicated by small letters,

i
because in general in the opera- <F X
tion of the tube they vary with
time. Although the characteris- p=—"iee +e'P A

tics may be obtained experiment- i
ally by using steady values of © °°°°°°°°—<ﬁ_ : =
current and voltage, these char- + :tgc
acteristics of the tube are valid :

for varying current and voltage
and are expressed, therefore, in
terms of instantaneous values.

We shall first examine the elec-
trostatic fields in the vacuum
tube before the filament is heated. The intensity of the electro-
static field at the filament due to the grid voltage alone, the plate
voltage being zero, is proportional to e,. Further, if ¢, be
assumed zero and e, be applied, the intensity of the field at
the filament due to e, is the same as though some smaller volt-
age De,, where D is a constant, were impressed between fila-
ment and grid in place of ¢, between filament and plate.

The constant factor D takes account of the shielding effect
of the grid mesh and the greater distance from the filament to
the plate than from the filament to the grid. Van der Bijl used
the Greek letter v to denote the shielding factor D, whereas in
German literature the letter D is used and is called the Durchgriff.
Obviously D has a value less than unity.

If ¢, and ¢, are simultaneously impressed, the resulting field
at the filament is equal to the sum of the fields due to e, and e,
acting separately and is proportional to ¢, + De,. Therefore,
¢s + De, is an equivalent grid voltage which would produce the
same field intensity at the filament as is actually produced by the

Fi1. 52.—The triode.
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The dotted lines are loci of constant ratio of plate to grid current,
the ratio being noted on the curves.

The constant total-current curves are not always so regular
and straight as those shown in Fig. 53. For example, the curves
of Fig. 54 were taken for a tube of cylindrical plate and grid and
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Fi1G. 55.—Total space current vs. equivalent grid voltage. Tungsten filament
(UV 201). D = 0.181.

a separately heated, oxide-coated cathode. For positive values of
e, the value of D is practically constant for a constant value of
total space current. D varies somewhat as the space current
varies, being about 0.090 for 20 milliamp. and 0.105 for 5 milli-
amp. The same effect described in the case of Fig. 53 operates
to increase D for small values of current. The variation of D
for large values of current in this tube is due to irregularity of the
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ticularly noteworthy that, except for very low values of e,, the
plate voltage has very little effect upon the grid current for
the range shown in Fig. 64. This is shown better by the
i, —e, curves of Fig. 65.

The characteristic curves just described may be considered as
typical of the characteristic curves of all high-vacuum triodes.
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Fig. 63.—Static characteristic curves of a triode. 1, — ¢, curves for constant
plate voltage (UV 201).
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Of course, certain features may be exaggerated in certain tubes,
and the scales of current and voltage vary according to the dis-
tances between electrodes, size of electrodes, and closeness of
grid mesh. The saturation of the plate and grid currents shown
in Figs. 56, 57, and 59 for the tube with a tungsten filament is
much less pronounced for tubes having oxide-coated or thoriated
cathodes. The presence of gas greatly distorts the character-
istics, as will be explained in Chap. X.

78. Time Lag in Vacuum Tubes.—In a triode, the only effects
which can cause a time lag between the plate current or the grid
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only gas-free tubes are considered and the lag due to the electrons
is neglected. The static characteristic curves of Figs. 53 to 65
may be considered valid for rapid changes of the variables.

79. Variational Characteristics of Triodes.—The character-
istics of triodes have been deseribed thus far in terms of char-
acteristic curves. We shall now develop a general mathematical
method for dealing quantitatively with these characteristics.
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F1a. 65.—Static characteristic curves of a triode. 17, — e, curves for constant
grid voltage (UV 201).

We may start with Eqs. (120) and (121) and assume the tem-
perature of the cathode to be constant. The total differential
of Eq. (120) is

L Oy O
dip, = ae,,de” + ae,,de" (122)
Similarly, for Eq. (121),
.91, 9,
d’Lg = &;de,, + aegdeg (123)
Expressions (122) and (123) are general relations which depend
upon no assumptions or restrictions as to the functional relations
(120) and (121) except that these functions be continuous.

The four partial derivatives occurring in Eqs. (122) and (123)
are important coefficients and are given specific names. The
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A similar analysis may be carried through for the grid-current
equation, Eq. (125). Putting di, equal to zero,

de, _ % _ S
<d—e;>‘“o=0 - <aep>‘a=°°"“~ h k, (128)

The negative of the partial derivative expressed in Eq. (128)
is known as the variational reflex factor, or the variational reflex
voltage ratio, and is denoted by u,. A relation similar to Eq.
(127) obtains for the grid coefficients, namely,

Sy = Uk, (129)

For easy reference the six coefficients are listed below:

INCAYER
ks = (a—> =%

1)
Sp = <&§)% Sp = Uk,
ae,,)
e (i
de, /s,
130
(N1 (130)
‘o aeﬂ €p B Tg
07,
Sy = <a_;:>e,, Sg = Woks

_ de,
w= (G,

Referring to Eq. (117), page 152, the voltage ratio u is given by

dep
¢ <aea)iy+i,—const‘ ( 3 )

If ¢, is negative and hence 7, is zero, Eq. (131) reduces to Eq.
(126) and u becomes u,. Further, if ¢, is negative, ¢, is zero and
u becomes 1/u,. If we add Egs. (124) and (125),

d(tp + 1,) = (kp + s;)dey + (55 + k,)de, (132)
Following the method used in arriving at Eq. (126), we have

s+ k,
u = s %, (133)

The six variational coefficients of a triode, as defined in Eqgs.
(130), are the fundamental factors in terms of which the
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theory of operation of the vacuum tube is developed. It is
therefore essential to become familiar with the definitions of
the coefficients and to have a visual picture of the manner in
which the coefficients vary over the characteristic surfaces of a
triode. Although triodes may vary considerably in design, the
effects of varying the size, shape, and spacings of the electrodes
are principally to change the scales of the characteristic surfaces,
without materially altering their general shape. As a necessary
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F16. 66.—Transconductance of a triode (UV 201).
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consequence, the variations of the six coefficients over the
characteristic surfaces are similar for all triodes, even though not
the same in scale and magnitude.

The variational characteristics of a vacuum tube can be
plotted in two ways. The first and usual method consists in
plotting the values of the coefficients against one of the variables,
such as e, or e,. Such graphs for the variational coefficients,
corresponding to the particular characteristic curves of Figs.
62 to 65, are plotted against ¢, in Figs. 66 to 71.
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The variational properties of a triode may also be shown to
advantage by drawing contours for constant values of the coeffi-
cients on the static characteristic curves as in Figs. 72 and 73.

The triode coefficients can be approximately determined
directly from the static characteristic curves in the region where
the curves are approximately straight. For example, let the
curves of Fig. 74 be two of the ¢, — e, curves of a tube for two
grid voltages differing by a finite amount Ae,. The ratio (ab/ca)
is approximately k, and is the slope of the 7, — e, curves. Also,
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Fi1c. 69.—Reflex transconductance of a triode (UV 201).
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sp is approximately (A7,/Ae,)c,—const. OF ab/Ae,; and u, is approx-
imately (—Ae,/Ae,)i —oone. OF —(ca/Ae,).

The values of the coefficients obtained by using finite incre-
ments of the variables are inaccurate if the increments are large or
if the curvature is appreciable. However, approximate values
are conveniently determined by this method. Any one of the
three families of curves for the plate current, two of which are
shown in Figs. 62 and 63, gives all three of the plate coefficients.
Similarly, all three of the grid coefficients can be obtained from
any one of the three sets of grid-current curves, two of which are
shown in Figs. 64 and 65. The coefficients can be more accu-
rately determined from the static characteristic curves by measur-
ing the slopes of the curves. By this method, the slopes of the
curves of Fig. 62 give k,, the slopes from Fig. 63 give s,, etc.
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The graphical methods as outlined for determining the six
coefficients are inaccurate and cumbersome. Electrical methods
for directly measuring the coefficients are in common use and will
be described in a later chapter.

An examination of Fig. 68 shows that u, is approximately con-
stant for negative values of ¢, for the particular triode used. The
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Fig. 70.—Grid variational conductance of a triode (UV 201).

plate conductance k,, shown in Fig. 67, and the transconductance,
given in Fig. 66, are not constant over any considerable range.
Wherever the graph of k, or s, is straight, the corresponding static
characteristic curve is parabolic in shape. If the graph of &, or s,
is a straight horizontal line, the corresponding static character-
istic graph is straight. Figures 69 and 71 show that, within the
range of voltages of the graphs, both s, and u, are negative
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values of ¢,. It is zero for negative values of ¢, because there is
then no grid current. Figure 59 shows that s, is negative for
small positive values of e,. It becomes positive for certain
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F1a. 73.—Contours of plate variational conductance of a triode (UV 201).
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values of e, for which u, is positive. For negative values of
€, S, is in general positive but very small.

Since vacuum tubes are more often operated with negatively
polarized grids, and s, and k, are then zero, the grid coefficients
are of little interest compared to the much more important plate
coefficients u,, kp, and s,.
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Miller in March, 1919, in a report at the Bureau of Standards,
which was later published,!? gives the following formula for the
voltage ratio of a triode with plane electrodes. The cathode is
assumed to be an infinite emitting plane.

2rnb

= g Z s (plane electrodes—Miller) (134)

where b is the distance from the grid to the plate, n is the number
of grid wires per centimeter length of grid, and p is the radius of
the grid wires.

King!® calculated the following two expressions for u, the
first for plane electrodes and the second for cylindrical electrodes,
the grid wires being assumed parallel to the axis of the cylinders.

2mnb

U= (plane electrodes—King) (135)
log. 2mrpn
2rnb 22

u = ';” (eylindrical electrodes—King) (136)
log, -~——
2mpn

In Eq. (136), p, and p, are the radii of the grid and plate.
Equations (134) and (135) are practically the same if wpn is a
small angle.

In deriving these expressions for u, the radius of the grid
wires was assumed small in comparison with the distance between
wires. Vogdes and Elder!? have given the following expressions
which are not thus limited. These are the most accurate expres-
sions yet derived for this important parameter.

v = 2rnb — log. cosh 2mnp

Tog. coth 2r7p (plane electrodes—Vogdes and Elder)

(137)

2mnp, log. f)—” — log, cosh 27np

u = ? (cylindrical electrodes—

log. eoth 27np
Vogdes and Elder) (138)

In Eq. (138), if ? is less than 2, log, %’ may be expanded in
(4 (4
a series, and Eq. (138) becomes
27mb1—1—lz+—1-b-2—--~ — log. cosh 2mn,
2 Po 3 Po & P

v= log. coth 2znp

(139)
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If b/p, is small in comparison with unity, Eq. (139) becomes the
same as Eq. (137) for the plane electrodes. As the value of
b/p, increases, the value of u for a cylindrical arrangement
of electrodes becomes less than that for a plane arrangement of
electrodes, the values of p and » remaining the same. The value
of the series in brackets, Eq. (139), is plotted against b/p, in
Tig. 78. Since the last term in the numerator of Egs. (137),
(138), and (139) is usually small in comparison with the first
term, the plot of Fig. 78 gives a fair idea of the ratio of values
of u for a plane and a cylindrical arrangement, the values of
p, n, and b being the same.
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The formulas for the cylindrical arrangement of electrodes
were derived for grids having wires parallel to the axis of the
cylinder, whereas most commercial triodes have helically wound
grids. However, formula (138) gives results which are in fair
agreement with the measured values of u, as is shown by the
following table taken from the paper by Vogdes and Elder.1?

TABLE XI,—CALCULATED AND OBSERVED VALUES OF u FOR TRIODES WITH
HevicanL Grips

Tube.... ... (a) ) (c)
Calculated by Eq. (138).............. ... ... 5.97 16.7 34.5
Observed.............. ... ... ... 6.25 18.0 34.0

The variation of u caused by a change in the position of the
maximum density of the space charge is well shown in Fig. 79.
This is a plot of the measured values of u along constant total-
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through a maximum as p,, the distance from the axis of the
cathode to the grid, is varied. And u varies very rapidly as

140 T T I T T T T
él,l_'..,{exfo”' 2renp{2 g Loge Ppps2ripTonh e 25uriag Loge P p-Loge Cosh 2np Yo CocH eenpTonh 2
dau (Logg Coth 2rene) Zrenyprg Loge Pp/fogLoge Cosh 2rtip) '

v = 2rrog Loge Py /g Loge Coshinng
logg Coth 2nnp
24 100 //
22 580 /
9220 60 No. 227 tube
St / 79 pp=0.124"
v
— g =00775"
18 40 / ' p =00025"
.0 =305TPINormal)
n Varied i
16 20 . 1
20 2 24 26 28 30 32 34 36 38

Grid Turns per Inch-n

F1a. 85.—Variation of u with grid mesh for a triode having cylindrical electrodes.
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F1a. 86.—Variation of u with radius of grid wire for a triode having cylindrical
electrodes.

p, is varied, when p,/p, is much different from the value which
gives a maximum value of ». The maximum value of u occurs
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sponding to n,, and the other a voltage ratio u., corresponding
to ne. When the grid and plate voltages are such as to reduce
to zero the current through the high-u section of the grid, current
may flow through the other section, and the equivalent value
of u for the tube is u,. For larger values of the space current,
both parts of the grid are operative and the equivalent value
of u is greater than u,.

The above example can be treated analytically as follows.
Let the space current through the two portions of the grid be
given by

i1 = Bi(ep + we,)” (140)

42 = Ba(e, + use,)”” (141)
where 2, and z, may have any values, which usually range, how-
ever, from 1 to 2.

The total space current 7 through the tube is found by adding
Eqgs. (140) and (141). Since u = 9:/de, + 91/dep,

— Blulxl(e,, + uleg):l_l + Bzu2x2(3p + u2ev)h_l

142
Bixi(ep + u1€,)7! + Baxa(e, + uge,)®! (142)
or
1 z-1 1 z-1
B, » 2wy + ByFp * zau,
u = 1T zi—1 T zio1 (143)

By # 3y + By ** 29

Equation (143) shows that the equivalent value of u depends on
the current passed by the two sections of the grid.

We shall now make a more general analysis of a triode having
variable dimensions or parameters. First, imagine the triode
divided into sections by planes perpendicular to the length or
axis of the elements and hence coincident with the lines of flow
of the electrons. These sections are to be made so small that
the various parameters in a section may be considered constant.
The sections may differ owing to one or more of several reasons.
Any of the dimensions of the electrodes may be different; the
electrodes may be out of line or eccentric or deformed; the emis-
sion of the cathode may be different in the various sections
owing to varying temperature or to the emission constants vary-
ing along the cathode. Let the subscripts 1, 2, 3, etc., denote
the quantities pertaining to the several sections. Each section
passes a certain plate current and a certain grid current and has
certain differential parameters. For example, the mth section
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passes a plate current i,» and a grid current 7, and has a trans-
conductance s, and plate-voltage ratio u,m. Then,

p = Zipmy and i, = Ziym (144)
The equivalent transconductance is
Sp = ZSpm (145)
The equivalent reflex transconductance is
S, = ZSym (146)
The equivalent plate and grid variational conductances are
k, = Skpm (147)
ky = Zkym (148)
The equivalent plate-voltage ratio is, by Eq. (127),
up = Zigben (149)
and the equivalent reflex factor is, by Eq. (129),
w - B 120

Formulas (145) to (150) apply not only to triodes which vary
within themselves but also to triodes in parallel. For example,
two triodes in parallel act as a single triode having a plate-
voltage ratio

u, = Upkp, + u,,,k,,,’
ko, + ko,

an equivalent transconductance equal to the sum of the individual
transconductances, and an equivalent plate conductance equal
to the sum of the individual plate conductances.

The value of the equivalent voltage ratio given by Eq. (149)
nearly always increases with increasing grid voltage. This can
best be shown by differentiating Eq. (149) with respect to e,.
The result is

dupm dpm) | Zttpmkpmgdhipm
o, | 205) + 2oiz) | - 2T
deg N kam

If the values of u,.» be considered to be independent of ¢,, the
first term of Eq. (151) can be neglected, and

(151)
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acts in a circuit containing Z. and r,. 'This is the most general
statement of the e-g-c. theorem.

Following the same procedure adopted in developing the e-p-c.
theorem, we may extend Eq. (167), without much error, to apply
to small finite currents and potentials AZ,, Aey, Ae, and Ae,,
measured from the operating point of the grid-current surface.
Thus Eq. (167) becomes

1,41, + Ae. = Aeg + uylep (169)

If Ae. is expressed in terms of its components across the parts
of the impedance Z.,

d(Ala) [ (Ad,)dt

= R.Ai, + L. + ¢ (170)
which gives, combined with Eq. (169),
d(m") ¥ (B + r)Ai, + 1 (Aé, D% _ pgy + ugde, (171)

In Eq. (171), Ai, is a small finite current and Aep, and Ae, are
small finite potentials measured from the steady values of the
total current and potentials. They are, therefore, small variable
current and potentials, measured from a new origin of coordinates,
the A sign being unnecessary except to indicate that the theorem
applies only to such small current and potential changes that r,
and u, are essentially constant. Equation (171) is another way of
stating mathematically the e-g-c. theorem.

If Aeo is a small sinusoidal e.m.f. of effective value AE,, solving
Eq. (171) gives
AEO + u,,AE,,

T + Z.

When the grid of a triode is polarized negatively, the grid
current is zero and r, is infinite.

86. Equivalent Circuits of the Triode.—The two theorems just
derived show that if the variations of potentials and currents
in the circuits of a triode are small, so that the triode coefficients
are essentially constant over the range of variation, the changes
can be calculated by considering them apart from the steady
components of currents and potentials. This permits us to draw
separate equivalent-circuit diagrams for the separate components
of the curreuts and potentials.

Al = 172)
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of the triode are neglected, so that the circuit diagram of Fig. 93
is applicable only when the rates of change of the electrical
quantities are so low that these capacitances have no appreciable
effect. In Chap. XI the equivalent circuits will be treated when
the capacitance effects are included.

If the impressed e.m.f. A¢, is sinusoidal, with r.m.s. value AE,,
the r.m.s. currents are calculated by the use of the equivalent
circuits of Fig. 94. Here also, the effects of the capacitances of
the triode are neglected, which limits the use of the circuits of
Fig. 94 to low frequencies. The complete equivalent circuit is

+AE, - F

F1a. 94.—Equivalent circuits of the triode for a-c. components of current and
potential. Electrode capacitances neglected.

obtained by placing capacitances between each pair of electrode
terminals. The complete circuit is discussed in Chap. X1I.

86. Alternative Equivalent Circuits of a Triode with Constant-
current Generator.—An alternative equivalent circuit, which
involves a constant-current generator, can be derived easily from
the equivalent-circuit theorems already given. This alternative
circuit was first suggested probably by Mayer?® in 1926 and later
strongly recommended by Bligh.* It leads to a considerable
simplification of some problems, as will presently appear.

Dividing Eq. (157) by r,,

. _ upde,  dey
dip = o T, (173)
or
., de
spde, = dip + - (174)
P

The equivalent plate circuit of Fig. 95 is consistent with Eq.
(174). The equivalent internal series circuit of Fig. 93 is replaced

3 MAYER, Tel. Fernspr. Tech., November, 1926.
$ BLigH, E.W. and W.E., T, 480 (1930).
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The advantage of the equivalent circuits of Figs. 95 and 96
arises from the fact that all of the circuits are in parallel. Since
admittances rather than impedances are simpler in dealing with
parallel circuits, the circuit elements in Fig. 96 are indicated as
admittances. Equations (174) and (175), when expressed in
admittances and applied to a-c. problems, become

SpAEg = (kp + Yb)AEb (176)
and
s,AE, = (k, + Y.)AE, (AE, = 0) (177

An extension of the principles given for triode circuits, in which
the currents through the interelectrode capacitances are included,
is given in Chap. XI.

II. PATH OF OPERATING POINT

In gaining a thorough understanding of the operation of a
device, graphical methods are often of greater assistance than a
purely mathematical analysis; as, for instance, a shunt-wound
generator has a characteristic curve which cannot easily be
expressed in mathematical form. The performance of the shunt
generator with any specified load is expressed graphically. Simi-
larly, a triode is a device whose performance is often much more
easily explained by diagrams than by equations.

Consider in somewhat greater detail a few of the diagrams
showing the path on the characteristic plate and grid surfaces
over which the operating points move under various conditions
of operation.

87. Steady-current Problem.—For the present, attention will
be confined to the plate circuit. The treatment of the steady-
current problem of Fig. 92 for the determination of the position
of the Q-point is as follows: The curves of Fig. 97 represent
the 7,—e, characteristics of a triode. From a point on the
voltage axis, determined by the voltage Ep of the plate-circuit
battery, a straight line ad is drawn making an angle with the
vertical whose tangent, taking account of scales, is equal to the
resistance B;. The intersection of the line ad with the particular
characteristic curve determined by the steady grid potential £,
gives the quiescent point §. Point @ determines the steady
plate current I, and the steady plate voltage E,. A line drawn
from @ to the origin O makes an angle with the vertical axis
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external resistance (R), is the same for all a-c. components of
the grid-voltage variations, the a-c. path is through A4, as indi-
cated by ph of Fig. 102. This average point lies on the charac-
teristic surface of the triode because all variables are linearly
related, and hence the curve for average grid voltage E, passes
through A. In this case the Q-point does not lie on the path of
operation. The instantaneous values of plate current and plate
voltage, corresponding to the instantaneous value of grid voltage
numerically equal to E, (when Ae, = 0), are determined by a new
point B on the path of operation. Points @, 4, and B are all
on the characteristic surface of the triode.
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_ F1c. 103.—Path of operation on the plane region of the characteristic surface.
Ry > Ry and X, # 0. Ae, = AE, sin wt. Arrows give direction for capacitive
reactance.

90. Varying-current Problem When Z; Has a Resistance,
R, =« R,, and a Reactance. Q-point on the Plane Region of
the Characteristic Surface.—Consider the path followed by the
operating point when the path is still located entirely on the
plane portion of the plate-current characteristic surface, but when
the impedance Z, has a resistance to steady current of R, an
equivalent resistance (Rp), to alternating current of frequency
w/2r, and a reactance X, for the same frequency. If the alter-
nating component of the plate current is A7, = Al sin wt,

26y = —te = —BL/TRE T Xy sim (ut + tan (55 )
b)w

= —A1,(Ry)., sin wt — ALX, cos wt
— (Ry)utip — X, VAIZ — A

Il
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may exist, as illustrated in Fig. 110 by the currents 7,,, 75, and
1.7, where S is the point of ionization. When ionization plays
an important part in the conduction, there are many points
indicated by S.

We shall now analyze the simpler and more usual case illus-
trated in Fig. 109. The extension of the treatment to the more
complicated case of Fig. 110 is left for the reader.

The sum of the voltages in the plate circuit, multiplied by
the current 7, and averaged over a time 7', which is the longest
period of the electrical variations, gives the power equation

1 T_ 1 T 1 T
Tﬁ EBipdt - 'TJ; ebi,,dt - TJ; e,,i,,dt =0 (180)

Since 7, = 1,7 + 7,5, Eq. (180) becomes
17 1("
Py — P, — TJ; eplprdt — TJ; eplpdl = 0 (181)

The first integral in Eq. (180) is the power delivered by the plate
battery and is denoted by P5. The second integral in Eq. (180)
is the total power delivered to the load Z, and is denoted by P,.
The third term in Eq. (181) represents power lost in heat within
the tube and is denoted by H,;, The last term in Eq. (181)
will be dealt with presently.

The power equation for the grid circuit is obtained in a similar
manner and is ‘

175 17 1 (7 17
TJ; Eo’l,,,dt + 'T,J; eaigdt - TJ; eci,,dt - TJ; egi‘,dt =0 (182)

Since 7, = 15, — 1py, Eq. (182) becomes

1 (7 17
Pe+ Py — P, — T J; esiosdt + J; esipgdt = 0  (183)

The terms in Eq. (183) are power delivered by the C-battery,
power delivered by the e.m.f. e;, power delivered to the load Z.,
heat lost within the tube and denoted by H,;, and a term to be
considered.

The sum of Eqgs. (181) and (183) is

T
Pot Pot Py = Py Pot Hyy + Hyp f (e ea)ipudt (184)

The left-hand side of Eq. (184) is the total power input to the
system, and the right-hand side is the equal amount- of power,
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without unduly reducing the sensitivity of the apparatus. The
applied alternating e.m.f. should be such that further reduction in
its magnitude makes no appreciable change in the observed value
of the coefficient being determined. Usually a one-stage or a
two-stage amplifier is necessary to obtain sufficient sensitivity and
accuracy, but in the following diagrams the detecting device, for
simplicity, is indicated as a telephone receiver.

The plate and grid ecircuits, when carrying steady currents,
should have, where possible, low-resistance paths for these steady
components. Otherwise, the actual steady plate or grid voltages
are different from the battery voltages, and correction must be
made by an amount equal to the external resistance drop. When
the amplifier or telephone receivers are in a circuit carrying a
direct current, this steady current can be shunted to advantage
around the high-resistance telephone or amplifier transformer
by a low-resistance choke coil having a high reactance to the
alternating current. The primary winding of a filament trans-
former or of a bell-ringing transformer is suitable for this purpose.

Another important consideration is the effect of stray capaci-
tances, particularly the capacitances between the electrodes of the
tube, between the parts of the socket and wires, and from the
batteries to ground. These capacitances must be considered as
part of the bridge network and, as far as possible, must be bal-
anced out in order to obtain the most accurate results. This
can be done by the addition of other variable capacitances, or by
a small mutual inductance, properly connected, as will appear
when considering the diagrams of connections. The circuits
should not be grounded except when grounding causes no error
in the balance. The Wagner ground connection should be used
where possible.

The a-c. impedance of the telephone receivers or the input to
the amplifier system should in each case be adjusted, by trans-
former if necessary, to give greatest sensitivity for the particular
circuit. Highest sensitivityis obtained when the inputimpedance
of the detecting device is approximately equal to the impedance
of the ecircuit to which it is connected.

Usually, the grid and plate voltages are made continuously
variable by means of voltage dividers, as shown for the grid
voltage in Fig. 116b. When this arrangement is used, the
alternating component of the current should be shunted around
the potential divider by a large condenser of the order of several
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and u, is different from zero. Therefore, u, is of interest when
dealing with high-vacuum tubes only when the tube is used as a
detector under certain conditions, or as an inverted vacuum-tube
voltmeter, or in any other use in which a grid current flows. For
gaseous tubes, u, is of considerable importance. u, is usually
a small positive quantity, but under certain conditions it may
assume large negative values. .

Positive values of u, can be measured by the circuit shown
in Fig. 118¢; negative values of u, can be measured by the circuits
of Fig. 118, h and 7.

The nine schemes for measuring voltage ratios are collected
for easy comparison in Fig. 118. They can be obtained from a
single set-up by the use of reversing switches for R; and R,
and jacks for plugging the telephone receivers, together with
their shunt potential divider, into any one of the three positions
shown in Fig. 118. The capacitances enclosed in parentheses
are not balanced out, but their effect can be made small by
giving a small value to resistance R, or R,, whichever shunts the
capacitance. The triode capacitances not lettered have no
effect on the bridge balance. In all cases R’ should be large
compared to R”, and a low-resistance steady-current path must
be provided by shunting the telephone receivers and the source of
alternating potential by low-resistance choke coils.

103. Measurement of %,.—The coefficient k, can be measured
best by the use of the ordinary four-branch bridge, as shown
diagrammatically in Fig. 119. At balance, k, is given by the
relation

R,
k, = R.E (224)
It is convenient to give R a fixed value of 10,000 ohms, and R; a
fixed value of 10 or 100 ohms. The resistance R, should be
variable in tenths, units, tens, and hundreds of ohms.

The Wagner ground connections should be used as shown rather
than using a direct ground connection to the bridge.

The steady plate current passes through a low-resistance
choke coil across the telephone receivers and then through the
low resistance R;.

The capacitance (C,; + C,,) can be balanced out by a variable
condenser C; across R;. The magnitude of C, demanded for
balance is given by the relation
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Ci = (Cor + Co)py (225)

When k, is very small, R, is also small, and, with the connections
shown in Fig. 119, an inconveniently large capacitance is
required. In such a case, C; can be connected across R instead
of across R;. The magnitude of C, required in this case is

C1 = (Cpr + Cyo) % (226)

cemmemema- 4000~ ----- -----t}
K.= ii_ C= (c +C ).R_
P RR, v \=pf’ “pg’ Ry

Fig. 119.—First method for the Fia. 120.—Second method for the
measurement of kp. measurement of kp.

An alternative and much more convenient method of balancing
out the capacitance (C,; + Cp,) is shown in Fig. 120. The
auxiliary bridge, comprising R’, R", (C,; + C,,), and C, can be
balanced when the filament is cold and R, is reduced to zero.
R’ should be a small fraction of R’ so that C will be of con-
venient magnitude. With this arrangement, the balance for
capacitance is nearly independent of the balance for k,.
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Negative values of k, can be measured by shunting a known
positive conductance across the arm of the bridge which is con-
nected to the tube. This conductance must be such as to
make the sum of it and k, a positive quantity which can then be
measured by the bridge. Then the negative value of k, is

J'A"'A"'A'A l' 'I'A'A‘l'A"'l'l"'l'l ‘V‘V‘V‘VAV ‘VAV V 'A'A'AVA'A' V"‘VA'A;
[ 2 kit 4000~ -----em---my Fer 1000~ --------->qy
K =R cx(CqetcC )l ko= Re &".__ (4
9°RR, “'Caf"Cped R, 9™ RK, R " CTgsChg
Fia. 121.—First method for the Fia. 122.—Second method for the
measurement of k. measurement of k.

obtained by subtracting the added conductance from the result
obtained from the bridge measurement.

104. Measurement of k,,—The measurement of k, is made
by a bridge arrangement similar to that described for the measure-
ment of k,. Figures 121 and 122 correspond to the two arrange-
ments shown in Figs. 119 and 120.

106. Measurement of s,.—A well-known method of measuring
positive values of the transconductance s, is shown in Fig. 123a.
If there is no grid current, the grid potential is

AE, = RAI, (227)
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tance, the steady grid potential is dependent upon the voltage
drop through R; and hence varies with I,.

The steady grid current, if any, must pass through R, and
then to the grid by way of a low-resistance choke coil across the
source of alternating potential.

. In the arrangement of Fig. 123a, the quadrature component of
current through the telephone receivers due to stray capacitance
is small and can be balanced out best by a small mutual induc-
tance connected as shown in the figure. The value of the mutual
inductance need not be taken into account in the calculation of
8. 'The quadrature component can also be balanced out by an
arrangement of capacitance and ratio arm similar to the arrange-
ments used in the measurement of u, and k,.

An alternative method of measuring positive values of s,
is shown in Fig. 123¢. This second method, although not so con-
venient for calculation as the method of Fig. 123a when the
corrections are negligible, is accurate under all circumstances,
requiring no correction factors and no correction of the steady
grid and plate potentials. The value of s, using the method of
Fig. 123¢ is given by

= Rl
» = RiR: + RiRs T ReRs

(233)

Calculation by this formula is facilitated by giving B2 and R; con-
stant values, such as 500 ohms, and making R, variable in tenths,
units, and tens of ohms. Large values of s, are conveniently
measured by making R; zero, in which case s, is equal to the recip-
rocal of R,. . This latter modification of the method is partic-
ularly convenient in measuring the transconductance of power
tubes.

The path for the steady plate current is through a low-resist-
ance choke coil across the telephone receivers, and the path for
the steady grid current is through a similar shunt across the
source of alternating potential.

Negative values of s, can be measured by the circuit shown
in Fig. 123b. In this arrangement s, is given by

— _ R1 . R + Ty
%= “RE ¥R T, (234)

106. Measurement of s;.—The reflex transconductance s, is
of little practical importance, but, because of its occasional use
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a frequency of 1,000 cycles per second, shown in Figs. 130
and 131. The triode used is known as UV200 and contains a
trace of some permanent gas, such as argon or nitrogen. In
both figures the quantity being measured has no quadrature
component until the plate potential reaches the voltage of about
15 volts, at which point ionization begins. For voltages above
15 volts the quadrature component rises rapidly to a maximum

9
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Fic. 130.—Components of up for a triode containing gas. u, = up + ju'p
e, = 0.

and the real component decreases. In Fig. 131, the ratio z,/r,
is also plotted.

Figure 132 shows the variation of r, and z, with frequency for
certain selected values of the electrode voltages.

110. Static Characteristic Curves of a Soft Triode for Negative
Plate Voltages.—No current flows to the plate of a high-vacuum
tube when the plate voltage is more than a few tenths of a
volt negative, but with a soft tube positive ions are attracted
to a negatively charged plate. The static characteristic curves
for negative plate voltages are of particular interest as they
explain the action of a triode when used as an onization gauge.
























CHAPTER XI

INPUT AND OUTPUT ADMITTANCE OF A TRIODE

The static characteristic curves of a high-vacuum triode show a
conduction current to the grid only when the grid voltage is
positive or very slightly negative. When ionization takes place
in a triode containing gas, a conduction current flows to the grid
whenever a plate current flows. If the plate voltage is constant,
the conductance of the grid-to-filament path within the triode is
k,. When the triode is operated with its associated circuits, the
plate voltage does not remain constant, and the reaction of the
plate voltage on the grid current causes the equivalent input
admittance or tnput impedance of the grid-to-filament path to be
different from k, or r,. The equivalent input admittance or
input impedance of a triode is defined as the simple admittance or
series impedance which could be substituted for the triode and
the associated circuits connected to the plate and would take from
the circuits connected to the grid an alternating current which is
the same in magnitude and phase as that which actually flows
to the grid of the triode.

The alteration of k, or r,, as affected by the nature of the plate
load, will first be studied. This preliminary study is of value only
when the frequency of the alternating currents is very low. At
high frequencies the capacitances between the electrodes of the
triode offer additional current paths which greatly affect the
equivalent input admittance or impedance of the triode. Follow-
ing the preliminary study, a complete analysis of the input
admittance of the triode will be made. This study will show
that even when the conduction current between grid and filament
is zero, as in a high-vacuum triode with a negatively polarized
grid, the input admittance is appreciable and must be considered
in the design of all radio-frequency systems using triodes. The
importance of this study cannot be overemphasized.

In the following analysis the same restrictions are imposed as
in the preceding chapters: the alternating variations are

261






INPUT AND OUTPUT ADMITTANCE OF A TRIODE 263

per second and higher, « is a real quantity. Usually %, is nega-
tive, making « positive. It is clear that in general the equivalent
grid-circuit impedance is less than r,, and the admittance is
greater than k,, under the initial assumption of negligible capaci-
tance currents.

A rough idea of the value of w,u, can be obtained from the
static characteristic curves. Figure 138 shows two i,—e, curves
for two constant values of plate voltage, £, and E, + AE,.

»
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F16. 138.—Evaluation of a.

The corresponding grid-current curves are also shown by dash
lines. The product u,u, is equal to

_ (e (%
s = (G20, (32), @19

Using finite differences and making the increment in plate voltage
the same for both partial derivatives and equal to AE,, Eq. (248)
takes the approximate form

Ael AE,
Yt =\aE, ), \aq );
/%, 0/
_ 2y (249)
Aej

The value of a as calculated from the measured values of u,
and u, for a certain hard tube is plotted against ¢, in Fig. 139.

In the graphical solution shown in Fig. 108, page 212, the slope
of the path line uy at any point is the value of y, at that point,
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In order that C, be not inconveniently large, C; and C4 should be
small, of the order of 100uuf, and R; and R, large. The bridge is
first balanced by adjusting C3, when R, and the added capacitance
are out of circuit. When AC,and R,are added, the bridge balance
is restored by resetting Cy and C,. The added capacitance AC, is
given by the change in C,, the resistance R, being balanced by
changing C;. It may be of advantage to add across C; a high
resistance, such as a grid leak, in order that C, may be of con-
venient size. The arrangement of Fig. 146 can be used to
determine the tube capacitances when the filament is operating.

A method of directly measuring the tube capacitance is shown
in Fig. 147. With the connections shown, C,, has no effect
upon the conditions of balance because it is across the telephone
receivers. The capacitance C,, is balanced by resistance R, as
shown by the conditions of balance given for the connections of
Fig. 147.

R,

P

_ Cus
B =0 (265)
Ri_ Cu

E- (266)

Here again, if there is conduction or its equivalent between the
terminals of the condenser C,/, this conduction being determined
by R,;, the conditions of balance become

Bi_Cy, R
R C + R, (267)
RiChyo = RCyppo — = (268)

R, Cow

The same sort of error as in the bridge of Fig. 145 enters here,
owing to the conduction indicated by R,, This fractional
error, when C,; is measured by the method shown in Fig. 147
and calculated by Eq. (265), is

1 R.C,,C
R%,C3w® ° RyCly

If R, is 100 megohms, C,; is 10uuf, C,, is 10uuf, Ry is 10 ohms, C
is 1,000uuf, and w is 271,000, this error amounts to 2.5 per cent.
If R,; is as low as 10 megohms, the result is over 100 per cent in
error. If there is any appreciable conduction in the triode,
caution is necessary in the use of this bridge for accurate work.

Fractional error =

(269)
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where Yo =9 — 3ba; x,’, = k,/By,and A = Cpyw/k,. The coordi-
nate z, is positive if the load is inductive and negative if the load
is capacitive.

20

xp= kp
“b
35
N P
H
Cpr=fpepet 199 A
Cyr=5pupef kp !
-, _ Cpaw . by 154
A= Ko by
=8p_ kp”
L 70= (B, =%/ 20 et
| 25

Fic. 152.—Components of the input admittance of a triode when &k, = 0.
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Fic. 153.—Components of the input admittance of a triode for various values
of ;, when k;, = 0. 5 = Gy/[Bs).

In Fig. 152, Eqgs. (278) and (279) are plotted for 7, equal to 0.1
and for several values of A. The values of up, Cpy, Cp,, and Cyy
are the same as in Case 1, Fig. 150.
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In Fig. 153, Eqgs. (278) and (279) are plotted for A = 1 and
for several values of n. The constants of the tube are the same
as in Fig. 152.

Referring now to Figs. 152 and 153, it is seen that the sus-
ceptance of the input admittance is always capacitive, no matter
what the type of plate load is. The input conductance is positive
for all plate loads which have a capacitive susceptance, but the
input conductance is negative for a plate load having certain
ranges of inductive susceptance.

As far as effects in the grid circuit are concerned, the triode and
its plate load may be replaced by its equivalent input admittance
¥, in parallel with Y.. The system oscillates if Y. + y, = 0.
Oscillation occurs when the grid circuit contains an inductance
and capacitance in parallel, if

R.
R
and
L.w
ng - m —_ bg = 0

*Case 4. Internal Output Admittance for Reactive Grid Circuit,
and When k, = 0. This case applies to the internal output
admittance of an amplifying triode whose grid is polarized
negatively and whose grid-circuit load contains both resistance
and reactance, the latter being either inductive or capacitive. As
in Case 3, a new parameter 5, = G./|B,| isintroduced. Formula
(273) reduces to

Me Cﬂ! 1 )
— + u,,(l + 5 — 5=
Or g yogr- B2 C”"C Az°1 ;  (280)
P Ne af
o A1+ 55 —
k, =0 (xc> + ( + Cpo A(;Q)
Uple _ 2(1 hed 24 _i>
by _ _ o, 1w _“\'Te, i
= —4A|l+ + 2 2
ko R O ¥ T
x! C,, A2l

, (281)
where y, = g, — jby, x: = kp/B., and A = Cpw/k,.

In Fig. 154, Eqs. (280) and (281) are plotted for 7. equal to 0.1
and for several values of A. The values of up Cpy, Cypp, and
C,s are the same as in Case 1.
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due to the steady-voltage drop through R, which demands a
higher plate-battery voltage in order to maintain the proper plate
voltage.

If R, is a resistance in the grid circuit in series with an impressed
alternating e.m.f. AE,, the current amplification, denoted by
(I.A)), is

_ Rc + Rb
(LA) = up ! (292)
The power amplification, denoted by (P.A.), is
AL)R,
PA) = (al, 293
( ) (AE,)%g, ( )
10
|
08
06| //‘
55‘ //
T o4 /
0.2/
% 2 3g + 5
rp
F1a. 169.—Variation of (V.A.) of an amplifier with the resistance of the plate
load

where g, is given by Eq. (274), page 275, and AI, by the more
exact Eq. (284). Substituting the values of g, and AI, in Eq.
(293) gives, for pure resistance load,

up

1+ —

(rpCpn‘;’)z
R, Cyr

1+ E[l +u,,<1 + & ]

Asanexample,assume u, = 10, r, = 15,000 ohms, R, = 45,000
ohms, Cp;, = Cp; = 10uuf, and w = 2x5,000. The voltage ampli-
fication by Eq. (291) is 7.5, and the power amplification by Eq.
(294) is 70,300.

It is instructive to examine the i,—e, diagram for the resist-

ance-loaded amplifier, shown in Fig. 160. Since there must be no
grid current, only that portion of the diagram to the right of the

(P.A) = (294)
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122. Amplifier with Inductive Load.—We shall now consider
a triode with an inductance, possessing resistance, as plate load.
In practice, the resistance is usually made as small as possible,
and the inductance as large as possible. The connections are
indicated in Fig. 163.

The alternating component of plate current of frequency w/2r
is
u,AE,
Tp + Zb

where Z, = Ry, + jlsw. The voltage amplification is given in
numerical terms by

(VA) = — %V B + Lo’ (297)

al, = (296)

V (r, + Bo)? + Lio?

Plate current |p

|
-l
+

| )
o

F1c. 164.—Path of operation for amplifier having an inductive plate load.

The voltage amplification as given by Eq. (297) is evidently a
function of frequency. If, however, Ljw? is made very large
compared with (r, + R:)2, then over a limited range of fre-
quencies the amplifier has practically no frequency distortion.
To make Liw? large compared with (r, + R,)?, 1.e., about ten
times as great, requires a very large inductance. As an example,
if (r, 4+ Rs) is 20,000 ohms, L must be at least 63,000 ohms. If
the frequency is 100 cycles, L, must be at least 100 henries. With
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(Tp + Rl + lew)AI,, + jMa)AIz = upAEg
. 1
iMwAL + [R2 + ](Lw - C—)]Ah -0
20

(309)
__JAlL
AE2 - Czw
The solution of these equations gives, in complex form,
(V.A) =
—u,Mw (310)

Czw{[?‘p + R, +jL1w][R2 + j(ng — CL>] + M2w2}
2w

Neglecting R, in comparison with r,, the numerical value of the
voltage amplification is

(VA) =
Ju‘;)?l:’ 2 M2 ZL 2 (311)
T W w
C2w\/ T?, + L%wi’,\/(Rz + rz_p _+wL%:2> + (Xz - 7‘?;—*— L%lw2>

where X2 = sz — CL.

oW
The secondary capacitance C, is variable and in practice is
adjusted to give maximum amplification. Since X, varies much
more rapidly than 1/Csw does when C: is varied, the voltage
amplification is sufficiently near a maximum when the second
bracket under the radical of Eq. (311) is zero. Hence:

M22L,w

C2 for maz. (V.A.) Xy = 0 -
: 2 rs 4 Liw?

312)
For most practical cases, the second member of Eq. (312) is very
small because of the large value of r,, so that with little
error maximum voltage amplification occurs when X, = 0 or
Lyw = 1/Ce0. Equation (311) then reduces to

uMw

Max. (V.A) = Moatr,
CorV T TR + 75 %)

(313)

If Liw? is small in comparison with 72, as is almost always the
case in practice, a still further approximation can be made.
Equation (313) becomes
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As shown by Eq. (317), the factor u,/A/7, = Vups, is the
criterion of merit of a triode for voltage amplification when used

in the circuit shown in Fig. 169,

The simple formulas given for the amplifier with a tuned-transformer load
were deduced by neglecting the effects of the tube capacitances Cp, and C,;.
When these capacitances are not greater than from 8 to 10uuf, and when the
frequency is not much greater than 1,000 kec., or in other words when
[r5(Cpy + Cprs)w]? is negligible in comparison with unity, the simple theory
is sufficiently correct for practical purposes. If [ry(Cp, + Cps)w]? is large,
the voltage amplification can be calculated by Eq. (285). The complete
expression is

AE, M(up, — jA)

(V.A) = = = — (318)
AE, " M2w2(1 +54°) :
o za+in || 2+ 257 0 0 |
where A’ = r,(Cpy + Cpy)ow.
The numerical value of (V.A.) from Eq. (318) is
(V.A) =
M~/ul + A
2,92 ’2 2 2,42 2y ’ 2
CzZ’\/iR2+M w [r,+ZI§;(1+A )]% +§X2—M w [Xl(lg—/;/i ) —1pA ]%
(319)
where

7' = \/(Tp + R, — A'X1)2 + (Xl + A/Rl)z'

With any particular set of data many of the terms in Eq. (319) may be
found to be negligible and the expression can be much simplified.

The power amplification for the case of a tuned air-cored
transformer is given approximately by Eq. (307), where
(Ry),.. = M?w?/R,. Actually, the plate load is not a pure
resistance and the slight phase angle between A, and AE, may
make an appreciable difference in the calculation of (P.A.).

We shall now examine the selectivity of the amplifier as M is
varied. The approximate expression for (V.A.) from Eq. (311) is

upMw

Approx. (V.A.), = (320)
ngr,,\/<R2 +M 2“’2>2 + (Lw _ L)z
Tp CzO)
Then from Egs. (314) and (320),
M202 2

(VA)“, ? _ <R2 + 7‘,, > 321
(V-A)m - M2O)2 2 1 2 ( )

() ()

T CQO)

b4
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Combining Eqgs. (335) and (336) gives
Max. power = 2§u,s,E- (337)

Again we see that u,s, is the criterion of merit of a triode when
used as an amplifier.

Iy

o e

Fia. 172.—Construction for maximum undistorted power output when Ep is
given.

III. SPECIAL PROBLEMS

128. Use of Vacuum-tube Amplifier with Thermocouple.—
Suppose it is desired to know if a vacuum-tube amplifier
will assist in detecting small changes of temperature with a
thermocouple. Assume that the thermocouple has a low resist-
ance R, and that when used directly with a galvanometer the
latter has a low resistance R’. It is proposed to connect the
thermocouple to the grid of a triode, in the plate circuit of which
is a galvanometer of the same type as used directly with the
thermocouple, except that it is wound with a large number of
turns and has a high resistance R’’. If the winding space of the
two galvanometers is the same and they are similar in all respects
except for the different number of turns, the deflection D in either
case is proportional to the ampere-turns. The resistance is
proportional to the square of the number of turns. Thus, the
ratio of D’ and D", the deflections for the two galvanometers, is

D" \/F Al
DT N/RAr
Here, AI'"" is the change of current through the tube and high
resistance galvanometer, and AI’ is the change of current through

(338)
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slowly. The fractional rate of change of the current at ¢t = 0 is

Ry | 1
(A’I:)¢=o dt =0 - Tp + Rb (348)

For the constants as given, the fractional change of the current
in one one-thousandth of a second is 0.055, showing that a square-
topped increase and decrease in grid potential lasting only one
one-thousandth of a second would be distorted by drift by over
5 per cent. Increasing L reduces this rate of change of the
current but may make the system oscillatory if the condition of
Eq. (347) holds.

130. Comparison of Tuned Circuit and Tuned Transformer as
Plate Load.—As a third problem we may compare the voltage
amplification of an amplifier with a tuned transformer with that
of an amplifier having a tuned circuit as plate load, under the
condition that the band width be the same for both. Equate the
expressions for band width given by Eqs. (306) and (325) for
the two forms of plate load. The result is

L M
n+ k”\[ﬁ = m + 7 Mok, (349)

We may further specify that the coils used in the two cases have
the same value of 7, and that the same tube is used. Equation

(349) becomes
L M, (M\ [L
¢ -Me= (E) \e, (850)

where L and C apply to the tuned circuit and M, L,, and C, apply
to the transformer.

We may now express the ratio of the voltage amplification
for the two cases from Egs. (314) and (303), giving

ar (147
(V'A')simple cirouit B C R M2, (351)
oo\ Be + T

By substituting the condition of equal band width from Eq. (350),
Eq. (351) reduces to

%%— = %—42. (for equal band width) (352)
+43. Jsimple circuit
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Equation (352) shows that for equal band width the amplifier
with transformer gives much greater voltage amplification by a
factor L,/M, which is equal to the step-up ratio of the trans-
former. This demonstrates the advantage of the transformer
used in the plate circuit of an amplifier tube and explains why
practically all radio-frequency amplifiers are of this type.
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Al = . _AE, (366)

L upM . 1 R
R AR ()]

In both Eqs. (365) and (366), the denominator represents the
equivalent impedance of the oscillatory circuit. The resistance
of the oscillatory circuit is increased by the term L/Cr,, because
the internal plate circuit of resistance r, is in parallel with this
oscillatory circuit. The coupling M has the effect of reducing the
equivalent resistance of the circuit by an amount w,M /Cr,, and
it is important to note that this term and therefore the resistance-

reducing effect are independent of frequency. The coefficient of
regeneration in this case is

u,M
Cr?

P

h = (367)

The equivalent resistance of the circuit can be written
L .

R—}-Ur— — hrp,. Regeneration does not affect the reactance
V4

of the oscillatory circuit, so that an adjustment of M does not
affect the tuning as it did in the previous case.

Equations (365) and (366) give the current in the inductance
of the oscillatory circuit when the e.m.f. AE, is introduced in the
grid circuit or directly in the oscillatory circuit, and it is natural
to expect that a larger current would result in the first case,
because the amplifying effect of the tube is used. However, this
is not always true, as is easily seen if the two equations are
compared. The introduction of A%, in the grid circuit gives a
larger current only if u,/r,Cw > 1, t.e., if s,/Cw > 1. We may
assume that for a receiving tube s, is of the order of 500 micromhos.
If C is 0.0001 pf and w is 1077 radian per second, s,/Cw = 0.5
and a larger current would be obtained by introducing the
e.m.f. AE, directly into the oscillatory circuit. The triode would
then serve merely as a resistance-reducing device. In making the
comparison of the two ways of introducing the e.m.f. it should
be remembered that no current is drawn from the e.m.f. AE; in
the first case, shown in Fig. 178, whereas current and power
are demanded from the source AE, if it is introduced into the
oscillatory circuit.

If the equivalent resistance of the circuit shown in Fig. 178 is
reduced to zero, self-oscillation starts at a frequency which makes
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can be reduced to zero by a tuning condenser, strong regeneration
can take place and the limit of regeneration when oscillation
begins is determined by the equations

4G =0
- 0} (369)

where Z, = Gc‘%ch’ and g, and b, are given by Egs. (278) and

(279) of Chap. XI.

In a similar way, regeneration may take place when the oscil-
latory circuit is in the plate circuit and when the output conduct-
ance ¢, of the triode is negative. Oscillation begins if

(73 + Go =0
bp + Bb = 0} (370)

where Z, = - and ¢, and b, are given by Eqs. (280) and

1

G, — jB
(281) of Chap. XI.

We shall now consider a few special cases of capacitive
coupling.

*134. Regeneration with Capacitive Coupling. Tuned Grid
Circuit.—If the oscillatory cir-
cuit is connected to the grid of Cog £
the triode, the curves of Fig. 153, T
page 278, show that g, is nega-
tive only if X, is positive. Let tec Ce
the plate load have an equiva- Re
lent inductance L and resistance
R,. TFigure 180 illustrates this ll}—‘.—|||
case, which was described by Ec —-——T
Armstrong3 in 1915. The plate F1c. 180.—Circuits of a regenera-
: . tive triode having a variable in-
inductance was a varlorl}eter, ductance as plate load.
and Armstrong gave a curve,
reproduced in Fig. 181, which shows the increase in signal
strength as the inductance L, is varied.

We can treat this case theoretically by substituting in Eq. (369)
the value of g, from Eq. (278). Neglecting Rj in comparison
with Lfaﬂ, and R: in comparison with L’w?, the condition for

b
maximum regeneration bordering on self-oscillation is

3 ARMSTRONG, Proc. 1.R.E., 3, 220 (1915).
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tion with resistance coupling if more than one triode is used.
Since a discussion of combinations of tubes forming multistage
amplifiers is to be given in a later chapter, the discussion of
resistance regeneration using two tubes will be presented at that
time.

Before leaving this part of the discussion of regeneration,
mention should be made of the regenerative effect produced by
connecting across an oscillatory circuit a triode having a negative
k, or a negative k,. A negative k, is possible if the triode con-
tains gas, as has been pointed out in Chap. X, or if secondary
emission takes place at the grid, so that the grid-current curves
plotted against grid voltage have a negative slope. A negative
k, is obtained when considerable secondary electron emission
exists at the plate of a triode, as in the device known as the
dynatron. The dypatron will be discussed in Chap. XXIII.

1I. REGENERATION FOR LARGE AMPLITUDES

Part I is limited in its application to problems in which the
electrical variations are very small. This limitation was imposed
because the triode, which forms a part of the circuit, has a curved
characteristic, and its internal resistance r, and voltage ratio u,
vary over the characteristic curve. If only sufficiently small
variations are considered, a very fair approximation to a true
solution is obtained if these tube parameters are considered
constant. With this limitation, the e-p-c. theorem can be applied
and the system is reducible to a simple-circuit network possessing
constant elements. The smaller the electrical variations, the
more justifiable is the theory and the more accurate the results.
No definite limiting magnitude of electrical variations can be
stated below which the theory of Part I is applicable, and above
which a new form of treatment must be used. As the electrical
variations are increased, the error in the results of Part Iincreases.
The error for any given magnitude of electrical variation depends
upon the point on the characteristic surface of the triode about
which the triode is operating. The greater the curvature of the
path of operation, the greater is the error for a given amplitude
of electrical variation, or the weaker must be the electrical
variation if the error is to be small. On the other hand, if the
path of operation falls upon a nearly plane portion of the charac-
teristic surface, the electrical variations may be comparatively
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the curves so marked in Figs. 186 and 187 give the corre-
sponding results. On the other hand, if Mw is increased to
1.29Mw, the (E’;)“, curve and the straight line cross. The point of
intersection gives the value of ¥, maintained by the continuous
self-oscillation of the system. The curves of Fig. 187 marked
Mw = 1.20w show the way in which the oscillatory current and
the plate current vary as the impressed voltage in phase with
(E’;)w is increased.

6
5 005 £
o
pol
Fel
£ 4 2 10.04 £
5 L 5
Fe) <
c
E 5 £
) 003 3
& <3
c JE
£ W
w2 7 / 002 %
/ / / / ]
If 1 // Dotted curves (So Ju g
1 /’ / / : « §
7 001
/8
/)
Y 0
) 1 2 3 4 5 6

Impressed Voltage Eq in Arbitrary Units
Fi1a. 187.—Curves of E, and (fl;)wvs. E, for large-signal regeneration.
w

The shapes of the curves for (E.),, Fig. 186, depend greatly
upon the conditions of use of the triode. For great regeneration
the most desirable curve of E, against E, is one having a long
straight portion extending from the origin upward and close
to the axis of ordinates. This curve is derived from a curve of
(E’;),,, vs. K, Fig. 186, which is long and straight and which
is nearly coincident with the circuit line CoRE,. If the graph of
E, against E, is curved, distortion necessarily results, as explained
in Chap. XII. If the polarizing voltages are so chosen that the
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quiescent point is on a plane portion of the characteristic surface,
and if E, remains always negative, the graph of (E’;)w is practically
straight over a much larger extent than if the quiescent point
is situated upon a curved portion of the surface.

In all of this discussion it is assumed that the grid is polarized
negatively to such an extent that no grid current flows. If
grid current does flow, the curve of (E’f,)w against E, is unchanged,
but the circuit line is no longer straight. The conductance of
the grid-to-filament path has the effect of increasing the resist-
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F1a. 188.—The circuit line when grid current flows.

ance R of the circuit, making the total equivalent resistance
[R] a function of the amplitude of E,, and causing the circuit
line to curve upward, as shown in Fig. 188. This curvature of
the circuit line accentuates the flattening out of the resultant
curves of E, against E, and of (Ef,)m/M w against E,.

The way in which the system goes into oscillation as M is
varied gives a good idea of the shape of the curve of (E’f))w against
E,. Referring to Fig. 186, the intersection point of the circuit
line and the curve of (Ef))w gives the value of E, sustained by the
self-oscillation of the system. As M is increased above the
critical value 91, the intersection point travels up the circuit
line, and it is then possible to plot the values of E, corresponding
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oscillation which persists until the mutual reactance Mw is
reduced to a value less than Myw. If the mutual reactance has
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a value less than M,w, the system cannot oscillate. The graph
of regeneration is curved and discontinuities exist. The curves
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of E, and (E:,),,/Mw against E,, corresponding to the mutual
inductances Maw, Msw, M, and Mw of Fig. 190, are plotted
in Figs. 191 and 192.

The results of the analysis just given may be briefly sum-
marized as follows: A discontinuity in the curve of E, against
E, results if the circuit curve RCwE, and the curve of (Ef,)w
converge as E, increases. If the two curves are parallel over a
region, regeneration of weak voltages may be small, but, for
voltages of a certain magnitude, the magnification is very great,
as shown by the curve marked Msw of Figs. 191 and 192, derived
from the corresponding curve of Fig. 190. This type of perform-
ance would give considerable distortion but, if a modulated
radio carrier wave is being amplified, and the variations in
amplitude due to modulation are small and fall within the range
of voltages corresponding to the nearly vertical straight portion,
distortion of the modulation might not be serious.

—>

L - R c— oV 7.-
b 7‘- voltmeter
Ea M >
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Fi1a. 193.—Circuits for the first method of obtaining experimentally the regenera-~
tion characteristics of a triode.

139. Experimental Determination of Characteristics of Triode
for Regeneration with Large Amplitudes.—The curves of Fig.
190 are not experimentally determined but are curves assumed
for the purpose of illustrating the discussion just given. We
shall now consider two methods of obtaining these curves
experimentally.

The first method gives the curves illustrated in Fig. 190 at
the operating frequency. Although somewhat less convenient
than the second method to be described, it is more accurate
since it includes the effect of the tube capacitances. The circuit
arrangement for this first method is shown in Fig. 193. Since
only the fundamental component of (I,), is effective in produc-
ing (Eé)w, the method adopted to determine E; must exclude
the harmonics. The oscillatory circuit of Fig. 184, consisting









CHAPTER X1V

REGENERATION IN COUPLED CIRCUITS WITH SMALL
SIGNALS!

In Chap. XIII it was shown that in effect a regenerative tube
reduces the resistance of a single circuit with which it is associ-
ated. Frequently, in practice, a regenerative tube is associated
with one of two coupled circuits. The purpose of the present
chapter is to extend the treatment of regeneration to two
magnetically coupled circuits and to show that in this case also
regeneration, in effect, reduces the resistance of the circuit with
which it is directly associated. The analysis includes a study
of the properties of coupled circuits when the effective resistance
of one of them is reduced and becomes negative.

Since the treatment with regeneration must follow the same
line as that used for coupled circuits without regeneration, a
brief review will be given of the theory of forced oscillations in
magnetically coupled circuits.

1. THEORY OF TWO MAGNETICALLY COUPLED CIRCUITS
WITHOUT REGENERATION

140. Derivation of the Currents in Coupled Circuits.—Let the

two circuits have the constants shown in Fig. 196. The impressed

- electromotive force F, has a frequency

L L, ©0 /2r. The equations describing the con-

< LS ELy ¢, ditions of steady-state forced oscillation
of the system are

Ry R,

Fia. 196.—Magr.1etically Z\1 + jMwOIZ = Eg (384)
coupled circuits. j]u’wol1 + Z212 =0

where

. 1 .
Z, =R, +J(L1wo - m) =R, +jX:

1 The theory in this chapter was published by the author in greater detail
in Proc. 1.R.E., 12, 299 (1924).
344
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The relation (388) gives a curve on the horizontal plane,
the X; — X, plane of the space model, above which may be
plotted the maximum values of I, obtained by first setting X,
and then adjusting X,. This locus of maximum secondary
current is called the maz. 1-2 line, and its shape is independent
of the value of the resistance of the secondary circuit. If the
value of X, given by Eq. (388) is substituted in Eq. (387), then,
as X, is varied, X, always has the correct value to give a maxi-
mum I,, and we follow along the ridge of the space model shown in
Plate IV. The maximum value of I, is

Max. T, = —jMonoM2 g or (389)
maz. 1-2 line Max. 1, = —jrEo/woV/ L_l—L: (389-R)
(m + j51)<7.=2 + ,ﬁr—_:]jgg)

142. Conditions for and Value of Max. Max. Secondary
Current.—Some value of X, gives the largest value of I, attain-
able (called the max. max. I,) represented by the highest peak of
the ridge on the space model. If Eq. (389) is differentiated to
find the value of X, which gives this max. max. I,, the following
roots result:

X, =0 (390-1)
Conditions for maz. maz. I or . 2, 2
min. maz. Ia 2 = M w0R1 (390_2)
R,
2 2
Gives imaginary X1 Z? = — M;_;OR]' (390-3)
2

Root (390-3), obtained by equating to zero the denominator of
Eq. (389), gives an imaginary value of X;. Roots (390-1) and
(390-2) give the same value of max. max. I, if

Mt = R\R, or (391)

2 —

Critical coupling {
72 = e (391-R)

This relation divides the problem into two parts, and the coupling
which satisfies Eq. (391) is known as critical coupling. For
couplings less than critical, root (390-2) gives imaginary values
of X, but root (390-1) gives the max. max. secondary current,
whose value is
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In plotting the ratio given in Egs. (395) and (396), or any of the
other relations, the independent variables 8; and 8, may be used
instead of the corresponding quantities X; and X,." On the other
hand, a better physical picture usually results if the quantities
wo/wy = Ai/No and wo/ws = Ag/\ are used as coordinates. The
surfaces shown in Plate IV were calculated from Eq. (395) and
are constructed with \;/X\; and X\s/\, as independent variables.
If the coupling between two circuits is less than critical coupling
as defined by Eq. (391), the space model for the secondary-current

2.0

(S

|
|
- A
Fuz /// \<?I— .
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Fic. 197.—Contour lines of constant secondary current for critical coupling.

ratio given by Eq. (396) has a single maximum at values of the
independent variables
Bl=00rX1=00r—)\—1= 1
No
and

ﬁz=00rX2=00r&=l
o

The height of this maximum is given by Eq. (396).

At critical coupling, the space model has still a single peak,
the height of which is unity. Plate IV, a and b, shows a calculated
model for critical coupling. The peak has a peculiar shape best
shown by contour lines given in Fig. 197.
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greater than +1 give imaginary values of A\;/\o and N2/Xo. The
max. 1-2 line (see Fig. 199) has a maximum and a minimum
value of /Mg, and passes through the point (A1/No =1,
X2/Ag = 1). The maximum and minimum values of \o/X\
have their corresponding maximum and minimum values of

2-2 \
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A
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A2 M
Fi1s. 199.—Curves of ¥ 8. v for max. I.. m =04. 72 =0.2. 7 =0.5.
[] []

B: in Fig. 199. From Eq. (388-R), the value of 8, which makes
B2 equal to unity is

2 4 __ 2
g, = L E Vi~ dn \/24m (for :_2 = w> (397)

From Eq. (397), the maximum of the max. 1-2 line does not
extend to N\y/Ng = ® if v2 < 27;. The curve just reaches infinity
if 72 = 27, The curve approaches infinity asymptotic to the two
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intersection points a a of Fig. 198 merge into a single point at
the origin as in Fig. 201, If 5, = #, the max. 1-2 and max. 2-1
lines are similar in shape and symmetrical about the 45-deg. line,
but otherwise the two lines are dissimilar, as is shown in the
figures.

The reason the two curves max. 1-2 and max. 2-1 differ accord-
ing to the order of adjustment becomes apparent if the shape of
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F1c. 202.—Loci of max. max. Iz as M is varied.

the saddle between the two peaks (see Plate IV, ¢, d, ¢, and f) is
considered. Suppose a card with its plane vertical and its lower
edge horizontal and parallel to the \»/\, axis rests on the surface
at one point. If the card is now moved in the \;/X\q direction,
the point of tangency is always directly over the max. 1-2 line.
The max. 2-1 line can be traced by the card placed parallel
to the \;/\, axis and moved in the direction of the \./\, axis.
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the values of n for the two circuits is important, as well as their
absolute values.

Referring now to the case of critical coupling, there is only one
main maximum. But if the circuits are not in resonance, there

F=C 2

Tzmm, %

F1a. 205.—Sections of the space model for Iz Critical coupling. 71 > 72
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Agiw
A wo
Fia. 206.—Section of the space model for I. along the 45-deg. line. Critical
coupling. m1 = 72 = 0.10. = = 0.10.

d
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/

are two values of the incoming wave length which give maxima.
This is shown by the sections oo’ and 00’ in Fig. 205. This
figure shows cross sections of the space model for critical coupling
when 5, > 52. It is interesting to note that the equivalent
resonance curve at critical coupling, when the incoming wave
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points come together at X, = 0, and [z,] = 0. Relation (428)
marks a sort of critical coupling for negative resistance in one
circuit. The region of no oscillation at frequency wy/27 shrinks to
a point and an infinite value of Al, at frequency w,/2r occurs only
at this point. This should be the condition for maximum signal
strength with greatest selectivity. Analysis shows that under
this condition the max. 1-2 line and the locus of Eq. (427) are
tangent to each other at the origin, as shown in Fig. 201.

We may summarize as follows: When two circuits are coupled,
and one, say the secondary circuit, has regeneration so that its
effective resistance is negative but less in absolute value than
M?w3R,/Z3, the locus called the max. 1-2 line, which marks the
maximum value of Al, in simple coupled circuits, also marks the
maximum value of current of frequency w,/2r when the secondary
resistance is negative. As this locus is traversed, there are two
values of X, which mark a range outside of which the system
oscillates at frequency wo/2r. Between the two values of X,
all points on the max. 1-2 line give max. Al,, except when the
tube starts oscillating at some other frequency, a possibility which
will be explained later.

Referring to Fig. 199, which may be used when [r,] has a
negative value, oscillation at frequency wo/27 takes place if the
adjustments correspond to points on the locus max. 1-2 outside
the region between the intersections of the max. 1-2 line and the
max. 2-1 line. Over the portions of the max. 1-2 line and the
max. 2-1 line between these points of intersection, the current
Al, is a maximum when the adjustments are made in the proper
order. Maximum regeneration at frequency w,/2r occurs at
the points of intersection of the max. 1-2 and max. 2-1 lines,
i.e., at the points a a.

If M is varied, the points a a travel along the locus

m B1

A

If M is fixed and [ro] is varied, the points a a travel along the max.
1-2 line which is unchanged in shape. If [r.] is positive, the
points a a represent points of max. max. Al,. As [r;] approaches
zero from a positive value, the points a a recede from the origin
0’ along the max. 1-2 line until, when [r;] = 0, the points are
at /A =0 and N\ /N = . As [ry] becomes negative, the
points a a approach O’ along the same max. 1-2 line. They now
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regeneration occurs. It is interesting to note that, if 6 is between
0.73 and 1.0 in the example given, the system offers a negative
resistance. The physical meaning of this is that the system
supplies energy instead of absorbing energy at these wave lengths,
but this occurs only when a signal is impressed. If the primary
circuit is the antenna circuit of a coupled-circuit receiver, if
the circuits are set to receive a signal of wave length Ao, and if
another signal of wave length between 0.73)\ and A, is impressed
on the antenna, the system reradiates power of the impressed
wave length in proportion to the strength of the impressed signal.
The phase of the emitted power is determined by the values of
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Fia. 213.—Resistance and reactance of coupled circuits as viewed from
the primary circuit. Conditions: 6; = 0.794; [f.] = 0.880; 71 = 0.4; [n3] =
—0.2; [r] = 0.5.

[r12] and [z12]. In some regions around the antenna the direct
and reradiated waves reinforce each other, while in other regions
they partially neutralize each other.

164. Changes of Frequency of Oscillation of Secondary Circuit
Caused by Tuning Primary Circuit for Case a. Drag Loop.
Detection of Resonance.—It is of interest to examine the fre-
quency of response of the system as 8, of the primary circuit is
varied, the secondary circuit being set for [§;) = 1. From Eq.
(434-R) equated to zero, we may plot # against 8;, when [6,] is
given the value unity. As the equation is a cubic in 7, it is
necessary to solve for 67, in terms of 2. The result is
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unaffected by the secondary ecircuit. This method of beat-
note indication gives a very accurate determination of resonance;
the steeper the full-line curve at the point (1, 1) the more accurate
the determination. The steepness can be increased by increas-
ing [r] up to the value 7;, at which value the reactance curve is
vertical as is shown by the curve marked [r] = 0.4 in Fig. 214.
But with such a value of [7], [7,] must be more negative than —q;
in order that the system may oscillate throughout the range of 6.
If the ammeter method of detection is used, the most rapid
change in ammeter reading is obtained when [r] is equal to or
slightly less than 5;, and [5.] is about equal to —7,, for then the
system almost stops oscillating at 8, = 1.

If [7] is increased to 0.6 and —[»,] is equal to 7, (i.e., 0.4 in
this example), oscillation persists along the curve r = 0.6, Fig.
214, as 6, is increased to unity. At this point the oscillation
frequency suddenly changes from the value corresponding to
6 = 1.21 to the value corresponding to § = 0.742, and thereafter,
as 6, is increased, follows the lower portion of the full-line curve
marked [r] = 0.6. As 6, is varied back and forth through unity,
this abrupt change in frequency occurs each time at 6, = 1 and
a telephone receiver indicates by a click this point of abrupt
change in frequency. These conditions are best for the telephone
method of detecting resonance.

Suppose that [r] is 0.6 as before, but [7.] is set at —0.5. The
upper full-line curve is followed as 6; is increased until the
intersection point with the dotted curve is reached at 6, = 1.033.
Here, the frequency changes abruptly to that corresponding to
the lower portion of the curve at this value of 6,. As 6, is still
further increased, the frequency follows the lower curve. If 6,
is now decreased, the lower curve is followed until the intersec-
tion point at §; = 0.927 is reached, when the frequency jumps to
values corresponding to points on the upper section of the full-
line curve of Fig. 214. Thus a sort of hysteresis occurs in the
variation in frequency, often called a drag loop, and is shown in
Fig. 215 for [r] = 0.6 and [72] = —0.5. Such a drag loop can
occur only when there are overlapping regions of oscillation, as
already explained in connection with Fig. 213, 7.e., only when
—[ns] < 71 and when [r] > 7. The drag loop is of considerable
importance in the study of power oscillators.

166. Conditions for Oscillation at Any Frequency w/2r with
Constant Regenerative Effect. Case b, Constant Resistance.—
The theory thus far given applies to circuits in which the resist~
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where 7., 62, and 7 are the equivalent values. This boundary
equation reduces to the straight line 8, = 6, when [n,] = —7..
This was also the case with the boundary Eq. (432-R). At
critical coupling for 6 = 1, Eq. (439-R) does not reduce to a
straight line. This is not surprising because critical coupling
is now defined by the relation [r]2 = —mi[n.]62%. Critical cou-

pling can exist for only one value of 6 for any given values of M,
L, and L,.
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F1g. 217.—Sections of space model for secondary current. [Ra] =0. 71 =
0.4. [n2] = —0.2. [7] = 0.5.

The boundary Eq. (439-R) is plotted in Fig. 216 for [r] = 0.5,
m = 0.4, and [n2] = —0.2. This figure should be compared with
Fig. 211 where 7 is constant, but the other conditions are the
same. Figure 217 shows sections through the space model which
give the approximate secondary current when the circuits are
set at either of the points a a of maximum regeneration and the
incoming wave length is varied. This figure is applicable also
to the case of constant 7 if the boundary curve is replaced by the
straight boundary lines shown in Fig. 211.
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72(1——1“/>
1 63
1 —3 — e = ;=0 (445 R)
"72"__"221Z +({1— 5
05 /H

At any frequency w/2r, the values of the equivalent resistance
and reactance of the system, as viewed from the secondary circuit
to which the regenerative tube is attached, are, when expressed in
ratios,

T21 Ins 729
= ——F + 7 (446-R)
1
2
; "(-%)
Ta1 _ 1 _
Loy 02 + (447-R)

R T 7 e
RS
1

These equations assume that all resistances are constant. If it
is assumed that R, and R, vary proportionally with w, so that #;
and 7, remain constant, Eqs. (446-R) and (447-R) are altered in
the following respects: the 62 following #, in the denominators
is omitted and the term fr,/6; becomes f,6/6:. Only the case
of constant resistance will be considered.

169. Conditions for Oscillation at Any Frequency w/2r. Oscil-
lation-boundary Curve with Variable Regenerative Effect.—
The conditions for oscillation are obtained by equating 7. and
Ts1 to zero. If 8 is eliminated from Eqs. (446-R) and (447-R),
the equation of the boundary curve is

81 { nma(nm + 12062 + [r211 + 72 + fm(nme —mimp, — 2namy)163
+ faslfni(ny — m) — 11}

+ 61 {ma(m + 12)65 + nalftnma — 2mn, — 3namy) — 2(1 — 72)]63
+ ffrs(nims + Bnams — 20mme) + 2(np — m2) — 27%1,)62
+f2"lp[2 - f"lp("hz - 771)]}

+{ [ + ’—”2]02 +f[2n2 — 2’2;’2””]03
1
+ f2["72 — 20, ’n’“’]o? — fsn,,} =0 (448-R)

Equation (448-R) is so complex that mere examination of the
equation gives little idea of the shape of the boundary. The
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the shrinkage of the region of no oscillation as the coupling is
decreased and approaches critical coupling. Figure 224-2 shows
the effect of varying the coefficient of regeneration and hence
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F1g. 224-3.—Experimental boundary curves. Effect of varying R;. Ao = 600
meters.

the effect of varying the value of [ry]. Figure 224-3 shows the
effect of varying the primary resistance. According to Eq.
(450-R), the position of the tip varies with n,. In Fig. 224-3,
portions of the max. 1-2 line and max. 2-1 line are shown.
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162. Case 1. Resistance-coupled Amplifier at Low or
Audio Frequencies.—Assume that the range of frequencies at
which the amplifier operates is from 100 to 10,000 cycles per
second. At these frequencies, A2 is generally negligible in com-
parison with u:n, and the ratio (Cpn + Cytnin) )w/kpn is generally
small in comparison with unity. Neglecting these terms, an
approximate form of Eq. (463) suitable for use in the audio range
of frequencies is

(VA), = — Yo
Ky + Koty + Goinin) ]2
\/[ - +1

n

K Keminy + Goenin ]2
] ()R

If C is of the order of a tenth of a microfarad or more, the
second squared bracket in the denominator of Eq. (465) is
negligible except at very low audio frequencies. For the present
we shall neglect this bracket.

To obtain high amplification, each of the factors Ki,/kpn,
Kotnin /kpn, and gy(ni1/kpn should be small in comparison with
unity. K, and K.(.;1) can be chosen by the designer. K.(n.1
is merely for the purpose of fixing the polarizing potential of the
next stage at an appropriate negative value, and, since there is
no appreciable steady grid current, K.,.1y can be made very
small or its reciprocal very large. For example, R.(»+1) may be of
the order of from 1 to 10 megohms. Thus the factor K cnt1)/kpn
can be made so small as to be of little effect in reducing
amplification.

It is well to point out that, if R.c.+1) is large, it is necessary
that condenser C be a mica condenser in order to reduce the
leakage current through C. The leakage current through a
paper condenser when used for C is almost always great enough
to cause a substantial voltage drop through K...»n and to
polarize the grid of the next stage to a positive potential.

The choice of Ks, depends upon the tube used. As K, is
made smaller, the steady-voltage drop through it is increased and
hence, for a given plate-battery voltage, the plate voltage of the
tube is decreased. This decrease in plate voltage is best given
by the i, — e, diagram of Fig. 227. Let E; be the voltage of the
plate battery. Various resistance lines are drawn for R, and

(465)
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scale is logarithmic because, within the ranges of comfortable
intensities of sound, the intensity of sensation is practically
proportional to the logarithm of the sound intensity or energy.
Since energy is proportional to the square of the amplitude of
voltage or current producing the sound, the logarithmic plot
of voltage amplification or of over-all transconductance of an
amplifier has the same shape as the logarithmic plot of energy
and better represents relative sensations than does a plot on a
uniform scale.

The decrease in amplification due to the effect of g,.41 at
the high frequencies is evident in the curves of Fig. 230 for the
first and second stages. The condenser C was sufficiently large
to prevent a decrease in amplification at the low frequencies
above 10 cycles. The curves would drop to zero at zero fre-
quency. For the amplifier tested, this drop would occur con-
siderably below 10 cycles per second.

The curve of voltage amplification for the third stage shows
some irregularities due to resonance of the diaphragm of the
loud-speaker. The cone speaker used in the test had a maximum
sensitivity at frequencies of about 2,000 cycles per second, as
shown by the maximum of the voltage-amplification curve.

163. Experimental Determination of the Performance of a
Resistance-coupled Audio-frequency Amplifier.—Although the
theory helps in the understanding and design of an amplifier,
the real performance is determined by experiment. Two
methods of measuring the amplification of a multistage amplifier
are given.

A. Measurement of Voltage Amplification by Vacuum-tube
Voltmeter—The first and most obvious method is to impress a
known small voltage upon the input and measure the output
voltage by means of a suitable vacuum-tube voltmeter (to be
described in Chap. XXII). Two alternative procedures are possi-
ble in the execution of this method. One procedure is to main-
tain the input voltage constant and measure the output voltage.
The other alternative, which is usually preferred, is so to adjust
the input voltage by means of a variable attenuator as to give
always the same value of output voltage. In both it is usually
desirable to measure both input and output voltages by
means of the same vacuum-tube voltmeter in order to eliminate
the possibility that two different voltmeters may have different
frequency errors.
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can be done for a few stages if means are provided to prevent
coupling between stages due to the common electrical path
through the battery.

Consider the effect of this common path in a resistance-
coupled amplifier. If the potential of the grid of the first tube
is increased, the plate current of the first tube increases. This
causes a decrease in the potential of the grid of the second tube
and hence a decrease in the plate current of the second tube. The
plate-current variations of the second tube are opposite in phase
to the plate-current variations of the first tube. The plate-
current variations of the second tube, passing through the
impedance of the common battery, tend to reduce the voltage
variations of the grid of the second tube. The plate-current
variations of the third tube, however, are in the same direction
as the plate-current variations of the first tube and, passing
through the impedance of the common battery, tend to increase
the grid-voltage variations of the second tube. Regeneration
thus takes place.

The regenerative effect can be considerably reduced, especially
at high frequencies, by large condensers connected across the
battery, as shown in Fig. 231. The impedance, even of
very large condensers, is too great at the very low frequencies
to prevent regeneration. The increase of amplification at low
frequencies due to this regeneration is evident in the curve
for the second stage, Fig. 230. Regeneration at low frequencies
may cause the multistage amplifier to oscillate at these fre-
quencies. These oscillations may build up charges in the grid-
stopping condensers C, owing to rectification in the grid circuit.
The polarizing potential thus builds up until the oscillations stop.
The charge in the condenser then leaks off and the oscillations
begin again. This periodic starting and stopping of oscillation
is often known as ‘“motor boating,”” because of the similarity
in the sound emitted by the loud-speaker and by the exhaust
of a motor boat. ‘‘Motor boating” can be stopped by reducing
the amplification at low frequencies or by using two or more
sources of plate-circuit power. If the amplifier has more than
three or four stages, it is usually necessary to supply the first
two or three stages from one source of plate voltage and the
remaining stages from another source.

165. Case 2. D-c. Amplifier.—A d-c. amplifier is one which
operates at zero frequency and is used to amplify a voltage which
varies slowly and which may have periods of no change. The
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physical condenser are grouped with C,/, and C,yn. The sum
of the four capacitances is denoted by C,., or Cpn = Cppn +
Cpon + C;, + Cyn. Furthermore, the value of R;. to alternating
current, denoted by R,., may vary with the frequency because
of iron losses, eddy currents, and skin effect.

The last stage is assumed to be the same as in Fig. 226 for the
resistance-coupled amplifier and will not be discussed again.
Refer to Egs. (454), (461), and (464), pages 399 and 401,

1
|
Tpn & : Tpo
| - t
H '
- Ron : E
+ -
(upnJAAEgn cE: Contl_ BEg(n.) 1um jAdAEGo Cﬁ'é_
* I\ - Ve B
. d 1
X —x
—~ | —
Y : Yo
Snor Any Stage up to Last Stage So or Last Stage
A, = Mpn Cpan w Ao = l"pocvgo w
CP"=C,::+CPS'|0C‘,,.’CM Cpo= Cpfo+Cpgo
- (ne1)
Comd==—0

F16. 237.—Equivalent a-c. circuits of the nth stage and last stage of an imped-
ance-coupled amplifier.

which apply to the last stage of any multistage amplifier unless
this stage feeds a detector, in which case, this stage may be
similar to the earlier stages, but with slightly different constants
for its plate load.

The abbreviations used in the analysis of the impedance-
coupled amplifier are in most cases the same as those used for
the resistance-coupled amplifier. For convenience they are
given here.

_ Copnww
A, = oy
Cpn = Cpfn + Cpgn + an + be.

Ct. = distributed capacitance of Zs,

= CpynwTpn

Csn = capacitance of added condenser 472)
bgn

Con = —f

kg = -

Tpn
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Kon = 5~
s (472)
nbn - Lbnw

The voltage amplification of the nth stage is given by Eq. (460),
page 401. When y, is expanded (V.A.), takes the form given
below

(V.A),.=
— A

Rbn ><Cg(n+l) ) Kc(n+ 1) +gﬂ(n+l)<Cpn
— Tn )z g )y et T ety Ten y g
\/[<kpn(R§n+L§nw2)+ c tHt kon ct
Ly, 2 1 Lynw Coniy Conw
——— e W | (Como—5 +1
C<Rf,.+LZﬂw2)>] [k< e R3n+L%ﬂw2>< Y >+ kon

Byn Kenin+gomnn\
— = 1 473
<kpn(Rl?n+Ll?nw2) t )( Cw )] ( )

Except in very special cases . is less than 0.1, so that Tiom
may be neglected in comparison with unity. Equation (473)
then reduces to the simpler approximate form

(V.A.)n=

— V3.t 4%

Nbn Cg(n+ 1) Kc(n+ 1) + Jg(n+1) %
’\/[ <anLbnw+1>< Cc +1>+ kpn C +1
1 2 1 1 Co(ntny Conenyw
- ~{c,w— 1
) | B )CE )

_ Nbn Kc(n+l)+gg(n+l) 2
(it )(Cot=) | wm

Before discussing this equation, it should be noted that, since
R,» is usually small in comparison with 7,,, there is very little
steady-voltage drop in the external plate load and hence the
plate voltage is practically equal to the plate-battery voltage
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in decreasing the amplification. To reduce its effect, Ly, should
be increased. The term K (n+1/kpn, as in the case of the resist-
ance-coupled amplifier, can be made very small by using for
Reapp a resistance of several megohms. Except at the very
high audio frequencies, the factor gym+n/kpn is of little impor-
tance. It does act to reduce the amplification at high fre-

1
quencies. The parenthesis (1 - m) is zero at resonance

of Ly, with C, which usually occurs at a very low frequency.
Below this resonant frequency, the parenthesis is negative.
At higher frequencies it is positive and, when multiplied by the
fraction preceding it in Eq. (475), reduces amplification at high
frequencies when g¢,¢..p is appreciable.

Consider the second bracket under the radical sign in Eq. (475).
The first two terms add up to zero at the frequency for
which L,, is resonant with the effective capacitance across it,
Cpn + Cyasn. This resonance usually occurs at a medium
frequency and causes the total amplification to be a maximum
for that frequency. At lower frequencies, these terms may reach
a value of —4 or — 5, in which case they act to reduce the amplifi-
cation considerably. At high frequencies these two terms are
usually of much less importance. The sharpness of resonance,
as expressed in the second bracket, is decreased by making Ly,
large and the capacitances small. The product of the last two
parentheses of the second bracket is usually negligible except at
low frequencies.

The general conclusions regarding impedance-coupled ampli-
fiers at audio frequencies are: The voltage amplification usually
varies somewhat more with frequency than in resistance-coupled
amplifiers. The value of the maximum amplification is not
greater than u,, and hence not much greater than can be obtained
with . resistance-coupled amplifiers. Consequently, the imped-
ance-coupled amplifier at audio frequency has little advantage
over the resistance-coupled amplifier and gives much less amplifi-
cation than the transformer-coupled type to be discussed in the
next chapter.

170. Experimental Determination of the Performance of an
Impedance-coupled Amplifier at Audio Frequencies.—Either
of the two methods described in Chap. XV for measuring the
voltage amplification of a resistance-coupled amplifier may be
used at audio frequencies with an impedance-coupled amplifier.
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ance of the circuit is zero. Since the input conductance of any
stage may be negative for frequencies lower than the frequency
for which its plate load has zero reactance, the tendency to
oscillate is accentuated if the condenser of the tuned circuit
connected to the plate circuit is tuned to a higher frequency than
the resonant frequency of the tuned circuit connected to the
grid.

This tendency to self-oscillation together with the very variable
and unstable performance, due to the coupling between stages
through the C,, of the triodes, makes it difficult to design a
stable and at the same time efficient amplifier of the type dis-
cussed in this chapter. In Chap. XVIII, methods will be
presented for reducing or eliminating the effects due to the grid-
to-plate capacitance of the triode. The design of stable radio-
frequency amplifiers then becomes a much simpler process. The
values of gy(nyn and Cy(nyy to be used in the equations developed
in this chapter, when these neutralizing schemes are used, will
be pointed out in Chap. XVIII.

172. Experimental Determination of the Performance of
Impedance-coupled Amplifier at Radio Frequencies.—The curve
of voltage amplification, or the logarithm of (V.A.), plotted
against frequency (not log of frequency for radio-frequency
amplifiers) is best obtained by the first method given in Chap.
XYV. The input voltage is generally so varied by a thoroughly
shielded attenuator as to give always the same reading of the
vacuum-tube voltmeter which is substituted for the usual
detector. An obvious objection to this method is that the
vacuum-tube voltmeter may not provide the same plate-circuit
impedance as that of the detector for which the voltmeter
is substituted. If this objection is important and the perform-
ance of the amplifier as a part of a receiving set is desired, the
detector and audio amplifier of the set may be used as the detect-
ing device. A modulated signal, varied by an attenuator, may
be impressed on the input to give always the same audio-fre-
quency output voltage. This output voltage may be determined
either by a vacuum-tube voltmeter or by balancing the output
against a constant current drawn from the source of modulating
current, as shown in Fig. 239. R,, L., and C, are adjusted to
simulate the input circuit of the amplifier. The elements R,,
R;, and M, are set to correspond to a reasonable output voltage
of the audio-frequency amplifier, and the attenuator is adjusted
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to give silence in the telephone receivers. By this procedure,
the detector and audio-frequency amplifier are always operated
with the same intensity of signal and hence do not in any way
affect the results. A vacuum-tube voltmeter may be sub-
stituted for the telephone receivers or may be connected directly

radio |
oscillator

Radio Oetector
refrequency 1T and audio
leamplfier 1L, amplifjer

S 4 S - -
1000~ \/}{l\/\f
modulating
voltage R,
M

Fi1a. 239.—Method of measuring the voltage amplification of a radio-frequency
amplifier.

across the output of the audio-frequency amplifier. It may be
well to reduce the modulation frequency to a low value in order
that the radio-frequency spectrum may be narrow.

Thorough shielding is of the utmost importance in all measure-
ments of this type at radio frequencies. Stray effects may be
difficult to eliminate, but with care in arranging the apparatus
the method may be made to work very satisfactorily.



















































444 THEORY OF THERMIONIC VACUUM TUBES

100
4
3 o
2 o
580 .
x
= \
v \
£
_g 60 \\
I
S
= SR
40

0 1 2
Steady Current in Milliamperes

Fic. 242.—Variation of the inductance with steady current of the primary
coil of an audio transformer (AD-1).
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the primary coil of an audio-frequency transformer (AD-1).
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appreciable effect, as shown by Eq. (511), although at the two
extremes of 10 and 1,000 cycles per second this effect is very small.

Frequencies from 1,000 to 10,000 Cycles per Second.—For the
range of frequencies between 1,000 and 10,000 cycles per second,
A: may still be neglected but the other approximations made
for frequencies below 1,000 cycles per second do not hold.

At frequencies of the order of 10,000 cycles per second, g(nin
may not be negligible, but to simplify the analysis we shall
neglect it in the following example. If g,,n is not negligible,
its effect is to decrease or increase 741, according as gyasn is
negative or positive, and also to make the ratio w1 /w less than
wenyn/w. If 7, is of the order of 10,000 ohms, (r,,Cpnw)? is
not negligible above about 4,000 cycles per second. The factor
7. is then given by the fourth equation in Eq. (487). The ratio
(wn/w)? is negligible in comparison with unity provided r,, is not
much greater than 10,000 ohms. The voltage amplification as

given by Eq. (486) is
“ ,LC(HI) Q) We(nt1)
on Ly, w?

" |7 P » I
\/ng‘_*_l\/[m(”“)_*_nﬁn-i-lj +[l_w—<;2_nif+l]
(514)

(VA). =

If r, is not much greater than 10,000 ohms, and Ly, is of the
order of 80 henries, TI: is generally negligible in comparison with
unity for all frequencies above 1,000 cycles persecond. Equation
(514) then assumes the simpler form

Letnyy @ mnin@ent
Upn Lb * (1)2
(V.A), = =
2 2 ‘-"%Ml) ?
Ne(nt+1) T+ 11— Th — 7

If u,n is unity and r,, is zero, as is true when the voltage ratio
of the transformer alone is tested, Eq. (515) gives a maximum
(V.A.), when winypn/w? =1 — T:. The value of the maximum

L we 1 . . .
is ot . (";Ll) . +  This maximum is illustrated
Lbn w Non + Ne(nt1)

for a particular transformer in the curves of Fig. 4, page 632,
Appendix B. Referring to the figure, if R, = 0, the voltage
ratio is 7.7 at a frequency of 10,500 cycles per second.

(515)
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Using the data given, the theory developed under Case 7
applies, provided g,»+1 is in absolute value not greater than
about 10~% mho. The analysis of Case 7 applies to each stage as
a unit, and, if the feed-back is eliminated, each stage operates
independently of the other stages. When, however, feed-back
exists, the performance of one stage is greatly affected by the
next stage, because the value of g¢,.+1» changes according to
the nature of the plate load of the stage (n 4+ 1). If the capaci-
tance of the tuning condenser of stage (n 4+ 1) is smaller than
that for resonance to the incoming signal, the plate load is
inductive and the input conductance g,,+1 may be negative.
This negative input conductance affects the amplification of
stage n and may be so negative as to cause the nth stage to
oscillate. If the capacitance of the tuning condenser in stage
(n + 1) is larger than the resonant value, g4nv is positive and
the amplification of the nth stage is decreased. It is clear
that the performance of an amplifier in which feed-back exists
varies greatly according to the settings of the several tuning
condensers. Because of the interaction between stages, such an
amplifier is often unstable. Feed-back is greater at the high
frequencies. Partially to stabilize an amplifier in which this
disturbing feed-back exists, resistances of a few hundred ohms
are often connected in the wires leading to the grids of the triodes.
These resistances introduce losses which are greater at high
frequencies.

In a later chapter screen-grid triodes will be considered.
These tubes eliminate, to a large extent, the feed-back through
the capacitance C,,. But the value of r, for these tubes is very
high, usually of the order of several hundred thousand ohms.
The theory of Case 7 still applies but the constants have different
relative magnitudes.
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CHAPTER XVIII

METHODS OF REDUCING ENERGY INTERCHANGE
BETWEEN GRID AND PLATE CIRCUITS OF A TRIODE.
“NEUTRALIZATION”

The ideal repeater or amplifier is one which is perfectly
unidirectional. A unidirectional amplifier is one in which there
is no energy flow in either direction between the output and
input circuits, and the only action is the control of power in
the output circuit by the grid voltage.

185. Effects of Energy Interchange between the Grid and
Plate Circuits of a Triode.—We may summarize briefly the
deleterious effects of energy interchange before considering
methods of reducing or eliminating these effects. When there
exists any electrical path between the plate circuit and the. grid
circuit of a triode, energy may flow from the grid circuit to the
plate circuit, or into the grid circuit from the plate circuit.
If energy flows from the grid circuit, the effective resistance
of the grid circuit is increased and the potential impressed
upon the grid is less than it would be if this energy flow did not
occur. Reduced amplification results. If energy flows into
the grid circuit, regeneration occurs, and the amplifier may

oscillate or be unstable. ‘‘Feed-back” is said to take place,
although broadly speaking, feed-back may be either positive or
negative.

The effects upon amplification of the interchange of energy
through the path comprising the mutual capacitance C,, between
plate and grid were studied in Chap. XVII. This interchange
of energy was there expressed in terms of input admittance
¥, = g, — jb,. If g, is positive, energy is taken from the
grid circuit by the plate circuit and the resulting amplification
is reduced. This was found to be a very large effect at radio
frequencies, because the path through C,, is then of compara-
tively low impedance. The input conductance g, is always
positive for resistance-coupled amplifiers but may be negative
when the plate circuit is inductive. When g, is negative, regen-
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by suitable disposition of the inductances and capacitances,
and by the use of electrostatic screens. The coupling through
C,, is always present unless the electrostatic screening is extended
to the internal structure of the tube. Such a scheme of internal
screening will be considered in Chap. XXIII. We shall now
study at some length methods of reducing the effects of the
coupling through the equivalent capacitance C,,.

The methods of reducing the interchange of energy between
the plate and grid circuits through the capacitance C,, can be
classified in two fundamental groups, as follows:

1. Balancing the Feed-back Voliage.

2. Balancing the Feed-back Current.

The method of Group 1 consists in introducing into the grid
circuit a voltage equal and opposite in phase to the voltage
produced by the flow of the feed-back current through the total
grid-circuit impedance.

The method of Group 2 consists in leading to the grid a current
equal and opposite in phase to the feed-back current that flows to
the grid through C,,, so that the net current which flows through
the grid-circuit impedance, due to the action of the plate voltage,
is zero. Consequently, no feed-back voltage is produced in the
grid circuit.

Probably the earliest method of reducing feed-back is one
described by Hartley? in 1915 and is an example of Group 1.
About two years later, Rice® invented a more practical scheme
for neutralizing amplifiers. Hazeltine* has taken out several
patents on various neutralizing circuits which fall in both of the
groups given. A very good discussion of the various neutralizing
schemes was given by Ballantine® in a patent filed in 1923.

192. Group 1. Balancing the Feed-back Voltage Due to C,.
There are several ways of reducing the effect of C,, which are
classified under this method. Perhaps the most obvious way is
that patented by Hartley and illustrated in Fig. 246. It was
shown in Chap. XI that, if the plate load of a triode is inductive,
the input admittance may have a negative real component which
may cause the input circuit to oscillate. In Fig. 246, the induc-

2 HarTLEY, U. S. patent 1,183,875 filed September, 1915.

3 Ricg, U. S. patent 1,334,118 filed July, 1917.

¢ HazeuTiNg, U. S. patent 1,450,080 filed August, 1919; U. 8. patent
1,489,228 filed Dec., 1920; U. S. patent 1,533,858 filed December, 1923.

§ BALLANTINE, U. S. patent 629,702 filed April, 1923.
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The condition of balance of the bridge of Fig. 247a is
Z, _ _.7/ Cm‘-"
/7 (516)
If this condition of balance is to be independent of frequency,
either Z, or Z, must be a pure capacitance. If there is some con-
ductance between the grid and plate across the glass seals, C,,
is a leaky condenser, and Z, or Z, must likewise be a leaky con-

(e) (3]

Fia. 247.—Neutralization by voltage balance.

denser. If Z,is a capacitance C., Z, and Z, may be two resist-
ances, two inductances with or without mutual inductance, or
two capacitances. Figures 247b, ¢, and d show the connections
for these three possibilities. The conditions of balance are

R C. .
—R—z = —Cpg (Flg 247b)

+M+L, _ C. .

W +L,-C, (Fig. 247¢) (517)
C. _C, .
C_l = C—pa (Flg. 247d)
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AE, = LC’"’].“’AEO (520)
2= e

The effective part of AFE, namely AE,, varies with frequency

except for the schemes in Figs. 247d, e and f. For these cases

C
AE, = (m'TMAEO, and C; should be at least as large as C,,

and preferably larger. In the scheme shown in Fig. 247c,
the effects of R, and R., the resistances of L, and L, have been
neglected. In caleulating by Eq. (520) the fraction of the input
voltage which acts upon the grid, the resistances R; and R,
must be considered. For Fig. 247¢

AE, = —3/Crot0 A (521)
it j<Llw B Cpu“’)

= 0, then AE,

. 1 AE,
If in Eq. (521), Lyw — Coro =BG so that

for some frequencies AE, may be much greater than AE,.

It is of considerable practical importance to examine the effect
that the balancing schemes just discussed have upon the input
admittance of the tube and its system, as determined at the input
terminals. For those connections which are fundamentally
represented by the bridge diagram, Fig. 247a, the input admit-

tance is
1 1
1
Cppw

Combining with this equation the condition of balance of Eq.
(516), the input admittance becomes

Z __J
° Cpgw .C 1 Zg+Z1

Yo= 7 1z, 16w =7 7,72

(523)

The input admittance Y, is not dependent upon the plate
resistance and amplification factor of the tube, as in the case of
an unbalanced triode, but is dependent upon frequency and the
constants of the balancing circuits. In determining the magni-
tudes of the impedances Z,, Z,, and Z., Eqgs. (516), (519), and
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of energy between plate and grid circuits includes the most
important and the most used schemes of eliminating feed-back.

The broad principle of operation may be explained by refer-
ence to Fig. 252, which shows a triode with plate load Z, and grid-
circuit impedance Z.. The capacitance which causes feed-back
is represented in dotted lines as a condenser C,,. Because
of the alternating component AE, of the plate voltage, a current
AI,. flows through the coupling path C,, and would by itself
cause a variation of grid potential due to the impedance voltage
Z.Al,.. If a connection, usually through a small condenser
C’, is made from the grid to a point in the system having the
proper potential to cause a current AI’ to flow to the grid, such
that

Al' = —al, (533)

then the net current through Z. due to AE, is zero and the plate
voltage AE, causes no change in grid voltage. The problem
is to connect a wire a to a suit-
able point in the plate circuit or to
a suitable point in a circuit which
is coupled to the plate circuit.

Some of the circuits which neu-
tralize the feed-back current by an
equal and opposite balancing cur-
rent are variations on the general
bridge circuit shown in Fig. 253.
In this diagram the input circuit
connects directly from grid to
cathode. Fic. 252.—Neutralization by cur-

The equations expressing the rent balance.
condition that AE, is zero for all values of AE, are

‘7CAI: — ZAL, 4+ jM'wAY = 0

P

—iM'oAL, + (Z' + Z")AT = 0 (534)
Al = —aAl,

The conditions of balance derived from Eq. (534) are contained in
Mt — M Lz 42y =0 (535)
CPU

Equation (535) may be separated into two equations by equating
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M between Ly and L,
M’ between L, and L’
M, between L} and LY

The equations for deriving the conditions of balance are

ZAL — Al _ aoAT, — jMIwAY = 0
C o
; 548)
iM'wAL, — (Z) + jMw)Al, — (z;' - &)Ar = (548,
Al, = —AY
where Zy' = RY + jLY w.
Eliminating AI,. and AL, gives
(M'Mo? + ZoZy + jZuMaw)Al,
+ (M'w M gy - @)AI' —0 (549)
Cos C'w

In Eq. (549), each parenthesis must be equal to zero. The
second parenthesis placed equal to zero expresses the condition
for primary balance and is the same as Eqs. (635) and (545),
if L4 is considered the neutralizing winding.

The first parenthesis placed equal to zero is the condition
for secondary balance, the more important of the two if L,
is small, as is usually the case. The first parenthesis separates
into the two following conditions for secondary balance:

[M'M — Ly(Ly + M)Jw? + REy =0
i ”n (550)
RngO) + Rb(L2 + Mg)w = 0

Perfect secondary balance cannot be obtained because the second
equation cannot be satisfied. If, however, Rs and R, are small,
the resistance terms are negligible and approximate secondary
balance is secured if

M'M = Ll + M) = %’(L2 LI Ly (551)

This condition of balance does not involve C’, so that the only
object in varying one or more of the quantities in Eq. (551)
is to adjust for approximate secondary balance. Primary
balance should be obtained by wvarying one or more of the
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in serles with a polarizing battery B, and a small alternating
potential Ae, of frequency ws/27. The detector D has a nonlinear
characteristic, given by the general relation

i = f(e) (653)

| a M

F1a. 262.—Diode detector without load.

D Aey=VT AE,sinlt
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0
Ly
-
b
____________________ x
|
|
i A
// ll A
/ |A
! /4 |
ol‘--- I
= 4 .
| DO tylg-- oL
Thooommoe o A1
i i I
|
// | 'AAI
7 | |
a / | |
e e 4=t -
U iEB 1e
|/ |
72 PP N .
T ]
: <—ﬁAEo

Fic. 263.—Rectification by two-electrode non-linear circuit element without load.

the form of which may be known only graphically, as illustrated
in Fig. 263.

If Ae, is zero, the ste?,dy current that flows is I and is deter-
mined by substituting Ep in Eq. (6563). Hence

I = f(E») (554)





cos2a.it
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The term Ed—;(AEOV is the only term of frequency lower

than that of the impressed voltage and is the important term
when detection or rectification is considered. This term is a
quantity of the second order in magnitude, because it depends on
(AE,)? and is denoted by A2]. Hence, we write
— 2
& = 3 Yamy: (558)

One cycle of A and of the several components of A7 in Eq.
(557) 1is plotted in Fig. 263. The amplitude of the current of
fundamental frequency can be obtained from the tangent to
the curve at @ whose slope is di/de, Fig. 263. The second
harmonic has an amplitude which is equal to A,

If a secant is drawn from a to b, and d is the intersection of
this secant with the vertical through @, distance Qd is equal to
2A%]. Let AI’ and A1, both taken as positive quantities, be the
peak values of A7 measured from /. From Eq. (556)

Ar V2A'AE, + A™(AE,)?
—Al" = —+/24'AE, + A" (AE,)?
AT’ + A/T" Ao Al — Z\I"_
2 2
Al — ﬂn
2

(559)

Now, Qd = From Eq. (559)

= AY(AE,)? = 2A°T (560)

From Egs. (559) and (560) we obtain the important relation

A’j/ _ A’j//
4

The importance of Eq. (561) is this: We have found that when
a sinusoidal e.m.f. is impressed upon a device having a parabolic
characteristic curve, the change in steady current, or the rectified
current, is given by Eq. (558); and, further, Eq. (561) shows that
this same change in steady current is given by one-quarter of the
difference of the peak valuesin the positive and negative directions.
This relation will be used as a short cut in later theory and will
be extended to mean that, when the nonlinear element has a
parabolic characteristic, one-quarter of the difference of the
positive and negative peak values of any potential or current
gives the value of the steady component of that potential or

= AT (561)
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A graphical interpretation of some of the quantities can be had
by referring to Fig. 265. The distance fg, taken from the mid-
point f of the vertical line Qd to the tangent, represents the
fictitious voltage [A2E] given by Eq. (575). This fictitious voltage
of detection is also given by the distance Aj which is the distance
to the tangent from the mid-point of distance Q! on the resistance
line. Point A is the average point and gives the average current
I and the average voltage E across the detector. The voltage,
represented by 47, is equal to the sum of the increment of voltage
across the detector and the increment of voltage across the
resistance. The increment of steady voltage across the detector
is A’E = (A%)r and is represented by line An; the increment of
steady voltage across the resistance is (A21)R and is represented
by line nj. The current through and the voltage across the
detector are shown and also the components of the current and
voltage waves are given in Fig. 265. (R). is assumed equal to
R, and (X), is assumed to be zero. The case in which the two
resistances are not the same can easily be pictured.

198. Detection of Modulated Signal. First Method.—In
radio communication, the detector usually rectifies a modulated
radio-frequency e.m.f., giving rise to a current having a fre-
quency equal to the modulation frequency. Figure 261 repre-
sents a sinusoidally modulated radio-frequency e.m.f., which is
expressed mathematically by

Aeg = AEo(1 + m sin wit) sin wil (579)

In this expression, AE, is the average amplitude of the alternating
e.m.f. or the amplitude of the unmodulated radio-frequency
e.m.f. of angular velocity ws; w; is the angular velocity correspond-
ing to the modulation frequency; m is a factor ranging from 0
for no modulation to 1 for complete modulation and gives the
fraction of complete modulation.

In Eq. (579), if ws and o, are sufficiently different so that
there are many cycles of the high-frequency e.m.f. in one cycle
of the low-frequency variation, the amplitude of the radio-
frequency e.m.f. may be considered as varying relatively slowly
as compared to the radio-frequency period, and the AE, used in
Secs. 196 and 197 of this chapter can be replaced by

AE(1 + m sin wit).

Similarly, the amplitude of the radio-frequency voltage across
the detector can be replaced by AE(1 + m sin wit).
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Table XIV. The scale of amplitudes is not the same in the three
parts of the frequency spectrum of Fig. 266, since the relative
amplitudes depend upon the relative values of A" and A™ in
Eq. (603).

The current of frequency w;/2r is the resultant of two currents,
one obtained from the carrier potential of frequency w,/2r and

the upper-side frequency whz_: 2, and the other from the carrier

frequency and the lower-side frequency wh2—7r 2. These two

currents combine according to the phase angle between them.
If the side-frequency potentials are related to the carrier poten-

®
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Fig. 267.—(a) Frequencies before detection. m' = 14; m" =14. (b) Fre-
quencies added by detection.

tial as in Eq. (605), these two currents are equal and add in the
same phase. If some effect shifts the phase of the side frequencies
with respect to the carrier wave, these two currents of frequency
wi/2r are not in phase and may neutralize each other. Such
would be the case if the sign of one of the side-frequency terms of
Eq. (605) were changed.

Figures 267a and b are similar to Figs. 266a and b for the case
of two modulation frequencies.

203. Low-frequency Considerations.—Equation (591) gives
the fictitious voltage of detection of the component of modulation
frequency. Not all of this voltage is available for action upon
an output device, such as telephone receivers or an amplifier.
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- AE,
Zy + Z, + jCowiZoZ,
where Z, is the impedance of r in series with (Z,),.

The value of Cowx to make Al a maximum, and hence to make
the voltage across the detector a maximum, is

Al (608)

X X,
Cows = z_go +7 (609)
and the maximum value of A is
_ _ MK
Max. AT = R—OZT;_T.;Z—O (610)
Z, Z,
Since AE is equal to rAl,
AFE T
Mo 37, = B2, | R (611)
Z, Z,

If (Z,)» is assumed to be —j/Ciwx, an assumption which
ordinarily introduces very little error since Liws is usually very
large, Eq. (609) becomes

Lo Cien
Z% 1+ (Tlclwh)2

Equation (611) becomes

anh =

(approx.) (612)

Max <A—E>2= —1 (613)
\AE; [E_o.x/1+<rclwh)2 Z, __1Cn ]z
Zo TClwh T 1 + (TClwh) 2

Neglecting Rz in comparison with L§w?, Eq. (613) becomes

Approx AB\* _
Pprox. max. AR) =

1
—_— 614
[n V1 + (rCiwn)? | Lows rCrwn ]2 (614)
0 7Crwp T 414 (TC]‘W;)Z

where n9 = Ry/Lyws.

Equation (614) shows the effect of C; and of conduction
through the detector in reducing the high-frequency voltage AE
applied to the detector.
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a polarizing voltage of —0.25 volt, and the resistance of the
detector was about 3,000 ohms at that point.

Finally, Fig. 277 shows a plot of 7 = f(e) and (Det. E)q4 for a
galena detector. The maximum detection coeflicient occurred
at Bz = 0.05 volt, at which point the resistance of the detector
was about 15,000 ohms.

General References

CoLEBROOK : Rectifving Detector, Ezp. Wireless, 2, 330, 394, 459 (1925).



CHAPTER XX
SMALL-SIGNAL DETECTION BY TRIODE

The triode can be used as a detector in two ways, according as
the nonlinear characteristic used is in the plate circuit or in the
grid circuit. When the curvature of the plate-current character-
istic is used, the detection is known as plate-circuit detection, and
when the curvature of the grid-current characteristic is used, the
resulting detection is called grid-circuit detection. Although the
adjustments of the triode may be such that both types of detec-
tion take place simultaneously, it is usually best practice to
adjust for either one or the other type alone. For this reason
the two types of detection will be considered separately.

The general theory to be given follows the first method given
in the preceding chapter. The same results may be obtained
by the application of the second method of that chapter.

208. General Theory of Detection by Triode. Unmodulated
Signal.—Assume that the instantaneous plate current 7, is a
function of the instantaneous plate potential e, and also of the
instantaneous grid potential e;, expressed by

i, = Fley, €) (628)

Similarly, the instantaneous grid current i, is a function of
both e, and e,, but, since the dependence of 7, upon e, is only
slight for small values of Z,, we shall assume that 7, is expressible
in terms of e, alone, according to the expression

i = f(e)) (629)

The diagram of connections is given in Fig. 278 where Z, and
Z, are the equivalent series impedances of the plate and grid cir-
cuits and may have different values at different frequencies.

Assume that the small unmodulated alternating e.m.f.
Ae, = AE, sin wyt is impressed in the grid circuit of the detector
of Fig. 278. Because both characteristic graphs, Eqs. (628) and
(629), are curves, the changes of grid and plate voltages, due
to the impressed e.m.f. Ae,, are made up of steady rectified
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Plate-circuit detection is clearly simpler and much freer from
frequency distortion than grid-circuit detection, because Eq.
(664) contains no factor which is a function of the modulation
frequency wi/2r. It is true in both types of detection that the
fraction of [(A2E,),] which is available may be a function of
w, on account of the shunting capacitance C;. For this reason,
C, must be made as small as possible without an unwarranted
sacrifice in detection.

From Egs. (670) and (671), it is advantageous to make (R,)x
small in comparison with r,. Thisis accomplished by the connee-
tion of C, across the plate load. Sometimes a tickler coil is
included in the plate circuit to act regeneratively upon the grid
circuit. In this case, it is advantageous to make the inductance
of the tickler coil as small as possible so as not to increase (Xs)s
unnecessarily, but the mutual inductance between the tickler
coil and the grid inductance must be sufficient to give the required
regeneration. Usually, regeneration, by increasing (AE,);, more
than compensates for the decrease in detection coefficient.

In the use of plate-circuit detection the grid is polarized
negatively so that k, is zero. The presence of the detector
connected across the oscillatory circuit in the grid increases the
capacitance by approximately C,, + C,; without decreasing
the voltage across the circuit. AE, of Eq. (664) is, therefore,
the same as (AE,),,—o of Eq. (685).

The most troublesome feature of plate-circuit detection arises
from the fact that k, is usually small where detection is greatest.
This small value of k,, or large value of r,, makes it more
difficult to make available as large a fraction of [(A2E,),] asin the
case of grid-circuit detection. This is shown by Eq. (674).
Therefore, for plate-circuit detection, the plate load should have
a higher impedance at audio frequencies than for grid-circuit
detection.

In Eq. (674) appears the capacitance C; which shunts the plate
load Z,. The amount of frequency distortion produced in the
plate circuit depends upon the value of r,Cyw. If the frequency
distortion is to be no greater than that introduced in the plate
circuit of a grid-circuit detector, then, with the larger value of
rp, C1 must be correspondingly smaller. We may set up the
same criterion as in Eq. (675) or

(rpCio)? << 1 (686)
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curve giving the path of operation, these derivatives being
obtained at the quiescent point.

The method of attack here presented expresses the result in
terms of either the first or the second derivative of the charac-
teristic curve at all points along the path of operation or in terms
of the current itself at all points of the path. The method is
applicable to any form of characteristic curve even with sharp
bends. The solution is expressed as an integral instead of as a
series. Although, with this method, calculation of numerical
results is sometimes laborious, the form of expression of the results
lends itself to easy graphical evaluation as will be explained.
Furthermore, the expressions for the final results are accurate
and are general in form, since they can be transformed readily
to the results derived in the application of any of the other
methods referred to.

1. SIMPLE UNDERLYING PRINCIPLE OF THE METHOD

216. Method.—The method to be described is the application
of the Fourier analysis to the current wave form. This wave
form is first derived from the known dynamic path of operation
for the whole circuit. The current 7 in the circuit is plotted
against the instantaneous voltage e, impressed in the circuit.
Let 7 = F(e;) be this path of operation, usually determined
experimentally, although the analytical form of the function
may be known or assumed. There are no restrictions as to the
shape of this curve other than that ¢ shall be single valued, which
means that ¢ must be the same for ascending and descending
values of ¢;. If the magnitude and form of the applied voltage
variation e, are known, and if the polarizing potential E, about
which this voltage fluctuation takes place is given, the form of
the current wave can be deduced. This current is in general
nonsinusoidal, and the magnitude of any sinusoidal component
can be obtained by Fourier’s theorem.

Before describing the method in detail, there is an important
variation of the method which is here noted. Instead of using
the path of operation ¢ = F(e;) to determine the current wave
form, the current may be derived from the slope of the path
of operation plotted against e;, or even from the second deriva-
tive of the path also plotted against e,.

In Fig. 287a, an illustrative curve is drawn for ¢ = F(e),
and in Fig. 287b the same curve is drawn as expressed in the con-
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series upon the circuit, the current for one-half of a cycle of the
impressed e.m.f. can be obtained directly by projection from
the current curve as shown in Fig. 289. On the other hand, the
instantaneous current 7 measured from the quiescent current I,
at any time in the cycle corresponding to the impressed voltage
€, can be obtained by Eq. (693). The current curve 7 = F; (e;)
is shown in the right-hand part of Fig. 289 as determined from
the area under the k, curve.

The current ¢ is nonsinusoidal and can be expressed by a
Fourier series. Since the origin of time is taken when &; is a
maximum, i can be expressed by

1=I—T+ D), sinwt+ (D)2 cos 2wt + (I); sin 3wt + - - - (698)

The problem is to determine the values of the steady component
I — I, and the amplitudes (I),, (I),, etc., of the fundamental
and harmonic currents.

The Fourier analysis gives the following formulas for these
currents:

f—i=1f2zdo (699)
) _«
2
2
D = f Tsin 0d6 = des  (700)
7|'_2 WO—EO\/B—GO ’
(D), = 2 7 cos 200
9 = ;J‘_{Z Ccos (701)
2
(T)s = 2  ; ein 3040
3 = ;ff_’fz sin (702)

[\]

where 0 = of and 7 = Fi(e)).
If, in place of 7, its value as expressed by Eq. (693) is substituted,
the formulas become

—r=1 f % do f “Lo deg (703)
T _g 0

(D = ?r f isin 8do f “ka deq (704)
-% 0

2

~n
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- Eo
(Ds = 2 | “ko cos 36 deo (714)
3rJ_E,
= o v
= %’ ko cos 36 cos 6 df ete. (715)
T2

The integrals of ko, in Eqgs. (703), (704), (705), and the first
two integrals of Eqgs. (706) and (707) are straightforward integrals
giving the area under the ko
curve between two valuesof the
voltage. In the other integ-
rals, there is a definite con-
nection between the variables
which does not appear explic-
itly in the integrals. In the
last integral of Eq. (706), each °©
value of k, corresponds to a
particular value of &, deter-
mined by 6 and E,.

Several equivalent forms are

given for each quantity. These
expressions can be evaluated
by direct integration if the
mathematical expression for
ko is known. If ko is known
only by an empirical plot, these - Fic. 290.—Calculation of the ampli-
expressions can be evaluated tude of the fundamental component of
graphically, as illustrated for CuTrentfrom the curve of k.
(I): in Fig. 200. In this figure, the curve for k, is assumed,
and the curve ko cos @ is derived from it by a method obvious
from the diagram. The shaded area multiplied by 2/x gives the
value of (I); as shown by Eq. (708). If the curve of 7 against e, is
known, Eqgs. (699), (700), (701), and (702) may be used in place
of the expressions of Eqs. (706) through (715). The method of
calculation is similar to that already described.

Equation (710) gives the current of fundamental frequency
due to the impressed e.m.f. E,, and hence the equivalent con-
ductance of the circuit is

Mhos

2 .
Equivalent conductance = ?r f ,rk" cos? 9 do (716)
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The shift of the characteristic curve when B 5 £, and when the
curve has a kink so that the shift may better be demonstrated, is
shown in Fig. 295. The h_orizontal distance between the two
curves at the right is  — I)(R — R).

When &, is zero, the quiescent condition is expressed by the
equation

E,=IR+E (754)
Subtracting Eq. (754) from Eq. (753),
ew—Ho=(I-DR+G—DR+ve) —E (159

Equation (755) is useful in suggesting the method of construect-
ing the characteristic curve for the whole circuit for a given value

~
&
R
! ~
Yan'R
|
1 &\
1 ! Q a/ /
) T
] |
(] ‘ ]
L !
Vo TR
L <
)] E E Eo

Fi1a. 295.—Curves of ¢ =F(ec,l=) derived from curve of i = f(e), showing
transformation of a kink in the curve.

of I. Referring to Fig. 296, let ¢ = f(e) be the characteristic
curve of the diode alone. From a point representing £, on
the voltage axis, the resistance line ab is drawn making an angle
with the vertical whose tangent is B. The intersection of this
line with the curve ¢ = f(e) gives I and E. Through a point A4
on the line ab determined by the average current I, a resistance
line a’b’ is drawn, making an angle with the vertical whose tan-
gent is B. Let e, be any instantaneous e.m.f. applied to the
whole circuit. To find the instantaneous current corresponding
to e, a line is drawn from eo, parallel to the resistance line for R,
until it cuts the average current line I at d. From this inter-
section point, a line is drawn parallel to the resistance line for &
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ing and descending values of 7. As explained in the beginning,
our theory cannot solve such problems. If, as is usually the
case, the resistance and capacitive reactance to the harmonic
components are practically negligible in comparison with the
resistance (R); to the fundamental frequency, the plot of current
against voltage for the circuit when only the harmonies are
considered is approximately a vertical line, a’’b’’, shown dotted
in Fig. 2906. Since the impedance of the load to the harmonic
currents is assumed to be negligible, the harmonic components
of current produce no voltage across the load. Hence, the alter-
nating voltages both across the load and across the tube are
sinusoidal.

To find the path of operation for this case, expand i of Eq.
(749) into 7, + 7', where 1, represents the sinusoidal current of
frequency wx/2m, and 7’ is used to signify all the other components
except 7, all being measured from the average value. Equation
(751) becomes

ex = IR + (R (756)
and Eq. (752) becomes
eo= IR + i(R)» + ¢ (2) (757)

Since

Eq. (757) becomes

e = IR — (R + G - V)R + ¥() (758)
= ¥o(s, ¥, )

We may subtract Eq. (754) from Eq. (758), giving
o—Ho=(I-DR+0uRn+¥@ —EF  (759)

The characteristic curve for the whole circuit for this case
must be constructed in accordance with Eq. (759) instead of
Eq. (755).

The net result of the discussion of this section is that, whenever
the load resistance is different for alternating and steady currents,
the path of operation is not uniquely determined. It depends
in shape and position upon the polarizing potential and upon the
amplitude of the impressed voltage. It is then impossible to
obtain exact solutions for the component currents when the
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amplitude of the impressed voltage varies, as with a modulated
voltage. The experimental method to be described in the next
chapter gives results for any actual case but the theory presented
here may help to interpret these experimental results and to
help to an understanding of the factors upon which under these
particular conditions the action of nonlinear devices depends.

However, this case is not entirely outside the bounds of approx-
imate theoretical treatment. As stated, and as illustrated by
Fig. 296, the path of operation shifts and changes shape with a
variation of I. _If, however, the curve of ¢ = f(e) has no sharp
kinks, and if I — I is relatively small, as is usually the case,
the shape of the path ¢ = F(e) traversed during operation
changes but little when a variation of I takes place, and we may
deduce an approximate value of the quantity I — I in terms of
the shape of this path, i.e., in terms of k.

The curve of k¢ cannot easily be obtained experimentally.
It can be obtained by the graphical method of Fig. 293b, provided
the line ae, is laid off corresponding to the resistance B and the
line o'd’ is made equal to K. -

Referring again to Fig. 295, let ¢ = F(e,I) be the current
curve corresponding to the average current I. Let Q) be the
quiescent point as determined on the assumption that the curve
i = F(eo]) remains fixed in the position it has when the impressed
alternating voltage is zero. If I' is the current corresponding
to Q¢', the change of current I — _f " is the quantity determined by
the shape of the curve ¢ = F(eo[), whereas the actual observed
change of current is I — I. We wish, therefore, to find I — T
in terms of I — I.

Let E, E, and E’ be the voltages across the diode corresponding
to the points 4, @, and @’. Then,

E—-E=(E—-FE)+ (F - E) (760)
Substituting for these differences in voltage their equals in
terms of currents and resistances, Eq. (760) becomes
I-DE=I-I'r+I-IE (761)
where r is the variational resistance of the diode alone at the

quiescent point.
Rearranging the terms of Eq. (761),

d-DE+7n=d-I)VE+7) (762)
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and (£,), only, (E,); being the amplitude of the impressed sinu-
soidal grid voltage. A diagram known as the transrectification
diagram! for any particular triode can be obtained by plotting
the average plate current I, against plate-battery voltage Ej.
Several curves may be plotted, each for a constant value of
(E;)». The potential (E,), used for obtaining the curves may
have any frequency, a convenient one being 60 cycles per second.

Figure 301 is a transrectification diagram for a type 201A
triode with a grid-polarizing potential of —9 volts. Figure 302
is a similar diagram for a type 1714 triode when E, is —22.5

30

]

Milliamperes Tp
N
o

&

[ 20 40 60 80 100 120 140

F1g. 301.—Plate-circuit detection characteristics or transrectification diagram.
Triode ER201A. E. = —9 volts.

volts. The lower curve in each diagram is for (Eg)h =0 and
is, therefore, the static characteristic curve of the triode for the
particular value of E, used in taking the curves. The successive
curves for values of (E,), which differ by 2 volts are not equally
spaced but are closer for small values of (E,)s. Curves for
values of (E,), greater than E. are not shown because grid
current would flow for such curves.

1 The transrectification diagram was suggested by Ballantine and inde-
pendently by Smith; Ballantine, Proc. I.R.E., 17, 1153 (1929); Smith, Proc.
L.R.E., 16, 525 (1927).
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Referring to Fig. 301, we may plot the change in average
plate current caused by various values of (E,)», for a constant
E, of 100 volts, for example. Such a curve is shown in Fig. 303.
This curve shows that the change in average plate current
increases approximately as the square of (E,)s, for values of
(E,)» from zero to about 6 volts. Thereafter it increases approxi-
mately linearly with (E,)». The first region is that of square-law
detection where the small-signal theory of detection applies.

I
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Milliamperes I’
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&
B
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M £
~¢/ ©
“ Y
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0 //‘é
0 20 40 60 _ 80 100 120
Volts Eg
F1e. 302.—Plate-circuit detector characteristics or transrectification diagram.
Triode ER171A. E. = —22.5 volts.

The slope of the curve of Fig. 303 gives tlle value of trans-
rectification when K (which is the same as E, in this case) is
constant. The analytical definition of transrectification is

ol
Transrectification = P > (785)
(a(Eg)h Ep_const.

The transrectification derived from the curve of change in average
plate current in Fig. 303 is also shown plotted to the right-hand
scale in the figure. In the region where the transrectification
plotted against (E,), is a sloping straight line, square-law detec-
tion takes place and the characteristic curve of the triode is
expressed by a second-degree equation. In this region the small-
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of the fundamental component. The curves of Fig. 305, from
Ballantine, show the distortion as a function of carrier voltage
(r.m.s.) and of degree of modulation m. These curves show, as
do the rectification curves of Fig. 301, that distortion is large
where the carrier voltage is low, and is also large when the degree
of modulation is high for all values of carrier voltage. Corre-
sponding to each combination of E; and E., there is a carrier
voltage for which distortion is a minimum.

(Z),
—r—

o

Fi1a. 306.—Clircuits of the triode used for grid-circuit detection.

231. Grid-circuit Detection.—Under certain conditions detec-
tion may be caused to take place entirely in the grid circuit of a
triode, in which case we have pure grid-circuit detection. Often,
however, when the circuits are such as to permit grid-circuit
detection to take place, plate-circuit detection is also present
to some degree. The circuit connections for grid-circuit detec-
tion are given in Fig. 306. The connections shown in this
figure are the same as those in the circuit diagram given in Fig.
280 of Chap. XX for small-signal detection, except that the
polarizing battery in the grid circuit is omitted in Fig. 306.

The mechanism of detection in grid-circuit detection is quite
different from that of plate-circuit detection. The mechanism
can best be described by referring to Fig. 307. In this figure,
the grid current 7, is shown plotted to e¢,. In the lower part
of the diagram, the instantaneous grid potential is shown plotted
to a time axis extending downward. The instantaneous grid
potential ¢, is equal to the radio-frequency voltage (e;), across
the oscillatory circuit less the instantaneous voltage e. across
the combination of R, and C, in parallel.

Assume that (e,)s is sinusoidal and of constant amplitude
(E)n. The grid condenser C. is charged to some average
potential £, which is maintained by the part of the grid current
that flows into the condenser C. during a small fraction of the
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positive peak of (e,)» when the grid potential swings slightly
positive. The charge, which is communicated to C. during
the time when 7, flows, leaks off through the resistance R. while
there is no grid current. Figure 308 shows graphically some

g

&

Fi1g. 307.—Grid-circuit detection with large-signal voltage.

ic

IO Voltage
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Fic. 308.—Voltages and grid current in grid-circuit detection.

of the potentials and currents in the grid circuit. The carrier

voltage (e,)s is shown drawn about the average voltage E.
as axis. When voltage (e,)» — E. is positive, grid current flows.
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Most of the grid current flows into condenser C., as shownby
the positive loop of the 7, curve in Fig. 308. While (¢,)» — E.
is negative, the condenser C. discharges through resistance
R., as indicated by the rest of the 7, curve of the figure. If
the average voltage E. of the condenser remains constant, as
much charge flows into C, during a cycle as flows out. Hence,
the areas under the positive and the negative loops of i. are
equal. The instantaneous voltage of the condenser C, varies
approximately as shown by the curve e. Strictly speaking,
the instantaneous grid voltage is (e,), — E, — Ae,, where
Ae, is the fluctuation of condenser voltage due to the current i,
this current being shown shaded in Fig. 308. If (e,); is assumed
sinusoidal, the grid voltage (e,)s is actually slightly distorted,
as shown in somewhat exaggerated fashion at the right in Fig.
308. The voltage Ae. will be shown to be very small under
most conditions, so that the distortion of (e,), is neglected in
this analysis. _

The value of E. which any given (£,), will maintain for a
certain triode and for a certain value of R, can be calculated
approximately by the following analysis. Let ¢ be the time
during which 7, flows. If the carrier grid voltage is expressed as

_ (e = (Ea)h COS wpt (794)
then
E. = (B,) cos %i (795)

During the time that 7, flows, the condenser C, receives from
i, an increment of charge equal to

Ag = J "t (796)

2

The condenser C. discharges constantly through R. and the
decrease in charge during a cycle of duration T} is
E.
Aq” = E - Th (797)
The right-hand sides of Eqgs. (796) and (797) may be equated.
Before reducing the expression, some assumption must be
made as to the shape of the curve of ¢,.
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however, the circuit to which the voltmeteris connected isopen for
steady currents, the grid circuit of Fig. 312b is used. The input
circuit in Fig. 312a is preferable to that of Fig. 312b, because in
the former the input impedance is only the capacitive reactance
of the triode, and this is often reduced to a minimum by debasing
the tube. The input impedance of the second form of grid cir-
cuit, Fig. 312b, can be reduced by making R, very large, as, for
example, 10 megohms or more,

The polarizing voltage E. is adjusted to give some predeter-
mined plate current when no alternating voltage acts on the grid.

(@) (b)

(a) (b)

Fia. 313.—Vacuum-tube voltmeter with zero adjustment.

When the alternating voltage is impressed, the change in plate
current generally increases as the square of the a-c. grid voltage
for low voltages and then approaches a linear relation for high
grid voltage, as shown in Fig. 303. The calibration curve is
always obtained experimentally, but a study of the rectification
diagram aids in choosing the proper voltages.

The form of voltmeter shown in Fig. 312 is limited in its
sensitivity because the quiescent plate current, when no a-c.
voltage is impressed, deflects the d-c. instrument. Smaller
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give correct indications of the r.m.s. value of a voltage only
when the voltage is sinusoidal. The errors due to presence of
harmonics may be very great and may vary with the phase of
the harmonics with respect to the fundamental voltage. For
example, the reflexed type of voltmeter gives deflections which
are dependent only upon the positive loop of potential and are
often dependent only upon the peak of this loop of potential.
Evidently such a voltmeter is useless unless the voltage is
sinusoidal.

The only vacuum-tube voltmeter which gives correct indica-
tions independent of wave form is one whose operating char-
acteristic curve can be expressed by a power series containing
no terms of degree higher than the third. The proof of this
statement follows.

Let

_ o, d_
n=bi g+l (816)
be the operating characteristic curve, where 7, and &, are measured
from the quiescent values. If & = +/2E, sin ot +/2E,

sin (20t + ¢) + . . ., the steady increment obtained when this
value of &, is substituted in Eq. (816) is

AT =SB + B+ -+ )+ LB+ B4 B )

= BV + (B + B BB 4 --)  (81D)
The third-degree term in Eq. (816) does not contribute to the
value of A(I,), but the fourth-degree term causes an error, given
by Eq. (817). If fis zero, the change in average plate current
is proportional to the square of the r.m.s. value of the a-c. grid
voltage.
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Equations (819) and (820), taken together, give the definitions
of the variational plate conductance k,, and the several varia-
tional plate transconductances s,,,, Spg,, €tc.

If all voltages except e, and e,, are constant, and if e, and
€, vary so as to maintain 7, constant, ‘

—( e = S
(6eﬂl>ip=00nst. - kpp (821)

The left-hand member of Eq. (821) is one of the voltage ratios
(sometimes called amplification constants) and is denoted by uy,,.
The other voltage ratios, uy, Uy, €tc., may be similarly defined.

The definitions of the tube coefficients which directly concern
the plate current are given below.

Plate Coefficients:
_ 80, _ 1
kop = de,  Tpp (822)
d1
Spgy = (ﬁ (823)
_ 9
Spgs = 3e,, ete. (824)
de
Upgy = —<5e—> (825)
g s"=comt
I L
Upg, = < 3 eg,>,-v=com. ete. (826)
Spor = Upg,Kpp (827)
Spos = Upgipp ete. (828)

The definitions of tube coefficients concerned with the current
to the first grid are defined in a similar manner. The first-grid
current is

iﬂl = fl(el” eﬂn 602) eﬂz Tt ) (829)
and
Oy, g, O
dzm = aep dep + 6—6:1 degl + ae“ de“ + .« o . (830)

= Sp,pdep + kyoideg, + Sp0.de, + ¢ ¢ (831)
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A third method of connecting a tetrode is shown in Fig. 320c,
in which de,, is the same as de,. The total plate current of the
equivalent triode is, in this case,

dip + diﬂz = (kPP + sPO: + sthP + kigzﬂz)dep + (spﬂz + sﬂ:ﬂl)deﬂl (843)

The equivalent triode coefficients are

ky = kpp(1 + upp,) + Kgopn(1 + %)

Sp = Spa + Sgi0n = qukPP + uﬂzmkﬁm lEquiualent triode (844
Sp ;}or Fig. 320¢ )

up=k
b4

For the connections shown in Fig. 320d, de,, = de, and the total
plate current of the equivalent triode is

di, + diy, = (kpp + Spo,+80,p + Koy0)den + (Spg, + 80.0,)de,, (845)
The equivalent triode coefficients are

kp = kpp(1 + upo,) + Kopoe(1 + ug,5)

Sp = Spp, + Soin; = upﬂzkpp + uow:kam Equivalent triode (846
Sp Jor Fig. 320d )

up—k
4

Finally, a fifth way of connecting a tetrode is shown in Fig.
320e. In this case, de,, = de,, and Eq. (820) becomes

diy = kpyde, + (Spo, + Spsn)de, (847)
The equivalent triode coefficients are
ky = kpp l
S = :"’“ i‘:"“ = koo (upg, + tpy2) Equivalent triode for Fig. 320e (848)
Up = pmk P = Upg, + Upg,
PP

The discussion of these five methods of connection of a tetrode
shows that, except for the connections shown in Fig. 320c and d,
where a grid current is added to the plate current, the coefficients
for the plate circuit of the equivalent triode can be specified in
terms of three coefficients, 7.e., kpp, Upy,, and uy,,. Equation (820),
the fundamental equation of the tetrode, can be written

di, = kpp(dep + upydey, + upp,dey,) (849)

in which only these three coefficients appear.
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similar to that used in developing the e-p-c. and e-g-c. theorems
for a triode and will not be given in detail for a tetrode. The
final expressions for the equivalent-circuit theorems for a tetrode,
applying to alternating currents, are

4 A/ \\\/N\
7V A ENNE
AN\

Y&

1 X
-2
-40 -20 [\] 20 40 60 80 100 120 140
Potential of Second Grid in Volts eg,

Fra. 323.—Curves of up,, vs. ¢, for a tetrode. (French Bigril tube.)

-1

P
j =

Upg AE;, + up,AE,,

Al, = Tos + Zo (852)
_ ugpAE, + U0, AE,,

Al = r—— (853)
_ U, pAE, + uazalAEax

AI“ h Tgsge + Zc: (854)

where Z,, Z., and Z., are the impedances in the plate, first-
grid, and second-grid circuits. These three equations are
solved simultaneously according to the conditions of the particu-
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the plate. The structure of the screen is shown in the X-ray
picture of tube b, Plate V, facing page 588 and in the photo-
graph of parts of the screen-grid tube in Plate I, page 14. Not
only is the plate itself screened, but the lead wire to the control
grid is brought out at the top of the tube in such a way that it
is screened from the plate. The capacitance C,, is much less

than the usual value of from 5 to 10uuf for an ordinary triode.
Generally C »a, for the screen-grid tube is less than 0.01uuf. The

capacitance between the control grid and the cathode of the
equivalent triode is equal to the sum of C,x and C, x and is of the

order of 5uuf; the plate to cathode capacitance of the equivalent
triode is Cpi, + C »u, and is of the order of 10uuf. Since the screen-

grid tube is usually constructed with a separately heated cathode,
the subscript k, denoting cathode, is used instead of f in the
symbols for capacitances.

The electrons are aided in their passage through the screen
grid by making the potential of the screen grid positive with
respect to the cathode but negative with respect to the plate.
Generally the screen-grid potential is of the order of one-half
of the plate potential.

241. Characteristic Curves of Screen-grid Tetrode.—Typical
static characteristic curves of the screen-grid tetrode are shown
in Figs. 325, 326, and 327.¢ Figure 327 is the most interesting
and instructive of the three figures. Consider the portion to
the left of the line AA. As the plate voltage increases, the plate
current first increases, then decreases and becomes negative, and
then increases again. The screen-grid current passes through
changes opposite in direction to those of the plate current.
The negative slope of the plate-current graph is due to secondary
emission from the plate, the secondary electrons leaving the
plate and passing to the more positive screen grid. When
the plate current is negative, each primary or bombarding
electron liberates more than one secondary electron, so that more
electrons leave the plate than arrive at the plate. The tetrode,
when adjusted to operate in the region of the characteristic
curves just described, has useful applications which will be
considered later.

4 Figures 325, 326, and 327, and several that follow are taken from a
‘‘Handbook ”’ of tube characteristics published by the Commercial Engi-

neering Department of the R. C. A. Radiotron Company, Inc., Harrison,
N. J.
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Class A amplifier tube, but as a power-output tube connected
in a special way, shown in Fig. 337. As shown by the character-
istic curves and the diagram of connections, two tubes are used
with their grids connected to the opposite terminals of the
secondary winding of the input transformer. In this arrange-
ment, one tube passes current during the positive loop of input
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F1a. 337.—Characteristics of two tetrodes type 46 used as Class B amplifiers.

voltage and the other tube during the negative loop of input
voltage. The amplifier tube in the previous stage must be able
to supply the grid current without undue distortion.

This arrangement is known in the art as a push-push amplifier.
Although each tube operates as a Class C amplifier, the two tubes
taken together are known as a Class B amplifier. It has the
advantage of very large power output at high efficiency. If the
grid-voltage amplitude is 40 volts, the a-c. power output of both
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tubes at fundamental frequency is given by the shaded area
below the assumed resistance line, shown in Fig. 336. The
quiescent point is almost on the horizontal axis. The average
point for the current taken by both tubes is approximately at
the mid-point of the resistance line. Under these conditions,
nearly the theoretical maximum efficiency of 50 per cent for
sinusoidal operation is attained.

One disadvantage of this arrangement is the large harmonic
content of the output compared to the best performance of a
simple triode power amplifier. High efficiency is obtained with
a sacrifice in quality of reproduction.

III. PENTODES

The pentode was used in Europe before it came into general
use in this country. In Europe, the lighting service in different
places is not standardized as regards voltage and frequency
so that, to a considerable extent, set designers were forced to use
dry batteries for plate supply. The use of low plate voltages
was therefore of great importance. The advantage of the
space-charge grid as used in the tetrode and also as used in the
pentode permits the tubes to operate satisfactorily on low plate _
voltages. One of the chief advantages of the pentode is large -
power output obtainable with small tubes operating at low
voltages.

Although many different connections are possible with a
pentode, as shown in Fig. 324, only two are used extensively
in practice at the present time. These two connections are
shown in Fig. 324¢ and A.

247. Pentode with Suppressor Grid.—When a pentode is
connected as in Fig. 324c¢, the first or inner grid is the control
grid and is polarized negatively. The second grid, frequently
called the screen grid, is connected to the cathode through a
battery which gives the grid a positive potential of 200 volts
or more. The high potential attracts the electrons through the
first grid and projects some electrons through the next or third
grid to the plate. The third grid is generally connected directly
to the cathode and is often called the suppressor grid. This
name comes from the action of this grid in suppressing the
secondary emission from the plate which gave the undesirable
portion of the characteristic curves to the left of line A4 in
Fig. 327 for the tetrode.










































APPENDIX A
THEORY OF SUPERIMPOSED CURRENTS

Most problems in electrical engineering are concerned either
with direct currents only, or with alternating currents only. In
some special problems, those concerned with a microphone in the
telephone art, for example, currents flow which are composed of
an alternating current superimposed upon a direct current. In
problems of this type, the theory and calculation of the circuits
may be more involved than in the simpler cases. The elements
of the theory of superimposed currents are added here because
the currents in vacuum-tube circuits are more often composite
than steady or alternating alone.

1. Path of Operation for Superimposed Currents.—Suppose
a circuit, equivalent to a pure resistance, offers to a steady
current the resistance R, and to an alternating current of fre-
quency w the resistance E. The hypothetical circuit may consist
of a conductor of negligible reactance, for which the skin effect
is pronounced, making B different from R.
Often we have to consider the parallel reson-
ance circuit shown in Fig. 1, tuned to the
frequency . Obviously the resistance of
this circuit to a steady current is B which we c
shall denote as R. At resonance, the equiva- Fle. 1.—Parallel

resonance circuit.
lent impedance of the parallel circuit to a
current of frequency w is L/CR. To the harmonics of w, t.e.,
to 2w, 3w, etc., the capacitive reactance is small and therefore
the total impedance is small.

Suppose that a steady current I flows through the parallel
circuit. The e.m.f. across the circuit is £ = IR. Instead of
the steady current, an alternating current, 7 = I sin wf, may flow
through the circuit. The instantaneous e.m.f. across the circuit
is then & = iR = RT sin ot. Assume, as is usually true, that
R is not a function of current and hence not effected by i, and
that R is also not a function of current and hence not affected
by I. This assumption is not true if the conductor is heated

623
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Eqs. (10) and (11). Therefore, the following general statement
may be made.

When the instantaneous current ¢ and the instantaneous e.m.f.
e are connected by some relation as © = f(e), the point on the i-e
diagram determined by the average current I and the average e.m.f.
E does not lie on the curve © = f(e) unless the current ¢ is a linear
function of e.
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ring to Fig. 6, the primary coil and a high resistance are connected
in series and to a source of sinusoidal

60~ e.m.f. The frequency of the impressed
e.m.f. is chosen low in order that the
capacitancesacross primary and second-
ary coils may have negligible effects.
The 60-cycle mains of the laboratory
Fre. 6.—Method of meas- give a convenient source, the frequency
;g’x‘!fmtyhecgi‘ld“g:""ﬁ OJUEI;:’) of which is usually accurately known.
transformer. The resistance R is adjusted until the
voltage, as given by a vacuum-tube volt-

meter, is the same across the two elements of the circuit. Usually
R, is negligible in comparison with Liw. Insucha case L,w = R.
If R, is not negligible, a reading of the voltmeter across the two

volfmeter
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F1g. 7.—Variation of L, with a-c. voltage across Li. Steady current equal to
zero. (Transformer ADI1.)

elements in series gives the necessary additional data to enable R,
and L; to be calculated.
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The magnitude of L, varies greatly with the a-c. voltage across
the coil. Figure 7 shows the variation of L, of a particular
transformer (AD1) with a-c. voltage impressed across the coil.
In obtaining the readings for
Fig. 7 for small a-c. voltages, a 60~

resistance amplifier was used in meww@ DC.
m,

front of the vacuum-tube volt- R LR X vlliamperes
meter to increase its sensitivity. "W“a I MJA pod i
Theinductance L, also depends il gilia
upon the magnitude of the steady &
current passing through the coil.
The circuit of Fig. 8 was used Fi1c. 8.—Method of measuring L
to obtain the curves of Fig. 9 with a steady current flowing through
L. L. *.57 the winding.
giving the variation of L, with
steady current. The a-c. potential difference across the coil was
0.30 volt.
4. Determination of the Coefficient of Coupling 7.—The
coefficient of coupling 7 can easily be calculated from the bridge

ct--hacvun fube
voltmeter
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Fia. 9.—Variation of L; with steady current.

measurements of the short-circuited transformer. Referring
to Eq. (2), if »; is negligible in comparison with unity,
I
=
1—7 i (8)
Similarly, Eq. (4) also gives the value of 1 — 72,
5. Measurement of the Distributed Capacitances C, and Cy.—
In order to determine the distributed capacitance Cs, the trans-
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former is connected as shown in Fig. 3 for obtaining the voltage
ratio by the second method.

If E, and E; are the voltages across the primary and secondary
coils, as indicated in Fig. 5, their ratio is given by

E,
£ =
M/C
c. o
(Rle — LiLyw* + M%? + —l> + j<R1L2w + RoLyw — ——1>
C2 Czw
Voltages E,; and E, are in phase provided
RiLw + Raliw — 22 = 0 (10)
2w

If an additional capacitance (C,),, is connected across the
secondary coil, this added capacitance can be accurately adjusted
for balance when M, of Fig. 3 is zero. Equation (10) becomes

1
CZ + (CZ)ndd. = wlz : ———IZ_—
[Lz + 1T2L‘]
1

The experimental procedure is to obtain (C,),,, for various

(11)

frequencies. If L, + %Ll remains constant, a plot of (C»),,,.

against 1/n? should be a straight line having an intercept equal to
C,. Such a plot for a particular transformer (AD1) is shown in
Fig. 10. The value of the distributed capacitance of the second-
ary coil of the transformer is 90 puf. The straightness of the line

R
attests the constancy of L, + Ele, at least for the lower range

of frequencies.

The distributed capacitance of the primary coil can be found
by this same process with primary and secondary interchanged.
A plot for this measurement is shown in Fig. 11, giving C, as
330uuf.

6. Determination of the Ratios R,/L.w and R:/L.w.—The
ratios R,/Lyw and Rs/L.w, usually denoted by 7, and 7, involve
the resistances R; and R., which are the resistances of the coils
as increased by eddy-current losses, iron losses, and skin effect.
These resistances are the resistances which would be measured
if the distributed capacitances were zero.
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To determine 7,, the resistance of the primary winding with
the  secondary winding short-circuited is measured on a bridge.
This resistance is given by Eq. (1) but should be corrected by
Eq. (6). Since the coefficient of coupling is practically unity,
and 7} is negligible compared with unity, Eq. (1) becomes

L, R,
! .7
R, = Rl[l . Rl] (12)

800

[

700 : /

600 /

n
o

o
N

p=3
o
o

N
o
(=]

(€,) Added,in Micromicrofarads
8
o
—

o
o
N

1
/ n | xi0®

-100

F1a. 10.—Determination of the distributed capacitance of the secondary winding
of transformer ADI1,

or
R, L1

L—lw_‘r]1=Rl Ll __R2
2+§L1w
1

(13)
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R
The value of L, + F“;Ll can be obtained from Eq. (10) in which

the w for zero phase shall be denoted by w,_,. Substituting in
Eq. (13),
s L2 wsm

m = Rf L o - Cawg—o (14)

1600

1400 . /
1200 -

1,000 : /
800 ﬂ
600 : 7

400 /
200 -
1
0 / 4 8 12 16 20 24
-200 - -

-400
Fi16. 11.—Determination of the distributed capacitance of the primary winding
of transformer AD1.

(Ci)Added,in Micromicrofarads

The magnitude of wy_, can be obtained from the point where
the line crosses the axis in the plot of added secondary capacitance
against 1/n?% as shown in Fig. 10.

The corresponding expression for 5, is given by

L, wg_
N2 = RélT; ’ : 2. Clw¢=0 (15)
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where the wy., is obtained from the plot, Fig. 11.

Actually, the high-frequency resistances R; and R; do not
differ greatly from the steady-current resistances except possibly
at the higher frequencies.

7. Constants of a Particular High-grade Audio Transformer.—
The constants are given for the particular transformer (AD1)
for which the data for Figs. 4, 7, 9, 10, and 11 were taken. These
constants apply to the transformer when no steady current
flows through either winding and when the applied a-c. potential
used for measurement purposes is very small.

ConstanTs oF A TypicaL TraNsFORMER (AD1)

L,
I:—Q.O

Turns ratio = 3.0

L, = 85 henries
L2 = 765 henries
C, = 330uuf
Cz2 = uuf

Natural resonance frequency of primary coil = 952 cycles per second
Natural resonance frequency of secondary coil = 607 cycles per second

r = 0.998
m = 0.0026 at 1,000 cycles per second
72 = 0.00139 at 1,000 cycles per second
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SUBJECT INDEX

A

Activation of cathode, oxide-coated,
105
thoriated tungsten, 115
Amplification, current, 287
power, 288 :
of impedance amplifier, 294
of resistance amplifier, 289
of tuned amplifier, 298
voltage, 287
of impedance amplifier, 293
measurement of, 409, 422, 425,
447
of multistage resistance ampli-
fier, 399, 402, 407
of resistance amplifier, 292
of tuned amplifier, 295
of tuned transformer amplifier,
301
of untuned transformer ampli-
fier, 299
Amplification factor, 152
(See also Voltage ratio)
Amplifiers, audio-frequency, 402
impedance-coupled, 420
resistance-coupled, 402
transformer-coupled, 442
Class A, 284
classification of, 284
direct-current, 291, 413
distortion in, 397
impedance-loaded, 293
invention of, 11
multistage impedance-coupled,417
for audio frequencies, 420
for radio frequencies, 423
voltage amplification of, 419
multistage resistance-coupled, 396,
397

Amplifiers,

multistage resistance-
coupled, for audio frequencies,
402
for radio frequencies, 415
voltage amplification of, 399,
402, 407, 409
multistage transformer-coupled,
427
for audio frequencies, 442
discussion of, 441
for radio frequencies, 448
voltage amplification of, 429
neutralization of, 454
radio-frequency, impedance-cou-
pled, 423
resistance-coupled, 415
transformer-coupled, 448
resistance-loaded, 288
tetrode, Class A, 603
Class B, 605
with thermocouple, 309
transformer-loaded, 298
tuned, 300, 313
untuned, 299
tuned, 294, 313
Anode, definition of, 3
Atom, Bohr’s, 20
definition of, 17
excited, 22
metastable, 30
orbits of, 30
physical picture of, 20, 22
Atomic number, definition of, 21
Audio-frequency amplifiers, 402
(See also Amplifiers)
Audio-frequency transformer, 442,
629
(See also Transformer)
Audion, definition of, 4
Azide process, 110

645






SUBJECT INDEX

Coupled circuits without regenera-
tion, max. max. secondary
voltage in, 359

locus of, 360
value of, 363
max. secondary current in, 346
max. secondary voltage in, 359
space model for, 348
sections through, 355
Critical coupling, 347
contours for secondary current,
349
sections for, 358

Cross talk in amplifiers, 612

Curves (see Graphs)

Cylindrical electrodes,

density vs. distance, 75
field strength vs. distance, 75
space current as affected by initial

velocity, 78
space current vs. voltage, 72, 74
velocity vs. distance, 75

D

Detection, heterodyne, 547
linear, 586
Detection coefficient, of diode, 489
measurement of, 503
of triode, 518
Detection for large amplitudes, 565~
587
by diode, theory of non-linear
circuits, 535
by triode, 559, 565
grid-circuit detection, 573, 581
plate-circuit detection, 565, 581
transrectification, 565, 567
Detection for small amplitudes, 480~
534
by diode, 480-511
graphs of, 509
high-frequency considerations,
500
low-frequency
498
measurement of, 503
of modulated signal, 490
of two modulated signals, 495
of unmodulated signal, 481

charge

considerations,

647

Detection for small amplitudes,
by triode, 512-534
grid-circuit detection, 512, 5§15,
518, 520, 532
measurement of, 527, 531
of modulated signal, 516
plate-circuit detection, 512, 516,
518, 529, 532
of unmodulated signal, 512
Detectors, diode, 480
comparison of, 502
distortion in, 498
tetrode, 605
triode, 512
distortion in, 522
Diodes, characteristic curves of,
83
characteristic surface of, 82
definition of, 4
detection for small amplitudes,
480-534
(See also Detection for small
amplitudes)
theory of, for large amplitudes, 538
Discharge, through gas, 42
Crookes dark space, 42
effect of wall charge, 44
Faraday dark space, 42
negative glow, 42
positive column, 42
non-self-sustaining, 38, 39
self-sustaining, 38, 40
Distortion, wave-form, 285
amplitude, 286, 337
in detection, 572
frequency, 285, 397
in radio-frequency
611
in resistance amplifiers, 405
Dummy-tube test, 478
Durchgriff, 145, 177, 593
Drag loop, 377
Dynatron, 602

amplifiers,

Edison effect, 6
Electrodes, cold, 136


















	In Eqs. (485) and (486), the following new abbreviations appear.

	1

		1	

	(487)

	For greatest sensitivity,

	Triodes, in parallel, 185


