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Measurement of Inductance by the Shielded Owen Bridge 

By J. G. FERGUSON 

Synopsis: The study described in this paper shows that the Owen 
bridge is well adapted to the accurate measurement of inductance and 
effective resistance to above 3,000 cycles. The construction of a shielded 
bridge for audio frequencies is described and a theoretical discussion is also 
given. It was found possible to measure inductances ranging from 0.1 
to 3 henrys with an error of measurement less than 0.1 per cent, and for 
10 henrys the accuracy is better than 0.25 per cent. As a means of meas- 
uring effective resistance the bridge shows an accuracy of about 2 per cent. 
The sources of error and method of eliminating or correcting them are 
discussed. 

Introduction 

THE accurate measurement of inductance and capacitance is 
essential to the correct design of practically all precision electrical 

apparatus. Particularly is this so in the field of electrical communica- 
lion where the successful introduction of new circuits and equipment, 
such as the carrier telephone and the telephone repeater, depends 
largely on the accuracy with which the elements can be adjusted to 
the nominal values, this accuracy in turn depending on the accuracy 
with which the electrical measurements can be made. 

Owing principally to the ease with which a telephone receiver may 
be used to indicate a balance at audio frequencies, bridge measurements 
are very generally used for the measurement of capacitance and 
inductance in telephone work. The simplest type of bridge and the 
one used most for the comparison of like impedances is the equal 
ratio arm bridge described by Shackelton.1 This bridge requires 
standards of the same kind and magnitude as the impedances which 
are to be measured. The calibration of these standards is a separate 
problem, for which a distinct type of bridge is required. 

Either capacitance or inductance may be measured by a bridge 
method in terms of time and resistance, both of which are fundamental 
quantities. However, since condensers may be obtained with very 
low losses and small changes with frequency, this type of measurement 
is usually made with capacitance,2 inductance measurements being 

1 W. J. Shackelton, "A Shielded Bridge for Inductive Impedance Measurements," 
Bell System Technical Journal, January, 1927. a J. Clerk Maxwell, Electricity and Magnetism, Vol. 2, pp. 776-7. 
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made by comparison with capacitance and resistance or with capaci- 
tance and frequency. The resonant method is adapted to the com- 
parison of inductance with capacitance and frequency. However, 
this method demands an accurate measurement of the frequency used, 
which is not always convenient. It is therefore evident that a bridge 
which furnishes a comparison of inductance with capacitance and 
resistance serves a very useful purpose in the calibration of standards 
of inductance for use in simple comparison bridges. 

A bridge circuit due to Owen 3 furnishes a very good example of 
this type, the balance conditions being independent of frequency and 
the equations of balance giving a relation between inductance, capaci- 
tance, and resistance. The circuit is shown in Fig. 1. It consists of 
a fixed resistance ri in the arm BC, a fixed capacitance C3 in the arm 
AB, a fixed capacitance C4 in series with a variable resistance R in 

AD, and a variable resistance in series with the inductance to be 
measured in CD. The adjustments for balance are made with R 
and 7*2. These two adjustments are independent of each other. The 
relations between the quantities at balance, as will be shown later, 
are such that the bridge may readily be made direct reading for 

3 D. Owen, "A Bridge for the Measurement of Self Induction," Proceedings of 
Physical Society of London, Oct. 1, 1914. 
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inductance, and these advantages make this bridge superior to practi- 
cally all other bridges for this type of comparison. 

This paper contains a discussion of the theoretical relations of this 
bridge circuit, its possibilities and limitations for the accurate measure- 
ment of inductance and effective resistance, and the sources of error 
and methods of eliminating them. A shielded bridge, constructed 
for use in calibrating inductance standards, is described and sufficient 
measurements are given to show the accuracy of which it is capable. 

The maximum frequency at which measurements were given by 
Owen is 530 cycles. For the measurement of telephone apparatus 
considerably higher frequencies are used, and it is desirable that the 
bridge be capable of measurements up to 3,000 cycles without loss 
of accuracy. It is in the upper part of this range that the greatest 
difficulties are encountered, requiring special precautions not so 
necessary for the lower frequency measurements. 

While in the following discussion the maximum frequency considered 
is 3,000 cycles, this is not meant to indicate a maximum limit to this 
type of bridge. 

Equations of Balance 

Taking into consideration the phase angle of the resistances and 
the loss in the condensers, the complete network is shown in Fig. 1, 
the reactive component of the resistances being shown as series 
inductance, and the condenser losses as series resistance. Let 

L and Re = Inductance and effective resistance of coil to be measured, 
r{ and h = Total resistance and inductance in arm BC, 

r-2 and k = Resistance and inductance in CD exclusive of Re and L, 

R and U = Total resistance and inductance in AD including the 
equivalent series resistance of Ci, 

r-j = Equivalent series resistance of Cs. 

The inductance in the arm AB may readily be reduced to a negligible 
amount and will not be considered. 

We may now balance the bridge with the inductance terminals 
short circuited, that is, take a zero reading, and then balance again 
with the inductance inserted. 

Writing the equations of balance in each case, subtracting one from 
the other, and separating reals from imaginaries, we get the following 
equations: 

CsrAR - R') = L + (/■. - /■/) Grafr-. + h') . 
+ P'CMU - U) K ) 
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and 

r-i — r2 - R, = pHyiR - R') + p^U - U) - p-r*{L + /2 - V), (2) 

where h', r^', W, and R' are the values of hf r2, h, and R at balance 
with L short circuited, and p is 2-k times the frequency. These are 
practically identical with Owen's equations (10) and (12). 

In equation (1), each of the third and fourth terms contains two 
factors of second order, namely r-i and (r* + -/?„ — r->')} and h and 
ilx — h') respectively. 

We may therefore write 

C-MR - R') = L+ (/2 - /o'). (3) 

In equation (2), let 

-77 = - X3, ph = Xl, PU = X\y 
PCs 
pL = X, ph = Xi, and ph' = *2'. 

(4) 

Then we may write 

- {r-/ - r-2 - Re)pXz = pX\{R - R') + pr^Xx - Xx) 
- pr^X + .r2 - x-i). 

But from (3) 
„ n/ L -\- h ~ W — {X + x-> — x-i)X-i 
K — R =  y,     Csrx r, 

Substituting in (4), 

/ n (X' + ^2 — x^x, , ^ ^ (X + Xs — Xj') fo f'j Re — ^ | (*^4 ^4 / 

. n{X + xi - .ro') 

and 

/vi '\\ •'v"1 1 -V4 ~ •r4/ a, II. - (A + .ro ^2) [ ri 4"^ _ + *3 

Re = r-i — r-i — {X + x-i — x-/) ^ gi + 54 + ^ ^ . (5) 

where qi = ratio of reactance to resistance of arm BC, 
qx = ratio of reactance to resistance of change in arm AD, 
Qi = ratio of reactance to resistance in arm AB. 

From equation (3) we see that, if we take a zero reading first, the 
inductance is given by the expression 
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L = CMR - R'), (6) 

the percentage error due to neglecting k — h' being 

ioo(/2 - W) n. 
L ' K') 

From equation (5), the effective resistance of L is given by 

R* = r-i - ro, (8) 

the percentage error due to neglecting corrections being 

l()()(A' + .r, -.v./)/ , , 1 \ 
R. V' + q' + Qj- (9) 

The error in L is approximately, from equations (7) and (8), 

.V) — Xo Re Qo 
Re 'X~Q' 

where q* = ratio of reactance to resistance of change in arm CD, and 
(? = ratio of reactance to resistance of the inductance being 

measured. 

This error is usually negligible and may be approximately corrected 
for when appreciable. Dr. Owen has pointed out that this type of 
error is not peculiar to the Owen bridge, but is present in practically 
all methods of inductance measurement. 

The error in Re is a function of the <2 of the coil measured, and of 
Qi, </4 and <2,3. It is greatest for coils of high Q. 

It is possible to make (Ji = — for a given frequency, in which 

case the error reduces to approximately Qgt and the two errors are 
of the same order of magnitude for <2 = 1,—the error in R, becoming 
greater, and in L less as Q is increased. 

However, in the general case we cannot cancel qi against over any 
<2» 

appreciable range of frequencies, and they are normally additive. 
Also for ordinary inductance coils Q is considerably greater than one, 
sometimes as large as 100. For such cases the error in Re becomes 
large and difficult to determine without an accurate knowledge of the 
reactances of (he resistances used and the losses in the condenser. 

From the above relations we see that a method of this type is 
capable of measuring inductance with a high degree of accuracy and 
may be made to measure effective resistance with fair accuracy, 



380 BELL SYSTEM TECHNICAL JOURNAL 

provided that there is no coupling between any of the four arms nor 
any between them and the input and output circuits. This is in 
practice a difficult result to realize, and this difficulty in obtaining a 
simple but adequate system of shielding is one of the most serious 
limitations to the bridge. 

Since the bridge contains no inductances of appreciable magnitude, 
it is a comparatively simple matter to eliminate electromagnetic 
coupling by using input and output transformers in toroidal form, 
the input transformer being so designed that the core will not be 
saturated when using the maximum input to the bridge. 

The elimination of the electrostatic coupling is not so simple, as 
any electrostatic shielding introduced adds capacitance which, unless 
due care is taken, will involve errors in the bridge. This means that 
such capacitances must be limited to the corners BD and AC where 

Shielding 

a ^>-1 OOOQOOH 

GENERATOR 
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they simply shunt the input and output circuits, and to AB where 
they shunt the capacitance Cj and may be included in the assumed 
value of C3. If such shielding is not used, the balance of the bridge 
will be affected by external conditions such as body capacitance, and 
the position of the bridge arms with respect to each other and to other 
apparatus, with the result that accurate results can be obtained 
only by the use of the greatest precautions. 

A shielding scheme which satisfies the above requirements is shown 
in Fig. 2. In this system all capacitance between shields is limited 
to the diagonal corners of the bridge and the arm AB. However, 
this system of shielding, while about as simple as can be designed 
where complete shielding is required, is rather difficult to carry out 
in any practical bridge construction. 

L.Re 

p mOQQOO_/j> 

RECEIVER 

C jHJjaOMOOQ 

OMOMOOOO 

GENERATOR 
Fig. 3 

The question of reducing the amount of shielding and still retaining 
a high degree of accuracy has been investigated and the modified 
scheme shown in Fig. 3 has been developed. In this circuit the 
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shielding is complete insofar as it limits the electrostatic coupling to 
specific points in the bridge, and eliminates coupling between the 
bridge and the input and output circuits. However, in addition to 
capacitance across the diagonal corners and across arm AB, capaci- 
tances are introduced across ri, across R, and across arm AD. I he 
capacitance across AD may be made small enough to neglect since it 
consists of the capacitance of one condenser lead to the shield. Capaci- 
tances across ry and across R do not enter as first degree errors in the 
value of L but do directly affect the measurement of Rc. However, 
where the bridge is used primarily for the accurate measurement of 
inductance this compromise is justified. Even for the measurement 
of effective resistance, although the corrections may be larger due to 
the presence of the shielding, the bridge will give more consistent 
results and the corrections may be fairly well estimated. 

The method of shielding shown requires one transformer having 
two shields between the windings and one transformer with a single 
shield between windings. It is essential that these shields be as 
perfect as possible. The other shielding shown is comparatively 
simple, no equipment requiring more than a single shield. The 
ground is shown at the point B simply because grounding at this 
point results in the simplest shielding. It would be desirable to have 
the ground at C in order that one terminal of the coil under test would 
be grounded, but at the time of balance the points B and D are at 
the same potential, and provided that u, is only a small fraction of 
the total impedance of the coil under test we may consider that one 
terminal of the coil is practically at ground potential. However, it 
should be noted that for a coil having a considerable capacitance 
from intermediate points in its winding to ground, a ground at B 
cannot be considered exactly equivalent to a ground at D. This 
difficulty is only appreciable in the case of very large inductances of 
large physical size when measured at high frequencies, and in such 
cases the effective inductance will be dependent on external conditions, 
whatever bridge circuit it is measured in. In the case of shielded 
coils, the ground should in all cases be connected to D rather than 
to B. In spite of the slight disadvantages noted, this method of 
shielding appears to be the most satisfactory, and a bridge has been 
constructed in accordance with it. 

Construction of the Bridge 

From the equation giving the value of L, it is seen that we may 
obtain an additional range for the inductance by having either ry, 
Ca, or both, variable in steps. In the present bridge we have 
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used (wo steps for G and five steps for n. It is possible by choosing 
(he correct values for to make the bridge direct reading for induc- 
tance. The actual values used for the capacitance were .6 mf and 
.06 mf. The values used for nwere 1,000/.6 or 1,667 ohms and mul- 
tiples or submultiples of this value. In this way the bridge was 
made direct reading in millihenrys. 

The capacitance C\ has only one requirement to meet. It must be 
small enough so that (he ratio of resistance to reactance of arm AD 
shall always be less than the ratio of reactance to resistance of the 
coil. 

Taking 3,000 cycles as the maximum frequency, 10,000 ohms as 
(he maximum resistance in arm AD, and 200 as a maximum value 
for the Q of the coil measured, then 

2irJC < 200, 
and 

C < 1 mf. 

We have accordingly used a value of .6 mf in this arm (o correspond 
with the value of G- 

Resistances R and r-> are dial type completely shielded resistance 
boxes which can be varied from 0 to 10,000 ohms in .01 ohm steps. 
The resistances are all of the reversed layer type, wound on impreg- 
nated wood spools and designed to give low phase angle and high 
stability. 

The condensers are of the paraffine impregnated mica type, about 
ten years old, thus ensuring high stability, and having temperature 
coefficients less than .003 per cent per degree C., over the ordinary 
range of working temperatures. 

The transformers are of a special type described by Shackelton.1 

Accuracy—Measurement of Inductance 

As previously stated the shielding, while increasing the stability of 
(he bridge, introduces capacitances across R and which increase 
the corrections necessary in computing the effective resistance and 
may also require corrections in the measurement of inductance if 
sufficiently large. Accordingly, measurements were made on the 
bridge to determine the magnitude of this error. By shunting R and 
ri respectively, it was readily shown that capacitances as high as 
200 mmf would not change the indicated inductance reading by as 
much as .01 per cent for all settings of ri, for the whole range of R, 
over the whole audio frequency range. This conclusion is in accord- 
ance with equation 1. Since the shielding introduced capacitances 
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across these points of the order of 25 to 50 mmf, this source of error 
may be neglected in the measurement of inductance. 

Table I gives the exact values for G and n, and the corresponding 
constant K by which the indicated value of R must be multipled to 
give the true inductance. This table shows how accurately the 
resistance rx has been adjusted to make the bridge direct reading, 
iv is a simple number within .02 per cent in all cases when using the 
large condenser. The two condensers might have been made to have 
a ratio more nearly 10 to 1 by adding an auxiliary condenser to the 
larger one. 

TABLE I 

K = Cz X ri = Millihenrys per Ohm 

n (Ohms) K2.785 165.59 828.04 1656.1 8280.9 

G (mf) 
.60381  .049987 .099985 .49998 .99998 5.000 
.06052  .0050103 .010022 .050113 .10023 .50117 

A check was next made on a single inductance having a nominal 
value of .1 henry to determine the relative accuracy of different 
values of K at different frequencies. These values are given in Table 
II. It will be noticed that the value of L obtained is approximately 

TABLE II 

Comparison or Different Values of K Using a Single Inductance 

Nominal 
Inductance, 
Millihenrys 

K Frequency, 
Cycles 

R 
Ohms 

R' 
Ohms 

1. = K(.R - R') 
Millihenrys 

100  .099985 1,000 1,006.64 .03 100.65 
.49998 201.34 .00 100.66 

• > .050113 " 2,009.4 .45 100.67 
• < .049987 " 2,013.4 .09 100.64 
• • .099985 3,000 1,022.0 .03 102.18 

.49998 204.40 .00 102.20 
• < .050113 " 2,040.3 .00 102.24 
14 .049987 2,044.1 .09 102.17 

independent of K but the highest value obtained is for the value of 
K corresponding to the highest value of n. Since the reactance of 
this coil is only approximately 600 ohms at 1,000 cycles and the 
largest value of ri used was 828 ohms, it is evident that the potential 
of the coil with respect to ground varies considerably for different 
values of K. This is sufficient to account for the increased inductance 
value obtained for values of K using ri = 828 ohms. Keeping this 
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in mind the different values of K agree with each other very closely. 
It has already been stated that ri should be small compared with X 
and therefore the values of K using ri = 828 ohms would not normally 
have been used for the measurement of this coil. 

Table III gives a comparison of the inductance of several coils as 
measured on the Owen bridge and by a resonant method, the last 
column giving the difference between the two methods in per cent. 

TABLE III 

Comparison of Owen Bridge with Resonance Bridge 

Nominal 
Inductance, 

Henrys 
Frequency, 

Cycles 
Measured Inductance 

Difference, 
Per Cent Owen Bridge, 

Henrys 
Resonance, 

Henrys 

.1  1,000 .10065 .10066 - .01 

.1  2,000 .10124 .10118 -h .06 

.15  1,000 .15072 .15082 - .04 

.15  2,000 .15112 .15111 + .01 
1.0  2,000 1,0143 1.0144 - .01 
2.0  1,000 2.918 2.918 .0 
2.0  2,000 2.976 2.974 + .07 

10.0  2,000 11.295 11.27 + .22 

The resonant method was a highly accurate one in which frequency 
errors were negligible. The accuracy was probably of the same order 
as the measurements on the Owen bridge. The agreement between 
these two methods does not in itself indicate the accuracy of either 
method. However, the resonant measurements were made on a 
completely shielded equal ratio-arm bridge,1 in terms of frequency 
and capacitance, using entirely different equipment from the Owen 
bridge in which the inductance is measured in terms of resistance and 
capacitance. Accordingly it is very improbable that these two 
methods had any errors in common and we may assume that the 
agreement obtained is a fair measure of the combined error of the 
two methods. Consequently from this table we see that for a range 
of .1 to 3 henrys and for frequencies up to 2,000 cycles the error in 
the measurement of the inductance by the shielded Owen bridge is 
less than .1 per cent and for 10 henrys is less than 1/4 per cent. 

Accuracy—Measurement of Resistance 

The measurement of effective resistance in the case of an impedance 
of low reactance practically consists of the substitution of the unknown 
for the known resistance. In this case the accuracy of the measure- 
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ment is high. However, the usual case we have to consider is the 
measurement of the effective resistance of coils of high Q. It is in 
such measurements that the greatest corrections are necessary, and 
it is also in such measurements that the greatest errors in effective 
resistance are produced by incomplete shielding in the bridge. Con- 
sequently it is in the measurement of effective resistance that shielding 
is most essential, and although this shielding may introduce a necessity 
for larger corrections due to the capacitance it introduces, these 
corrections may be made with a certain degree of precision and having 
made them the value obtained will be more reliable than in the case 
of a complete absence of shielding. 

Table IV gives the figures for the measurement of effective resistance 
of three coils having a high Q. Referring to equation 5 we see that 
q{ and q\ are positive when the reactance is inductive and that Q* is 

TABLE IV 

Induc- 
tance, 

Henrys 
Fre- 

quency, 
Cycles 

n' 
Oluns 

r- 
Ohms 9i Q* 

i 
Qs 

X (</i 
+ 9* 
+5) 

R, 
Ohms 

Re' Ohms 
Diff., 
% 

1 1,000 1,670.66 1,358.30 - .0004 .0000 -)- .0023 - 17 329.4 326 1 
1 3,000 1,670.15 1,373.14 - .0013 " " - 68 365 378 3 

.1 1,000 1,670.66 1,641.46 - .0004 " - 1.7 30.9 30.1 3 

.1 3,000 1,670.15 1,643.34 - .0013 " " - 6.8 33.6 32.5 3 

.02 1,000 1,670.66 1,659.30 - .0004 + .0003 " - .30 11.66 11.47 2 

.02 3,000 1,670.15 1,659.15 - .0013 + .0011 - .94 11.94 11.8 1 

always negative. The column headed Re is obtained from equation 5. 
The column headed RJ is obtained from a resonant method of measure- 
ment which has the same order of accuracy as the present method. 
Consequently the last column of differences gives the combined error 
in the two methods. In these measurements covering the most used 
range of inductance and a frequency range of 1,000 to 3,000 cycles, 
the largest difference between the two methods is 3 per cent. The 
total corrections to be made are in some cases extremely large, especially 
for the higher inductances and frequencies. This correction may 
amount to 30, or 40 per cent in some cases, and this means that an 
effective resistance obtained by the Owen bridge when not corrected 
may be in error by this amount. However, after allowing for the 
necessary corrections we can say that the bridge is capable of an 
accuracy for the measurement of effective resistance of about 2 per 
cent over the greater range of inductance and frequency. 



Determination of Electrical Characteristics of Loaded 
Telegraph Cables 

By J. J. GILBERT 

Synopsis: The use of permalloy for continuous loading has introduced 
a number of new factors of importance in the study of transmission of 
signals over long submarine telegraph cables. Data to check the theo- 
retical assumptions that are used in the design of permalloy loaded cables 
can be obtained by measuring on such cables the attenuation and time 
of propagation of sinusoidal currents of various frequencies in the telegraph 
range. By combining the results of these measurements with data obtained 
on the cable during process of manufacture, the resistance, inductance, 
capacity and leakance of the cables can be determined. 

This paper describes the experiments that were performed on three 
laid cables and discusses in a general way the methods of computing the 
cable parameters. 

WITHIN the last few years the art of telegraphing over submarine 
cables of transoceanic length has been revolutionized by the 

development of effective means of applying to such cables the principle 
of inductive loading. By surrounding the copper conductor of the 
cable with a thin layer of permalloy, a material of high magnetic 
permeability, the range of signal speeds attainable over cables of the 
order of 2,000 n.m. in length has been multiplied eight to ten times.1 

In place of the low frequency band extending from zero to about 
15 c.p.s., which represents the range of frequencies which can be 
efficiently transmitted over the usual type of non-loaded cable, we are 
concerned in the case of the loaded cable with a transmission band 
extending from zero to about 120 c.p.s. Largely because of this 
comparatively high speed of operation, a number of factors, which 
were of negligible influence in the case of non-loaded cables, have 
become of primary importance in affecting the speed of signalling, 
and it has been found necessary, in order to establish a definite basis 
of estimating the performance of loaded cables, to make a thorough 
study of these factors by theoretical analysis supplemented by experi- 
mental work in the laboratory, and by measurements on laid cables. 

Principles of Cable Transmission 

The theory of transmission of signals over submarine telegraph 
cables2 and the principles governing the design of permalloy loaded 

1 O. E. Buckley, B. S. T. J., Vol. IV, No. 3, July 1925; Electrical Communication, 
Vol. 4, No. 1, July 1925; Jour. A. I. E. E., Vol. XLIV, No. 8, August 1925. ;!H. W. Malcolm, "The Theory of the Submarine Telegraph and Telephone 
Cable," London, 1917. 

J. W. Milnor, Jour. A. J. E. E., Vol. 41. p. 118, 1922. 
387 
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cables 1 have been fully discussed elsewhere and only a brief summary 
will be given here for the purpose of indicating the importance of the 
measurements that will be described. On account of the fact that 
for a given value of sending voltage the amplitude of the signals 
received over a submarine cable diminishes rapidly as the speed of 
signalling is increased, there is a practical limit to the speed of operation 
of any cable. This limit depends on the electrical characteristics of 
the cable and the magnitude of extraneous interference encountered 
at the receiving terminal. The criterion for legibility of signals is, 
in general, that the attenuation constant of the cable at a value of 
frequency which may be termed the critical frequency shall not 
exceed a given value, the attenuation constant as being defined by 
the relation 

1 — ^ — f-"3 (1) 
1 FS1 e ' 

where | F/e| is the amplitude of voltage arriving at one end of the 
cable when a sinusoidal voltage of amplitude | Fs| is impressed at 
the other terminal. The value of this critical frequency depends 
mainly upon the method of operation, and it usually lies somewhere 
between the signal frequency and one and one half times the signal 
frequency. 

Given the values of the four fundamental parameters of the cable, 
resistance {R), inductance (L), capacity (C) and leakance (G), the 
attenuation constant at the frequency pjiir can be computed by means 
of the formula 

2cr = V(i?2 + p-L-){CC + p'C') +RG - p*LC, (2) 

which to a close approximation reduces to the form 

a = ^VfCR (3) 

in the case of a non-loaded cable, where R is large compared with 
It/L, and to the form 

I / ^ , G r \ IC 

in the case of the loaded cable, where R is small compared with 2irfL 
at the critical frequency. In all cases it is assumed that G is very 
small compared with 27r/C, which is strictly true for the insulating 
materials employed on submarine cables. 

The manner in which the attenuation constant varies with frequency 
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for typical loaded and non-loaded cables is shown in Fig. i, the signal 
frequencies at which they are designed to operate being as indicated. 
In the case of the non-loaded cable the resistance and capacity are 
practically constant over the frequency range and the attenuation 
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Fig. 1—A—non-loaded cable; B—actual loaded cable; C—ideal loaded cable 

curve is approximately a parabola as indicated by formula (3). The 
curve for the loaded cable for small values of frequency is similar to 
the curve for the non-loaded cable, since for such frequencies the 
loading inductance has very little effect upon transmission. As soon 
as 2irfL becomes appreciable compared with R the beneficial effect 
of the inductance becomes apparent and the attenuation constant 
increases at a less rapid rate. If the cable parameters were constant 
throughout the frequency range, as in the case of the ideal cable, 
the attenuation constant would, at a value of frequency considerably 
below the signal frequency, attain a constant value, as represented 
by the dotted curve. On account of the fact, however, that R and G 
increase rather rapidly with frequency, the attenuation-frequency 
characteristic of an actual cable merely inflects, then increases, and 
at some frequency will actually cross the attenuation curve of the non- 
loaded cable. 

To insure that legible signals will be obtained at the desired signal 
frequency the amplitude of the extraneous interference must be 
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accurately determined. If, for example, the interference in the case 
of the cable having the attenuation-frequency characteristic shown in 
curve B were found to be twice as great as had been anticipated, the 
amplitude of received signal would likewise have to be doubled, which 
would mean a reduction of 0.7 in the allowable attenuation constant. 
This, as can be seen from curve B, would correspond to a reduction 
in speed of 8 to io c.p.s. Also since the value of attenuation constant 
is considerably affected by variations of the electrical parameters, 
it is desirable that the values of these parameters in the laid cable be 
capable of predetermination to a degree of accuracy comparable with 
that obtained in the case of non-loaded cables. Methods of estimating 
the value of extraneous interference to be expected at the terminals 
of a projected cable have been described in a previous paper.3 The 
present paper will be devoted to a discussion of methods of pre- 
determining the electrical parameters of cables. 

Measurements during Manufacture 

In the case of a non-loaded cable the attenuation constant, as 
indicated by formula (3), is determined solely by the dielectric capacity 
and the conductor resistance. For the values of frequency involved 
in the operation of such cables, the latter consists almost entirely of 
the direct current resistance of the copper conductor. The values of 
capacity and copper resistance of a considerable part of the cable can 
be measured during the process of manufacture, and, by reducing 
these values to sea bottom conditions, an accurate estimate of the 
resistance and capacity of the laid cable is obtained. 

In the case of the loaded cable the problem of predetermining the 
electrical parameters of the laid cable is much more difficult, since a 
number of the quantities involved in computing the attenuation are 
influenced by conditions which are not entirely known and which 
are difficult to simulate in laboratory experiments. The dielectric 
leakance, for example, is affected by pressure as well as by temperature, 
and since the hydrostatic pressure to which the cable is subjected may 
be as high as 10,000 pounds per square inch, it is evident that measure- 
ments of this characteristic of the cable, on any but a very small 
scale basis, will be very difficult and costly. The permeability of the 
loading material and consequently the inductance of the cable may 
be affected by mechanical strain and by superposed magnetic fields. 
An estimate of the average inductance of the laid cable can be obtained 
by bridge measurements in the factory on pieces of core about 1 

3 J. J. Gilbert, B. S. T. J., Vol. 5, p. 404, and Electrician, Vol. 97, August 6, 1926. 
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nautical mile in length, selected at intervals during manufacture, 
the effect of strains and of superposed fields being estimated by means 
of experiments on short lengths of cable. However, there are ordi- 
narily small unavoidable variations in electrical characteristics from 
point to point along the cable and it is not entirely certain that the 
average inductance obtained from measurements on a fraction of the 
core lengths entering into the cable structure will represent the 
average inductance of the entire cable. The resistance of the laid 
cable is likewise difficult to estimate. This parameter comprises, in 
addition to the copper resistance, the resistance of the return conductor 
consisting of the armor wires and sea water in parallel, components 
resulting from eddy current and hysteresis losses in the loading 
material and other components of lesser importance, the nature of 
which will be discussed later. The losses in the loading material 
depend upon the average permeability obtained in the laid cable, 
and their predetermination from factory measurements may be un- 
certain for reasons that have been pointed out. As regards the sea 
return resistance, rigorous methods of computation are available,4 

but there is some uncertainty regarding the conditions that should be 
assumed as existing at the ocean bottom. 

Measurements on Laid Cables 

For the purpose of placing the design of loaded cables upon a 
definite basis, it has appeared desirable to measure the parameters of 
a number of cables of this type that have been laid, and to compare 
the values so obtained with the estimates based on analytical methods 
and upon factory measurements. In order to simplify the problem, 
attention will be devoted mainly to determining the values of the 
parameters corresponding to a very small value of current in the 
cable conductor. Under these conditions the hysteresis component 
of resistance is negligible and the inductance and eddy current re- 
sistance can be considered constant at any frequency. This is entirely 
consistent with the method employed in the design of loaded cables, 
in which the attenuation constant is computed, first on the assumption 
that the current is very small throughout the cable, and then corrected 
for "head end losses" due to the effect of hysteresis losses which are 
present under actual conditions of operation. 

The usual method of determining the parameters of a transmission 
system consists in measuring the propagation constant, T, per unit 

4 I. R. Carson and J. J. Gilbert. Jour. Franklin Inslitule, Vol. 192, p. 705, 1921; 
Electrician, Vol. 88, p. 499, 1922; B. S. T. J., \ol. 1, No. 1, p. 88. 
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length and the characteristic impedance, K, which quantities are 
defined at the frequency />/27r by the formulas 

Knowing these two quantities at any frequency, the values of the 
four parameters can he readily computed. 

The propagation constant and the characteristic impedance of 
telephone cables 100 miles or less in length have been determined by 
measuring the input impedance of the cable with the distant end in 
turn insulated and grounded. These two impedances are determined 
for a cable of length 5 by the formulas 

and given the values of Z/ and Za it is an easy matter to compute 
the corresponding values of propagation constant and characteristic 
impedance, the accuracy of this determination depending upon the 
difference between Zi and Z^. In the case of a submarine telegraph 
cable of the order of 2000 miles in length, the value of Ts is so large 
that Z/ and Zq differ by less than one part in 10,000 in the frequency 
range in which we are interested. This means physically that the 
remote parts of the cable have little effect upon the terminal impedance 
of the cable and the values of input impedance are determined almost 
entirely by the parameters of the 400 or 500 miles of cable adjacent to 
the terminal. It is true that by going to extremely low frequencies, 
perhaps fractional cycles per second, the method above described 
could be used to determine the characteristic impedance and the 
propagation constant of long cables, but at such frequencies these 
quantities are determined almost entirely by the d.c. resistance and 
capacity of the cable and no information regarding the quantities in 
which we are particularly interested would be obtained. 

The method that has actually been employed to determine the 
parameters of several of the continuously loaded cables which have 
recently been laid is to measure separately at a number of frequencies 
the real and imaginary parts of the propagation constant, the capacity 
of the cable at various frequencies being determined by correlating 
the results of laboratory ■ tests with d.c. measurements of capacity 
made on the laid cable. 

r = ^R±jpL){G+jpC), (5) 

(6) 

Zr = K coth Ts 

Z g = K tanh Fs, 
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As can be seen from formula (4), the real part of the propagation 
constant, as, the attenuation constant of the cable, involves all four 
of the cable parameters, but on account of the fact that the inductance, 
leakance and the various components of the effective resistance 
predominate in influence at different points in the frequency range it 
is possible, by methods of successive approximations, to obtain a 
reasonably good set of values of these quantities. 

The imaginary part of the propagation constant, fis, is to a close 
approximation, given by 

Ps=sp-yJCL. (7) 

From this it follows that the time of propagation of a sinusoidal wave 
of voltage or current over the cable is given by 

T = s VCL, (8) 

and knowing the time of propagation and the capacity at any fre- 
quency the inductance of the cable at this frequency can be easily 
computed. Since the resistance and leakance have only a slight 
effect upon the time of propagation, this is the most direct method of 
determining the average inductance of the cable. 

Measurement of Attenuation 

The attenuation constant of the cable is determined by measuring 
the values of voltage received at one end of the cable, due to various 
values of voltage of constant frequency impressed at the other end. 
The impressed voltage may be either sinusoidal or square top in 
shape, the latter being preferable for the reason that, at the low 
frequencies and high voltages required, it is difficult to obtain a wave 
form from an oscillator sufficiently free from harmonics to enable an 
accurate determination of the fundamental component to be made. 
Square top reversals of any frequency and amplitude can be easily 
obtained by means of a relay actuated by an oscillator, and the 
amplitude of the fundamental component can be accurately computed. 

At the receiving end, for the frequencies of particular interest, 
the arriving voltage is practically sinusoidal, since the harmonic 
components are eliminated by the higher attenuation of the cable for 
such frequencies. This voltage is measured by terminating the cable 
in an impedance which is very large compared to the characteristic 
impedance of the cable, and measuring the potential drop across all 
or part of this impedance by means of a vacuum tube amplifier in 
the output of which is a thermocouple and meter. The advantages 
of the high impedance termination are, first, that by reflection it 



394 BELL SYSTEM TECHNICAL JOURNAL 

doubles the amplitude of the arriving voltage, thus giving larger 
quantities to work with, and second, that it eliminates the necessity 
of taking into account the characteristic impedance of the cable and 
the impedance of the balanced type of sea earth which is usually 
employed as the earth connection of the amplifier. By means of a 
string oscillograph in the output of the amplifier, the wave shape of 
the received voltage and the nature of the extraneous interference can 
be determined. The amplifier is calibrated by impressing on it a 
measured voltage of the same frequency as that of the received voltage. 

Knowing the values of received voltage and the corresponding 
transmitted voltage, the values of attenuation constant can be readily 
computed. By plotting the values of attenuation constant corre- 
sponding to various values of frequency and transmitted voltage as 
functions of the latter quantity and extending these curves to the 
axis of zero transmitted voltage, the values of attenuation constant 
corresponding to a very small current in the conductor can be obtained 
for various frequencies. 

Assuming that all the parameters have been accurately pre- 
determined, there are three sources of error which might possibly 
cause a difference between the measured value of attenuation constant 
and that computed from the average values of the cable parameters 
by means of formula (2). In the first place, the parameters are not 
uniform throughout the cable as is assumed in deriving this formula. 
In particular, the inductance may vary from point to point. At each 
point where the capacity or inductance changes value reflections of 
voltage and current will take place and the effect of these reflections 
should be to increase the attenuation constant of the cable. For 
variations of the parameters of the order that is to be expected in 
loaded cables, the increase in attenuation constant is quite small, 
and the magnitude of this increase can be computed approximately 
by a method due to Carson.5 Another source of error is the presence 
of extraneous interference superposed on the received voltage. This 
factor is usually troublesome only at the highest frequencies and 
lowest voltages employed, and in this case measurements of the 
oscillograms of received voltage and of calibrating voltage will give a 
value of the received voltage independent of interference. The third 
source of error is due to the presence in the transmitted voltage of 
harmonics of the fundamental frequency. These harmonics are 
attenuated in transmission over the cable to a much greater degree 
than is the fundamental, so that they constitute only a small per- 

1 Electrician, Vol. 86, p. 272, 1921. 
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centage of the received voltage and are practically negligible in their 
effect upon the thermocouple. 

Measurement of the Time of Propagation 

The time of propagation of a steady state sinusoidal voltage over a 
loaded cable of transatlantic length is of the order of 0.3 second. 
It is measured by means of the circuit shown in Fig. 2, which is 

CABLE 

> 0 

LOCAL 
EARTH 

SEA EARTH 

Fig. 2. 

operated simultaneously at both ends of the cable. At each end a 
perforated tape is prepared which when inserted in the high speed 
transmitter T will cause a train of about ten reversals to be sent out 
over the cable. The potentiometer P is adjusted so that a measurable 
record of either transmitted or arriving trains, depending upon the 
position of the key k, will be obtained on the string oscillograph 0 
after amplification by the vacuum tube amplifier A. The condenser 
C is inserted between the cable and transmitter in order to remove the 
low frequency components of the transient part of the train, which 
would otherwise overwhelm the steady state component at the distant 
end of the cable. The oscillograph, shown in Fig. 3, gives a continuous 
record of the current in a fine wire, which is free to respond to the 
interaction between the current and the strong magnetic field in which 
the wire is placed. The displacement of the wire, and hence the 
amplitude of current in it, is recorded on a long strip of sensitized 
paper, which is developed and fixed within the camera by a continuous 
process immediately after exposure. By this means it is possible to 
obtain a continuous record, over a period of several minutes, of 
voltages transmitted and received over the cable. A second wire can 
be used to give simultaneously a record of any other current which 
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may be desired for comparison. An arrangement is provided for 
superposing on the records vertical timing lines at intervals of one 
hundredth of a second. Short pieces of record are shown in Fig. 4. 

j.- 
J. ] 

% 
m 

Fig. 3. 

At a prearranged time the oscillographs at both ends are started. 
A train of reversals is transmitted from one end, a record being taken 
on the oscillograph at that end, and received at the distant end, where 
a record is also taken. Both stations quickly change potentiometer 
connections from send to receive or vice versa, and the distant station 
transmits a train of reversals, recording it on the same tape as was 
used for reception. Similarly at the first station the arriving train is 

— 

mn 

  v.. r 

PECEtvm- 

Fig. 4. 
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recorded on (he strip containing the record of their transmitted train. 
Station 1 measures on its oscillogram the time elapsing between its 
transmitted train and its received train, and at Station 2 the time 
elapsing between the received train and the transmitted train is 
measured. After making suitable corrections, which will be described 
later, the difference between the interval measured at Station 1 and 
that measured at Station 2 will be equal to twice the time of trans- 
mission of the train of reversals over the cable. 

A typical record such as would be obtained at Station 1 is shown 
in Fig. 4. It will be observed that in the record of received voltage 
the first few cycles are somewhat distorted because of the fact that 
the steady state has not yet been reached. Because of this fact the 
time of arrival or departure of a train is referred to a later cycle in 
the series, say the fifth. The times of departure and arrival of the 
various zeros following this cycle are measured, and the average of 
the values so obtained is defined as the time of arrival or departure 
of the train. In this way the possible errors due to interference or to 
distortion in the sent record due to improper functioning of the 
transmitter are eliminated. 

It will be observed that, mainly on account of the presence of the 
condenser C, the voltage reversals impressed on the cable are not 
flat-topped and the zero phase of the fundamental component which 
we are measuring occurs somewhat ahead of the point in the trans- 
mitted voltage which we have used as the zero of reference in measuring 
the oscillograms. Since we are interested in the time elapsing between 
zero phase of the fundamental frequency in the transmitted voltage 
and the zero phase of the corresponding cycle in the received train, 
it is necessary to compute this interval, either by graphical analysis 
of the oscillogram or by computation from the constants of the circuit, 
and add the corresponding time to the time which has been measured. 

Although the mechanical arrangement by which the timing lines are 
obtained on the oscillogram is adjusted as accurately as possible so 
that the interval between lines is very nearly one hundredth of a 
second, the very slight variations which occur in such a system are 
apt to introduce considerable error into the measurement of time of 
propagation. This is due to the fact that the time of propagation is 
obtained from the difference of two intervals each of which may be 
as much as ten times the time of propagation. An error in either 
interval will therefore result in a tenfold error in the final result. 
To guard against this condition a record is taken during the experiment 
of a periodic voltage obtained from a standard oscillator or fork, and 
the peaks of this oscillation serve as a check on the timing lines. As 
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a final check, records similar to Fig. 4 are taken with various times 
elapsing between reception and transmission at the second station. 
If an error exists in the timing arrangement its effect on the time of 
propagation will be greater the greater the interval between receiving 
and sending, and the time of propagation corresponding to negligible 
error in the timing system can be easily obtained by graphical methods. 
The error of measurement of the time of propagation is probably less 
than 1 per cent. 

The inductance of a loaded conductor is an increasing function of 
current for the range of current values used in cable practice be- 
cause of the increase of permeability of the permalloy, and since 
with finite transmitting voltage the current at the sending end 
may be quite large, the inductance of this portion of the cable 
under such conditions will be larger than the value it would have 
for very small current in the conductor. Accordingly the time of 
propagation at a given frequency will be a function of voltage. 
The value of inductance corresponding to very small current in the 
conductor can be derived from the time of propagation corresponding 
to zero transmitted voltage, which is obtained by extrapolation from 
measurements of the time of propagation at several values of trans- 
mitted voltage. 

Measurement of Capacity 

The dielectric capacity of submarine cables in the telegraph range 
of frequencies is in general comparatively insensitive to changes in 
temperature and hydrostatic pressure, so that it is possible to estimate 
this quantity rather accurately at various frequencies by means of 
measurements made in the factory, the factors required to reduce 
the results of the measurements to sea bottom conditions being 
relatively easy of determination. In order to check these values, 
however, the d.c. capacity of the laid cable is measured by the method 
of mixtures, employing a charging time of io seconds or more and a 
mixing time of equal duration. 

Computation of Cable Parameters 

The inductance of the cable can be computed at any frequency 
from the measured values of capacity and time of propagation by 
means of equation (8), proper allowance being made for the rather 
small effect of resistance. 

Having computed the inductance and the capacity of the cable, 
only the resistance and the leakance remain undetermined. The 
direct current resistance can be computed from factory measurements 
and checked by measurement on the cable. The resistance component 
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due to eddy currents in the loading material can be computed from 
the resistance measurements obtained in the factory in the process of 
determining the inductance of sample core lengths. The eddy current 
resistance is proportional to the square of the product of frequency and 
permeability, and corresponding reduction factors must be employed 
in computing the eddy current resistance of the laid cable from the 
factory measurements. Since we are dealing with values of the 
parameters corresponding to very small current in the cable conductor, 
the hysteresis resistance is zero. In addition to the losses in the 
loading material there are other losses peculiar to continuously loaded 
cables due to currents induced in the cable structure. The loading 
material is ordinarily applied to the conductor in the form of a tape 
or wire of finite width, so that it has a definite lay, and since the 
magnetic flux in the loading material tends to follow the convolutions 
of the latter there is a component of this flux parallel to the axis of 
the central conductor. Consequently as the flux changes with signal 
current, electromotive forces are induced in those portions of the 
cable structure which link with it—the teredo tape and armor wires, 
for example. The resulting energy loss has in most practical cases 
comparatively small effect on the performance of the cable, and the 
magnitude of the corresponding resistance component can be estimated 
by theoretical methods and by measurements in the factory. The 
various components of resistance having been estimated, the total 
resistance at any frequency can be computed. Likewise the value of 
dielectric leakance of the laid cable at any frequency can be estimated 
from tests made during manufacture. These values of resistance and 
dielectric leakance should be considered merely as first approximations, 
since they are based in part on assumptions that cannot be directly 
verified. 

Formula (2) is then employed to determine the effect upon the 
attenuation constant of departures from the approximate values of 
resistance and leakance, and by comparing these results with the 
measured values of attenuation constant, mutually consistent sets of 
values of resistance and of dielectric leakance can be computed at 
various frequencies. A choice of the best sets of values can then be 
made, due weight being given to the evidence available from computa- 
tions and laboratory measurements regarding the manner in which 
these quantities vary with frequency. 

From the curves relating the values of measured attenuation 
constant and the transmitted voltage, a check can be made of the 
method of computing the increase in attenuation due to hysteresis and 
to variation of inductance with current.6 Since this method employs 

6 See Buckley, loc. cit., and U. Meyer, E. N. T., Vol. 3, No. 1, 1926. 
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the inductance-current and resistance-current characteristics of the 
loaded conductor, as determined in the factory, the attenuation 
measurements also afford a check on these characteristics. 

Conclusions 

Measurements of attenuation, time of propagation and dielectric 
capacity of the laid cable at various frequencies, supplemented by 
measurements of eddy current resistance in the factory and by informa- 
tion regarding the manner in which sea return resistance and dielectric 
leakance vary with frequency are sufficient for determining the values 
of the four parameters of a loaded cable and for dividing the resistance 
into its component parts. A quantitative comparison of the results so 
obtained with the values of parameters that would be predicted from 
factory measurements alone would require a detailed discussion of the 
methods involved in such measurements, and is outside the scope of 
the present paper. A general conclusion that can be drawn from the 
results of measurements made on three cables of somewhat different 
characteristics is that the method of estimating the characteristics of 
laid cables from measurements made on short lengths of core during 
process of manufacture is capable of considerable accuracy. The 
values of inductance and dielectric leakance obtained from factory 
measurements are close enough to the actual values in the laid cable 
to give a value of attenuation constant within a few per cent of the 
actual value. The value of resistance obtained from the cable 
measurements appears to be about three to five per cent higher than 
the estimated value. This may in part be due to latent errors in 
measurement or in the method of allowing for the effect of reflections 
along the cable. 

The greater part of the discrepancy between the estimated and 
measured values of resistance is perhaps due to erroneous assumptions 
involved in computing the value of sea return resistance employing 
the method described in the paper by Carson and Gilbert. In this 
work it was assumed that the cable is surrounded by a homogeneous 
medium, the sea water. For values of frequency higher than the 
telegraphic range this assumption appears to be sufficiently close to 
the truth, since only a comparatively small region around the cable 
plays any part in the phenomena. In the telegraph range, however, 
the return current is distributed through a comparatively large cross- 
section and more exact specification of the electrical characteristics 
of this region is required. To determine by rigorous methods the sea 
return impedance in the case where the cable lies in a plane separating 
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two different media is a problem of considerable difficulty. An 
approximate method, which gives results which are sufficiently accurate 
for purposes of cable design, consists in computing the combined 
impedance of the three parallel conductors, namely, the armor wires, 
the sea water, and the earth, the impedances of the latter two con- 
ductors being determined by the methods outlined in the afore- 
mentioned paper. The physical interpretation of the sea return 
resistance as obtained by this method is that the high value of re- 
actance of the sea water and earth, due to the large cross-section of 
the conducting area, forces the return current to flow in the armor 
wires even though the resistance of this path is much higher than 
that of the paths through the sea water and earth. It appears probable 
that the electrical conductivity of the earth is very much less than 
that of sea water which would result in a larger cross-section of con- 
ducting area external to the armor wires and larger inductance of this 
path. This leads to higher values of sea return resistance than are 
obtained on the assumption that the cable is surrounded on all sides 
by sea water and thus gives a result more nearly consistent with the 
observed facts. 



Automatic Printing Equipment For Long Loaded 
Submarine Telegraph Cables 

By A. A. CLOKEY 

Synopsis: The introduction of the permalloy loaded submarine cable 
has presented the possibility of telegraph transmission at speeds several 
times those obtainable on non-loaded cables and has made practicable 
the operation of printer telegraph equipment. The present paper presents 
the various factors which affect the design of operating equipment and 
describes the apparatus which has been developed and used for a consider- 
able period of time under service conditions. The transmission speed 
attained may exceed 2,400 letters per minute. To a certain extent, the 
detailed design of the terminal apparatus is controlled by the electrical 
characteristics of the particular cable to which it is to be applied and this 
type of equipment cannot, therefore, be completely standardized. 

General 

AT the time the development of the loaded submarine telegraph 
cable was undertaken, non-loaded cables were generally being- 

operated duplex at signalling speeds ranging from 5 to 8 cycles per 
second (160 to 260 letters per minute) in each direction. The trans- 
mitting apparatus consisted of transmitters of the reciprocating 
contact type controlled by perforated tapes and the signals were 
received and recorded by the delicate moving coil type of amplifiers 
(generally referred to as magnifiers), relays and siphon recorders which 
produced a received signal record of such a character as to require the 
employment of highly skilled operators to translate and type (he 
messages in final form. Except for a few trials, automatic printers 
had not been applied commercially to the operation of submarine 
cables, although the highly successful results which had been previously 
obtained with multiplex printing telegraph equipment on land lines 
coupled with the increasing demands made upon the cable systems 
as a result of the World War had directed the attention of telegraph 
and cable engineers to the need for applying automatic printing 
telegraph methods to submarine cables. 

Preliminary studies of the characteristics of permalloy as a loading 
material for long telegraph cables indicated that, through its use, 
transmission speeds many times that of non-loaded cables could be 
readily attained. As the then existing apparatus was incapable of 
operation at the high speeds thus obtainable and the operating methods 
in use were not suited to handling the greatly increased volume of 
traffic over a single cable, it became apparent that new operating 
methods and equipment would have to be developed if the full ad- 
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vantage afforded by the use of permalloy loading 1 was to be realized. 
The development of the permalloy loaded cable was, therefore, 
paralleled by a study of the newly presented operating requirements 
and the development of suitable operating methods for high speed 
loaded cables. It is the purpose of this paper to present the various 
factors which affect the design of operating equipment for use on long 
loaded cables and to describe the apparatus and principles of operation 
which have been developed. The system which is to be described is 
similar to the multiplex system now in use on American land lines 2 

but has been modified in several important respects in order to adapt 
it to the requirements of cable transmission. 

The Cable and Amplifier as a Transmitting System 

Submarine cables have heretofore been thought of as transmitting 
media which greatly distorted the signals and so reduced them in 
amplitude as to require the use of a sensitive siphon recorder for 
reception. The effects of signal distortion were, to a certain degree, 
compensated for by the addition of sending and receiving condensers, 
magnetic shunts at the receiving end, and, to a slight degree, by the 
inherent characteristics of the siphon recorder itself. A separate 
instrument termed a cable magnifier, of which there are several 
different types, was inserted between the cable and the siphon recorder 
to "magnify" the signal delivered to the recorder and thus partially 
offset the effects of attenuation. No two cables are identical as 
regards the distortion and attenuation of the signals and the means 
which will effectively provide for the correction and amplification of 
the signals on one cable will not necessarily be suitable for use on 
another cable of different length or construction. The apparatus 
provided for the correction of distortion in and amplification of the 
received signals is therefore an essential part of a signal transmitting 
system which includes the cable, and, except for the necessary switching 
arrangements, is independent of the means employed for impressing 
the signalling impulses upon the cable and for producing a permanent 
record of the corrected signals. Thus the development of terminal 
equipment for loaded cables comprised two separate and distinct 
developments, viz. the study of signal distortion and design of suitable 
signal shaping amplifiers (described in a separate paper by Mr. A. 
M. Curtis which appears elsewhere in this issue), and the development 
of apparatus for delivering signals to the system comprising the cable 

1 O. E. Buckley, "The Loaded Submarine Telegraph Cable," Jour. A. I. E. E., 
June 26, 1925. 

- J. H. Bell, "Printing Telegraph Systems," Trans. A. I. E. E., Vol. 39, Part 1, 
1920. 
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and amplifier and for converting the signals delivered by that system 
into a permanent printed record. 

With the combination of cable and signal shaping amplifier, signals 
which are transmitted into the sending shaping network and the cable 
as square topped impulses as shown in Fig. 1 emerge from the amplifier 

Fig. 1 

as rounded impulses from which the high frequency components have 
been removed as a result of the attenuating effect of the cable. The 
receiving and printing system must therefore be capable of accurately 
translating rounded signals of this nature into printed characters. 

Requirements of Operating System for Loaded Cables 

The outstanding characteristic of the loaded cable is the enormously 
increased speed of transmission which may be as high as 2,400 letters 
per minute or more. For practical utilization of such high speeds the 
operating system must include some means for dividing the line time 
to provide a number of traffic channels. This is necessary in order 
to facilitate the distribution of the work of preparing the perforated 
transmitting tapes and checking the received message records among 
the required number of operators. The system must also provide for 
efficient two-way operation to avoid delay in the transmission of 
traffic from either terminal and should be capable of being joined 
with other cables or land lines through automatic repeaters to avoid 
the delay and expense introduced by manual methods of repetition. 

As the shape of the received signal is determined by the cable- 
amplifier system and also by the character and amount of interference 
present which cannot be eliminated by the distortion correction net- 
works, the operating system must be able to take the partly corrected 
signals delivered to it by the amplifier and accurately restore them to 
the form in which they were originally transmitted before using them 
to control the final recording mechanism. 
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The apparatus associated with loaded cables will in practically all 
cases be installed in the same offices as the equipment in use on non- 
loaded cables and, in order to avoid the necessity for duplicating the 
operating and maintenance staffs, it should be of such a nature as 
to permit of its being operated and maintained by men familiar with 
the operation of apparatus in use on land lines and ordinary cables. 

Codes 

The signalling speed attainable on any telegraph circuit, the effect of 
interference upon the received signals, and the design of the operating 
equipment depend to a certain extent upon the telegraph signal code 
used. A great variety of codes have been devised from time to time with 
a view to effecting greater economy of line time or greater freedom from 
the effects of interference, but only a few of them have been generally 
adopted in commercial practice. These may be divided into two 
general groups: the two-element codes which are composed of various 
combinations of positive and negative current impulses, of which the 
continental Morse and the Baudot codes are well-known examples, 
and the three-element codes in which a zero or no-current interval is 
employed to separate individual pulses of a group or as a third element 
in the combinations. The cable code and three-unit code are examples 
of the three-element type. 

The codes in each of these two groups may be subdivided into two 
classes, those known as uniform codes in which all characters are 
composed of the same number of equal time units and those known as 
non-uniform codes in which the impulses forming the characters vary 
in length, number or both. The non-uniform codes are well adapted 
for use where the received signals are translated manually, but are 
not so well suited to automatic translation as the uniform codes on 
account of the mechanical and electrical complications introduced by 
the necessity for distinguishing between signal combinations of 
varying length. 

Of the uniform codes which have been used in automatic printing 
telegraph systems, the Baudot or two-element five-unit type of code 
possesses advantages over the three-element three-unit type of code 
which make it much better suited for automatic operation of sub- 
marine cables. The three-element three-unit code employs, as does 
also the cable code, a zero interval of unit length in forming the signal 
combinations representing each character or letter and the shape of 
the received signals must be sufficiently refined to make this zero 
interval easily distinguishable (see A, Fig. 2) in order to prevent 
confusion in translation. Even with the best shaping obtained to date 
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on long non-loaded cables operated at high speeds the presence of this 
zero interval may be indicated only by a difference in slope of the 
recorded curve as shown in B, Fig. 2. Interference currents, which 
are present to some extent in all cables, are superposed upon the 

v_" "v* w." nr. ■ ^ 

Fig. 2 

received signals and cause troublesome distortion in the zero intervals 
and the length of the sustained pulses. The absence of these zero 
intervals of unit length in the two-element five-unit code, combined 
with the fact that only the middle portion of each received signalling 
impulse is used to operate the selecting mechanism of the printers, 
considerably reduces the effect of interference upon the accuracy of 
translation and makes it unnecessary to secure such refined signal 
shape. 

The accurate evaluation, in terms of transmission speed, of the 
relative merits of the various telegraph codes is a highly complex 
problem which does not readily lend itself to solution through purely 
theoretical methods since it involves consideration not only of the 
total number of separate combinations which must be provided to 
represent the letters of the alphabet and all other characters to be 
transmitted, the frequency of occurrence in traffic of the various 
characters, and the average number of unit impulses required to form 
the combinations, but also depends upon the characteristics of the 
line or cable and the nature and distribution of the interference 
encountered and its effect upon the shape and definition of the received 
signals. The application of a code to any specific case also involves 
the more practical considerations of the type and operating charac- 
teristics of the apparatus employed. Practical experience therefore 
probably forms the best guide to the choice of a code. 

In consideration of the conditions referred to above and the experi- 
ence previously gained through the extensive use of the Baudot type 
of code on automatic telegraph circuits both in the United States and 
Europe, it was concluded at an early stage in the development that 
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the multiplex code used on American land line multiplex circuits 
would be the most suitable for high speed automatic submarine 
cable transmission. Subsequent experience has indicated that the 
original conclusion was amply justified and has shown that the Baudot 
type of code, when used in connection with terminal apparatus of 
suitable design, is probably faster than any of the other types of 
codes which have been considered for high speed loaded cable operation. 

Outline of System 

The multiplex system 3 used on land telegraph lines was in many 
respects well suited to the requirements of loaded cable operation. 
It was capable of operation at high transmission speeds, was more 
economical of line time than other methods which were considered, 
and provided for the division of traffic between a number of traffic 
channels in a manner which afforded great flexibility in the handling 
and routing of traffic and permitted the channel speeds to be fixed at 
values which would allow the operating staff to work at maximum 
efficiency. Its long continued use on land telegraph lines had resulted 
in bringing the apparatus, operating methods and routines to a high 
degree of perfection and the development of a thoroughly trained staff 
skilled in the operation and maintenance of the equipment, all of 
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which was of inestimable importance in the successful application and 
operation of printing telegraph methods to submarine cables. 

The multiplex system provides for associating the line at the sending 
3 J. H. Bell, loc. cit. 
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end with each one of a number of transmitters in rotation by means of 
a rotating brush which passes over a segmented commutator to which 
the transmitters are connected as illustrated in Fig. 3. In this figure 
the commutator segments are shown developed for sake of simplicity. 
At the receiving end, the line is similarly associated in rotation with 
each one of a corresponding number of printers by means of the 
receiving brush and commutator. The commutator brushes at the 
two ends of the line are maintained in nearly exact synchronism by 
short correcting impulses which are derived from reversals in the 
received signalling currents, and their phase relation is such that each 
of the five segments connected with the u A " channel transmitter will 
be connected in rotation through the line to the corresponding segments 
of the "A " channel printer once during each revolution of the brushes, 
and the impulse transmitted from any one sending segment will pass 
through the corresponding receiving segment and operate the printer 
selector magnet which is connected to it. Similarly the transmitter 
on each of the other channels will be connected to its corresponding 
printer once during each revolution of the brushes. The commutators 
and the associated brushes together with the mechanism provided for 
correcting the phase relation of the brushes are usually referred to as 
distributors. 

In the operation of this system a transmitting tape is prepared in 
which the characters to be transmitted are represented by combinations 
of holes perforated in the tape by means of a keyboard perforator 
which resembles a typewriter. The tape thus prepared is drawn 
through a transmitter which is arranged to apply to its associated 
distributor segments, positive and negative battery in the proper 
combination to form the five-unit impulses corresponding to the 
perforations in the tape. The received signal combinations control 
the operation of an automatic telegraph typewriter or printer which 
converts the signals into printed characters. Detailed descriptions of 
the perforating, transmitting and printing apparatus and the various 
methods for maintaining synchronism used in the multiplex system 
are given in the paper by Mr. J. H. Bell, previously referred to, and 
also in an excellent book by Mr. H. H. Harrison entitled "Printing 
Telegraph Systems and Mechanisms." 

On account of the many advantages which this system embodied, 
it was chosen in principle as a basis for the development of the new 
system, although in several important respects much of the apparatus 
and operating methods employed were entirely unsuitable for loaded 
cable operation. The multiplex had been employed almost entirely in 
the operation of duplexed circuits and therefore was not applicable to 
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simplex operation of cables. The character of the received signals and 
interference on long cables is such as to require the use of entirely 
different methods of reception in order to utilize the line time most 
efficiently, and the higher transmission speeds expected on cables 
necessitated departure from standard land line practices in the matter 
of apparatus design and number of channels employed. The system 
as finally developed embodies the following important improvements 
over previous methods. 

1. An entirely automatic means for quickly reversing the direction 
of transmission on a simplex circuit at short intervals which can be 
altered as required to accommodate varying traffic loads in the two 
directions. 

2. A synchronous vibrating relay which corrects for the residual 
distortion in the signals delivered by the amplifier, and practically 
doubles the speed of transmission. 

3. A high degree of precision and refinement in the design and 
construction of apparatus which is justified by the great cost of the 
cable relative to that of the terminal apparatus. 

The inclusion of these improvements in a modified multiplex system 
involved, of course, the solution of a number of important incidental 
problems such as the provision of Morse "talking circuits" which could 
be made instantly operative, and the development of suitable arrange- 
ments for linking two simplex cable sections together through re- 
peaters. 

Two Directional Working 

The use of duplex methods in the operation of non-loaded cables 
enables communication to be carried on simultaneously in both 
directions and usually effects an increase of from 60 to 90 per cent in 
the total traffic capacity of the cable. As only a moderate capita! 
expenditure is required to equip a non-loaded cable for duplex operation 
practically all cables of this type are now equipped in this way as a 
matter of economy. The characteristics of the loaded cable, however, 
are such as to require the use of highly complicated and extremely 
expensive artificial lines and balancing equipment for duplex operation 
and it is quite doubtful whether the total duplex traffic capacity thus 
secured would equal that obtainable by the use of simplex methods. 
Duplexing the loaded cable therefore appeared to afford no certain 
economic gain over simplex operation and the extremely high cost of 
duplexing could hardly have been justified merely for the sake of 
securing simultaneous transmission in both directions. 

The apparatus and methods formerly employed for reversing the 
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direction of transmission on manually operated simplex cables were so 
time-consuming that it was impracticable to reverse direction oftener 
than once every quarter or half hour. The delay in transmission 
which would result from the adoption of the older methods could not 
be permitted on the loaded cable and it therefore became necessary 
to' develop special apparatus for automatically reversing the direction 
of transmission at comparatively short intervals in order to approxi- 
mate simultaneous transmission in both directions and reduce traffic 
delays to an absolute minimum. 

The design of suitable switching arrangements which would permit 
stopping transmission on a long cable operated with multichannel 
printing equipment and almost immediately starting transmission 
in the opposite direction presented several difficult problems. On 
account of the lack of uniformity in the lengths of the messages to 
be transmitted and the number of channels employed, it rarely 
happens that the transmitters on all channels complete the trans- 
mission of their respective messages at exactly the same instant, 
therefore it was necessary to arrange for making the change in direction 
of transmission at more regular and frequent intervals even though 
the transmitters on all channels had only partly completed the trans- 
mission of their respective messages at the time the change was made. 
To accomplish this without introducing any errors or other evidence 
of the interruption into the final printed message necessitates first 
stopping the transmitters on all channels at precisely the right instant, 
then allowing an interval equal to the time of signal propagation over 
the cable to elapse before cutting off the printers at the distant end, 
and finally upon resumption of transmission in that direction starting 
all of the transmitters and printers at the proper time and in the 
correct sequence to avoid the loss, repetition, or mutilation of any 
character. 

The last signals transmitted into the cable before changing to the 
receiving position result in leaving the cable charged to a potential 
which would paralyze or "block" the amplifier were it to be immedi- 
ately connected. Part of this charge must be dissipated and the 
current due to the residual charge and the presence of any interference 
or earth currents must be allowed to attain its steady value in the 
shaping network and input transformer elements of the amplifier 
before connecting any of the actual amplifying elements to the cable. 
The switching operations involved in applying the amplifier to the 
cable must be effected in the proper sequence and at precisely timed 
intervals in order to leave the amplifier in the proper condition to 
avoid mutilation of the first signals received from the distant end. 
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The required degree of accuracy in timing the various switching 
operations involved in reversing the direction of transmission was 
secured by utilizing the rotating shafts of the distributors at both 
stations to control a timing mechanism which determined the lengths 
of the transmission intervals in the two directions."1 This timing 
mechanism is essentially an electrical revolution counter which can 
be set to count any desired number of revolutions of the distributor 
shaft and close within a fraction of a revolution of that number the 
circuit which controls the operation of the various contacts which do 
the actual switching. As the distributor shafts at the two ends of 
the cable are maintained in exact synchronism in a manner previously 
described, the timing mechanisms will therefore also operate in 
synchronism, and if at the time of setting up the circuit they are 
started in the proper phase relation the correct phase relationship will 
be maintained as long as the operation of the circuit continues without 
interruption. The timing mechanisms are driven from the distributor 
shafts through the medium of an electrically operated clutch which 
when disengaged permits the timing mechanisms at all stations to be 
manually set in their proper positions and started together in this 
relationship by means of a starting impulse sent over the line which 
causes the clutches to engage. 

In order to provide for transmission intervals of various lengths in 
the two directions, the timing mechanism includes a number of timing 
elements each representing a different division of the line time, any 
one of which can be quickly selected at will by the movement of an 
indicating lever to control the length of the transmitting and receiving 
periods. 

Upon the completion of the predetermined number of revolutions of 
the distributor the timing mechanism operates a direction control 
relay, see Fig. 7, the contacts of which are arranged to operate and 
cut off the transmitters, discharge the cable, and connect the amplifier 
and the printers in properly timed sequence. The actual time con- 
sumed in making all of the circuit changes necessary to reverse the 
direction of transmission, measured from the time of transmission of 
the last signal combination to the time of printing the first character 
on the printer at the same station, is of the order of five seconds but 
will vary somewhat on different cables according to the length of the 
cable and the magnitude and character of the interference and earth 
currents encountered. 

During the interval in which the actual switching operations are 
taking place no signals are being transmitted in either direction so 

4 A. A. Clokey, U. S. Patent No. 1,601,941. 
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that neither of the distributors will receive any correction impulses 
and as a result the sending and receiving brushes may depart con- 
siderably from their normal phase position. This would cause errors 
to occur in the first signals received upon resumption of transmission if 
means were not taken to bring the brushes back into proper phase 
relationship before the transmission of actual signals was begun. 
This is provided for by arranging to have the distributors transmit, 
at the close of each switching period, a number of "spacing" signals 
which do not affect the receiving printers since they are not connected 
in circuit until a sufficient number of reversals have occurred in the 
line current to correct the receiving brush into the proper position. 
The transmission of signals which must be recorded by the printer is 
then started. 

As the length of the interval allowed for these switching operations 
is determined by a definite number of revolutions of the distributor 
shaft, which may be set to rotate at various speeds, the gearing between 
the distributor shaft and the timing mechanism is designed to allow 
for a five-second switching period when the distributor is rotating at a 
speed which corresponds to the maximum transmission speed of the 
circuit. 

Although this system lacks the advantage of absolutely continuous 
communication in both directions, it possesses another feature which 
goes far toward offsetting, if it does not entirely outweigh, the ad- 
vantages afforded by the duplex method. Almost all of the long cables 
of the world run in an east and west direction and the difference in 
time between the terminal stations of those cables results in an unequal 
distribution of traffic in the two directions except perhaps during a 
comparatively short time each day. The provision of the selective 
timing mechanism permits the total traffic capacity of the cable to be 
divided between eastward and westward transmission in about the 
same proportion as the eastward traffic load bears to the westward 
load and thus permits efficient utilization of the entire traffic carrying 
capacity of the cable. 

The vibrating relay principle was first suggested by Gulstad 6 who 
applied it to short cables for overcoming the effects of distortion. 
As originally used, it consisted of a sensitive polarized relay provided 
with a line winding, upon which the received signals were impressed, 
and two auxiliary j windings included in a local vibrating circuit 
adjusted to cause the relay armat to vibrate continuously when 

6 K. Gulstad, "Vibrating Cable Relay,' <<:. Rev., London, Vol. 42, 1898; Vol. 
51, 1902. 

The Synchronous Vibrating Relay 
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(lie line winding was de-energized. The rate of vibration was adjusted 
to be approximately the same as the frequency of the transmitted 
signals and the amplitude of the vibrating current was adjusted to be 
approximately equal to the received signalling current so that the 
latter, if of one polarity, would neutralize the effect of the vibrating 
impulse and prevent the movement of the relay armature and if of 
the same polarity would aid the vibrating impulse. The effect of this 
combined action of the vibrating and received signalling impulses is 
to reproduce, in the local circuit, signals of approximately the same 
shape and duration as the original transmitted signals. 

The frequency attenuation characteristic of a system comprising a 
long telegraph cable and its signal shaping amplifier and networks 
when the latter are adjusted for the maximum transmission speed is 
such as to cause the impulses of unit length, which represent half 
cycles of the fundamental signalling frequency, to be received in 
considerably smaller amplitude than the impulses of two units (or 
more) length which represent half cycles of one half (or less) the 
fundamental signalling frequency.6 The highest signalling speed 
obtainable on a given cable is therefore determined by the length of 
the shortest impulses which must be received in sufficient amplitude to 
exercise control over the receiving apparatus and at that speed the 
two-unit and longer impulses will be received in much greater amplitude 
than is necessary for operation of the receiving apparatus. Gulstad 
pointed out 7 that as the received impulses of unit length always occur 
in the proper direction to aid the vibrating impulses they may therefore 
be greatly reduced in amplitude without impairing the accuracy of 
reception. On account of this fact the speed of signalling may be 
increased to a point where only the two-unit and longer impulses are 
received in sufficient amplitude to overcome the effect of the locally 
generated vibrating impulses and control the movement of the relay 
armature. At this increased speed the impulses of unit length will 
be either greatly diminished in amplitude or entirely removed by the 
attenuating effect of the cable and at such times the armature of the 
vibrating relay will be operated by the locally produced impulses. 

As the rate of vibration of the Gulstad relay was determined entirely 
by the values of the resistances and capacities in the local vibrating 
circuit, the vibrations of the relay armature did not exactly coincide 
either in frequency or phase relation with the signals sent by the 
distant transmitter so that complete restoration of the incoming signals 
to their original form was impossible and full advantage of the speed 

6 The fundamental signalling frequency is defined as the fundamental frequency 
of a train of alternate positive and negative impulses of unit length. 7 K. Gulstad, loc. cit. 
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possibilities of the device could not be realized. For these reasons its 
use was limited almost entirely to comparatively short cables where 
the strength and shape of the received signals were sufficiently good to 
control the relay directly with only a small improvement in shape and 
with no Amplification. The original arrangement was later modified 8 

to adapt it to the operation of longer unloaded cables. 
One of the principal features of the cable multiplex herein described 

is the synchronous vibrating relay 9 which was developed particularly 
for high speed operation on long cables, and is a great improvement 
over the Gulstad device. The vibrating impulses, instead of being 
derived from an adjustable vibrating circuit, are generated by a 
.segmented commutator located on the receiving head of the distributor. 
As the brushes on the receiving head of the distributor rotate in 
nearly exact synchronism with the transmitting brushes, it is evident 
that the rate of vibration of the relay will coincide exactly with the 
frequency of the transmitted signals and by properly adjusting the 
angular position of the vibrating segments, the time of closure of the 
relay contacts with respect to the incoming signalling impulses can be 
accurately fixed. The accuracy with which the missing impulses of 
unit length in the received signals are reinserted by this means makes 
it possible to realize the full speed possibilities of the vibrating relay 
principle and obtain faithful reproduction of signals on a given cable 
at almost double the speed obtainable through the use of ordinary non- 
vibrating relays. 

Another important advantage gained through the use of the 
synchronous vibrating relay is greater freedom from the effects of 
extraneous interference. The amplitude of the received signals is 
sufficiently great to permit of its being reduced by the effects of 
interference to approximately half of the normal value before the 
distortion becomes sufficiently great to cause errors in printing. 

| Likewise interference occurring during the zero intervals in the 
received signals must attain a value of approximately half of the 
normal received signal amplitude before causing errors. Interference 
occurring during the intervals between vibrating impulses will, of 
course, produce no effect upon the relay unless the amplitude of the 
interference attains a sufficiently large value to operate the relay 
directly. This ratio of interference to received signal amplitude 
represents the absolute limit of operation and some margin must 
obviously be allowed. It has been found that continuous satisfactory 
operation can be maintained so long as the interference does not 

8 W. Judd, British Patent No. 9,768, April 25, 1913; G. R. Benjamin and Herbert 
Angell, U. S. Patent No. 1,579,999, April 6, 1926. 

"A. A. Clokey, U. S. Patents Nos. 1,521,870 and 1,522,865. 



AUTOMATIC PRINTING EQUIPMENT 415 

exceed one third of the normal signal amplitude. The presence of a 
proportionate amount of interference in the received signals in ordinary 
cable code operation would cause the recorder record to be so mutilated 
as to render it entirely illegible. 

A detailed description of the operation of the synchronous vibrating 
relay is given in the appendix. 

Refinement 

The extreme speed at which the apparatus must operate to utilize 
the entire capacity of a loaded cable precludes making any adjustments 
while in operation and the importance of maintaining uninterrupted 
service for long periods demands that the apparatus shall be absolutely 
reliable in its operation and as free as possible from any variation in 
adjustments which would require occasional correction. This degree 
of reliability is secured through a refinement in mechanical and 
electrical design and a precision in construction which might be 
considered uneconomical for ordinary land line operation. The extra 
expense incurred in the design and construction of such highly refined 
apparatus is well justified by the resultant large increase in traffic 
capacity of the cable and the small cost of even the most refined 
apparatus relative to that of the cable on which it is used. 

A general idea of the type of apparatus and construction used can 
be gained from one of the terminal distributors which is illustrated in 
Fig. 4. The greatest permissible variation in the phase relation 
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between the brushes on the distributors at the two ends of the cable 
is only about one and one half degrees of revolution and in order to 
hold within this limit it was necessary to design a driving unit in 
which the phase shift, resulting from variations in the line voltage, 
was reduced to a minimum, and to arrange the gearing and coupling 
between the driving motor shafts and the various rotating brush 
arms so as to reduce to a minimum any lost motion or back lash. 
The driving unit consists of two motors: the one which supplies the 
power for driving the brushes is a dynamotor in which the DC side 
is used as a motor to supply the power and the AC side is included in 
a circuit with an electrically driven tuning fork which controls the 
motor speed within very close limits; and the other is a phonic wheel or 
La Cour motor driven from the same driving fork. This motor normally 
supplies little if any power for driving the distributor but by increasing 
or decreasing the load it prevents the occurrence of any appreciable 
phase shift in the DC motor due to variations in the driving voltage. 
In order to prevent slight shifting in the phase of the brushes due to 
vibration and axial twisting in the shafts and gears, it was necessary 
to employ much heavier construction in the rotating parts than is 
actually required to transmit the small amount of power used. The 
cutting of the gears, the distributor segments, and timing cams was 
done with the utmost precision to eliminate mechanical errors. The 
distributor segments included in the vibrating relay circuit are heavily 
faced with coin silver to reduce variation in the resistance of the 
contact between them and the rotating brushes. 

The satisfactory operation of the system depends upon the accuracy 
with which the various relays in the system follow and repeat the 
signals. None of the available types of relays were found to be 
sufficiently reliable to permit of use in the system and it became 
necessary to develop for the purpose a new type of high speed relay 
shown in Fig. 5. The size and inertia of the parts comprising (he 
moving system of this relay were reduced as much as possible in order 
to secure quick response and freedom from contact chatter at the 
highest operating speeds. A magnetic circuit was designed in which 
the effects of magnetic hysteresis are practically negligible, which 
results in the relay always operating upon the same value of current 
irrespective of its previous magnetic history. Permanency of adjust- 
ment, which is essential in relays used in this class of service, was 
obtained by adhering to standards of accuracy and precision of 
manufacture heretofore considered unnecessary in relay construction. 
The accuracy with which relays of the new type will operate at high 
speeds and the entire freedom from contact chatter is illustrated in 
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the oscillogram reproduced in Fig. 6, which shows 200- and 600-cycle 
sine waves applied to the relay windings and the character of the 
reversals repeated by the contacts. At these and lower frequencies 

n 

Fig. 5 

the adjustment of the relay is sufficiently stable to permit of its being 
operated continuously for long periods without requiring readjustment 
or other attention. 

Apparatus of this nature is frequently installed in isolated stations 
where materials or parts needed for making repairs cannot be obtained 
promptly, and the climatic conditions at some of these stations often 
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impose quite severe requirements upon the mechanical as well as the 
electrical portions of the apparatus. In designing the apparatus, the 
greatest care was therefore exercised in selecting, for the construction 
of even the smallest details, materials which would withstand the 
most severe usage and be unaffected by the most severe climatic 
conditions. 

Summary of System 

The inclusion of these newly developed features in the multiplex 
system and the application of the modified system to a long loaded 
cable presents a number of interesting aspects and new possibilities. 
The entire system is shown schematically in Fig. 7. 

The use of an amplifier containing no mechanical moving parts, 
in which all adjustments are made by alteration of the constants of 
electrical circuits, makes it possible to determine at the time of 
installation the proper amplifier adjustments to give satisfactory 
signal shape at a number of different transmission speeds and thereafter 
the amplifier may be quickly set for any speed by duplicating the 
adjustments that were previously found suitable for that speed. As 
the operation of the correcting relays and circuits and the vibrating 
relay depends to some extent upon the shape of the signals delivered 
by the amplifier, the ability to reproduce accurately a signal shape 
which has been previously found satisfactory is of considerable 
importance in the operation of the system. 

Although the amplifier and shaping networks are considered a part 
of the cable system rather than an element in the transmitting and 
receiving system, their operation must be controlled by the direction 
control switching mechanisms. The relays included in the direction 
control system which switch the amplifier circuits are built in the 
amplifier to simplify wiring and maintenance. The speed of the 
distributors is controlled as in the multiplex system by vibrating 
tuning forks, but in order to secure under certain conditions greater 
stability and freedom from speed variations due to alteration in the 
fork contact adjustment and changes in room temperature and voltage 
of the power supply there was developed a constant temperature 
vacuum tube driven fork. The distributor, with its driving fork, the 
relays included in the direction control and vibrating relay circuits, 
and the apparatus usually provided in land line multiplex equipments 
for phasing and lining up the circuit, including the Morse talking 
circuit, are mounted in accessible positions on a table which is separated 
from the operating tables on which the printers and transmitters are 
located. 
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The adaptation of the multiplex to cable operation does not involve 
any modifications which affect the design of the perforators, trans- 
mitters, or printers, so that it is possible to employ in this system the 
same type of instruments used in land line operation. 

In cases where it is desirable to link two cable sections together 
automatic repetition is provided for by the provision of additional 
sending and receiving commutators on the repeater distributor for 
transmitting and receiving on the second section. A photograph of 
such a repeater distributor is shown in Fig. 8. The incoming signals 

Fig. 8 

at the repeater are received in the regular way and operate the vibrating 
relay which applies the completely corrected impulses to the receiving 
segments. The receiving segments, instead of being connected to the 
selector magnets of a printer, are connected to the windings of storing 
relays which are operated by the incoming signal combinations and 
set up the identical combinations on the corresponding sending 
segments associated with the next section of cable. The storing 
relays thus perform the same function as a tape transmitter except 
that they are controlled directly by the received signals instead of a 
perforated tape. With this method 10 of repetition it is possible to 
replace the storing relays on any channel with a printer and trans- 

10 E. P. Bancroft, et al., U. S. Patent No. 1,541,316. 
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mitter on each section so that one or more channels on both cable 
sections may be terminated at the repeater station without interfering 
with automatic repetition of traffic on the remaining channels. 

Not only is it possible to link two or more simplex cable sections 
together through automatic repeaters, but it Is also possible to link 
such a system through repeaters with a duplexed land line multiplex 
without introducing serious complications. The printer on the re- 
ceiving side of each channel of both the land and cable circuits at the 
repeater station may be replaced with an automatic reperforator which 
will prepare from the incoming signals a perforated tape for retrans- 
mission. As this tape leaves the reperforator it is automatically 
drawn through a standard transmitter which will transmit the signals 
into the corresponding channel of the next section of line or cable. 
In moving between the reperforator and transmitter the tape passes 
under a contact closing lever arranged to stop the operation of the 
transmitter when the slack in the retransmitting tape drops below a 
predetermined minimum as the result of a difference in transmission 
speed on the two sections or the stoppage of the reperforator on the 
simplex section during the transmitting periods. This avoids the 
possibility of mutilation of the transmitted signals or tearing the tape. 

The provision of a comparatively large number of traffic channels 
and automatic repeaters by means of which traffic on any or all 
channels may be automatically repeated into the other cable sections 
or land telegraph lines affords a high degree of flexibility in handling 
and routing traffic and permits the several channels to be terminated 
at the two ends in widely separated points. 

Conclusion 

Although the general principles of the system and the general 
design of the apparatus described herein are applicable to all loaded 
cables irrespective of length or construction, it is quite obvious that 
the detailed design of the various pieces of apparatus required will be 
determined to a great extent by It he electrical characteristics of the 
particular cable to which they are to be applied and by the operating 
and traffic requirements which that system must fulfill. Equipment 
of this type can not therefore be standardized to the degree possible 
in the case of similar equipment for land line service, and the provision 
of apparatus for each cable becomes a special engineering problem 
which must be worked out with the cooperation of the engineers of 
the operating company in order to make the apparatus capable of 
satisfactorily meeting all of the conditions which will obtain in subse- 
quent commercial use. 
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A complete operating equipment embodying the general principles 
described has been designed with the cooperation of the engineers of 
the Western Union Telegraph Company for the New York-Azores 
permalloy loaded cable and has been in actual commercial operation 
for many months. Provision has been made in the design of this 
apparatus for the extension of the circuit to Emden, Germany, over the 
Azores-Emden cable of the Deutsch-Atlantische Telegraphengesell- 
schaft, and automatic repeaters for the Azores station and terminal 
equipment for the Emden station have been installed and are now 
undergoing tests preliminary to the establishment of through-operation 
between New York and Emden. 

Appendix I 

Synchronous Vibrating Relay 

There are several methods which may be employed to obtain the 
synchronous vibrating feature, one of which is shown schematically in 
Fig. 9. The relay is of the polarized type having two separate 
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windings, one of which, termed the line winding, is connected directly 
in the output circuit of the amplifier, and the other, or vibrating 
winding, is included in a circuit comprising the vibrating condenser, 

/ 
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the vibrating segments V and the vibrating brush of the distributor. 
The distributor segments are shown developed for the sake of clearness. 
Disregarding the line winding for the moment, the passage of the 
vibrating brush over segment Ci, when the relay armature is resting 
against the negative contact, causes the vibrating condenser to be 
negatively charged by the battery E\, and as the brush continues its 
rotation and passes upon segment Fi, the charged condenser is dis- 
connected from the charging circuit and is connected to the vibrating 
winding through which it immediately discharges in the proper 
direction to cause the relay armature to be moved against its opposite 
or positive contact. This change in the position of the relay armature 
connects all of the "C" segments to positive battery, so that the 
passage of the brush over segments C* and Vi in succession causes 
the condenser first to be positively charged, then to discharge through 
the vibrating winding which restores the relay armature to its former 
position against its negative contact. This cycle of operations will be 
repeated as long as the brush rotates and the rate of vibration can be 
made to coincide exactly with the frequency of the transmitted signals 
by suitably arranging the vibrating brush so as to be corrected from 
the incoming signals in a manner similar to that employed in the 
standard multiplex system.11 The armature of the vibrating relay, in 
addition to controlling the polarity of the charge upon the vibrating 
condenser, controls the polarity of a battery applied to the receiving 
brush which distributes the received and corrected signalling impulses 
to the selector magnets of the receiving printer. In practice an 
intermediate relay, not shown in the figure, is employed between the 
armature of the vibrating relay and the receiving brush. 

The line winding of the vibrating relay is connected in the amplifier 
circuit in the direction which will cause its armature to move toward 
its positive contact in response to incoming signalling impulses of 
positive polarity and vice versa, and as the amplitude of the current 
in that winding is adjusted to be approximately equal to that of the 
vibrating impulses, the effect of impressing the amplified and partially 
corrected positive impulse D upon the line winding at the time the 
vibrating brush is passing over segment Fi would be only to aid the 
condenser discharge current in reversing the position of the relay 
armature. Every received impulse of unit length and the current 
during the first interval of unit length in every sustained pulse will 
produce the same result as shown at D, E, F and H, but the effect of 
current in the line winding due to the second and all succeeding time 
units of every sustained pulse will be neutralized, as shown at G, I 

» J. H. Bell, loc. cit. 
28 



424 BELL SYSTEM TECHNICAL JOURNAL 

and J, by a pulse of approximately equal amplitude and opposite 
polarity in the vibrating winding and the position of the relay armature 
will therefore remain unchanged. Thus as the relay is actually 
operated by the energy supplied by the locally generated vibrating 
impulses and the received signalling current is employed only to 
neutralize the effect of the vibrating impulses during the second and 
succeeding time units of the sustained pulses, a considerable amount of 
distortion may be present in the signals without causing errors in 
reception, in fact the impulses of unit length may be entirely missing 
without interfering in any way with the accuracy of reception. 

Ordinary polarized relays not provided with the vibrating feature 
are operated by the energy supplied by the amplified signals, which 
must consequently be quite free from distortion in order to insure 
faithful reproduction of the transmitted signal. The speed of trans- 
mission on long submarine cables employing non-vibrating relay 
reception cannot exceed that frequency at which the received signalling 
impulses of unit length are reduced by the attenuation of the cable 
to an amplitude which is only enough greater than the interference 
currents present to cause positive operation of the relay. The 
vibrating relay, however, does not require the pulses of unit length 
to be present at all, so that its limiting speed is that at which the 
impulses of two units length are received in just sufficiently large 
amplitude to prevent the relay from vibrating and allow a reasonable 
margin for overcoming the effects of any interference currents that 
may be present. This limiting speed is approximately double that 
obtainable with the use of non-vibrating relays. 



The Application of Vacuum Tube Amplifiers to 

Submarine Telegraph Cables 

By AUSTEN M. CURTIS 

Synopsis; Vacuum tube amplifiers have been developed for use in sub- 
marine telegraph reception and at present are in successful operation on 
four high speed permalloy cables. There is no limit to the speed at which 
vacuum tube amplifiers may be operated and in the present stage of de- 
velopment, the rate at which messages may be passed over loaded cables 
of the length used in the Atlantic Ocean is determined by the cable itself 
and the mechanical transmitting and receiving apparatus. In regard to 
maintenance, vacuum tube amplifiers have a great advantage in that they do 
not require any delicate mechanical adjustments. 

THE laying of the new permalloy loaded cable between New York 
and Fayal (Azores) in September 1924 marked the most radical 

change in construction and operation of submarine cables that has 
taken place in many years. During 1926 three additional cables of 
this type were laid, the four sections being arranged to provide a line 
of communication between New York and England and another 
between New York and Germany. The traffic handling capacity of 
these cables when ultimately developed to its maximum by suitable 
terminal apparatus, will be nearly equal to that of all the other cables 
between North America and Europe combined. 

The construction of these cables and the principles underlying their 
operation have already been described by O. E. Buckley 1 before the 
American Institute of Electrical Engineers in June 1925. The speed 
of operation of loaded cables of this type is many times that of the 
older non-loaded cables, and new apparatus has had to be developed 
to realize the full advantage offered by permalloy loading. One of 
the most important of these new developments has been the signal 
shaping vacuum tube amplifier, which is now in use on the four North 
Atlantic loaded cables. 

The purpose of this paper is to point out the requirements which 
must be met by cable amplifiers, particularly those used on high 
speed loaded cables, and to describe how these requirements have been 
fulfilled in the present signal-shaping amplifier of the Western Electric 
Co. It will not be necessary to consider in any detail the general 
principles of operation of telegraph cables as these have been discussed 
with reference to non-loaded cables by Mr. J. W. Milnor 2 and are 

1 Bell System Technical Journal, Vol. 4, July 1925; Journal of the American Institute 
of Electrical Engineers, Vol. XLIV, No. 8, August 1925. 2 "Submarine Cable Telegraphy," Journal of the American Institute of Electrical 
Engineers, Vol. 41, February 1922. 
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considered with particular reference to loaded cables in the paper by 
Mr. A. A. Clokey published in this issue of the Bell System Technical 
Journal. 

The Necessity of Cable Signal Amplifiers and Their 
Requirements 

Telegraph signals passing over a long submarine cable are distorted 
so severely that only a small fraction of the ultimate speed would be 
possible if extraordinary means were not taken to compensate for this 
distortion. It may be found that a certain cable attenuates very low 
frequencies to only one half of their original voltage while the higher 
frequencies may be received at less than one ten-thousandth of their 
initial strength. The transmission of an ideally perfect signal requires 
that its components of all frequencies be received at amplitudes 
proportional to those transmitted, consequently the reshaping of a 
signal received from a cable involves equalizing the strength of all its 
component frequencies by reducing the amplitude of the lower fre- 
quencies and amplifying the higher frequencies. 

As the voltage which may be impressed upon a cable is limited by 
considerations of the safety of its insulation, the sensitivity of the 
receiver to currents of the highest frequency necessary in a properly 
defined signal is one of the limitations of the speed at which a cable 
may be operated. Unfortunately this is not the only limitation or it 
would be possible to increase the speed indefinitely by simply in- 
creasing the sensitivity of the receiver. All cables are exposed to 
extraneous interfering currents, some natural in origin and some the 
result of human activities, and while a great deal may be accomplished 
by proper design of the cable and the associated apparatus the speed 
is ultimately limited by interference. A large proportion of this 
interference is similar in nature to "static" and the bane of radio 
communication is also, but to a lesser degree, the bane of cable 
communication. 

Experience has shown that continuous communication of the high 
standard of accuracy required in the transmission of code and cypher 
messages cannot be maintained unless the voltage received at the 
nominal signaling 3 frequency is between two and five millivolts. A 
receiver must therefore be capable of responding to voltages of this 
order at the signaling frequency in order to utilize the cable efficiently. 
On an average cable the power available at this voltage is of the order 
of 2 X lO-8 watts and there is at present no signal recording device 

3 This is defined in the case of the Morse cable code as the fundamental frequency 
in a series of alternate dots and dashes. 
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known to the art which will operate on so small a power except at 
uneconomically low speeds. For this reason it is necessary to insert 
between cable and recorder an instrument which will amplify the 
received signal. 

A cable signal-shaping amplifier must fulfill many severe require- 
ments. With its associated apparatus it must be capable of correcting 
the attenuation of the cable by equalizing the strength of all important 
component frequencies of the signal and it must also be capable of 
controlling in its output circuits a power many times as large as it 
receives.4 It must be as insensitive as possible to interfering currents 
not included in the band of frequencies necessary to the signal and it 
is very desirable that overloading, which may be caused occasionally 
by these currents, should not permanently influence its adjustment or 
destroy any of its elements. The strength of its output current 
should be readily adjustable. It should be mechanically rugged, as 
otherwise its maintenance will require too large a proportion of the 
time of the staff at the cable station, and delays to traffic will be 
caused. Finally it should be protected as well as possible against 
local electrical fields and mechanical vibration and its operation 
should not be affected by conditions of extreme humidity. 

Comparison of Mechanical Amplifiers and Vacuum Turk 
Amplifiers 

In recent years several satisfactory mechanical amplifiers (called 
magnifiers in cable parlance) have been invented and their use has 
led to radical improvements in the speed of transmission over non- 
loaded cables. Most of these magnifiers utilize a sensitive moving- 
coil galvanometer, which moves some device a small distance in order 
to control a much greater power than that which caused the original 
motion of the coil. We may consider as typical of these the selenium 
magnifier which causes a beam of light to move over one or the other 
of two groups of selenium cells and thus varies their resistance, the 
Heurtley hot wire magnifier which changes the resistance of two pairs 
of almost microscopic heated wires by causing them to move relatively 
to each other, and the electrolytic magnifier which changes the re- 
sistances of a group of immersed electrodes. With all of these devices 
the controlled power is obtained from a local battery, but it is so 
small that it can do little more than operate a sensitive siphon recorder 
or a delicate moving coil relay. The latter may of course control a 
larger power which may in turn cause the operation of a comparatively 
rugged electromagnetic relay and thus indirectly a considerable power 

4 In practice the power amplification factor of the various types of amplifiers 
may range between five thousand and one hundred million. 
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may be controlled. With any of these magnifiers the suspended coil 
forms a mechanical oscillating system which is of great assistance in 
correcting the distortion of the cable, and allows signals to be shaped 
properly with the aid of a simple network of inductance, capacity and 
resistance. The inertias of the suspended coil and of the controlled 
devices make these magnifiers insensitive to high frequencies, and 
while this has some advantages in discriminating against high frequency 
disturbances, it also sets a rather definite limit to the speed at which 
they may be used. In order to utilize them as efficient signal shaping 
devices the natural frequency must be not far from one and one half 
times the nominal signaling frequency.5 On this account and because 
their sensitivity decreases roughly as the square of the natural Ire- 
quency to which they are adjusted, the moving coil magnifiers are 
rarely operated at signaling speeds of more than fifteen cycles per 
second. As they are easily damaged by relatively small overloads it 
is not safe to keep them in circuit when the approach of a thunder 
storm to a cable terminal makes the reception of induced surges in 
the cable likely. This sometimes results in keeping a cable out of 
operation for several hours, although the surges would only occasionally 
cause the loss of a letter if the magnifiers were not subject to damage 
by overloading. 

A vacuum tube amplifier is free from many of the disadvantages of 
the mechanical amplifiers. It contains no delicate parts which require 
skilled manipulation, and once adjusted it maintains its adjustment 
indefinitely. There is no inherent limitation to the speed at which 
it may be operated; this being determined only by the requirement 
that the signal be sufficiently stronger than the interference. There 
is no practical limit to the amount of power which may be controlled 
and at the same time it is easy to limit this power and insure that 
momentary overloading shall not damage the amplifier or the asso- 
ciated apparatus. A multi-stage vacuum tube amplifier possesses still 
another important property in that there is practically no reaction 
between its various stages at telegraph frequencies. For this reason 
a number of interstage shaping networks may be used, and it will be 
found that the adjustment of one network is entirely without influence 
on the effects of the others. 

History of Development of Vacuum Tube Amplifiers in 
Bell Telephone Laboratories 

The signal shaping amplifier now in use is the outgrowth of studies 
of the applications of vacuum tubes begun in the laboratories of the 

6 Mil nor, A. I. E. E., February 1922. 
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American Telephone and Telegraph Company and the Western 
Electric Company in 1912. The vacuum tube amplifier appeared 
to offer important advantages for use on submarine cables because of 
its lack of distorting effects which are a function of the frequency of 
(he current amplified, and also because of the ease with which signal 
distortion correcting circuits could be associated with the vacuum 
tubes. The initial studies on amplifier circuits suited to currents of 
(he low frequencies involved in submarine cable telegraphy were made 
by Mr. R. V. L. Hartley and Mr. B. W. Kendall.6 One of the 
difficulties which loomed quite large at that time was that most cables 
were operated duplex and the connection of an amplifier to a duplex 
circuit would involve the insertion of a transformer which promised 
to introduce distortion7. A suitable distortionless amplifier was first 
tried and subsequently distortion correcting networks were introduced 
between its stages. It was found that this permitted the use of more 
correcting elements than had been feasible in previous practice and 
thus indicated the possibility of attaining higher speeds than were 
usual at that time. The development of the shaping circuits employed 
was at first based on the principle of producing the various derivatives 
of the arriving current wave and adding them in proper phase relation 
to the arriving wave. This principle and methods of applying it had 
been developed mathematically by Mr. J. R. Carson of the American 
Telephone and Telegraph Company.8 Mr. R. C. Mathes who con- 
ducted the experimental investigation beginning in 1916 simplified his 
work somewhat by recognizing that this principle was equivalent to a 
statement that the received signal would be satisfactory if the attenu- 
ation and phase distortion of the entire system of cable and amplifier for 
steady state alternating currents were corrected by the shaping net- 
works over a range of frequencies from nearly zero to approximately the 
nominal signalling frequency. By the middle of August 1918 the 
employment of improved shaping methods made speeds of 22 cycles 
possible in simplex working on an artificial cable having a KR. of 2.7. 
The then standard cable apparatus would have permitted a speed of 
not more than 9 cycles, on a cable subject to interference of the mag- 
nitude usually encountered. 

6 B. W. Kendall, U. S. Patent No. 1,491,349, April 22, 1924. 7 Expedients for avoiding distortion of this nature were suggested by Dr. H. W. 
Nichols of these Laboratories and by Mr. Lloyd Espenschied of the A. T. & T. Co. 
Their plans contemplated the modulation of an alternating current of relatively high 
frequency by the incoming signal, the amplification of the modulated current by 
suitable apparatus and its subsequent demodulation for obtaining the amplified low 
frequency signal (H. W. Nichols U. S. Patent No. 1,257,381, February 16, 1918; 
Llovd Espenschied, U. S. Patent No. 1,428,156, September 5, 1922). 

* See U. S. Patents No. 1.315,539. September 9, 1919, No. 1,450,969, April 10, 
1923, No. 1,516,518, November 25, 1924 and No. 1,532,172, April 7, 1925. See also 
article by Dr. K. W. Wagner, Electric he Nachrichten-Technik, October 1924. 
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This apparatus 9 was then demonstrated to officials of the Western 
Union Telegraph Co. and with the cooperation of their engineers tests 
extending over a period of about a year were carried on at Rock- 
away Beach on several of the cables entering that station. It was 
shown in these experiments that while the vacuum tube amplifier 
together with suitable distortion-correcting networks would permit 
a considerable increase in the simplex speed (limited only by the 
interference present in the cable), the duplex speed was limited by the 
imperfect balance between the cable and the artificial line, and the 
increased sensitivity and signal shaping ability of the amplifier were 
of little value under the conditions then obtaining. Serious efforts 
were made to utilize the current limiting properties of vacuum tubes 
in conjunction with differentiating and integrating networks in re- 
ducing the effect of the unbalance on the signal and some successful 
results were attained.10 

By 1920 the research leading to the development of the permalloy 
loaded cable had progressed to a point where it was evident that a 
new type of high speed cable amplifier would be required and the 
investigations were continued with this end in view. After the 
solution of numerous difficulties an amplifier was produced which was 
capable of correcting almost any variety of signal distortion which 
might be caused by a loaded cable. An amplifier of this type was 
tested on a trial length of 120 miles of loaded cable laid in a loop out 
of Devonshire Bay, Bermuda, and found to be generally satisfactory. 
The amplifier was then redesigned in a form suitable for commercial 
use and two amplifiers were built and installed at Rockaway Beach 
and Fayal in readiness for the New York-Azores loaded cable. They 
were put into successful operation and the predicted speed of 1,500 
letters per minute was demonstrated within an hour after the cable 
had been released by the electricians of the ship which laid it. 

Circuit Arrangements of Signal Shaping Vacuum Tube 
Amplifier 

The electrical requirements of a cable signal shaping amplifier 
suitable for use on high speed loaded cables may be briefly stated as 
follows. It must take an input signal having components as low as 
one half millivolt and as high as possibly ten volts in amplitude, and 
correct the distortion by amplifying the weaker components much 
more than the stronger, at the same time making any necessary phase 

0 See U. S. Patents to R. C. Mathes No. 1,311,283, July 29, 1919, No. 1,426,755, 
August 22, 1922, No. 1,493,216, May 6, 1924 and No. 1,586,821, June 1, 1926; 
also Canadian Patent No. 207,231, January 4, 1921, granted to B. VV. Kendall. 10 D. K. Gannett and M. Kirkwood, U. S. Patent No. 1,483,172. 
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corrections. It must also be able to operate satisfactorily with signals 
in which the weaker components may be as strong as 100 millivolts. 
An output of about fifteen milliamperes at 15 volts should be available 
and this output must be adjustable by small steps. It must be 
capable of handling currents containing frequencies between a small 
fraction of a cycle and about 180 cycles, the particular part of this 
band of frequencies which is utilized depending on the nature of the 
cable and the speed at which it is operated. 

These requirements are met in the present cable amplifier,11 by 
circuits which are shown in the upper half of Figure 1. The amplifier 
proper consists of four stages of vacuum tubes, the first three being de- 
signed for high voltage-amplification and the last for large current out- 
put. An additional output stage is provided for the purpose of increas- 
ing the flexibility of the amplifier by permitting two separate classes of 
apparatus to be operated simultaneously. The coupling between 
stages is a combination of two types, the coupling for the very low 
frequencies being through a resistance capacity network while that 
for the higher frequencies is by means of an auto-transformer of special 
design or by highly damped resistance, inductance and capacity net- 
works. The amplifier is connected to the cable through an input 
network and a shielded transformer. The input network assists in 
shaping the signal and prevents the first stage of the amplifier from 
being overloaded by the strong low frequency components of the 
signal arriving in the cable. The transformer permits earthing the 
filaments of the amplifier tubes and their associated batteries and 
avoids the short circuiting of the long balanced sea earth. The latter 
is used to reduce the effect of electrical disturbances on that part of 
the cable which lies in shallow water near the shore.12 The require- 
ments of this transformer are quite unusual as it must have a satis- 
factory voltage regulation from .2 to 200 cycles per second. 

The ability to operate on voltages which may vary widely from 
time to time makes it necessary to provide a suitable range of adjust- 
ment of amplification. This is accomplished by providing that the 
secondary windings of the input transformer may be connected in 
series or in parallel and the plate coupling resistances of the tubes 
varied by a factor of four to one. A potentiometer placed between 
the second and third stages of the amplifier allows a variation of 
twenty to one in the voltage transmitted to the third stage, and 
with other adjustments as mentioned above, increases the total range 

11 A. M. Curtis, U. S. Patents Nos. 1,586,970 and 1,586,972, June 1, 1926, and 
1,624,395 and 1,624,396, April 12, 1927. i: J. J. Gilbert, Bell System Technical Journal, July 1926; also British Patent No. 
218,261. August 31, 1925, and Canadian Patent No. 265,944, Nov. 16, 1926. 
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of amplification adjustment to about 150 to 1. In addition a set of 
constant resistance potentiometers in the relay control panel associ- 
ated with the amplifier allows the current through any of the relays 
to be varied in small steps without influencing the current in the other 
relays or changing the impedance of the amplifier output circuit. 

The characteristic of the amplifier system may be measured by 
applying a certain input voltage at varied frequencies, and noting 
the corresponding output voltage. If the amplifier has been adjusted 
to give a satisfactory signal when connected to a cable, measurements 
will show that its amplification increases rapidly to a maximum which 
occurs at about 1.5 times the signaling frequency, and then falls to 
practically zero at about twice the signaling frequency. This elimina- 
tion of the higher frequencies is effected by proper adjustment of the 
inter-stage shaping networks, and it results in suppressing that portion 
of the interfering currents received from the cable which lie above the 
band of frequencies required to form the signal. 

The amplifier as described above is perfectly suitable for recorder 
operation and will permit communication at speeds up to at least 
ninety cycles per second which in cable code is equivalent to about 
2,800 letters per minute, provided that a suitable recorder is employed. 
It is, however, not entirely suitable for multiplex printing telegraph 
operation under all conditions without the addition of apparatus to 
prevent "zero wander." 

System for Correcting "Zero Wander" 

In general, printing telegraph systems have been designed on the 
assumption that they were to work over land telegraph lines and 
they contain no provision for avoiding the effects of the "wandering 
zero" which is caused by the inability of a practical cable transmission 
system to transmit direct current. This inability to transmit direct 
currents is due to the fact that there is usually present in a submarine 
cable an earth current which is many times as strong as the signal, 
and it is necessary to block out this earth current by series condensers 
(as is usual in ordinary cable practice) or to keep it out of the amplifier 
by a transformer. The syphon recorder does not require that the 
zero of the signal be maintained closely but cable signal relays operate 
on a fixed value of current of either polarity and are incapable of de- 
termining whether or not part of this current is due to a displace- 
ment of the zero. It is therefore necessary to reconcile in some way 
the printing telegraph systems, which under some conditions require 
the reception of a direct current, with the cable system which cannot 
transmit a direct current. Several methods of doing this have been 
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used with the mechanical amplifying systems on low speed cables; 
they usually supply directly to the relay a "zero correcting" current 
which depends upon the past history of the signal.13 

When a vacuum tube amplifier is employed it is more convenient 
to apply the zero correction to the grid of the last stage vacuum tube 
as this results in the most economical utilization of the correcting 
battery and its circuits. The zero correcting apparatus is mounted 
in a cabinet adjacent to the amplifier and differs considerably in 
principle from that hitherto used with mechanical amplifiers. 

The three element moving armature polarized relay, which had 
been designed for use in loaded cable operation generally, was changed 
in some details and adapted for use in the zero corrector. It is 
capable of operating at a high speed and also discriminates very 
accurately between currents of slightly differing values. When 
actuated by the normal signal its armature contacts vibrate between 
the fixed contacts, not touching either unless the zero of the signal 
deviates more than about three per cent from its proper position. 
When this deviation does occur the relay contacts close the circuit 
for an instant at the peak of a signal wave, and permit the battery 
to which they are connected to charge a condenser through a com- 
paratively low resistance. The charge on this condenser then passes 
gradually to a second condenser through a high resistance and at the 
same time commences to be discharged from the second condenser 
by a shunt resistance. The voltage on this second condenser is 
applied to the grid of the last stage of the amplifier in such a sense that 
it produces a deflection of the amplifier zero in the direction opposite 
to the deflection which caused the relay contacts to come together. 
This correcting voltage is applied at a rate which is slow enough to 
prevent it from distorting the signal and the rate at which it is dissi- 
pated by the shunt if no further contacts take place is still slower. 
It should be noted that these rates of charge and discharge, while 
adjustable, need not bear any accurate relation to the shape of the 
signal itself. The correction is usually applied rapidly enough so that 
the zero is brought back to normal within the duration of about five 
signal pulses and the proper operation of the circuit prevents the zero 
from passing beyond limits about five per cent of the signal amplitude 
either side of the normal position. A somewhat simplified circuit of 
the relay control unit which includes the zero corrector is shown in 
the lower part of Fig. 1. 

13 A system in common use is due to S. G. Brown (British Patent No. 6,275, 
February 20, 1913). Other systems have been invented by D. K. Gannett and M. 
Kirkwood, U. S. Patent No. 1,548,878, Aug. 11, 1925, and R. C. Mathes, U. S. 
Patent No. 1,295,553, February 25, 1919. 
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Mechanical Details of Amplifier and Relay Control Desk 

The construction of the amplifier and relay control desk is shown 
in the accompanying figures. Fig. 2 is a front and Fig. 3 a back view 
of the amplifier in its cabinet, Fig. 4 is a back view of the panel frame 
removed from the cabinet and Fig. 5 is a front view of the relay control 
panel associated with the amplifier. Mechanically the amplifier 

Fig. 2. 

consists of a frame of brass angles supporting on its front face four 
large hard rubber panels and sixteen small ones. The four large 
panels are mounted on the upper part of the frame, and hold the 
switches and the meters which it has been found desirable to provide 
in the filament and plate circuit of each vacuum tube. The adjustable 
elements of the amplifier interstage shaping networks are contained in 
the sixteen smaller panels mounted in the lower part of the framework. 
Each of these panels is a complete unit, comprising either a variable 
condenser, a variable resistance, or a switch for the adjustment of an 
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inductance. As these panels are all of the same size, it is possible if 
necessary to change radically the arrangement of the interstage net- 
works, or substitute entirely different ones without any difficult 
mechanical work on the amplifier. Each of the condensers and 
resistances is contained in an earthed metal box, into which it is sealed 
by a wax insulating compound. The frame in which the panels are 

Fig. 3. 

mounted is earthed and metallic fins are provided between the various 
panels in such a manner that any current which leaks through a film 
of moisture which might be deposited on the surface of the panels 
must pass to earth. The plan of mounting each individual piece of 
apparatus in a metal box, and sealing it in with insulating compound, 
has been adhered to throughout, the tubes, meters and switches of 
course being excepted. This is principally for protection from the 
serious humidity frequently found in cable stations. Additional 
protection is provided by electric heaters drawing current from the 
battery which operates the filaments of (he vacuum tubes. Frame- 
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work shelves provide space for mounting the tubes and heavy 
apparatus such as coils and coupling condensers. The tube of the 
first stage is held in a spring suspended socket, damped by an oil 
dashpot.14 The socket of the second stage tube is sufficiently pro- 
tected from vibration by a sponge rubber mounting, while the sockets 
of the third and fourth stages need no special protection. Dry cell 
grid batteries are mounted on the lower shelf of the framework. 
The numerous external connections are brought to the terminal strip 
which may be seen along the lower part of the back of the framework. 
The panel assembly is mounted in the upper part of a mahogany case, 
lined with copper. The lower part of the case contains the shaping 
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Fig. 4. 

networks which are connected between the cable and the amplifier 
All adjustments are made either from the front of the panels or on 
apparatus contained in the lower part of the cabinet, and as all the 
elements of the amplifier are inherently stable, when the adjustments 
for shaping the signal at any given speed have once been determined 
they may be quickly duplicated at any time. 

The relay control desk combines the apparatus for correcting the 
signal zero wander with means for adjusting the current through the 
relays used in the multiplex printing telegraph system and includes 
several switches used in the control of the latter apparatus. 

In designing the amplifier the necessity of maintaining continuous 
operation and easily and quickly remedying any minor troubles was con- 
sidered of the utmost importance, and this led to its being made large 
enough so that work may be done inside of it without having to remove 

14 W. A. Knoop, Patent U. S. No. 1,523,430, January 20, 1925. 
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it from the circuit and take it apart. All of the circuit elements may 
be reached from the back of the cabinet without disturbing anything 
else, and on several occasions this arrangement has proved of great 
value. 

Power Supply for Amplifier 

Three sets of storage batteries are required for an amplifier. The 
filaments are heated by a 6 V. 500 AH storage battery. The plate 
voltage for the first three stages is supplied by a 250 volt 1 AH storage 

Fig. 5. 

battery while the plate voltage for the last stage is supplied by a 
275 V. 4 AH storage battery. These batteries are in the general 
battery room of each cable station and are handled by ordinary 
methods, the only special precautions necessary being the shielding 



SUBMARINE TELEGRAPH CABLES 439 

of the leads from battery to amplifier and the avoiding of loose switch 
contacts. 

Results Obtained in Service 

The first two amplifiers built were put in operation on the New 
York-Azores cable in September 1924, and after a few weeks' testing a 
speed of 65 cycles per second or about 2,080 letters per minute in 
cable code was demonstrated. In the fall of 1926 three additional 
permalloy loaded cables were completed and equipped with vacuum 
tube amplifiers. They are laid between New York and Bay Roberts, 
Newfoundland, between Bay Roberts and Penzance, England, and 
between Fayal, Azores, and Emden, Germany. A speed of ninety 
cycles has been demonstrated on the New York-Bay Roberts cable, 
and the longer section from Bay Roberts to Penzance has worked at 
eighty cycles. The adjustment of amplification and the flexibility of 
the shaping networks is such that it has proved possible to remove an 
amplifier adjusted for operation at about 40 cycles from the long 
New York-Azores cable and readjust it for use on the short New York- 
Bay Roberts cable at 20 cycles in about fifteen minutes. 

During the two and one half years of operation of amplifiers on the 
New York-Azores cable the maintenance required has been almost 
negligible and the rare cases of trouble have usually been found in 
the external connections. The longest delay to traffic caused by the 
amplifiers during this period was about two hours, and was due to the 
disarrangement of some temporary wiring. The reliability of the 
amplifiers is well attested by the fact that during the first two years 
there was only one available at each station, and there was no difficulty 
in keeping cable and amplifiers in continuous operation. 

In connection with maintenance the vacuum tube amplifiers have a 
great advantage in that they do not require any delicate mechanical 
adjustments, while the electricians responsible for the operation of 
mechanical amplifiers must frequently spend hours at tasks requiring 
the skill and patience of a watchmaker. 

It has been found possible to handle messages during thunder- 
storms which prevented operation of the non-loaded cables and their 
mechanical amplifiers for several hours. As an experiment the loaded 
cable and amplifier were worked continuously through an unusually 
severe thunderstorm during which stop watch observations of the 
intervals between lightning flashes and thunder claps showed that 
lightning had struck within a thousand feet of the cable terminal on 
three occasions. Although the induced surges were frequently several 
times as strong as the signals, the automatically limited output of the 

29 
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amplifier protected the recorders from damage, and the effect of each 
lightning discharge was limited to the possible mutilation of one or 
two letters. 

The protection of these amplifiers from mechanical vibration has 
proved entirely satisfactory. During alterations to the Western 
Union Cable station building at Rockaway Beach a brick wall six 
feet from the amplifier was broken down with sledge hammers without 
interfering with the normal handling of messages. 

Other Applications of Vacuum Tube Amplifiers in 
Cable Telegraphy 

While as yet vacuum tube amplifiers have been utilized principally 
on high speed loaded cables they are not necessarily restricted to such 
use. It was mentioned in an early part of this paper that, since the 
non-loaded cables are ordinarily operated duplex at a speed which is 
set, not by the sensitivity of the receiver, but by the strength of the 
interference due to imperfect balance between cables and artificial line, 
no increase in speed might be expected to result from the substitution 
of vacuum tube amplifiers for the mechanical amplifiers now used. 
Nevertheless the superior ruggedness of the vacuum tube amplifier, 
combined with its ability to operate safely through thunderstorms 
which would ruin the mechanical amplifiers, might reduce appreciably 
the amount of lost time, particularly during the summer months, and 
thus improve the traffic capacity of these cables. 

In addition to the use of vacuum tube amplifiers for operating 
terminal apparatus they have another important field as repeaters 
intermediate between two short sections of a long cable. As the speed 
at which any cable can be operated is roughly inversely proportional 
to the square of its length, it is customary to lay cables connecting 
distant centers of population in two or more sections, interrupted at 
some conveniently located but often inconveniently isolated island. 
This involves repeating the signals received from one section of the 
cable into the next section and for years this was done manually, 
that is, an operator received and translated the signals and passed 
them on to another operator for transmission on the other section. 
Within recent years through relay operation by means of repeaters 
has become general. At the intermediate station a device receives 
the signal from an amplifier and retransmits it to the next section 
usually correcting it completely to its original form. These repeaters, 
while very successful, are still quite complicated mechanically, and 
require skillful maintenance, particularly as they utilize delicate 
mechanical amplifiers and moving coil relays. It is possible to replace 
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them by vacuum tube amplifiers having no moving parts, and thus 
requiring a minimum of maintenance. The vacuum tube amplifier is 
capable of reshaping the signal almost as completely as is clone by 
the mechanical repeaters, and, in case of a cable worked simplex, 
the direction in which the amplifier at the intermediate station repeats 
the signal may be automatically controlled from either the sending 
or the receiving station. 



Modulation in Vacuum Tubes Used as Amplifiers 

By EUGENE PETERSON and HERBERT P. EVANS 

Synopsis: Recent developments in amplifier design tending toward more 
rigorous quality requirements have shown that the solutions of Van der 
Bijl and Carson are inadequate for certain purposes since they are based 
upon a convenient assumption which is not satisfied in fact. In particular, 
a detailed investigation of carrier current repeaters used for the simultaneous 
transmission of several channels, and upon which in consequence the 
modulation or crosstalk requirements are particularly severe, showed the 
modulation currents measured to be quite different from those specified by 
the theory, as was the law of variation of these currents with the circuit 
constants. 

The cause of the discrepancy was found to reside in the neglect of the 
variation of the amplification factor (/x) with both plate and grid potentials. 
When the actual state of affairs was taken into account in the analysis by 
the application of a general method involving no assumptions, theory and 
experiment were found to be in good accord. The new expressions have 
been developed in terms of the amplification factor (/j), the internal output 
resistance of the tube {Ru), and their differential parameters, which are 
involved in the representation of the characteristic tube equation by a 
double power series. Expressions for the current components are developed 
in terms of the coefficients of the series, and modifications of Miller's method 
for greater convenience and precision in determinations of tube charac- 
teristics are described from which the series coefficients may be evaluated. 

Conclusions are drawn from the solutions as to desirable tube charac- 
teristics by which, for example, a single tube may take the place of two 
tubes in push-pull connection. Finally, certain properties of different 
types of tubes under conditions of maximum output power are compared 
on the basis of n constant and n variable. 

HE amount of modulation produced in vacuum tube amplifiers is 
in many cases a controlling factor in their application and it 

becomes of importance to determine how modulation products arise, 
so that the possibility of reducing them by tube and by circuit design 
may be studied. 

In restricting discussion to amplifiers, and particularly to those used 
in communications, we are treating cases most amenable to analysis; 
in which, normally, the applied potential variation maintains the grid 
always negative so that conductive grid current does not flow, but in 
which, on the other hand, the greatest negative potential does not 
exceed the negative end of the plate current grid potential charac- 
teristic. In applying these two detailed restrictions we are incidentally 
insuring against prohibitive quantities of modulation; we know that, 
for example, the flow of conductive grid current may, under special 
conditions, produce an exceptionally efficient modulator of great 
service as such, but highly undesirable as an amplifier. 

The necessity for suppressing modulation proceeds from the dis- 
turbing effects attendant on it, by which there may result reduction 
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of quality in speech amplifiers, and crosstalk in the multi-channel 
amplifiers of carrier telephony, to take but two examples. The modu- 
lation level in the last case is restricted to much smaller values than 
are tolerated in the first; it is commonly required to reduce modulation 
products to the thousandth part, or even less, of the fundamentals 
which produce them. This last case is the one in which we are 
primarily interested; other cases of greater distortion referred to 
above may be treated by an extension of the methods used below in 
the case of grid current flow, and by Fourier series or expansions in 
terms of Bessel functions when the negative end of the tube charac- 
teristic is exceeded. 

A thoroughgoing study of the amplifier problem would relate the 
static characteristics of a tube and the parameters of the circuit in 
which it works to its operating characteristics, and then would relate 
its static characteristics to the internal structure of the tube; it 
would in brief enable us to link the details of tube structure to the 
fundamental and modulation currents produced in the output wave 
of the amplifier. In the following, however, we shall treat only that 
part of the general problem which relates the operating characteristics 
and circuit parameters to the static characteristics. 

A consideration of the usual plate current characteristics of a three 
electrode vacuum tube, as shown in Fig. 1, demonstrates the well- 
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Fig. 1—Plate current as a function of grid potential with plate potential as a 
parameter. EL tube No. 109,150. // = 1.1 amperes 

known dependence of the plate current upon the two variables, the 
grid and plate potentials. That is to say, the plate current varies 
with the grid potential when the plate potential is fixed, and it varies 
with the plate potential when the grid potential is fixed. It has 
been found of great convenience in the past to utilize an approximate 
relation between the grid and plate potentials as expressed in what is 
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sometimes described as the fundamental theorem of the vacuum tube. 
The theorem states that a potential change in the grid circuit appears 
as a voltage generated in the plate circuit, the magnitude of which is 
equal to the grid potential change multiplied by the amplification 
factor fi. Solutions have been obtained for the output current 
components with the aid of this relation through the work of Van der 
Bijl and of Carson, which have been of great practical importance. 

These solutions are approximate because of the simplifying assump- 
tion of the constancy of the amplification factor, which is certainly 
not accurate as the curves of Fig. 2 demonstrate. In this diagram 
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Fig. 2—p as a function of the grid potential with plate potential as a parameter. 

EL tube No. 109,150. 7/ = 1.1 amperes 

the amplification factor for small applied potentials is plotted as 
ordinate with the grid potential as abscissa and the plate potential 
as parameter. The variation of /j, is observed to be of the order of 
twenty per cent over the operating range. When we are interested 
in the distortion of the input wave, this variation cannot be ignored 
since to do so would in some cases yield results of another order of 
magnitude than those found experimentally. The treatment for our 
specific needs must therefore be modified to take account of the actual 
state of affairs.1 

There are two ways open for a treatment involving the variation 
1 Early calculations to show the effect of a variable n upon distortion were given 

by H. Nyquist of the American Telephone and Telegraph Company in an unpublished 
memorandum of April, 1921. 
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of one is a modification of Carson's analysis while the other involves 
a reconsideration of the tube characteristic equation. The modifi- 
cation of Carson's treatment may be carried out with the aid of an 
expedient as follows: with a single input frequency the wave form of 
the generator voltage acting in the plate circuit is distorted by the 
variable amplification factor of the tube, and it is this distorted wave 
which acts in the plate circuit, instead of the pure sine wave operating 
with constant m- The method of procedure is then evident; if we 
refer the actual distorted generator potential to the grid circuit— 
that is, if we divide it by the average value of m—we have an input 
wave which, when treated by Carson's well-known method 2 in which 
n is assumed constant, will yield correct results inasmuch as the m 
variation has been taken into account—somewhat indirectly, it is 
true. When complex waves are applied to the grid circuit the effective 
grid potential is made up of numerous components and the treatment 
becomes very cumbersome. 

Tube Characteristic Expressed by Double Povjer Series 

A more direct method which has been used with some success 
consists in expressing the tube current-voltage relation by a double 
power series, without invoking any special relations regarding the 
connection between a grid potential change and the equivalent plate 
potential. If we use the symbols lb, E,,, Ec to denote the plate 
current, plate potential, and grid potential, respectively, we may 
express the plate current as a double power series as follows: 

L, = f(Ep, Ec) = XamnEp'»Ec" 
= tfoo T UinEp + OmEc 

-f- a^oEj? + aiiEpE,, + an>Ec- 

+ awEp + anEp-Ec + a^EpEx + a^E/ 
+ ... 

where 
_ i a "■+"/(o, o) 

(l" ml ill dEp"'dEcn 

and in which it is understood that the development applies with the 
operating point on the characteristic. The derivatives, it will be 
noted, are evaluated at the point at which both Ep and Ec are zero. 
Some of the coefficients of Eq. (1) may of course be eliminated by 
reference to the evident properties of the tubes, but this need not 
concern us here since it is more convenient to formulate the tube 
equation in another way. 

2 Proc. I. R. E., 1919. 

(1) 

(2) 
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Under normal conditions of amplifier operation Ep and £c are 
fixed, and the alternating grid and plate potentials vary about these 
potentials. It then becomes convenient to express the coefficients as 
derivatives referred to the specific point Epa, Eco. If we indicate the 
variable components of the grid and plate potentials by e and v, 
respectively, the tube equation may be put in the form 

Ib = f{Ep0 + v, EC0 + e) = 2bmnVmen 

= f(Epo' E"-o) + ^ + boie (3) 
4- bo0v2 + bnve 4- booe2 

4- bauv2 4" b2iv2e 4~ b^ve1 b^e^ • • •, 
where 

1 d-+"f{Em, EJ 
mini d"'Epd"Ec 

The b coefficients are functions of the operating point—specified by 
Ep0, Ec0—and change with the operating point, in general. The a 
coefficients are definitely referred to the origin, however, so that 
each b coefficient may be expressed in terms of the a coefficients which 
correspond to it. It is possible, by determining this relation, to 
follow the variation of the b's in terms of Ep0 and ECo. To do this we 
substitute for Ec and Ep in Eq. (1) the expressions Ero 4- e, Ep0 4* 
respectively, find the constant term, and obtain succeeding coefficients 
by differentiation. Thus 

bm (i 'i<iEp0~ 4" n^Ep0' 4" (iwEpa 

4- a-iiEp0
2Er0 4" o-aiEp^Ecg 4- a22Ep2Er

2, 
and further 

, _ dbm j _ c^oo 
Old r, 7-, . O01 — ^ T". • dEp0 dEC0 

This concludes our consideration of the tube characteristics without 
reference to the circuit to which the tube may be connected. Eq. (3) 
rather than Eq. (1) will be used in the following. 

It should be noted in terminating this part of the discussion that 
the treatment is capable of easy extension to characteristics depending 
upon a larger number of variables. Thus a four element (double 
grid) tube characteristic may be expressed by a triple power series, 
and so on. When the potential of the second grid is maintained 
constant it is evident that the tube characteristic is given by a double 
power series in which the coefficients depend in addition upon the 
potential of the second grid. To determine the dependence quantita- 
tively, the triple series will serve. 
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Solutions for the Plate Circuit Components 

We now pass on to a consideration of the operation of the tube 
working into a plate resistance. The more general case of a load 
impedance which is a function of frequency may be treated by appli- 
cation of the equations derived above, but it will serve our purpose 
here to deal with the case of a pure resistance load since the experi- 
mental work was done for that particular case which is of considerable 
practical importance. 

If J is the alternating component of the plate current, we have 
from (3) 

/=/,.- /(£„„, £.,) 

and J, it is seen, is a function of the two variables v and e. The 
quantity v depends on e of course, so that J may evidently be expressed 
as a function of e alone or 

J = if a-e*. (4) 
i=l 

A solution of the problem therefore consists in determining the C's in 
terms of the circuit and tube parameters. 

The change in plate potential v may further be expressed as 

v = - RJ = - Cl;e
h. (5) 

k=l 

The C's are then determined by putting (4) and (5) in (3) and identi- 
fying coefficients of similar powers of the variable. We have then 

v = - RCve - Ra.e- - RC3e
3 

v- = R-Cfe- + IR^CiCoe3 • • •, 

vs = - R3Ci3e3 

in which powers higher than the third are neglected for this, the 
first approximation. Carrying through the substitutions we obtain 
the solutions 

Ci = W(1 + bu,R), 

Co = {&02 + bi^R^Cf — 6iii?Ci)/(l -f- b^R), 

— RCibii T R'C\'bo\ — i?3Ci363o — RCibw T 2i?2CiC2&20 
C3 1 + bmR ' 

The first equation, which leads to the first approximation to the 
fundamental current, is identical with that obtained on the basis of n 
constant, but the higher orders are distinctly changed. When e is a 
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pure sine wave Co contributes to the constant term which represents 
the change in direct current, Ci and C3 contribute to the fundamental 
component of the plate current, C2 gives rise to the second harmonic and 
C3 gives rise to the third harmonic current. When e is a complex wave 
the subscripts indicate the order of modulation3 to which each 
coefficient applies. 

The h coefficients may be readily converted into quantities de- 
pendent on -ft), and their derivatives; we have 

_ dhJ dEc0 _ ft] 
^ dlbldEpt fto 

and 
l/i?u = dIbldEI)a — fto, 

so that 
M/ft) = fti- 

Succeeding coefficients are obtained by differentiating with respect to 
EP and to Ec. For example, 

. 1 dRo 
ba-0 IRo1 dEp0' 

\ dn M ^-^0     _1_ 
611 =: ~RJdE;o RJdEc,' 

_ 1 1 JL 5ft, _ dRn 

b{>- ~ 2R0 dECo 
+ 2Ro dEp0 2Rq2 dEl)0 ' 

The b coefficients may be obtained directly from the family of 
characteristic curves either graphically or analytically, when the 
operating point is specified. If we obtain our coefficients from the 
H and .ft) curves, however, derivatives of a lower order are required 
than we need in dealing directly with the static characteristics. A 
family of /x-curves is shown in Fig. 2, and a family of Ro curves is 
shown in Fig. 2a. 

Results applying to the four element tube which are obtained by 
methods analogous to the above may be stated briefly. If we express 
the change in plate current by 

J = Cio€ + Coie + Czot2 + Cuee + Cooe2 • • •, 

where e and e represent the alternating potentials on the two grids, 
3 The new frequencies produced by modulation are given by the expression 

F = | wt/i ± «/2 ± • • • 1, 

where fu ft are impressed frequencies and m, 71 are integers or zero; the order is 
simply the sum of «j, n, • • •. 



MODULATION IN VACUUM TUBES 449 

we find 

in which 

Cio = io/(l -(- Rbm), 

Cm = 6ooi/(l + ^6100), 

s-, _ 6011 2F?C\(>CQ\b-m — -RC016110 — -RC106101 
1 + ^6,00 

brsi= 1 ^r+s+'/(£,.o. -E-o. E,.0) 
r!s!/! dE/dEn'dEc1 

and £„0 is the fixed potential of the second grid. 
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Fig. 2a—Plate resistance as a function of plate potential with grid potential as a 

parameter. EL tube No. 109,150. 7/ = 1.1 amperes 

We proceed to the methods used for the experimental determination 
of m and Ro for the three element tube. 

Measurement of Tube Parameters 
The amplification constant and plate impedance of a three element 

tube may be measured with precision by a well-known method due in 
principle to J. M. Miller4 which requires no explanation here. The 
method as originally proposed is somewhat inconvenient in that the 
space current of the tube under test passes through a resistance 
common to the alternating measuring current, so that the operating 

4 Proc. I. R. E., Vol. 6. 
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point of the tube is changed during manipulation for balance. 
Everitt's modification,5 which consists in separating the direct and 
alternating current paths by a retard coil and condenser in the usual 
manner, is therefore preferable in this respect, but a complicating 
factor enters in the introduction of a reactive component due to the 
retard coil which cannot be balanced out by the variable resistances 
originally provided. This may be taken care of in a more or less 
obvious way by shunting a reactance around the grid resistance as 
shown in Fig. 3, the effect of which is to correct for the introduced 
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Fig. 3—Modification of Miller's method for determining /x and i?o 

phase unbalance due to the retard coil and so lead to a precisely 
determinable null point instead of to a broad minimum, as is other- 
wise found. 

The effect of the inserted reactance may be calculated by direct 
methods. Referring to the figure, there is no potential of funda- 
mental frequency across the amplifier used to indicate balance at the 
null point, and if the grid-filament impedance of the tube is much 
greater than R0 (50 ohms), the total oscillator current passes through 
Ra and in parallel, with RM in series. The potential impressed on 
the grid is then 

eg = jRgX0ioJ(Rg + jX g), 

which appears in the plate multiplied by the amplification factor of 
the tube and reversed in sign. The nomenclature is clearly indicated 
in the Figure. An alternating current flows in the plate circuit which 
is just balanced by the drop across so that we may write 

juRgXg 
Xg + jXL 

R+jX _ 
R, + R+jX ^ 

5 See p. 201 of van der Bijl's "Thermionic Vacuum Tube." 
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which yields, after some reduction, 

X2 + R,R + R? 
RoR + i?o2 

As to the order of magnitude of the various quantities involved, 
R2 is usually negligible before X2, while Rq and R may be of the same 
order of magnitude, so that we have 

In the specific case of a 101-D tube we had X = 2.1 X 106, R = 7 
X 103 and 

The correction term, amounting to two parts in a thousand, drops 
out without the retard coil and we arrive at Miller's formula n = RjRa. 
In measuring the output impedance of the tube after the settings for 
H have been determined, Rg is doubled and Rp is connected in the 
plate circuit and varied until balance is again attained. It has been 
shown 0 by extension of the method used above that 

and the correction term is of the same order of magnitude as that 
previously found for the amplification factor. 

Balances may be obtained precise to one part in a thousand or 
better, but in much of our own work the observations are not ordinarily 
corrected for finite reactance. In order for the balancing action to 
take place the two reactances must be of opposite sign since amplifica- 
tion produces a 180° phase shift. If we balanced by a reactance 
shunted around Rp instead of around Rg, the inserted reactance would, 
of course, be of the same sign as that of the plate retard coil, which 
was inductive at the frequency of 1,000 cycles at which the balances 
were made. The alternative scheme of shunting a variable condenser 
around R0 was adopted purely as a matter of convenience. 

Applications of the Analysis 

Second Order Modulation in Voltage Amplifiers 

A striking illustration of the difference in the results of the two 
analyses, one based on the assumption of constant amplification 

0 By Mr. V. A. Schlenker. 

^ = + 0.002). 
Rg 
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factor and the other based on actual tube characteristics, is provided 
by a consideration of the second order modulation in the case of large 
external plate resistance. 

The ratio of second harmonic to the fundamental, when m is assumed 
invariable, comes out proportional to 

which shows that the ratio tends toward zero as R is made indefinitely 
great, a condition approximated in voltage amplifiers. According to 
this expression, the distortion would be eliminated by increasing the 
external plate resistance. That this is not really so is demonstrated 
by the analysis above which gives for the same ratio 

The ratio therefore approaches a constant value different from zero 
as R is indefinitely increased. The second harmonic level referred to 
the fundamental is about 40 T.U. down with a 101-D tube, which is 
prohibitively large distortion for certain classes of work such as multi- 
channel amplification used in carrier telephony: for a 104-D tube the 
level is about 32 T.U. down on the fundamental. 

In order to bring out some important points involved in the theory, 
we shall discuss them in connection with experimental data on a 
standard type of tube (101-D) which are due to Mr. A. G. Landeen. 
The method used in measuring the current components is described 
in his paper on current analysis in the Bell System Technical Journal 
for April 1927. 

Fig. 4 shows the calculated effect of varying the plate resistance on 
the fundamental, second, and third harmonic currents produced by a 
representative 101-D tube, which are indicated by circles, triangles, 
and crosses, respectively. In this drawing the values of the coefficients 
as calculated by Mr. J. G. Kreer are plotted as ordinates, and the 
external plate resistances are plotted as abscissae. The agreement 
with the values obtained from experiment, and shown by the full 
lines, is seen to be rather close and within the limits of accuracy of 
the measurements except perhaps for the third harmonic at high 
load resistances. The coefficients used in the calculation of the 
quantities Cu Cs, Cs were obtained by graphical methods, which 
consisted in determining tangents to curves derived from u and Rq 
measurements. The precision obtained is sufficient for our present 

{R + i^o)-2: 

Output Currents of a Representative Tube 
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purposes, but for greater precision it may be desirable to use analytical 
methods for the determination of the h coefficients. 
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Fig. 4—Modulation coefficients for EL tube No. 109,150. Ec = — 9, Ep = 120 

Consideration of the expression for the second order coefficient, C2, 
shows that the three terms of the numerator are all important, in 
general, except that the last term is negligible at very low resistances, 

c2=[ JhL 
dE..„ - C.CR - i?n) dE., - R0C? 

OR* 
OE,, 2m" 

(7) 

Now in amplifiers, the condition for maximum power delivered to 
the load resistance at maximum gain demands equality of internal 
and external resistances, and this coincides with the requirement for 
minimum reflection coefficient7 when the amplifier is connected to a 
line of definite characteristic impedance. 

Under normal conditions, then, we have for the second order 
coefficient 

C2 = OE,- 
M2 dRo 

4i?o dEPo _ 
1 

IRo (8) 

in which the variation of m with respect to Ep does not enter, the only 
determining quantities being the variation of m with respect to ECo, 
and the variation of R0 with respect to Ep0. The second order modula- 

7 The reflection coefficient is expressed as the quotient of the difference by the 
sum of the two connected impedances. 



454 BELL SYSTEM TECHNICAL JOURNAL 

tion vanishes when 
d/J 

dEcn dE 
= m2/42?O (9) 

which is a valuable property of amplifier tubes when the equality 
can be secured. 

A more general relation for which the second order vanishes occurs 
when we set Eq. (7) equal to zero. As a matter of experience these 
conditions are not satisfied with the usual type of tube; they are 
found to hold in tubes of rather special construction. The null 
points are, of course, independent of the character of the applied grid 
potential, provided that the restrictions on the original development 
for the tube characteristic are not exceeded and that contributions of 
higher to lower order terms are negligible. 
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Fic 5—Variation of tube parameters with grid potential. EL tube No. 109,150. b' Ep = 120 

The expression for the third order coefficient contains six terms in 
the numerator, three of which are of opposite sign. If we consider 
the contribution of each of these terms as a function of the external 
plate resistance, we find that at very low resistances the single term 
bos is predominant, while for resistances comparable to that of the 
internal plate resistance of the tube itself, no one of the six terms, of 
which three are negative and three are positive, may be neglected. 
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As a consequence of the subtraction of quantities of the same order of 
magnitude, the calculation for the third order coefficient is not capable 
of any great precision. 

Fig. 5 shows how the fundamental coefficients dixjdEp, dn!dEc, 
dRojdEp, which are involved in the second order term, vary as a 
function of the grid potential when the plate potential is maintained 
constant at 120 volts; ORo/dE,, is negative in sign. 

Variation of Ci and C-> with Grid and Plate Potentials 

To summarize our analysis up to this point, we have formulated 
an expression for the characteristic surface of a vacuum tube and have 
manipulated it to derive expressions for the fundamental and for 
the second and third order current coefficients. These theoretical 
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Fig. 6—EL tube No. 109,150. External resistance = 6,000 ohms. // = 1.1 amperes 

relations have been compared with experimental determinations of 
the three quantities involved as a function of the external plate 
resistance, and a sufficiently good agreement has been obtained to 
indicate that the processes which we have treated are sufficient to 
account for experimental observations. We now present calculations 
of the coefficients C\ and Ci as a function of plate potentials and grid 
potentials for several values of the external plate resistance. It is 
seen from Figs. 6, 7, and 8 that these coefficients vary inversely with 
the plate and grid potentials. 

30 
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As the plate resistance is increased all coefficients decrease, but C2 
decreases more rapidly than does Ci. The question then arises as 
to the conditions which would lead to the smallest amount of distortion 
while maintaining a definite fundamental power output at a definite 
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Fig, 7—EL tube No. 109,150. External resistance = 15,000 ohms. 
If = 1.1 amperes 

plate potential. This depends evidently upon the desired power. 
The results in an illustrative case are depicted by Fig. 9, which 
represents the level of second harmonic current referred to the funda- 
mental current (A) plotted as a function of the external plate resistance. 
At the point of minimum distortion—in which the second harmonic 
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level is 27.5 T.U. down on the fundamental—the external resistance is 
twice the internal, the grid potential is — 10, and the improvement in 
the relative reduction of /o over customary conditions (for which 
R = Rq and Ec = — 9) is about 3.5 T.U. A similar survey made 
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Fig. 9—Ratio of second harmonic to fundamental as a function of load resistance. 
EL tube No. 109,150. Ep = 120, e = — Ec (variable). Power output constant 
= .056 watt, 

with regard to the maximum fundamental power obtainable with 
constant plate potential, and with plate resistances matched, shows 
it to be had at — 13.5 volts grid potential (Fig. 10), and to represent 
a gain of about 35 per cent in output power over that obtainable at 
the customary operating point. Other considerations such as stabil- 
ity with battery voltage variations operate in repeater practice to fix 
the grid potential at the customary values. 

There has been considerable discussion recently as to the maximum 
undistorted power obtainable from a tube with fixed plate potential, 
and variable load resistance and grid potentials. The above analysis 
shows that in the strict sense of the word, distortion (C2, C3) always 
exists, while with some arbitrary criterion of distortion, results must 
depend upon the specific criterion adopted. Now as to the maximum 
fundamental power obtainable, it may be shown that with a parabolic 
tube characteristic the maximum is obtained for 

R — ^-^0, 

Ec = — 0.58Eb/n. 
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These values are not very critical, however, since when we put R 
= Rq and Ec = — Ebl2n the power drops by about ten per cent. 
The last condition is that for maximum power at maximum gain, 
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Fig. 10—Maximum power output as a function of the grid potential. EL tube No. 
109,150. Ep = 120, E = Ec, R = Ro 

in which the output power for a definite alternating grid potential 
is maximum. In view of the fact that it approximates optimum 
conditions and is much more convenient as a basis for calculation, 
we shall use the maximum power—maximum gain criterion of the 
performance of tubes. 

Current and Power Relations. 

The preceding analysis has shown that the maximum power 
obtainable at maximum gain without drawing grid current and 
without exceeding the negative end of the characteristic—at which 
grid potential variation produces substantially no plate current 
variation—is to be found at a grid voltage about midway between 
the two voltages specified by these conditions. It is again instructive 
to compare the predictions of the two theories as to the power dissi- 
pated in the tube, the a.c. power delivered to the load, the second 
order modulation, and the relations between these quantities at this 
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operating point. It is a simple matter to calculate these quantities 
on the basis of Carson's and of van der Bijl's relations. 

Thus the plate current is given by 

i = a{Ep + iiEc)2, 

the internal plate resistance to alternating currents is 

i?o = l/2a(£p + m-Ec), 

and the internal plate resistance to direct current is 

R,ic = Eilct{Ev + yuE,-)2. 

At the operating point for maximum power we have Eb = — 2/xE,-, 
and when the alternating grid potential is equal in amplitude to the 
grid bias, the above expressions may be manipulated to give 

(10) 

1. The d.c. power dissipation P = aEp
3/£, 

2. The a.c. power delivered W = aE;,3/32, 

3. The 2d harmonic current To = aEp2/64, 

4. The fundamental current h = aE;,2/4. 

From these we have for the ratio of d.c. to a.c. powers 

PIW= 8, 

or the efficiency of power conversion at the maximum power condition 
Is 12i per cent. We find also 

WIA = 2E;„ 

or the relation of the fundamental power to the second harmonic 
current depends upon just one parameter, the plate potential. Other 
relations of interest are the two following: 

Rdc/Ro = 4, 
/1//2 = 16. 

These four relations are independent of tube structure (/i, Ro) and we 
know that they cannot be accurate in view of the assumptions made 
in deriving them. In view, however, of the importance of general 
relations of this type in the design of amplifiers, it is of interest to 
compare these relations with the ones existing, as calculated by the 
more accurate theory in which n variation enters. 
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Accordingly there are tabulated below the maximum power con- 
ditions for a number of tubes of different structure with plate potentials 
from 120 to 350 volts, operated under the conditions for maximum 
power output. 

Conditions for Maximum Power 

Tube 

101-D  
101-D  
104-D  
104-D  
205-D  

Special A  
B  
B  

" C  

Eb 

120 
240 
120 
240 
350 

250 
240 
120 
130 

-Ec 

13.5 
28.5 
34.0 
72.0 
32.0 

16.9 
9.0 
4.4 

77.0 

5.36 
5.43 
2.13 
2.13 
6.95 

9.35 
18.1 
17.6 

1.13 

Ro 

8,800 
5,900 
2,930 
2,200 
5.780 

5,800 
7,400 
9,500 
1,430 

PjW 

4.8 
4.1 
5.4 
4.3 
3.8 

3.9 
3.9 
4.5 
3.6 

WjJi 

132 
270 
132 
211 
350 

267 
224 
116 
131 

RjR* 

4.55 
4.68 
4.10 
4.54 
5.40 

5.07 
4.45 
4.14 
4.96 

A/A 

7.17 
6.95 
7.50 
5.48 
6.53 

6.76 
5.50 
5.96 
6.05 

The last four columns represent computations by the double series 
method which are to be compared with the approximate relations of 
Eq. (10). Thus A/A of the last column is given as 16 when /z- 
variation is neglected whereas it actually varies between 5.48 and 
7.50; on the approximate theory is put at 4, whereas it varies 
actually between 4.1 and 5.4; W/J2 is given as 2Ep which actually 
comes out close to half that, and finally the PIW is given as 8, while it 
really varies between 3.8 and 5.4. On the other hand, the approximate 
independence of tube structure is shown by these four ratios as given 
in the last four columns of figures. 



Application of the Theory of Probability to Telephone 
Trunking Problems 

By EDWARD C. MOLINA 

IF telephone plants were provided in such quantities that when a 
subscriber makes a call there would be immediately available 

such switching arrangements and such trunks or paths to the desired 
point as may be necessary to establish the connection instantly, it 
would require that paths and switching facilities be provided to meet 
the maximum demand occurring at any time, with the result that 
there would be a large amount of plant not in use most of the time. 

Obviously, this would result in high costs, particularly in cases of 
long circuits or where the switching arrangements are complex. 

Sound telephone engineering requires, therefore, that we approach 
this condition only in so far as it is practical and economical to do so, 
consistent with good telephone service to the subscriber. To take 
an extreme case—if enough toll lines were provided between New 
York and San Francisco so that no call would ever be delayed because 
of busy lines or busy switching arrangements, the rates it would be 
necessary to charge would be prohibitive, although the speed of service 
would be very good. Obviously, it is necessary to adopt a compromise 
between the number of circuits and amount of equipment and the time 
required to complete a call. 

Handling traffic on any other than an instantaneous basis is generally 
spoken of as handling it on a "delayed basis," even though this delay 
may be, and generally is, inappreciable to the subscriber. While 
most of the traffic is handled practically on a no-delay basis, there are 
certain kinds that are handled on a "delayed basis," such as 

1. Calls handled by toll lines, when all toll lines happen to be busy. 
2. Calls served by senders or line finders in machine switching systems. 
3. Calls handled by operators; the delays implied here being due to 

the time required by an operator to perform her functions 
apart from delays due to limitations of equipment. 

For traffic handled in this manner it is desirable to have formulas or 
curves for determining the percentage of calls delayed and the average 
delay on calls delayed. The product of these two figures will give, 
of course, the average delay on all calls. 

461 
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The object of this paper is to present for consideration the results 
of some theoretical studies made with reference to calls handled on a 
delay basis. 

It is felt that these results may be applied with but slight modifica- 
tions to many of those traffic problems in which calls are subjected to 
delay rather than loss when idle mechanisms for advancing them are 
not immediately available. Such items as service to the subscribers, 
wear on selecting mechanisms, reliability of circuit operation, etc., are 
often dependent on the magnitudes of the delays encountered in such 
cases. Their application to problems in manual traffic is probably 
less immediate and precise due to the human element which enters 
into the reckoning. Such factors as an operator's ability to speed up 
at times of heavy traffic and the facility with which she may reach 
distant signals appearing before other positions make the problems 
rather more involved than those dealing with mechanisms whose 
reactions under various circumstances are more possible to predict. 
Nevertheless in such cases as these, as well as in problems relating to 
the delays encountered in clearing trouble conditions, installing tele- 
phones, awaiting elevator service, and many other problems of interest 
to engineers in general, the results and methods discussed here, though 
probably not directly applicable, may prove highly suggestive in a 
qualitative way. 

Obviously the average number of calls to be handled per unit of 
time, the average length of holding time per call, and the number 
of trunks assigned to handle the traffic are factors entering into the 
mathematical results. A knowledge of these three quantities is not 
sufficient, however, for the solution of the problem. Quite different 
results will be secured according to the assumption made as to how 
the holding times of individual calls vary about their given average, 
i.e., one set of results follows from the assumption that holding times 
are all of the same length—other sets of results if holding times vary, 
the precise set depending on the particular law of variation assumed. 

The choice made of laws representing holding time variations must 
be governed by two considerations: 

1. An assumed law must agree at least approximately with the 
points obtained if we plot the way holding times vary as found from 
observations. 

2. The form of the law must lend itself to the mathematical solution 
of the delay problem. 

Case No. 1 

An assumption which permits of an easy and exact mathematical 
solution of the problem may be stated as follows: If a call is picked 
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at random, the probability that its holding time is greater than an 
interval of time of length t is e~llh, where e is the base of natural 
logarithms and h is the average holding time of all calls. Fortunately 
there are cases in practice where the variations in length of holding 
times are closely represented by this exponential law. This is clearly 
shown by the following Fig. 1 entitled "Distribution of Interoffice- 
Trunk Holding Times." The points shown on the figure are the 
plots of actual holding times obtained from pen register records 
made on a group of trunks running from Waverly to Mulberry in 
Newark, New Jersey. 

Case No. 2 

Another assumption covered in this memorandum, because it checks 
closely with cases arising in practice, is that all calls have exactly the 
same holding time. The precise solution of the delay service problem 
becomes extremely difficult on this assumption of a constant holding 
time. An approximate solution is presented in this paper. Cases in 
practice where holding times are essentially constant are those of 
sender holding times of key indicator trunk groups and cordless B 
boards. 

With reference to either Case No. 1 or Case No. 2 consider a group 
of a certain number of operators handling a certain number of calls 
having a certain average holding time. If we double the average 
holding time and halve the number of calls (so that the operators are 
busy for the same per cent of time on the average), the per cent of 
calls delayed will not change, but the average delay on calls delayed 
as measured in seconds will exactly double. Suppose, for example, we 
wish to obtain the same average speed of answer to line signals with 
two different groups or teams of operators, the first handling traffic 
which requires only a short operator holding time or work interval, 
and the second handling traffic which requires a longer work interval. 
If the teams are equal in number and ability, we must allow the 
second team a larger proportion of idle time than the first. If, on the 
other hand, the proportion of idle time is to be the same for both 
teams, the second team must be larger or more capable than the first. 
This general effect is well known, but it is hoped that the results 
herewith presented will supply more exact knowledge of the subject. 

Before proceeding further it will be helpful to give here the notation 
used on the delay curves following this paper. 

h = average holding time per call. 

c = number of trunks in a straight multiple. 

a = average number of calls originating per interval of time h. 



TELEPHONE TR UNKING PROBLEMS 465 

P {>t) = probability that a call is delayed for an interval of time 
greater than t. In other words, 100 times P (>/) gives the 
per cent of calls which will, on the average, be delayed for 
an interval greater than t. 

Charts 
The two series of charts following this paper embody, for Case No. 

1 and Case No. 2, respectively, curves giving for different values of c 
and the ratio ajc the probability that a call will be delayed to an 
extent which will exceed a given multiple of the average holding time. 
These curves may consequently be read to determine what proportion 
of the calls will be delayed on the average by an interval as measured 
in holding times. For example, consider the particular varying holding 
time chart which corresponds to c = 10; we see from the curve 
marked ajc = 0.50 that there is a probability of 0.001 that a call will 
be delayed for an interval of time which will exceed 0.72 of the average 
holding time; or, put another way, that 0.1 per cent of the calls will 
be, on the average, delayed this amount. Again there is a probability 
of only 0.000019 for a call being delayed at least 1.5 times the average 
holding time; or 0.0019 per cent of the calls will be delayed by this 
amount. If, on the same chart, we consider the curve marked 
ajc = 0.70, we find that 22 per cent of the calls will be delayed, 1 
per cent will be delayed at least 1.04 times the average holding time, 
0.01 per cent will be delayed 2.58 times the average holding time, or 
more. 

The dotted line on each chart gives, at its points of intersection with 
the curves, the average delay on calls delayed as a multiple of the 
average holding time interval. For example, on the c = 10 varying 
holding chart we note that for ajc = 0.70 the average delay on calls 
delayed is 0.33/;. To obtain the average delay on all calls we multiply 
by the proportion of calls delayed, P (> 0) = 0.22, and obtain 0.073 
times the average holding time. 

A glance at the formulas, given in the Appendix, for the average 
delay on calls delayed shows that this delay does not reduce to zero 
when ajc becomes zero. It approaches a lower limit which has the 
value hjc in Case No. 1 and the value A/(c + 1) in Case No. 2. The 
latter limit may readily be anticipated from physial considerations 
as follows. Assume that the group consists of a single trunk; we 
have to show that the average delay when a call is delayed approaches 
the limit hj(1 + 1) = hj2 as the load approaches zero. Now when 
the load is very low, those cases where two or more calls have to wait 
for the trunk to become idle are quite negligible; we only have to 



466 BELL SYSTEM TECHNICAL JOURNAL 

consider the delay incurred by a single call originating while the trunk 
is busy. But as calls originate at random, the delayed call is just 
as likely to have fallen near the beginning as toward the end of the 
constant interval h during which the trunk is busy. In other words, 
on the average, the delayed call will have originated in the middle of 
the constant interval h and thus the average delay incurred will be 
&/2. This lower limit for the average delay on calls delayed is indi- 
cated in the lower left-hand corner of each sheet of curves by the point 
where the axis of abscissae is intersected by a short vertical line. 

It will be noted that the constant holding time delay curves change 
their direction at those points for which the abscissae are exact multiples 
of the holding time interval h. No such discontinuities in slope 
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appear on the varying holding time curves. This difference in the 
two classes of curves should occasion no surprise. In the varying 
holding time case the quantity h has no physical significance; it is 
merely a numerical value obtained by an algebraic process called 
averaging. In the other case the quantity h represents a physical 
characteristic of each and every call. 

As stated on page 464 the solution presented in this paper for the 
case where holding times are all of constant length is not exact. It is 
desirable therefore to have some idea of the degree of approximation 
attained. 

Figure 4 shows a comparison between our tentative solution and 
true values which Erlang of Copenhagen, Denmark, succeeded in 
obtaining by a method which unfortunately becomes impracticable 
for values of c greater than 3. Our results are shown by the solid 
curve and Erlang's results by the small circles. We have also indi- 
cated on the c = 1, 2 and 3 constant holding time charts, Erlang's 
points for ajc = 0.50. For Erlang's work, reference may be had to the 
Elektrotechnische Zeitschrift, December 19, 1918, page 504. 

It may be noted that for the higher values of the ratio ajc the 
curves are practically straight lines. They depart materially from 
straight lines for the lower values of the ratio a/c, particularly if c 
itself is not very large. 

Assumptions Made in Mathematical Theory 

The mathematical theory back of the curves accompanying this 
paper is based on the following assumptions: 
1. Calls originating independently of each other, and at random with 

reference to time, have complete access to a single group of 
trunks. 

2. The probability of a call originating during a particular infinitesimal 
interval, dt, is practically independent of the number of trunks 
busy or number of waiting calls at the beginning of said interval. 
This assumption implies that the total interval of time during 
which the calls fall at random is very large compared with the 
average holding time per call and that the total number of 
calls under consideration is very large compared with the 
number of calls originating per average holding time interval. 

3. Calls are served in the order in which they originate. This restric- 
tion does not apply to the average delays obtained. 

4.4. The average holding time being h, the holding times of individual 
calls vary around this average in such a way that e~llh is the 
probability that for a call taken at random the holding time 
is greater than /. 
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45. The holding times of all calls are equal to a constant h. 
55. If, at any instant, s of the c trunks are busy, the distribution in 

time of the instants at which said s busy trunks were seized is 
identical with the distribution of 5 points picked individually 
at random on a straight line of length h. 

Assumptions 1 and 2 together imply that the number of sources of 
calls is so large that any blocking of calls due to limitation of sources 
need not be considered. Assumptions 1, 2, 3 and 4^4 were made in 
deriving the formulas for Case No. 1. Assumptions 1, 2, 3, 45 and 
55 were made in deriving the formulas for Case No. 2. Assumption 
55 Is not strictly compatible with the physics of the constant holding 
time case. The distribution in time of the ^ calls mentioned in 55 
will, to a certain extent, depend on the history of previous calls. It 
is because this dependence is ignored that the solution for Case No. 2, 
presented in the Appendix, is only approximate. 

APPENDIX 

Mathematical Theory of Delay Formulas 

The following mathematical analysis is based on the assumptions 
given above on pages 467 and 468. 

Consider the state of affairs at the instant a particular call "AT" 
originates. Suppose call "AT" encounters x other calls; if x is less 
than c, call "A"" will be served immediately but, if not, "X" will 
have to wait. Our problem is to determine the probability that the 
delay which "A" may suffer shall have a specified value. 

We begin by determining the relative frequency with which the 
number of calls encountered by "X" has the value x. Let f(x) be 
the relative frequency with which x calls are encountered by "X." 
At an Instant of time /, x calls will be encountered if at the preceding 
instant (/ — dt) either x, (.r + 1) or (.v — 1) calls would have been 
encountered. We ignore as of too rare occurrence the cases where 
more than (.v + 1) or less than (.v — 1) calls would have been en- 
countered at time (I — dt) with x at time t. Now in passing from time 
{t — dt) to time t the probability of an increase of one call is propor- 
tional to the difference in time, dt, and to the average number of calls, 
a, falling per holding time interval. Likewise the probability of a 
decrease of one call is proportional to the time difference, dt, and to 
the number of calls occupying trunks (a decrease must be due to a 
busy trunk becoming idle). Therefore 

/(*) = /(x - 1) ^ +/(x + !)(* + !)%/(*) [ 1 - X - f ] 
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when x < c, and 

/(*) = /(x - I ) ^ +/(x + 1) ~ +/(x) f I - X - X ] 

when < c. 
For these two equations we may substitute the simpler equations 

^x)lh) = aKx-i)W) 
or 

, , (dt) s (f//) 

The solution of these equations gives 

x- < c 

and 

/W=/(0)-|. 

where /(()) is the arbitrary constant entering in the integration of the 
finite difference equations. But we must have, evidently, 

a;=co 
E fix) = i. 

x=0 

Substituting in this equation the values for/(.r) given above, we obtain 

l//(0)=e-[l-P(C, a)+^(^)]. 

Since call "X" will be delayed whenever the number x of calls he 
encounters is equal or greater than c, we have 

ace~a 

P (> 0) = L fix) = 

The next question is to determine the probability, P (> /), of a 
delay which is greater than an interval of length /. 

We will get one answer to this question if we make use of assumption 
-L4, and a different answer on the basis of assumptions 4B and 5B. 
Therefore, from here on, it will be necessary to treat separately the 
varying and constant holding time cases. 
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Case No. 1—Holding Times Vary Exponentially 

P {> I) for this case was obtained by Erlang of Copenhagen. In 
1917 he published the formula without its proof. The following 
deduction of his formula is therefore submitted. 

The particular call "X" considered above will be delayed if the 
number of calls he encountered, x, is equal to or greater than the 
number, c, of trunks in the group. Suppose that the x = c + (.r — c) 
calls encountered by "X" are handled by the trunks in the manner 
indicated in the following Fig. 2, where Wi + mz • mc = x — c. 

b"*?* ST bn. m. ^ b b bn ^ 

1 2 3 4 

I " 2 3 4 
» call under consideration 

dt 

Fig. 2. 

By assumption AA and taking h as the unit of time, the probability 
that trunk No. 1 will be busy during an interval of time t is 

{e~lldti) {e~t2dt2) ■ • • {e-^dt^e-*-1-1*-1*— Sb 

Giving (/i, /o • • * /m,) all positive values consistent with their sum > /, 
we obtain (see Todhunter's "Integral Calculus," sixth edition, art. 
276) 

(/"") 
| mi) 

Therefore the compound probability that all c trunks are busy during 
the interval t with the x calls existing at the instant under consideration 
and that then one of the trunks becomes idle in the interval dt is 

ie: 
f mi /mi t" 

(cdt), 
mi ma • • • mr 

where X) means that we are to give mi, ma • • * mc all values such that 

mi + mo + • • • mc = x — c. 
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By the multinomial theorem 

_ / 'wi + wo + • ■ • mc\ 
Y (     ) (a"" h"'- • • ■ K"'") = (ct)1-' 

\ |wi |W2 • • • IWc / 

for a = & = ■ • • K = t and (w/i + m* + • • • wc) = x — c. 
The expression above reduces to 

Now all this is on the assumption that "X" encountered x other calls. 
Therefore we must multiply by f{x) and sum for all values of x from 
c to oo. We obtain 

m (rf)x~c 

T,f{x)e-C' cdt = 
X=C 

I: m e-" cdt = 
x=c" Cx-c c x - c 

m(£)ce-dtt - 
c / x=c x — c 

/(O) cdte-c'eal = /(O) ce'^'dt. 

This is the probability that "X" will be delayed for an interval of 
length /. To obtain the probability that the delay will be greater 
than I we must integrate with reference to t from / to co. But 

f 

e—(.c—a) I 
e-o-^'dt =    c — a 

Thus, finally, 

POD =/(O) 1 

= P {> 0)<r(c-fl)<. 

This formula for P (> /) has been deduced by taking h as the unit 
of time. Evidently we would have obtained 

p (> /) = p (> 0)e-(C-a)</A 

if h had not been taken as unit of time. 
For the average delay on all calls we have 

4f'T-^(>0)( c — a 

31 
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and the average delay on calls delayed is 

h 
c — a 

Case II—Holding Times Constant 

Write x, the number of calls encountered by "X," in the form 

x = nc + m — 1, 

where n and m are positive integers such that m > c. In the Fig. 3 
below these nc + m — 1 calls are shown in groups arranged according 

Operator no m lakes 
care of these calls. 

o c 

2 c 

2 c 
*2 2 c 

3 c 

n - I 
(n - 1) c * m # n-1 

n c 

n c • I 

nc»m-1-x \ 
n c m b~< 

dt 

Call under 
consideration. 

Fig. .3 

to the order in which they originated. The first c calls are occupying 
the trunks. Then n — 1 groups, each consisting of c waiting calls, 
are shown and finally a remainder of m — 1 waiting calls; our par- 
ticular call "X" is the {nc + m)th in order of time. 

Now evidently, as indicated in the figure, trunk number m will 
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serve call "A"' after said trunk has served the call occupying it and 
also the mth call in each of the n — 1 waiting groups. Therefore 
our call will suffer a delay of length 

{n - l)h + y, 

where y is the time which elapsed between the beginning of the interval 
h and the instant at which the mth trunk was seized by the call 
occupying it. The probability of this delay is a compound one made 
up of two factors. 

1st—The probability that x calls are encountered. This probability 
is, as derived above, 

_ f(0)cc(a/c)"c 

since x = nc m — 1. 

2d—The probability that the distance from the beginning of the 
interval h to the instant at which the wth trunk was seized is y 
or, in more precise terms, lies between y and y + dy. This 
probability is, on the basis of assumption 5B, 

dy 

The product of these two probabilities gives, writing y = nh, 
{ale) = R, 

/(0)r+1(^)"r 

UllKr^P1 

But the subscribers' interest in a delay of magnitude (n — l)h y 
is totally independent of what value ni might have. Therefore the 
last probability expression must be summed for all permissible values 
of m, that is from m = 1 to m = c. We then obtain for the total 
probability of a delay of extent between {n — 1)// + y and {n — 1)/^ 
+ y + dy: 

f(0)cc+lR"c(\ - u) 



474 BELL SYSTEM TECHNICAL JOURNAL 

/(0)fc+1i?"c(l - U)1 

/(0)cc+1i?"c 

[1 — (1 — R)H~\c~xdu = 

P (> 0)(c - a)P("~1)''[l - (1 - RYiJ-'du. 

We now obtain by integration with reference to u, summation with 
reference to n, or both, the following results. 

Character of Delay Probability of Delay 

From (m — 1 + u)h to nh 
From (» — 1)/; to nh 
Greater than (» — l)h 
Greater than — 1 + u)h 
Average delay on all calls 

P{> 0)J?("~1)<:([1 - (1 - R)uy - Rc) 
P(> 0)RW{1 - R°) 
P(> 0)R<n-»c 

P{> - (1 - R)uJ 
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PROBABILITY RKSKARCH 
I Trunx lD*lBY«d serrlo* PorculiB Varying Holding Time* 
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i.o '— PROBABILITY RESEARCH 
fl-2 Trunka L_ Delayed Service Formulas Varying Holding Time* 
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i.o PBOBAEIX.ITY RBSSAKCH 
Delayed Serrice Formulaa ^>5 trudto Varying Holding Time* ^ 

J1J= rrr^-i 
-OurT« Varlatle = b/o - Trafflop^ J Artrnee p«r Trunk 

\ i \ -V X. 
m N, N 

E ^3 X ! : IX 
X \ -cn- X—^x 

1 \;Xx 
m X 

a =£x K3 trx X: ^ "X 
N N 

m ; i • TX' : M>s^ M 
X x 

X 
IW- X J? 

X 
.00 

iff — 
X 

x V, < 
x e.m :\.: Ed \ 

X ^5; 
Xxx \ 

JOO =x= 
^  
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i.cv PROBABILITY RBSKARCH 
Delayed Service Formulae Varying Holding Time* 4- TrunkB 
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! : ■ PPOBABILITY RESEARCH    
    Delnyed Serrloe Formulao   Varying Holding Tine* 

  • Law of holding time variation as- 
-- : aumed is that the probability of the 

:: holding time having a length greater e-t/h ; than t is given by the formula e"1' 
 — where e is the base of llapierian :"S==; Logarithna and h is the average holding 
  r tine- NT \ 

I—i—LCutyc VerlBble c a/c = Traffic ^ - Average p»r Trunk i-hid X s s  s 
\   z\ 

V X -- 
\ 

\ 

'it \ 
: 3 Nv 

AS \ 

1 —■ 
' ! — 

-- s—=r ■ 
-I.S 

uns 

rr a A .7 Ji .I a A A iJ3 2.5 

1 -H-l-liX ■ Delay Interval as i.ultip.-j of the Average Holding Time 
.|nT .3 '.d , .6 .7 .e .9 f 0 .1 ^ .3 ^ ^ .7 .9 



480 BELL SYSTEM TECHNICAL JOURNAL 

lav; of holding tine variation as- - sured is that the probability of the 
holding tine having a length greater , - than t is given by the fon-ulu e"''n 

hare e is the base of llapierian the average holding -I Logarithir.s and h . tine. 
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PROBABILITT BBSKABCH 
; : "'—- Delsjed Service Pormulae ' Tarylng Holding Time* 
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i — PROBABILITY RISE ARCH 
Delayed Serrlce yornulaer 
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PROBABILITY RESBABCH 
Barrio# Pormula*: 4 Torylog Holding Time • - — 

• Law of holding time rariation aa- — 
aumed is that the probability of the "j_ holding time having a length greater 
than t is given by the formula e-t/n ^ where e is the base of Kapierian Logarithms and h is the average holding time. 
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fm PROEAEILHY RKSEAHCH 
Delayed Serrice Formulae Constant Holding Time 
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! - ■ to m PROE/.JILITY RB3KAKCH 
Delayed Serrice Ponnul Conetent Holding Time 
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Propagation of Periodic Currents over a System of 

Parallel Wires 

By JOHN R. CARSON and RAY S. HOYT 

Synopsis: The first section of this paper is devoted to the formal mathe- 
matical theory of the propagation of periodic currents over a system of 
parallel wires energized at its physical terminals only. The theory de- 
veloped is essentially a generalization of the classical theory of transmission 
over a single wire (with ground return) or over a balanced metallic circuit. 
The solution here given furnishes the fundamental formulas and a good 
deal of information regarding what takes place in a system of parallel 
wires; for actual calculations, however, the method of treatment is not 
so well adapted as that developed in the remaining sections of the paper. 

The second section deals analytically with the problem of propagation 
over a line or a circuit exposed throughout its length to an arbitrary im- 
pressed field of force. The resulting solution is immediately applicable to 
problems of crosstalk and interference, and to the theory of the wave 
antenna. 

The last two sections are devoted to the development and application 
of a more physical or synthetic method of treatment, based on the substitu- 
tion of 'equivalent electromotive forces' for the arbitrary impressed field. 
This synthetic treatment, which permits of an intuitive or physical grasp 
of the various problems, has been found quite useful in dealing with cross- 
talk and interference, and also with the wave antenna. The method is 
illustrated (in the last section) by application to two representative problems 
of a diverse nature. 

IN the modern telephone system, transmission takes place over a 
circuit which is usually in close juxtaposition to a number of 

parallel circuits, and which may be, and frequently is, exposed to inter- 
ference from power circuits or other disturbing sources. The mathe- 
matical theory of wave propagation over such a circuit involves two 
problems: (1) propagation over a system of parallel wires, and (2) 
propagation over a wire or metallic circuit in an arbitrary impressed 
held of force. 

The hrst Section of this paper is devoted to the formal mathematical 
theory of the propagation of periodic currents over a system of parallel 
wires, energized at its physical terminals only.1 This problem is 
essentially a generalization of the problem of transmission over a 
line of uniformly distributed resistance, inductance, capacity and leak- 
age; and involves the formulation and solution of a differential equa- 
tion which may be termed the generalized telegraph equation in con- 
tradistinction to the well-known telegraph equation which characterizes 
transmission over a single wire (with ground return) or a balanced 

1 This is the assumption underlying ordinary transmission theory. 
495 
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metallic circuit. The analysis of this problem, while furnishing the 
fundamental formulas and a good deal of information regarding what 
takes place in a system of parallel wires, is not well adapted for 
actual calculations, except for relatively simple systems; in particular 
it is not adapted to deal with the important problems of crosstalk 
and interference. 

In Section II the problem of propagation over a circuit or line 
exposed throughout its length to an arbitrary impressed field of force 
is taken up. The resulting solution is immediately applicable to 
interference problems, where the field of the disturbing source is 
supposed known, and to the theory of the wave antenna. Moreover, 
as shown in Section I la, it is particularly well adapted to the problems 
of 'crosstalk,' or interference between circuits of the parallel system. 

Sections I, II and I la furnish the formal analysis and the funda- 
mental formulas. Sections III and IV, constituting the remainder 
of the paper, are devoted to the development and the application to 
representative problems of a more physical or synthetic treatment, 
in which the general theory and formulas are interpreted in terms of 
'equivalent electromotive forces'; this concept permits of an intuitive 
or physical grasp of the various problems, and has been found quite 
useful in dealing with crosstalk and interference, and also with the 
wave antenna. 

I 

Propagation or Periodic Currents over a System of Parallel 
Wires, with Impressed Field Concentrated at Terminals 

The physical system under consideration is supposed to consist of 
n parallel wires, numbered from 1 to n, which may either be a system 
of overhead wires parallel to the surface of the earth, or a multi-wire 
cable enclosed in a sheath. The formal analysis applies equally well 
to both cases; but the calculation of the circuit parameters is a matter 
of considerably greater difficulty in the case of the cable, due to the 
close juxtaposition of the wires. Even in this case, however, the 
circuit constants are rather easily calculable to a first approximation 
from the dimensions of the system; and they are, in any case, experi- 
mentally determinable. 

Let I], 12 ■ • • /n be the currents in the n wires, which are taken as 
parallel to the x-axis, which is itself parallel to the surface of the 
earth or to the sheath (in the cable case). A steady state is assumed; 
that is to say, the currents are sinusoidal and involve the time t only 
through the common factor exp (fa>/), where co/27r is the frequency and 
i denotes V— 1; consequently the differential operator dldt is replace- 
able by fco in accordance with the usual methods of alternating current 
theory. 
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The first equations of the problem are derived by applying the law 

curl E = — n{dH/dt) 

to a contour bounded by a length dx in the surface of the jth wire, a 
corresponding length dx in the surface of the earth, and two lines nor- 
mal to the axis of the wire and joining the corresponding ends of the 
two line elements dx. This gives 

0'= 1.2 •■•«). (1) 

In this set of equations, s,-; denotes the 'internal' impedance per unit 
length of the jth wire, that is, the ratio of the axial electric force at the 
surface of the wire to the current I,-. Egj is the electric force, parallel 
to the axis of the wire, in the earth's surface. Fy is the line integral 
of the electric force from the wire to the surface of the earth, that is, 
the 'potential,' or 'voltage,' of the wire. Finally, <£/ is the magnetic 
flux,2 per unit length, threading the contour. 

Now, both (j>i and Egj are linear functions of the n currents /i, • • • 
consequently (1) is reducible to the form 3 

dV- n 

Zjjli = --^r- T.i
ZikIk, (j = 1,2 • • • n). (2) 

The calculations of the impedance functions Zyt and, in particular, 
the effect of the finite conductivity of the earth are dealt with in 
detail in an earlier paper.4 The internal impedance, sy„ is of the 
general form ryy + fco/yy, where r,y is the resistance of the jth wire and 
Ijj its 'internal inductance.' In the ideal non-dissipative system the 
mutual impedance Z,k is a pure imaginary of the form iwLjk, where 
Ljk is the mutual inductance between the jth and Mh wires; actually, 
however, due to the finite conductivity of the earth and to 'proximity 
effect' between the wires, it is always complex and of the form 
Rjk + iuLjk. A similar statement holds for the self impedance Z,-,-. 
The 'proximity effect' 5 is, of course, the increased internal impedance 
of the wire due to the currents in the neighboring wires. It may be 
taken as negligible in open wire lines but is quite appreciable, at 
telephonic frequencies, in cable circuits. 

2 Expressed in 10-8 maxwells if the remaining quantities are in 'practical units.' 3 It is to be noted that Zyy does not include the internal impedance z,,- of wire j. 
4 'Wave Propagation in Overhead Wires with Ground Return,' John R. Carson 

B. S. T. J., October, 1926. 5 See 'Wave Propagation over Parallel Wires: The Proximity Effect,' John R. 
Carson, Phil. Mag., April, 1921. Rigorously the term z,,/, of equations (1) and (2) 
should be replaced by Sz,*,/*, the additional terms formulating the proximity effect. 
This effect will not be explicitly included in the following analysis and the term 
Zjtlk may be regarded as incorporated with Z^E. 
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Let Q\, • • • Qn denote the charges per unit length on the n wires; 
the potentials and charges are then related by the set of linear equa- 
tions 

Qi = t HtVi, (j = 1,2 ■ ■ ■ «), (3) t=l 

Vi = t U= 1.2 ••■»), (4) 
t=l 

in which the q and p coefficients are Maxwell's capacity and potential 
coefficients. They are calculable by the usual methods of electro- 
statics, on the assumption that all the conductors, including the earth, 
are of perfect conductivity. 

To complete the specification of the system we have the further 
set of relations 

ivQ,+ I/=-E!, y= 1,2 ■••«). (S) 

Here // is the 'leakage' current from the jth wire; it is, in general, 
a linear function of the n potentials, that is, 

I/=tgikVk, (i= 1,2 •••«), (6) 
t=i 

where the coefficients gjk depend on the geometry of the system and 
the conductivity of the dielectric medium. From (3), (5) and (6) 
we have 

AT ■ n 

- ^ = E {iWik + gn) Vk, (j = 1. 2 - • • n). (7) ax i=i 

This system of linear equations, when solved for the potentials, gives 

(j= 1,2 ■••«). (8) 
ax 4=1 

For the special case where the dielectric medium surrounding the con- 
ductors is homogeneous and isotropic, the coefficient Wjk, which in 
general is obtained by solving (7), is given by 

wjk = pjkliiu + b), (9) 

where 5 = 47r<T/e^, cr and e being the conductivity and specific inductive 
capacity of the dielectric, and ^ a constant whose value depends only 
on the units.6 In many cases iVjk is calculable with sufficient accuracy 
from equation (9), so that the solution of (7) is then unnecessary. 

0 A derivation of the formula for 5 is outlined shortly after equation (18) of 
Appendix I. 
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We are now prepared to write down the generalized telegraph equa- 
tion, which is obtained by eliminating Vi, • • • Vn from equations (2) 
by aid of (8); it is: 

Zttl, = t - -Z,-*) Ik. a = 1, 2 • • • «). (10) 

This system of n equations, which constitutes the generalized telegraph 
equation, will be written as: 

muI\ + ntuli + • • • + ni\nIn = 0, 

nii\I\ + JUooIn + • ■ • + m 2n In = b, 

mn\I i + mnJi + • • • + mnnIn = 0, 
where 

mjk = Zju - wik , (j ^ k), (11.1) 

nijj = zjj + Zjj — Wjj • (11-2) 

Equations (11) are a system of n homogeneous equations; a finite 
solution for the currents h, • • • /„ therefore necessitates the vanishing 
of the determinant of the system, that is, 

mu mia m 13 • • mi„ 
tnn m22 m23 • • m2„ = 0. (12) 

mnl m„2 m„3 • mnn 

In order to solve this equation the operator d-jdx- is to be replaced by 
72, which is equivalent to the assumption that the n currents /i, • • • /„ 
involve the variable .v only through the common factor exp {-yx). 
With this substitution, equation (12) is of the nth. order in y2 and its 
solution gives, in general, In values of 7, namely, 7!, 72, • • • 7n and 
— 7i. — 72. — 7"- The general solution of equations (11) is 
accordingly of the form 

h = t (Ajke-™ - Bike^), (j = 1, 2 • • • n). (13) t=i 

The potentials are then determined from (8) and (13) in terms of the 
parameters of the system, the propagation constants, and the arbitrary 
constants of integration Ajk, Bjk. 

By means of the relations (11) obtaining among the currents, it is 



500 BELL SYSTEM TECHNICAL JOURNAL 

easy to show that the number of independent arbitrary constants of 
integration is 2n. These are determined by the 2n boundary condi- 
tions to be satisfied at the physical terminals of the system. In general 
these boundary conditions specify 2n relations among the impressed 
voltages, the terminal impedances, and the line currents and voltages. 
While the evaluation of the constants of integration from these 2n 
relations is formally straightforward, it is actually a matter of very 
considerable complexity if the system is composed of a large number 
of wires; furthermore, the evaluation of the propagation constants 
7i» * * * Tn presents great difficulties in such cases. 

The results of the foregoing formal analysis may be summarized 
as follows: In a system of n parallel wires there are in general n modes 
of propagation, corresponding to the n roots 71, • • ■ 7„ of the general- 
ized telegraph equation; these may be termed the normal modes of 
propagation. Except when special boundary conditions obtain, the 
current in each and every wire is made up of component waves of all 
n modes of propagation, and the distribution of energy among the n 
modes is determined by the boundary conditions at the terminals of 
the wires. A characteristic and fundamental property of the normal 
modes of propagation is that a normal mode of propagation is the 
type which can exist alone. That is to say, if the boundary condi- 
tions have a particular set of values, the currents in all the wires may 
be made up of one mode only; unless, however, the particular condi- 
tions obtain, the currents involve components of all modes. 

The existence of n modes of propagation in a system of n parallel 
wires follows from the fact that the determinant is of the nth order in 
72 and therefore has n roots. In certain cases of practical importance, 
however, we may have multiple roots, so that the number of distinct 
modes of propagation is reduced. For example, in the ideal case of 
perfect conductors and perfect ground conductivity, Ly,•//>,•,■ = Ljklpjk 
= 1/c2 and therefore 7 = iw/c, where c is the velocity of propagation in 
the medium. In this case, only one mode of propagation exists, 
namely, unattenuated transmission with the velocity of propagation 
of light in the dielectric medium; thus, for the direct wave, 

Ij = (14) 

and the n constants Ai, • • • An are independent. 
Another case of some interest is that in which the wires are all 

alike, so that Wn = W22 = • • • mnn = m and furthermore nijk = m' 
(a condition which is partially realizable by a properly designed system 
of transpositions). In this case equation (12) becomes 
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m m' m' m' 

m' in' Vl' VI 
= 0, (15) 

and there are only two modes, 71 and 72, corresponding to m — w' = 0 
and m + (w — \)m' = 0 respectively. The first mode obviously cor- 
responds to metallic transmission, the second to ground return trans- 
mission. It is easily shown that the direct current waves are expressed 
by 

I j = Aje-™ + Be-™, (16) 

L^ = o. (17) 

with corresponding expressions for the reflected waves. The corre- 
sponding potentials are 

Vj = IKu-ije-™ + nKoBe-™. (18) 

Here K\ is the characteristic impedance of a metallic circuit composed 
of two wires, and Kz is the characteristic impedance of the n wires in 
multiple, with the ground for return. 

A case of greater practical importance is that of n balanced pairs, 
which is the ideal telephone transmission system. To consider this 
case let 

Wn = W22 = ■ • • = w„n = m2n, 2n = m, 

vijk = m' between wires of the same pair, (19) 
vijk = vi" between wires of different pairs. 

In this case the determinant becomes 

m Vl' Vl" m" ■ • ■ Vl" 
m' m Vl" m" ■ • • ■ ■ ■ Vl" 

m" Vl" Vl" VI Vl' 
in" Vl" Vl" Vl' VI 

= 0. (20) 

There are therefore three modes of propagation 71, 72, 73 correspond- 
ing respectively to: 

vi — vi' - 0, 

m + vi' — 2 m" = 0, (21) 

m + m' 2{n — \)m" = 0. 

The first mode of propagation corresponds to metallic transmission 
over a pair, the second to transmission over a four wire phantom 
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circuit, and the third to ground return transmission. It may be 
easily shown that the solution for the direct waves is (writing Ij and 
1/ for the currents in the two wires, j and j', of the jth pair, and Vj, 
V/ for the corresponding potentials): 

/,• = + 3#-™ + Ce^1, 

// = - Aje-™ + Bie-™ + Ce-y*x, 

with the further condition £ Bj = 0. The corresponding potentials 
are: 

Vj = +KoBje-^ + lnKzCe-^1, 

V/ = - + KzBje-™ + 2nK3Ce^x. 

The characteristic impedances Ki, Ki, Kz correspond to the three 
modes of propagation; from the foregoing and equation (8) they are 
found to have the following values: 

K\ = 2{w — wOti, 
Kn = (w + w' - 2w")72, ^24) 

Kz = TT- (w + w' + 2[» — \~\w")^z- In 

The importance of the case just considered lies in the fact that the 
conditions of symmetry which obtain are those of the ideal multi- 
circuit telephone system. Two of the normal modes of propagation, 
physical and phantom circuit transmission, are those actually em- 
ployed in telephone transmission and these modes can exist in any 
physical or phantom circuit without crosstalk or the induction of 
current in any other circuit. In fact the problem of crosstalk is the 
designing of the system, by means of transpositions, to approximate 
the ideal case, and the calculation of the effect of small departures 
from the ideal conditions of symmetry. 

In investigating problems of crosstalk and of induction from foreign 
disturbing sources, the general formulas developed in the preceding 
pages do not lend themselves readily to the necessary calculations and 
interpretations. In the first place, calculation by means of the 
general formulas involves the location of the n roots of an nth order 
equation and thus presents the same difficulties as those encountered 
in the calculation of the transient oscillations of a network of n 
degrees of freedom; in fact the problems are mathematically the same, 
the space variable .r of the present problem corresponding to the time 
variable t of the transient problem. In the second place the formulas, 
as they stand, are Inapplicable to the important case where the circuit 
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or line is exposed throughout its length to an arbitrary impressed 
disturbance. Furthermore, in the problem of crosstalk the departures 
from the conditions of balanced symmetry are necessarily very small, 
whereas the formulas are so general as to make it very difficult to 
introduce the essential simplifications which follow from the condition 
of small departures. For example, if the foregoing formulas are 
applied, as they stand, to transposed lines, it is necessary to set up new 
boundary conditions and evaluate a new set of integration constants 
at every transposition point, since a transposition point is a discon- 
tinuity. The difficulty of such a procedure is very great, aside from 
the fact that it requires as a preliminary the calculation of the n 
modes of propagation of the system in each transposition interval. 
In view of these difficulties a more powerful method of attack is 
required in the analytical investigation of the problems of crosstalk 
and of interference in general. Fortunately this is furnished by the 
solution of the problem dealt with in the next section: the propagation 
of periodic currents over wires in an arbitrary impressed field of force. 

II 

Propagation of Periodic Currents Over Wires in an 
Arbitrary Impressed Field of Force 

We shall consider first the simplest case, namely, a single wire with 
ground return. The impressed or disturbing field is assumed to be 
periodic, of frequency ujlir, so that the problem is a steady state one 
and the time is involved only through the factor exp (fa)/). The result- 
ant field is made up of two parts: first that due to the primary im- 
pressed field; and secondly that due to the current in and the charge 
on the wire, and the corresponding induced currents and charges in the 
ground. Let j{x) = / denote the component of the electric force of 
the primary or impressed field parallel to the axis of the wire at its 
surface,7 and F{x) = F the line integral of the impressed or primary 
field from the surface of the wire to ground. It is then proved in 
Appendix I that the differential equation of the problem is 

(25) 

(26) 

7 \ dx" 

the solution of which is 8 

/ = c-" \ A +7^^ dyfty)6™ j 

7fix) is assumed to be sensibly constant over the cross-section of the wire. 8 The lower limit, v, of integration is at our disposal. In case the line begins at 
x = 0, it may be convenient to take f = 0. 

33 
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The corresponding potential of the wire is 

V = Ke-i 

+ Ket 

+ dyf(y)ey 

^ +^Kf
Xdyf(y)e-'"' 

(27) 

+ Fix). 

In these equations, 7 and K are the propagation constant and the char- 
acteristic impedance of the circuit9 consisting of the wire with ground 
return, while A and A' are arbitrary or integration constants which 
are determined from the boundary conditions. It will be observed 
that if the arbitrary impressed field is removed (/= 7?= 0), the solution 
reduces to the usual form. If the terminal impedances are specified, 
it follows from (26) and (27) that the problem is completely solvable 
provided that/is specified along the wire and Fat its physical terminals. 

Two more general cases of practical importance will next be formu- 
lated : 

(1) Balanced Pair of Wires 
Let i^i, 71 be the characteristic impedance and propagation constant 

of transmission over the metallic circuit; and K^, 73 the corresponding 
quantities for the case of the two wires in multiple, with ground return. 
Let /1 and f?, be the electric force of the primary or impressed field 
along the surfaces of the wires No. 1 and No. 2 respectively, and I\ 
and 12 the currents in the wires. The solution may then be written as 

/1 = a -f- c, 12 = — a -\- c, 
where 

— p-yp a = e 

(28) 

c — e 

^+ i X ~ ^eyivdy ] 

- ey*x IX' + X {My) - My)}e~yiVdy j , 

[c+~£h{f
1(y)+ My) 1 e^dy j 

- ^ [My) + My) 1 e-^dy ] . 

The component a corresponds to transmission over the metallic or 
physical circuit; while the component c corresponds to transmission 
over the two wires in multiple, with ground return. A and C are the 

0 It will be observed that in these equations the characteristics of the ground do 
not appear explicitly. They are, however, implicitly involved in K and y of the 
ground return circuit. 
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integration constants of the direct wave, while A' and C are those of 
the reflected wave. The first component, as regards the impressed 
force / along the wires, depends on the difference/i — ft at the surface 
of the two wires, while the second depends on the mean value 
(/i+/2)/2. In the case of interference from external sources the 
latter is usually much the larger and consequently the induction 
mainly corresponds to the ground return mode of propagation, 73. 

(2) System of n Balanced Pairs 
We shall now write down the expressions for the currents in a 

system of n balanced pairs {2n wires) when exposed to an arbitrary 
impressed field. The properties of this system were discussed briefly 
in the preceding section and formulated in equations (19), • • • (24). 
Let and 1/ be the currents in the two wires j and j' respectively of 
the /th pair, and let /,■ and // be the corresponding impressed forces 
along the surfaces of the two wires, while F, and F/ are the corre- 
sponding line integrals of the impressed force to ground. By an 
extension of the previous formulas it is easy to show that the currents 
are made up of three components: 

J =ai + b^c (29) 

Ij = — dj + hj + Cj. 

If we write /,■ = (/,• +//)/2, the components ay, bj} cy are given by: 

aj = e-™ ^y + 2ZI~ Si(y)\eyiVdy j 

- c7'11' A / + _ //(y) 1 e^dy j , 

6y = e^x {My) - -"-E My)} e^dy 1 
L 2K2Jb ^ n J (3i) 

- e^x [Bj' +2]rnfB (fM) - ^ E My)} e-^dy j , 

E -By = E B/ = 0. (32) 

C< = eMC + ^Kj'nI:It(y)eWdy 

(33) 

Here the a component corresponds to transmission over a pair, 
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the h component to transmission over a phantom circuit, and the c 
component to ground return transmission. It will be observed that, 
as regards the impressed field, the a component depends on the 
difference / — /' of the impressed force at the two sides of the circuit, 
while the c component depends on the mean impressed electric force 
averaged over the 2n conductors of the system; the 6, or phantom 
component, involves the impressed field in a slightly more complicated 
way, depending on both the mean impressed force averaged for the 
two conductors of a pair and also averaged over all the In conductors 
of the system. 

The extension of the preceding analysis to the general case of n 
parallel wires, in general dissimilar, is straightforward. The resulting 
formulas are, however, extremely complicated and for this reason, as 
well as their small practical utility, they will not be written down. 

Formulas (25), • • ■ (33) are immediately applicable to the wave 
antenna and to interference problems in general where the impressed 
disturbance is supposed to be known. Their application to the 
problem of crosstalk, which will now be taken up, is not immediate in 
the same sense because here the primary disturbance which sets up 
crosstalk is itself a function of the unbalances among the wires com- 
posing the system. That is to say, the primary disturbance or im- 
pressed field causing the crosstalk is implicitly rather than explicitly 
given. 

I la 

In discussing the theory of crosstalk a representative problem will 
be dealt with rather than a formulation of the general problem. The 
types of problem encountered in practice are extremely varied, de- 
pending on whether we have to do with 'side-to-side,' 'side-to-phan- 
tom' or 'phantom-to-phantom' crosstalk, etc.; and each problem may 
call for special treatment. The representative problem, however, be- 
sides showing the underlying mathematical theory should serve to in- 
dicate the correct procedure in other specific problems. 

Let us return to the general system of n parallel wires, dealt with 
in Section I, and let us suppose that two of them, say wires No. 1 and 
No. 2, constitute a metallic circuit which, for convenience, we shall 
suppose would be balanced with respect to ground if the other wires 
were removed. We now suppose that this metallic circuit is energized 
by an electromotive force impressed at x = 0, which in the absence of 
the other wires would produce a current 1° in wire No. 1 and an equal 
and opposite current — 1° in wire No. 2. Our problem is now to cal- 
culate the currents induced in the neighboring wires and the additional 
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currents induced in wires No. 1 and No. 2 due to the reactions in the 
system. 

It will be observed that, if the system were ideally balanced, no 
currents would be induced in the neighboring wires and we should 
simply have the current 1° in the metallic circuit; in engineering 
language there would be no crosstalk. This is the ideal to which the 
correctly designed telephone system approximates by means of 'trans- 
positions.' It is never, of course, completely realized but the approxi- 
mation, as regards the neighboring metallic circuits, must be extremely 
close, since the allowable amount of crosstalk is very small. 

Let us now return to the original system of equations for n parallel 
wires discussed in Section I and let us write /i = /0 + //, 
/z = - /0 + /a' and replace h, Is • ■ • In hy iV, Is • • • respec- 
tively, the primes indicating that the currents are 'unbalance' currents. 
Similarly write Vi = V0 + TV, TT = — F0 + TV; (?i = <2° + Q\, 
Qt = — Q0 (V; and for the rest of the wires add primes to the 
symbols for potential and charge. Equations (2) may then be 
written as 

or, denoting the right hand sides of the equations by //, f->', //, 
respectively, 

This set of equations in the unbalance currents Ii, ••• and 
unbalance potentials Vi, • • • Vn' admits of immediate interpretation. 
This is to the effect that the unbalance currents may be regarded as 
due to an impressed field characterized by an axial electric intensity 

(sn + Zii)I\ + ■ = — Z12/2' ~ Zis-V — Zul\ — • • •, 

(34) 

(35) 

(j = 3, 4 ■ • • n). 
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// — dF//dx along the jth wire (j= 1, 2, •••«), and an impressed 
potential F/ (line integral of impressed field from jth wire to ground), 
where 

Fi = pizQz + pisQs + pnQi + * • *, 

Fz = pziQi + pzsQa + P24Q4 + • • •» 

F/ = (pn — PiJQo + pnQi + PizQi + PisQs + • • •, 
(j = 3, 4 • • • «). 

Consequently if f/ and F/ were known, equations (25), • ■ • (27) 
would be immediately applicable to the calculation of the unbalance 
currents. Inspection of equations (34), • • • (36) shows, however, that 
while 1°, F0, Q0 are supposed known, the expressions for // and F/ 
involve the unbalance currents and charges themselves. The solution 
of the equations calls therefore for a process of successive approxima- 
tion, now to be discussed. While this method of solution is theoret- 
ically sound and applicable in all cases, its success in practical applica- 
tions depends largely on the fact that the unbalance currents must be 
extremely small, compared with the primary current 1°, if the cross- 
talk is to be kept within tolerable limits. 

Returning to equations (34), • • • (36), the first approximate solu- 
tion is obtained by (1) ignoring the unbalance currents and charges 
in their effect on the current in the primary wires (No. 1 and No. 2), 
and (2) replacing jV, •••/„' and Fa', • • • TV by 

// = - (Z,i - 

F/ = (Pn - P^Q0, (37) 
(j = 3, 4 • • • n). 

Consequently in the first approximate solution the primary current, 
charge and potential are /0, Q0, V0, which are calculable in terms of the 
impressed e.m.f. and the terminal impedances for the circuit composed 
of the primary wires (No. 1 and No. 2) by ignoring the reaction of the 
other wires.10 The unbalance currents, charges and potentials of the 
other wires are then calculable on the supposition that those wires 
are energized by the known impressed field //, F/, as given by (37), 
which depends only on 1° and Q0. 

The second approximate solution Is obtainable by substituting the 
first approximate values of 1/ and Q/ in the right hand side of equa- 
tions (34) and (36) and then proceeding precisely as in the first approxi- 

10 It should be clearly understood that this particular procedure is not required 
and is not always followed in practice. For example, it is customary in calculating 
the crosstalk induced in a metallic or 'side' circuit to take into account, in the first 
approximate solution, the reaction between the wires making up the disturbed circuit. 
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mate solution. This process can, theoretically, be repeated indefi- 
nitely and successively closer approximations thereby obtained. 
Practically, however, even in a system of only a few wires, the process 
rapidly becomes prohibitively laborious and complicated, so that 
only the first and perhaps the second approximate solutions are prac- 
ticable. Theoretically, however, the process is straight-forward and 
the successive approximate solutions form a convergent sequence. 
Fortunately, in engineering applications the allowable amount of 
crosstalk is so strictly limited that higher approximations than the 
second at most are not usually required. 

It is an important and valuable property of the solution by successive 
approximations that the 'datum configuration' is not uniquely fixed, 
but is at our disposal, within limits. By 'datum configuration' is 
meant the assumed distribution from which the first approximate 
solution is derived. In the preceding the datum configuration for the 
primary wires is taken as 

II = 1° = — I It 
e. = e« = - o., (38) 

while in calculating any // (i = 3, • • • n) it is assumed that the unbal- 
ance currents and charges of the other disturbed wires are zero. From 
the form of the equations this is certainly the natural configuration 
with which to start. It does not at all follow, however, that this datum 
configuration results in the optimum first approximate solution. 

Another datum configuration which may be taken and which appears 
to possess practical advantages in certain cases is the following:11 

h= I* =- h, m 

<2i = <3° = - <32. ( j 

for the primary wires, while in calculating any I/ (j = 3, • • • n) it is 
assumed that the unbalance currents and potentials (instead of charges) 
of the other disturbed wires are zero.12 Higher successive approximate 
solutions then follow the same scheme of procedure as in the first case. 

The foregoing completes the formal analytical theory. The remain- 
ing sections of the paper will be devoted to the interpretation of the 
fundamental mathematical theory and its formulation along more 
physical and engineering lines, together with applications to repre- 
sentative problems. 

11 This is essentially the basis of the crosstalk formulas developed, in terms of a 
different mathematical treatment, by Dr. G. A. Campbell of the American Telephone 
and Telegraph Co., in his early and fundamental work on crosstalk and transposition 
theory. 

12 See, however, the preceding footnote as to possible modification of the datum 
configuration. 
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III 

Representation of Impressed Field by Equivalent 
Electromotive Forces 

In the present section we shall start anew with the problem dealt 
with in Section II, and attack it by a synthetic method, as distinguished 
from the analytical method employed there. While the results so 
derived are all deducible from the analytical theory and formulas of 
Section II, the synthetic or physical mode of attack has important 
advantages in engineering applications, in giving a physical picture 
of the phenomena and an intuitive grasp of the problem. In many 
cases it enables us to deduce results very simply, when the physical 
picture is well in mind, whereas the purely analytical solution may be 
laborious. 

The essence of this synthetic method consists in replacing the 
known electric field impressed on the physical system by a set of 
equivalent electromotive forces; the current at any point in the 
system can then be calculated when the transfer admittances between 
that point and the points where the electromotive forces are situated 
are known or calculable (as is often the case in practical applications). 
For, considering any linear system containing any number m of elec- 
tromotive forces inserted at any points 1, • • • w, it is known, from the 
principle of superposition, that the current //, at any point h is a linear 
function of all the electromotive forces, that is, 

m 
A = E AhtEk. (40) t=l 

The coefficient Ahk is called the 'transfer admittance' from k to h, 
because Ahk is equal to the ratio of h to Ek when all of the electro- 
motive forces except Ek are zero. If the system contains any uni- 
lateral element (such as a one-way amplifier, for instance), Ahk is 
not in general equal to Akh- 

Fundamental Set of Equivalent Electromotive Forces: 
General Formulation 

Consider any system of parallel wires situated in an arbitrary 
impressed field, with any number of localized admittance bridges 
between wires or between wires and ground. (Evidently, distributed 
bridged admittance can be analyzed into infinitesimal elements, and 
these can be regarded as localized.) The cross-sectional dimensions 
of the wires are assumed to be small enough so that the axial (longi- 
tudinal) impressed electric force is sensibly constant over each cross- 
section. 
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The electric constituent of the impressed field is assumed to be 
specified at every point along the wires by the impressed axial electric 
force and the impressed potential. At any point x in any wire, h, 
the impressed axial electric force will be denoted by fh{x) and the 
impressed potential by Fh{x); these are to be regarded as arbitrary 
functions of x, and may even be discontinuous. 

The following set of electromotive forces is easily seen to be equiva- 
lent to the above-specified arbitrary impressed field, in the sense of 
producing the same currents and charges. This set will be termed 
the ' fundamental' set of equivalent electromotive forces; for, from the 
physical viewpoint of this paper, it is in fact the fundamental set.13 

{A) In each wire a distributed axial electromotive force whose 
value, per unit length, at each point is equal to the impressed 
axial electric force there; thus, at any point x in wire h, an 
electromotive force fh(x)dx in the differential length dx. 

(B) At each point where the impressed potential is discontinuous, 
an axial electromotive force equal to the decrement in the 
impressed potential there; thus, at any point of discontinuity 
x = u in any wire h, an electromotive force equal to 
- AFftO) = -) - Fh{ii +). 

(C) In each bridge an electromotive force equal to the impressed 
voltage in that bridge; thus, in a bridge at any point x = 6, 
from wire h to any other wire k (or to ground), an electro- 
motive force equal to Fh{h) — Fk{h). 

{D) In case a point x = h where a bridge is situated coincides with 
a point x = u where the potential Fh{x) impressed on wire h 
is discontinuous, the corresponding electromotive forces are 
as follows: Axial electromotive forces equal to Fh{h —) and 
— Fh{b +) at points h — and h + respectively in wire //; no 
electromotive force in the bridge itself, which is connected 
to the point h situated between h — and 6 + in wire h.Ua 

13 For a one-wire line and for a balanced two-wire line, five other sets of equivalent 
electromotive forces are formulated in a later subsection. 133 By supposing points h and u to be not quite coincident, say h = u — or 
b = n +, item {D) can be derived by first applying items (S) and (C) and then 
applying the 'branch-point theorem' formulated in the second paragraph following 
equation (75). s 

A further application of the 'branch-point theorem' yields for item (D) the 
following alternative set of electromotive forces: _ Axial electromotive forces each 
equal to L—) — Fh{h -(-)]/2 at i — and & + in wire h\ an electromotive force 
equal to LA(6 —) + Fh{b -t-)]/2 in the bridge at h. Clearly, this set reduces to 
(C) when Fh{x) is continuous at .%• = h, and it reduces to (B) when there is no bridge 
at x = u. 
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A physical verification of the correctness of the foregoing set of 
equivalent electromotive forces can be obtained by starting with the 
given system, situated in the specified arbitrary impressed field (but 
not otherwise energized), and then inserting in the wires and bridges 
a set of electromotive forces, which will be termed the 'annulling 
electromotive forces,' such as to annul all currents in the wires and 
bridges. The resultant axial electric force in the wires will then be 
zero, and furthermore the wires will be uncharged; hence the inserted 
axial electric force must be equal and opposite to the impressed axial 
electric force. Since the wires are uncharged their potentials will be 
those of the impressed field; hence, since no current flows in the 
bridges, the electromotive forces inserted in the bridges must be equal 
and opposite to the voltages of the impressed field at the bridges. 
Evidently the negatives of the annulling electromotive forces consti- 
tute a set of electromotive forces equivalent to the impressed field; 
for, insertion of the negatives of the annulling electromotive forces 
restores the system to its original state, in which it is acted on by only 
the original impressed field. 

From the nature of this demonstration it is seen that the 'funda- 
mental set' of equivalent electromotive forces is not limited to a 
system of parallel horizontal wires. In the general case, where the 
wires are neither straight nor parallel nor horizontal, x (and hence u 
and b) is to be interpreted as being the 'intrinsic coordinate' of a 
point in the particular wire contemplated, that is, the distance meas- 
ured along that wire from any arbitrary fixed point therein. Thus, 
for wires h and ^ respectively, x becomes xk and Xk, which in general 
are independent of each other. 

For the case of a one-wire line, an analytical derivation of this set 
of equivalent electromotive forces is given in a later subsection by 
interpretation of the fundamental differential equations of the line. 

A One-Wire Line in an Arbitrary Impressed Field 

As indicated by Fig. 1, the line extends from x = 0 to a; = 5, and 
is terminated in impedances Zo and Zs respectively. 7 denotes the 
propagation constant per unit length, and K the characteristic im- 
pedance.14 The direct leakage admittance from the wire to ground, 
per unit length, is denoted by Y'\ this is the generalization of a mere 
leakage conductance.31 

The impressed field is specified by the functions j{x) and F(x); 
f{x) denoting the impressed axial electric force and F{x) the impressed 

14 Given by formulas (12) and (11) of Appendix I. 
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potential, at any point x of the wire. For generality, F{x) is assumed 
to be discontinuous at any point x = u by the increment 

AF(u) = F{u +) — F{u 

The problem is to calculate the current I{x) produced at any 
point x by the impressed field. 

I0l 

Positive 
directions 

\ Zs K,Tf 

///////A V//////////////x//////////////////////A 

Fig. 1. 

.////// 

Case 1: General Case 
The current I(x) is the sum of two constituents: j(x) due to the 

impressed axial electric force, and J{x) due to the impressed potential. 
Formulas for these constituents will now be written down by aid of 
the fundamental set of equivalent electromotive forces formulated in 
the preceding subsection. Thus 15 

j(x) = f A (x, y)f(y)dy, (41) 
Do 

A{x, y) denoting the transfer admittance between points x and y. 
J(x) itself consists of four constituents: Jo(x) and Js(x), originating 
in the terminal impedances Zo and Zs respectively, Job(x) originating 
in the direct leakage admittance of the whole line 0-5, and Ju(x) 
originating at the point .v = u where F(x) is discontinuous. Thus 

Jo(x) = - ACx, 0)F(0), (42) 

Ja(x) =A(x,s)F(s)> (43) 

Jo,(x) = j Y'F(y)B(x, y)dy, (44) 
Jo 

Ju(x) = — A (x, u)AF(u), (45) 

B(x, y) denoting a current transfer factor representing that fraction 
16 With regard to the analytical evaluation of the integrals, attention should 

perhaps be called to the fact that the integrand may be discontinuous or may change 
its functional form at one or more points within the range of integration; whence 
the integral must be broken up into a sum of integrals. 
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of the current contribution originating in the direct leakage admittance 
element Y'dy at y, which reaches point a;. 

Case 2: Terminal Impedances Equal to Characteristic Impedances 
Here we have 

Zo = Zg = K, (46) 

Aix, y) = (47) 

B{x, y) = , y ^ x, (48) 
whence 

j{x) ^ ^ 6-7,1 vf(y)dy (49) 

e~^'-x~u)f{y)dy (50) 

TKS e~y(v~x)^dy' 

-i£ 

+ 2K, 

Mx) = - (51) 

J.(x) (52) 

J,.(x) = - Y. £'(53) 

y rs 

+ — J F{y)e~ylv~x)dy, 

Mx) = (54) 

A Balanced Two-Wire Line in an Arbitrary Impressed Field 

Because the metallic circuit here contemplated is balanced, its 
treatment can be made formally the same as the treatment of the 
one-wire line in the preceding subsection. 

This fact is immediately evident in two special cases of the impressed 
electric field (potential and axial electric force): (1) the case where the 
impressed electric field has equal values at the two wires, and (2) the 
case where it has equal but opposite values at the two wires. 

The general case where the impressed field at the two wires has any 
values can be treated as a superposition of the two special cases just 



ERRATA: Propagation of Periodic Currents Over a 
System of Parallel Wires—J. R. Carson and R. S. Hoyt 
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Page 514, Equations (48), (49) and (54) should read: 

B{x, y) = =F ', y>x, (48) 
whence 

Page 519, Line 1: read "Set 2 (Fig. I)" for "Set 4 (Fig. 8)." 

Page 530, Equation (91) should read: 

(49) 

(54) 

(£ = 1, ••• n), (91) 
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mentioned, by the simple device of resolving the impressed field at 
each wire into two constituents one of which has equal values at the 
two wires while the other has equal but opposite values at the two 
wires. This resolution is always possible, for it is merely in accordance 
with the following pair of algebraic identities: 

= Kli + *72) + — Vi), (55) 

*72 = hivi + 772) - iivi - 172). (56) 

Although tji and 772 may in general denote any two quantities what- 
ever, in the present application they refer to the impressed electric 
field at the two wires No. 1 and No. 2 of the contemplated two-wire 
line. It is convenient to introduce the symbols r]c and 77,, defined by 
the equations 

Vc = hivi + V2), (57) 

Va ~ v l *12, (58) 

so that the resolutions (55) and (56) of rji and 772 can be written in 
the more compact forms 

Vi = Vc + %Va, (59) 

V2 = Vc — hva- (60) 

77c and rja will be termed respectively the mode-c and mode-a con- 
stituents of the impressed field, because they give rise to mode-c and 
mode-a effects respectively; mode-c effects being defined as those 
which are equal in the two wires, mode-a effects as those which are 
equal but opposite in the two wires—as discussed in connection with 
equations (28). From (57) and (58) respectively it will be noted that 
the mode-c effects and the mode-a effects depend respectively on the 
average and on the difference of the impressed fields at the two wires. 

As in treating the one-wire line (in the preceding subsection), so 
also in treating the balanced two-wire line (in the present subsection) 
it is usually advantageous to deal separately with the axial electric 
force and the potential of the impressed field. Furthermore, in the 
case of the two-wire line each of these constituents of the impressed 
field is to be resolved into two modes, c and a, in the manner repre- 
sented by equations (59) and (60) together with (57) and (58). 

Owing to the balance (bilateral symmetry) of the assumed two- 
wire line, the mode-c constituent r]c of the impressed field will produce 
only mode-c effects, and the mode-a constituent only mode-a effects. 
Thus, 77c will produce equal currents if and Ic in the two wires, while 
77a will produce equal but opposite currents if and — Ia in the two 
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wires. The total mode-c current 2/e along the two wires in parallel 
is calculable from t]c through the mode-c parameters (tc, Ke, and 
terminal impedances) of the system; while the mode-a or loop current 
(7a and — la in the two wires respectively) is calculable from 77a through 
the mode-a parameters (7a, Ka, and terminal impedances). The 
connection of each current constituent with the corresponding field 
constituent, through the corresponding parameters, is formally the 
same as for the one-wire line (treated in the preceding subsection). 

Finally, it may be remarked that the assumption of balance (bi- 
lateral symmetry) for the two-wire line is essential to the above sim- 
plicity; for otherwise each mode of the impressed field would produce 
components of both modes of effects, instead of only the appropriate 
single mode of effects. 

Illustrative Special Case 
For illustration it will suffice to choose the simple case of a balanced 

two-wire line terminated at each end in its mode-c and mode-a char- 
acteristic impedances simultaneously. That is, the line consisting of 
the two wires in parallel, with ground return, is terminated at each 
end in the mode-c characteristic impedance Kc\ while the loop circuit 
is terminated at each end in the mode-a characteristic impedance Ka. 
(Evidently these two modes of terminating can be simultaneously 
accomplished by means either of a balanced 2'-network or of a 
balanced H-network at each end.) 

Let/1 Or) and/20r) denote the axial impressed electric forces at any 
point x in wires No. 1 and No. 2 respectively; and let them be 
resolved into mode-c and mode-a constituents /c(x) andfa{x), respec- 
tively, such that 

ux) = tuiix) + (6i) 

fa{x) = fi(x) - fiix), (62) 

in accordance with equations (57) and (58). Similarly, let Fi{x) and 
Fzix) denote the impressed potentials at point x; and let them be 
resolved likewise, so that 

Fdx) = KF^x) + F2{xn (63) 

Fa(x) = Fi{x) — Fiix). (64) 

Thus, formulas (49), • • • (54) of the one-wire line are seen to be 
formally applicable to the balanced two-wire line, for calculating 
separately the two modes of currents. This is with the understanding 
that they give the sum of the mode-c currents in the two wires, hence 
twice the mode-c current in each wire; and that they give the loop 
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current (the current circulating in the metallic loop), which is equal 
to the mode-a current in one of the wires and hence to the negative 
of the mode-fl current in the other wire. 

Six Different Sets of Equivalent Electromotive Forces for a One-wire 16 

Line in an Arbitrary Impressed Field 

The physical system here contemplated (Fig. 2 below) is a one-wire 
transmission line consisting of a uniform horizontal straight wire 
situated in an arbitrary impressed field and terminated in any arbi- 
trary impedances to ground. The wire extends from x = 0 to x = S] 
the arbitrary terminab impedances 17 are denoted by Zo and Z,. The 
arbitrary impressed field is specified, at each point of the wire, by the 
impressed axial electric force/(x) and the impressed potential F(x), as 
previously. 

Six different sets of 'equivalent electromotive forces* are formulated 
in the early part of this subsection; while their derivations are briefly 
outlined toward the latter part. Set 1 will be recognized as a par- 
ticular case of the ' fundamental' set already formulated in the early 
part of Section III. The five remaining sets are derived from Set 1. 
In the actual formulations of these various sets of equivalent electro- 
motive forces, the impressed potential F(x) is assumed to be a con- 
tinuous function of x; the extension to the case where F{x) is dis- 
continuous is a simple matter and is formulated in connection with 
equations (65) and (66). 

In the following diagrams (Figs. 2, ••• 11) it is found convenient 
to represent any localized electromotive force by the conventional 
battery-symbol. This symbol is intrinsically directional; the longer 
of the two plates is to be regarded as at the higher potential, so that 
there is an internal rise of potential in passing through the symbol 
from the shorter to the longer plate. 

In some of the figures the actual line is represented as replaced by 
the corresponding artificial line composed of differential elements, each 
of length dx. (For clearness, the line is represented as composed of 
only a small number of such elements.) 

The letters Z, Y, Y', 7° denote certain line parameters per unit 
length, as follows: Z and Y respectively denote the 'complete series 
impedance' and the 'complete shunt admittance' or, briefly, the 
'series impedance' and the 'shunt admittance.' These may be re- 
garded as defined by the equations 

Z = yK, Y = y/K, 
16 The case of a balanced two-wire line is outlined in the next subsection. 17 See also the remarks under the subheading following shortly after equation (67). 
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7 denoting the propagation constant of the line per unit length, and 
K the characteristic impedance. Or they may be regarded as defined 
by the differential equations 

- dVjdx = ZI, - dl/dx = YV, 

characterizing the line when there is no impressed field present. Y' 
denotes the 'direct leakage admittance' and F0 the 'basic shunt 
admittance,' the latter defined as being the value of F when F' = 0, 
whence F = F0 + Y'. On referring to equations (12), (11), (8), (1) 
of Appendix I, and also to equations (2) and (7) in Section I, it is 
seen that18 

Z = z + «coL, F = G + tcoC, 
G = G0 + F', F0 = G0 + i<*C. 

The various sets of equivalent electromotive forces remain valid 
even when the line parameters are functions Z(x), F(x), etc., of position 
x along the system. For the 'fundamental' set this fact can be 
readily seen by reference to the formulation and verification of the 
fundamental set, in the early part of Section III. 

As indicated by the arrows, the positive axial (longitudinal) direc- 
tion is the direction of increasing x, and the positive vertical direction 
is downward. 

Six Different Sets of Equivalent Electromotive Forces 

Set 1 (Fig. 4) 

(A) In the wire, a distributed electromotive force, f{x)dx in each 
differential length dx. 

{B) In the distributed direct leakage admittance, a distributed 
electromotive force, F{x) in each differential element Y'-dx of direct 
leakage admittance. 

(G) In the termial impedances Zo and Zs, electromotive forces 
F(0) and F{s) respectively. 

From the physical viewpoint of the present paper, Set 1 is the 
fundamental set of equivalent electromotive forces. 

This set is particularly simple when there is no direct leakage 
admittance (F' = 0), for then it reduces to merely the axial con- 
stituents (.4) and the terminal constituents (C). 

"Thus Z, unsubscripted, includes the internal impedance z = zw \ of the 
circuit and hence is to be sharply distinguished from the double-subscripted Z 
occurring frequently in this paper; for, as remarked in connection with equation 
(2), Zjj does not include the internal impedance za of wire j, whence it is seen that 
Z = Zjj + Zjj for wire j. 
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Set 4 (Fig. 8) 
(.4) In the wire, a distributed electromotive force, [/(.r) + (Y'JY) 

X dF{x)ldx~\dx in each differential length dx. 
(B) In the terminal impedances Z0 and Z„ electromotive forces 

(1 — Y'l Y) F{0) and (1 — Y'/Y)F{s) respectively. 
Set 2 is distinguished by containing no electromotive forces in the 

shunt admittance even when the direct leakage admittance Y' is not 
negligible. Thus Set 2 with the direct leakage admittance not negli- 
gible is formally as simple as Set 1 with the direct leakage admittance 
negligible. However, in Set 2 the element of axial electromotive force 
is a much more complicated function than in Set 1. 

Set 3 (Fig. 9) 

{A) In the wire, a distributed electromotive force, [/(.v) + 
dF{x)ldx~\dx in each differential length dx. 

(B) In the distributed basic shunt admittance, a distributed elec- 
tromotive force, — F{x) in each differential element Y0dx of the 
distributed basic shunt admittance. 

In Set 3 it should be noted that the electromotive force — F{x) is 
in the basic shunt admittance element Y0dx, not in the complete shunt 
admittance element Ydx. 

It will be observed that this set contains no electromotive forces 
in the terminal impedances. 

When the ground is a perfect conductor, so that fa(x) = 0, the 
differential element of axial electromotive force in this set reduces to 
merely — [d^{x)ldl~\dx, as is shown by equation (2) of Appendix I, 
^(.r) denoting the impressed magnetic flux. 

Set 4 (Fig. 8) 

(A) In the wire, a distributed electromotive force, [/(.v) + (1 
+ Y'l Y)dF{x)]dx~}dx in each differential length dx. 

{B) In the distributed complete shunt admittance, a distributed 
electromotive force, — F{x) in each differential element Ydx of the 
complete shunt admittance. 

(C) In the terminal impedances Zq and Za, electromotive forces, 
— {Y,jY)F(fS) and — (Y'jY)F{s) respectively. 

In Set 4 it should be noted that the electromotive force — F{x) 
is in the complete shunt admittance element Ydx. 

The differential element of axial electromotive force in this set does 
not reduce to — [dA{x)ldt~\dx when the ground is a perfect conductor 
{fg{x) = 0) unless also the direct leakage admittance is zero (7' = 0). 

34 
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Set 5 (Fig. 6) 

(,4) In the wire, a distributed electromotive force, f{x)dx in each 
differential length dx. 

{B) In the distributed complete shunt admittance, a distributed 
electromotive force, (Y'/Y)F{x) in each differential element Ydx of the 
complete shunt admittance. 

(C) In the terminal impedances Zq and Zs, electromotive forces 
F{0) and F{s) respectively. 

In Set 5 it should be noted that the electromotive force {Y'/Y)F(x) 
is in the complete shunt admittance element Ydx. 

It will be observed that Set 5 (Fig. 6) is the same as Set 1 (Fig. 4) 
as regards the axial and the terminal electromotive forces. 

Set 6 (Fig. 11) 

(^4) At any arbitrary fixed point x = am the wire, an axial electro- 
motive force Ga, 

(B) In each differential element Ydx of the distributed complete 
shunt admittance, a distributed electromotive force Ex, 

(C) In the terminal impedances Zo and Z„ electromotive forces 
(1 — Y'/Y)F(0) and (1 - Y'/Y)F{s) respectively. 

Set 6 is perhaps mainly of academic interest. 
Two limiting cases of Set 6 may be noted, corresponding to a = 0 

and a = s respectively, each characterized by containing no internal 
axial electromotive force: for when a = 0 the axial electromotive 
force Ga can be combined with the terminal electromotive force 
(1 — Y'l Y) F(0) in the terminal impedance Zo, and when a = 5 it 
can be combined with (1 — Y'IY)F{s) in Z,. 

Extension to the Case where the Impressed Potential is Discon- 
tinuous 

In the foregoing formulations of Sets 1, • • • 6 of equivalent electro- 
motive forces it has been assumed that the impressed potential F{x) 
is a continuous function of x throughout the length of the line. 

Suppose now, for greater generality, that the impressed potential 
F{x) is discontinuous at any point x* = n by the increment 

AF(«) = F{u +) - Fiu -). 
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Then (as shown in the next paragraph), for the particular differential 
element which contains the point u, the quantities f{x)dx and 
[dF(x)/dx2dx must be replaced by — AF{u) and AF(u) respectively; 
that is, 

f(u)du = — AF(u)t (65) 

dJ^du = AF{u). (66) 

Equations (65) and (66) can be obtained, by a limiting process, 
from equation (2) of Appendix I, which for the present purpose will 
be written in the form 

f(x)dx = - dx - dx + f0(x)dx. (67) 

It will be recalled, from Appendix I, that this equation was derived 
by applying the second curl law to a differential rectangle extending 
from x to x dx; but x may equally well be a point within the 
differential segment dx, and for the present purpose it will be so re- 
garded. The limiting process now consists in letting dF{x)/dx ap- 
proach infinity while dx approaches zero, but in such a way that the 
product [dF(x)/dx']dx approaches a preassigned finite value, denoted 
by AF(x). Then, in the limit, the last two terms on the right side 
of (67) vanish so that (67) reduces to 

f{x)dx = — AF{x). 

Thus we obtain equations (65) and (66), where u denotes, for distinc- 
tion, the particular value of a; at which F(x) is discontinuous. 

Remarks on the Terminal Impedances and the Equivalent Electro- 
motive Forces in Them 

The arbitrary terminal impedances Zo and Z, (Fig. 2) need not 
actually be localized. They may, for instance, be the impedances 
offered by other lines to which the given line 0-5 may be connected, 
and these other lines may themselves be situated in arbitrary im- 
pressed fields; in particular, 0-5 may be merely a segment, of any 
length, forming part of a given line in an arbitrary impressed field. 

From this broad view, any 1 equivalent electromotive forces' situated 
in the terminal impedances Zq and Za may advantageously be regarded 
as being situated in the ends of the line itself (that is, in the end-points 
x = 0 and rc = 5), these electromotive forces being then regarded as 
pertaining primarily to the line-segment 0-5 rather than to the terminal 
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impedances. Thus, for instance, in the formulations of Set 1 and 
Set 5, item (C) would read: ' (C) In the ends * = 0 and * = 5 of the 
line, axial electromotive forces - 7^(0) and F{s) respectively.' (Ob- 
serve, here, the negative sign before 7^(0), in contrast to the positive 
sign in the original formulation.) 

In this way it is readily seen that at a point x = u where the im- 
pressed potential F{x) is discontinuous, the equivalent electromotive 
force is an axial electromotive force equal to the decrement of the 
impressed potential, that is, equal to F{u —) — F{u +); this agrees 
with equation (65), and with item (5) in the fundamental set of equiva- 
lent electromotive forces formulated in the early part of Section III. 

Derivations of Set 1 
A synthetic derivation of Set 1 has already been furnished in the 

early part of Section III. An analytical derivation will now be out- 
lined; it is based on an interpretation of equations (68), (71), (73) 
below; these equations, in turn, are based on certain equations of 
Appendix I, as follows: 

Combining equations (1) and (2) of Appendix I gives 

(68) 

where / denotes }w\ and V is that part of the potential of the wire 
due to its charges (and the corresponding opposite charges on the 
surface of the ground), while 4>' is that part of the magnetic flux due 
to the current in the wire (and the corresponding return current in 
the ground); that is, 

V = V — F = QIC, (69) 
<f>' = 0 — $ = LI, (70) 

so that V and 4>' do not include the impressed potential and impressed 
magnetic flux F and $ respectively. 

By (5) and (7) of Appendix I the equation of current continuity 
can be written 

= ^ + K'F. (71) 
dx dt C 

The actual potential V of the line is of course the resultant of V 
and F] that is, 

V = V{x) = V'{x) + Fix), (72) 

whence, in particular, at the ends x = 0 and a: = 

no) = m + no), 

Vis) = Vis) + Fis). 
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Returning, now, to a consideration of equations (68), (71), (73), it 
is seen that they are identically the same as the equations for the same 
line without any impressed field but containing the set of electromotive 
forces formulated above under the heading 'Set 1 (Fig. 4),,• for an 
interpretation of equations (68), (71), (73) yields respectively (^4), 
(S), (C) of Set 1. 

It may be noted that equations (68) and (71) can be written in 
the following more compact forms: 

whose interpretation yields immediately items (.4) and (B) of Set 1. 

Outline of Derivations of Sets 2, 3, 4, 5, 6 
Synthetic derivations of Sets 2, 3, 4, 5, 6 from Set 1 will now be 

briefly outlined by aid of the diagrams in Figs. 2, ••• 11. The 
physical systems represented by these diagrams are all equivalent in 
the sense that the currents at corresponding points in all of them 
are equal. 

In the derivation-work extensive use is made of an artifice which, 
for convenience, will be formulated in what may be termed the 
'branch-point theorem,' as follows: In any ?ielwork of any number of 
branches the currents will not be affected by inserting at any branch-point 
a set of equal electromotive forces, one in each branch, directed either all 
toward or all from the branch-point. 

Fig. 2 represents the given one-wire line in an arbitrary impressed 
field, as already specified. For generality the line is assumed to have 
uniformly distributed leakage admittance of amount Y' per unit 
length. 

Fig. 3 is derived from Fig. 2 by lumping the distributed direct leak- 
age admittance into localized admittances each of amount Y'-dx at 
intervals of length dx. 

Fig. 4 is derived from Fig. 3 by replacing the arbitrary impressed 
field by Set 1 of equivalent electromotive forces. 

Fig. 5 is derived from Fig. 4 by replacing the line, exclusive of the 
direct leakage admittance Y', by its equivalent artificial line having 
'complete series impedance' Z and 'basic shunt admittance' F0 per 
unit length. This replacement of the actual line by the corresponding 
artificial line is permissible now that the impressed field has been re- 
placed by a set of equivalent electromotive forces (Fig. 4). 

Fig. 6 is derived from Fig. 5 by replacing the compound shunt 

- dV'Idx = ZI -f, 

- dlfdx = YV + Y'F, 

(74) 

(75) 
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element, consisting of Y0dx in parallel with Y'dx containing the elec- 
tromotive force F{x), by the equivalent simple shunt element Ydx con- 
taining the electromotive force {Y'IY)F{x). 

Figs. 7, 8, 9 are derived from Figs. 6, 7, 5 respectively by applying 
the 'branch point theorem.' 

Fig. 11 is derived from Fig. 7 by applying the 'branch point the- 
orem' in the manner indicated by Fig. 10, where f'{x)dx denotes, for 
brevity, the original axial equivalent electromotive force situated 
between x and x + dx of Set 2 as indicated by Fig. 7, so that 

(76) 

and a is the coordinate of the contemplated arbitrary point. The 
£'s, of which Ex is typical, are sets of electromotive forces inserted 
at the branch-points. At first these electromotive forces are arbitrary, 
except that each set of three accords with the branch-point theorem, 
so as not to alter the original currents in the system. Next, starting 
at the ends, it is found that these electromotive forces can be so deter- 
mined as to annul the original axial electromotive forces f'{x)dx in all 
of the differential elements dx except in the one containing the point a; 
the requisite value of Ex and the resulting value of Ga are found to be 
as formulated in Set 6. 

Finally it may be remarked that each of the Sets 2, 3, 4, 5, 6 can 
be verified against Set 1 by formulating the total current produced 
at any point x by each of the Sets 2, 3, 4, 5, 6 and then comparing 
the resulting formula with the sum of formulas (41), (42), (43), (44). 
Evidently it suffices to do this for the relatively simple case where the 
terminal impedances are equal to the characteristic impedance of 
the line; for this case, formulas (41), (42), (43), (44) reduce to (50), 
(51), (52), (53) respectively. 

Sets of Equivalent Electromotive Forces for a Balanced Two-Wire Line 
in an Arbitrary Impressed Field 

The foregoing six sets of equivalent electromotive forces for a one- 
wire line can be readily extended to a two-wire line after resolving the 
impressed field into mode-a and mode-c constituents, which are then 
dealt with separately. For Set 1 this procedure has been fully out- 
lined above in the subsection entitled 'A Balanced Two-Wire Line 
in an Arbitrary Impressed Field,' and it has found a natural applica- 
tion in the 'Crosstalk Problem' treated below in Section IV. 

It is clear that all of the sets of equivalent electromotive forces are 
immediately applicable to dealing with the mode-c constituent of the 
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impressed field, since this constituent acts on the circuit consisting 
of the two wires in parallel with each other, with ground return, which 
is formally the same as a one-wire line with ground return. 

All of the sets of equivalent electromotive forces become applicable 
to dealing with the mode-o constituent of the impressed field by an 
appropriate interpretation of the diagrams (Fig. 2, • ■ • 11), namely, the 
following interpretation: 

1. In each diagram regard the wire-symbol as representing the out- 
going wire of the actual two-wire line, and regard the ground-symbol 
as representing not the ground but the return wire of the two-wire line. 
(The presence of the earth is then to be regarded as implied, its effects 
appearing implicitly in the values of the line parameters.) 

2. Hence regard Z0 and Zs as denoting the mode-a terminal im- 
pedances functioning as though connected directly across the two- 
wire line at its ends .v = 0 and x = s respectively. 

3. Regard Y, Y0, Y, Z as denoting the mode-o line constants 
(including implicitly the effects of the earth). 

4. Regard/(.r), F(x), and 4>(.r) as denoting the mode-a constituents 
of the impressed field that is, as denoting the difference of the actual 
values impressed at the two wires. (In order to maintain the balanced 
condition of the two-wire line,/(.r) is to be regarded as constituted of 
f(x)/2 in the outgoing wire and — f(x)/2 in the return wire; and simi- 
larly for F(x) and 4>(.t:).) 

The Electric Field Due to a System of n Parallel Wires in an Arbitrary 

Impressed Field 

Thus far in the present section of this paper the field impressed on 
the given physical system has been supposed known and the problem 
has been to calculate the resulting currents. Actually, however, the 
impressed field is not usually known but has to be calculated—from a 
knowledge of the currents and charges producing it. 

The present subsection deals with the problem of calculating the 
electric field impressed on a secondary system consisting of a single 
horizontal wire j by a primary system tt consisting of n wires which 
are parallel to each other and to j. For generality, the primary and 
secondary systems are supposed to be in an arbitrary impressed field.19 

Consider at first any parallel geometrical line i, not necessarily in 
any of the wires; and let F. = V^x) and £> = E^x) denote'the 

19 Of course the field produced by any given system is directly due only to the 
currents and charges of the system, and does not depend directly on any field that 
may be impressed on the system; but. assuming the system to be energized only bv 
the impressed field the currents—and thence the charges—are directly due to the 
impressed field and can (theoretically, at least) be expressed in terms of it. 
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potential and the axial electric force at any point x in i. Then F,- is 
analyzable into three parts (F.v, F.,, Fi) and E,- into three parts 
(E.v, Ei/./f) due respectively to the primary system t, to the secondary 
system j, and to the arbitrary impressed field; that is,20 

^ = Ftv + F ij + Fi, (77) 

Ei = Ei, + En + U (78) 

In particular, at the secondary wire j the potential Vj and the axial 
electric force E,- are analyzable in accordance with the equations 

F,- = F,v + Fjj + Fj, (79) 

Ej = Ejx + En + (80) 

In the present subsection, the problem to be dealt with is the calcu- 
lation of F,-x and E,„ namely the potential and the axial electric force 
at any point in the secondary j due directly to the currents and 
charges of the primary system r. 

The n wires of the primary system tt will be numbered 1,2,3, • • • «. 
The letters h, k, r will be employed generically: each may denote 
any one of the designation numbers 1, • • • n—as h in equation (81); 
or each may run through the whole set 1, • • • n—as in equation (91). 
(It is hardly necessary to remark thatj is not a member of the set 1, 
• • • », in the notation of this Section (III), where j always designates 
the secondary wire.) 

The current at any point x in any wire h of the primary will be 
denoted by h = h{x)] and the charge on wire h, per unit length, 
by Qh = Qh(x). % 

The potential Vh and the axial electric force Eh at any primary 
wire h are analyzable in the manner expressed by the equations 

Vh = Vhr + Vhj + Fh, (81) 

Eh = Eh. + Ehi + h, (82) 

in accordance with the general equations (77) and (78) respectively. 
It will be found convenient to call Vh. the 'systemic potential' and 
Eh. the 'systemic axial electric force' at wire h, since Vh. and Eh. 
are due only to the system tt of which h is a member, and do not include 

20 Regarding the use here of double subscripts, it will be noted that the first 
subscript designates the line or the wire where the effect occurs, and the second the 
wire or the system of wires which produce the effect. Thus, Vi. is the potential 
produced in line i by the whole primary system tt; the contribution of any one 
wire h would be denoted by Fa. 
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any contributions from the secondary system or from the impressed 
field. (More fully, Vhir may be termed the 'primary systemic poten- 
tial' at h and E/^ the 'primary systemic axial electric force' at h.) 

For explicit use below, we may here note the formulas for the sys- 
temic potential Vk, and the systemic axial electric force at any 
wire k of the primary system tt: 

Vk* = JZ pkhQh, ik = 1, ■ ■ • n), (83) 

Ekx = — {^Zkhlh + ' (k = 1, •• • n), (84) 

pkh and Zkh being respectively the mutual potential coefficient and 
the mutual impedance3 between wires h and k, per unit length. 
Equation (84) is obtainable by applying the second curl law to a 
differential rectangle substantially as in deriving equations (1) and 
(2); see also Appendix I. 

As already stated in connection with equations (79) and (80) the 
problem to be considered in the present subsection is the calculation 
of the potential F,-, and the axial electric force £,> produced at the 
secondary wire j by the primary system tt. The fundamental formulas 
for F,v and £,> are: 

Fjv = E pjkQu = E Vjh, (85) 
h=\ /!=! x ' 

E"--tXz^ + d-^)-tE. (86) 

= («) 

where Vjh and Ejh are the contributions of wire h to F;> and £,> 
respectively. 

With regard to applications of the equations (85) and (87) for the 
potential FyT and the axial electric force Ejr impressed on the secondary 
j by the primary tt, it will be supposed that all the primary currents 
/i, ■ • • /„ are known. But the primary charges Qh and their axial 
gradients dQh/dx (where h = 1, n) are usually not known; and 
therefore ways will now be indicated for expressing them in terms of 
quantities which may be known. For that purpose, the presence of 
the secondary will be entirely ignored, in all respects. (This proce- 
dure may be regarded as the first-approximation step in a solution 
by successive approximations.) 
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The charges Qh can be expressed in terms of the systemic potentials 
Vkx by solving the set of n equations (83). Thus 

Q^tlkkVy,, (ft=l, ■■■«), (88) 
i:=l 

where qnk is the Maxwell capacity coefficient between wires h and k\ 
in terms of the potential coefficients, its value is 

<?;.* = Dkh{p)/D{p), (89) 

D{p) being the determinant of all the potential coefficients (the p's) 
in the set of n equations (83) and Dkhip) the cofactor of pkh in D{p). 

The systemic potentials Vkx, occurring in (88), can be obtained by 
solving the equations of current continuity, namely the set of n 
equations 21 

_ ^ = f (FjiFi, + XhkFi), (A = 1, ■ ■ ■ »), (90) 
dx t=i 

Yhk and being of the nature of admittances (per unit length), and 
Fk the impressed potential at wire k\ it is thus found that 

Vk, = - £ (^ + t Xn,F,) , (A = 1, • • • «), (91) 

where the coefficient Wkh is the same function of the 1 s that Qkh is of 
the p's, that is, 

WkH = Dhk{Y)!D{Y). (92) 

It is seen that Wkh is of the nature of an impedance (per unit length), 
though it is not a simple impedance. 

The charges can now be expressed in terms of the impressed poten- 
tials Fr and the axial gradients of the currents by substituting (91) 
in (88). 

The axial gradients of the charges can be expressed in various ways. 
They can be immediately expressed in terms of the axial gradients of 
the systemic potentials Vk by merely differentiating (88) with respect 
to x. Also, they can be expressed in terms of the currents /r and the 
systemic axial electric forces Ekx at the wires, by solving the set of n 
equations (84); thus 

^ = - t «»(£*. + t Zkrlr). (A = 1. • • ■ »), (93) 
dx t=i t=i 

21 Derived in the latter part of Appendix I. 
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Qhk being the Maxwell capacity coefficient given by (89). Further- 
more, the systemic axial electric force Ekr occurring in (93) is expres- 
sible in terms of the current Ik in wire k and the axial electric force 
impressed on wire k, by the simple relation 

Ek* = Zklk — fk, (94) 

Zk denoting the internal impedance of wire k, per unit length; for, 
the resultant axial electric force at wire k must be equal to zJk and 
must also be equal to £*,+/*. Thus the axial gradients of the 
charges can be expressed explicitly in terms of the currents and the 
impressed axial electric forces at the wires, by substituting (94) in (93). 
The axial gradients of the charges can be expressed still otherwise by 
differentiating (88) with respect to .r after substituting (91). 

Substituting into (85) and (87), the various foregoing expressions 
for the charge Qh and its axial gradient dQh/dx, and in some cases trans- 
forming and rearranging the results, gives the following formulas for 
the potential F;x and the axial electric force EjT produced at any 
point a; in the secondary wire j by the primary system tt, when the 
presence of the secondary j is entirely ignored in calculating the cur- 
rents, charges, and potentials of the primary (in accordance with the 
statement of the paragraph following equation (87)): 

Vn = E pjhQh (95) 
/i=i v / 

= E TjhVh* (96) A=1 V 

+ (97) 

where Twhich may be termed a 'potential transfer factor' or 'volt- 
age transfer factor,' has the value 

n 
Tjh = E Pikqkh- (98) 

t=i 

E<'=-Lz"'Ih~d-ir <") 

= + (100) 

+ (101) 
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= - £ (z*h - £ T*Wu P+£x"3) 

= - t ( ZjhIh - TihEhw - Tih t ZhTIr) h=i \ T=1 / 

= —'£,( ZjlJh — Tjh[ZhIh ~ Sh~\ ~ Tjh H Zhrlrj ' 
h=l \ '•=1 / 

Formula for £,v when the Earth is a Perfect Conductor 

When the earth is a perfect conductor, all of the external mutual 
and self impedances {Zjk, Zhk, Zkk, etc.) are pure reactances and are 
proportional to the corresponding potential coefficients (£,*, phk, pkk, 
etc.), the proportionality factor being merely iu/r, where r is an abso- 
lute constant whose value depends only on the units employed. 
Thence it can be shown that (103) and (104) respectively reduce to 
the very simple formulas 

Ei, = t TIKEh„ (105) 
ft=l 

Ki, = £ Tth{zhIh - /„), (106) 
A=1 

with Tjh given by (98). It is seen that (105) corresponds exactly to 
(96). 

As at least of some academic interest, it may be remarked that 
equations (105) and (106) hold even when the earth is imperfect, 
provided 

^ , (A = 1, ••• w; k = 1, ■•• «). 
Plh Pkh 

IV 

Practical Applications 

For illustrative purposes, the methods presented in the foregoing 
sections will now be applied to two practical problems of a rather 
diverse nature. The first application will be to the wave antenna 
employed in certain important cases of long-distance radio reception,22 

the second, to a problem in crosstalk. 

The Wave Antenna 

The wave antenna, in its usual form, may be described as a trans- 
mission line with ground return, utilized foi the reception of radio 
waves. 

52 Notably in transoceanic radio telephony. 

(102) 

(103) 

(104) 
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In its simplest form, as here contemplated, the wave antenna con- 
sists of a long straight horizontal wire terminated at each end in its 
characteristic impedance K, as represented by Fig. 12a, which gives 

Positive 
directions fCx.G) 

FU,0) 

K,y 

///////&////.: y'/y/iv^v//,v: ■///^ 

Fig. 12a 

Nie 
\frO^ \<r0 

0'\r 

Fig. 126 

an elevation view. This is seen to be the same as Fig. 1 when 
Zq = Zs = K-, and 7 is now the propagation constant, per unit length, 
of the wave antenna regarded as a transmission line. Hence formulas 
(46), • • • (54), pertaining to Fig. 1, are immediately applicable for 
calculating the current at any point x in the wave antenna of Fig. 12a, 
after the appropriate formulation of the functions f{x) and F(x)— 
namely the impressed axial electric force and the impressed potential, 
respectively, at any point a: in the wave antenna. 

These functions can be evaluated by aid of Fig. 12b, which gives a 
plan view representing a train of plane radio waves (whose magnetic 
component is horizontal) incident on the wave antenna at an arbitrary 
angle 9 measured horizontally from the wave antenna to the direction 
of propagation of the wave train along the earth's surface. By the 
'direction of propagation' is here meant the horizontally specified 
direction of a vertical plane which is normal to the plane of the wave 
front, /(.r, 9) denotes the horizontal component of electric force in 
the impressed waves at any point .-r of the wave antenna, and F(x, 9) 
the potential of the impressed waves there.23 Then the axial electric 

23 The presence of 0 in the functional symbols is of course to allow for a possible 
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force /(*) and the potential F{x) impressed at point a: on the wave 
antenna by the radio waves are given by the equations 

/O) = 0) cos d, (107) 

F(x) = Fix, d). (108) 

It is convenient to take one end, say a: = 0, as a fixed reference point, 
and then to express fix, 9) and Fix, 9) in terms of their values /(0, 9) 
and FiO, 9) at x = 0. For this purpose, it will be assumed that the 
radio waves are propagated in a simple exponential manner, so that 

f(x< ^ _ p-rxcoae (109) 
/(0, 0) FiO, d) 6 ' 

T denoting the propagation constant of the radio waves, per unit length 
measured horizontally along the direction of their propagation. Then 
the equations (107) and (108) become 

fix) = /(0, 9) cos 9 e-vxc039, (HO) 

Fix) = FiO, 9)e~T'XCOB0, (HI) 

wherein /(0, 9) and F(0, 9) may be supposed known. In this connec- 
tion it should be remarked that /(0, 9) and F(0, 0)—and, more gen- 
erally, fix, 9) and Fix, 9)—are not in phase.24 

On substitution of (HO) and (111), equations (49), ••• (53) now 
become applicable for calculating the current lix) at any point x of 
the wave antenna; this current will be written lix, 9) because it 
depends on the incidence-angle 9, even when fix, 9) and Fix, 9) are 
independent of 9. In the engineering of wave antenna, we are 
usually concerned merely with the current Iis, 9) received at the end 
.v = s. In general there will be four constituents of Iis, 9), corre- 
sponding to equations (50), (51), (52), (53) when x = s. From the 
discussion of the corresponding more general equations (41), (42), 
(43), (44), it will be recalled that the current-constituent i(5, 9) is due 
to the impressed axial electric force acting throughout the length of the 
wave antenna, JoO*. 9) is due to the impressed voltage F(0, 9) acting 
at the end * = 0, Jfs, 9) is due to the corresponding impressed 
voltage Fis, 9) = FiO, 0)<rr*CO30 acting at the end x = s, and /o8(5, 9) 

dependence on 0. It may be noted that, in the calculation of the ordinary polar 
diagram representing the directional selectivity of a wave antenna, the functions 
f{x,d) and Fix, 0) are regarded as independent of 6, in accordance with the very 
definition of the directional selectivity. „ , ■ , , ^ • r 2i The ratio of the horizontal electric force fix, 6) to the vertical electric force 
Fix e)IH—where H here denotes the height of the wave antenna above the earth s 
surface—is a complex number whose value depends on the conductivity, dielectric 
constant, and permeability of the ground, and on the frequency. 
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is due to the distributed impressed voltage acting in the leakage 
admittance from the wave antenna to ground (this leakage admittance 
being regarded as uniformly distributed). By substituting the values 
f{y) and F{y) given by (110) and (111) when x is replaced by y, then 
carrying out the indicated integrations, and finally transforming the 
results somewhat, the constituents corresponding to (50), (51), and 
(52) are found to have the following formulas: 

= sf(o, d) cos e Sinh C(V - r cos e)sl21e_mi 

IK (7 — r cos 0)5/2 x ' 

~(113) 

J.{s,e) (114) 

The fourth constituent, Jos{s, 6), corresponding to (53), will be 
omitted, because it is relatively unimportant and also because its 
formula is found to be somewhat lengthy. 

The valuable directional selectivity of a wave antenna resides 
mainly in the directional properties of the admittance (5, 9)/sf(0, 6') 
whose value is found by dividing equation (112) through by 5/(0, 6'), 
where 6' denotes some fixed value of 9 (usually 9' = 0). This ratio 
may properly be termed a 'directional admittance.' The correspond- 
ing admittances obtained by dividing (113) and (114) through by 
5/(0, 9') are not usefully directional, the former being entirely non- 
directional, and the latter only directional as regards its phase angle— 
not as regards its absolute value. By suitable choice of the length of 
the wave antenna, the constituent represented by (112) can be made 
to have high directional selectivity, while the constituents correspond- 
ing to (113) and (114) become relatively unimportant (except over a 
few narrow ranges of the incidence angle 0).25 

A Crosstalk Problem 
This problem is concerned with the derivation of formulas for the 

first-order crosstalk between two simple open-wire telephone circuits 
of which one is non-transposed and the other is once-transposed, as 
represented in plan view by Fig. 13. 

The once-transposed circuit is taken as the primary, and the non- 
transposed as the secondary. Each extends from .r = 0 to .v = 5; 
and the primary is transposed at its mid-point .v = 5/2. 

25 For a detailed study of the wave antenna, the reader is referred to the well- 
known paper by Beverage, Rice, and Kellog entitled 'The Wave Antenna' in 
J.A.I. E. E. beginning with March, 1923. 

35 
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The primary is energized by an alternating electromotive force £o 
inserted at x = 0. Stated precisely, the problem here contemplated 
is the derivation of formulas for the currents produced in the two ends, 
x = 0 and .r = 5, of the secondary circuit by the primary circuit, when 
all reactions of the secondary on the primary are neglected. 

(0 (0 

K < Eo K J I Primary 

x 

C2) (2) 

s. 
2 

(3) 

K'^ K'Y' Secondary ^K' 

(4) 

Fig. 13 

The wires of the secondary circuit are numbered 3 and 4. The 
primary wires are numbered 1 and 2, in the sense that 1 and 2 designate 
the positions the wires would occupy if non-transposed; in this sense, 
wires 1 and 2 are each discontinuous at .r = 5/2, the transposition cross 
thus being regarded as extraneous to the wires.2" 

Each circuit is terminated at each end in its mode-o characteristic 
impedance—K for the primary, K' for the secondary. The mode-a 
propagation constants of the primary and secondary, per unit length, 
are denoted by 7 and 7' respectively. 

The earth is assumed to be a perfect conductor. This assumption 
is effectively a good approximation because the contemplated circuits 
are such that the distance between the two wires of each circuit is 
small compared with their height above ground; at the same time the 
assumption greatly facilitates and simplifies the solution. 

Evidently the first step is to formulate the primary current and the 
primary systemic potential at any point x. The second step is to 
formulate the electric field impressed on the secondary by the primary. 
The third and final step is to formulate the currents produced in the 
secondary by the impressed field of the primary; this third step will 
be carried through by means of the synthetic method, employing the 
set of equivalent electromotive forces formulated in the early part of 
Section III. 

M The transposition cross may conveniently be regarded as merely a particular 
kind of transducer (four-terminal network) inserted in the primary, namely a revers- 
ing transducer. 
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Let Ir{x) = Ir and F,.(.v) = Fr denote the current and the potential, 
respectively, at any point x of wire r, where r = 1, 2, 3, 4. Then, 
evidently, for the primary currents and potentials we have: 

For x > s/2: 

h = ~ h, Vi = - V2, (115) 

V, - Vo = Kh. (116) 

Ii=±jke~yZ' (117) 

Vi = e-**. (118) 

Thus the primary currents, /i(x) and I2{x), and the corresponding 
primary potentials, Fi(x) and Fo(x), are each discontinuous at x = 5/2 
(by reason of the transposition there). 

The electric field impressed on the individual wires of the secondary 
circuit by the primary circuit can be formulated by means of equations 
(106) and (96). Thus 

£3 = (7 31 — ? 32)2/1, (119) 

E-a = (7 4i — T42)2/1, (120) 

F3 = (Tsi — Taa)^!, (121) 

V4 = (T4l - T42)Vu (122) 

where z = 2i = z-> is the internal impedance of each wire of the 
primary, per unit length, and the 7"s are 'voltage transfer factors' 
given by (98). 

Evidently the secondary circuit constitutes a balanced two-wire 
line in an arbitrary impressed field (the field due to the primary), 
and hence is amenable to the treatment already fully described and 
formulated in the subsection following equation (54). Thus the 
current at any point x in the secondary consists of two modes, a and c. 
However, as already indicated, we shall ultimately be concerned only 
with the currents in the ends x = 0 and x = 5 of the secondary; 
evidently these are mode-a currents, for at each end the mode-c 
currents must be zero, since the circuit is insulated from ground at 
each end. 

As we shall be concerned only with the mode-o currents produced 
in the secondary, the next step is to formulate the mode-a constituents 
of the electric field impressed by the primary. If E' and V denote 
the mode-a constituents of the axial electric force and of the potential 



538 BELL SYSTEM TECHNICAL JOURNAL 

impressed by the primary, then 

E' = Ez — E\ = ITzh, 

V = V3 - V4 = ATVu 

(123) 

(124) 

where 
T = {Tsi — Ts* — Tu -\- Ti2)/4:. (125) 

Remembering that h and Vi are discontinuous at x = 5/2, in accord- 
ance with equations (117) and (118), it is seen that E' and V' are 
discontinuous at x = 5/2 in accordance with the following equations.27 

For x > sf2: 

We are now prepared to formulate the mode-o currents produced in 
the secondary (3, 4) by the field arising from the primary (1, 2). 
Since the secondary constitutes a balanced two-wire line in an arbitrary 
impressed field, it is amenable to the treatment formulated in the 
subsection following equation (54); thence equations (41), ••• (45) 
and equations (50), • • • (54) are formally applicable. 

If I six) and Ii{x) denote the mode-a currents at any point .x in the 
secondary wires 3 and 4 respectively, then 

On referring to the subsection containing equations (41), ••• (45) 
and applying it to the mode-fl effects in the present problem, it will 
be seen that I(x) is the sum of the five mode-a constituents j{x), 
Jo(x), Js{x), J0s{x), Ju(x), corresponding to equations (41), (42), (43), 
(44), (45) respectively. From the discussion in connection with those 
equations and from the analysis of the impressed field into two modes, 
a and c, as described and formulated in the subsection following equa- 
tion (54), it will be seen that j{x) is due to the mode-a axial electric 
force £3(3') - Eiiy) acting at all points y of the secondary, Jo{x) is 
due to the mode-a impressed voltage F3(0) — ^(0) acting at the 
end y = 0, J8(x) is due to the mode-a impressed voltage 73(5) — F.^) 
acting at the end y = s, Jo,{x) is due to the mode-a impressed voltage 
y^y) _ v^y) acting at all points y in the leakage admittance28 between 

the secondary wires, and Ju{x) is due to the discontinuity F'(« —) 
27 From mere physical considerations, it is evident that the whole primary field 

is reversed at x = 5/2. , , , , , j 28That is, the 'mutual' leakage admittance (equal to the direct leakage ad- 
mittance between wires plus one half of the ' direct' leakage admittance from each 
wire to ground). 

£' = ± £oF $ g"71, F' = ± EoTe-yx. 
A 

(126) 

h(x) = - Ii{x) = 7(x), say. (127) 
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— V'{u +) in the mode-a impressed voltage V'{y) = Vaiy) — V^y) 
at y = u = 5/2. (In what follows, the constituent Joa{x) will be 
omitted because it is relatively unimportant.) 

Thus, for the formulation of the mode-o effects the functions /(y) 
and F{y), representing the electirc forces and potentials in equations 
(41), ••• (45) and (50), ••• (54), have the following mode-a values: 

Substituting these values into equations (50), (51), (52), (54), and 
carrying out the indicated integrations15 when .r = 0 and when .v = s, 
and finally dividing each equation by the value of the primary current 
/i(0) = EoflK at x = 0, we obtain the following formulas (134), 
■ • • (137) for the four mode-a current ratios at.r = 0, and the formulas 
(141), ■ • • (144) for those at x = Also, there are included formulas 
for /(.r)//i(0) at .v = 0 and at x = s, J{x) denoting the sum of the 
mode-a current constituents due to the impressed potential, that is, 

f(y) = E3{y) - Etiy) = E'{y)} 

P{y) = V3(y) - F4(y) = V\y), 

(128) 

(129) 

whence, in particular, 
^(o) = m, 

F(s) = V'(s), 

F{u -) - F{u -f) = V'{u -) - V'(u +). 

(130) 

(131) 

(132) 

/(*) = Jq(x) + J3(x) + Ju(x) 

since J0a{x) is neglected. 
At x = 0 the formulas for the four current-ratios are 

(133) 

/i(0) K' K (7 + y'js/I 
7(0) _ tK si:[l - 
r /r\\ * rs-f rs- / 1 / v , . (134) 

/i(0) K' (135) 

(136) 

(137) 

The sum of the last three is 

= _ 7^ — ri — fi-(r+7'^/2-|2 
^(O) 1 K'11 6 J- (138) 
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On dividing (134) by (138) the ratio of i(0) to /(0) is found to have 
the simple value 

Ml =   . (139) 
7(0) + 7 )/2 

In particular, when the two circuits have equal propagation constants 
(V = 7). 

M = - * (140) 
7(0) Z' 

where Z = t-K is the mode-a 'complete series impedance'18 of the 
primary, per unit length; it will be recalled that s is the 'internal im- 
pedance' of each primary wire, per unit length. The ratio z/Z is 
ordinarily a very small fraction. 

At v = 5 the formulas for the four current-ratios are 

i(*) _ tKsz[_\ - (141) 
/.(0) K'K {y-y')s/2 

 t K e-y'* (142) 
/i(0) K' ' 

— _ T—e-y* (143) 
ii(0) 1 K'6 ' 

__ jt p-(y+y')si2 (144) 
MO) K' 

The sum of the last three is 

= _ T— fl - e-^-y')s'2l2e—f's. (145) 
/i(0) K'L 

On dividing (141) by (145) the ratio of j(s) to 7(5) is found to have 
the simple value 

Ml   1  (146) 
7(5) K{y - y')l2 

When the absolute value of (7 — y,)sf2 is small compared to unity, 
equations (141) and (145) become approximately 

ML _ TK_sz{y - y')s 'S /147) 
7,(0) K'K 2 

M - - t~\ (y ' ^ (148) 
/i(0) K'[ 2 J 
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Thus: 
When 7 =7: j{s) = 0, J{s) = 0. 

For some cases, particularly those where the attenuation is neglected, 
it is advantageous to express the square-bracketed factors in equations 
(134), (138), (141), (145) partially in terms of hyperbolic sines. 

Appendix I 

Derivations of Equations (25) and (90) 

Equation (25) 

Let the primary or impressed field of force be specified by an electric 
intensity /„ parallel to the axis of the wire (and to the surface of the 
earth), and an electric intensity /„ normal to the surface of the earth 
and measured downward. We denote by /„, the value of fa at the axis 
of the wire,29 and by/„ its value at the surface of the ground in the 
plane which is normal to the ground and which includes the axis of 
the wire. The impressed or primary potential Fof the wire, due to the 
impressed field, is then 

F = Cfndy, 
^0 

where h is the height of the wire above ground and the integral is 
taken along the vertical from the wire (y = 0) to ground (y = h). 

Due to the impressed field, specified above, a current I flows in the 
wire and a corresponding superposed current distribution is induced in 
the ground. The resultant axial electric intensity at the surface of 
the wire is then s,,./ (where is the internal impedance of the wire, 
per unit length); correspondingly the resultant electric intensity along 
the surface of the ground is /„ — sB/. Application of the second 
curl law to a contour composed of two verticals from the wire to 
ground and the line segments dx in the surfaces of the wire and ground 
gives 

(sw + £„)/ — /„ + = -dA, 

which is preferably written as 

zl — f 4- — = _ ^ (1 \ Ja^dx dt • (1) 

where z = zw + is the internal impedance of the circuit, per unit 
length; V is the resultant potential of the wire; and 0 is the resultant 
magnetic flux threading the contour, per unit length. But we have 

-D/u, is assumed to be sensibly constant over the cross-section of the wire. 
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also 

f - f +—= (2) Jw J" + dx dt ' K ' 

where $ denotes the impressed magnetic flux threading the contour, 
per unit length. Subtracting (2) from (1) and observing that 

y-F-c* (3) 
</> — $ = LI, 

we get 

zl + L§+hit= f" (4) 

where, of course, Q is the charge, C the capacity to ground and L the 
external inductance, per unit length of the wire. 

To eliminate Q from (4) we make use of the equation of current 
continuity, namely 

- ^ = ^ + r. (=) dx dt 

where /' is the leakage current per unit length of the wire. If the 
wire is embedded in a homogeneous leaky medium, then 

I' = ^Q = G0(F — F), (6) 

where G0 is proportional to the conductivity of the medium.30 If, 
furthermore, there is direct leakage admittance from the wire to 
ground (as at poles and insulators) of amount Y' per unit length,31 

when regarded as uniformly distributed, then 

r = ^Q + rv = ~Q+ YT, (7) 

where 
G = G0 + Y'. (8) 

On substituting the last value of I' into (5), setting d/dt = iu, then 
differentiating with respect to x, and finally substituting the resulting 
value of dQ/dx into (4), we get 

. _ 1 dn-I r , Y' dF 
(s + toiL)! - G + dx2-UA- G + i(j)C dx' V) 

30 A formula for G0 is equation (18) derived below. 31 While G0 is merely a pure conductance, Y' is in general an admittance (leakage 
admittance), because the insulators and poles have capacity as well as conductance. 
Hence G, defined by (8), is an admittance. 
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which can be written 

K 
(10) 

7 
where 

k=4. 
'2 -j- iwL 
G io)C (11) 

and 

7 = V(s + iuL){G + iuC). (12) 

Thus K is the characteristic impedance and y the propagation con- 
stant of the transmission system composed of the overhead wire with 
ground return; it is to be noted that G = G0 + V, in accordance 
with (8), and hence that G is in general an admittance—not a pure 
conductance. 

If we define/' by the equation 

then (10) becomes 

which is formally the same as equation (25) of the text. There, 
however, it is assumed that the term {Y,Kfy)dF/dx is negligible; 
probably this is usually the case but circumstances may arise where 
it is not negligible. Its inclusion, however, introduces no formal 
modification of the analysis. 

The foregoing derivation has been given in detail because prior 
derivations known to the writers have not been entirely satisfactory. 
Their chief defect has been that no explicit consideration was given 
to the finite conductivity of the ground (except that it produces a 
tangential component/a). In the derivation given above, the effect 
of ground conductivity is expressly recognized and in the final equa- 
tion appears implicitly in the values of K and 7. These parameters, 
it will be observed, are experimentally determinable, and are the only 
parameters besides Y' appearing in the final differential equation. 

A formula for the quantity G0 occurring in equations (6) and (7) 
can be derived by application of Gauss' theorem, as follows: Let £r 

denote the radial component of the total electric force at the surface 
of the wire, dS a differential element of the surface of the wire, and 
a and e the conductivity and specific inductive capacity of the medium, 
which is homogeneous and isotropic by assumption. Then the leakage 

(14) 
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current /' flowing outward, per unit length of the wire, is given by 

/' = J <jE4S = ^ J eE4S, (15) 

the surface integral being taken over the unit length of the wire. 
But, by Gauss' theorem being a constant whose value depends 
onlv on the units), 

j\E4S = ±TrQlt, (16) 

the resultant axial electric flux from the ends of the element being 
negligible compared with the radial electric flux from the lateral 
surface. Thus 

= (17) 

and comparison of this equation with (6) gives the result 

G0IC = Airalel (18) 

In this connection it may be noted that the leakage current repre- 
sented by (15) does not directly depend on the impressed field, but 
only on the field produced by the wire itself. This is because the 
assumed medium is homogeneous and isotropic; hence a in (15) can 
be taken outside the sign of integration, and then the conclusion 
follows from (15) by noting that one of the constituents of Er is the 
impressed radial electric force/,-, and that 

J f4S= f d\vf-dv = 0, 

since the divergence of the impressed electric force must be zero. 
The conclusion would not follow, in general, if the medium were either 
heterogeneous or eeolotropic. It may be noted that a homogeneous 
isotropic medium surrounding a wire and containing direct leakage 
admittance paths from the wire to ground may be regarded as a 
heterogeneous aeolotropic medium. 

The value given for 5 in equation (9) of the text, namely 8 = 4ira/e£, 
is readily derivable by combining equations (4), (10), (5) of the text 
with (17) of this Appendix. 

Equations {90) 

If there were no impressed potential at the primary wires {Fk = 0), 
the equations of continuity would be merely 

-^= £ Ci=l, ■•■«), (19) 
ax t=i 
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where, in accordance with equations (7) in Section I, 

Yhk — ghk + iuqhk. (20) 

It should here be remarked that Yhk depends not only on the geometry 
of the system and on the conductivity of the medium but also on any 
direct leakage admittance existing between the wires themselves and 
also on any between the wires and ground. The direct leakage 
admittance between wires It and k, per unit length, will be denoted by 
Y'hk and that between wire h and ground, by Y'hh', these are regarded 
as being uniformly distributed along the system. 

When there is present an impressed potential, the existence of the 
direct leakage admittances gives rise to the following supplementary- 
terms for the right side of equation (19): 

where 

FkY'kn + L {Fh - Fk) Y'hk = E XkkFk, 
A-=l t=l 1-+/1 

Xhk = - Y'hk for k ^ //, 

Y -TV (2I) 
A-hh — 2- ■' hk- 1=1 

It is seen that Yhk and Xhk are of the nature of admittances (per 
unit length), although they are not 'direct admittances.' Their pre- 
cise meanings are readily deducible from equations (90). 

When the medium itself is of zero conductivity, ghk reduces to Xhk- 
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Direct Determination of Hydrocarbon in Raw Rubber, Gutta-Percha, 
and Related Substances} A. R. Kemp. lodochloride in glacial acet:c 
acid Js shown to be a suitable reagent to determine the unsaturation 
of the hydrocarbon in rubber or gutta-percha. The influence of time, 
temperature, sunlight, and reagent concentration upon the reaction 
is shown. 

Comparisons are made between iodochloride, iodobromide and 
bromine relative to their reactions with raw rubber and some of the 
terpenes. 

Results of analyses of several rubber and gutta-percha samples are 
given. 

The effects of mastication and heat upon the unsaturation of raw 
rubber are shown. 

Micratomic Preparation of Soft Metals for Microscopic Examination.'1 

F. F. Lucas. This paper outlines the apparent limitations of polishing 
methods for preparing specimens of soft metals for metallographic 
examination. A microtome method has been developed and its 
successful application to the study of lead cable sheath alloys illus- 
trated. Much time and labor are saved and results have been ob- 
tained which were impossible by polishing methods. 

In lead-antimony cable sheath alloys a widened grain boundary 
phenomenon was disclosed by the new method and the probable 
nature of the structural changes determined. Changes in structure 
due to aging are shown and those which accompany thermal or 
mechanical treatment of the metal may be followed clearly. 

Distribution of Energy in Worked Metals.3 Lyall Zickrick and 
R. S. Dean. The purpose of this paper is to give experimental 
results that seem to be in accord with the theory, that in the deforma- 
tion of a crystal the energy supplied is distributed to the atoms of 
the lattice, probably by the forced formation of molecules. 

1 Journ. Ind. and Engr. Chem., Vol. 19, p. 531, 1927. 2 Institute of Metals Division, A. I. M. E., February 15, 1927. 3 Wire, Vol. 2, p. 161, 1927. 
546 



ABSTRACTS OF TECHNICAL PAPERS 547 

Modern Developments in Inspection Methods.i E. D. Hall. This 
extensively illustrated article describes inspection methods as carried 
out at the Hawthorne plant of the Western Electric Company. The 
number of individual piece parts manufactured is more than 100,000 
and the number of inspection gauges employed totals more than 25,000. 
Machine testing and gauging for certain parts is described and cost 
savings resulting therefrom are given. One of the machines described 
tests a porcelain protector block containing a carbon insert. The 
machine is adjusted to accept blocks from which the recess distance 
of the carbon lies between 0.0024 and 0.0032 inch and to reject, 
when the distance is 0.0023 inch or less or 0.0033 inch or more. 
The machine performs its operation at the rate of 2,800 blocks per 
hour. It is used to test about 4,500,000 blocks per year and repre- 
sents an annual saving of approximately $2,500. 

A Direct Comparison of the Loudness of Pure Tones.b B. A. Kings- 
bury. The loudness of eleven pure tones was studied by adjusting 
the voltage applied to a telephone receiver to make these tones as 
loud as certain fixed levels of a 700-cycle tone. The average results of 
22 observers, 11 men and 11 women, were arranged as contour lines 
of equal loudness through the normal auditory sensation area in terms 
of r.m.s. pressure in car canal as a function of frequency. Frequencies 
from 60 to 4,000 cycles were used and intensities from threshold of 
audibility to 90 T. U. above the 700-cycle threshold. It was found 
that if the amplitudes of pure tones are increased in equal ratios the 
loudness of low frequency tones increases much more more rapidly 
than that of high frequency tones. For frequencies above 700 cycles 
the rate is nearly uniform. 

As a loudness unit the least perceptible increment of loudness of a 
1,000-cycle tone was employed. In absolute magnitude this varies 
from level to level, but in the ordinary range of loudness it becomes 
constant. This unit takes into account the subjective character of 
loudness. 

The variability of the data from which the averages were computed 
was separated into a factor expressing dissimilarity of ears and another 
expressing errors of observers' judgment. There was no level at 
which the variances were a minimum. Dissimilarity of ears causes 
more variation than errors of observers' judgment. The variances 
showed no significant sex difference. 

4 Mechanical Engineering, Vol. 48, p. 1435, 1926. 
5 Physical Review, Vol. 29, p. 588, 1927. 
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The Scattering of Electrons by a Single Crystal of Nickel.6 C. Davis- 
son and L. H. Germer. Preliminary announcement is made in this 
note of the discovery that a beam of swiftly moving electrons in its 
reaction with a single crystal of nickel behaves in some respects as if 
it were a beam of wave radiation such as light or x-rays. As the speed 
of the electron beam is increased a series of critical speeds is found 
at which sharply defined beams of scattered electrons issue from the 
crystal. This is similar to what is observed when a beam of mono- 
chromatic x-rays is sent into a crystal—as the wave-length of the 
x-rays is decreased a series of critical wave-lengths is found at which 
sharply defined beams of scattered x-rays issue from the crystal. 
This x-ray phenomenon is quantitatively accounted for as due to the 
interference of waves scattered by the regularly arranged atoms of 
the crystal. In fact, it was this phenomenon discovered by Laue, 
Friedrick and Knipping in 1913 that established the wave nature of 
x-radiation, and it is from measurements based on this phenomenon 
that the lengths of x-ray waves are determined. 

The analogous electron phenomenon is less simple, and yet it is 
simple enough and of such a nature as to leave little doubt that a 
beam of swiftly moving electrons is in some sense equivalent to a 
beam of wave radiation. The wave-length of the equivalent radiation 
can be measured, and is found to be in satisfactory agreement with 
requirements of the new theory of wave or undulatory mechanics: 
namely, that the wave-length of the equivalent radiation shall be equal 
to hjmv, where h represents Planck's universal constant of action, and 
mv the momentum of an individual electron. 

Structure of a Protective Coaling of Iron Oxides.1 Richard M. 
Bozorth. It is shown that the Bower-Barff protective coating, pro- 
duced by the action of steam on iron at about 700° with subsequent 
cooling in air, is built up of layers of ferrous oxide, magnetite and 
ferric oxide, arranged in this order (the order of oxidation) upon the 
iron base. The thicknesses of these layers are estimated to be of the 
order of 10-2, 2 X 10"J and 2 X 10-5 cm., respectively. The data 
on which the above conclusions are based are the positions and intensi- 
ties of lines on powder photographs taken with molybdenum, iron and 
copper Ka X-rays. The iron and copper Ka X-rays penetrate the 
coating to different depths and give information about different parts 
of its structure because their wave-lengths are, respectively, a little 
greater and a little less than the critical-absorption wave-length of 
the iron which forms the greater part of the coating. 

0 Nature, 119, 558 (1927). 7 J. Amer. Chetu. Soc., Vol. 49, pp. 969-976 (1927). 
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